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Resumo

A doenca vascular periférica afeta entre 3 e 10% da populagdo portuguesa e
carateriza-se pelo bloqueio, total ou parcial, dos vasos sanguineos. Uma das maiores
dificuldades associadas a esta doenca é distinguir entre os pacientes com maior risco,
principalmente nos casos em que estes sao assintomaticos. Ao estudar a interagao
entre eritrécitos em diferentes concentragoes de fibrinogénio (uma proteina presente
no plasma sanguineo que promove a adesao entre eritrdcitos) é possivel estabelecer
novos métodos de identificacao dos pacientes com maior risco ainda nas fases iniciais
da doenca. Uma forma de estudar a adesao entre eritrécitos é através da técnica de
aspiracao por micropipeta. Durante a experiéncia, cada eritrdcito estd acoplado a
uma micropipeta e, enquanto uma permanece estatica, a outra move-se linearmente
até que os eritrécitos entrem em contacto, com uma certa forca. Depois, a mesma
micropipeta, move-se no sentido oposto até que os eritrécitos se separem. Um
modelo de simulacao matematico da técnica de aspiragao por micropipeta foi
implementado com o objetivo de fornecer uma ferramenta para quantificar a adesao
célula-célula a partir da deformacao celular observada durante a sua separagao.
Esta simulacao foi efetuada usando um modelo de campo de fase. Numa primeira
fase, foram simulados ambos os eritrécitos, seguida da simulagdo de ambas as
micropipetas e, finalmente, foi adicionada velocidade a micropipeta nao estatica.
Esta simulacao permite estudar a adesao entre dois eritrécitos e como diferentes
valores de adesao se relacionam com a deformagao celular. Eventualmente esta
ferramenta podera levar a criacao de melhores métodos quantitativos para medir a

adesao dos eritrécitos em pacientes com doencgas vasculares.

Palavras-Chave: Modelos de campo de fase, adesao celular, deformagao da

membrana, modelagao matematica, fibrinogénio, eritrécito



Abstract

Peripheral vascular disease affects between 3 and 10% of the Portuguese population
and is characterized by total or partial blockage of the blood vessels. One of the
biggest difficulties regarding this disease is being able to distinguish which patients
are at a higher risk, especially in cases where they are asymptomatic. By studying
the interaction between erythrocytes in different concentrations of fibrinogen (a
protein present in blood plasma that promotes erythrocyte adhesion) it is possible
to establish new methods to identify which patients are at higher risk in the earlier
stages of the disease. One way to study the adhesion between two erythrocytes
is through the micropipette aspiration assay. During the micropipette aspiration
assay, each erythrocyte is attached to a micropipette and, while one of them
remains static, the other moves linearly until the erythrocytes are in contact with a
certain contact force. Afterwards, the same micropipette moves backward until the
erythrocytes separate from each other. A simulation of this micropipette aspiration
assay was implemented with the aim of providing a tool to quantify cell-cell
adhesion from the observed cell deformation during cell separation. This simulation
was done through a phase-field model. Firstly, the shapes of both erythrocytes were
simulated, followed by the simulation of the micropipettes, and finally, the velocity
was added to the non-static micropipette. This simulation allows to study the
adhesion between two erythrocytes and how different values of adhesion are related
to cell deformation. Eventually, this tool can create better quantitative methods to

measure erythrocyte adhesion in peripheral vascular disease patients.

Keywords: Phase-field models, cell adhesion, membrane deformation, mathemati-

cal modeling, fibrinogen, erythrocyte
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Introduction

1.1 Motivation

Peripheral vascular disease (PVD) currently affects between 3 to 10% of
the Portuguese population, however, these numbers are increasing due to other
conditions such as obesity, diabetes, or an aging population [1]. PVD can be defined
as an abnormal condition of the blood vessels, where they become completely or
partially blocked and can be caused by inflammation, weakness of the vessels or
formation of atherosclerotic plaque. Vascular diseases can also affect the heart,
brain, or peripheral circulation, which can lead to further complications such as deep
vein thrombosis (DVT), peripheral artery disease (PAD), or pulmonary embolism
(PE). Atherosclerotic plaques can cause stenosis, embolization, and thrombosis
and have been associated with increased concentrations of fibrinogen, a blood
protein that increases erythrocyte aggregation. For its role in increasing erythrocyte
aggregation, fibrinogen has been studied as a candidate biomarker for the risk of

thrombotic events.

One of the major difficulties found in properly treating patients with PVD is
the inability to identify those who are at higher risk, especially if the patient is
asymptomatic. Currently, the most common non-invasive tests include electrocar-
diogram (ECG), chest radiography, and transthoracic Doppler-2D echocardiogram.
However, none of these tests can detect changes at a cell or molecular levels, and
since not all patients can undergo preventive surgery, new biomarkers have been
studied to better select which patients need preventive treatment.

By studying the interactions between erythrocytes in different concentrations
of fibrinogen, it may be possible to establish new methods to identify the patients at
higher risk and at an earlier stage of the disease, using a minimally invasive approach.
This can be especially beneficial for asymptomatic patients and for those with a
higher chance of recurrence of carotid artery disease (CAD), since it is not always

possible to have a consensus regarding treatment guidelines using the diagnostic
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tools currently available [2].

1.2 Main goal

The main goal of this master’s thesis is to develop a mathematical model able
to simulate erythrocyte shape as a function of the force applied, the adhesion
between the two cells, and the mechanical characteristics of the cell membrane
in the context of a micropipette aspiration assay. This model should also be
run to create a database of simulations that can be used to infer the adhesion
strength between erythrocytes from the observed alteration of cell morphology in
the micropipette assay. This model can also be applied to simulate the interaction

between erythrocytes in the presence of different concentrations of fibrinogen.

1.3 Structure

This thesis is divided into 6 main chapters: in chapter 2 is a brief overview of
what vascular diseases are, how the concentration of fibrinogen can lead to changes
in the adhesion between erythrocytes and, consequently, influence patients with
vascular diseases. In chapter 3 is described the mathematical model used to create
the simulation model developed through this thesis. In chapter 4 it is presented a
detailed description of this simulation model. The results obtained after applying

the model are presented in chapter 5 and the conclusions in chapter 6.
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Background

2.1 Vascular Diseases

Vascular disease is a broad definition that includes any condition that affects
the circulation in blood vessels, which means that covers diseases from arteries,
veins, and lymph vessels but also includes blood disorders that affect circulation [1].
These conditions may affect other organs such as the brain, heart (cardiovascular

diseases, CVD), or peripheral blood vessels.

