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Abstract

The main objective of this work is to study, from analytical and numerical perspectives, a Keller-Segel
initial boundary value problem. In what concerns the mathematical analysis, we present a stability
study for bounded domain in R with homogeneous Neumann boundary conditions. Although in
numerical perspective our main goal is to obtain the discrete version of the continuous stability results,
we start by studying the stability and convergence of a discrete version of the initial boundary value
problem analyzed before but considering homogeneous Dirichlet boundary conditions and a one-
dimensional spatial domain. Several numerical experiments are included to illustrate the qualitative
behavior of the Keller-Segel problem. In the near future we intend to extend the discrete results
presented here for a two-dimensional domain and Neumann boundary conditions. It is clear that, even
for one-spatial domains, this new problem poses several challenges that we need to solve.

Keywords: Keller-Segel Model, Chemotaxis, Stability, Finite Difference Method






Resumo

O principal objetivo deste trabalho é o estudo, no ponto de vista analitico e numérico, de um problema
Keller-Segel com condi¢des inicial e de fronteira. No que diz respeito ao ponto de vista analitico,
apresentamos um estudo de estabilidade considerando um dominio limitado unidimensional com
condi¢des de Neumann homogéneas para a fronteira. Embora no ponto vista numérico, 0 nosso
objetivo central seja obter a versao discreta dos resultados de estabilidade estabelecidos para o caso
continuo, iniciamos 0 nosso estudo com a anélise de estabilidade e a convergéncia de uma versao
discreta do problema analisado anteriormente, mas considerando condi¢des de fronteira de Dirichlet
homogéneas. O comportamento qualitativo do sistema estudado € ilustrado numericamente. Num
futuro préximo pretendemos estender os resultados discretos aqui apresentados para um dominio bidi-
mensional e condi¢des de fronteira de Neumann. E claro que, mesmo para dominios unidimensionais,
este novo problema apresenta varios desafios que precisamos resolver.

Palavras-Chave: Modelo Keller-Segel, Quimiotaxia, Estabilidade, Método de Diferencas Finitas
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Chapter 1

Introduction

In this work we consider the following initial boundary value problem (IBVP)

8? =V (Dy(u,v)Vu) =V - (¢ (u,v)Vv) + f(u,v), x€Q,1>0,
—‘;:V~(Dv(u,v)Vv)+g(u,v), xeQ>0, (L1)
u dv )
%_%_07 x€dQ,t >0,

u(x,0) = up(x) >0, v(x,0) =vo(x) >0, xXeQ,

where Q C R", dQ represents the boundary of Q, 1 depends on x € dQ denotes the unitary exterior
normal to Q at x € dQ, f,g,¢ : R — R, and both u and v represent the density of cells and the
concentration of the chemical. The IBVP (1.1) is used to describe the bacteria transport that occurs by
diffusion and convection enhanced by the presence of a chemical substance that induces a convective
velocity given by ¢(u,v)Vv, f(u,v) defines the population growth factor. The chemical species
behaviour is defined by a diffusive transport and a chemical source/sink given by g(u,v).For an
overview on Keller- Segel models we recommend the [1].

0
In what concerns the behaviour on the boundary, as ﬁ =0 and % = 0, then the bacteria

convective fluxes are null. Consequently, the spatial domain is isolated for both species: bacteria and
chemical. Then we can consider the following IBVP for bacteria and chemical concentrations

;:V-(Du(u,v)Vu)V-(qu)+f(u), xeEQ,t>0,

v

% = Va-v(Dv(u,v)Vv) +g(u,v), xeQ,t>0, (12)
%:%:07 x€dQ,t >0,

u(x,0) = up(x) > 0, v(x,0) = vo(x) >0, x€EQ,

the existence and uniqueness of solution of the IBVP (1.2) for Q C R? with D, = D, = 1, and the
reaction terms f(u) and g(u,v) are, respectively, the logistic term —pu? + ru, and u — v, that means
that the time variation of the chemical is proportional to the difference between the bacteria and
chemical concentrations, were the main objective of [5]. Here, upper bounds for the solution u and
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2 Introduction

v are established with respect to the L*(Q) norm for u and with respect to the W' (Q) for v. We
remark that u(-,¢) € L*(Q) if u(-,7) is bounded almost everywhere that means that u(-,#) is bounded
except on a subset of null measure. The norm in L*(Q) is defined by

|u(t) || =(2) = sup{C > 0 |u(x,#)| < C almost everywhere in Q}.

The previous supremum is called the essential supremum of u(-,¢) and it is denoted by esssupu.

Moreover, u(-,t) € W'(Q) if u(-,t) € L*(Q) and the partial derivatives with respect to the spatial
components are also in L= (Q). In W1*(Q) The usual norm is defined by

Ju
([u(®)[lw1=(0) = max{||u(?)|| =), HT

]

(Ollz=(@),i=1,2}.

Chapter 2, Continuous Keller-Segel model: existence and uniqueness, aims to present the results
of [5] for f(u) = —pu?® + ru, g(u,v) = u—v.

In general, the IBVP defined by a Keller-Segel model does not have solutions with a close form.
Even for simple situations, the construction of the solution is a hard task. Numerical methods are
powerful tools that allow us to obtain, at least approximately, the solution of such problems. The most
popular approach to solve numerically IBVP defined by a Keller-Sequel equations is based on finite
element methods. without being exhaustive we mention [4], [8]. Finite difference approach is also
followed and we mention for instance [6]. Our initial main objective was to study a finite difference
method for the IBVP (1.3)

du %u 9 av
E—Duaigz_a(%ua)—i_f(u?v): er‘,t>07
@—DQ+ (v) xeQt>0
gt - aVaxz g ) b )
- ! 0, x€dQ,t >0,

(1.3)

ox  dx
u(x,0) = up(x) = 0,v(x,0) = wo(x) 20, xecQ.

where Q C R, x,D,, D, are positive constants and g does not depend on u, that is g(u,v) = g(v). We
follow the so called method of lines approach (MOL approach): we discretize the spatial derivatives
using finite difference operators, and then the differential problem (1.3) is replaced by an ordinary
differential problem. As the differential problem is characterized by Neumann boundary conditions
and we would like to obtain second order approximations in space, several approaches can be used. Let
{x;,i=0,...,N} be the spatial grid in [0, 1] defined by x; =x;—1 +h,i=1,....N,xo=0,xy = 1,h > 0.
Then a second order approximations for the spatial derivatives at x = xp, xy can be obtained considering

the grid points xy,...,x, and x4,...,xy_1, respectively, with p,q € N. In this case the finite difference
approximations are specified for i = 1,...,N — 1. Another approach that we would like to follow is
the use of fictitious points x_j = —x1, xy41 = 1 + A, that lead to second order approximations. In

this case, several difficulties arise in the establishment of error estimates with respect to a L? discrete



norm. This fact motivates the replacement of the IBVP (1.3) by the following one

(Ju u 0 v
E—Dtlaif_a(xua)_‘_f(mv)v xE(O,l),t>O,

v 0°v
E:Dvﬁ—i_g(v), XG(O,I),I‘>O, (14)
u(x,t) =v(x,t) =0, x=0,1,:>0,

u(x,0) =up(x) > 0,v(x,0) =vo(x) >0, x€]0,1],

We observe that, under the previous assumptions, the two differential equations in (1.4) are decoupled.
In Chapter 3, Numerical approximation using the MOL approach, we introduce a semi-discrete initial
value problem that leads to a second order approximation for the solution of the IBVP (1.4) and we
study its stability and convergence. We observe that, as the initial value problem is nonlinear, its
stability requires the uniform boundness of the numerical approximation for the both unknowns. Such
uniform boundness is obtained here using error estimates.

In Chapter 4, Numerical Simulation, we illustrate the theoretical results obtained in the last
chapter and we also include several experiments that aim to illustrate the qualitative behaviour of the
Keller-Segel model with different boundary conditions (4.4).

Finally, in the last chapter, Chapter 5, Conclusions, we present some conclusions and some topics
that we would like to study in the near future.






Chapter 2

A continuous Keller-Segel model:
existence and uniqueness

2.1 Introduction

This chapter aims to present the existence, uniqueness and stability of the solution of the IBVP (1.2)
with f(u) = —pu® + ru, g(u,v) = u—v. The results that we present were taken from [5]. In what
concerns the existence, we follow [10]. The stability of the solution of (1.2) for the previous choice of
f and g is established constructing upper bounds for the solution.

For p € N, by W!'”(Q) we represent the Sobolev space of functions u : Q — R with first order
derivatives in L?(Q) where we consider the usual L”-norm.

