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�#bi`�+i

a2[m2M+2 �HB;MK2Mi Bb � bi�M/�`/ i2+?MB[m2 BM #BQBM7Q`K�iB+b iQ K2�bm`2 i?2 `2H�iBQMb?BT #2@
ir22M 2pQHmiBQM�`v Q` bi`m+im`�HHv `2H�i2/ .L�fT`Qi2BMb b2[m2M+2bX JQbi KQ/2`M T`Q;`�Kb
7Q` b2[m2M+2 �HB;MK2Mi QTiBKBx2 � ;Bp2M Q#D2+iBp2 7mM+iBQM i?�i Bb � +QMp2t +QK#BM�iBQM
Q7 ?Qr K�Mv ;�Tb M22/ iQ #2 BMb2`i2/ BMiQ i?2 b2[m2M+2b �M/ ?Qr K�Mv +?�`�+i2`b #2+QK2
�HB;M2/X *H2�`Hv- /2T2M/BM; QM i?2 r2B;?ib ;Bp2M iQ 2�+? Q7 i?2 irQ +QKTQM2Mib- /Bz2`2Mi QT@
iBK�H �HB;MK2Mib +�M #2 Q#i�BM2/X h?2`27Q`2- +?QQbBM; QMHv QM2 r2B;?i b2iiBM; K�v T`QpB/2
�M mM/2bB`�#H2 #B�b BM 7m`i?2` bi2Tb Q7 i?2 �M�HvbBb- bm+? �b T?vHQ;2M2iB+ i`22 +QMbi`m+iBQM-
�M/ T`QpB/2 iQQ bBKTHBbiB+ BMi2`T`2i�iBQMbX

AM i?Bb i?2bBb- r2 i�F2 � /Bz2`2Mi TQBMi Q7 pB2r QM i?2 K�i?2K�iB+�H 7Q`KmH�iBQM Q7 i?2
b2[m2M+2 �HB;MK2Mi T`Q#H2KX _�i?2` i?�M +QMbB/2`BM; i?2 QTiBKBx�iBQM Q7 � b+�H�` b+Q`2
7mM+iBQM- `2bmHiBM; 7`QK � r2B;?i2/ bmK Q7 +QKTQM2Mib- r2 +QMbB/2` � p2+iQ` b+Q`2 7mM+iBQM
rBi? i?2 ;Q�H Q7 QTiBKBxBM;- bBKmHi�M2QmbHv- i?2 /Bz2`2Mi b+Q`2 +QKTQM2MibX h?Bb #`BM;b mb
iQ i?2 iQTB+ Q7 KmHiBQ#D2+iBp2 QTiBKBx�iBQM- r?B+? /2�Hb rBi? i?2 K�i?2K�iB+�H 7Q`KmH�iBQM
Q7 QTiBKBx�iBQM T`Q#H2Kb rBi? b2p2`�H +QM~B+iBM; Q#D2+iBp2b �b r2HH �b rBi? �H;Q`Bi?Kb iQ
bQHp2 i?2KX lM/2` i?Bb M2r 7Q`KmH�iBQM- i?2b2 �H;Q`Bi?Kb `2im`M � b2i Q7 MQM@/QKBM�i2/
�HB;MK2Mib- 2�+? Q7 r?B+? `2T`2b2MiBM; � i`�/2@Qz #2ir22M i?2 b2p2`�H +QKTQM2MibX h?Bb b2i
;Bp2b 7m`i?2` BM7Q`K�iBQM �#Qmi i?2 bBKBH�`Biv Q7 i?2 b2[m2M+2b- 7`QK r?B+? � T`�+iBiBQM2`
+QmH/ �M�Hvx2 �M/ +?QQb2 i?2 KQbi TH�mbB#H2 �HB;MK2MiX

q2 +QMbB/2` i?2 #BQ#D2+iBp2 T�B`rBb2 b2[m2M+2 �HB;MK2Mi T`Q#H2K �M/ T`QTQb2 2ti2MbBQMb
Q7 2{+B2Mi /vM�KB+ T`Q;`�KKBM; �H;Q`Bi?Kb 7Q` b2p2`�H p�`B�Mib Q7 i?Bb T`Q#H2KX q2 T`Q@
TQb2 � MQp2H T`mMBM; i2+?MB[m2 i?�i bm#bi�MiB�HHv `2/m+2b i?2 +QKTmi�iBQM iBK2 �M/ K2KQ`v
mb�;2X JQ`2Qp2`- r2 +QMbB/2` � #BQ#D2+iBp2 p�`B�Mi Q7 i?Bb T`Q#H2K rBi? KQ`2 i?�M irQ b2@
[m2M+2b- r?B+? Bb +QKTmi�iBQM�HHv BMi`�+i�#H2X q2 BMi`Q/m+2 HQ+�H b2�`+? i2+?MB[m2b 7Q`
i?Bb T`Q#H2K �M/ +QM/m+i �M BM@/2Ti? 2tT2`BK2Mi�H �M�HvbBb QM � rB/2 `�M;2 Q7 #2M+?K�`F
BMbi�M+2bX "�b2/ QM i?2 ?vT2`pQHmK2 BM/B+�iQ` �M/ 2KTB`B+�H �ii�BMK2Mi 7mM+iBQM K2i?Q/@
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QHQ;v- r2 2bi�#HBb? 7mM+iBQM�H `2H�iBQMb?BTb #2ir22M �H;Q`Bi?K T2`7Q`K�M+2 �M/ BMbi�M+2
72�im`2bX 6BM�HHv- r2 T`2b2Mi � K2i?Q/ i?�i mb2b KmHiBQ#D2+iBp2 +QM+2Tib 7Q` i?2 +QMbi`m+@
iBQM Q7 T?vHQ;2M2iB+ i`22bX q2 i2bi i?Bb K2i?Q/ QM irQ `2�H@HB72 +�b2b �M/ b?Qr i?�i i?2
MmK#2` Q7 /BbiBM+i T?vHQ;2M2iB+ i`22 iQTQHQ;B2b Q#i�BM2/ Bb p2`v bK�HHX

h?Bb rQ`F b?Qrb i?�i KmHiBQ#D2+iBp2 +QM+2Tib +�M bm++2bb7mHHv #2 �TTHB2/ iQ i?2 b2[m2M+2
�HB;MK2Mi T`Q#H2K �M/ B/2MiB}2b r?B+? �TT`Q�+?2b +�M #2 mb2/ 7Q` i?2 b2p2`�H p�`B�Mib Q7 i?Bb
T`Q#H2KX q2 #2HB2p2 i?�i i?2 K2i?Q/b T`QTQb2/ BM i?Bb i?2bBb- #v T`QpB/BM; KQ`2 BM7Q`K�iBQM
�#Qmi i?2 `2H�iBQMb?BT #2ir22M #BQHQ;B+�H b2[m2M+2b i?�M i?2 +m``2Mi FMQrM T`Q+2/m`2b- +�M
#2 Q7 ;`2�i p�Hm2 iQ � #`Q�/ `�M;2 Q7 `2b2�`+? +QKKmMBiB2b �b r2HH �b iQ T`�+iBiBQM2`b BM i?2
}2H/X

E2vrQ`/b, a2[m2M+2 �HB;MK2Mi- JmHiBQ#D2+iBp2 PTiBKBx�iBQM- .vM�KB+ S`Q;`�KKBM;-
S?vHQ;2M2iB+ h`22b- *QK#BM�iQ`B�H PTiBKBx�iBQMX
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_2bmKQ

P �HBM?�K2MiQ /2 b2[māM+B�b û mK T`Q+2/BK2MiQ miBHBx�/Q M� "BQBM7Q`K�iB+� [m2 i2K TQ`
Q#D2iBpQ K2/B` � b2K2H?�MÏ� 2Mi`2 b2[māM+B�b /2 .L� Qm T`Qi2őM�b `2H�+BQM�/�b 2Mi`2 bB /2
mK� 7Q`K� 2pQHmiBp� Qm 2bi`mim`�HX �b �THB+�ÏǤ2b �im�Bb T�`� �HBM?�K2MiQ /2 b2[māM+B�b
QiBKBx�K mK� /2i2`KBM�/� 7mMÏ½Q Q#D2iBpQ [m2 `2bmHi� /� +QK#BM�Ï½Q +QMp2t� /� [m�MiB@
/�/2 /2 2bT�ÏQb � BMb2`B` M�b b2[māM+B�b 2 /� [m�MiB/�/2 /2 +�`�+i2`2b [m2 }+�K �HBM?�/QbX
.2T2M/2M/Q /�b TQM/2`�ÏǤ2b �i`B#mő/�b � +�/� mK /2bi2b /QBb +QKTQM2Mi2b- /B72`2Mi2b �HBM@
?�K2MiQb TQ/2K b2` Q#iB/QbX .2bi� 7Q`K�- � 2b+QH?� /2 mK� bƦ TQM/2`�Ï½Q TQ/2 2MpB2b�`-
BM/2b2D�/�K2Mi2- Qb T�bbQb b2;mBMi2b /� �M�HBb2- TQ` 2t2KTHQ- M� +QMbi`mÏ½Q /2 �`pQ`2b }HQ@
;2MûiB+�b- 2 7Q`M2+2` BMi2`T`2i�ÏǤ2b /2K�bB�/Q bBKTH2bX

1bi� i2b2 �#Q`/� Q T`Q#H2K� /2 �HBM?�K2MiQ /2 b2[māM+B�b /2 mK� 7Q`K� /B72`2Mi2 M�
T2`bT2iBp� /2 7Q`KmH�Ï½Q K�i2K�iB+�X 1K p2x /� QiBKBx�Ï½Q /2 mK� 7mMÏ½Q 2b+�H�` [m2
`2bmHi� /2 mK� bQK� TQM/2`�/� /�b +QKTQM2Mi2b- +QMbB/2`�@b2 mK� 7mMÏ½Q p2iQ`B�H 2K [m2
b2 T`2i2M/2 QiBKBx�`- bBKmHi�M2�K2Mi2- �b bm�b +QKTQM2Mi2bX P 2bim/Q /2bi2b T`Q#H2K�b û
�#Q`/�/Q 2K QiBKBx�Ï½Q KmHiB@Q#D2iBpQ- [m2 HB/� +QK �b 7Q`KmH�ÏǤ2b K�i2K�iB+�b /2 T`Q#@
H2K�b /2 QiBKBx�Ï½Q +QK p�`BQb Q#D2iBpQb +QM~BimQbQb 2Mi`2 bB 2 +QK �H;Q`BiKQb T�`� � bm�
`2bQHmÏ½QX *QK 2bi� MQp� 7Q`KmH�Ï½Q- Qb �H;Q`BiKQb `2iQ`M�K mK +QMDmMiQ /2 �HBM?�K2MiQb
M½Q@/QKBM�/Qb- +�/� mK `2T`2b2Mi�M/Q mK +QKT`QKBbbQ 2Mi`2 �b p�`B�b +QKTQM2Mi2b /�
7mMÏ½Q Q#D2iBpQX 1bi2 +QMDmMiQ- �Q 7Q`M2+2` K�Bb BM7Q`K�Ï½Q �+2`+� /� b2K2H?�MÏ� 2Mi`2 �b
b2[māM+B�b 2K �M�HBb2- T2`KBi2- �Q T`Q}bbBQM�H- 2b+QH?2` Q �HBM?�K2MiQ K�Bb TH�mbőp2HX

L2bi2 2bim/Q- +QMbB/2`�@b2 Q T`Q#H2K� #B@Q#D2iBpQ /2 �HBM?�K2MiQ 2KT�`2H?�/Q /2 b2@
[māM+B�b 2 p�`B�Mi2b /2bi2 T`Q#H2K�- T�`� Qb [m�Bb T`QTǤ2K@b2 2ti2MbǤ2b /2 �H;Q`BiKQb 2}@
+B2Mi2b #�b2�/Qb 2K T`Q;`�K�Ï½Q /BM�KB+�X S`QTǤ2@b2 B;m�K2Mi2 mK� p�`B�Mi2 #B@Q#D2iBpQ
/2bi2 T`Q#H2K� T�`� K�Bb /Q [m2 /m�b b2[māM+B�b- [m2 û +QMbB/2`�/Q mK T`Q#H2K� +QK@
Tmi�+BQM�HK2Mi2 BMi`�i�p2HX SQ` 2bi� `�x½Q- �T`2b2Mi�K@b2 iû+MB+�b /2 T`Q+m`� HQ+�H T�`�
2bi2 T`Q#H2K�X 1bi2b �H;Q`BiKQb b½Q �M�HBb�/Qb 2tT2`BK2Mi�HK2Mi2 MmK +QMDmMiQ /2 BMbi�M@
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+B�b /2 `272`āM+B�X *QK #�b2 MQ BM/B+�/Q` /2 ?BT2`pQHmK2 2 M� K2iQ/QHQ;B� /�b 7mMÏǤ2b /2
�T`Qp2Bi�K2MiQ- 2bi�#2H2+2K@b2 `2H�ÏǤ2b 7mM+BQM�Bb 2Mi`2 Q /2b2KT2M?Q /Qb �H;Q`BiKQb 2 +�`@
�+i2`őbiB+�b /2bi�b BMbi�M+B�bX 6BM�HK2Mi2- �T`2b2Mi�@b2 mK KûiQ/Q [m2 miBHBx� +QM+2BiQb /2
QiBKBx�Ï½Q KmHiB@Q#D2iBpQ T�`� � +QMbi`mÏ½Q /2 �`pQ`2b }HQ;2MûiB+�bX 1bi2 KûiQ/Q û i2bi�/Q
2K /QBb +�bQb `2�BbX Pb `2bmHi�/Qb Q#iB/Qb BM/B+�K [m2 Q MȹK2`Q /2 iQTQHQ;B�b /BbiBMi�b /2
�`pQ`2b }HQ;2MûiB+�b û #�bi�Mi2 T2[m2MQX

1bi2 2bim/Q KQbi`� [m2 Qb +QM+2BiQb KmHiB@Q#D2iBpQ TQ/2K b2` miBHBx�/Qb +QK bm+2bbQ
MQ T`Q#H2K� /2 �HBM?�K2MiQ /2 b2[māM+B�b 2 T2`KBi2 B/2MiB}+�` [m�Bb �b �#Q`/�;2Mb [m2
TQ/2K b2` miBHBx�/�b T�`� +�/� mK� /�b p�`B�Mi2b �T`2b2Mi�/�bX �Q 7Q`M2+2` K�Bb BM7Q`K�Ï½Q
�+2`+� /� `2H�Ï½Q 2Mi`2 �b b2[māM+B�b #BQHƦ;B+�b /Q [m2 Qb KûiQ/Qb �im�Bb- 2bT2`�@b2 [m2 �b
+QMi`B#mBÏǤ2b /2bi� i2b2 TQbb�K /2 ;`�M/2 p�HQ` i�MiQ T�`� � +QKmMB/�/2 �+�/ûKB+� +QKQ
T�`� Qb T`Q}bbBQM�Bb /2 "BQBM7Q`K�iB+�X

S�H�p`�b@+?�p2, �HBM?�K2MiQ /2 a2[māM+B�b- PiBKBx�Ï½Q JmHiB@Q#D2iBpQ- S`Q;`�K�Ï½Q
.BM�KB+�- �`pQ`2b 6BHQ;2MûiB+�b- PiBKBx�Ï½Q *QK#BM�iƦ`B�X
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�+FMQrH2/;2K2Mib

A r�Mi iQ /2/B+�i2 i?2b2 HBM2b iQ ;Bp2 Kv i?�MFb iQ �HH T2QTH2 r?QK rBi?Qmi i?2K i?Bb i?2bBb
rQmH/ MQi #2 TQbbB#H2X

6B`bi- A r�Mi iQ i?�MF Kv i?2bBb �/pBb2`- S`Q72bbQ` Gmőb S�[m2i2- 7Q` #2HB2pBM; BM K2 �M/
7Q` ;BpBM; K2 i?2 QTTQ`imMBiv iQ rQ`F rBi? ?BK QM i?Bb MQp2H �TT`Q�+?- �M/ i?2M 7Q` #2BM;
� ;`2�i ?2HT /m`BM; Kv rQ`F- rBi? ?Bb 2M/H2bb T�iB2M+2- mb27mH �/pB+2- �M/ bm;;2biBQMbX A
�K 2bT2+B�HHv ;`�i27mH iQ ?BK 7Q` 2M+Qm`�;BM; K2 iQ i?BMF KQ`2 +QKT`2?2MbBp2 �#Qmi i?2
T`Q#H2Kb �M/ /2Hp2 /22T2` iQ }M/ i?2 #2bi TQbbB#H2 bQHmiBQMbX

A rQmH/ HBF2 iQ i?�MF S2/`Q J�iB�b 7Q` ?2HTBM; K2 rBi? i?2 +Q/2 BKTH2K2Mi�iBQMb �M/
b2imT Q7 i?2 r2#@b2`p2` JPa�G- �b r2HH �b iQ .`X JB;m2H SBM?2B`Q 7Q` ?Bb FBM/ �/pB+2 QM
i?2 #BQHQ;B+�H �TTHB+�iBQMX A rQmH/ �HbQ HBF2 iQ i?�MF S`Q7X ai27�M _mxBF� 7Q` ?QbiBM; K2
�i i?2 lMBp2`bBiv Q7 EQ#H2Mx@G�M/�m �M/ 7Q` #2BM; �p�BH�#H2 iQ /Bb+mbb iQTB+b Q7 KmHiBQ#D2+@
iBp2 QTiBKBx�iBQM �M/ S`Q7X 6`�M+Bb+Q S2`2B`� 7Q` i?2 p2`v mb27mH /Bb+mbbBQM QM HQ+�H b2�`+?
T`Q+2/m`2b 7Q` QTiBKBx�iBQMX � }M�H i?�MFb iQ Kv 7`B2M/b U�M/`2B� :m2``2B`Q- .`X LmMQ
GQm`2MÏQ- �M/ S2/`Q *Q``2B�V r?Q /m`BM; i?2 `Qm;? KQK2Mib- +?22`2/ K2 mT �M/ ;�p2 K2
i?2 bi`2M;i? iQ ;Q QMX