Peripheral vascular disease (or peripheral artery disease, if the vessel affected,
is a peripheral artery) is an abnormal condition where the blood vessels are partially
or completely blocked, as is illustrated in figure 2.1. This may happen due to an
inflammatory process, vessel weakness, or the formation of atherosclerotic plaque [3].
Atherosclerotic plaque consists in the buildup of fat and cholesterol deposits inside
the blood vessels, which will reduce the thickness of the blood vessels reducing the
blood flow to the tissues. In addition to aggravating complications of peripheral
blood circulation, atherosclerosis can cause stenosis, embolization, and thrombosis
[4]. Tt was also associated with high levels of fibrinogen, which result in changes in

rheology [3].
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Normal Artery Narrowing of Artery

Lipid deposit of
plaque

Figure 2.1: Difference between a healthy artery and a partially blocked artery with
the formation of the atherosclerotic plaque, adapted from [5]

When the atherosclerotic plaques are formed in the carotid artery the condition
is called Carotid Artery Disease (CAD) and the patients can be symptomatic or
asymptomatic. Another common vascular disease is deep vein thrombosis (DVT),
which occurs when a blood clot forms in a deep vein. This condition can also lead to
chronic obstructive lesions, deep vein valvular insufficiency, or the development of a
pulmonary embolism (PE). When both DVT and PE conditions exist simultaneously
can be called venous thromboembolism (VTE) [6]. The recurrence risk of DVT,
especially if non-provoked or idiopathic, can be up to 20% at 2 years. Also, it is
not always easy to select patients who need preventive surgery for CAD so, it is
necessary to find new biomarkers that allow to better understand the mechanisms
underlying both conditions and, in this way, improve the patient’s clinical diagnosis

and prognosis.

2.2 Erythrocytes

Erythrocytes, figure 2.2, also known as red blood cells, are an essential
component of the blood responsible for carrying oxygen from the lungs to the various
cells and tissues and removing carbon dioxide from those tissues. Erythrocytes are
biconcave cells filled with hemoglobin that allows them to carry more oxygen to
the cells and squeeze through narrow blood vessels to reach them. Erythrocytes are
produced in the bone marrow and their typical lifespan is 120 days, after which they
are removed from circulation and broken down in the spleen and liver.

When the concentration of erythrocytes in the blood is different from its typical

value it can lead to health complications: If the erythrocytes concentration is too low
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can lead to anemia, which causes symptoms like fatigue and weakness. An excessive

number of erythrocytes can lead to problems related to blood flow and clotting [7].

Figure 2.2: Microscopic image of A)healthy erythrocyte; B) high magnification of
the erythrocyte membrane. Scale bar: A) 1 pm; B) 100nm. Adapted from [7]

Alterations in the molecular arrangement of erythrocyte membrane biophysical
properties may lead to changes in the overall shape of the cell, including altered
membrane elasticity/rigidity. These alterations could cause different structural cell
deformability and changes in blood rheology, which may be the consequence of
inflammatory pathophysiologies in the vascular system [7, 8].

Erythrocyte-erythrocyte adhesion is essential to blood clotting in wound heal-
ing, where it is initially mediated by platelets and then by a fibrin mesh. Sometimes
blood clots, or thrombi, form inside blood vessels, both in arteries or veins or in
the heart, and can lead to blood flow complications. The formation of thrombi
in the peripheral blood circulation is dependent on the concentration of fibrinogen
[9]. Fibrinogen is one of the blood’s most abundant plasma proteins and plays
a role in the coagulation process being a key factor in forming blood clots by
polymerizing in a fibrin network and entrapping blood cells. Fibrinogen level is
a marker of inflammation and could give information about clotting disorders or the
risk of developing cardiovascular diseases. Elevated concentrations of this protein
promote erythrocyte aggregation and are a good candidate to be a biomarker for
thromboembolic events [7, 10]. The presence of fibrinogen in atherosclerotic plaques
indicate that it plays a role in their development and stability. With the use of atomic
force microscopy (AFM)-based force spectroscopy, it was possible to demonstrate
the specific receptor for fibrinogen in the erythrocyte membrane (will be explained
in section 2.5). The binding of this receptor by a fibrinogen molecule simultaneously

on two different erythrocytes may bridge these cells increasing their adhesion and
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leading to an increased blood viscosity and of vascular risk.
The adhesion between erythrocytes has been measured using different tech-
niques such as AFM or micropipette aspiration for different concentrations of

fibrinogen [8].

2.3 Fibrinogen

Fibrinogen is a 340kDa glycoprotein comprised of two symmetric half molecules,
each comprised of one set of three polypeptide chains: Aa, Bf and ~ (figure 2.3).
Fibrinogen has three potential integrins (transmembrane receptors that facilitated
cell-cell and cell-extracellular matrix adhesion) binding sites, one of which can
also interact with cells through nonintegrin receptors. The membrane glycoprotein
complex a3 is the platelets integrin receptor for fibrinogen [11].

Fibrinogen is synthesized by hepatocytes, which are cells in the liver and
circulates as a blood component with a concentration of approximately 2-4 g/L
[12] and a half-life of 100 hours, however, the synthesis of fibrinogen is increased

during episodes of inflammation [13].

Fibrinogen

knot

D domain E domain D domain

W Fibrinopeptide A
O Fibrinopeptide B
Y Oligosaccharide side chain

Figure 2.3: Schematic diagram of fibrinogen molecule, adapted from [13]

Fibrinogen plays a role in controlling blood loss and clot formation: it is
essential for platelet aggregations and forms an insoluble fibrin clot in the final
stage of the blood coagulation cascade [12, 13]. In figure 2.4 it is possible to observe
erythrocytes trapped in this fibrin mesh.
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Figure 2.4: Erythrocytes trapped in a fibrin mesh, adapted from [14]

2.4 Fibrinogen and vascular diseases

Fibrinogen is a plasma protein that plays a central role in coagulation and
thrombosis by polymerizing in a fibrin network entrapping blood cells [10]. Fibrino-
gen levels also increase during inflammation, particularly in the case of 4’ fibrinogen,
a variant of fibrinogen with 20 amino acids extension on the v chain that constitutes
7% of total plasma fibrinogen. 7/ fibrinogen has different biochemical and biophysical
properties that contribute to the thrombosis [10, 15]. Studies also show an increased
risk of PE in patients with higher concentrations of plasma fibrinogen [16].

