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Abstract

The growth dynamics of firms have been object of numerous studies by econo-
physicists. The vast majority of these studies was done for large developed
countries including the United States of America (US), France or Italy. These
studies were conducted for countries with strong economies and whose business
fabric has different characteristics from countries such as Portugal or Spain, with
more large-sized firms and less micro-sized firms. It is thus important to study
the growth dynamics of firms in Portugal and Spain, countries with economies
that typically display anemic growth indexes and have a larger percentage of
micro-sized firms. Considering two large samples of Portuguese and Spanish
firms, we find that size distribution of firms is well fitted by the generalized
Pareto distribution. Moreover, the distribution of Iberian firms annual growth
rates is best approximated by the Cauchy distribution rather than the Laplace
distribution. Firms growth standard deviation conditional on size is well ap-
proximated by power-law relationships with a scaling exponent close to 1

2 for
micro/small-sized firms and close to 0 for medium/large-sized firms.
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1. Introduction

The characterization of the distribution of firm growth is intimately related
to the assumptions underlying the size distribution itself, and it concerns not
only the kind of distribution of growth rates but also its mean and standard
deviation conditional on size. A review of theoretical analysis and stylized facts
found in literature of the field is in order. Let St denote firm size at time t.
Firm growth rate, r, is defined as

rt+1 = ln

(
St+1

St

)
.
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The seminal papers concerning firm growth rate distribution are Stanley et
al. [1] and Amaral et al. [2]. It was found that the distribution that better
fits US manufacturing firms is the exponential Laplace where the conditional
density is given by

p(rt+1 | st) =
1√

2σ(st)
exp

(
−
√

2 | rt − r̄(st) |
σ(st)

)
, (1)

where st = ln(St). Remark that r̄(st) and σ(st) are the unknown parameters
which are estimated by fitting the data to this distribution and represent the
mean and the standard deviation of growth rates, respectively. To improve the
quality of the estimators, we can use the time average of data when several
years are available for each firm. The distribution has been confirmed for fitting
many other samples (e.g., [3, 4, 5, 6]; these last two consider also a generaliza-
tion, the Subbotin distribution). Exponential Laplace places far more weight
on the tails then does the Normal distribution that would result from the classic
Gibrat model [7] where a multiplicative process for size and growth rate is as-
sumed to be independent of the corresponding initial size. Exponential Laplace
can be obtained through a model with regression towards the mean. On the
other hand, other distributions also allows suitably to adjust heavy tails (e.g.,
Xie et al. [8] fit Student distribution). The use of distributions that combine a
Laplace central region with power-law tails has also been proposed, see, e.g., Fu
et al. [9] or Buldyrev et al. [10], to improve the tails’ fitting of the Laplace distri-
bution. However, Williams et al. [11] show that such ad hoc adjustments are not
necessary. Using a richer database and testing more theoretical distributions,
Williams et al. [11] found that the distribution of firm growth rates (as well as
economic profit rates [12] and GDP growth rates [13]) are best approximated
by the Cauchy distribution whose conditional density is given by

p(rt+1 | st) =
1

πσ(st)

(
σ2(st)

(rt − µ(st))2 + σ2(st)

)
, (2)

where µ is the location parameter and σ is the scale parameter. The Cauchy
distribution is a heavy-tailed distribution whose variance has an important eco-
nomic feature - both very low and very high firm growth rates occur much more
often than predicted by the Gaussian distribution [11].

By decomposing the observations in terms of classes of size, Stanley et al. [1]
and Amaral et al. [2] also point out the existence of a scaling relation between
σ(st) and St, represented by

σ(st) ∼ S−β
t , (3)

where the scaling exponent is negative (i.e., β > 0). That is, the standard devi-
ation of size growth rate decreases, in mean, with increasing firm size. In fact,
Hymer and Pashigian [15] already noted this negative relation and explained
this behavior in the context of firms divided on units of equal size and inde-
pendent which would lead to a coefficient β equal to 1

2 . Amaral et al. [2] also
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justifies this fact in the context of multi-divisional firms by noting that larger
firms tend to be more diversified than smaller ones. Diversification is in general
associated with reduction of risk since a negative result in some units of the firm
is likely to be (more or less) compensated by positive returns in others, unless
their results are perfectly correlated. Nonetheless, the fact that the divisions of
the firms are linked and not working independently explains why in empirical
studies β < 1