Let 0 < 7, < 0. By C(Q x [0,T;,)) we represent the space of functions defined in Q x [0, T;,)
that are continuous in this set, and by C>'(Q x (0,7,,)) we denote the space of functions defined
in Q x (0,T;,) that have continuous derivatives with respect to the spatial components until order 2
and have also continuous first order time derivatives in Q x (0,7,,). By L7 ([0,T,,), W!?(Q)) we

represent the space of function u : Q x [0,7;,) — R such that for each time ¢, u(-,#) € W (Q) and
for each compact K in [0,T;,), u € L(K,W'?(Q)) that is

esssup [|uly1p(q) < +oo.
K

In Section 2 we present an existence and uniqueness result following [10]. The stability is established
in Section 3 following [5].

2.2 An existence and uniqueness result

We start by the existence and uniqueness result that can be seen in [10]. The formulation that we
present here was presented in [5].

Theorem 1 Let y,1u >0, r >0, QCR" n>1, be a bounded smooth domain and let the initial data
up € C(Q) and vy € W= (Q) be nonnegative. Then there is a unique, nonnegative, and classical

maximal solution (u,v) to the IBVP (1.2) with f(u) = —pu® + ru, g(u,v) = u— v, on some maximal

5



6 A continuous Keller-Segel model: existence and uniqueness

interval [0,T,,) with 0 < T,, < oo such that
ueC(Qx10,T,,))NC*(Qx(0,T;,)),

vEC(Qx[0,T;,) NCH (Q x (0,T;,))NL;5([0,T;), WHP(Q)),

with p > n.

2.3 Uniform boundness

To simplify the presentation we take n = 2 and we use the notation u, for the time derivative of u, Au

for the Laplacian of u and Vu for the gradient of u. Moreover, we use |Vu|? to represent Vu! Vu.

2.3.1 Auxiliary lemmas

Lemma 1 Foranyt € [0,T,,), the non-negative solution (u,v) of (1.2) with f(u) = —uu® +ru,g(u,v) =

u—v, satisfies
(r+1)°
4u

@)1 @) < lluoll @) + Q[ =: Kk

and

2 +2)?
V) o < 5 (Il + 19000+ 19 ) =

Proof: Let us start by establishing the following inequality

1
r/udx—,u/uzdx<—/udx+( r+1)? 1Q|,
Q Q Q 4u

where |Q| denotes the measure of Q. The last inequality is consequence of

+1)2
gl < — (r
ru—pu” < —u-+ an
which is obtained taking into account that &(u) < 0, where & () := ru — pu® +u— (rm) .

Applying the Divergence Theorem to the bacteria equation and then Using (2.3) we get

d 1)?
/udx—r/ udx— [,t/u dx < — / dx+ r+l) ||,
dt Q 4u

= /udx—l—/ud \Q|<0

% ((/Qudx— (FII)Z\QO e’) <0,
L

that allow us to obtain (2.1).

that leads to

and consequently

2.1)

(2.2)

(2.3)

(2.4)



2.3 Uniform boundness 7

Taking in the chemical equation of (1.2) the product with —Av, with respect to the L? inner product,
we obtain

/v,(—Av)dx:/(Av—v+u)(—Av)dx. (2.5)
Q Q

Taking into account the Divergence Theorem and the boundary conditions we get successively

8
/v,(—Av)dx:/Vv,Vvdx:/ ( )Vvdx—/ IVv|? dx.
Q Q o\ dt
/vAvdx:—/ |Vv|?dx,
Q Q

1 1
/u(—Av)de/u]Av\def/ |Av]2dx+f/u2dx,
Q Q 2 Jo 2 Jo

from (2.5) we deduce

2dt/ |Vv|?dx < — /|Av|2dx /|Vv|2dx+ /|Av|2dx+2/u dx, (2.6)

which is equivalent to

As we have

and

2dt/u]Vv]2dx+/u|Vv|2dx< “/u dx. (2.7)

From (2.4) we know that

d

—/udxgr/ udx—/.t/uzdx

dt Jo Q Q
that, with (2.3), leads to

d
/u+ ]Vv]zdx—i—Z/ ]Vv]zdx<r/ udx—g/u dx,
dt 2 Ja

and consequently

d
dt/ u+ = |Vv\2dx—|—2/ u+ = |Vv|2dx< (r+2)/ udx — ‘L2L u? dx. (2.8)
We observe that 5
2
(r+2)u—’;u—(r;ru) <o. 2.9)
This inequality can be easily shown considering ¢ (u) := (r+2)u— 5u— (’ﬁ)z and evaluating its
extremes.
Inserting in (2.8) the upper bound (2.9), we conclude
d 2)?
0 / U+ —\Vv\zdx—F/ 2u+ | Vv|2dx < (r; ) Q)

that can be rewritten in the equivalent form



8 A continuous Keller-Segel model: existence and uniqueness

i . 2t (r+2) 2t
4 (/Qm,v)dxe ek <o

with j(u,v) :==u+ 5 |Vv|%.
The last inequality leads to

2 2
/u+—\Vv]2dx</uo+ |Vvo|* dx + (ri_“) |Q]

and rearranging terms we obtain (2.2).

Lemma 2 Given t € (0,T,,), then, for anyt € [0,T,, — 7), the solution (u,v) of the IVBP (1.2) with
fu) = —pu® +ru,g(u,v) = u—v, fulfills

14T 1 k
/ / dxds<(+‘u)lmax{f,l}—: kymax{t,1}, (2.10)
t+7
/ /yvv(s)|2dxdsgk2 max{t,1}, (2.11)
t Q
and
1+7T
/ / |AV(s)|? dxds < (k3 +kp) max{t, 1} =: kymax{t,1}. (2.12)
t Q

Proof: Integrating the bacteria equation in (1.2) over Q x (¢,¢ + 7), considering the Divergence
Theorem and the homogeneous boundary conditions for 1 and v, we obtain

1+ t+7 t+7
/ / a’d+,u/ / dxds—r/ / s)dxds.
ds
/ (t+7) dx—l—u/ / dxds—r/ / dxa’s—i—/udx

since u is non-negative, we get

t+T +T
u/ / dxa's<r/ / dxds—l—/udx

Using (2.1) in the last inequality we deduce

/ / s)dxds +/ udx <rtk +k;

<kymax{7,1}(r+1).

As we have

To prove (2.11) we integrate the chemical equation of (2.2) over (¢, + T) obtaining

t+7T 2 14T
/ I99($) By ds < / krds < kymax{z, 1}.
t t
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To prove (2.12), we consider the equivalent expression to (2.6)

1d 1 1
—= [ |W|*d 7/A2d<—/2d.
2dt/g| V| x+2 Q| V| x_zgu X

Integrating over (z,¢ 4 T) we get

+1 4
/ /|Vv \zdxds+/ /]Av \Za’xds</ / s)dxds,

that, in combination with (2.10) and (2.2), leads to

/ /|Av |2dxds</ / dxds+/ |Vv|? dx

< (k3 —i—kz)ﬂlﬂX{T, 1}.

[
By the Gagliardo-Nirenberg Theorem there exists a positive constant Cgy such that
2
1 1
Ju(t) By < (cGN(rw(r)\m(muumuzz(g)+ ||M(f)||u(g)>> , 2.13)
(see for instance [5]).
Lemma 3 Given 1 € (0,T,,), then the u-component of the solution (u,v) of (1.2), with f(u) =
—pu?® +ru,g(u,v) = u—v, satisfies the explicit uniform-in-time bound
8 min{1,2 r+ 1% _\*
2 2 x 4
Ju(r) 22 g < <||uo||Lz<g> sy (Il + 5100} +
r+1 (r+1)3 8r 1
+ m ol () + e Q|+ 5 2|Q]> max{l T, T}
. (2.14)
X4ACLy <r—|—3 (r+1)3
X ex u + Q|+
p{zmm{l’z Il + 1

r+2
190l + g ) max(1, r}}

and

1 1 1 max T
|u<r>||Lz<g>sc1<1+uﬁ(1+w)>max{ﬁ,ﬁ}c w1

forallt € (0,T,) and for some positive constants Cy,C,.

Proof: From the bacteria equation of (1.2) we get

/u,udx:/(Au)udx—x/ uzAv+(Vqu)udx+/ u?(r — pu) dx
Q Q Q Q
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and, considering the Divergence Theorem and the homogeneous boundary conditions for u and v, we

get

1d
—— uzdx—l—/ |Vu|2dx:x/u2Avdx—1/uzAvdx—l—/uz(r—/.Lu)dx.
2dt Jo Q Q 2 Ja Q

Using Cauchy-Schwarz we then deduce

1 1

1d <X 2 2
Vullde< % / / 2
2 Jo " dx—l—/| ul~d 2 < u dx> < Q|Av| dx

—1—/Qu (r— pu)dx.

