
On difunctionality of class relations

M. Hoefnagel]Michael HoefnagelDepartment of Mathematical Sciences Stel-
lenbosch University Private Bag X1 Matieland 7602 South Africa

Z. Janelidze]Zurab Janelidze Department of Mathematical Sciences Stellen-
bosch University Private Bag X1 Matieland 7602 South Africa Second author’s
research is partially supported by the South African National Research Foun-
dation

D. Rodelo]Diana Rodelo Departamento de Matemática Faculdade de Ciências
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Abstract

For a given variety V of algebras, we define a class relation to be a bi-
nary relation R ⊆ S2 which is of the form R = S2∩K for some congruence
class K on A2, where A is an algebra in V such that S ⊆ A. In this paper
we study the following property of V: every reflexive class relation is an
equivalence relation. In particular, we obtain equivalent characterizations
of this property analogous to well-known equivalent characterizations of
congruence-permutable varieties. This property determines a Mal’tsev
condition on the variety and in a suitable sense, it is a join of Chajda’s
egg-box property as well as Duda’s direct decomposability of congruence
classes.

Introduction

This paper originated with an observation of the third author that the shifting
lemma [13] in a variety can be used to deduce that classes K of congruences on
a product X × U of two algebras are difunctional relations in the sense of [19],
i.e., if (x, u), (x, v) and (y, v) are in the class, then so is (y, u). Indeed, this can
be deduced at once from the following particular instance of the diagram in the
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shifting lemma:

(x, u)
Eq(π2)

Eq(π1)C

(y, u)

Eq(π1) C

(x, v)
Eq(π2)

(y, v)

Recall from [16] that the property of difunctionality of homomorphic relations
is equivalent to congruence-permutability, which implies congruence-modularity;
the latter is in turn equivalent to the shifting lemma, as shown in [13]. Congruence-
modularity is strictly weaker than congruence-permutability, and so the question
of identifying difunctional relations in a congruence-modular variety is of some
interest.

In this paper we study the property of difunctionality of relations K as
considered above, i.e., those relations which arise as congruences classes on a
cartesian product of two algebras. Such relations are a particular type of ‘class
relations’ defined in this paper, which are also difunctional when the K’s are.
In the main theorem of the paper (Theorem 1.3) we show that the well-known
characterizations of congruence-permutable varieties in terms of properties of
homomorphic relations carry over to the case when similar properties are consid-
ered for class relations. The challenge here was not in the proof of the theorem,
which follows an argument similar to the one used in the case of congruence-
permutability, but rather in its formulation, which shaped the present concept
of a class relation. Among other things, in this theorem we establish that difunc-
tionality of class relations (DCR) is equivalent to every reflexive class relation
being an equivalence relation, as well as permutability E1E2 = E2E1 for equiv-
alence relations E1 and E2 such that E1E2 is a class relation. We also show
that (DCR) is a Mal’tsev condition on a variety (Theorem 1.6).

The generalization of the shifting lemma given by the diagram condition
above is precisely the egg-box property (EBP) in the sense of [3]. There is
another similar diagram from which we can deduce (DCR):

(x, u)
Eq(π2)

Eq(π1)
C

DD
DD

DD
DD

DD
DD

DD
DD

(y, u)

Eq(π1) C

(x, v)
Eq(π2)

(y, v)

This diagram defines varieties with directly decomposable congruence classes
(DDCC) in the sense of [8]. Thus (DCR) is a common consequence of (EBP)
and (DDCC). This property is nevertheless restrictive enough not to hold, for
instance, for certain subtractive varieties and certain Jónsson-Tarski varieties
(Theorems 3.1 and 3.2).
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Expressing (EBP) as the formula

(x, u)C(x, v) ⇒ (y, u)C(y, v)

and (DDCC) as the formula

(x, u)C(y, v) ⇒ (y, u)C(y, v),

we find that the formula

[(x, u)C(x, v) ∧ (x, u)C(y, v)] ⇒ (y, u)C(y, v)

that expresses (DCR) is (after ignoring the hidden universal quantifiers) nothing
but the disjunction of the previous two formulas, as in general,

[α ⇒ β] ∨ [α′ ⇒ β]

is equivalent to
[α ∧ α′] ⇒ β.