In the case of VTE, it is known that it is triggered by inflammation and blood
stasis leading to the formation of thrombi rich in fibrin and erythrocytes. Because
of this, fibrinogen can also be a determinant of VTE risk [6].

In the case of atherosclerosis, there is fibrin accumulation within the atheroscle-
rotic plaque, especially in the late stages of plaque formation. Since an increased
concentration of fibrinogen is key determinant of fibrin formation it is also a risk
factor for atherosclerotic vascular diseases, namely, coronary artery stenosis and
myocardial infarction [4].

Fibrinogen can be considered a good biomarker for the risk of thromboembolic
events. Thus studying its interaction with erythrocytes may help identify the
patients that are at higher risk on an earlier stage of the disease in conditions
like DVT and CAD [16].

By studying the erythrocyte deformability it has been possible to conclude
that CAD patients who underwent a carotid endarterectomy (CEA) had reduced

erythrocyte deformability before the surgery, which was not observed 6 months
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after it. By total plasma fibrinogen quantification was also possible to observe that
these patients had higher values before surgery than the control group and had an
increased erythrocyte stiffness.

By looking at these studies it was possible to conclude that the interactions
between erythrocytes and fibrinogen play a crucial role in multiple diseases since they
impact erythrocyte stiffness and adhesion, leading to changes in local hemodynamic

flow, and are essential to the formation of atherosclerotic lesions.

2.5 Atomic Force Microscopy

AFM is a scanning imaging and manipulation technique used in different fields
of research that allows the study of surfaces and structures at the nanoscale with
high resolution and precision [17]. Particularly in medicine, AFM can be used in
research and diagnostics by providing information at a nanoscale level that can then
be used in the development of new medical technologies and therapies [17].

AFM works by scanning a cantilever with a sharp tip at the end, across the
surface of the sample to be analyzed. The forces that result from the interaction
between the sample and the tip can then be measured and used to create an image
of the surface topography. The forces measured can also be used to study the
mechanical properties of the sample, such as elasticity and protein-cell receptor
interaction [9, 17].

AFM is a technology that allows cell elasticity and surface roughness. Since
one of the characteristics of healthy erythrocytes is their ability to return to their
original form after being deformed, this technique allows us to determine changes
in cell elasticity [7]. To study the adhesion between erythrocytes using AFM, one
erythrocyte was attached to the cantilever while the other was adhered to the surface,
which allowed to collect the force-distance curves for cell-cell adhesion at different
concentrations of fibrinogen [§].

The fibrinogen-induced erythrocyte aggregation has been considered to be
caused by a single molecule interaction between the fibrinogen and a receptor on
the erythrocyte’s membrane [9].

AFM was used to study the specific binding between fibrinogen and the receptor
in the erythrocyte membrane, while also making an equivalent study using platelets
to compare the results [11]. The results obtained indicated that the specific
binding between the erythrocyte and the fibrinogen has a comparable affinity to the
platelets binding and that the interaction was mediated by an integrin ajy,5s-like

receptor [11]. Further studies allowed to conclude that the receptor for fibrinogen
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in erythrocytes is the a,/5 integrin, by measuring the inhibition of the fibrinogen-

erythrocyte interaction by specific antibodies against a, and a, 3 integrins [17].

2.6 Micropipette aspiration assay

Micropipette aspiration is a technique used to measure the mechanical prop-
erties of cells at a microscopy level, such as cell elasticity and membrane tension
[3].

This technique uses a micron-sized pipette, usually a glass capillary with a fine
tapered tip, to aspirate a small portion of the cell into the micropipette itself under
controlled suction forces. These forces can be maintained throughout the assay.

To measure the adhesion between two erythrocytes, a technique with two
micropipettes was used, which allowed to observe alterations in the erythrocytes
shapes as they come into contact [8]. During this experiment, a linear translator
coupled to one of the micropipettes allowed to control the movements of approach,
adhesion, and retraction between the erythrocytes. This system is also able to
acquire real-time video images.

The schematic experimental setup representation can be found in the figure
2.5. One of the micropipettes, in this case, the one on the left, is kept static, while
the other micropipette, with an erythrocyte attached, approach to the erythrocyte
attached to the static micropipette until a certain contact force is reached. During
the retraction of the piezo-driven micropipette, cell-cell adhesion may occur, which
leads to the pulling of the surface of the erythrocyte from the left side, until there
is a complete detachament of both erythrocytes [8].

A - Micropipette Aspiration
a %

gDy IO

AT W 0 glalafoi ]
] “
'{— approach

1 and b ez catll-eell adhesions cull-cell detachments cull-cell detmchmant
retraction with cull rairsetion with el
risih i Firie o bi okl G

e b @ henaban

Figure 2.5: Schematic experimental setup representation of the micropipette
aspiration assay, adapted from [§]

From the micropipette aspiration assay, it is possible to capture video images

of the interaction between two erythrocytes. Figure 2.6 shows some microscopic

10
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images captured during the experiment, with and without the addition of fibrinogen

at Img/mL of concentration.

& = With fibrinogen
A - Without [Thrinogen T e S R

Figure 2.6: Sequence of microscopy images at different stages of the erythrocytes-
erythrocyte adhesion with and without the presence of fibrinogen. Adapted from [§]

Micropipette aspiration measures the degree of membrane deformation, which
allows the estimation of the cell stiffness, in response to a negative pressure applied
to the cell surface. This technique was also used to determine the elastic properties

of erythrocytes as a function of temperature [7].

11



3
Phase-field model and

mathematical tools

3.1 Phase-field model

Cell membranes act as a boundary between internal cellular organization and
the surrounding medium and are composed of several kinds of lipids, namely
phospholipids, cholesterol, and glycolipids, which are assembled in a fluid bilayer,
and proteins [18]. Even though biological membranes are complex structures, there
are some universal common principles, such as the presence of a fluid lipid bilayer
and proteins that can diffuse on the surface of the membrane.