As there exists a positive constant Cgy satisfying (2.13), using (2.1), we obtain

(/Qu‘*dx); < <2C%;N<HVu(t)\[L2]2(Q)y u(t) | 20y + ))

and consequently

1
2 2
(fatax)” (f 1avPax) < 190l o)l |6V 2 + 26000

C4
< €l|Viu(e) ey + () B g 00 B gy + 1400 |22 g + Ky

Finally, we have

1
d/uzdx —I—/ |Vul|? dx
2dt Jo Q .
X C
< 2 (el1Vu0) i+ S ) o 19 0 s+ 1890 g+ G

+/ u2(r—uu)dx.
Q

. X X
Let € := mln{l,%}. If e = 1 then Ze]| Vu(t) [Fp2(q) = f”vu(z)y@zp(g) < [Vu(t) |22 q - Other-

.. 2 X
wise, if € = 7 then §£||Vu(t)||[2L2]2(Q) = [|Vu(t)|? 220

In both cases, we have

d / (C‘(‘;N ) ) 2 44
wdx < x| = u(n)]7 ) 1Av(0) 1 72q) + 1A4v(0) 72 +KICE
a P Q) 2(Q) Q) N 2.16)
+2/ u*(r — pu) dx.
Q
In what follows we establish an upper bound for 2/ u?(r — pu)dx. Let 8(u) == 2u?(r — pu) —
Q

27#2 It can be shown that 6(u) <0,u € R.

Then

8r
[ - < 00l
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Inserting the last upper bound in (2.16) we obtain

2¢€

d [ o XCiw 2
i Jyr e s (1) +

=: ksy(t)z(t) + ks,

8r3
2 44
VI8 B+ 28iCE + 710

where

ks =

XCin A 8r3
ke = xk —|Q
e 1 X 1C4GN+27u2| E

€

+—,z2(t) = |Av][72q)-
2CE, 29

¥(0) = 220

The last inequality leads to

t

d

o (exp(—ks /OIZ(u)du)y(t)—ka/o eXP(—kS/OnZ@d")) <0,

and then

y(t) exp (—ks /Otz((f)dd) — ke /Ot exp (—ks /On z(c)dc) dn
< y(s) exp (—ks /Osz(o)dc> — ke /Osexp (—ks /On z(G)dG> dn,

that implies the following

y(t) < y(s) exp <k5 /stz(c)dc) + ke /St exp (ks /ZZ(G)dG,> dn,t > 0. (2.17)

n

Considering some s; € (i, (i + 1)) and any natural number i < % — 1. Using the upper bound (2.10)
we establish

1 sz
o= [ y(s)ds

T
1 2¢

< 7k3 maX{T, 1} + 5 (218)
T Cey

1 2¢e 1
Smax{l,} <k3—|—2> =: k7max{1,},
T Con T

and considering (2.12) directly we have

(i+1)7 (i+1)7 5
/ z(s)ds = / 1AV (5)[|72(q)ds < ks max{7,1}. (2.19)
14 JIT

iT

Fort € [0, 7], we set s =01in (2.17) and i = 0 to get

V(1) < y(0) exp <k5 ‘ /0 Tz(c)dc) ke /0 “exp <k5 /O Tz(cr)dcr) dE.
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Using (2.19) we obtain

(1) < 3(O)exp ksha) +hs | exp (kska) dZ

< (y(0) + k¢) max{t,1} exp(max{t,1}kskys).

(2.20)

For ¢ € [1,27], assuming 7 < T,,, we put s = s € [0,7] in (2.17) from which we establish

3(#) < y(s0) exp <k5 / tz(o)do) ke / : exp <k5 / tz(o)do) dE

S0 K

< y(so)exp <k5 /Ozrz(c)d0'> + kg /Ozrexp (ks /Ozrz(c)d0'> dé&.

Introducing now (2.18) and (2.19)

1
y(t) < k7 max { 1, r} exp (max{t,1}2ksks) + 2T ke exp (max{7, 1} 2kskys)
| 2.21)
< (k7 + 2ke) max { 1,7, T} exp (max{t,1}2ksks).

Adding (2.20) and (2.21) yields the desired result

1
||ue(2) Hiz(g) < (9(0) + k7 + 3k ) max { 1, TT} exp (2ksks max{7,1}).

+ _&
2C¢y,

Lemmad4 For p > 1, let

q€[17nri1;])’ lfpgn)
g€ ll,o], ifp>n.

(2.22)

Then there exists C > 0 such that the unique global-in-time classical solution (u,v) of the IBVP (1.2),
with f(u,v) = —uu® + ru,g(u,v) = u—v,) satisfies

V(O)llwra@) <€ <1+ sup HM(S)!Lm)) : (2.23)

s€(0,1)
The proof of this result can be seen in [5].

Lemma 5 The u component of the unique global-in-time classical solution of the IBVP (1.2), with

) , (2.24)

Sorallt € (0,%) and for some C depending on uy, vy, r and Q, where M is given by

flu) = —uu? +ru,g(u,v) = u—v, satisfies the uniform estimate

8
1 3 8
[EGIrS gc<1+u+’i MiE

wloo

M) = <1+:l+¢7c<1+;2>)
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and

22C5x (“2huole

2min{2,2} i
(r+1)°
4u?

E(x,u) =exp [
(2.25)

+

r+2)2
I 2 <2H2)|Q|>] |

Proof: Considering the uniform L?-bound of u in (2.15) with T = 1 we have

1 1
) gy <€ (14 LoV + 1)) B0,
using Lemma 4 with p = 2, for any 1 < g < oo, we get

IVvO)llizaz@) < () lwra@) < C(1+ s1(10p) Ju(s)llr2(@)
s€(0,t

1 1
—o(tgevae ) B @2
= CM (%, LE (%, 1)-

From the bacteria equation of (1.2) we deduce

/u,uzdx:/Auuzdx—)(</ Vquuzdx—I—/u3Avdx>+/ru3—uu4dx.
Q Q Q Q Q
As we have
/ 2dx 1d/u3dx
Ul = ——
Q ! 3dt Jo ’

/Auuzdx:—2/ u|Vul? dx = —2/ u|Vu|? dx,
Q Q Q
/u3Avdx:—3/ WVuVvdx,
JQ Q

we have
1d
3dt Jo
Cauchy’s inequality with € =1 leads to

u3dx+2/ u\Vu|2dx:2x/ uZVqudx—l—/ ru® — pu* dx.
Q Q Q

1d
3dt Jo

u3dx+2/ u|Vul? dx
Q
2
SZ/ M\Vu|2dx+x—/u3|Vv|2dx+/ ru® — put dx.
Q 2 Ja Q

(2.27)
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¢ bd

Using now Young’s inequality, ab < i i with a = (%)% Hud b= (%) WV' ,c=4andd =
C us u 4

in the second term of the right hand side of (2.27) we establish

1d
3di )" dx+2/ u|Vu|2dx
(2.28)
1\4
To get an upper bound for /Q ru’ — uu4 dx, we consider {(u) := ru’ — %u“ + %u3 - 27;2:33) .

1 3B(r44)*
It can be shown that & (u) < O for all u € R, and consequently ru° — %u4 < —§u3 - (25“33)

30, 1y
PN <_l/ 3oy SIS o
/Qru dx 2/9“ dx < 3k dx+ R Q]

Then we deduce

and hence

1d
Vyl?
3dt/udx—{—S/ud)hLZ/u\ u|~dx

38 B(r+1)*

3 x
2 8
gz/guyvu\ At 5 i IV sy + 19
Considering now (2.26) for g = 8, we obtain
34)58 3 (r+3)*
& [ [waxs X e CMIE () + =55 519,

that is g 4( -
d 3 3*x 3 r—i—g)
dt(et</gu dx—WCM(X#)E(X#)‘FW,Q‘ <0,t>0.

The last inequality leads to (2.24).

2.3.2 Main result

We are now able to establish the following result:

Theorem 2 Let x,u > 0,r < 0,Q C R? be a bounded domain with a smooth boundary and let the
initial data uy € C(Q) and vo € W' (Q) be non-negative. Then the Keller-Segel IBVP (1.2), with
flu) = —pu® +ru,g(u,v) = u—v, has a unique a global classical non-negative solution (u,v) defined
in Q % [0,00) such that

1
Ju(t)||z=q) < C(1+ ﬁxKN) =:CL (2.29)

and .

Lo
v(E) = §C(1+ﬁ+%l{§) —.CN (2.30)
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uniformly on [0,00) and for some C depending on ug,vo,r and |Q|, where

K=M(x,W)E(x,1)

and M and E defined by (2.25).