In this way, we can view (DCR) as a ‘join’ of (DDCC) and (EBP). On the other
hand, taking the conjunction of first two formulas we get a formula expressing
the conjunction of (DDCC) and (EBP), which was shown in [4] to be equivalent
to direct decomposability of congruences (DDC). Thus, the property (DCR)
that we study in this paper naturally fits into a diamond of properties:

Difunctional
Class Relations

(DCR)

Directly Decomposable
Congruence Classes

(DDCC)

qqqqqqqqqqq

Diagram 1 Egg-Box Property
(EBP)

KKKKKKKKKKKK

Directly Decomposable
Congruences

(DDC)

MMMMMMMMMM

sssssssssss

We show at the end of the paper that we can fit congruence-modularity as the
top vertex in a similar diamond, whose middle two vertices are congruence-
distributivity and congruence-permutability.

It is worth mentioning that Diagram 1 collapses in the case of congruence
modular varieties: (DCR) is equivalent to (EBP) simply because every congru-
ence modular variety has (EBP), and (DDCC) is equivalent to (DDC). The last
two statements follow from remarks above and they are also found in [5] as
Theorems 11.0.17 and 11.0.10, respectively.

To summarize, the interest in the property (DCR) that we study in this
paper, is given by the following points:
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� (DCR) is a weakening of congruence permutability, which is implied by
congruence-modularity,

� varieties satisfying (DCR) can be characterized similarly to congruence
permutable varieties,

� (DCR) is a Mal’tsev condition,

� (DCR) is, in a suitable natural sense explained above, a common general-
ization of (DDCC) and (EBP).

1 Characterization theorems for difunctionality
of class relations

In this section we study the property of a variety to have all class relations
difunctional. By a class relation, relative to a variety V (or a V-class relation,
in short), we mean a relation R on a set S such that there exists an algebra
A in V for which S ⊆ A and R is the intersection of S2 and a class of some
congruence C on A2. Recall that a binary relation R from a set X to a set U is
said to be difunctional, if

xRu ∧ xRv ∧ yRv ⇒ yRu

holds for all x, y ∈ X and u, v ∈ U . Equivalently, R is difunctional when
RR◦R ⊆ R (or when RR◦R = R). Recall from [2] that:

� R is difunctional if and only if the relation Q on R defined via the left
hand side of the above implication is an equivalence relation:

(x, u)Q(y, v) ⇔ xRu ∧ xRv ∧ yRv.

� R is difunctional as soon as Q is either symmetric or transitive, and Q is
always reflexive.

These facts can be used to establish the well-known characterizations of con-
gruence-permutable varieties using difunctionality of homomorphic relations
and reflexivity and symmetry of homomorphic relations, first obtained in [16]
and [21], respectively. We would like to adapt these results for class relations in
the place of homomorphic relations.

Lemma 1.1 Let X and U be algebras in a variety V, and let R be a congruence
class for some congruence C on X ×U . Then the relation Q defined above is a
V-class relation on R.

The relation Q can be obtained as the intersection of R2 with the inverse
image of this congruence class under the homomorphism (X × U)2 → X ×
U , which maps ((x, u), (y, v)) to (x, v). Since inverse images of congruence
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classes under homomorphisms are congruence classes, we obtain that Q is a
class relation on R.

The relation Q can be alternatively constructed as follows. Consider the
kernel congruences Eq(π1) and Eq(π2) of the product projections

X X × U
π1oo π2 // U.

Then Q can be obtained as the relational composite

Q = (R2 ∩ Eq(π1))(R
2 ∩ Eq(π2)).

Note that the order in our notation for a composite of relations is opposite to
the usual order used for composites of functions. Writing r1 and r2 for the
product projections restricted to R, we have:

Lemma 1.2 Q = Eq(r1)Eq(r2).

Our first characterization theorem is:

Theorem 1.3 For a variety V of algebras, the following conditions are equiva-
lent:

(a) Every relation R ⊆ X × U between algebras X and U in V, such that R
is a congruence class, is difunctional.

(b) Every V-class relation R ⊆ S2 is difunctional.

(c) Every reflexive V-class relation R ⊆ S2 is an equivalence relation.

(d) Every reflexive V-class relation R ⊆ S2 is symmetric.