One of the mathematical tools used to study complex interfacial problems is
a phase-field model also known as diffuse interface model [18]. Phase-field models
disregard microscopic details of the systems, describing the dynamics of the closed
interfaces as a function of their surface tension or bending energies. A biological
membrane can be considered a mathematical interface between two phases: the inner
fluid and the outer fluid. However, during the evolution of a cellular membrane,
some geometrical constraints should be considered and thus implemented in the
phase-field model: the conservation of the membrane area (disregarding events of
endocytosis and exocytosis) and the conservation of the cell volume (disregarding

the osmotic transport of water).

3.1.1 Canham-Helfrich free energy

One of the free energy functionals used to describe lipid bilayer membranes is
the Canham-Helfrich free energy, which is applied to liquid membranes governed by
bending energy [19]. This free energy involves the mean and Gaussian curvatures of
the mid-surface of the lipid bilayer and the local bending energy is an expansion
in terms of these invariants [20]. If the membrane has an asymmetry between

the two layers, the membrane can present a spontaneous curvature and the free

12



3. Phase-field model and mathematical tools

energy density is given by the equation 3.1, where x and kg are elastic constants
corresponding to the bending rigidity and the Gaussian bending rigidity. The term
K is the Gaussian curvature term and, when integrated over a closed surface is
topological invariant and thus can be considered a constant factor since the focus of

the work will not be to study topological changes [18].

K
fC—H,sc = E(ZH — C(]>2 + IigK (31)

After integration over the whole membrane surface the membrane free energy
is given by the equation 3.2, where I' is the membrane surface. The specific case
where ¢, = 0 is the minimal model, where there is no asymmetry between the lipidic

layers of the membrane [18].

K

fo-rae= 1 /F (2H — co)%ds (3.2)

3.1.2 Minimal model

To obtain a phase-field model it is necessary to write the free energy functional,
as a function of an order parameter, ¢, that identifies the cell. This free energy

functional will be equivalent to the equation 3.2 when ¢, = 0.

Flol = [ #*lolds (3.3)

The function ® depends on the order parameter ¢ and is defined by the equation

3.4, where € is a small parameter related to the interface width.

O[p(2)] = —¢ + ¢° — E€V2o(x) (3.4)

The implementation of this model can be used to achieve the stationary shapes
(figure 3.1) of cells such as erythrocytes. These shapes are achieved by starting from
an initial arbitrary shape corresponding to the value of the reduced volume and the
initial condition of the phase-field is a sharp distribution of ¢ = +1 inside the cell
and ¢ = -1 outside the cell (although some works may use ¢ = +1 inside the cell
and ¢ = 0 outside the cell) [8, 18].
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3. Phase-field model and mathematical tools

(a) v=10.69

(b) v =10.60 (c) v="043

Figure 3.1: Stationary shapes as stationary states of the dynamic evolution of
certain initial conditions. a) prolate, b)oblate, c¢) stomatocyte. Adapted from [18]

3.2 Erythrocyte phase-field model

In the mathematical model used to describe the erythrocytes a scalar order
parameter was assigned to each erythrocyte, ¢;(7), where ¢ identifies the cell. This
parameter can be defined as ¢; &~ +1 inside the respective erythrocyte and ¢; ~ —1
outside, near the membrane it varies continuously, and ¢; = 0 in the center of the
interface. The free energy of a group of cells would be given by a sum of terms equal
to the free energy functional of equation 3.3 for each cell.

However, when studying the erythrocytes’ shapes and dynamics, there are
several energies involved, such as the bending energy due to the curvature, the
adhesion energy between the two erythrocytes, and the hard-core repulsion that
prevents inter-penetration between the two erythrocytes. In this way, the free energy

of the two cell system is given by equation 3.5.

Flou().0a()] = [ s Z i+ 6} — V2,27

+ /(vh(d)l)h(aﬁz) +nVh(¢1) - Vh(gpy))dF
2 (3.5)
+ ag Z(Starget - S[(bz])Q

i=1

2
+ Qy Z(V;farget - V[¢z])2

i=1
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3. Phase-field model and mathematical tools

The free energy function that was implemented, equation 3.5, takes into account
different energetic contributions, such as the rigidity of the membrane (first term
of the equation), the hard-core repulsion of the erythrocytes, the cell-cell surface
adhesion and the conservation of the volume and of the surface area. ~ is a
coefficient proportional to the hard-core repulsion between the erythrocytes while
1 is proportional to the cell-cell surface adhesion. The function h, equation 3.6,
is approximately % at the vicinity of ¢; = 0 and it is h(—1) = 0 and h(1) = 1.
This function moderates the hard-core repulsion term that otherwise would push

the order parameter values outside of the interval [—1,1] [8].

h(¢i) = i(l +0:)*(2 — ¢0) (3.6)

From the free energy (equation 3.5) it is possible to calculate the equation for
the time evolution of the order parameter. The equation 3.7 shows for the order
parameter ¢, the equation that accounts for the other erythrocyte, which can be
obtained by exchanging the indices 1 and 2. v is the advection velocity of the cell

and M is the system’s mobility. The model parameters can be found in table 3.1.

opr B M5F B
ot + UV = 5p1
— M[2(3¢7 — 1)kp(—1 + ¢} — €V¢y)

— 262V (=1 + ¢} — €V2¢y)

\ 2 5 s (3.7)
+ Zy(l — ¢7)h(¢p2) — 177(1 — ¢1)V-h(¢2)]

— 3V2Meas(Siarger — S[61]) V31

-+ gMO&v(Vvtarget - V[¢1]>(1 - ¢%)
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3. Phase-field model and mathematical tools

Table 3.1: Model parameters, adapted from [8]

Parameter Symbol Value Units
Bending rigidity coefficient kg 432 J/m3
Interface width € 0.17 pm
Hard-core repulsion coefficient v 138 J/m?
Area conservation coefficient Qs 1.8 x 1072 | J/mm*
Volume conservation coefficient ay 59 x10* | J/mm°
Target area Starget 197 pm?
Target volume Viarget 160 pm?
Mobility M 74%x 1072 | m3Jtst
Velocity |17 0.57 (m/s

The force of the interaction of one erythrocyte with the other erythrocyte can

be calculated by equation 3.8 [§].