Proof: We obtain the following W' bound of v directly from Lemmas 5 and 4 withn =2, p =3
and g = oo

V@) llwi=@) <C (1 + wp ||u(s)||L3<Q>>
s€(0,00

8
1 3
<C (1+H+7§M§(x,u)E§(x,u)> :

For the L™ estimate of u we start by considering that solution u of the bacteria equation (1.2) with
constant, admits the formal representation

u(t) = A Dyg— /0 " 1-B-DY (4 (s)) ds
+/Ote<”)<A’) ((r+ Du(s) — p>(s)) ds. (2.31)
Then u(t) = u; (t) + uz(t) + u3(t) where
up =B Dy,

t
= —x / BNy (uVv)(s)) ds,
0

U3 = /Ote(ts)(AI) ((r+ Du(s) —uz(s)) ds.

Given that u is non-negative and smooth we have

Jua(r) =0y = supu(.) < supues (x,1) + supua(x, 1) + supies (1)
xeQ xeQ xeQ xeQ

As [leug| = < [[uollL= (), we get
1 () |z=@) = ||et(A_l)Mo||Lw(g) < e uoll =) < lluollr=(a)-

We remark that if w > 0 then e(—5)(A=1)y, > 0. Consequently we deduce

) = [ IO+ uls) — 1) ds

< /’ Gi-s)a-n (r+ 1)? s
0 4u

< (r+1)2.

<
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To obtain an upper bound for u, we observe that holds the following: for any < g < p < o there exist
k11 > 0 and A; such that

14V - w(t) o) < kit < -H*%*f(rﬁ)) %‘tHwHLq V> 0,w(t) € (W),

applying this result to up withn =2, = %,p =4

t
il < 2 [ eV - (u(5)V(5) (@) s

<kny / (t=5)373) e BV () Va5 o ds

Using Holder’s inequality [ fgdx < ([ f7 dx)% ([g? dx)é with f =u,g= Vv, p= g, q = 6, to the
last inequality allow us to deduce

! 12\ s
luz(t) | = (@) gkux/o <l—|—(t—s)2 s)e (M+1)(t ‘)||u(s)HLs(Q)||Vv(s)||[Lls]z(Q)ds.

Considering now the change of variable s =t — o, that is ¢ = s —t, we obtain successively

°° 1.2
Huz(t)!\mg)sm/() (1+cz s) ~AED (5 [ 30 I VV(9) | 5 0y dO
a0y < kv sup (a(s) oy I99(5) sy ) 2 [ (14070 ) e 0 ao
5€(0,00)
<k sup |[u(s)|l3 o) sup IVV(s)[lisp o X/ %)e—(lwl)ada
5€(0,00) s€(0,00

Introducing k12 := k11 [ (1 + G_l%) e~M+10 4 we can rewrite the last upper bound as follows

w2 (D) ll=(@) < K1z sup |u(s)llza@) sup [IVv(s)lliLispo)x-

5€(0,00) 5€(0,%0)

Using Lemma 5 and (2.26) with ¢ = 15 we obtain the following upper bound

|2 (1) 2= () < CxM(x, W)E (X, 1) <1+11+7§;M3(x WE g(%#))-

Finally, the desired result is established taking in (2.31) the estimates for u, u,u3 previously con-
structed.



Chapter 3

A numerical approximation using the
MOL approach

3.1 Introduction

The aim of this chapter is to introduce a semi-discrete problem obtained using the MOL approach: the
spatial derivatives are discretized using finite difference operators that allows the replacing the IBVP
(1.4) by an ordinary differential problem. As mentioned before, we would like to extend the results
presented here to (1.4) with Neumann boundary conditions.

The stability and convergence are analysed considering L? discrete norm. In what concerns
stability, we will observe that the upper bounds depend on discrete solutions. This fact motivates the
need to impose a uniform boundness assumption. However, as such assumption is not natural, we
investigate how we can construct such upper bounds using errors estimates. The convergence analysis
is then presented. We remark that the error estimate obtained for the bacteria concentration depends
on the error for the approximation for the chemical concentration and on the numerical derivative of
such approximation. The decoupled reaction terms is crucial to get the desired results.

In section 2 we present the notations and the basic results. The energy estimates for the numerical
approximations are constructed in Section 3 - Theorems 3 and 4. The error analysis is presented in
Section 4- Theorems 5, 6 and 7. In this section, is also concluded uniform boundness of the upper

bounds that arise in Theorems 3 and 4.

3.2 Auxiliary Results

In Q@ = (0,1) and for 2 > 0, we introduce in Q the grid
ﬁh = {xi,iZO,...,NZle =x;+h,i=0,...., N—1,x0=0,xy = 1}.
Let zﬁh—{xo,x/v}.

17
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By Vj, we denote the space of grid functions defined in Q. Let Vj, represents the space of
functions in V}, that are null on the boundary points xg,xy. In this space we introduce the inner product

N—-1

(s wi)n =Y, hun(xi)wi (xi), un, wi € Vio.
i=1

By ||.||» we denote the norm induced by (.,.),. We also introduce the following notation

N

(nywi)+ = Y hu (xi)win (x:), up, wiy € Vi,
i=1

lunll+ = \/m7 up € Vi

By ||.|| we represent the usual infinite norm.
Let D_, be the finite difference backward operator. By D, and D, we represent the centered

operators
1
Dowp(x;) = ﬁ(”h (xiz1) = 2up(x;) + un(xit1)),

and

Deuy(xi) = 7 (un(xit1) — un(xi-1))-

1

2h(
We now recall the following discrete Poincaré-Friedrich inequality.

Proposition 1 Ifw;, € V), then

Iwalln < [1D—xwnll+

Proof: To conclude the proof, we observe that we have

wi(x;)? ( Z hD _wy, (%)) i

j=

N N
< Z Z 7xWh xj)z
]: :
< 1D—wn ]|+
]
Proposition 2 Ifwy, € Vj, o then
[[unlleo < |D—suan|| 4, un € Vi
Proof: It follows directly from the proof of the last result.
]

Proposition 3 If uy,wy, € Vj,, then

(Daup,wp)p = —(D—xttp,, D_ywp,) .
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Proof: Taking into account that the grid functions are null on the boundary points, we have successively
the following

N+1 D ,
(DZMh( h —h Z 7xut+l D_u; Wi

N-1 -
= Z D_uiywi— Z D_u;w;
i=1 i=1

N N
=Y D_uwi1 =Y D_uiw;

=2 i=1 3.1)
N N
= ZD—x”iWi—l — ZD—xuiWi
i—1 iz
—Wi-1
- ZhD_xu, 7 i-1)

= _(DfxuhanxWh]Jr-

Proposition 4 If wyg =wy = ug = uy =0, then

(De(whn) un)p = —(Mp(wp), D_xup)+ .
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Proof:

N-1
Deown). (1) =h & B
| V-l N-1
= 5(;{ Wit1Ui — [ZI Wi 1)
1 N N-2
= E(Zwi”i—l - Z Willi41)
i=2 i=0

1 N—-1 N—-1
= 5( Z Willi—1 — Z Willi11)
j i=1

lNil Uit — Ui—1
- Y
2 Z l h
i=1
NS i — i — iy
= —— hw;
2 X h (3.2)

1 1 N—1
= ) Z hwD_u; 1 — 5 Z hw;D_u;
i=1 i=1

1Y 1
= —5 Z hw;_1D_ u; — 5 Z hw;D_u;
i=1

i=2

1Y 1
= —5 Z hw;_1D_xu; — 5 Z hw;D_u;
i=1

i=1
N : .
Y

N
= — Z th (W,’)D,xui
i=1

In what follows we denote by Ry, : C(Q) — V, the restriction operator R, (x;)u(x;),i =0,...,N,u €
c@).
Discretizing the first spatial derivative using C, and the second order spatial derivatives in (1.4)

using D, we introduce the following ordinary differential system

() = DDty (1) — DD 0y () + £ (1), v (1)),
v, (t) = DyDavy(t) + g(va(t)) in Qp x (0,77,

up(0,1) =up(1,1) = 0,1 € (0,T], (3.3)
vi(0,7) = vp(1,2)) = 0,7 € (0,T],

up(x;,t) = Rpuo(x;),i=1,...,N—1,

vi(xit) = Rpvo(x;),i=1,...,N—1,

where u(x;,t) ~ up(x;,1),v(x;,t) = vy(x;,1),i =0,...,N,t €[0,T].
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System (3.3) is then solved solving the ordinary differential problems

v, (t) = DyDavy(t) + g(va(t)) in Qp x (0,77,
Vh(o,t):Vh(l,f)ZO,IE(O,T], (3.4
v (xi,0) = Rpvo(xi), i =1,...,N — 1,

and then, using v, as input, we solve the following problem

u),(t) = DyDouy(t) — De(Devi (1) up(t)) + f(un(t), va(t)) in Q4 x (0,77,
up(0,7) =uy(1,¢) = 0,1 € (0,T], (3.5)
up(x;,0) = Rpuo(x;),i=1,...,N—1.