(e) For any two reflexive and symmetric relations E1 and E2 on a set S, we
have E1E2 = E2E1 provided the composite E1E2 is a V-class relation.

(f) For any two equivalence relations E1 and E2 on a set S, we have E1E2 =
E2E1 provided the composite E1E2 is a V-class relation.

(g) Every reflexive V-class relation R ⊆ S2 is transitive.

(a)⇒(b): Let R = S2 ∩K where K is a congruence class for a congruence C
on A2, and A is an algebra in V such that S ⊆ A. Now, (a) implies that K is a
difunctional relation on A. S2 is also trivially a difunctional relation on A. The
intersection of any two difunctional relations is clearly difunctional, and so, if
(a) holds then R is difunctional.

(b)⇒(c) since every reflexive difunctional relation is an equivalence relation.
(c)⇒(d) and (c)⇒(g) are trivial.
(d)⇒(e): When E1 and E2 are reflexive, their composite E1E2 is also re-

flexive. When E1 and E2 each are symmetric, E2E1 = E◦
2E

◦
1 = (E1E2)

◦.
Symmetry of E1E2 would further give E2E1 = (E1E2)

◦ = E1E2.
(e)⇒(f) is obvious.
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(f)⇒(a) follows from Lemmas 1.1 and 1.2, and the fact that Eq(r1)Eq(r2) =
Eq(r2)Eq(r1) is equivalent to difunctionality of R.

(g)⇒(a) follows from Lemma 1.1 and the fact that transitivity of Q is equiv-
alent to difunctionality of R.

Remark 1.4 The notion of a class relation can be generalized to relations be-
tween two different sets. Let R be a relation R ⊆ S × T . Call it a V-class
relation when R = S × T ∩ K where S ⊆ X and T ⊆ U for some algebras X
and U in the variety V, and K is a class for a congruence C on X × U . Then
the conditions in the above theorem are also equivalent to every such relation
being difunctional. This condition follows from (a) similarly as does (b) in the
theorem, and conversely, it trivially implies both (a) and (b).

Remark 1.5 Notice that the theorem above is in fact valid (without changing
the proof) when V is a class of algebras closed under finite products and subal-
gebras.

A classical result in universal algebra, obtained in [17], states that a variety
is congruence-permutable if and only if the system of term equations

p(x, x, y) = y,

p(y, x, x) = y,

is solvable in the algebraic theory of the variety, i.e., it is possible to express a
ternary term p using basic operations of the theory, so that these equations are
consequences of the axioms of the algebraic theory.

We can easily get an equational characterization for difunctionality of class
relations on algebras in the variety, by employing the standard universal-algebraic
technique and characterize when is the congruence C on Fr{x, y}2 generated by
identifying the elements of the set

{(x, y), (x, x), (y, x)}

such that its equivalence class containing these elements also contains the ele-
ment (y, y). These pairs have been chosen according to the triple (x, u), (x, v),
(y, v) appearing in the left hand side of the implication that defines a difunc-
tional relation, by setting u = y and v = x. This will not result in loss of
generality for getting the Mal’tsev condition. Note that if we have generated a
subalgebra of Fr{x, y}2 from these pairs, and then impose it to contain (y, y),
we would get the equational characterization of congruence permutable vari-
eties recalled above. In our case, we are essentially generating a congruence
class containing the three pairs.

What follows is an argument employing a standard technique in the theory
of Mal’tsev conditions. First we show that the congruence C above can be
obtained by taking the transitive closure of the relation P1 on Fr{x, y}2 obtained
by closing the relation

P0 = {((x, y), (x, x)), ((x, x), (y, x)), ((y, x), (x, y))}
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under ternary polynomial translations; in other words, elements of P1 are or-
dered pairs (a, b) whose components are

a = p((x, y), (x, x), (y, x), (s1(x, y), t1(x, y)), . . . , (sm(x, y), tm(x, y)))

b = p((x, x), (y, x), (x, y), (s1(x, y), t1(x, y)), . . . , (sm(x, y), tm(x, y)))

where p is some (m + 3)-ary term and si(x, y), ti(x, y) represent arbitrary ele-
ments of Fr{x, y} (which are of course determined by some binary terms si, ti).
Notice that P1 is already a homomorphic reflexive relation. In fact, it is the
smallest reflexive homomorphic relation on Fr{x, y}2 containing P0. It is not
yet symmetric, however, its transitive closure will be since P ◦

1 ⊆ P1P1. This
inclusion itself is a consequence of a similar inclusion for P0. Since P1 is homo-
morphic and reflexive, so is its transitive closure. So the transitive closure of P1

is indeed the desired congruence.