A Qr2 ?m;2Hv iQ Kv /2�` T�`2MibX h?2B` T2`K�M2Mi HQp2 �M/ +QM}/2M+2 ?�p2 2M+Qm`�;2/
K2 iQ ;Q �?2�/ BM Kv bim/v �M/ +�`22`- r?Q ;�p2 K2 i?2 +?�M+2 iQ #2 BM i?Bb TH�+2 �M/ r?Q
bmTTQ`i2/ K2 i?2 KQbi i?`Qm;? �HH Kv HB72 �M/ 2/m+�iBQMX A ?QT2 A rBHH T`QpB/2 i?2K rBi?
i?2 `2�bQM iQ #2 T`Qm/ Q7 K2X

JQbi BKTQ`i�MiHv- A 2tT`2bb Kv ;`�iBim/2 iQ Kv /2�` ?mb#�M/ S2/`Q J�`iBMb r?QK A K2i
M2�`Hv �i i?2 bi�`i TQBMi Q7 Kv `2b2�`+?- K�``B2/ �M/ ?�/ irQ #2�miB7mH FB/bX >Bb bmTTQ`i-
2M+Qm`�;2K2Mi- T�iB2M+2 �M/ bi2�/v HQp2 r2`2 mM/2MB�#Hv i?2 #2/`Q+F mTQM r?B+? i?2 T�bi
}p2 v2�`b Q7 Kv HB72 ?�p2 #22M #mBHiX >Bb iQH2`�M+2 iQ Kv Q++�bBQM�H pmH;�` KQQ/b Bb � rBiM2bb
BM Bib2H7 Q7 ?Bb 2M+Qm`�;BM; /2pQiBQM �M/ HQp2X A /2/B+�i2 �HH Kv 2zQ`ib iQ ?Bb �M/ Kv HBiiH2
QM2b- LBM� �M/ .�MB2HX

p



pB

6BM�HHv- i?2 `2b2�`+? i?�i H2/ iQ i?Bb i?2bBb rQmH/ MQi ?�p2 #22M TQbbB#H2 rBi?Qmi i?2 7mM/@
BM; �M/ bmTTQ`i T`QpB/2/ #v i?2 6mM/�Ï½Q T�`� � *BāM+B� 2 h2+MQHQ;B� U6*hV mM/2` i?2
b+?QH�`b?BT a6_>f".fNR98RfkyRk- #v i?2 6*h `2b2�`+? T`QD2+i JPa�G @ JmHiBQ#D2+iBp2
b2[m2M+2 �HB;MK2Mi USh.*f1A�@**PfyN3ed9fkyy3V �M/ "BH�i2`�H T`QD2+i .��.f*_lS
Ǵ_2T`2b2Mi�iBQM avbi2Kb rBi? Zm�HBiv :m�`�Mi22b 7Q` JmHiB@P#D2+iBp2 PTiBKBx�iBQM S`Q#@
H2Kb U_2TavbVǴ- �M/ #v i?2 *2Mi2` 7Q` AM7Q`K�iB+b �M/ avbi2Kb Q7 i?2 lMBp2`bBiv Q7 *QBK#`�
U*Aal*VX



h�#H2 Q7 *QMi2Mib

R AMi`Q/m+iBQM R
RXR JQiBp�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R
RXk *QMi`B#miBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8
RXj h?2bBb ai`m+im`2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3

k a2[m2M+2 �HB;MK2Mi RR
kXR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RR
kXk :2MQKB+ .�i� �M/ a2[m2M+2 aBKBH�`Biv X X X X X X X X X X X X X X X X X X X X X X Rk
kXj h?2 S�B`rBb2 a2[m2M+2 �HB;MK2Mi S`Q#H2K X X X X X X X X X X X X X X X X X X X Rj

kXjXR LQi�iBQM �M/ .2}MBiBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X Rj
kXjXk a+Q`BM; �M �HB;MK2Mi X X X X X X X X X X X X X X X X X X X X X X X X X X X R9
kXjXj L22/H2K�M@qmMb+? �H;Q`Bi?K 7Q` :HQ#�H �HB;MK2Mi X X X X X X X X X Re
kXjX9 :HQ#�H �HB;MK2Mi rBi? :�T S2M�HiB2b X X X X X X X X X X X X X X X X X X kR
kXjX8 aKBi?@q�i2`K�M �H;Q`Bi?K 7Q` GQ+�H �HB;MK2Mi X X X X X X X X X X X X kj

kX9 JmHiBTH2 a2[m2M+2 �HB;MK2Mi S`Q#H2K X X X X X X X X X X X X X X X X X X X X X X k9
kX9XR LQi�iBQM �M/ .2}MBiBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X k9
kX9Xk �H;Q`Bi?Kb 7Q` i?2 Ja� S`Q#H2K X X X X X X X X X X X X X X X X X X X X X k3
kX9Xj Pi?2` Ja� a+Q`2 6mM+iBQMb X X X X X X X X X X X X X X X X X X X X X X X X jd
kX9X9 "2M+?K�`Fb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9y

kX8 amKK�`v �M/ .Bb+mbbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9R

j JmHiBQ#D2+iBp2 PTiBKBx�iBQM 9j
jXR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9j
jXk LQi�iBQM �M/ .2}MBiBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 99

jXkXR S�`2iQ PTiBK�HBiv X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 98
jXkXk G2tB+Q;`�T?B+ PTiBK�HBiv X X X X X X X X X X X X X X X X X X X X X X X X X 9e
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jXkXj a+�H�`Bx2/ PTiBK�HBiv X X X X X X X X X X X X X X X X X X X X X X X X X X X 9d
jXj aQHmiBQM J2i?Q/b 7Q` JmHiBQ#D2+iBp2 PTiBKBx�iBQM X X X X X X X X X X X X X X X 93

jXjXR 1t�+i J2i?Q/b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 93
jXjXk >2m`BbiB+ J2i?Q/b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8R

jX9 S2`7Q`K�M+2 �bb2bbK2Mi Q7 >2m`BbiB+ J2i?Q/b X X X X X X X X X X X X X X X X X X e8
jX9XR AM/B+�iQ` Q7 S2`7Q`K�M+2 X X X X X X X X X X X X X X X X X X X X X X X X X e8
jX9Xk �ii�BMK2Mi 6mM+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X ed

jX8 amKK�`v �M/ .Bb+mbbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X dy

9 JmHiBQ#D2+iBp2 S�B`rBb2 a2[m2M+2 �HB;MK2Mi dR
9XR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X dR
9Xk LQi�iBQM �M/ .2}MBiBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X dk
9Xj S�`�K2i`B+ a2[m2M+2 �HB;MK2Mi X X X X X X X X X X X X X X X X X X X X X X X X X X d8
9X9 �H;Q`Bi?Kb 7Q` JmHiBQ#D2+iBp2 S�B`rBb2 �HB;MK2Mi X X X X X X X X X X X X X X X d8

9X9XR .vM�KB+ S`Q;`�KKBM; 7Q` JmHiBQ#D2+iBp2 S�B`rBb2 �HB;MK2Mi X X X X de
9X9Xk �M ϵ−+QMbi`�BMi �H;Q`Bi?K 7Q` JmHiBQ#D2+iBp2 S�B`rBb2 �HB;MK2Mi X X 3d

9X8 1tT2`BK2Mi�H �M�HvbBb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X N8
9X8XR S2`7Q`K�M+2 Q7 i?2 S`mMBM; h2+?MB[m2 X X X X X X X X X X X X X X X X X X N8
9X8Xk *QKTmi�iBQM�H �M�HvbBb rBi? _2�H .�i� X X X X X X X X X X X X X X X X X Nd
9X8Xj *QKTmi�iBQM�H �M�HvbBb rBi? _�M/QK .�i� X X X X X X X X X X X X X X X NN

9Xe amKK�`v �M/ .Bb+mbbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Ryy

8 JmHiBQ#D2+iBp2 JmHiBTH2 a2[m2M+2 �HB;MK2Mi RyR
8XR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RyR
8Xk LQi�iBQM �M/ .2}MBiBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Ryj
8Xj _2pB2r Q7 �TT`Q�+?2b iQ i?2 KJa� S`Q#H2K X X X X X X X X X X X X X X X X X X Ry9
8X9 �H;Q`Bi?Kb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rye

8X9XR S�`2iQ GQ+�H a2�`+? USGaV X X X X X X X X X X X X X X X X X X X X X X X X Rye
8X9Xk Ai2`�i2/ S�`2iQ GQ+�H a2�`+? UASGaV X X X X X X X X X X X X X X X X X X X RRy
8X9Xj La:�@AA X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RRR

8X8 1tT2`BK2Mi�H �M�HvbBb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RR9
8X8XR S2`7Q`K�M+2 �M�HvbBb Q7 SGa �M/ ASGa X X X X X X X X X X X X X X X X X RR9
8X8Xk *QKT�`BbQM Q7 ASGa rBi? La:�@AA X X X X X X X X X X X X X X X X X X X X Rky
8X8Xj *QKT�`BbQM Q7 ASGa rBi? *Hmbi�H PK2;� �M/ h@*Qz22 X X X X X X X X X RkR

8Xe amKK�`v �M/ .Bb+mbbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rk8
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e �M �TTHB+�iBQM iQ i?2 *QMbi`m+iBQM Q7 S?vHQ;2M2iB+ h`22b Rkd
eXR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rkd
eXk AMi`Q/m+iBQM iQ S?vHQ;2M2iB+ h`22b X X X X X X X X X X X X X X X X X X X X X X X X Rk3
eXj *QMbi`m+iBQM Q7 i?2 S?vHQ;2M2iB+ h`22 X X X X X X X X X X X X X X X X X X X X X X RjR

eXjXR lS:J� X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RjR
eXjXk L2B;?#Q` CQBMBM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rj8
eXjXj J�tBKmK S�`bBKQMv X X X X X X X X X X X X X X X X X X X X X X X X X X X Rje
eXjX9 J�tBKmK GBF2HB?QQ/ X X X X X X X X X X X X X X X X X X X X X X X X X X X X RjN
eXjX8 Pp2`�HH .Bb+mbbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RjN

eX9 � "BQ#D2+iBp2 J2i?Q/ 7Q` *QMbi`m+iBM; S?vHQ;2M2iB+ h`22b X X X X X X X X X X R9y
eX8 �M�HvbBb rBi? _2�H .�i� X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R9R

eX8XR 6B`bi 1tT2`BK2Mi X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R9R
eX8Xk a2+QM/ 1tT2`BK2Mi X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R9k

eXe amKK�`v �M/ .Bb+mbbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R9j

d *QM+HmbBQMb �M/ 6mim`2 qQ`F R9N
dXR amKK�`v �M/ *QMi`B#miBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X R9N
dXk 6mim`2 qQ`F �M/ PT2M Abbm2b X X X X X X X X X X X X X X X X X X X X X X X X X X X R8y

� 1tT2`BK2Mi�H _2bmHib 7Q` i?2 KJa� R8j
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GBbi Q7 6B;m`2b

RXR � i`�/2 Qz #2ir22M iBK2 �M/ +Qbi X X X X X X X X X X X X X X X X X X X X X X X X j

kXR �M �HB;MK2Mi BM � 2× ℓ@K�i`Bt X X X X X X X X X X X X X X X X X X X X X X X X X X R9
kXk AHHmbi`�iBQM Q7 i?2 .S K�i`Bt Q7 i?2 L22/H2K�M@qmMb+? �H;Q`Bi?K �M/ i?2

i`�+2#�+F Q7 i?2 �HB;MK2Mi U`2/ �``QrbV X X X X X X X X X X X X X X X X X X X X X ky
kXj � +QKT�`BbQM Q7 i?2 ;HQ#�H p2`bmb HQ+�H �HB;MK2Mi UCQM2b �M/ S2pxM2`- kyy9-

T�;2 R3kV X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X k8
kX9 �HH T�B`rBb2 �HB;MK2Mib X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X jR
kX8 h?2 *Hmbi�Hq ;mB/2 i`22 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X jk
kXe h@*Qz22 T`BK�`v HB#`�`v- rBi? �HH T�B`rBb2 �HB;MK2Mib �M/ i?2 S`BK�`v q2B;?i

p�Hm2 USqV X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X j9
kXd h?2 i?`22 TQbbB#H2 �HB;MK2Mib Q7 a2[� �M/ a2[" 7Q` Qm` 2t�KTH2 X X X X X X X j8

jXR J�TTBM; Q7 i?2 n@/BK2MbBQM�H bT�+2 iQ i?2 q@/BK2MbBQM�H Q#D2+iBp2 bT�+2 X X 99
jXk � b+?2K�iB+ BHHmbi`�iBQM Q7 i?2 ǳ/QKBM�M+2 `2H�iBQMǴ- �bbmKBM; irQ K�tBKBx@

BM; Q#D2+iBp2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 98
jXj AHHmbi`�iBQM Q7 i?2 r2B;?i2/@bmK K2i?Q/ X X X X X X X X X X X X X X X X X X X X 9N
jX9 � b+?2K�iB+ BHHmbi`�iBQM Q7 i?2 ϵ@+QMbi`�BMi K2i?Q/- �bbmKBM; #BQ#D2+iBp2 QT@

iBKBx�iBQM- K�tBKBxBM; f1 bm#D2+i iQ i?2 +QMbi`�BMi f2 X X X X X X X X X X X X X 8y
jX8 AHHmbi`�iBQM Q7 bBM;H2 TQBMi UH27iV �M/ /Qm#H2 TQBMi U`B;?iV +`QbbQp2` QT2`�iQ` X 89
jXe AHHmbi`�iBQM Q7 Kmi�iBQM QT2`�iQ` X X X X X X X X X X X X X X X X X X X X X X X X X 89
jXd AHHmbi`�iBQM Q7 S�`2iQ `�MFBM; BM JP:� X X X X X X X X X X X X X X X X X X X X X 8d
jX3 AHHmbi`�iBQM Q7 `�MFBM; UH27iV �M/ +`Qr/BM; /Bbi�M+2 U`B;?iV BM La:�@AA X X X ey
jXN AHHmbi`�iBQM Q7 i?2 ?vT2`pQHmK2 BM/B+�iQ` UH27iV �M/ i?2 ϵ@BM/B+�iQ` U`B;?iV X X ed
jXRy AHHmbi`�iBQM Q7 i?2 2KTB`B+�H �ii�BMK2Mi 7mM+iBQM X X X X X X X X X X X X X X X X e3
jXRR >vTQi?2iB+�H Qmi+QK2b Q7 i?2 i?`22 `mMb 7Q` � JPS BMbi�M+2 X X X X X X X X X eN
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9XR o�`BQmb �HB;MK2Mib Q7 b2[m2M+2b ��:h�:* �M/ �h:�*: UH27iV �M/ i?2B` BK�;2b
BM i?2 b+Q`2 bT�+2 U`B;?iV X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X d9

9Xk AHHmbi`�iBQM Q7 i?2 HQr2` #QmM/ b2iX GQr2` #QmM/ b2i +QMi�BMb i?2 i?`22 T`2@
+QKTmi2/ MQM@/QKBM�i2/ b+Q`2 p2+iQ`b JAL- JA. �M/ J�sX �Mv �HB;MK2Mi
r?Qb2 b+Q`2 p2+iQ` Bb BMbB/2 Q7 i?2 b?�/2/ �`2� +�MMQi #2 S�`2iQ QTiBK�H- bBM+2
Bi rQmH/ #2 /QKBM�i2/ #v JAL- JA. Q` J�s X X X X X X X X X X X X X X X X X X 3R

9Xj h?2 2tT2`BK2Mi�H `2bmHib 7Q` .S@S`mM2 7Q` S`Q#H2Kb Uoa.SV �M/ Uoa:SV
rBi? `�M/QK /�i� b2i `�M;2/ 7`QK n = 200 iQ 3000 X X X X X X X X X X X X X X NN

8XR Jmi�iBQM QT2`�iQ`, ;�Tb �`2 `�M/QKHv +?Qb2M �M/ b?B7i2/ iQ �MQi?2` TQbBiBQMX
*QHmKMb rBi? QMHv BM/2Hb �`2 `2KQp2/ X X X X X X X X X X X X X X X X X X X X X X RRk

8Xk aBM;H2 TQBMi +`QbbQp2` QT2`�iQ`, h?2 }`bi T�`2Mi �HB;MK2Mi UsV Bb +mi bi`�B;?i
�i � `�M/QKHv +?Qb2M TQbBiBQM- �M/ irQ #HQ+Fb �`2 +`2�i2/ UsR%skVX h?2
b2+QM/ T�`2Mi �HB;MK2Mi UuV Bb i�BHQ`2/ bQ i?�i i?2 `B;?i TB2+2 +�M #2 DQBM2/
iQ i?2 H27i TB2+2 Q7 i?2 }`bi T�`2Mi UuR%ukVX h?2M- i?2 #HQ+Fb Q7 UuR%ukV �`2
}HH2/ rBi? BM/2Hb BM Q`/2` iQ K�i+? i?2 bBx2 �M/ F22T i?2 Q`/2` Q7 i?2 H2ii2`b
BM i?2 b2[m2M+2bX AM i?2 2M/- i?2 #HQ+Fb Q7 irQ T�`2Mib �`2 +`Qbb2/ UsR%uk
�M/ uR%ukV X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RRj