In what concerns the existence and uniqueness of the solutions vy, of (3.4), we observe that the last
problem can be rewritten as

Z'(t) = D,ALZ(t) + G(Z(t)),t > 0,Z(0) given,

where Z;(t) = vp(x;,t),i =1,...,N — 1, A; denotes the matrix associated with the operator D, and
Gi(Z) =g(Z(t)),i=1,...,N — 1. Then if g is a Lipschitz function with Lipschitz constant L, and
Pi(Z(t)) = DyAyZ+ G(Z), we obtain

1PL(Z) = PL(Z) || = ||IDVAKZ + G(Z) — DLAVZ — G(Z) ||
< DAWZ = Z) ||+ Lel|Z — Z|

4D, 8 8
< 2 2= 2]l + L[| Z ~ Z]|»

4D 8 y
:<h;+LQHZ—mpNZZGRM¢

Then, applying Picard’s Theorem [3], we conclude that there exists a unique solution.

Analogously, problem (3.5) admits the representation
W'(t) = D,AW (t) +Bu(Z(t))W (t) + F(W(t),Z(t)),t > 0,W(0) given.

In this representation, W;(t) = u;,(x;,2),i=1,...,N—1, B,(Z(¢))W(¢) is induced by D (xD.vj,(t)ux(t))
and F;(W(t),Z(t)) = f(Wi(t),Zi(t)) = f(un(xi,t),vn(xi,t)). Assuming that f is a Lipschitz function
with Ly as a Lipschitz constant and P»(W,Z) = D,AW + B,(Z)W + F(W,Z), for Z € RV"1 we
obtain,

P> (W,2) = Po(W.2) | = | DuANZ ~ Z) + BAZ) (W = W) + FW,2) ~ F (V. 2)| |-
- (4Du |2l
—\r? h?

< <4Du 121

) W W[l 4 [|F(W.Z) — F(W.2)] |

h2+ h?

+Lf) W =]



22 A numerical approximation using the MOL approach

for all W,W € RV~!. Again by Picard’s Theorem we conclude that (3.5) has a unique solution.

3.3 Energy Estimates

We start by establishing an upper bound for u, (7). Taking in the first equation of (3.5) the inner
product (.,.), by u;, we deduce

(w4, (), un(1))n = Du(Doun (1), (2))5, — (De(Devatan),un(t) )+ (f (un, i) i (£) ) -

Assuming that that f(0,0) = 0 and the first order partial derivatives of f are bounded by Cy, for
the reaction term, we easily get

(f (un,vi) s un(t))n = (£(0,0) + gz:(el”hvvh)uh + (3;((0» 62v1) i, un (1))
< Crfun] [+ Cr(lunl, || )
< Crllanlf+ Ll + Ll
where 61,6, € [0, 1].

Using Propositions 3 and 4 we obtain the inequality,

1d

3 C
(1) [+ Dul e (1) < — (M3 (Do), D) + 5 Crllanl B+ LIl B 36)

Furthermore we estimate now the term (Mj,(D.v;u;),D_.uy). We deduce, successively,

N
uj| + Ui
(My,(Deviu;),D_xup) < ||Devi oo Zh|‘|2|’||Dxu,-|
i=1

1
2

N 1 5 s % N )
< IDevillen | Y (l” + lwica[*) ) | L A(D—at)
=1 =
1
< 5 1Devalloo|utn ]| D—xtan |+
1
< @HDcvh”iH”hH%+82||D7xuh”2+'

From (3.6) we get

d 1
211l +2 (Du =€) [ID—an 0] < (3cf+ MHD_xvh(rmi) a7+ Cre* ¥ lva®)] 3,

and, consequently,

d 1 1 s
3 (I 600 2D, &%) [ hOWM D (5| s
0

t S
_/ Cfefth(ﬂ)d“+2Cg5th<s)‘|%ds) <0,
0
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where Q(t) := 3Cf21?\|D,xvh(t)HZ°.
The last inequality allows us to conclude the next result.

Theorem 3 Let uy, and vy, be defined by (3.3). Then
4 't
()11 +2(D, ~ ) [ eEQ8||D_ a0, (0)] 3 ds
0
't 4 't
< OOy (0) 34 [ Cpel Q04 (3) s, > 0, (37
0

where € is a non zero constant.

The energy estimate established in the last theorem has meaning if ||[D_,v,(t)||2 is bounded.
To conclude the desired result we establish in what follows an upper bound for v,. Analogously,
following the procedure used to estimate uj, we deduce

d
EIIVh(t)Hi +2D,|ID—vi(0)|% < 2(8(vi), va)n < 2Cg v ()|l

Rearranging the terms we obtain the following inequality

d t
= <th(t)\|%eZCgt +2Dv/ eZCgSHvah(s)Hids) <0,7r>0.
0

The last inequality allow us to conclude the next result:

Theorem 4 Let vy (1) be defined by (3.3). Then
t
(o) 3+2Dy [ SD_wi(s)|3 ds < 5 [y O)| .1 >0, G3)
0
Inserting the last upper bound in the estimate (3.7) of Theorem 3, we get

L
s (1) i+ 2D =) [ B Q081D (0)] 2 s

1 N s P y
< efOQh(g)d.SHMh(O)H%+Cf||vh(0)||%/0 ol O du e g 5

t
We finalize this section remarking that the last upper bound gives useful information if / On(u)du
S
is uniformly bounded in 7 € [0, T] and A.

3.4 Convergence Analysis

To show that ||D_,v;(t)|| is uniformly bounded in ¢ and &, we observe that ||D_,v(f)|| is bounded.
Let E,(x;,1) = Ryv(x;,t) —vp(x;,2),i =0,...,N. We have

1D-va (1) 1% < 2/[DsEy(1)]12 + 2/ D (1) |2,

and then we will obtain an upper bound for ||D_,E, (¢)||2.
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We start by point out that

1% 2V
E0) = 22(0) ~vh{0) = D, 2 (1) ~ DDy (1) +8(v(6)) — 8(wn(1).

Considering now Taylor’s formula we can rewrite
82 oty oty
Dy~ 2(x1, ) = D,Dv(x;,t) + Dy, (8x4(§” )+ aﬁ(ni,t)> , & mi € [xic1,xia),
Let T, (x;,t) := V24 ( F(&it) + V(ni,t)) denote the truncation error. Then

E\(t) = D\DrE,(1) +g(v(t)) — g (va(t)) + To(1),
and, consequently, we obtain

(ES(t),Ev(t))n = (DyD2Ey(t), Eu(t))n+ (8(v()) — (v (), v (1) )1+ (T (), Eu (8) -

Using Proposition 3, Cauchy’s inequality and imposing |g’| < Cy we establish

1d

1 1
5 7 1Bl = =DUIDEOI% + Co B+ S IT I+ S 1Bl

that leads to

(1804 [ DB+ BOR) 2 Has) <o

From the last inequality we conclude

|IE, (1)1} +2D, / D Ey(s)|[2 e 2G04

< 2 DB+ [ 20 7 5) s
Therefore, there exists a positive constant C, 4 and ¢ independent, such that
t
HEv(t)HﬁJrzDV/O |ID_,E\(s)||2.ds < Ch*,t € 0, T]. (3.9)

Theorem 5 Let v(t) € C*([0,1]),t € [0,T], be solution of the IBVP for v defined by (1.4) and let vj,(t)
be defined by (3.4). Then for E,(t) = v(t) — vy (t) we have (3.9).

Corollary 1 Under the conditions of Theorem 5, we have

t l‘2
[ ip_ms)2ds < [ LD IR
0 0 h

oo

2
ds, (3.10)

oo

<Cchr
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fort€10,T].