/¢1 5EnteratzondF:
001 (3.8)

—— [ 36900 - (o) — (1~ ) Vh(6)dr
The shape of each cell was obtained from the integration of the equation 3.7,

with the velocity and cell-cell interaction terms set to zero. The initial ellipsoid

shape and the final shape of the erythrocytes can be found on figure 3.2.
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3. Phase-field model and mathematical tools
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(c) (d)

Figure 3.2: Example of initial conditions and final shape of the erythrocytes. The
possible initial conditions are shown in figures (a) and (b), where figure (a) is a
mid-slice profile of the same conditions shown in figure (b). The final shape of the
erythrocytes is shown in figures (c) and (d), where (c) is a mid-slice profile of the
erythrocytes shown in figure (d)

3.3 Navier-Stokes equations

The Navier-Stokes equations are a set of nonlinear partial differential equations
that describe the behavior of fluid flow, more specifically the conservation of
momentum for a fluid [21]. These equations are in vector form and can be written for
incompressible flow, where fluid density is constant, or for compressible flow, where
fluid density can vary. These equations describe how fluid velocity and pressure
change over time due to several factors, such as pressure gradients and external
forces [21].

In the case of incompressible flow, the Navier-Stokes are usually written as
a continuity equation (equation 3.9) and a momentum equation (equation 3.10)
[21]. The continuity equation represents the conservation of mass and states that

the divergence of the velocity v (also in vector form) is zero and the momentum
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3. Phase-field model and mathematical tools

equation describes the conservation of momentum. The meaning of each variable of
both equations is in the table 3.2.

<L
I
o
~—
@
©
SN—

p(% +(7-V)0) = =Vp+ uV2i+ F (3.10)

Table 3.2: Variables of the Navier-Stokes equations

Symbol Meaning
g—f Variability rate of the velocity in order of time
U Velocity vector
\Y% Gradient
P Pressure
p Fluid density
1 Dynamic viscosity of the fluid
V3g Laplacian of the velocity
F External forces acting on the fluid

Since these equations are nonlinear partial differential equations their complete
analytical solution is only possible for simple cases. In more complex situations it
is necessary to use other numerical methods such as computational fluid dynamics

(CFD) [21].

3.3.1 Reynolds number

The Reynolds number, Re, is a dimensionless quantity (described in equation
3.11) that characterizes the relative importance of inertial forces to viscous forces.
It is used in fluid mechanics to predict the flow regime of a fluid around an object or
inside a pipe. In equation 3.11, p represents the fluid density, V' the characteristic
fluid velocity, p the fluid dynamic viscosity and L is a characteristic length, like the

diameter of a pipe or the length of an object.

_pVL
i

The Reynolds number helps to determine whether the flow is laminar, tran-

Re (3.11)

sitional, or turbulent, which can have a significant impact on several aspects of

18



3. Phase-field model and mathematical tools

fluid behavior, such as drag forces and heat transfer. The Reynolds number range

corresponding to each flow regime can be found in table 3.3 [22].

Table 3.3: Reynolds number and corresponding flow regime

Reynolds number

range

Flow regime

Characteristics of the flow

Re < 2000

2000 < Re < 4000

Re > 4000

Laminar flow

Transitional flow

Turbulent flow

Smooth and predictable, characterized by
steady and well-defined streamlines, with
fluid particles moving in parallel layers.

Viscous forces dominate.

The flow is transitioning between laminar
and turbulent. It can become unpre-
dictable due to the appearance of the

turbulence.

The flow is turbulent and chaotic, charac-
terized by irregular and mixing motion of

fluid particles. As the Reynolds number

increases so does the turbulence.

3.3.2 Reynolds number and the Navier-Stokes equations

The Reynolds number is closely related to the Navier-Stokes equations since it
describes the flow regime that these equations describe and thus can influence how
fluid behavior is modeled, functioning as a bridge between the characteristics of the
flow and the mathematical equations [22].

The relation between the Reynolds number and the Navier-Stokes equations
can be mainly summarized in two points: flow regime determination and modeling
approach. Relatively to the flow regime determination, the Reynolds number helps
to determine the flow regime for a specific situation: in the case of laminar flow
the nonlinear convective terms of the Navier-Stokes ((7 - V)¥) are less significant
and the equation can be simplified. Relatively to the modeling approach the
Reynolds number can help guide the choice of modeling approach when solving fluid
flow problems: for low Re, which describes a laminar flow, and the Navier-Stokes
equations can be simplified it is possible to use analytical solutions and simpler

numerical techniques. However, for higher Reynolds numbers and turbulent flows,
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3. Phase-field model and mathematical tools

it is necessary more complex and advanced numerical methods in order to solve the

complete Navier-Stokes equations [23].

3.4 Fourier Transform

The Fourier Transform is a mathematical tool used in several fields that allows
the decomposition of a function into its constituent frequencies, by equivalently
representing a periodic signal in sinusoids that are harmonically related to the
base frequency of the signal. The Fourier Transform is one of the most general
ways to analyze the frequency characteristics of a signal since it makes the fewest
assumptions about it [24].

The Fourier Transform is an operation that transforms data from the time
or spatial domain into the frequency domain. The continuous Fourier Transform
(CFT) is defined for continuous functions (equation 3.12), where F'(w) is the Fourier

Transform of the function f(¢) and is function of the angular frequency w [25, 26].

F(w) = /_ N ft)-e™at (3.12)

The function F(w) is a complex-valued function of w that represents the
contribution of each frequency component to the original function, f(t).

In the case of discrete functions, the discrete Fourier Transform (DFT) is used
instead, a finite version of the continuous Fourier Transform, and it is commonly
computed by the Fast Fourier Transform (FEFT) algorithm [26].

The inverse Fourier Transform (equation 3.13) allows the reconstruction of the

original function f(t) from its frequency domain representation, F'(w) [26].

£(t) = = /OO Fw) - et (3.13)

:% N

3.4.1 Fast Fourier Transform

The Fast Fourier Transform (FFT) is an efficient algorithm used to compute
the DFT of a sequence (which is a finite set of discrete data points sampled from a
continuous signal). This algorithm can speed up the computation of the DFT, which
makes it practical for real-time applications and large datasets. This speed-up is due
to a difference in the computational complexity since most FFT algorithms have a
number of operations on the order of O(NlogN), where N is the number of data

points and the direct computation of the DTF has a number of operations on the
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3. Phase-field model and mathematical tools

order of O(N?), making it slower for larger values of N. However, the efficiency of
the FFT algorithm depends on the choice of the FFT variant and on the properties
of the input data [27, 28].