8Xj 1�6 /Bz2`2M+2 THQi 7Q` BMbi�M+2 ""RRyy3 7`QK 7�KBHv ;`QmT _oRRX X X X X X X Rkj
8X9 1�6 /Bz2`2M+2 THQi 7Q` BMbi�M+2 ""kyyyj 7`QK 7�KBHv ;`QmT _oRkX X X X X X X Rkj

eXR .Bz2`2Mi `2T`2b2Mi�iBQMb Q7 � T?vHQ;2M2iB+ i`22X X X X X X X X X X X X X X X X X X RkN
eXk AHHmbi`�iBQM Q7 #QQibi`�TTBM; K2i?Q/ 7Q` � T?vHQ;2M2iB+ i`22X X X X X X X X X X Rjy
eXj h?2 /Bbi�M+2 K�i`Bt Q7 i?`22 b2[m2M+2b rBi? H2M;i? eX h?2 /Bbi�M+2 Bb +�H@

+mH�i2/ �b i?2 MmK#2` Q7 bm#biBimiBQMb #2ir22M b2[m2M+2b /BpB/2/ #v i?2B`
H2M;i?bX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RjR

eX9 ai2Tb Q7 i?2 lS:J� K2i?Q/ X X X X X X X X X X X X X X X X X X X X X X X X X X X Rjk
eX8 ai2Tb Q7 L2B;?#Q` CQBMBM; K2i?Q/ X X X X X X X X X X X X X X X X X X X X X X X X Rj9
eXe AM7Q`K�iBp2 �M/ MQM@BM7Q`K�iBp2 bBi2b BM K�tBKmK T�`bBKQMv K2i?Q/X X X X X Rjd
eXd S`BM+BTH2b Q7 i`22 +QMbi`m+iBQM #v i?2 K�tBKmK T�`bBKQMv K2i?Q/X h`22 R

Bb i?2 KQbi T�`bBKQMBQmb i`22 #2+�mb2 Bib iQTQHQ;v Bb #�b2/ QM i?2 KBMBKmK
MmK#2` Q7 bm#biBimiBQMbX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rjd

eX3 S?vHQ;2M2iB+ i`22b 7Q` i?2 }`bi 2tT2`BK2Mi, #BQ#D2+iBp2 KQ/2H 7Q` � ;�T p�Hm2
Q7 k3j U�V �M/ J�tBKmK GBF2HB?QQ/ KQ/2H U#VX X X X X X X X X X X X X X X X X X R99
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eXN ai�B`+�b2 HBM2 `2T`2b2Mi�iBQM Q7 i?2 MQM@/QKBM�i2/ b+Q`2 b2ib 7Q` i?2 }`bi 2t@
T2`BK2MiX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R98

eXRy S?vHQ;2M2iB+ i`22b 7Q` i?2 b2+QM/ 2tT2`BK2Mi, #BQ#D2+iBp2 KQ/2H 7Q` � ;�T
p�Hm2 Q7 kk U�V �M/ 89 U#V �M/ J�tBKmK GBF2HB?QQ/ KQ/2H U+VX X X X X X X X X R9e

eXRR ai�B`+�b2 HBM2 `2T`2b2Mi�iBQM Q7 i?2 MQM@/QKBM�i2/ b+Q`2 b2ib 7Q` i?2 b2+QM/
2tT2`BK2MiX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R9d

�XR SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""RRyyR X X X X X X X X X X X X X X X X X X X X R89
�Xk SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""RRyyk X X X X X X X X X X X X X X X X X X X R89
�Xj SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""RRyyj X X X X X X X X X X X X X X X X X X X R88
�X9 SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""RRyy9 X X X X X X X X X X X X X X X X X X X R88
�X8 SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""RRyy8 X X X X X X X X X X X X X X X X X X X R8e
�Xe SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""RRyye X X X X X X X X X X X X X X X X X X X R8e
�Xd SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""RRyyd X X X X X X X X X X X X X X X X X X X R8d
�X3 SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""RRyy3 X X X X X X X X X X X X X X X X X X X R8d
�XN SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""RRyyN X X X X X X X X X X X X X X X X X X X R83
�XRy SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""RRyRy X X X X X X X X X X X X X X X X X X X R83
�XRR SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""RkyyR X X X X X X X X X X X X X X X X X X X R8N
�XRk SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""Rkyyk X X X X X X X X X X X X X X X X X X X R8N
�XRj SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""Rkyyj X X X X X X X X X X X X X X X X X X X Rey
�XR9 SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""Rkyy9 X X X X X X X X X X X X X X X X X X X Rey
�XR8 SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""Rkyy8 X X X X X X X X X X X X X X X X X X X ReR
�XRe SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""Rkyye X X X X X X X X X X X X X X X X X X X ReR
�XRd SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""Rkyyd X X X X X X X X X X X X X X X X X X X Rek
�XR3 SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""Rkyy3 X X X X X X X X X X X X X X X X X X X Rek
�XRN SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""RkyyN X X X X X X X X X X X X X X X X X X X Rej
�Xky SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""RkyRy X X X X X X X X X X X X X X X X X X X Rej
�XkR SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""kyyyR X X X X X X X X X X X X X X X X X X X Re9
�Xkk SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""kyyyk X X X X X X X X X X X X X X X X X X X Re9
�Xkj SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""kyyyj X X X X X X X X X X X X X X X X X X X Re8
�Xk9 SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""kyyy9 X X X X X X X X X X X X X X X X X X X Re8
�Xk8 SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""kyyy8 X X X X X X X X X X X X X X X X X X X Ree
�Xke SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""kyyye X X X X X X X X X X X X X X X X X X X Ree
�Xkd SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""kyyyd X X X X X X X X X X X X X X X X X X X Red

tBBB



�Xk3 SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""kyyy3 X X X X X X X X X X X X X X X X X X X Red
�XkN SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""kyyyN X X X X X X X X X X X X X X X X X X X Re3
�Xjy SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""kyyRy X X X X X X X X X X X X X X X X X X X Re3
�XjR SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""jyyyR X X X X X X X X X X X X X X X X X X X ReN
�Xjk SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""jyyyk X X X X X X X X X X X X X X X X X X X ReN
�Xjj SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""jyyyj X X X X X X X X X X X X X X X X X X X Rdy
�Xj9 SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""jyyy9 X X X X X X X X X X X X X X X X X X X Rdy
�Xj8 SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""jyyy8 X X X X X X X X X X X X X X X X X X X RdR
�Xje SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""jyyye X X X X X X X X X X X X X X X X X X X RdR
�Xjd SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""jyyyd X X X X X X X X X X X X X X X X X X X Rdk
�Xj3 SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""jyyy3 X X X X X X X X X X X X X X X X X X X Rdk
�XjN SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""jyyyN X X X X X X X X X X X X X X X X X X X Rdj
�X9y SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""jyyRy X X X X X X X X X X X X X X X X X X X Rdj
�X9R SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""9yyyR X X X X X X X X X X X X X X X X X X X Rd9
�X9k SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""9yyyk X X X X X X X X X X X X X X X X X X X Rd9
�X9j SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""9yyyj X X X X X X X X X X X X X X X X X X X Rd8
�X99 SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""9yyy9 X X X X X X X X X X X X X X X X X X X Rd8
�X98 SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""9yyy8 X X X X X X X X X X X X X X X X X X X Rde
�X9e SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""9yyye X X X X X X X X X X X X X X X X X X X Rde
�X9d SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""9yyyd X X X X X X X X X X X X X X X X X X X Rdd
�X93 SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""9yyy3 X X X X X X X X X X X X X X X X X X X Rdd
�X9N SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""9yyyN X X X X X X X X X X X X X X X X X X X Rd3
�X8y SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""9yyRy X X X X X X X X X X X X X X X X X X X Rd3
�X8R SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""8yyyR X X X X X X X X X X X X X X X X X X X RdN
�X8k SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""8yyyk X X X X X X X X X X X X X X X X X X X RdN
�X8j SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""8yyyj X X X X X X X X X X X X X X X X X X X R3y
�X89 SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""8yyy9 X X X X X X X X X X X X X X X X X X X R3y
�X88 SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""8yyy8 X X X X X X X X X X X X X X X X X X X R3R
�X8e SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""8yyye X X X X X X X X X X X X X X X X X X X R3R
�X8d SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""8yyyd X X X X X X X X X X X X X X X X X X X R3k
�X83 SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""8yyy3 X X X X X X X X X X X X X X X X X X X R3k
�X8N SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""8yyyN X X X X X X X X X X X X X X X X X X X R3j
�Xey SHQi Q7 i?2 1�6 7Q` i?2 BMbi�M+2 ""8yyRy X X X X X X X X X X X X X X X X X X X R3j
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GBbi Q7 h�#H2b

kXR �M �HB;MK2Mi rBi? H2M;i? 8 �M/ Bib TQbBiBQM r2B;?i K�i`BtX X X X X X X X X X X 9y

9XR lTT2` #QmM/b 7Q` i?2 2t�KTH2 BM a2+iBQM 9X9XR X X X X X X X X X X X X X X X X X 3j
9Xk J�i`Bt P rBi?Qmi UH27iV �M/ rBi? U`B;?iV T`mMBM; 7Q` i?2 2t�KTH2 BM a2+iBQM 9X9XR 39
9Xj J�i`B+2b P �M/ Q 7Q` k = 0 �M/ k = 1 7Q` i?2 2t�KTH2 BM a2+iBQM 9X9XR rBi?

i?2 ϵ@+QMbi`�BMi �TT`Q�+?X h?2 MmK#2`b BM i?2 #Hm2 #Qt2b b?Qr i?2 i`�+2#�+F
7Q` i?2 �HB;MK2Mi rBi? b+Q`2 (−3,−1) X X X X X X X X X X X X X X X X X X X X X X NR

9X9 ϵ@+QMbi`�BMi K�i`B+2b 7Q` S`Q#H2K Uoa:SV rBi? k = 1 �M/ k = 2 7Q` i?2
2t�KTH2 BM a2+iBQM 9X9XR X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X N9

9X8 1tT2`BK2Mi�H `2bmHib 7Q` i?2 T`mMBM; i2+?MB[m2 7Q` S`Q#H2K Uoa.SV X X X X X Ne
9Xe 1tT2`BK2Mi�H `2bmHib 7Q` i?2 T`mMBM; i2+?MB[m2 7Q` S`Q#H2K Uoa:SV X X X X X Ne
9Xd 1tT2`BK2Mi�H `2bmHib QM i?2 irQ /�i� b2ib X X X X X X X X X X X X X X X X X X X X N3

8XR aBM;H2 Q#D2+iBp2 K2i?Q/b i?�i �`2 mb2/ iQ +`2�i2 bi�`iBM; �HB;MK2Mib X X X X X Ryd
8Xk �p2`�;2 `2H�iBp2 ?vT2`pQHmK2 BM/B+�iQ` p�Hm2 UIRHV V 7Q` SGa 7Q` b2p2`�H k@

#HQ+F M2B;?#Q`?QQ/ bBx2b �M/ bi�`iBM; bQHmiBQMb U*Hmbi�H PK2;�- h@*Q7722
�M/ _�M/V 7Q` 2�+? BMbi�M+2 Q7 i?2 /�i�b2i _oRRX h?2 `2bmHib �`2 �p2`�;2/
Qp2` jy `mMbX a22 i2ti 7Q` KQ`2 /2i�BHb X X X X X X X X X X X X X X X X X X X X X X RRe

8Xj �p2`�;2 `2H�iBp2 ?vT2`pQHmK2 BM/B+�iQ` p�Hm2 UIRHV V 7Q` SGa rBi? b2p2`�H k@
#HQ+F M2B;?#Q`?QQ/ bBx2b �M/ bi�`iBM; bQHmiBQMb U*Hmbi�H PK2;�- h@*Q7722
�M/ _�M/V 7Q` 7Q` 2�+? BMbi�M+2 Q7 i?2 /�i�b2i _okyX h?2 `2bmHib �`2 �p2`�;2/
Qp2` jy `mMbX a22 i2ti 7Q` KQ`2 /2i�BHb X X X X X X X X X X X X X X X X X X X X X X RRd

8X9 �p2`�;2 `2H�iBp2 ?vT2`pQHmK2 BM/B+�iQ` p�Hm2 UIRHV V 7Q` ASGa rBi? b2p2`�H
T2`im`#�iBQM Bi2`�iBQMb USV 7Q` 2�+? BMbi�M+2 Q7 /�i�b2i _oRRX h?2 `2bmHib �`2
�p2`�;2/ Qp2` jy `mMbX a22 i2ti 7Q` KQ`2 /2i�BHb X X X X X X X X X X X X X X X X X RR3

tp



8X8 �p2`�;2 `2H�iBp2 ?vT2`pQHmK2 BM/B+�iQ` p�Hm2 UIRHV V 7Q` ASGa rBi? b2p2`�H
T2`im`#�iBQM MmK#2`b USV 7Q` 2�+? BMbi�M+2 Q7 i?2 /�i�b2i _okyX h?2 `2bmHib
�`2 �p2`�;2/ Qp2` jy `mMbX a22 i2ti 7Q` KQ`2 /2i�BHb X X X X X X X X X X X X X X X RRN

8Xe �p2`�;2 `2H�iBp2 ?vT2`pQHmK2 BM/B+�iQ` p�Hm2 UIRHV V 7Q` ASGa �M/ La:�@AA
7Q` i?2 }`bi Ry BMbi�M+2b Q7 i?2 /�i�b2ib _oRR- _oRk- _oky- _ojy- _o9y �M/
_o8yX h?2 `2bmHib �`2 �p2`�;2/ Qp2` jy `mMb 7Q` 2�+? �H;Q`Bi?KX a22 i2ti 7Q`
KQ`2 /2i�BHb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rkk

8Xd h?2 b2H2+iBp2 /�i�b2ib 7`QK /Bz2`2M+2 `272`2M+2 Q7 i?2 #2M+?K�`FX X X X X X X Rk9
8X3 h?2 `2bmHib Q7 aS b+Q`2 BM h@*Qz22- *Hmbi�H PK2;� �M/ ASGa QM i?2 b2H2+i2/

i2bi +�b2bX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rk9
8XN h?2 `2bmHib Q7 h* b+Q`2 BM h@*Qz22- *Hmbi�H PK2;� �M/ ASGa QM i?2 b2H2+i2/

i2bi +�b2bX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rk9
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GBbi Q7 �##`2pB�iBQMb

�##`2pB�iBQM J2�MBM;

�6 �ii�BMK2Mi 6mM+iBQM
*q�* *QKTQM2Mi qBb2 �++2Ti�M+2 *`Bi2`BQM
.S .vM�KB+ S`Q;`�KKBM;
1� 1pQHmiBQM�`v �H;Q`Bi?K
1�6 1KTB`B+�H �ii�BMK2Mi 6mM+iBQM
6Sa 6BiM2bb S`QTQ`iBQM�i2 a2H2+iBQM
>hl >vTQi?2iB+�H h�tQMQKB+ lMBi
AGa Ai2`�i2/ GQ+�H a2�`+?
ASGa Ai2`�i2/ S�`2iQ GQ+�H a2�`+?
Ga GQ+�H a2�`+?
J1� JmHiBQ#D2+iBp2 1pQHmiBQM�`v �H;Q`Bi?Kb
JG J�tBKmK HBF2HB?QQ/
KJa� JmHiBQ#D2+iBp2 JmHiBTH2 a2[m2M+2 �HB;MK2Mi
JP:� JmHiBQ#D2+iBp2 :2M2iB+ �H;Q`Bi?K
JPS JmHiBQ#D2+iBp2 PTiBKBx�iBQM S`Q#H2K
KSa� JmHiBQ#D2+iBp2 S�B`rBb2 a2[m2M+2 �HB;MK2Mi
JS J�tBKmK S�`bBKQMv
Ja� JmHiBTH2 a2[m2M+2 �HB;MK2Mi
LC L2B;?#Q` CQBMBM;
La:� LQM@/QKBM�i2/ aQ`iBM; :2M2iB+ �H;Q`Bi?K
La:�@AA 6�bi LQM@/QKBM�i2/ aQ`iBM; :2M2iB+ �H;Q`Bi?K
Phl PT2`�iBQM�H h�tQMQKB+ lMBi
S�1a S�`2iQ@�`+?Bp2/ 1pQHmiBQM ai`�i2;v
SGa S�`2iQ GQ+�H a2�`+?

tpBB



�##`2pB�iBQM J2�MBM;

Sa� S�B`rBb2 a2[m2M+2 �HB;MK2Mi
Sq S`BK�`v q2B;?ib
a�* a+�H�`Bx2/ �++2Ti�M+2 *`Bi2`BQM
aS@b+Q`2 amK@Q7@T�B`b b+Q`2
aS1� ai`2M;i? S�`2iQ 1pQHmiBQM�`v �H;Q`Bi?K
ala aiQ+?�biB+ lMBp2`b�H a�KTHBM;
o1:� o2+iQ` 1p�Hm�i2/ :2M2iB+ �H;Q`Bi?K
qaS@b+Q`2 q2B;?i2/ amK@Q7@S�B`b b+Q`2

tpBBB



*?�Ti2` R

AMi`Q/m+iBQM

RXR JQiBp�iBQM

a2[m2M+2 �HB;MK2Mi Bb i?2 }`bi bi2T BM 2p�Hm�iBM; i?2 /2;`22 Q7 bBKBH�`Biv #2ir22M #BQHQ;B+�H
b2[m2M+2b- bm+? �b .L� Q` T`Qi2BMbX �M �HB;MK2Mi �HHQrb ?B;?HB;?iBM; i?2 /Bz2`2M+2b #2@
ir22M TQi2MiB�HHv bBKBH�` #BQHQ;B+�H b2[m2M+2b- r?B+? K�v `2bmHi 7`QK Kmi�iBQMb �M/ +�M #2
BMi2`T`2i2/ BM 2pQHmiBQM�`v i2`KbX "�b2/ QM i?2 BM7Q`K�iBQM T`QpB/2/ #v i?2 �HB;MK2Mi- Bi Bb
TQbbB#H2 iQ 2tTH�BM �M/ T`2/B+i 7mM+iBQM�H �M/ bi`m+im`�H BM7Q`K�iBQM Q7 � b2[m2M+2X 6Q` i?Bb
`2�bQM- }M/BM; #BQHQ;B+�HHv K2�MBM;7mH �HB;MK2Mib Bb � 7mM/�K2Mi�H �bT2+i BM "BQBM7Q`K�iB+bX