From the last Corollary we obtain

t
[ D wlRdu=c,0<s<r1€0,7], G.11)

t
This upper bound enable us to conclude that / Oy (1) du is uniformly bounded in Theorem 3.
S
We consider now an upper bound for the error the spatial error E,(t) = Rju(t) — u;(t), where
up(t) is defined by (3.3). We have

2%u 0 0
E(xi,t) = Duﬁ(x,-,t) — DyDouy (x;,t) + a(xavu)(xi,t) — D (xDcvpup)(x;i,1)

+f( (xh )’ (xi’t))_f(uh(xivt)vvh(xi)t))v

where
Dev(Xig1,)u(xig1,t) —Dev(xi—q,t)u(xi—1,t)
2h '

Using Taylor’s formula, we obtain the following expansion for D.v(x;,7),

D.(Dovu)(x—i,t) =

v h? 9%y a3y
V(Xi+1,l> :v('xht)—"_ha('xial‘) 2 a z(xlat) 6 a 3(&17 )7
v h? 9%y 33y
V(.xl'_l,t) = V(.Xi,t) —ha(.xl',t) + ?ﬁ()ﬁ',t) — Eﬁ(n“t)’
V(Xit1,8) = v(xi=1,t) _ 9y v v '
2h - ax(x )+ 12 a 3(517 ) ax3 (nht) 9
where &;, 1; € [x;— 17Xz+1]
h? 93y a3
Let T, , (x;,1) := (8 3 (&it) + 33 (ni,1)). Then
ov
D¢(Dcvu)(x,t) = (ax(xijul,t) +71~,v(xi+1,t)) u(Xig1,1)
0
— <8;(xi1,t) +Tc,v(xilat)> u(xi—1,t)
o %(-xi—‘r] ,Z)M(Xi_t,_],l) - %(-xi—l 7t)u<-xi—1 J)
N 2h
1
+E(Tc,v(xi+lvt)u(xi+lvt> — T (xio1, u(xi—1,1)).
Therefore

v 3 v - 3 9y
Do) = 5 (5o ) )+ (S G Eun)+ s G

2h( c v(xl+17t)u(xi+1at) - TC,V(-xiflat)u(xifht))a

with Eiaﬁl' € ['xi—] ,.Xi.t,.]].
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The truncation error is given by,

T, (1) u(axma,) (1)) + 15 (25 (G (Gr) + 2 (G (i)
2 (3G + (e, 0) i)

_(3x3(§l 17) 8x3(nl 1 )) (xz 15 ))|
(

< O (1 34 0) o+ | 25 GO o 125 Ol + 135 0) 1 346 ).

We can rewrite the error equation as

E}(x;,t) = DyD2E,(xi,1) + De(xDevid) (xiyt) — De (X Deviup) (xist)
+ f(ulxiy 1), v(xiy 1)) = f (un(xi, 1), va(xis 1)) + Tu(xi, ).

We observe that we have

(F(,9) = F ) Bt = (F(0,9) = F ) + f s, ) = £t v0), (1))
= (F01V(O)E0) + F(wn(0), 82(0) (1), Eulr))
< Cp (1) + B 1) 1B (0)lln = Col Bt + o B
< CrlEB+ S (11 +IEIE)

where 6, 6, belong to the intervals defined by u(r) and uy(¢) and by v(z) and vy (¢), respectively, and
Cy is the upper bound for the first order partial derivatives of f. Then we easily get

(Eplt(t)vEu(t))h = —Dy||DcE,(t )Hl% + (De(xDevu, Ey(t))) ), — (De(xDevi(t)un(t), Eu(t))),,

1 1
+CpllEa(0)lh+ 7f (B + 1B OIE) + 5 1T+ S 1B OI- - (312)

Let, V(x,-,t) = (XDCV)(XI‘,I), Vh(x,',l‘) = (xDth)(xi,t),

and

De(V (xi,0)u(xi,1)) — De(Vi(xi, )t (xi,1)) = De(V (xi,0)ua(xi, t
(
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Considering w := Vu — V,uy, in Proposition 4, it follows

(Dew(t),Eu(1)),, = — (Mpw(t),D_<E,(1)) ,
— (MuEy (1)u(t),D_E, (1)) . — (MaVi(1)EW(t), D—_cE(1)) ,
< ||u()||oo |MADEy (2) || 1 [|D—cEw(2)]] +
A D eva () [[oo| IMAEW (1) || 4[| D—xEu(t)]] +

Note that ||Myu(t)|]+ < ||un(t)]]3. In fact,
N 2 N
U1 +u; 1 1 Y
M ()] = Y h (=== ) <5 Y hu fzhu = [ (1)1 [3-
i=1 2 235 2
Therefore,
(DC(XDCV(Z)M([) _XDth(t)ulz(t))aEu<[))h <
< |[u(t)[|oo | DEy ()| |n||D—xEw(t) ||+ + [[Devin(t) ool [Ew ()| |n[|D—xEu () ||+ <

1
< 2z [HOIEIDE O]+ DB (0I5

1
+ WHDCVh(t)IIiIIEu(t)Hi +n0?([D_sEu(1)][7-

Applying these results in (3.12) we get

1d
S BN} +(Du—& =)D B2 <

1 1 1
< GBI+ IE G+ IEDIR) + 3T I+ 3 1EI

1
+ 2 IR ID-E 0+ o 1Pan )| BB

e
4n?
Rearranging the terms,

1d
2dt

1
< (3cff+1+22||Dcvh<r>||i> 1,01

—E[z+ Dy~ =n?) DB (1)]5 <

+Cr BN+ 5z IIM( OIZNDE )|+ 1705

The last inequality allow us to conclude the following result:

Theorem 6 Let u(t) € C*([0,1]),t € [0,T] be a solution of 1.4 and let uy,(t) be defined by 3.3. Then
for E,(t) = Ryu(t) — up(t) we have

t 1
B0} 42Dy~ &2~ 1) [ B0 |p_E, (5)] 2 ds
0

ot L
< O£ (0) [+ [ eF I y(s)dsr € [0.7],
0
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where € and 1 arbitrary non zero constants,

1
1(0) = CpllEOl; + 5z @ IDEOI + T 0[5

and

1
Sh(t) = <3Cf’ +1+ WHDCVh(t)HzO) :

We remark that from (3.9) we have
1B, (1)][; < ChY,

t
/O ID_Ey(s)| ds < Ch*.

Moreover, using the representation of 7, we also have
1T (1)][n < CH*.

Considering the last upper bounds in Theorem 6 we establish the next result:

Theorem 7 From Theorem 6 and Corollary 1 we conclude

t
IELOII +/ ID_Eu(s)|[zds < Ch*, 1 €[0,T).
0

Taking into account Corollary 1 that holds for v;(0) = v(0), we are able to conclude that there
exists a positive constant C such that

[oan (1)1 +/0 1D suan(s)[[% ds < C(llun (0)][7 + v (0)[[7), £ € 0,71, (3.13)

and
t
th(r)H%;+/0 ID—xvi(9)I5-ds < C||va(0) I3, £ € [0, T). (3.14)

From the previous error estimates we obtain the following energy inequalities:

Nun@112 < || Ea(0)]2 + 2] |Ryu(e)| 2
< 2YV P RE? 42| |Ryu ()| |2

2
= L)+ 2/ Ry (1)][2
Considering now Theorem 6, we obtain

= < T (IEO)| +4*) + 2| |Ruau(2) |2

|| (0)]]
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Finally, from Theorem 7, we deduce

[ (£)]]2 < 2C(1+R%) +2||Ryu(t)] |2,

[lun(II2 < 2/ Eu(0)][2 + 21| R (1) |2,
< 2Dy (1)|3 + 21| Rpua(r)| 12

that leads to . . .
L @12 <2 [ 1D B IR ds+2 [ R 2ds

Once again by Theorem 7,

t
s (0)]12 < 2CIEAOI + 1) +2 [ 1Rua(5)| 2 s

If ||E,(0)||n < C then
t
| lm@)2ds < c.eefo.r,
0

where C is h and ¢ independent.






Chapter 4

Numerical Simulation

4.1 Introduction

The main goal of this chapter is to illustrate the results presented in the last chapter. As in the last
chapter we considered MOL approach that reduces the IBVP for bacteria and chemical concentrations
to an ordinary differential system, numerical methods for this kind of problems will be used to obtain
the numerical approximations for dependent variables.

Several approaches can be followed: implicit, explicit or implicit-explicit methods. It is well
known that in general explicit methods are less stable than implicit methods being implicit-explicit
methods a compromise between the two previous classes of methods ([2], [9]).In this chapter we
consider methods belonging to the last three classes of methods.

In the theoretical support developed in Chapter 3, the semi-discrete approximations for the IBVP
(1.4), with Dirichlet boundary conditions, defined by (3.3) was studied. In the present chapter we
illustrate the qualitative behavior of (1.4) considering fully discrete schemes obtained integration (3.3)
with Euler’s method (implicit, explicit, implicit-explicit). Neumann boundary conditions will be also
considered.