Theorem 1.6 For a variety V of algebras, class relations between algebras in it
are difunctional if and only if the following system of term equations is solvable
in its algebraic theory:

p1(x, x, y, s1(x, y), . . . , sm(x, y)) = x,

pn(x, y, x, s1(x, y), . . . , sm(x, y)) = y,

p1(y, x, x, t1(x, y), . . . , tm(x, y)) = x,

pn(x, x, y, t1(x, y), . . . , tm(x, y)) = y,

pi(x, y, x, s1(x, y), . . . , sm(x, y)) = pi+1(x, x, y, s1(x, y), . . . , sm(x, y)),

pi(x, x, y, t1(x, y), . . . , tm(x, y)) = pi+1(y, x, x, t1(x, y), . . . , tm(x, y)),

i ∈ {1, . . . , n− 1}.

Let P1 be as above. If class relations on algebras in V are difunctional, then
the equivalence classes of the transitive closure of P1 must be difunctional, since
as we explained above, the transitive closure of P1 is a congruence. In particular,
this implies that the transitive closure of P1 relates (x, x) with (y, y). So there
exists a chain

(x, x) = (a1, b1) P1 (a2, b2) P1 (a3, b3) P1 · · · P1 (an, bn) = (y, y).

To get the equations in the theorem, we write out the components of each related
pair ((ai, bi), (ai+1, bi+1)) — they are:

pi((x, y), (x, x), (y, x), (si1(x, y), ti1(x, y)), . . . , (simi(x, y), timi(x, y))),

pi((x, x), (y, x), (x, y), (si1(x, y), ti1(x, y)), . . . , (simi(x, y), timi(x, y))).

It remains to notice that without loss of generality we may assume that sij ’s, tij ’s
and mi do not depend on i (each term pi can be expanded by adding superfluous
variables so that the above expressions include within it all instances of (sij , tij)
in a fixed order). This proves the ‘only if’ part of the theorem. For the ‘if’ part,
we can use the terms satisfying the equations given in the theorem to show that
every class relation is difunctional, by, in some sense, going backwards along the
procedure used to obtain these terms.
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2 Related geometric properties

Condition (a) in Theorem 1.3 can be expressed by the following diagram:

(x, u)

C
DD

DD
DD

DD

DD
DD

DD
DD

Eq(π2)

Eq(π1)C

(y, u)

Eq(π1) C

(x, v)
Eq(π2)

(y, v)

(DCR)

In this diagram,

� x, y are elements of an algebra X and u, v are elements of an algebra U ,

� C is a congruence on X × U .

The diagram expresses the property that whenever (x, v)C(x, u)C(y, u), also
(y, v)C(y, u). This diagram arises by superimposing one of the following dia-
grams onto the other:

(x, u)

C
DD

DD
DD

DD

DD
DD

DD
DD

Eq(π2)
(y, u)

Eq(π1) C

(y, v)

(x, u)
Eq(π2)

Eq(π1)C

(y, u)

Eq(π1) C

(x, v)
Eq(π2)

(y, v)

(DDCC) (EBP)

Recall from the Introduction that

� the left diagram expresses the property (DDCC);

� the right diagram expresses the property (EBP);

� (DCR) follows both from (DDCC) and from (EBP);

� conjunction of (DDCC) and (EBP) gives the property (DDC).