� .L� b2[m2M+2 Bb K�/2 Q7 9 /Bz2`2Mi `2T2�iBM; mMBib +�HH2/ Mm+H2QiB/2b U1;HB �M/
a�2M;2`- kyRjV �M/ � T`Qi2BM Bb T`Q/m+2/ Q7 ky mMBib +�HH2/ �KBMQ �+B/b UL2HbQM 2i �HX- kyy3VX
AM #BQHQ;v- � bBM;H2 mMBi UMm+H2QiB/2f�KBMQ �+B/V i?�i K�F2b mT i?2 .L� Q` T`Qi2BM Bb +�HH2/
`2bB/m2X h?2 �bb2bbK2Mi Q7 i?2 `2H�iBQMb?BT #2ir22M irQ Q` KQ`2 b2[m2M+2b Bb T2`7Q`K2/ #v �
b2[m2M+2 �HB;MK2Mi T`Q+2/m`2- r?B+? +QMbBbib Q7 �HB;MBM; i?2 b2[m2M+2b BM Q`/2` iQ QTiBKBx2
� ;Bp2M b+Q`2 7mM+iBQM i?�i i�F2b BMiQ �++QmMi i?2 MmK#2`b Q7 B/2MiB+�H Q` bBKBH�` `2bB/m2b
#2ir22M i?2 b2[m2M+2bXR

RaBKBH�` `2bB/m2b �`2 i?Qb2 i?�i ?�p2 bBKBH�` +?2KB+�H +?�`�+i2`BbiB+bX 6Q` BMbi�M+2- BM T`Qi2BMb- bm#biBimiBQM
Q7 �KBMQ �+B/ `2bB/m2b #v +?2KB+�HHv 2[mBp�H2Mi QM2b Q7i2M /Q2b MQi ?�p2 � bm#bi�MiB�H 2z2+i QM i?2 bi`m+im`2
Q` QM i?2 7mM+iBQM Q7 i?�i T`Qi2BMX

R



k RX AMi`Q/m+iBQM

h?2`2 �`2 bQK2 `mH2b QM ?Qr iQ #mBH/ i?2 b+Q`2 7mM+iBQM Q7 � b2[m2M+2 �HB;MK2Mi T`Q+2/m`2
bm+? i?�i i?2 �HB;MK2Mi T`Q/m+2/ Bb K2�MBM;7mH BM � #BQHQ;B+�H +QMi2tiX 6Q` BMbi�M+2- i?2`2
Bb � rB/2 +QMb2Mbmb i?�i i?2 b+Q`2 7mM+iBQM b?QmH/ i�F2 BMiQ �++QmMi i?2 K�i+?BM; #2ir22M
B/2MiB+�H Q` bBKBH�` `2bB/m2b 7`QK i?2 /Bz2`2Mi b2[m2M+2b �b Km+? �b TQbbB#H2X >Qr2p2`-
K�i+?BM; +QK2b rBi? � +Qbi, p2`v Q7i2M- #HQ+Fb Q7 `2bB/m2b Kmbi #2 /2i�+?2/ 7`QK 2�+?
Qi?2` BM Q`/2` iQ K�tBKBx2 i?2 K�i+?BM;X .2T2M/BM; QM ?Qr i?2 K�i+?BM; �M/ i?2 MmK#2`
Q7 /2i�+?2/ #HQ+Fb Q7 `2bB/m2b �`2 ?�M/H2/ BM i?2 b2[m2M+2 �HB;MK2Mi T`Q+2/m`2- /Bz2`2Mi
�HB;MK2Mib K�v #2 Q#i�BM2/X

h?2 7QHHQrBM; 2t�KTH2 b?Qrb � TQbbB#H2 �HB;MK2Mi #2ir22M i?2 b2[m2M+2b :*SoaaSLo1J
�M/ :*Su:*.S1�.�X

R, :*Soa@aSLo1J
%%%  @ %    

k, :*Su:*.S1J.�

h?2 B/2MiB+�H `2bB/m2b UK�i+?2bV #2ir22M i?2 irQ b2[m2M+2b �`2 K�`F2/ #v i?2 +?�`�+i2` ǵ%Ƕ
�M/ i?2 mM2[m�H QM2b UKBbK�i+?2bfbm#biBimiBQMbV �`2 b?QrM rBi? +?�`�+i2` ǵ ǶX LQi2 i?�i
QM2 Q7 i?2 `2bB/m2b BM i?2 b2+QM/ b2[m2M+2 /Q2b MQi ?�p2 � +Q``2bTQM/BM; `2bB/m2 BM i?2 }`bi-
r?B+? Bb K�`F2/ #v i?2 +?�`�+i2` ǵ@Ƕ BM i?2 �HB;MK2Mi U�M BM/2HVX �MQi?2` TQbbB#H2 �HB;MK2Mi
Q7 i?2 b�K2 b2[m2M+2b Bb b?QrM #2HQrX

R, :*Soaa@SLo1J@@
%%%   @%@@%%@@

k, :*Su:*.S@@1J.�

h?2 [m�HBiv Q7 i?2 �HB;MK2Mi Bb �bb2bb2/ #v K2�Mb Q7 � b+Q`2 7mM+iBQM- r?B+? +�M #2 �b
bBKTH2 �b bm#i`�+iBM; i?2 MmK#2` Q7 BM/2Hb 7`QK i?2 MmK#2` Q7 K�i+?2b BM i?2 �HB;MK2MiX AM
i?2 irQ 2t�KTH2b �#Qp2- i?Bb b+Q`2 7mM+iBQM rQmH/ `2im`M 4 − 3 = 1 7Q` i?2 }`bi �HB;MK2Mi
�M/ 5− 5 = 0 7Q` i?2 b2+QM/ �HB;MK2MiX LQi2 i?�i i?2 b2+QM/ �HB;MK2Mi ?�b KQ`2 K�i+?2b
i?�M i?�i Q7 i?2 }`bi- #mi i?Bb Bb �+?B2p2/ #v BMb2`iBM; KQ`2 BM/2HbX q?2M BMi`Q/m+BM; BM/2Hb
BM i?2 �HB;MK2Mi- i?2 7QHHQrBM; [m2biBQM K�v �`Bb2, >Qr K�Mv BM/2Hb +�M #2 BMi`Q/m+2/\
�+im�HHv- #v BMi`Q/m+BM; � H�`;2 MmK#2` Q7 BM/2Hb- i?2 bBKBH�`Biv rQmH/ BM+`2�b2- #mi rQmH/
i?�i #2 #BQHQ;B+�HHv `2H2p�Mi\ Ua22 /Bb+mbbBQM BM UJQ``BbQM- kyR8VV

AM ;2M2`�H- i?2 b+Q`2 7mM+iBQM BM b2[m2M+2 �HB;MK2Mi Bb /2}M2/ �b � +QK#BM�iBQM Q7 /B7@
72`2Mi +QKTQM2Mib rBi? /Bz2`2Mi r2B;?ibX 1�+? +QKTQM2Mi- bm+? �b i?2 MmK#2` Q7 K�i+?2b-



RXRX JQiBp�iBQM j

The cheapest

The fastest

cost

time

6B;m`2 RXR, � i`�/2 Qz #2ir22M iBK2 �M/ +Qbi

KBbK�i+?2b- �M/ BM/2Hb +�M #2 �bbB;M2/ � TQbBiBp2 r2B;?iX 6Q` BMbi�M+2- ;BpBM; KQ`2 r2B;?i
iQ i?2 MmK#2` Q7 K�i+?2b- i?2 b+Q`2 7mM+iBQM rQmH/ 7�pQ` �HB;MK2Mib rBi? p2`v H�`;2 bBKB@
H�`Biv- 2p2M B7 � H�`;2 MmK#2` Q7 BM/2Hb Bb `2[mB`2/X A7 KQ`2 r2B;?i Bb ;Bp2M iQ i?2 MmK#2` Q7
BM/2Hb- i?2M i?2 b+Q`2 7mM+iBQM rQmH/ T`QKQi2 �HB;MK2Mib rBi? p2`v 72r MmK#2`b Q7 BM/2Hb-
r?B+? K�v `2bmHi BM HQr bBKBH�`BivX *H2�`Hv- i?2 +?QB+2 Q7 /Bz2`2Mi r2B;?ib K�v T`Q/m+2
/BbiBM+i �HB;MK2Mi- #mi- mM7Q`imM�i2Hv- i?2`2 Bb MQ 2tTHB+Bi �;`22K2Mi QM ?Qr iQ +?QQb2 i?Qb2
r2B;?ibX h?2`27Q`2- �M �HB;MK2Mi ;2M2`�i2/ #v � +QKTmi2` T`Q;`�K bm+? �b "H�bi Q` 6�ah�
`2T`2b2Mib QMHv QM2 Q7 K�Mv TQbbB#BHBiB2b i?�i +�M #2 Q#i�BM2/ BM QTiBKBxBM; i?2 ;Bp2M b+Q`2
7mM+iBQMX

AM i?Bb i?2bBb- r2 i�F2 � /Bz2`2Mi TQBMi Q7 pB2r QM i?2 K�i?2K�iB+�H 7Q`KmH�iBQM Q7 i?2
b2[m2M+2 �HB;MK2Mi T`Q#H2KX _�i?2` i?�M +QMbB/2`BM; � b+�H�` b+Q`2 7mM+iBQM- `2bmHiBM; 7`QK �
r2B;?i2/ bmK Q7 +QKTQM2Mib- r2 +QMbB/2` � p2+iQ` b+Q`2 7mM+iBQM rBi? i?2 ;Q�H Q7 QTiBKBxBM;-
bBKmHi�M2QmbHv- i?2 /Bz2`2Mi b+Q`2 +QKTQM2MibX h?Bb #`BM;b mb iQ i?2 iQTB+ Q7 KmHiBQ#D2+iBp2
QTiBKBx�iBQM- r?B+? /2�Hb rBi? i?2 K�i?2K�iB+�H 7Q`KmH�iBQM Q7 QTiBKBx�iBQM T`Q#H2Kb rBi?
b2p2`�H +QM~B+iBM; Q#D2+iBp2b �b r2HH �b rBi? �H;Q`Bi?Kb iQ bQHp2 i?2KX

JmHiBQ#D2+iBp2 QTiBKBx�iBQM T`Q#H2Kb �`Bb2 M�im`�HHv BM K�Mv `2�H@rQ`H/ QTiBKBx�iBQM
b+2M�`BQb- 7Q` 2t�KTH2- r?2M TH�MMBM; � i`BT 7`QK � +Biv X iQ �MQi?2` +Biv Y X h?2`2 K�v #2
/Bz2`2Mi T�i?b #2ir22M irQ +BiB2b rBi? /Bz2`2Mi Q#D2+iBp2b, /Bbi�M+2- +Qbi- i`�p2H iBK2- 2i+X
� bQHmiBQM iQ i?Bb T`Q#H2K Bb i?2 QM2 r?B+? Bb QTiBK�H rBi? `2bT2+i iQ �HH Q#D2+iBp2bX "mi Bb
i?2`2 bm+? � B/2�H bQHmiBQM\ h?2 +?2�T2bi T�i? Bb MQi M2+2bb�`BHv i?2 7�bi2bi- MQ` i?2 7�bi2bi
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M22/b iQ #2 i?2 +?2�T2bi B7 iQHH2/ ?B;?r�vb �`2 +QMbB/2`2/X
q?2M i?2 /2+BbBQM K�F2` Bb +�MMQi 2tT`2bb ?Bb T`272`2M+2b � T`BQ`B- i?2 MQiBQM Q7 S�`2iQ

QTiBK�HBiv Bb i?2 KQbi M�im`�H iQ #2 mb2/ r?2M /2�HBM; rBi? KmHiBQ#D2+iBp2 QTiBKBx�iBQMX AM
i?Bb +�b2- QM2 Bb BMi2`2bi2/ BM Q#i�BMBM; � b2i Q7 bQHmiBQMb i?�i `2T`2b2Mi i?2 QTiBK�H i`�/2@
Qz #2ir22M i?2 /Bz2`2Mi Q#D2+iBp2b- BX2X- bQHmiBQMb r?B+? �`2 MQi rQ`b2 i?�M �Mv Qi?2` �M/
bi`B+iHv #2ii2` BM �i H2�bi QM2 Q7 i?2 Q#D2+iBp2bX 6B;m`2 RXR b?Qrb � b2i Q7 QTiBK�H bQHmiBQMb
iQ i?2 T`Q#H2K Q7 }M/BM; � T�i? #2ir22M irQ +BiB2b i?�i KBMBKBx2 #Qi? +Qbi �M/ iBK2X h?2
H27iKQbi TQBMi +Q``2bTQM/b iQ i?2 7�bi2bi bQHmiBQM r?2`2�b i?2 `B;?iKQbi TQBMi +Q``2bTQM/b
iQ i?2 +?2�T2bi bQHmiBQMc i?2 TQBMi BM i?2 KB//H2 +Q``2bTQM/b iQ � bQHmiBQM i?�i Bb �b `2H2p�Mi
�b i?2 Qi?2` irQ bBM+2 Bi Bb MQi bQ 7�bi �b i?2 +?2�T2bi �M/ MQi bQ 2tT2MbBp2 �b i?2 7�bi2biX
6BM/BM; i?Bb QTiBK�H i`�/2@Qz #2ir22M i?2 Q#D2+iBp2b Bb +QKKQMHv FMQrM �b bQHpBM; i?2
KmHiBQ#D2+iBp2 T`Q#H2K BM i2`Kb Q7 S�`2iQ QTiBK�HBivX

6`QK Qm` TQBMi Q7 pB2r- i?2 b2[m2M+2 �HB;MK2Mi T`Q#H2K Bb � M�im`�H KmHiBQ#D2+iBp2 QTiB@
KBx�iBQM T`Q#H2K Ĝ Bi /2�Hb rBi? i?2 +QM~B+iBM; ;Q�H Q7 K�tBKBxBM; bBKBH�`Biv �M/ KBMBKBxBM;
i?2 BMb2`iBQM Q7 BM/2HbX � KmHiBQ#D2+iBp2 7Q`KmH�iBQM Q7 i?2 b2[m2M+2 �H;Q`Bi?K T`Q#H2K ?�b
i?2 �/p�Mi�;2 Q7 `2[mB`BM; MQ b2imT Q7 r2B;?ibX >Qr2p2`- i?2`2 KB;?i #2 b2p2`�H BM+QKT�@
`�#H2 �HB;MK2Mib i?�i ?�p2 iQ #2 +QMbB/2`2/ BM i?2 �M�HvbBb- #mi r2 +QMbB/2` i?Bb iQ #2 �
M�im`�H +QMb2[m2M+2 Q7 i?2 r�v i?2 T`Q#H2K Bb +QMbB/2`2/ BM T`�+iB+2X h?2 �TTHB+�iBQMb Q7
i?2b2 +QM+2Tib iQ b2[m2M+2 �HB;MK2Mi r2`2 K2MiBQM2/- 7Q` i?2 }`bi iBK2- BM _Qvi#2`; 2i �HX
URNNNVX lT iQ Qm` FMQrH2/;2- MQ Qi?2` Tm#HBb?2/ rQ`F 2tTHQ`2/ i?2 b�K2 +QM+2Tib mMiBH i?2
bi�`iBM; Q7 i?Bb i?2bBb- BM kyRRX

6BM/BM; bm+? � b2i Q7 QTiBK�H bQHmiBQMb iQ KmHiBQ#D2+iBp2 QTiBKBx�iBQM T`Q#H2Kb Bb � #B;
+?�HH2M;2 BM +QKTmi2` b+B2M+2X J�Mv bm+? T`Q#H2Kb �`2 FMQrM iQ #2 LS@?�`/ 2p2M B7 i?2B`
bBM;H2 Q#D2+iBp2 p2`bBQMb +�M #2 bQHp2/ BM � TQHvMQKB�H �KQmMi Q7 iBK2X >Qr2p2`- 7Q` i?2
KmHiBQ#D2+iBp2 7Q`KmH�iBQM Q7 i?2 b2[m2M+2 �HB;MK2Mi T`Q#H2K- Bi Bb FMQrM i?�i i?Bb Bb MQi
i?2 +�b2 B7 QMHv irQ b2[m2M+2b �`2 +QMbB/2`2/ BM _Qvi#2`; 2i �HX URNNNVX h?Bb Bb �M �TT2�HBM;
72�im`2 MQi QMHv 7Q` T`�+iBiBQM2`b #mi �HbQ 7Q` i?2 b+B2MiB}+ +QKKmMBiv BM KmHiBQ#D2+iBp2
QTiBKBx�iBQMX

AM i?2 7QHHQrBM;- r2 BMi`Q/m+2 i?2 K�BM `2b2�`+? [m2biBQMb i?�i KQiBp�i2 i?Bb rQ`FX

ZR @ AM _Qvi#2`; 2i �HX URNNNV- � bBKTH2 /vM�KB+ T`Q;`�KKBM; �TT`Q�+? Bb T`QTQb2/ iQ bQHp2
i?2 KmHiBQ#D2+iBp2 QTiBKBx�iBQM T`Q#H2K Q7 K�tBKBxBM; K�i+?2b �M/ KBMBKBxBM; BM/2Hb
rBi? irQ b2[m2M+2bX >Qr2p2`- BM `2�H@HB72 �TTHB+�iBQMb- ;�Tb �`2 mbm�HHv +QMbB/2`2/
BMbi2�/ Q7 BM/2HbX � ;�T Bb � +QMb2+miBp2 b2i Q7 BM/2Hb �M/ K�v ?�p2 � b+Q`2 p�Hm2 i?�i
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Bb MQi � HBM2�` 7mM+iBQM Q7 Bib H2M;i?X AM �//BiBQM- i?2 b+Q`2 7mM+iBQMb i?�i �`2 mb2/
BM +QKTmi2` T`Q;`�Kb 7Q` b2[m2M+2 �HB;MK2Mi `2Hv QM bm#biBimiBQM b+Q`2 K�i`B+2b iQ
/2i2`KBM2 i?2 b+Q`2 Q7 �HB;MBM; irQ /BbiBM+i +?�`�+i2`bX >Qr iQ �/�Ti i?2 /vM�KB+
T`Q;`�KKBM; �TT`Q�+? iQ i?2b2 M2r T`Q#H2K 7Q`KmH�iBQMb\