The chapter is organized as follows: in Section 4.2 we present the different methods, the illustration
of the error behaviour is presented in Section 4.3, the stability behaviour is illustrated in Section 4.4 and
finally in Section 4.5 we illustrate the qualitative behaviour of bacteria and chemical concentrations in

different scenarios.

4.2 Euler’s methods

We discretize our spatial domain [0, 1] into N uniform intervals of the form [x,,x,+1] , where n =
1,...,Nand x, = x,,_| +h, where xo =0 and h = % Similarly we discretize the time domain [0, 7]
into M uniform intervals with time step size denoted as At = % We consider U}" and V," as the
approximations to the exact solutions of u and v, at (x,,1,), respectively. For the time discretization,
of both u and v, we use forward Euler approximations

du u(Xptm1) — u(Xy b))

— (X, 1) A )
8t(x"’ ) At

31
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Explicit Method

Considering an explicit Euler’s method in the time integration of (3.3) with f = 0, g = 0 and Dirichlet
boundaries, we obtain

Ut Uy Uy — 207 Uy
At B h?
X m m m m —
—4712(( = VU = (VI =V )UM ), n=2,...,N—=2, 4.1)
vl —ym Vi =2vm =
n Al, n :Dv n h2 n s m:1, ,M—l
Then
Uyttt =o,
AtD Aty
Ut = U+ = (U - 20 = 3 (V= VU,
umtt =,
AtD, Aty

Uyt =U§ 1+ —5~ 5 “(—2UN 1 +UN2)+ an (V- =V 3)UN ),

and
v(;’l’l-i-l:()’

AtD
V1m+l Vo' + e V(Vz —2v"),
vt =o,
AtD,
Vit =i+ = 2 =(—2VR V).
Imex Method

If we consider the diffusion term implicitly and maintain the convective part explicitly, we obtain

m+1 m m+1 m+1 _ yrm+1
Ut -y U 20 - U

n+1
At B h2
x n
_W (( n+2 Vr:n) r’zn—&-l_(vr:n_vnl—Z) rlzn—])a I’l:2,...,N—2, (42)
Vit —ym (Vs 2ve v
Ar =D, 72 , m=1,....M—1

To obtain the numerical solution we need to solve two systems of linear equations, A, V™! =y
and A,U"! = B,U™, where A,, A,, B, are tridiagonal matrices defined by:



4.2 Euler’s methods 33
Matrix A,
apo =ayn = 1,
fori=1,....N—1
2AtD i1 AtD, AtD,
a:: Aiin] = ———— A;i1 = ————.
ii h2 ) ii+1 h2 y ii—1 h2
Matrix A,
apo =ayy =1,
fori=1,....N—1
2AtD ] _ AtD, _ AtD,

ajj n2 , o Aij+1 = 2 ajj—1 = 2

Matrix B,
boo =b11 =bn_1n—1 =bny =1,
Aty Ary
bio=—-75 (V)" =V3"), bn-in-2= el (V-1 = Vn-3),
fori=2,....N—-2
At At
bii=1, bii+l = _TZX( ;12 V/m)a bii—1 = T;C(ij - /”iZ)

Implicit Method

If we consider the the diffusion and the convective parts implicitly we obtain the implicit method

Ut =y U 20 O
At h?
4
X (s v - VO, n=2 N2 @)
+1 1 +1
V"m+1At_V4":DV(V:‘1“ ZV’];T V), m=1,...,M—1
Then,
Matrix A,
apo =any = 1,
2AID AD, Ay, 1
an=—5—+1, an=——7+ 5V -V,
2AtD AD, Aty
ay-iN-1= 7” tLoavova=-—7 -7 (Vi =),
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fori=2,....N—-2

AtD, Aty

2AD, AtD, Aty
2o an? -

— +1 +1
aij 2 +1, aiip1=— 2 +W(VZ$Z —Vim )

ajj—1 = — i—2

We remark that matrix A, is defined the same way as in the Imex method.

4.3 Explicit differentiation of the convective term

Another class of methods can be constructed if we compute

0 PP B
ox xaxu _xaxzu Xaxax’

and then approximate each term of the second member of the last equality.

Explicit Method

The following explicit method is obtained if we consider an explicit approach

et VAN O L

n+1 "
At ! h?
AU =0 )V = V) Uy (Vi =2V = Vi)
—x n+ n—h2 n+ n— —x n+ 7 n , n=1,....N—1, (4.4)
A A S ) =M1
At h? ’ ’

For the Dirichlet boundary conditions we considered
Uy =Uy =Vy"=V =0,

while for the Neumann boundary conditions we took in (4.4) n =0,...,N with x_; = —x; and
ANt1=1+hand U" = U{”,UK}H =Uy_, V" = V{"",V,(,"Jrl = V{. . Then we have

N . LLE )

h? h? h?

Ut = U+ A (DMU,’\’,’—Z*UZ(,”—U]’yl _%4(U1’\1/1_U1'\1/171)(V/(7_V1321) _erlzn(Vz(/n_zvz\r/n_Vﬁl))

h2 h2 h2
(Vi) + W
h2 ’

(V") + v

vyt = v 4 E

VT =V
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Implicit Method

If an implicit approach is considered, with Dirichlet Boundaries, we obtain the following method

m+1 m m+1 _ m+1 _ prm+1
Un — Un -D Un+1 2Ul’l Unfl
=Ly

At h?
A L A A R /e A e AR A ) B
—X 7 —-X 2 , n=1,....N—1,
v v - _
=D, m=1,... M—1
\ At h2 ’ ) )

4.5)
With matrix A, defined as previously and A, a tridiagonal defined as follows:

Matrix A,

apo =ann = 1,

fori=1,....N—1,
_ 2MD, | Aty

1 1 1
aii = =5+ =5 (VI =2V Vi) 4,
_ _AD, Ay 1 1 AtD, Aty X |
dii+1 _7’4 412 (Vznflr _VﬁJlr )y Gii1= _TM_ThZ (Vlnff —VITJ{ ).

4.4 Error Behaviour

In what follows we illustrate the convergence order p in space considering the ||. || for the error with

Error,
In (Error2>
pP= AN
n
In ( ]12)

where Error;, i = 1,2 are computed with the grids defined by &, and h;, respectively. For the space

the following approximation

convergence the errors are computed considering the numerical solution obtained with 7 = 7.8 - 1073
and Ar = 10~* as the exact solution while for the time convergence the errors are computed considering
the numerical solution obtained with 4 = 10! and Az = 7.8 - 10~3. For both convergences, we took
the constants D, = 1072 =D,, x =3-10~", and T = 1. The error is taken the maximum of the error
at each time level. Considered only for the bacteria concentration. In Table 4.4 we present the results
obtained for the explicit method (4.4) that are plotted in Figures 4.2(a) and 4.1(b). From these results
the we conclude that the method is second convergence order in space and first convergence order
in time. We point out that similar results were obtained for the implicit method (4.5). These results
illustrate the error estimate obtained in last chapter for the spatial discretization (Theorems 5 and 7).
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1 Error U function (explicit-h) 10" Error U function (explicit-At)
107 T T
102
8 100 5 100
[} [}
10'4 L
108 . 107 g .
1072 107 10° 102 107" 10°
h dt
(a) Explicit method: Convergence order in h. (b) Explicit method:Convergence order in At
10° Error U function (implicit-h) ; Error U function (implicit-At) N
. 101 F '
100
<] 8 . ol
5 5 10
107
10?8 : 107" ¢ :
102 107" 10° 102 107" 10°

h

(c) Implicit method: Convergence order in h

dt

(d) Implicit method: Convergence order in At

Fig. 4.1 Error Behaviour Graphs

Explicit Method Error Table

h-step Error-u Order-u  At-step Error-u Order-u
0.5 6.84629¢-02 0.5 5.79235
1.92 1.02
0.25 1.80974e-02 0.25 2.85171
1.98 1.05
0.125  4.57514e-03 501 0.125 1.38023 L10
0.0625 1.13427e-03 2'07 0.0625  6.44194e-01 1'22
0.03125 2.70297e-04 ' 0.03125 2.76102e-01 '
2.32 1.58

0.01562  5.40710e-05

4.5 Stability

0.01562  9.20372e-02

This section aims to illustrate the stability behaviour of the methods presented before. We consider

D,=52%102=D,, y =8.6-10"",T = |,N =61; M = 41,h = 0.01666, At = 0.0250.
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The results obtained for #,; = T are plotted in Figures (4.2(a)- 4.2(c)). As observe in this figures, the
explicit method (4.1) is less stable than the implicit-explicit method (4.2) which is less stable than the
implicit method (4.3).

‘We obtain the following graphs at the final time t; = T .