2 . The value of β is inversely correlated with dependence between
units of the firm. The extreme value (β = 1

2 ) is attained when units are inde-
pendent (due to the law of Large Numbers). Even in the case of independence,
β may be inferior to 1

2 if the number of firm units increases with size, which is
likely to happen. Bottazzi and Secchi [14] analyze relation (3) by modeling the
numbers of active sub-markets of the firm as a point process where intensity
function depends on size, and, on the more radical version, on the process itself
(it is a self-exciting process). In this last case, the usually observed relation (3)
can be explained without refuting the law of Large Numbers. An aspect even
more directly related to Gibrat law is the relation between mean growth and
size: there should be no such relation, given the assumption of growth indepen-
dence on size. Nonetheless, in empirical studies this result is only confirmed
in the case of large firms. In fact, for small firms, a negative relation is found:
smaller firms tend to grow faster, resulting in mean reversion for size. The
seminal study in this direction is the one of Mansfield [16] who distinguishes
the behavior of firms according to the distinction between surviving and exiting
firms and according to size. See also Coad [17] and references therein for the
discussion of these topics.

The main purpose of this paper is to study and characterize the distribu-
tion of firm growth in two large samples of Portuguese and Spanish firms. It
is important to study the growth dynamics of firms in Portugal and Spain,
countries with distinctive economic and business features from large developed
countries typically considered for the vast majority of studies found in the lit-
erature. Some of the distinctive characteristics of Portugal and Spain include
an even larger percentage of micro-sized firms and a pathologically economic
anemic growth. The paper is organized as follows. In the next section a brief
data description is made. An overview of the Portuguese and Spanish firms is
provided in Section 3. Section 4 presents the analysis and the results. In the
last section we have the discussion and conclusion.

2. Data description

This study is implemented on two sets of Portuguese and Spanish firms on
the period from 2011 to 2016. The main source of information was the IBAS
(Iberian Balances Analysis System), provided by Bureau Van Dijk (property
of Moodys Analytics), containing accounting and financial information of Por-
tuguese and Spanish firms. We used the NACE1 classification of economic

1Nomenclature statistique des activits conomiques dans la Communaut europenne
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Table 1: Size structure of existing Portuguese and Spanish firms in at least 2 years in the
period 2011 to 2016.

Portugal Spain

# % # %

All firms 137 232 100,00 475 446 100,00
micro-sized 102 557 74,73 352 183 74,07
small-sized 29 009 21,14 104 712 22,02
medium-sized 4 867 3,55 15 530 3,27
large-sized 799 0,58 3 021 0,64

activities (Rev. 3), built in the European Union. The disaggregation of activi-
ties into sectors and subsectors is described by associating to each (sub)sector a
code. In each code, an additional level of disaggregation involves adding a new
digit.

The samples are selected from IBAS database so that: (i) only limited lia-
bility and public limited companies are considered, (ii) excluding those in the
Financial and insurance activities (NACE codes from 64 to 66), and Public ad-
ministration and defense and compulsory social security (NACE code 84), (iii)
only those that existed and are in activity (volume of Sales and Total Assets
both greater than 1000 euros) in the period are accounted for, (iv) only those
including information on the number of subsidiaries are retained. As a result of
these criteria, final samples of 137,232 Portuguese firms and 475,446 of Spanish
firms are obtained.

Micro, small and medium-sized firms (SMEs) are defined, according to the
EU recommendation 2003/361, as follows. Medium firm will have a staff head-
count of at least 50 up to less than 250 workers, a turnover of more than 10 up
to at most 50 million euros or a total balance sheet of more than 10 up to at
most 43 million euros. Small firm will have a staff headcount of at least 10 up to
less than 50 workers, a turnover of more than 2 up to at most 10 million euros
or a total balance sheet of more than 2 up to at most 10 million euros. Micro
firm will have a staff headcount of less than 10 workers, a turnover of at most
2 million euros or a total balance sheet of at most 2 million euros. Based on
these definitions, we have the size structure for Portuguese and Spanish firms
displayed in Table 1.