The counterexample given on page 23 in [6] can be used to confirm that there
is a variety having the property (DDCC), but not the property (DDC). This
shows that (DDCC) cannot imply (EBP). On the other hand, for the variety
of abelian groups for instance, it is easy to see that (EBP) holds, but (DDC)
fails. So neither does (EBP) imply (DDCC). We then have a diagram of distinct
properties (see Diagram 1 in the Introduction), where the top vertex is obtained
from the middle two vertices by superimposition, and the bottom vertex is the
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conjunction of the middle vertices. Moreover, the bottom vertex may also be
obtained through a combination of the diagrams for (DDCC) and (EBP) as we
now explain. Recall from [11] that a variety has (DDC) if and only if congruences
on cartesian products satisfy

(x, u) C (y, v) ⇒ (z, u) C (z, v)

for all x, y, z, u, v. We can thus express this property using the diagram

(x, u)

C
DD

DD
DD

DD

DD
DD

DD
DD

Eq(π2)
(y, u)

Eq(π2)

Eq(π1)

(z, u)

Eq(π1) C

(y, v)
Eq(π2)

(z, v)

(DDC)

which can be obtained by adjoining the diagrams for (DDCC) and (EBP) side-
by-side, where the dotted edge of the left diagram cancels the matching solid
edge of the right diagram.

There is a natural way of strengthening the four properties considered above
by requiring C to be a congruence defined on a subalgebra A of X ×U contain-
ing all vertices in the diagram. The following theorem is likely to be folklore,
although we could not find it in the literature.

Theorem 2.1 In a variety of algebras the shifting lemma holds if and only if
the property

(x, u)
Eq(π2)

Eq(π1)C

(y, u)

Eq(π1) C

(x, v)
Eq(π2)

(y, v)

holds for those pairs (x, u), (x, v), (y, u), (y, v) which belong to a subalgebra A of
the product X × U and where C is a congruence on A.

Since the vertices of the diagram given in the theorem are required to be
elements of A, we can think of this diagram as a diagram in A. Writing R and
S for the congruences R = A2 ∩ Eq(π1) and S = A2 ∩ Eq(π2), we get:

a
S

RC

d

R C

b
S

c
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Note that R ∩ S is the smallest congruence on A, and so trivially R ∩ S ⊆ C.
Thus, this is an evident consequence of the shifting lemma. Moreover, the
shifting lemma can be reduced to this, since when we have the above diagram
with R ∩ S ⊆ C, we could project it on A′ = A/(R ∩ S) in which R ∩ S
becomes the smallest congruence, and so A′ can be preseted as a subalgebra of
A/R × A/S. This argument will use the fact that the image of C under the
projection A → A/(R ∩ S) is still a congruence, which is a consequence of the
inclusion R ∩ S ⊆ C.

The theorem above links up the diagram for (EBP) and the diagram for
the shifting lemma. There are similar links between the diagram for (DDCC)
and the diagram for the triangular lemma in the sense of [10], as well as the
diagram for (DDC) (after removing the superflous vertex (y, u)) and the diagram
for the upright principle in the sense of [9] (which in [4] is called the trapezoid
lemma). This latter property is equivalent to congruence-distributivity ([9], [4]).
A similar modification to the diagram for (DCR) will result in the property

R ∩ S ⊆ C ⇒

a
S

C

>>
>>

>>
>>

>>
>>

>>
>

RC

d

R C

b
S

c

that does not seem to appear in the literature; we leave its investigation for
future work. We only note here that this property is also a Mal’tsev condition
given by the following scheme:

p0(x, u, v, y) = x,
pn(x, u, v, y) = y,
pi(x, y, y, x) = pi+1(x, y, y, x), for i even,
pi(x, x, y, y) = pi+1(x, x, y, y), for i even,
pi(x, x, x, y) = pi+1(x, x, x, y), for i odd.

Replacing the last line as follows, the system of equations becomes equivalent
to the one for the quaternary terms given in [7] characterizing congruence-
modularity: 

p0(x, u, v, y) = x,
pn(x, u, v, y) = y,
pi(x, y, y, x) = pi+1(x, y, y, x), for i even,
pi(x, x, y, y) = pi+1(x, x, y, y), for i even,
pi(x, u, u, y) = pi+1(x, u, u, y), for i odd.

To get the equations for the Day terms, we just need to observe that thanks to
the first and the last lines, the third line above can be replaced with pi(x, y, y, x) =
x (for all i). This connection with congruence-modularity can be explained by
noting that the diagram for our property is the same as the diagram for the

10



shifting lemma with additional diagonal C-line inserted. Similarly, the first
scheme above is closely related to the one given in [6] characterizing varieties
satisfying the triangular lemma.