1 1
u(x,t) == Bacteria concentration
09 v(x,t) := Chemical concentration| 7 0.9
08 {1 os8f
07 1 o7} \
\
06f 1 o6} A
|
[
051 1 05f I
[
04t 1 o4} ||
[
03F | 1 03f | ‘\ \
\ —~ L)
L \ \ | I | A h
02 N - / \ 02 A~ .
L Lt N \ ] L a N
0.1 m ‘\ N 0.1 pay | N N
| I~ S / L] ~_ S
0 — H| —— L — 0 — " in T L —
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(a) Instability explicit method (b) Instability Imex method
1
09+
08
07
A
06 &
||
|
05+ [
[
[
04+t [
[
03F |
| |
| o
02} [y N
0.1 ‘ N \\
,"" / T A ~ [N -
olb—
0 0.2 0.4 0.6 0.8 1

(c) Instability implicit method

Fig. 4.2 Instability Graphs

4.6 Qualitative Behaviour

In what follows we illustrate the qualitative behaviour of the Keller-Segel model (1.4) considering the
explicit method (4.4). The results were computed using the initial concentrations defined by

u(x,0)=1,x€[0.6,0.69],u(x,0) =0,x ¢ [0.6,0.69], v(x,0) =0.5,x € [0.3,0.39], v(x,0) = 0,x ¢ [0.3,0.39],
plotted in Figure 4.3 and the following parameters

D,=102=D,, x=3-10"", T =1,N =101, M = 501, h = 0.01, At = 0.002.
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1 T T | T

u(x,t) := Bacteria concentration
09 r v(x,t) := Chemical concentration

0.7r 1

06 1

051 — 1

04t -

01r 1

0 0.2 0.4 0.6 0.8 1

Fig. 4.3 Initial concentration of bacteria and chemical

In Figure 4.4(a) we plot the bacteria and chemical concentrations and chemical gradient, for
Dirichlet boundary conditions, that will be our reference plot.

In the Figures 4.4(b) - 4.5(f) we plot the bacteria and chemical concentration as well as the
chemical gradient in different scenarios defined by different parameters and initial conditions.

In Figure 4.4(b) and Figure 4.4(c) we consider D, =2-1072,0.5-1072. We observe that higher
bacteria diffusion coefficient leads to a smaller concentration of bacteria aggregating around the peak
of the concentration of chemical. Due to Dirichlet boundary conditions the higher coefficient allows
more bacteria to spread out towards the boundary on the right hand side along with the fact that the
chemotaxis attraction effect is weaker the further they are from the chemical peak allowing them to
escape the bounds of the simulation.

In Figure 4.4(d) and Figure 4.4(e) we take D, = 2 - 1072,0.5-1072. We observe that higher chemical
diffusion coefficient causes the chemical to disperse faster which affects the chemotaxis movement of
the bacteria to start earlier which doesn’t allow as many bacteria to go out of bounds from dispersing
due to diffusion.

Figure 4.5(a) and Figure 4.5(b) intend to illustrate the behaviour of the variables of interest for
different values of . We take y =2-3-107!,0.5-3-10~!. Higher y increases bacteria sensitivity to

variations in the chemical concentration.

The effect of an increase and decrease of the initial concentration of bacteria on u is illustrated
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by Figure 4.5(c) and Figure 4.5(d). This leads to a vertical scaling of the u function.

For the Figures 4.5(e) and 4.5(f) we change the initial concentration of chemical to the double
and to a half. An of the chemical increases leads to a bacteria higher peak and an aggregation around
this peak. This behaviour is a consequence of an increase of the gradient.

In the Figures 4.6(a) up to 4.7(f) we plot the bacteria and chemical concentration as well the chemical
gradient similarly to before but with Neumann boundary conditions. There is no significant difference
between the two cases except the expected behaviour at the boundaries.
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08 r

06

04 r

02r

02F

-04

-06

-08r

u(x,t) := Bacteria concentration

Vv(x,t) == Chemical gradient

v(x,t) := Chemical concentration | |

0.2 0.4 0.6 0.8

(a) Dirichlet Reference Graph

1 ‘ ‘ ‘ . 1 ‘ ‘ : :
08+ 1 ost
06 1 osf
04r 4 04+
1 o2t RN
T o~

02+ 1 02t
04+ 1 04l
06+ 1 08t
08 1 08l

" 0.2 04 06 08 1o 0.2 04 06 08 1

(b) D, =2-1072 (¢) D, =0.5-10"2

1 ‘ ‘ ‘ . 1 ‘ ‘ : :
08+ 1 ost
06 1 osf
04r- 4 04+
02 - 777\\\\,, 1 ozt

0 T —
02+ 1 02t
04+ 1 04t
06+ 1 08t
08 1 08l

" 0.2 04 06 08 1o 0.2 04 06 08 1

(d) D, =2-10"2 (e) D, =0.5-10"2
Fig. 4.4 Dirichlet Boundary Graphs
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(e) v(x,0) = 1,x €[0.3,0.39]

1 1
08+ 08
06+ 06
04+ - 04f
02+ /C \\\ S 02t L T
. s I T~
02F 021
04 Ff 04 f
06 f 06 f
08 Ff 08 Ff
- : : : : -1 : : . :
0 02 04 06 08 1 0 02 04 0.6 0.8 1
(@) x=2-3-10"" () x=0.5-3-10""
1 1
08+ 08
06+ 06
04+ . — 04f
02+ /7 A o 02t L
o — -
02F 021
04 Ff 04 f
06 f 06 f
08+ 081
- : : : : -1 : : . :
0 02 04 06 08 1 0 02 04 0.6 0.8 1
(¢) u(x,0) =2,x €[0.6, 0.69] (d) u(x,0) =0.5,x €[0.6, 0.69]
1 1
08+ 08
06+ 06}
04 N 04
0z} . //7 \\ I 02f —
ok - T T | — I
02+t 02
04 f 04 f
06| 06
08t -08Ff
e -1
0 02 04 06 08 1 0 02 04 0.6 0.8 1

() v(x,0) = 0.25,x € [0.3, 0.39]

Fig. 4.5 Dirichlet Boundary Graphs
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Neumann Boundary Condition

1 T T T
u(x,t) == Bacteria concentration
08 v(x,t) == Chemical concentration | ]
Vv(x,t) := Chemical gradient
06 1
04 r R
02r — 4
—
— T~ |
0 —= — E—
02r R
-04 1
-06 R
-08r 1
-1
0 0.2 0.6 0.8 1

(a) Neumann Reference Graph
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08 F 08r R
06 06 1
04r 04l ]
021 B - i
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o l— . - _—
02r 021 ]
04F 04 1
06 06 E
08 -08 F 1
. 0 0‘.2 0.‘4 0‘.6 O.‘8 E 0 012 O.‘4 OiS O.‘B 1
(b) D,=2-10"2 () D,=05-10"2

1 ‘ ‘ ‘ ‘ 1 : : : :
08 F 08r R
06 06 1
04r 04l ]
02t T 02f ~ 1
_ okl — - i
02r 021 ]
04F 04 1
06 06 E
08 -08 F 1
. 0 0‘.2 0.‘4 0‘.6 O.‘8 E 0 012 O.‘4 OiS O.‘B 1

(d) D,=2-10"2 (&) D, =0.5-10"2
Fig. 4.6 Neumann Boundary Graphs
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Fig. 4.7 Neumann Boundary Graphs






Chapter 5

Conclusion

In this work we studied from an analytical and numerical point of view, a Keller-Segel model that
is used to describe the spread of bacteria induced by a chemical substance. In what concerns the
analytical perspective, we establish an existence result Theorem 1 and a stability result Theorem 2.
We recall that these results are established for Neumann boundary conditions. Although our initial
objective was to study numerical methods for the IBVP (1.2), several difficulties arose associated
with the Neumann boundary conditions. To gain sensibility in the treatment of these difficulties, we
decided to proceed our work considering Dirichlet boundary conditions. We believe that in the end
of this work, we are in conditions to return to our initial objective that will be considered in the near
future.

In Chapter 3, we introduce a semi-discrete approach to compute an approximation for the IBVP
(1.4) and we studied its stability and convergence. We realize that to conclude the stability of the
bacteria semi-discrete approximation a uniform boundness assumption is needed for the chemical
concentration. This assumption was avoided using the convergence analysis. The qualitative behaviour
of the solution of the IBVP (1.4) with Dirichlet and Neumann boundary conditions is illustrated in
Chapter 4.

To conclude, we remark, as stated before, that we would like to extend our results for Neumann
boundary value problems with uniform and nonuniform spatial grids considering smooth and non-

smooth solutions following the approach considered for instance in [7].
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