3. Overview of the Portuguese and Spanish firms

Before presenting the main results of this research, it is worthwhile to briefly
describe some distinctive features of the Portuguese and Spanish business fabric
and its evolution in recent years. An exhaustive description of the overall be-
havior of the Portuguese and Spanish economy is out of the scope of this paper,
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Figure 1: Percent of micro (1(a)), small (1(b)), medium (1(c)) and large-sized (1(d)) firms
in Portugal, Spain and European Union (EU 28). Source: Annual Report on European
SMEs [18].

but the specific characteristics of the Portuguese and Spanish firms discussed
next may help to interpret the results obtained in this study.

One of the main features of Portuguese and Spanish firms is that SMEs are
the core of Iberic economy, representing more than 99% of companies in the
non-financial sector and more than 80% of the persons employed [18]. Although
the weight of SMEs in the European Union (EU 28) is similar, one distinctive
characteristic of Portugal and Spain is a smaller ratio of large-sized firms and
a larger proportion of micro-sized firms as observed in Fig. 1. In the past ten
years, the proportion of large-sized firms in Iberia is half of the proportion in
EU 28 while micro-sized firms presented a larger weight. Furthermore, while
the weight of large-sized firms is stable in the past decade, the proportion of
micro-sized firms shows an increasing trend for Iberian firms.

Another distinctive characteristic of Portugal and Spain is its economic ane-
mic growth. The annual percentage growth rate of GDP per capita based on
constant local currency is displayed in Fig. 2 for Portugal, Spain, and EU 28.
The mean GDP per capita growth for the last decade was -0.1%, 0.3% and
0.8% for Portugal, Spain and EU 28, respectively. The worst economic per-
formance of Iberian countries as compared to EU 28 is even more accentuated
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Figure 2: Annual percentage growth rate of GDP per capita based on constant local currency.
Source: World Bank national accounts data [19].

when compared with the US that had 1.4% of mean GDP per capita growth in
the last decade and presented a more differentiated business fabric with a larger
proportion of medium and large-sized firms [19].

4. Analysis and Results

This section presents the main statistical findings of Portuguese and Span-
ish firm dynamics. We divide our results into four main axes. We begin by
exploring the size distribution, paying particular attention to the micro and
small-sized firms where more data exists. Next, we study the distribution of
growth rates, followed by the analysis of the size-dependent mean growth and
standard deviation. Finally, for different sizes that emerged in the third axis
studied, the distribution of growth rates is analyzed all over again.

4.1. Size distribution

Firms’ total sales was used as measure of size, St, at time t. For one of
the middle years in this study, 2014, Fig. 3 displays the log10 of St on the
horizontal axis and the log10 of the frequency on the vertical axis. For each of
the remaining years of this study, the resulting plots are similar. We find that the
raw data is well fitted by the generalized Pareto distribution. The probability
density function of the generalized Pareto distribution with threshold parameter
µ, scale parameter σ, and shape parameter k 6= 0 is

p(x | k, σ, µ) =
1

σ

(
1 + k

x− µ
σ

)−1− 1
k

, (4)

for x > µ, when k > 0, or for µ < x < σ
k , when k < 0. Note that if k > 0

and µ = σ
k then the generalized Pareto distribution corresponds to the Pareto

distribution. In previous works, it has been reported that the Pareto distribution
fits well the size distribution of firms (see, e.g., Axtell et al. [5] or Pascoal
et al. [20]). In particular, the Pareto distribution has been preferred to the
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Figure 3: Size distribution of the Portuguese firms (Fig. 3(a)) and the Spanish firms (Fig.
3(b)) in log-log scale for the year 2014. The raw data is well fitted by the generalized Pareto
distribution with parameters k = 1.083 (1.071, 1.093), σ = 169.1 (167.2, 170.9) and µ = 0 for
the Portuguese firms and parameters k = 1.028 (1.022, 1.034), σ = 255.6 (254.1, 257.2) and
µ = 0 for the Spanish firms.