The FFT algorithm is based on a "divide and conquer” approach, which
means that it recursively breaks down the DFT into smaller DFTs, exploiting the
periodicity and symmetry properties of complex exponentials to reduce the number
of computations.

The FFT can also be used to compute the inverse Fourier Transform of a
function, allowing it to convert the data back from the frequency domain to the

time domain.
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4

Numerical Implementation

As stated in section 1.2, the main goal of this simulation is to model and predict
the erythrocyte shape as a function of the force applied and the adhesion between
the two erythrocytes in the context of a micropipette aspiration assay.

In order to achieve this objective the simulation model was made in three
different sections: first, it was necessary to create the shapes of the erythrocytes,
then the two micropipettes were designed, and finally, the velocity was added to one

of the micropipettes, since the other remains static [8].

4.1 Erythrocytes model

The phase-field model used to create the 3D shape of both erythrocytes was
based on the model described in section 3.2, more specifically, in equation 3.7, having
as the starting point an ellipsoid shape.

This model also uses a scalar order parameter to describe each of the erythro-
cytes, ¢;, where 7 identifies each of the erythrocytes, that will be defined as ¢; ~ +1
inside the cell and ¢; ~ —1 outside the cell, near the membrane varying within the
interval [—1, +1], being ¢; ~ 0 near the center of the interface.

Even though the simulation is based on equation 3.7 the terms that describe the
interaction between two erythrocytes, both repulsion and adhesion, and the velocity
term are absent. The equation without these terms is equation 4.1, where S;, and

Vg, are the surface area and the volume of the erythrocyte, respectively.

99

ot == QMkb(3¢? —1)(—¢i + Gf - 52V2¢i)

— 3\/§M€C¥S(Starget - S¢z)v2¢l

(4.1)

3
+ éMaV(‘/target - V¢7,)(1 - ¢12)

+ 2Mkpe® V(¢ — ¢y — €V 2;)
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4. Numerical Implementation

In table 4.1 there are the initial values for the parameters used in equation 4.1.
The area conservation coefficient, g, and the target area, Sigrget, are zero for the
first iterations, however after those initial iterations, the interface is well formed and

as = 1.8 x 1072 (same as in table 3.1). The cell area is calculated using equation

1.2 [8].

Table 4.1: Initial model parameters for the simulation of erythrocytes shapes

Parameter Symbol Value Units
Bending rigidity coefficient kg 432 J/m?
Interface width € 0.17 pm
Hard-core repulsion coefficient ¥ 138 J/m3
Area conservation coefficient g 0 J/mm*
Volume conservation coefficient ay 5.9 x 102 J/mm®
Target area Starget 0 pm?
Target volume Viarget | Volume of the initial ellipsoid pm3
Mobility M 7.4 x 1072 m3J s

The target area is set equal to the cell area calculated by equation 4.2 at the

moment «g is set to a value different from zero.

Slé] = % / (Vo(7)?dr (4.2)

Even though the non-linear terms of equation 4.1 (the first three terms) were
initially calculated in real space, the next iteration of the order parameters was
calculated in the Fourier space, using the FFT algorithm.

On the experimental micropipette aspiration assay, the aim is for the erythro-
cytes to be aligned. This is not always possible and in some experiments, they can
be misaligned. Both of these situations can be simulated with this model by defining

different coordinates for the center of the initial ellipsoid.

4.2 Velocity

During the micropipette aspiration assay, the velocity is not applied directly
to the erythrocytes, as it happens in equation 3.7, but instead, it is applied in the
micropipettes. The total velocity can then be decomposed into the velocity of the

movement of the micropipette and the fluid velocity (equation 4.3).
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4. Numerical Implementation

U = Utrans T UNavier—Stokes (43)

The fluid velocity was based on the Navier-Stokes equations (section 3.3) and

the equation used to describe it is equation 4.4, where 7 is the fluid viscosity.

p(8,T + (T V)8) = —=Vp+nV20 + Foy (4.4)
The equation 4.4 can be simplified since p(0,0 + (V- V)¥) = 0, because Re is
very small. The external force can be described by the equation 4.5, where p = gTi'
and it is described by the equation 4.6.
ﬁe:ct = QSZVH’ (45)
= 2(3¢1 — Drp(—¢1 + ¢ — €V2¢h)
— 26’V (=g + ¢} — €V?¢1)
3 3
+ 17(1 — ¢1)h(¢2) — 177<1 — 1)V h(¢2)
4.6
+ 3\/§€aS(Starget - S[¢1])v2¢1 ( )
3
= 5 (Viargee = Vign])(1 — ¢7)
3 3
+ S (1= G)h(m) — Fea(l = ()

However, due to a very small Reynolds number, the Navier-Stokes velocity
component can be dismissed, so the velocity is solely provided by the pushing and

pulling of the micropipette.

4.3 Micropipettes

The micropipettes for both erythrocytes were identically simulated, using two
scalar order parameters: m and m,, where 7 represents the micropipette wall and
7o the space in its interior. The equations 4.7 and 4.8 describe their time evolution,
respectively, with ;1 = v9 as the translation velocity of the micropipette. However,
for one of the erythrocytes, usually represented on the left, the velocity is zero so
the velocity terms can be omitted for that micropipette. The other terms of these
equations lead to the formation of smooth interfaces of the micropipette to prevent

an abrupt change between values.
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4. Numerical Implementation

0

% =Vin +m — 7 — v, VM (4.7)

Omy 50 3

a5 € Vimg + mg — m° — v, Vg (4.8)
The parameter is m; = +1 inside the micropipette wall and m; = —1 in the

rest of the space. To prevent the erythrocyte from going through the micropipette
wall a repulsion term (equation 4.9, see also equation 4.6) needs to be added to
the equation that describes the evolution of the scalar order parameter for each
erythrocyte (equation 3.7). In this term 7,; = 30 and the function h(¢;) = i(l +

$;)*(2 — ¢;) (equation 3.6).

M1 = () (4.9

The parameter 7y represents the space inside the micropipette and its m, = +1
inside that space and my = —1 outside it.