3 Counterexamples

The counterexample given in [13] on page 66 can be used to show that the
property identified at the end of the last section is strictly stronger than (DCR).
This counterexample is the variety of algebras given by a ternary operation p
and a constant 0 satisfying p(x, x, y) = y and p(y, 0, 0) = y. This variety is a
Jónsson-Tarski variety [15] and at the same time a subtractive variety in the
sense of [20] (see also [14]). As we will now show, in general neither of these two
types of varieties have (DCR).

Theorem 3.1 Not every subtractive variety has difunctional class relations.

Consider the variety of subtraction algebras, i.e., algebraic structures with
one constant 0 and one binary operation s satisfying s(x, x) = 0 and s(x, 0) = x.
In this variety, consider the algebra whose underlying set is X = {0, 1, 2} and
where s is defined by

s(x, y) =

{
x, y = 0,
0, y ̸= 0.

The same type of subtraction was used in [1] to give a counterexample to
congruence-modularity of subtraction algebras. The operation on the prod-
uct X ×X for such X is given by the following table (for brevity, we write an
ordered pair (a, b) as ab, and ‘∗’ for the pair 00 = (0, 0)):

s ∗ 01 02 10 20 11 12 21 22
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
01 01 ∗ ∗ 01 01 ∗ ∗ ∗ ∗
02 02 ∗ ∗ 02 02 ∗ ∗ ∗ ∗
10 10 10 10 ∗ ∗ ∗ ∗ ∗ ∗
20 20 20 20 ∗ ∗ ∗ ∗ ∗ ∗
11 11 10 10 01 01 ∗ ∗ ∗ ∗
12 12 10 10 02 02 ∗ ∗ ∗ ∗
21 21 20 20 01 01 ∗ ∗ ∗ ∗
22 22 20 20 02 02 ∗ ∗ ∗ ∗

From this table we can see that the equivalence relation on X ×X with equiv-
alence classes given by

{∗}, {01, 02}, {10, 20}, {11}, {12, 21, 22}

is a congruence. The relation {12, 21, 22} is thus a class relation on X, but it is
not difunctional since it includes 21, 22 and 12, but not 11.
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Theorem 3.2 Not every Jónsson-Tarski variety has difunctional class rela-
tions.

In the variety of semilattices (or alternatively, of idempotent commutative
monoids), consider the underlying structure X = ({0, 1},∨) of the two-element
Boolean algebra. The operation on the product X × X is then given by the
following table:

∨ 00 01 10 11
00 00 01 10 11
01 01 01 11 11
10 10 11 10 11
11 11 11 11 11

From this table we can see that the equivalence relation on X ×X with equiv-
alence classes given by

{10, 11, 01}, {00}

is a congruence. The relation {10, 11, 01} is thus a class relation on X, but it is
not difunctional.

4 Congruence-modularity is permutability su-
perimposed on distributivity

We conclude with a remark that the following diamond is actually of a similar
type as Diagram 1 in the Introduction:

Congruence-
Modularity

Congruence-
Distributivity

���������
Congruence-
Permutability

?????????

Arithmeticity

??????????

����������

The trapezoid lemma which characterizes congruence-distributivity can be equiv-
alently rephrased as the following geometric property:

R ∩ S ⊆ C ⇒

a
S

C

d
S

R ==
==

==
==

e

R C

b
S

c
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At the same time, congruence permutability can be represented by a property
with the dotted part matching the one in the previous diagram:

R ∩ S ⊆ C ⇒

a
S

RC

d
S

e

R C

b
S

c

Superimposing the second diagram onto the first one gives a property that is
easily seen to be equivalent to the shifting lemma:

R ∩ S ⊆ C ⇒

a
S

RC

d

R ==
==

==
== S

e

R C

b
S

c

On the other hand, adjoining them we obtain the property

R ∩ S ⊆ C ⇒

a
S

RC

d

R

S
e

R C

b
S

c
S

f

that is easily seen to be equivalent to the conjunction of congruence-distribu-
tivity and congruence-permutability, and hence, it holds if and only if the variety
is arithmetical (see [18]).

The fact that congruence-modularity has a geometric presentation which is
obtained by superimposing congruence-permutability onto congruence-distrib-
utivity gives an alternative interpretation to the slogan ‘congruence-modularity
is permutability composed with distributivity’ from [12].
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