lognormal distribution, considered to be a good fit since the original work of
Gibrat [7], mainly because of its superior performance in describing the upper
tail of the empirical size distribution [21]. However, the Pareto distribution is a
good fit for data that lay around a straight line in the log-log plot, which is not
the case for smaller firm sizes (as wasn’t exactly the case in Axtell et al. [5]). As
a large proportion of the firms are micro/small-sized, it is important to obtain
a good fitting for these firm sizes. Thus, for our data, the generalized Pareto
distribution is a better fitting for the size distribution of firms than the Pareto
distribution.
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Figure 4: Empirical probability density functions of growth rates for the Portuguese firms (Fig.
4(a)) and the Spanish firms (Fig. 4(b)). The solid lines correspond to Laplace distributions
obtained by fitting the data using Eq. (1) with parameters r̄(st) = 0.03 and σ(st) = 0.67 for
the Portuguese firms and parameters r̄(st) = 0.04 and σ(st) = 1.01 for the Spanish firms. The
dashed lines correspond to Cauchy distributions obtained by fitting the data using Eq. (2)
with parameters µ(st) = 0.03 and σ(st) = 0.14 for the Portuguese firms and parameters
µ(st) = 0.04 and σ(st) = 0.15 for the Spanish firms.

7



100 101 102 103 104 105 106

Firm size (Sales)

10-1

100

r̄
(s
)

slope = -2.0

slope = .2

(a)

100 101 102 103 104 105 106 107 108

Firm size (Sales)

10-1

100

r̄
(s
)

slope = - 1.5

slope = .1

(b)

Figure 5: Mean growth rates of the one-year sales (circles) as a function of the initial firm size
values (sales) for Portuguese firms (Fig. 5(a)) and for Spanish firms (Fig. 5(b)).

4.2. Distribution of growth rates

The empirical probability density functions of growth rates for Portuguese
and Spanish firms are displayed in Fig. 4. We find that the Cauchy distributions
obtained by fitting the data using Eq. (2) for both the Portuguese firms and
the Spanish firms fit the data better than the Laplace distributions obtained
by fitting the data using Eq. (1). These results are congruent with Williams
et al. [11] findings that claim that the distribution of firm growth rates is most
of the times better fitted by the Cauchy distribution than by the Laplace dis-
tribution. The ‘stylized fact’ of the Laplace distribution being repeatedly con-
sidered the most suitable fit for firm growth rates in many studies (see, e.g.,
[22, 23, 24, 25, 26, 27, 28, 29]) since the path-breaking study of Stanley et
al. [1], have been questioned by other empirical findings. For example, Bottazi
et al. [30] show that the growth rates of French firms are even fatter tailed than
predicted by Laplace distribution.

4.3. Size-dependent mean growth and standard deviation

The relationship between the mean growth rate, r̄(st), and the initial firm
size values as well as the relationship between the standard deviation of growth
rate, σ(st), and the initial firm size used to calculate the growth rate are now
analyzed. In order to study these relationships, data points were sorted in
ascending order by their size and grouped in classes of the form (10i; 10i+1),
i = 0, 1, 2, . . .. For each interval, the mean growth rate, r̄(st), and the standard
deviation of growth rate, σ(st), were calculated. Fig. 5 displays the mean growth
rates of the one-year sales (2014) as a function of the initial firm size values
(sales) for Portuguese firms and for Spanish firms. Fig. 6 displays the standard
deviation of the one-year growth rates of the sales (2014) as a function of the
initial firm size values (sales) for Portuguese firms and for Spanish firms. It
is worth to highlight that these relationships remain remarkably stable for the
remaining years of this study.
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Figure 6: Standard deviation of the one-year growth rates of the sales (circles) as a function
of the initial firm size values (sales) for Portuguese firms (Fig. 6(a)) and for Spanish firms
(Fig. 6(b)).

Fig. 5 shows that the mean growth has a linear decay for the first two orders
of size magnitude (up to 102) for Portuguese firms and for the first three orders
of size magnitude (up to 103) for Spanish firms followed by a slight increasing
linear trend for the following orders of size magnitude. Despite these trends,
note that the mean growth for the first orders of size magnitude present larger
values than mean growth for higher orders of size magnitude.

The existence of a scaling relation between the standard deviation of growth
rate and the initial firm size values given by Eq. 3 is confirmed in Fig. 6. How-
ever, instead of a single scaling relation, we observe two scaling relations: one
for the first orders of size magnitude (up to 102 for Portuguese firms and up
to 103 for Spanish firms) with a larger β (equal or close to 1

2 for Portugal and
Spain, respectively) and another for the following orders of size magnitude with
a smaller β (close to 0 for both Portugal and Spain).