To simulate the pressure that the micropipette enforces on the erythrocyte,
similarly to what was done with 7, it was necessary to add a new term to the
equation of the evolution of the erythrocytes (equation 4.10, see also equation 4.6).
The function h is the same as the in equation 3.6. However, the calculation of the
term 7,2 was made in two ways: in the first approach, it was simply computed that
Yoo = constant. In a second approach, the value of 7,5 varies linearly with the
distance to the beginning of the micropipette (the place where it is in contact with
the erythrocyte). This dependence is in equation 4.11, where m = 4, v = 34, which
was the value with the best results with the first approach, and zy is the coordinate
of the center of the micropipette along the z axis, which is the axis along which the

velocity will be applied to the micropipette.

%M%gu — ¢ h(my) (4.10)
Yr2 = —m(z — 20) + Y2 (4.11)

After the micropipettes are added to the erythrocytes, the simulation runs, still
with v;; = 0, until the volume of the erythrocyte that is inside the micropipette
is constant, which means that the cell stops entering the micropipette. After this

volume is stabilized it is possible to add the velocity to the simulation.

Since during the micropipette aspiration assay, there is a feedback mechanism
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4. Numerical Implementation

that ensures that the pressure inside the micropipette remains constant throughout
the experiment, it was also necessary to simulate a similar mechanism. This
mechanism was simulated by measuring the distance that the erythrocyte traveled
inside the micropipette. If this distance is below a certain threshold then a velocity

is added to the cell so the erythrocyte moves inside the micropipette (expression
4.12).

_Uz’nsideﬂg . h(ﬂ'g) . V¢ (412)

During the simulation, it is also possible to calculate the force that one
erythrocyte applies on the other. This force can be calculated using equation 4.13.
The force described in this equation is the force applied on the erythrocyte on
the left (that remains static) by the erythrocyte on the right (it is possible to see
which erythrocyte is ¢ and ¢, on figure 4.1. To calculate the force applied by the
erythrocyte on right by the erythrocyte on the left the variables ¢, and ¢, should

be exchanged in equation 4.13.

Fe— [J0v00-dhe) - o1~ &)Vhe)dr (113

4.4 Initial conditions

The initial values for the different variables for the simulation of the mi-
cropipette aspiration assay can be found in table 4.2. These values are adapted
from [8], with the exception of Sygrger and Vigpger that result from the simulation of
erythrocyte shape.

The model created was simulated in a 3D box of size 14.45(x) x 14.45(y) x
10.2(z)um? and the velocity was applied in the z direction.
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Table 4.2: Initial model parameters for the simulation of erythrocytes shapes

Variable Initial value
M 7.4 x 107 m3/Js
kp 432 J/ m?
€ 0.17 pm
v 138 x 107t J/m?
n 0 J/m
as 1.8 x 1075 J/mm*
Starget 6775

oy 5.9 x 10? J/mm5
Viarget 32390

Kp 2x 1071 aJ

v 0.57 um/s

V1 30

Yr2 given by equation 4.11

The shape of the erythrocytes can be obtained from the integration of the
equation 4.14, with n obtained from equation 4.6. This was possible by using a
semi-implicit method to integrate the equations throughout the simulation model,
where the non-linear terms were initially calculated in real space and then the FFT
algorithm was used to obtain the Fourier Transform of these terms. The next
iteration values for the order parameters, ¢ and ¢, were calculated in Fourier space
and the inverse FFT algorithm was used to calculate the order parameters back on

the real space. A similar approach was used to simulate the micropipettes.

96

5 = M (4.14)

4.5 Schematic representation of the simulation

model

Figure 4.1 represents the simulation model described in this chapter, in 2D
(figure 4.1a) and 3D (figure 4.1b). ¢; and ¢, represent each erythrocyte. During the
simulations, the velocity was applied to ¢;. To both erythrocytes, m represents the

wall of the micropipette and 7y the space inside.
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Figure 4.1: Schematic representation of the model described: (a) 2D model and

(b) 3D model
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Results and Discussion

In this chapter the results obtained from the simulation model described in

chapter 4 will be presented.

5.1 Erythrocytes

The biconcave shape of the erythrocyte shape was simulated using equation
4.1. The starting point was an ellipsoid shape. The position of the erythrocytes
is given by the center chosen for the ellipsoid. Different simulations were run for
erythrocytes aligned along the z axis (figure 5.1) and for erythrocytes not aligned
along the z axis (figure 5.2). In both of these cases, they are aligned along the z
and y axis. Even though it was not done, it is possible to change these in order to
access how the alignment along the order axis can affect the adhesion between the
erythrocytes.

As was explained in previous sections, the order parameters ¢; and ¢, have a
value of +1 inside the erythrocyte and —1 outside the erythrocyte, while it varies
near the membrane. This variation can seen more easily in figures 5.1a, 5.1b, 5.2a

and 5.2b, due to the differences in shades of red represented.
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Figure 5.1: 2D and 3D images of the simulation of the initial conditions (a, c) and
final shape of the erythrocytes (b, d) when they are aligned along the z axis
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Figure 5.2: 2D and 3D images of the simulations of the initial conditions (a,c) and
final shape of the erythrocytes (b, d) when they are not aligned along the z axis

5.2 Navier-Stokes velocity equation

After the erythrocytes were simulated, the contribution of the velocity calcu-
lated through the Navier-Stokes equations was evaluated. This was achieved by
running the simulation model, with the Navier-Stokes velocity, for different values

for the fluid viscosity.

31



5. Results and Discussion

(b)
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(c) (d)

Figure 5.3: Sequence of images (top to bottom, left to right) of the simulation for
different values of fluid viscosity: a)10; b)1072; ¢)10~7; d)10~%°
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Figure 5.3 shows a sequence of images of the simualtion for different values of
fluid viscosity with the Navier-Stokes velocity. These values are increasingly smaller,
and it is possible to observe that only when the viscosity is smaller than 1072°, does
the Navier-Stokes velocity influence the overall result of the simulation. Since it
is such a small value it is possible to conclude that the viscosity contribution to
the advection velocity is very small and can be neglectable (like it was explained in

section 4.2).

5.3 Micropipettes

After the simulation of the erythrocytes’ shape, it was necessary to simulate

the micropipettes. Figure 5.4 represents the wall of a micropipette.