Zk @ h?2 /vM�KB+ T`Q;`�KKBM; �TT`Q�+? T`QTQb2/ BM _Qvi#2`; 2i �HX URNNNV bQHp2b � b2@
[m2M+2 Q7 bm#T`Q#H2Kb i?�i i�F2b � TQHvMQKB�H �KQmMi Q7 iBK2X >Qr2p2`- bQK2 Q7
i?2 bm#T`Q#H2Kb /Q MQi M22/ iQ #2 bQHp2/ bBM+2 i?2B` bQHmiBQM /Q MQi T`Q#�#Hv H2�/
iQ QTiBK�H �HB;MK2MibX *�M T`mMBM; +QM/BiBQMb #2 /2i2`KBM2/ 7Q` i?Bb T`Q#H2K- 7Q`
BMbi�M+2- #�b2/ QM mTT2` �M/ HQr2` #QmM/b Q7 T�`iB�H �HB;MK2Mib\ h?Bb Bb � bi�M/�`/
T`Q+2/m`2 BM #`�M+? �M/ #QmM/X

Zj @ � ;2M2`B+ r�v Q7 bQHpBM; KmHiBQ#D2+iBp2 QTiBKBx�iBQM T`Q#H2Kb Bb iQ bQHp2 QM2 Q#D2+iBp2
r?BH2 i?2 `2K�BMBM; �`2 mb2/ �b +QMbi`�BMibX h?Bb Bb FMQrM �b ϵ@+QMbi`�BMi K2i?Q/X *�M
i?Bb T�`�/B;K #2 �HbQ mb2/ 7Q` bQHpBM; i?2 KmHiBQ#D2+iBp2 b2[m2M+2 �HB;MK2Mi T`Q#H2K\

Z9 @ q?2M KQ`2 i?�M irQ b2[m2M+2 �HB;MK2Mib �`2 +QMbB/2`2/- i?2 T`Q#H2K #2+QK2b LS@
?�`/- r?B+? K2�Mb i?�i r2 /Q MQi 2tT2+i iQ bQHp2 i?2 T`Q#H2K BM � TQHvMQKB�H �KQmMi
Q7 iBK2X 6Q` i?Bb `2�bQM- Bi Bb M�im`�H iQ +QMbB/2` ?2m`BbiB+ �TT`Q�+?2bX � FMQrM �T@
T`Q�+? iQ bQHp2 KmHiBQ#D2+iBp2 QTiBKBx�iBQM T`Q#H2Kb Bb +�HH2/ S�`2iQ GQ+�H a2�`+? US�@
[m2i2 2i �HX- kyydV- r?B+? Bb #�b2/ QM i?2 HQ+�H b2�`+? T�`�/B;KX >Qr iQ �/�Ti i?Bb
7`�K2rQ`F iQ bQHp2 i?Bb T`Q#H2K\

Z8 @ a2[m2M+2 �HB;MK2Mi Bb +QKKQMHv mb2/ iQ +QMbi`m+i � T?vHQ;2M2iB+ i`22- r?B+? ;Bp2b
7m`i?2` BMbB;?i BMiQ i?2 2pQHmiBQM�`v `2H�iBQMb?BTb �KQM; b2p2`�H bT2+B2bX Ai Bb 2tT2+i2/
i?�i KmHiBQ#D2+iBp2 b2[m2M+2 �HB;MK2Mi ;Bp2b `Bb2 iQ b2p2`�H T?vHQ;2M2iB+ i`22bX >Qr iQ
;2M2`�i2 bm+? i`22b �M/ ?Qr iQ �M�Hvx2 i?2K\

RXk *QMi`B#miBQMb

h?Bb i?2bBb �BKb �i bQHpBM; i?2 `2b2�`+? +?�HH2M;2b /2b+`B#2/ BM i?2 T`2pBQmb b2+iBQMX h?2
+QMi`B#miBQMb �`2 KQbiHv Q7 �H;Q`Bi?KB+ �M/ K2i?Q/QHQ;B+�H M�im`2X AM bmKK�`v- i?2 K�BM
+QMi`B#miBQMb Q7 i?Bb i?2bBb �`2 �b 7QHHQrbX

*R @ q2 T`QTQb2 2ti2MbBQMb Q7 i?2 /vM�KB+ T`Q;`�KKBM; �TT`Q�+? T`QTQb2/ BM _Qvi#2`;
2i �HX URNNNV 7Q` /Bz2`2Mi KmHiBQ#D2+iBp2 T`Q#H2K 7Q`KmH�iBQMb rBi? irQ b2[m2M+2b- 7Q`
BMbi�M+2- +QMbB/2`BM; ;�Tb �M/ bm#biBimiBQM K�i`B+2bX
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*k @ q2 /2}M2 T`mMBM; i2+?MB[m2b i?�i +QMbB/2`�#Hv `2/m+2 i?2 MmK#2` Q7 bm#T`Q#H2Kb iQ
#2 bQHp2/ QM i?2 /vM�KB+ T`Q;`�KKBM; �TT`Q�+?X Pm` 2tT2`BK2Mi�H `2bmHib b?Qr i?�i
i?2 T`mMBM; i2+?MB[m2 +�M BKT`Qp2 i?2 +QKTmi�iBQM�H iBK2 mT iQ 3yW �M/ K2KQ`v
biQ`�;2 mT iQ NyW QM r2HH@FMQrM #2M+?K�`F /�i� b2ibX

*j @ q2 T`2b2Mi �M ϵ@+QMbi`�BMi i2+?MB[m2 iQ bQHp2 i?2 KmHiBQ#D2+iBp2 b2[m2M+2 �HB;MK2Mi
T`Q#H2K 7Q` irQ b2[m2M+2bX h?2 T`QTQb2/ �H;Q`Bi?K K�tBKBx2b i?2 bm#biBimiBQM b+Q`2
rBi? �M 2[m�HBiv +QMbi`�BMi QM i?2 MmK#2` Q7 BM/2Hb Q` ;�TbX

*9 @ q2 T`QTQb2 b2p2`�H ?2m`BbiB+ �TT`Q�+?2b- #�b2/ QM HQ+�H b2�`+? T`Q+2/m`2b- iQ bQHp2
i?2 T`Q#H2K r?2M KQ`2 i?�M irQ b2[m2M+2b �`2 +QMbB/2`2/X a2p2`�H �H;Q`Bi?K /2bB;M
QTiBQMb �`2 /Bb+mbb2/ �M/ �M�Hvx2/- rBi? T�`iB+mH�` 2KT?�bBb QM i?2 bi�`iBM; �HB;MK2Mi
�M/ M2B;?#Q`?QQ/ b2�`+?X � MQp2H T2`im`#�iBQM i2+?MB[m2 Bb T`QTQb2/ iQ BKT`Qp2
i?2 HQ+�H b2�`+?X AM �//BiBQM- 7Q` +QKT�`BbQM Tm`TQb2- r2 ?�p2 �/�Ti2/ La:�@AA
i2+?MB[m2 U.2# 2i �HX- kyykV- � r2HH@FMQrM KmHiBQ#D2+iBp2 2pQHmiBQM�`v �H;Q`Bi?K- iQ
i?Bb T`Q#H2KX

*8 @ q2 T`QTQb2 � M2r K2i?Q/ 7Q` i?2 +QMbi`m+iBQM Q7 T?vHQ;2M2iB+ i`22b #�b2/ QM i?2
KmHiBQ#D2+iBp2 b2[m2M+2 �HB;MK2MiX q2 BHHmbi`�i2 i?2 �TTHB+�iBQM Q7 i?Bb K2i?Q/ QM
FMQrM b2[m2M+2 /�i� iQ b?Qr i?2 2z2+iBp2M2bb Q7 i?Bb �TT`Q�+? BM T`�+iB+2X LQi2rQ`i?v-
i?2 MmK#2` Q7 T?vHQ;2M2iB+ i`22b Bb b?QrM iQ #2 p2`v HQr- �M/ i?2 �M�HvbBb ;�p2 � 7m`i?2`
BMi2`2biBM; BMbB;?i BMiQ i?2 `2H�iBQMb #2ir22M bT2+B2bX

AM i?Bb rQ`F- r2 T`Qp2 i?2 +Q``2+iM2bb Q7 Qm` �H;Q`Bi?Kb- /Bb+mbb i?2B` iBK2 +QKTH2tBiv
�M/ �M�Hvx2 i?2B` T2`7Q`K�M+2 BM T`�+iB+2 QM r2HH@FMQrM #2M+?K�`F /�i� b2ibX h?2 KQbi
2z2+iBp2 /vM�KB+ T`Q;`�KKBM; �H;Q`Bi?Kb T`2b2Mi2/ BM i?Bb i?2bBb 7Q` i?2 b2[m2M+2 �HB;MK2Mi
T`Q#H2K rBi? irQ b2[m2M+2b �`2 Tm#HB+Hv �p�BH�#H2 �i i?2 r2#bBi2 ?iiT,ffKQb�HX/2BXm+XTi-
r?B+? �HbQ �HHQrb i?2 mb2` iQ `mM i?2K QMHBM2 �M/ iQ pBbm�HBx2 i?2 b2i Q7 �HB;MK2MibX

JQbi Q7 i?2 +QMi`B#miBQMb r2`2 Tm#HBb?2/ BM BMi2`M�iBQM�H DQm`M�Hb �M/ T`2b2Mi2/ �i BM@
i2`M�iBQM�H +QM72`2M+2bX h?2v �`2 HBbi2/ M2ti- BM +?`QMQHQ;B+�H Q`/2` 7Q` 2�+? ivT2 Q7 p2Mm2-
iQ;2i?2` rBi? `272`2M+2 iQ i?2 +QMi`B#miBQMX

CQm`M�Hb

SR @ JX�##�bB- GXS�[m2i2- �XGB27QQ;?2- JXSBM?2B`Q- SXJ�iB�b- AKT`Qp2K2Mib QM #B+`Bi2`B�
T�B`rBb2 b2[m2M+2 �HB;MK2Mi, �H;Q`Bi?Kb �M/ �TTHB+�iBQMbX "BQBM7Q`K�iB+b- kNU3V,NNe@
Ryyj- kyRj U�##�bB 2i �HX- kyRj�VX a22 +QMi`B#miBQMb *R- *k �M/ *8X
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Sk @ GXS�[m2i2- SXJ�iB�b- JX�##�bB- JXSBM?2B`Q- JPa�G, aQ7ir�`2 iQQHb 7Q` KmHiBQ#D2+iBp2
b2[m2M+2 �HB;MK2MiX aQm`+2 *Q/2 7Q` "BQHQ;v �M/ J2/B+BM2- NUkV- kyR9 US�[m2i2 2i �HX-
kyR9VX a22 +QMi`B#miBQMb *R �M/ *kX

Sj @ JX�##�bB- GXS�[m2i2- 6XS2`2B`�- >2m`BbiB+b 7Q` KmHiBQ#D2+iBp2 KmHiBTH2 b2[m2M+2 �HB;M@
K2MiX "BQJ2/B+�H 1M;BM22`BM; PMHBM2- R8UdyV- kyRe U�##�bB 2i �HX- kyReVX a22 +QMi`B@
#miBQM *9X

*QM72`2M+2b

S9 @ JX�##�bB- GXS�[m2i2- �XGB27QQ;?2- JX*X.B�b- JmHiBQ#D2+iBp2 b2[m2M+2 �HB;MK2Mi, 6Q`@
KmH�iBQM �M/ �H;Q`Bi?KbX h?2 RNi? AMi2`M�iBQM�H *QM72`2M+2 QM AMi2HHB;2Mi avbi2Kb
7Q` JQH2+mH�` "BQHQ;v �M/ i?2 Ryi? 1m`QT2�M *QM72`2M+2 QM *QKTmi�iBQM�H "BQHQ;v
UAaJ" 1**" kyRRV- kyRR U�##�bB 2i �HX- kyRRV UrBi? TQbi2`VX a22 +QMi`B#miBQMb *R
�M/ *kX

S8 @ JX�##�bB- GXS�[m2i2- JXSBM?2B`Q- .vM�KB+ T`Q;`�KKBM; �H;Q`Bi?Kb 7Q` #BQ#D2+iBp2
b2[m2M+2 �HB;MK2MiX h?2 Rbi *QM72`2M+2 QM i?2 "BQBM7Q`K�iB+b �M/ *QKTmi�iBQM�H
"BQHQ;v- "BQBM7Q`K�iB+b PT2M .�vb U"P. kyRkV- 9y- kyRk U�##�bB 2i �HX- kyRkV UrBi?
TQbi2`VX a22 +QMi`B#miBQMb *R �M/ *kX

Se @ GXS�[m2i2- JX�##�bB- JXSBM?2B`Q- SXJ�iB�b- �H;Q`Bi?Kb 7Q` KmHiBQ#D2+iBp2 b2[m2M+2
�HB;MK2MiX h?2 kM/ qQ`Fb?QT QM "BQ@PTiBKBx�iBQM- kyRk US�[m2i2 2i �HX- kyRk#V
UrBi? Q`�H +QKKmMB+�iBQMVX a22 +QMi`B#miBQMb *R �M/ *kX

Sd @ GXS�[m2i2- JX�##�bB- 6XS2`2B`�- SXJ�iB�b- �H;Q`Bi?Kb �M/ �TTHB+�iBQMb Q7 #BQ#D2+iBp2
T�B`rBb2 b2[m2M+2 �HB;MK2MiX h?2 kyRk JBMB 1l_P *QM72`2M+2 QM *QKTmi�iBQM�H "B@
QHQ;v- "BQBM7Q`K�iB+b �M/ J2/B+BM2 U1l_P@*""J kyRkV- kyRk US�[m2i2 2i �HX- kyRk�V
UrBi? Q`�H +QKKmMB+�iBQMV X a22 +QMi`B#miBQMb *R �M/ *kX

S3 @ JX�##�bB- GXS�[m2i2- 6XS2`2B`�- aXa+?2MF2`- GQ+�H b2�`+? 7Q` #B+`Bi2`B� KmHiBTH2 b2@
[m2M+2 �HB;MK2MiX h?2 8i? :2`K�M *QM72`2M+2 QM "BQBM7Q`K�iB+b- Ryk- kyRj U�##�bB
2i �HX- kyRj#V UrBi? TQbi2`VX a22 +QMi`B#miBQM *9X

SN @ JX�##�bB- GXS�[m2i2- 6XS2`2B`�- GQ+�H b2�`+? 7Q` KmHiBQ#D2+iBp2 KmHiBTH2 b2[m2M+2 �HB;M@
K2MiX h?2 j`/ qQ`F@*QM72`2M+2 QM "BQBM7Q`K�iB+b �M/ "BQK2/B+�H 1M;BM22`BM; UAq"@
"AP kyR8V- G2+im`2 LQi2b BM *QKTmi2` a+B2M+2 oQHX Ny99- Rd8@R3k- aT`BM;2`- kyR8
U�##�bB 2i �HX- kyR8V UrBi? Q`�H +QKKmMB+�iBQMVX a22 +QMi`B#miBQM *9X



3 RX AMi`Q/m+iBQM

.m`BM; i?Bb rQ`F- A �HbQ ;�p2 b2p2`�H i�HFb �#Qmi i?2 K�BM iQTB+ Q7 i?Bb i?2bBbX

Ç PM KmHiB+`Bi2`B� b2[m2M+2 �HB;MK2Mi- .2T�`iK2Mi Q7 AM7Q`K�iB+b 1M;BM22`BM;- lMBp2`@
bBiv Q7 *QBK#`�- �T`BH kyRRX

Ç PM KmHiBQ#D2+iBp2 b2[m2M+2 �HB;MK2Mi, 7Q`KmH�iBQM �M/ �H;Q`Bi?Kb- J�i?2K�iB+�H AM@
biBimi2- lMBp2`bBiv Q7 EQ#H2Mx@G�M/�m- :2`K�Mv- LQp2K#2` kyRkX

Ç �H;Q`Bi?Kb �M/ �TTHB+�iBQMb Q7 #BQ#D2+iBp2 T�B`rBb2 b2[m2M+2 �HB;MK2Mi- .2T�`iK2Mi Q7
J�i?2K�iB+b- lMBp2`bBiv Q7 *QBK#`�- .2+2K#2` kyRkX

Ç �/p�M+2b BM KmHiBQ#D2+iBp2 b2[m2M+2 �HB;MK2Mi- .2T�`iK2Mi Q7 AM7Q`K�iB+b 1M;BM22`BM;-
lMBp2`bBiv Q7 *QBK#`�- CmM2 kyRjX