4.4. Distribution of growth rates by size

The empirical probability density functions for Portuguese and Spanish firms
are further analyzed for the size classes that emerged in the previous section.
Fig. 7 shows that, despite the Laplace distribution capture fairly well the ‘tent-
shape’ of the data, the Cauchy distributions continue to obtain better fittings
both for lower orders of magnitude (up to 102 for Portugal and up to 103 for
Spain) and for higher orders of magnitude (greater than 102 for Portugal and
greater than 103 for Spain).

5. Discussion and conclusion

In this study, the growth dynamics of Iberian firms were analyzed considering
two large samples of Portuguese and Spanish firms. The ‘stylized fact’ present in
literature that the growth rate distribution is ‘tent-shaped’ was found yet again
in this empirical study. This ‘stylized fact’ means that the frequency of extreme
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Figure 7: Empirical probability density functions, p(rt+1 | st), for the micro/small-sized
(St ≤ 102) Portuguese firms (Fig. 7(a)), for the medium/large sized (St > 102) Portuguese
firms (Fig. 7(b)), for the micro/small-sized (St ≤ 103) Spanish firms (Fig. 7(c)), and for
the medium/large-sized (St > 103) Spanish firms (Fig. 7(d)). The solid lines correspond to
Laplace distributions obtained by fitting the data using Eq. (1) with parameters r̄(st) = 0.05
and σ(st) = 0.64 in Fig. 7(a), r̄(st) = 0.02 and σ(st) = 0.44 in Fig. 7(b), r̄(st) = 0.04 and
σ(st) = 0.97 in Fig. 7(c), and r̄(st) = 0.03 and σ(st) = 0.53 in Fig. 7(d). The dashed lines
correspond to Cauchy distributions obtained by fitting the data using Eq. (2) with parameters
µ(st) = 0.05 and σ(st) = 0.18 in Fig. 7(a), µ(st) = 0.02 and σ(st) = 0.12 in Fig. 7(b),
µ(st) = 0.04 and σ(st) = 0.17 in Fig. 7(c), and µ(st) = 0.03 and σ(st) = 0.11 in Fig. 7(d).

growth events is not very low and such extreme growth events contribute signif-
icantly for firms’ evolution. Despite the Laplace distribution explain reasonably
well the growth rate distributions in this empirical study, the Cauchy distribu-
tion clearly presents a better fitting to the data, corroborating the findings of
Williams et al. [11].

Several studies, considering mostly large firms, indicate a trend for larger
firms to have a higher rate of growth (see, e.g., [31, 32, 33]). However, other
studies considering larger databases found that, in average, small firms grow
faster than large firms (see, e.g., [34, 35, 36]). We find that, for our data,
Gibrat’s law holds for firms above a certain size threshold (102 for Portugal and
103 for Spain) while for smaller size firms we observe the so-called ‘reversion
to the mean size’. Although this result is not pioneer (see, e.g., Caves [37])
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it reinforces the body of research with the empirical notion that smaller-sized
firms behavior differs from larger-sized firms. This difference is also observed for
the standard deviation of the size-dependent growth. While the scaling relation
between the standard deviation of growth rate and size is always negative, the
linear relation is evident for the same classes identified for mean growth, with
a steepest decrease for the smaller-sized firms. The discussion in Lee et al. [4]
presents a good explanation for the β values obtained: if a firm is composed of
perfectly independent subunits, a value near β = −0.5 should we expect while
a value of β = 0 would be expected if the growth rates of divisions of a large
diversified firm are perfectly correlated. A β value equal or close to −0.5 was
obtained for small firms most likely composed of a single division, while for
larger-sized firms a β value near 0 suggest that units of larger firms have growth
trends that have some correlation.

Finally, in this empirical study we find that the size distribution is best
fitted by the generalized Pareto distribution. The main disadvantage of the
Pareto distribution is that it fails to explain a small part of the size distribution
- its initial part that corresponds to the micro/small-sized firms. However, in
Portugal and Spain, and consequently in our data, most of the firms lay on
that part of the distribution. Thus, an accurate fit for the size distribution of
the majority of the firms in Iberia was important to motivate the distinction
highlighted here between the behavior of smaller and larger firms. As future
work we plan to develop theoretical models in which firms’ growth rates follow a
Cauchy distribution in order to be consistent with the empirical densities found
in this study.
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