Figure 5.4: Wall of a micropipette for one of the erythrocytes (in 3D image)

Figure 5.5 shows the linear variation of ~,,, represented for the erythrocyte
on the left. The higher value in the middle ensures that the erythrocyte enters the
micropipette. In contrast, the lower values ensure that the volume of the erythrocyte
inside the micropipette remains constant after a certain amount of time has passed

and the erythrocyte is not sucked into the micropipette.
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Figure 5.5: Values of 7,2 in 2D for the erythrocyte on the left. The darkest shade
of red shows the place where the micropipette is in contact with the erythrocyte
and the value of ;5 is higher, ensuring that the erythrocyte enters the micropipette
while the lightest shades (white and near white) show that this value decrease with
distance, ensuring that the erythrocyte is not sucked into the micropipette.

5.4 Erythrocytes with the micropipettes

As mentioned before, the first step after adding the erythrocytes to the
micropipettes was to stabilize the volume of the cell inside the micropipette. This
volume depends on the maximum value of 7,9, when this value is higher, a bigger
fraction of the erythrocyte volume stays inside the micropipette. Several values for
Y=o Were tested on several simulations. Some of the results are shown in figure 5.6.
Figures 5.6a and 5.6¢ show the erythrocyte on the left entering the micropipette for
different maximum values of v,o, while figures 5.6b and 5.6d show the respective

graphics of the volume inside of the micropipette as a function of time.
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Figure 5.6: Mid-slice profile (a and c¢) and graphic (b and d) of the stabilization
of the volume of the erythrocyte on the left inside of the micropipette for different
maximum values of v;o. Maximum values of v;9: a) 35; b)35; ¢)45; d) 45

The maximum value used in the next steps of the simulations was 30, since it was
the value that allowed to achieve the results closest to the micropipette aspiration
assay. The results shown in figure 5.7 correspond to this value of v,2. Figure 5.7a
and figure 5.7b represent the shape of the erythrocyte after being pushed inside the
micropipette as a mide-slice profile and in 3 dimensions, respectively. Even though
in figure 5.7a the erythrocytes are not aligned and in figure 5.7b they are, the volume
of the cell inside the micropipette is the same. The graphic in figure 5.7c shows the
volume of the erythrocyte inside of the micropipette as a function of the time of the
simulation and it permits to observe the stabilization of this volume after a certain

time has passed.
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Figure 5.7: Stabilization of the volume of the erythrocytes inside of the
micropipette (7,2 = 30). a) Erythrocytes inside the micropipettes (2D view); b)
Erythrocytes inside the micropipettes (3D view); ¢) Graphic of the volume of the
erythrocyte inside the micropipette as a function of time

After the volume of the erythrocyte inside the micropipette remains constant
it is possible to add the velocity to one of the micropipettes (represented on the
right). Figure 5.8 shows a sequence of images of the simulation of the micropipette

aspiration assay when the erythrocytes are aligned. The figures on the left side
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show a mid-slice profile while the figures on the right side show the corresponding
3D representation.

Figures 5.8a and 5.8b show the initial moment, before any velocity is applied.
In figures 5.8c and 5.8d, the velocity was already applied to the erythrocyte on
the right and it is possible to observe that the erythrocytes are brought together
against each other. Figures 5.8e and 5.8f shows the moment where the erythrocytes
are rapidly pulled back after of the velocity is changed to start separating the
erythrocytes. Figures 5.8g and 5.8h show the beginning of the separation of the
erythrocytes, while figures 5.8i and 5.8j show the erythrocytes separate.
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Figure 5.8: Simplified sequence of images of the simulation of the micropipette
aspiration assay when the erythrocytes are aligned. The figures on the left side show
a mid-slice profile while the right side shows the corresponding 3D representation

During the simulation, it is possible to calculate the force that one erythrocyte
applies on the other (equation 4.13). Figure 5.9 is a graphic representation of the
force that the erythrocyte on the right applies on the erythrocyte on the left.
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Figure 5.9: Graphic representation of the force that the erythrocyte on the right
applies on the erythrocyte on the left as a function of time

Since the erythrocytes are aligned along the x and y axis, the forces along these
axes are near constant zero throughout the whole simulation. However, along the
z axis the erythrocytes feel a strong repulsive force as they approach each other,
which can be seen by the peak in figure 5.9. This force (regulated by the hard-core
repulsion coefficient, ~, in equation 4.14), peaks when the erythrocytes are pushed
against each other. When the erythrocytes start to separate each from each other
the value from the repulsive force decreases. In this simulation, the value of the
mobility, M, is relatively small and the erythrocyte relaxes slowly. For that reason,
when the cell is pushed backward by the micropipette the regions of the cell further
from the micropipette move slowly. In the future, to add adhesion to the simulation,

we need to increase the mobility of the system.
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Conclusion and Future Work

The main goal of this thesis was to develop a mathematical model to simulate
the erythrocyte shape as a function of the force applied, the adhesion between
the two erythrocytes, and the mechanical characteristics of the cell membrane in
the context of a micropipette aspiration assay. Considering this objective and the
results presented in chapter 5, it is possible to conclude that the simulation model
developed is on track to the proposed goal.

This model was able to simulate the different components necessary to conduct
a micropipette aspiration assay, such as the simulation of the erythrocytes, of the
micropipettes, and of the feedback mechanism that allows the erythrocytes to remain
inside the micropipette. Also it simulates the different steps of the micropipette
aspiration assay: the erythrocytes were pushed inside the micropipette, the velocity
was added to one of the micropipette until the erythrocytes adhere to each other
and, finally its direction of movement was changed to separate the erythrocytes. In
addition to this, the model also permits the calculation of the force applied by one
of the erythrocytes on the other. In the future we will increase the mobility so the
cells respond faster when pulled backwards.

The simulation described in chapter 4 is also simple enough to allow changes
in the initial conditions such as the relative positions of the erythrocytes or of
the micropipettes. It is also possible to easily change the value of the cell-cell
adhesion coefficient (in equation 4.14) in order to simulate different conditions,
such as different concentrations of fibrinogen, which could allow the study of new
diagnostic methods for vascular diseases.

Some possible future work would be to make an extensive comparison between
the results obtained by the simulation model described and the images obtained
during the micropipette aspiration assay. In addition, it would also be possible
to run more simulations with different initial conditions, such as, the erythrocytes
being off-center along the x and y axis, or along more than one axis, as well as

simulate different parameters and concentrations of fibrinogen in order to further
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analyze how these affect the adhesion force between two erythrocytes.
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