AM �//BiBQM- A T�`iB+BT�i2/ BM i?2 7QHHQrBM; bmKK2` b+?QQHbX

Ç �`iB}+B�H 1pQHmiBQM amKK2` a+?QQH U�1aakyRjV- CmM2 kyRj- ZmB#2`QM- 6`�M+2

Ç amKK2` a+?QQH BM *QKTmi�iBQM�H "BQHQ;v- a2Ti2K#2` kyRe- *QBK#`�- SQ`im;�H

6`QK kyRR iQ kyRj- A r�b �r�`/2/ � S?X.X ;`�Mi rBi?BM i?2 T`QD2+i JPa�G @ JmHiBQ#D2+@
iBp2 b2[m2M+2 �HB;MK2Mi- � `2b2�`+? T`QD2+i 7mM/2/ #v 6*h USh.*f1A�@**PfyN3ed9fkyy3VX
AM �//BiBQM- A r�b � i2�K K2K#2` Q7 i?2 T`QD2+i _2Tavb @ _2T`2b2Mi�iBQM bvbi2Kb rBi? [m�HBiv
;m�`�Mi22b 7Q` KmHiBQ#D2+iBp2 QTiBKBx�iBQM T`Q#H2Kb- � :2`K�MvfSQ`im;�H "BH�i2`�H *QQT2`@
�iBQM _2b2�`+? S`QD2+i 7mM/2/ #v .��.f*_lS- 7`QK kyRk iQ kyRjX AM i?2 +QMi2ti Q7 i?Bb
T`QD2+i- A ?�/ i?2 QTTQ`imMBiv Q7 pBbBiBM; S`Q7X .`X ai27�M _mxBF� �M/ ?Bb ;`QmT �i J�i?2@
K�iB+�H AMbiBimi2 7`QK i?2 lMBp2`bBiv Q7 EQ#H2Mx@G�M/�m- :2`K�MvX 6BM�HHv- 7`QK kyRj iQ
kyRd- A r�b ;`�Mi2/ �M/ bmTTQ`i2/ #v i?2 b+?QH�`b?BT a6_>f".fNR98RfkyRk 7`QK 6*h-
r?B+? rBi?Qmi Bi i?Bb i?2bBb rQmH/ MQi #2 TQbbB#H2X

RXj h?2bBb ai`m+im`2

h?Bb i?2bBb Bb /BpB/2/ BMiQ i?`22 K�BM T�`ib, i?2 }`bi Bb +QM+2`M2/ rBi? BMi`Q/m+iQ`v MQiBQMb
�M/ � `2pB2r Q7 i?2 HBi2`�im`2 �bbQ+B�i2/ rBi? b2[m2M+2 �HB;MK2Mi �M/ KmHiBQ#D2+iBp2 QTiB@
KBx�iBQM T`Q#H2Kb �M/ �H;Q`Bi?Kb U*?�Ti2` k �M/ jVX h?2 b2+QM/ +Qp2`b i?2 �H;Q`Bi?KB+
+QMi`B#miBQMb Q7 i?Bb i?2bBb- BM T�`iB+mH�` 7Q` T�B`rBb2 b2[m2M+2 �HB;MK2Mi U*?�Ti2` 9V �M/
KmHiBTH2 b2[m2M+2 �HB;MK2Mi U*?�Ti2` 8VX h?2 i?B`/ T�`i /Bb+mbb2b i?2 `2�H@HB72 �TTHB+�iBQM
Q7 KmHiBQ#D2+iBp2 +QM+2Tib 7Q` +QMbi`m+iBM; T?vHQ;2M2iB+ i`22bX AM i?2 7QHHQrBM;- r2 T`QpB/2
�M QmiHBM2 Q7 i?Bb i?2bBb- iQ;2i?2` rBi? � #`B27 /2b+`BTiBQM Q7 i?2 K�BM +QMi`B#miBQMbX



RXjX h?2bBb ai`m+im`2 N

Ç *?�Ti2` k @ a2[m2M+2 �HB;MK2MiX

h?Bb +?�Ti2` BMi`Q/m+2b i?2 K�BM +QM+2Tib Q7 b2[m2M+2 �HB;MK2Mi �M/ ?Qr iQ 2p�Hm�i2-
Q` b+Q`2- Bib [m�HBivX Ai �HbQ +Qp2`b i?2 /Bz2`2Mi K2i?Q/b 7Q` bQHpBM; i?2 b2p2`�H p�`B�Mib
Q7 i?Bb T`Q#H2KX q?�i Bb � #BQHQ;B+�H b2[m2M+2\ q?�i Bb � b2[m2M+2 �HB;MK2Mi\ >Qr
iQ b+Q`2 �M �HB;MK2Mi\ q?�i Bb � T�B`rBb2 �M/ � KmHiBTH2 b2[m2M+2 �HB;MK2Mi\ h?2b2
[m2biBQMb �`2 �Mbr2`2/ BM *?�Ti2` k r?B+? BMi`Q/m+2b i?2 /Bz2`2Mi K2i?Q/b Q7 b+Q`BM;
�M/ 2tTH�BMb T`QTQb2/ bBM;H2 Q#D2+iBp2 K2i?Q/b iQ bQHp2 i?2KX

Ç *?�Ti2` j @ JmHiBQ#D2+iBp2 PTiBKBx�iBQMX

h?Bb +?�Ti2` +Qp2`b i?2 iQTB+ Q7 KmHiBQ#D2+iBp2 QTiBKBx�iBQMX Ai BMi`Q/m+2b MQi�iBQMb
�M/ /2}MBiBQMb `2[mB`2/ iQ /2}M2 /Bz2`2Mi MQiBQMb Q7 QTiBK�HBiv mM/2` b2p2`�H +QM~B+i@
BM; Q#D2+iBp2b- �b r2HH �b bQHmiBQM K2i?Q/b- 2t�+i �M/ ?2m`BbiB+- iQ bQHp2 i?Bb T`Q#H2KX
AM i?Bb +?�Ti2`- i?2 MQi�iBQMb- /2}MBiBQMb- bQHmiBQMb K2i?Q/b U2t�+i �M/ ?2m`BbiB+V �b
r2HH �b T2`7Q`K�M+2 �bb2bbK2Mi BM Q`/2` iQ +QKT�`2 i?2 /Bz2`2Mi ?2m`BbiB+ K2i?Q/b �`2
2tTH�BM2/ BM /2i�BHbX

Ç *?�Ti2` 9 @ JmHiBQ#D2+iBp2 S�B`rBb2 a2[m2M+2 �HB;MK2MiX

*?�Ti2` 9 BMi`Q/m+2b i?2 KmHiBQ#D2+iBp2 7Q`KmH�iBQM 7Q` T�B`rBb2 b2[m2M+2 �HB;MK2MiX
Ai /2b+`B#2b /vM�KB+ T`Q;`�KKBM; �TT`Q�+?2b 7Q` i?2 b2p2`�H p�`B�Mib �M/ � T`mM@
BM; i2+?MB[m2 iQ BKT`Qp2 +QKTmi�iBQM iBK2 �M/ bT�+2X h?2`2�7i2`- r2 BMi`Q/m+2/ �M
�TT`Q�+? #�b2/ QM i?2 2TbBHQM@+QMbi`�BMi T�`�/B;KX h?Bb +?�Ti2` +QMi�BMb i?2 +QMi`B@
#miBQMb Q7 *R �M/ *kX

Ç *?�Ti2` 8 @ JmHiBQ#D2+iBp2 JmHiBTH2 a2[m2M+2 �HB;MK2MiX

*?�Ti2` 8 T`2b2Mib i?2 KmHiBQ#D2+iBp2 7Q`KmH�iBQM Q7 i?2 b2[m2M+2 �HB;MK2Mi T`Q#H2K
r?2M KQ`2 i?�M irQ b2[m2M+2b �`2 +QMbB/2`2/X � HQ+�H b2�`+? K2i?Q/ �M/ �M �/�Ti�@
iBQM Q7 La:�@AA �`2 T`QTQb2/ iQ i�+FH2 i?Bb T`Q#H2KX � i?Q`Qm;? 2tT2`BK2Mi�H �M�HvbBb
Bb T2`7Q`K2/ BM Q`/2` iQ +QKT�`2 i?2 irQ ?2m`BbiB+ K2i?Q/bX h?Bb +?�Ti2` +QMi�BMb i?2
+QMi`B#miBQMb Q7 *j �M/ *9X

Ç *?�Ti2` e @ �M �TTHB+�iBQM iQ i?2 *QMbi`m+iBQM Q7 S?vHQ;2M2iB+ h`22b

AM i?Bb +?�Ti2`- r2 im`M Qm` �ii2MiBQM iQ i?2 mb2 Q7 KmHiBQ#D2+iBp2 T�B`rBb2 b2[m2M+2
�HB;MK2Mi iQ +QMbi`m+i T?vHQ;2M2iB+ i`22bX AM T�`iB+mH�`- Bi T`QTQb2b � M2r K2i?Q/ iQ
+QMbi`m+i i?2 i`22 #�b2/ QM i?2 QTiBK�H �HB;MK2Mib Q#i�BM2/ 7`QK T�B`b Q7 b2[m2M+2bX
h?Bb +?�Ti2` +QMi�BMb i?2 +QMi`B#miBQMb Q7 *8X



Ry RX AMi`Q/m+iBQM

Ç *?�Ti2` d @ *QM+HmbBQMb �M/ 6mim`2 qQ`F

*?�Ti2` d T`2b2Mib i?2 }M�H +QM+HmbBQMb Q7 i?Bb i?2bBb �M/ /Bb+mbb2b 7m`i?2` `2b2�`+?
/B`2+iBQMb Q7 i?Bb rQ`FX



*?�Ti2` k

a2[m2M+2 �HB;MK2Mi

kXR AMi`Q/m+iBQM

a2[m2M+2 �HB;MK2Mi Bb QM2 Q7 i?2 KQbi 7`2[m2Mi i�bFb BM "BQBM7Q`K�iB+b Bb ULQi`2/�K2- kyykVX
S`Q+2/m`2b i?�i `2Hv QM b2[m2M+2 +QKT�`BbQM �`2 /Bp2`b2 �M/ `�M;2 7`QK /�i�#�b2 b2�`+?2b
iQ b2+QM/�`v bi`m+im`2 T`2/B+iBQM UCQM2b- RNNNVX a2[m2M+2b +�M #2 +QKT�`2/ BM T�B`b iQ }M/
;2M2 7mM+iBQM- Q` KmHiBTH2 Q7 i?2K +�M #2 �HB;M2/ BM Q`/2` iQ pBbm�HBx2 i?2 2z2+i Q7 2pQHmiBQM
�+`Qbb � r?QH2 T`Qi2BM 7�KBHv ULQi`2/�K2- kyykVX

AM i?Bb +?�Ti2`- r2 bi�`i #v BMi`Q/m+BM; i?2 T`Q#H2K Q7 }M/BM; b2[m2M+2 bBKBH�`Biv #2@
ir22M i?2 irQ b2[m2M+2b- i?2 bQ@+�HH2/ T�B`rBb2 �HB;MK2Mi T`Q#H2KX h?2M- r2 /2b+`B#2 2t�+i
�H;Q`Bi?Kb #�b2/ QM i?2 /vM�KB+ T`Q;`�KKBM; T�`�/B;K iQ bQHp2 i?Bb T`Q#H2KX AM �//BiBQM-
r2 T`2b2Mi 2ti2MbBQMb Q7 i?Bb �H;Q`Bi?K iQ bQHp2 p�`B�Mib Q7 i?Bb T`Q#H2K, ;HQ#�H �HB;MK2Mi-
7Q` +QKT�`BM; i?2 +QKTH2i2 b2[m2M+2b- HQ+�H �HB;MK2Mi- 7Q` +QKT�`BM; QMHv bQK2 T�`ib Q7 i?2
b2[m2M+2b- �M/ �HB;MK2Mi rBi? ;�T T2M�HiB2bX �i H�bi- r2 BMi`Q/m+2 i?2 T`Q#H2K Q7 }M/BM;
b2[m2M+2 bBKBH�`Biv 7Q` KQ`2 i?�M irQ b2[m2M+2b- i?2 KmHiBTH2 b2[m2M+2 �HB;MK2Mi- r?B+? Bb �
Km+? KQ`2 +?�HH2M;BM; T`Q#H2K 7`QK � +QKTmi�iBQM�H TQBMi Q7 pB2rX q2 /2b+`B#2 �M 2t�+i
�H;Q`Bi?K #�b2/ QM /vM�KB+ T`Q;`�KKBM; �b r2HH �b bQK2 r2HH@FMQrM ?2m`BbiB+ �TT`Q�+?2bX

RR



Rk kX a2[m2M+2 �HB;MK2Mi

kXk :2MQKB+ .�i� �M/ a2[m2M+2 aBKBH�`Biv

.L� Bb mM/2`biQQ/ �b � b2[m2M+2- Q` bi`BM;- i?�i +QMi�BMb +?�`�+i2`b 7`QK i?2 �HT?�#2i
&�- *- :- h' UFMQrM �b Mm+H2QiB/2bVX aBKBH�`Hv- T`Qi2BMb +�M #2 b22M �b b2[m2M+2b i�F2M
7`QK �M �HT?�#2i Q7 ky +?�`�+i2`b UFMQrM �b �KBMQ �+B/bVX A7 irQ .L� Q` �KBMQ �+B/
�``�M;2K2Mib �`2 bBKBH�`- i?2`2 Bb � +?�M+2 i?�i i?2v �`2 ?QKQHQ;Qmb- i?�i Bb- i?2v b?�`2
+QKKQM 2pQHmiBQM�`v `QQibX *QKT�`BM; ?QKQHQ;Qmb b2[m2M+2b Bb � 7mM/�K2Mi�H bi2T BM
"BQBM7Q`K�iB+b iQ /2i2+i 7mM+iBQM�H `2;BQMb UG� 2i �HX- kyy8V �M/ iQ `2+QMbi`m+i 2pQHmiBQM�`v
?BbiQ`B2b ULQi`2/�K2- kyykc .m`#BM 2i �HX- RNN3VX h?2 `2H�iBQMb?BTb #2ir22M b2[m2M+2b �`2
p2`v +QKTH2t bBM+2 i?2v ?�p2 #22M 2tTQb2/ iQ 2pQHmiBQM�`v Kmi�iBQMb Qp2` KBHHBQMb Q7 v2�`bX
L2p2`i?2H2bb- i?2 }`bi bi2T iQr�`/b mM/2`bi�M/BM; i?Bb Bb iQ HQQF 7Q` b2[m2M+2 bBKBH�`BivX hQ
/2i2+i B7 i?2 irQ b2[m2M+2b �`2 bBKBH�`- QM2 ?�b iQ �HB;M i?2K T`QT2`HvX

q?2M b2[m2M+2b /2p2HQT 7`QK � +QKKQM �M+2biQ`- i?2B` +?�`�+i2`b U`2bB/m2bRV +�M ;Q
i?`Qm;? bm#biBimiBQMb U+?�`�+i2`b �`2 `2TH�+2/ #v bQK2 Qi?2` +?�`�+i2`bV- BMb2`iBQMb UM2r
+?�`�+i2`b �//2/ iQ � b2[m2M+2 #2bB/2b iQ i?2 2tBbiBM; QM2bV �M/ /2H2iBQMb UbQK2 +?�`�+i2`b
/Bb�TT2�`V UAb�2p- kyy9VX aQK2iBK2b- i?2 BMb2`iBQM Q` /2H2iBQM UBM/2HbV Q++m`b BM �M 2MiB`2
bm#b2[m2M+2 b2[m2M+2 �b � bBM;H2 Kmi�iBQM�H 2p2MiX J�Mv Q7 i?2b2 bBM;H2 Kmi�iBQM�H 2p2Mib
+�M ?�p2 [mBi2 /Bz2`2Mi bBx2b U:mb}2H/ 2i �HX- RNN9VX h?2`27Q`2- r?2M �HB;MBM; irQ b2[m2M+2b-
+?�`�+i2`b Kmbi #2 �HHQr2/ iQ #2 �HB;M2/ MQi QMHv rBi? Qi?2` +?�`�+i2`b #mi �HbQ rBi? BM/2Hb-
r?B+? r2 /2MQi2 rBi? i?2 ‘− ’ +?�`�+i2`X >Qr2p2`- #v +QMbB/2`BM; BM/2Hb- i?2`2 K�v #2 K�Mv
KQ`2 TQbbB#H2 �HB;MK2Mib �b b?QrM BM i?2 7QHHQrBM; 2t�KTH2,

1t�KTH2 kXRX �M 2t�KTH2 Q7 �HB;MK2Mib #2ir22M irQ b2[m2M+2b h�**�:h �M/ ***:h��,

h�**�:h h�**�:h@@ h�**�:h@@
***:h�� *@**@:h�� @@***:h��

AM "BQBM7Q`K�iB+b- b2[m2M+2 bBKBH�`Biv ?�b #22M mb2/ BM /Bz2`2Mi �TTHB+�iBQMb,

RX 6BM/BM; ?QKQHQ;vX PM2 Q7 i?2 +Q`2 Tm`TQb2b Q7 b2[m2M+2 �HB;MK2Mi Bb iQ }M/ ?QKQHQ;vX
>QKQHQ;v K2�Mb i?�i irQ b2[m2M+2b b?�`2 � Kmim�H �M+2biQ`X .Bb+Qp2`BM; ?QKQHQ;v
�KQM;bi Q`;�MBbKb K�v 2M�#H2 mb iQ mb2 BM7Q`K�iBQM Q7 QM2 FMQrM b2[m2M+2 iQ Qi?2`
b2[m2M+2b- Q` iQ BM72` i?2 Tm`TQb2 Q7 QM2 Q`;�MBbKǶb ;2M2 7`QK i?�i Q7 � `2H�i2/ bT2+B2bX

R � `2bB/m2 Bb � bBM;H2 mMBi rBi?BM � TQHvK2`- bm+? �b �M �KBMQ �+B/ BMbB/2 � TQHvT2TiB/2 Q` T`Qi2BMX
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kX .2}MBM; i?2 Q`B;BM Q7 � b2[m2M+2X A7 � .L� Q` T`Qi2BM b2[m2M+2 Bb 7QmM/- #mi Bib
Q`B;BM�iBM; bT2+B2b Bb mM/2i2`KBM2/- b2[m2M+2 �HB;MK2Mi +�M #2 mb2/ iQ /2i2+i HBF2Hv
bQm`+2b- i?�i Bb- i?2 FMQrM b2[m2M+2b i?�i KQbi +HQb2Hv K�i+? i?2 b2[m2M+2X

jX *QMbi`m+iBM; 1pQHmiBQM�`v h`22bX 6`QK ?QKQHQ;v /�i�- 2pQHmiBQM�`v UT?vHQ;2M2iB+V
i`22b +�M #2 #mBHiX � T?vHQ;2M2iB+ i`22 Bb � #`�M+?BM; /B�;`�K Ui`22V i?�i b?Qrb i?2
BM72``2/ 2pQHmiBQM�`v `2H�iBQMb?BTb �KQM; p�`BQmb #BQHQ;B+�H bT2+B2b mTQM bBKBH�`BiB2b
�M/ /Bz2`2M+2b BM i?2B` T?vbB+�H Q` ;2M2iB+ +?�`�+i2`BbiB+bX

kXj h?2 S�B`rBb2 a2[m2M+2 �HB;MK2Mi S`Q#H2K

AM i?Bb b2+iBQM- r2 BMi`Q/m+2 i?2 T`Q#H2K Q7 +�H+mH�iBM; �M �HB;MK2Mi #2ir22M irQ b2[m2M+2bX
h?Bb T`Q#H2K Bb FMQrM BM i?2 HBi2`�im`2 �b S�B`rBb2 a2[m2M+2 �HB;MK2Mi USa�VX q2 /2b+`B#2
� +H�bbB+�H /vM�KB+ T`Q;`�KKBM; �H;Q`Bi?K 7Q` i?Bb T`Q#H2KX h?2M- r2 2tTH�BM i?2 ;2M2`�H@
Bx�iBQM Q7 i?Bb K2i?Q/ 7Q` i?2 +QKT�`BbQM Q7 irQ bm#@b2[m2M+2bX *QKT�`BM; i?2 bBKBH�`Biv Q7
i?2 2MiB`2 b2[m2M+2b Bb +�HH2/ ;HQ#�H �HB;MK2Mi- r?2`2�b 7Q` bBKBH�` bm#@b2[m2M+2b Bb FMQrM
�b HQ+�H �HB;MK2MiX

kXjXR LQi�iBQM �M/ .2}MBiBQMb

hQ 2bi�#HBb? i?2 /2;`22 Q7 bBKBH�`Biv- i?2 b2[m2M+2b M22/ iQ #2 �HB;M2/X >Qr2p2`- ?Qr iQ
+?QQb2 #2ir22M b2p2`�H TQbbB#H2 �HB;MK2Mib\ hQ �Mbr2` i?2 [m2biBQM- r2 M22/ iQ }M/ � r�v
iQ b+Q`2 �HH TQbbB#H2 �HB;MK2MibX AM Q`/2` iQ K�i?2K�iB+�HHv /2}M2 �M �HB;MK2Mi �M/ /2}M2
� K2�bm`2 Q7 bBKBH�`Biv #2ir22M b2[m2M+2b- bQK2 7Q`K�H /2}MBiBQMb M22/ iQ #2 BMi`Q/m+2/X
� 7Q`K�H /2}MBiBQM Q7 �M �HB;MK2Mi Bb ;Bp2M �b 7QHHQrb U"Q+F2M?�m2` �M/ "QM;�`ix- kyydV,

.2}MBiBQM kXjXRX S�B`rBb2 b2[m2M+2 �HB;MK2MiX
G2i A = (a1, . . . , an1) �M/ B = (b1, . . . , bn2) #2 irQ bi`BM;b Qp2` �M �HT?�#2i ΣX G2i ‘−’ /∈ Σ

#2 �M BM/2H +?�`�+i2`- Σ′ = Σ ∪ {‘− ’} �M/ λ /2MQi2 �M 2KTiv bi`BM;X G2i h : (Σ′)∗ → Σ∗ #2
� ?QKQKQ`T?BbK /2}M2/ #v h(a) = a 7Q` �HH a ∈ Σ- �M/ h(‘− ’) = λX �M �HB;MK2Mi ϕ Q7 �
�M/ " Bb � T�B` (A′, B′) Q7 bi`BM;b Q7 H2M;i? ℓ ≥ max{n1, n2} Qp2` i?2 �HT?�#2i Σ′- bm+? i?�i
i?2 7QHHQrBM; +QM/BiBQMb ?QH/,

RX h(A′) = A

kX h(B′) = B
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R k j 9 8 e d 3 N
h � * * � : h @ @
* @ * * @ : h � �

6B;m`2 kXR, �M �HB;MK2Mi BM � 2× ℓ@K�i`Bt

jX i?2`2 Bb MQ TQbBiBQM +QMi�BMBM; �M BM/2H +?�`�+i2` BM #Qi? A′ �M/ B′- BX2X- B7 a′i Ub′iV
BM/B+�i2b i?2 i@i? TQbBiBQM BM A′UB′V i?2M a′i ̸= ‘− ’ �M/ b′i ̸= ‘− ’ 7Q` �HH i ∈ {1, . . . , ℓ}X

*QM/BiBQMb R �M/ k BM i?2 /2}MBiBQM �#Qp2 bi�i2 i?�i /2H2iBM; �HH BM/2H +?�`�+i2`b 7`QK
A′ �M/ B′ vB2H/b i?2 bi`BM; A �M/ B- `2bT2+iBp2HvX *QM/BiBQM j bi�i2b i?�i Bi Bb MQi TQbbB#H2
iQ ?�p2 irQ BM/2Hb BM i?2 b�K2 TQbBiBQM Q7 i?2 �HB;MK2MiX

6Q` i?2 b�F2 Q7 2tTH�M�iBQM- r2 `2T`2b2Mi � T�B`rBb2 �HB;MK2Mi ϕ BM � 2 × ℓ@K�i`Bt BM
bm+? � r�v i?�i i?2 b2[m2M+2b Q7 i?2 �HB;MK2Mi �`2 r`Bii2M QM2 #2HQr i?2 Qi?2`X �HbQ- �M
�HB;MK2Mi +�M #2 `2T`2b2Mi2/ �b � b2[m2M+2 Q7 Q`/2`2/ T�B`b- ϕ = (ϕ1, . . . ,ϕℓ)c r2 mb2 i?2b2
`2T`2b2Mi�iBQMb BMi2`+?�M;2�#Hv- /2T2M/BM; QM i?2 +QMi2tiX 6B;m`2 kXR b?Qrb i?2 b2+QM/
�HB;MK2Mi Q7 1t�KTH2 kXR UBM S�;2 RkV BM � K�i`Bt 7Q`K�iX AM �M �HB;MK2Mi 2�+? +QHmKM +�M
#2 +H�bbB}2/ �b 7QHHQrb,

Ç J�i+?, "Qi? +?�`�+i2`b �`2 i?2 b�K2 U+QHmKMb j- 9- e �M/ d BM 6B;m`2 kXRVX

Ç JBbK�i+?, "Qi? +?�`�+i2`b �`2 MQi i?2 b�K2 �M/ i?2`2 Bb MQ BM/2H ‘ − ’ +?�`�+i2` BM
#Qi? U+QHmKM R BM 6B;m`2 kXRVX

Ç am#biBimiBQM, h?2`2 Bb MQ BM/2H ‘− ’ +?�`�+i2` BM #Qi? U+QHmKM R- j- 9- e �M/ d BM 6B;m`2
kXRVX

Ç AM/2H, 1Bi?2` i?2 +?�`�+i2` BM i?2 }`bi `Qr Q` BM i?2 b2+QM/ `Qr Bb �M BM/2H U+QHmKMb
k- 8- 3 �M/ N BM 6B;m`2 kXRVX

LQi2 i?�i i?2`2 Bb � ;�T r?2M +QMb2+miBp2 +QHmKMb Q7 BM/2Hb Q++m` U+QHmKMb 3 �M/ N 7`QK
� ;�T BM 6B;m`2 kXRVX :�Tb �`2 `2T`2b2Mi2/ �b +QMiB;mQmb BM/2Hb BM � b2[m2M+2 �HB;MK2MiX

kXjXk a+Q`BM; �M �HB;MK2Mi

hQ 2p�Hm�i2 i?2 [m�HBiv Q7 �M �HB;MK2Mi- i?2`2 Bb � M22/ iQ /2}M2 � b+Q`2 7mM+iBQMX h?2
KQbi TQTmH�` b+Q`2 7mM+iBQM �bbmK2b BM/2T2M/2M+2 �KQM; i?2 +QHmKMb- �M/ i?2 iQi�H b+Q`2
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Q7 i?2 �HB;MK2Mi Bb b2i iQ #2 2[m�H iQ i?2 bmK Q7 i?2 b+Q`2b Q7 2�+? +QHmKMX h?2`27Q`2- 7Q`
bm+? 7mM+iBQMb- QMHv i?2 b+Q`2b 7Q` BM/2H- K�i+?fKBbK�i+? Q` bm#biBimiBQM M22/ iQ #2 /2}M2/
U:mb}2H/- RNNNc "Q+F2M?�m2` �M/ "QM;�`ix- kyydVX

hQ b+Q`2 � ;Bp2M �HB;MK2Mi ϕ #2ir22M irQ bi`BM;b- �i H2�bi irQ T�`�K2i2`b �`2 `2[mB`2/,

Ç � b+Q`2 7Q` 2�+? BM/2H BM i?2 �HB;MK2Mi K�i`Bt- BX2X- 7Q` 2�+? +QHmKM BM i?2 �HB;MK2Mi
K�i`Bt i?�i +QMi�BMb �M BM/2H ‘− ’ +?�`�+i2`X

Ç � r2B;?i 7Q` 2�+? +QHmKM BM i?2 �HB;MK2Mi K�i`Bt i?�i /Q2b MQi +QMi�BM �M BM/2HX

AM i?2 H�ii2` +�b2- � bm#biBimiBQM K�i`Bt Bb mb2/- r?B+? ;Bp2b � b+Q`2 7Q` 2t+?�M;BM; QM2
+?�`�+i2` BM � b2[m2M+2 rBi? �MQi?2` +?�`�+i2` BM i?2 Qi?2` b2[m2M+2X 6Q` �KBMQ �+B/b- �
bm#biBimiBQM K�i`Bt �bbB;Mb b+Q`2b Q` 7`2[m2M+B2b iQ i?2 �HB;MK2Mi Q7 2�+? TQbbB#H2 T�B` Q7
�KBMQ �+B/b- mbm�HHv #�b2/ QM i?2 bBKBH�`Biv Q7 i?2 +?2KB+�H T`QT2`iB2b i?2 �KBMQ �+B/bǶ
�M/fQ` i?2 2pQHmiBQM�`v T`Q#�#BHBiv Q7 i?2 Kmi�iBQMX h?2 bm#biBimiBQM K�i`B+2b 7Q` �KBMQ
�+B/b �`2 �p�BH�#H2 �b bi�M/�`/ 20 × 20 K�i`B+2bX h?2 irQ KQbi r2HH@FMQrM K�i`B+2b �`2
S�J �M/ "GPalJ 7�KBHB2b UAb�2p- kyy9VX 6Q` Mm+H2QiB/2b b2[m2M+2b- ivTB+�HHv � Km+?
bBKTH2` bm#biBimiBQM K�i`Bt Q7 bBx2 4 × 4 Bb mb2/- r?B+? +QMi�BMb irQ r2B;?ib, K�i+?2b UαV
�M/ KBbK�i+?2b UβVX

h?2 b+Q`2 Q7 �M �HB;MK2Mi +�M #2 bBKTHv #2 /2}M2/ �b 7QHHQrb U"Q+F2M?�m2` �M/ "QM;�`ix-
kyydV,

.2}MBiBQM kXjXkX a+Q`2 Q7 � T�B`rBb2 �HB;MK2MiX
G2i A = (a1, . . . , an1) �M/ B = (b1, . . . , bn2) #2 irQ b2[m2M+2b Qp2` �M �HT?�#2i ΣX G2i

ϕ = (ϕ1, . . . ,ϕℓ) #2 �M �HB;MK2Mi rBi? H2M;i? ℓX 6Q` a, b ∈ Σ- H2i s(ϕj) BM/B+�i2 i?2 b+Q`2 Q7
i?2 j@i? +QHmKM UBX2- � T�B` bm+? �b ((a, ‘− ’)- (‘− ’, b) Q` (a, b)) BM i?2 �HB;MK2Mi- 1 ≤ j ≤ ℓX
H2i M #2 � bm#biBimiBQM K�i`Bt 7Q` �HB;MBM; irQ +?�`�+i2`b �M/ H2i θ #2 i?2 b+Q`2 7Q` � T�B`
i?�i +QMi�BMb (a, ‘− ’) Q` (‘− ’, b)X h?2 b+Q`2 7mM+iBQM δ(ϕ) Q7 i?2 �HB;MK2Mi ϕ Bb ;Bp2M #v,

δ(ϕ) =
ℓ∑

j=1

s(ϕj) UkXRV

r?2`2-

s(ϕj) =

⎧
⎨

⎩
M [a, b] B7 ϕj = (a, b),

θ Qi?2`rBb2
UkXkV
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� p2`v +QKKQM T�`iB+mH�` +�b2 Q7 b+Q`BM; �M �HB;MK2Mi ϕ Bb iQ +QmMi i?2 MmK#2` Q7 BM/2Hb
(/(ϕ))- K�i+?2b (K(ϕ)) �M/ KBbK�i+?2b (Kb(ϕ))X .Bz2`2Mi r2B;?ib +�M #2 /2}M2/ iQ 2tT`2bb
i?2 `2H�iBp2 BKTQ`i�M+2 Q7 �M BM/2H- K�i+? Q` KBbK�i+?X h?2`27Q`2- � T�`iB+mH�` +�b2 Q7 i?2
b+Q`2 7mM+iBQM ;Bp2M �#Qp2 Bb ;Bp2M #v i?2 7QHHQrBM; 2tT`2bbBQM,

δ(ϕ) = α ·m(ϕ) + β ·ms(ϕ) + θ · d(ϕ) UkXjV

lbm�HHv- β �M/ θ �`2 MQM@TQbBiBp2 `2�H MmK#2`b- r?2`2�b α Bb � MQM@M2;�iBp2 `2�H MmK#2`X
*QMbB/2` i?2 b2+QM/ �HB;MK2Mi Q7 1t�KTH2 kXR BM a2+iBQM kXk UT�;2 RkVX G2i m(ϕ)- ms(ϕ)

�M/ d(ϕ) #2 2[m�H iQ 9- R �M/ 9 `2bT2+iBp2HvX G2i α, β �M/ θ #2 R- −1 �M/ −2X h?2M- i?2
b+Q`2 Q7 i?2 �HB;MK2Mi �++Q`/BM; iQ 1[m�iBQM UkXjV Bb −5X

h?2 b+Q`BM; b+?2K2 T`QpB/2b � [m�MiBi�iBp2 K2�bm`2 Q7 ?Qr ;QQ/ �M �HB;MK2Mi BbX AM i?2
HBi2`�im`2- i?2 T`Q#H2K Q7 K�tBKBxBM; i?Bb b+Q`2 Bb FMQrM �b i?2 b2[m2M+2 �HB;MK2Mi T`Q#H2KX
6BM/BM; �M QTiBK�H �HB;MK2Mi #2ir22M irQ b2[m2M+2b UT�B`rBb2 b2[m2M+2 �HB;MK2MiV +�M #2
� +QKTmi�iBQM�HHv +QKTH2t i�bF �b i?2`2 Bb � +QMbB/2`�#H2 MmK#2` Q7 TQbbB#H2 �HB;MK2MibX
.vM�KB+ T`Q;`�KKBM; U.SV Bb � K2i?Q/ i?�i �HHQrb bQHpBM; i?Bb T`Q#H2K BM �M 2{+B2Mi
K�MM2`- i?�i Bb- BM iBK2 T`QTQ`iBQM�H iQ i?2 bBx2 Q7 i?2 b2[m2M+2bX .S Bb T�`iB+mH�`Hv r2HH
bmBi2/ 7Q` i?Bb T`Q#H2K /m2 iQ i?2 M�im`�H /2}MBiBQM Q7 bm#@T`Q#H2K i?�i �`Bb2b 7`QK i?2
T`2}t2b Q7 i?2 b2[m2M+2bX AM i?2 7QHHQrBM; bm#b2+iBQMb- r2 /Bb+mbb /Bz2`2Mi K2i?Q/b #�b2/
QM .S i?�i ?�p2 #22M T`QTQb2/ BM i?2 HBi2`�im`2 7Q` T�B`rBb2 b2[m2M+2 �HB;MK2MiX

kXjXj L22/H2K�M@qmMb+? �H;Q`Bi?K 7Q` :HQ#�H �HB;MK2Mi

h?2 L22/H2K�M@qmMb+? �H;Q`Bi?K UL22/H2K�M �M/ qmMb+?- RNdyV Bb � .S �H;Q`Bi?K i?�i
bQHp2b i?2 T`Q#H2K Q7 b2[m2M+2 �HB;MK2MiX Ai r�b QM2 Q7 i?2 }`bi �TTHB+�iBQMb Q7 .S iQ +QK@
T�`2 #BQHQ;B+�H b2[m2M+2bX AM i?Bb b2+iBQM- r2 2tTH�BM i?Bb �H;Q`Bi?K �M/ b?Qr Bib +Q``2+iM2bbX

hQ /2i2`KBM2 i?2 /2;`22 Q7 bBKBH�`Biv #2ir22M irQ b2[m2M+2b- r2 mb2 i?2 b+Q`2 7mM+iBQM
�b ;Bp2M BM .2}MBiBQM kXjXkX 6Q` }M/BM; i?2 QTiBK�H �HB;MK2Mi #2ir22M irQ b2[m2M+2b- r2
M22/ iQ +QKTmi2 i?2 K�tBKmK b+Q`2 Q7 i?Bb 7mM+iBQM �M/ i?2 �HB;MK2Mi i?�i vB2H/b BiX q2
mb2 i?2 .S T�`�/B;K iQ bQHp2 BiX � .S �H;Q`Bi?K BM+Hm/2b 7Qm` T�`ib,

BV � `2+m`bBp2 /2}MBiBQM Q7 i?2 b+Q`2c

BBV � /vM�KB+ T`Q;`�KKBM; K�i`Bt 7Q` biQ`BM; i?2 QTiBK�H b+Q`2b Q7 bm#@T`Q#H2Kbc

BBBV � #QiiQK@mT �TT`Q�+? iQ +QKTH2i2 i?2 K�i`Bt bi�`iBM; 7`QK i?2 bK�HH2bi bm#T`Q#H2Kbc
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BpV � i`�+2#�+F K2i?Q/ iQ `2+Qp2` i?2 QTiBK�H �HB;MK2Mi UEH2BM#2`; �M/ h�`/Qb- kyyeVX

AM i?2 7QHHQrBM;- r2 /2b+`B#2 i?2b2 7Qm` T�`ib BM KQ`2 /2i�BHbX

� _2+m`bBp2 .2}MBiBQM Q7 i?2 a+Q`2

h?2 rQ`FBM; T`BM+BTH2 7Q` bQHpBM; i?2 T�B`rBb2 b2[m2M+2 �HB;MK2Mi T`Q#H2K rBi? .S Bb iQ
+QKTmi2 i?2 QTiBK�H �HB;MK2Mi 7Q` �HH T�B`b Q7 T`2}t2b Q7 i?2 ;Bp2M b2[m2M+2bX AM i?2 7QHHQr@
BM;- r2 2tTH�BM i?2 `2+m`bBp2 7Q`KmH� 7Q` +�H+mH�iBM; i?2 K�tBKmK b+Q`2 Q7 i?2 T`2}t2b Q7
i?2 b2[m2M+2bX 6B`bi- r2 ;Bp2 � r2HH@FMQrM 7mM/�K2Mi�H T`QT2`iv Q7 �M �HB;MK2MiX

G2KK� kXjXRX UEH2BM#2`; �M/ h�`/Qb- kyyeV
G2i A = (a1, . . . , an1) �M/ B = (b1, . . . , bn2) #2 irQ b2[m2M+2bX �M �HB;MK2Mi ϕ Q7 A

�M/ B /Q2b MQi +QMi�BM �Mv +`QbbBM; T�B`- i?�i Bb- B7 (ai, bj), (ai′ , bj′) ∈ ϕ- �M/ i < i′- i-
i′ ∈ {1, . . . , n1}- j- j′ ∈ {1, . . . , n2}- i?2M j < j′X

S`QTQbBiBQM kXjXkX G2i ϕ #2 �Mv �HB;MK2Mi Q7 A = (a1, . . . , an1) �M/ B = (b1, . . . , bn2)X A7
(an1 , bn2) /∈ ϕ- i?2M 2Bi?2` i?2 n1@i? TQbBiBQM Q7 A Q` i?2 n2@i? TQbBiBQM Q7 B Bb �HB;M2/ rBi?
+?�`�+i2` ‘− ’X

S`QQ7X h?Bb T`QQ7 Bb /QM2 #v +QMi`�/B+iBQM, amTTQb2 i?�i bn2 Bb �HB;M2/ iQ ai ∈ A- 1 ≤ i < n1

BM A �M/ an1 Bb �HB;M2/ iQ � TQbBiBQM bj ∈ B- 1 ≤ j < n2 BM Bc i?2M- i?2`2 2tBbib � +`QbbBM;
T�B`- r?B+? +QMi`�/B+ib G2KK� kXjXRX

h?2 T`QTQbBiBQM bi�i2b i?�i �M �HB;MK2Mi #2ir22M irQ b2[m2M+2b +�M 2M/ BM QM2 Q7 i?2
7QHHQrBM; i?`22 T�B`b, (an1 , bn2)- (an1 , ‘− ’) Q` (‘− ’, bn2)X h?2 7QHHQrBM; +Q`QHH�`v Bb 2[mBp�H2Mi
iQ S`QTQbBiBQM kXjXkX

*Q`QHH�`v kXjXjX U"�`iQM �M/ ai2`M#2`;- RN3dV G2i ϕ = (ϕ1, . . . ,ϕℓ) #2 �M QTiBK�H �HB;MK2Mi
rBi? H2M;i? ℓ Q7 irQ b2[m2M+2b A = (a1, . . . , an1) �M/ B = (b1, . . . , bn2)X h?2 �HB;MK2Mi +�M
TQbbB#Hv 2M/ BM i?`22 r�vb,

BV +?�`�+i2`b an1 �M/ bn2 �`2 �HB;M2/ iQ 2�+? Qi?2`- BX2X- ϕℓ = (an1 , bn2)c

BBV +?�`�+i2` an1 Bb �HB;M2/ iQ �M BM/2H- BX2X- ϕℓ = (an1 , ‘− ’) c

BBBV +?�`�+i2` bn2 Bb �HB;M2/ iQ �M BM/2H- BX2X- ϕℓ = (‘− ’, bn2)X



R3 kX a2[m2M+2 �HB;MK2Mi

h?2 +Q`QHH�`v H2�/b mb /B`2+iHv iQ i?2 7Q`KmH�iBQM Q7 i?2 `2+m``2M+2X
G2i δ(i, j) /2MQi2 i?2 K�tBKmK b+Q`2 Q7 �M QTiBK�H �HB;MK2Mi #2ir22M i?2 irQ T`2}t2b

(a1, . . . , ai) �M/ (b1, . . . , bj)- 1 ≤ i < n1- 1 ≤ j < n2X G2i M #2 � b+Q`BM; K�i`Bt �M/ H2i θ #2
i?2 BM/2H b+Q`2 7Q` 2�+? +?�`�+i2` Q7 A Q` B i?�i Bb �HB;M2/ iQ �M BM/2H +?�`�+i2`X A7 +�b2 BV
?QH/b- r2 ?�p2 i?�i

δ(n1, n2) = M [an1 , bn2 ] + δ(n1 − 1, n2 − 1)

A7 +�b2 BBV �M/ BBBV ?QH/b r2 ?�p2 i?�i

δ(n1 − 1, n2) = θ + δ(n1 − 1, n2) �M/ δ(n1, n2 − 1) = θ + δ(n1, n2 − 1)

`2bT2+iBp2HvX �b � `2bmHi- i?2 QTiBK�H �HB;MK2Mi Bb i?2 ?B;?2bi b+Q`BM; Q7 i?2b2 i?`22 +�b2bX
"27Q`2 r`BiBM; i?2 ;2M2`�H `2+m`bBp2 7Q`KmH�- r2 M22/ iQ b?Qr i?�i- B7 i?2`2 2tBbib �M

QTiBK�H �HB;MK2Mi 7Q` i?2 irQ b2[m2M+2b- #v `2KQpBM; QM2 Q7 i?2 i?`22 �Hi2`M�iBp2 T�B`b 7`QK
i?2 QTiBK�H �HB;MK2Mi- i?2 `2K�BMBM; �HB;MK2Mi Bb �HbQ QTiBK�H 7Q` i?2 i?`22 �Hi2`M�iBp2
T`2}t2bX h?Bb b?Qrb i?�i QTiBK�H bm#bi`m+im`2 2tBbib- r?B+? Bb �M BKTQ`i�Mi T`QT2`iv Q7 �M
QTiBKBx�iBQM T`Q#H2K i?�i +�M #2 2tTHQ`2/ #v .SX

S`QTQbBiBQM kXjX9X G2i A = (a1, . . . , an1) �M/ B = (b1, . . . , bn2) #2 irQ b2[m2M+2bX G2i
ϕ = (ϕ1, . . . ,ϕℓ) #2 �M QTiBK�H �HB;MK2Mi Q7 A �M/ B rBi? K�tBKmK b+Q`2 δ(n1, n2)X

BV A7 ϕℓ = (an1 , bn2)- i?2M (ϕ1, . . . ,ϕℓ−1) Bb �M QTiBK�H �HB;MK2Mi Q7 (a1, . . . , an1−1) �M/
(b1, . . . , bn2−1)c

BBV B7 ϕℓ = (an1 , ‘− ’)- i?2M (ϕ1, . . . ,ϕℓ−1) Bb �M QTiBK�H �HB;MK2Mi Q7 (a1, . . . , an1−1) �M/
(b1, . . . , bn2)c

BBBV B7 ϕℓ = (‘ − ’, bn2)- i?2M (ϕ1, . . . ,ϕℓ−1) Bb �M QTiBK�H �HB;MK2Mi Q7 (a1, . . . , an1) �M/
(b1, . . . , bn2−1)X

S`QQ7X

BV �bbmK2 i?�i (ϕ1, . . . ,ϕℓ−1) Bb MQi �M QTiBK�H �HB;MK2Mi Q7 T`2}t (a1, . . . , an1−1) �M/
T`2}t (b1, . . . , bn2−1)X h?2M i?2`2 2tBbib �MQi?2` QTiBK�H �HB;MK2Mi rBi? H�`;2` b+Q`2
7Q` i?2 b�K2 T`2}t2bX "v bmKKBM; i?Bb b+Q`2 iQ M [an1 , bn2 ]- r2 Q#i�BM �M �HB;MK2Mi
rBi? H�`;2` b+Q`2 i?�M δ(n1, n2)- r?B+? Bb � +QMi`�/B+iBQMc

BBV �bbmK2 i?�i (ϕ1, . . . ,ϕℓ−1) Bb MQi �M QTiBK�H �HB;MK2Mi Q7 T`2}t (a1, . . . , an1−1) �M/
T`2}t (b1, . . . , bn2)X h?2M i?2`2 2tBbib �MQi?2` QTiBK�H �HB;MK2Mi rBi? H�`;2` b+Q`2 7Q`
i?2 b�K2 T`2}t2bX "v bmKKBM; mT θ iQ i?2 b+Q`2 Q7 i?�i �HB;MK2Mi- r2 Q#i�BM �M
�HB;MK2Mi rBi? � H�`;2` b+Q`2 i?�M δ(n1, n2)- r?B+? Bb � +QMi`�/B+iBQMc



kXjX h?2 S�B`rBb2 a2[m2M+2 �HB;MK2Mi S`Q#H2K RN

BBBV avKK2i`B+ iQ BBVX

"v �TTHvBM; i?2 b�K2 �`;mK2Mi BM/m+iBp2Hv 7Q` i?2 bm#T`Q#H2K Q7 }M/BM; i?2 K�tBKmK
b+Q`2 �HB;MK2Mi #2ir22M (a1, . . . , ai) �M/ (b1, . . . , bj)- 1 ≤ i < n1- 1 ≤ j ≤ n2- r2 �``Bp2 iQ
i?2 7QHHQrBM; ;2M2`�H `2+m`bBp2 /2}MBiBQMX

δ(i, j) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

i · θ B7 j = 0

j · θ B7 i = 0

max

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

δ(i− 1, j − 1) +M [ai, bj ]

δ(i− 1, j) + θ

δ(i, j − 1) + θ

B7 i ̸= 0 �M/ j ̸= 0

UkX9V

q?2`2 δ(0, j) �M/ δ(i, 0) +Q``2bTQM/ iQ i?2 #�b2 +�b2 Q7 i?2 `2+m`bBQM- i?�i Bb- i?2 b+Q`2 Q7
�HB;MBM; � T`2}t rBi? �M 2KTiv b2[m2M+2X .m2 iQ i?2 Qp2`H�TTBM; bm#T`Q#H2K T`QT2`iv Q7 i?Bb
T`Q#H2K- Bi Bb TQbbB#H2 iQ biQ`2 i?2 p�Hm2b Q7 δ(i, j) BM � K�i`Bt iQ /Bb+�`/ `2+m`bBp2 7mM+iBQM
+�HHb- r?B+? rQmH/ +Q``2bTQM/ iQ � iQT@/QrM .S �TT`Q�+?X AM Q`/2` iQ �pQB/ i?2 Qp2`?2�/
Q7 `2+m`bBQM- r2 BMi`Q/m+2 i?2 #QiiQK@mT p2`bBQM BM i?2 7QHHQrBM; b2+iBQMX

.vM�KB+ S`Q;`�KKBM; J�i`Bt �M/ "QiiQK@mT �TT`Q�+?

q2 +QMbB/2` � irQ@/BK2MbBQM�H K�i`Bt P rBi? i?2 bBx2 (n1+1)×(n2+1)- r?2`2 i?2 p�Hm2 P [i, j]

Bb i?2 b+Q`2 Q7 i?2 QTiBK�H �HB;MK2Mi rBi? i?2 T`2}t2b (a1, a2, . . . , ai) �M/ (b1, b2, . . . , bj)- BX2X-
δ(i, j)X J�i`Bt P [i, j] Bb #mBHi BM irQ bi2TbX UL22/H2K�M �M/ qmMb+?- RNdyV

RX AMBiB�HBx�iBQMX h?Bb bi2T i`2�ib i?2 #�b2 +�b2 Q7 i?2 `2+m`bBQM BM 1[X UkX9VX h?2 [0, 0]

2H2K2Mi Q7 P Bb b2i iQ 0 �M/ i?2 iQT `Qr �M/ H27iKQbi +QHmKM Q7 i?2 K�i`Bt �`2 BMBiB�HBx2/
rBi? i?2 +Qbi Q7 BM/2Hb Q7 H2M;i?b i �M/ j- `2bT2+iBp2HvX

kX J�i`Bt }HHX h?2 K�i`Bt Bb }HH2/ `Qr@rBb2 7`QK iQT@H27i iQ #QiiQK@`B;?iX h?2`2 �`2 i?`22
TQbbB#H2 r�vb i?�i i?2 #2bi b+Q`2 Q7 �M �HB;MK2Mi mT iQ ai �M/ bj - P [i, j]- 1 ≤ i ≤ n1-
1 ≤ j ≤ n2- Bb Q#i�BM2/, ai +QmH/ #2 �HB;M2/ iQ bj - P [i, j] = P [i− 1, j − 1] +M [ai, bj ]c
Q` ai Bb �HB;M2/ iQ �M BM/2H +?�`�+i2`- P [i, j] = P [i − 1, j] + θc Q` bj Bb �HB;M2/ iQ �M
BM/2H- P [i, j] = P [i, j− 1]+ θX h?2 #2bi b+Q`2 mT iQ (i, j) rBHH #2 i?2 K�tBKmK Q7 i?2b2
i?`22 QTiBQMbX



ky kX a2[m2M+2 �HB;MK2Mi
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6B;m`2 kXk, AHHmbi`�iBQM Q7 i?2 .S K�i`Bt Q7 i?2 L22/H2K�M@qmMb+? �H;Q`Bi?K �M/ i?2
i`�+2#�+F Q7 i?2 �HB;MK2Mi U`2/ �``QrbV

P [i, j] = max

⎧
⎪⎪⎨

⎪⎪⎩

P [i− 1, j − 1] +M [ai, bj ]

P [i− 1, j] + θ

P [i, j − 1] + θ

UkX8V

6Q` Mm+H2QiB/2b b2[m2M+2b- K�i+?2b �`2 `2r�`/2/ rBi? α- KBbK�i+?2b �`2 T2M�HBx2/ #v
β �M/ BM/2Hb �`2 T2M�HBx2/ #v θX h?2 +Q``2bTQM/BM; `2+m``2M+2 +�M #2 `2r`Bii2M �b,

P [i, j] = max

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

P [i− 1, j − 1] + α, B7 ai = bj

P [i− 1, j − 1] + β, B7 ai ̸= bj

P [i− 1, j] + θ

P [i, j − 1] + θ

UkXeV

h?2 `2+m``2M+2 Bb `2T2�i2/Hv �TTHB2/ iQ }HH i?2 K�i`Bt P �M/ QM+2 Bi Bb }HH2/- i?2 H�bi
2H2K2Mi Q7 i?2 K�i`Bt �i TQbBiBQM (n1, n2)- ?QH/b i?2 b+Q`2 Q7 i?2 QTiBK�H �HB;MK2MiX

h?2 h`�+2#�+F J2i?Q/

AM Q`/2` iQ `2+QMbi`m+i �M QTiBK�H �HB;MK2Mi- �M/ ;Bp2M i?�i K�i`Bt P Bb }HH2/- i?2`2 Bb QMHv
i?2 M22/ iQ i`�+2 #�+F i?2 /2+BbBQMb i�F2M #v i?2 .S �H;Q`Bi?K �#Qp2X

6B;m`2 kXk b?Qrb i?2 K�i`Bt P 7Q` i?2 Mm+H2QiB/2 b2[m2M+2b �:h� �M/ �h� rBi? K�i+?
`2r�`/ R (α = 1)- KBbK�i+? T2M�Hiv −1 (β = −1) �M/ BM/2H T2M�Hiv (θ = −2)X 6`QK i?2
#QiiQK@`B;?i +2HH- � `Qmi2 Bb i`�+2/ #�+F iQ i?2 iQT@H27i +2HH- r?B+? ;Bp2b i?2 �HB;MK2MiX "v
7QHHQrBM; i?2 T�i? BM i?2 K�i`Bt- �M QTiBK�H �HB;MK2Mi- rBi? b+Q`2 1- Bb,

�:h�
�@h�



kXjX h?2 S�B`rBb2 a2[m2M+2 �HB;MK2Mi S`Q#H2K kR

PM2 K�v #2 BMi2`2bi2/ BM `2+QMbi`m+iBM; �HH QTiBK�H �HB;MK2MibX AM i?�i +�b2- 2�+? Q7 i?2
i?`22 QTiBQMb i?�i �`2 b2H2+i2/ /m`BM; i?2 K�i`Bt }HH M22/b iQ #2 biQ`2/ BM 2�+? +2HHX LQi2
i?�i B7 KmHiBTH2 QTiBQMb `2bmHi BM i?2 b�K2 b+Q`2- �HH Q7 i?2K M22/ iQ #2 biQ`2/X h?Bb +�M #2
T2`7Q`K2/ #v biQ`BM; ǵT`2/2+2bbQ`Ƕ TQBMi2`b 7Q` 2�+? +2HH- Q` #v biQ`BM; i?2 `2bmHi 7Q` 2�+? Q7
i?2 i?`22 QTiBQMb BM � b2T�`�i2 K�i`Bt �M/ HQQFBM; mT r?B+? ?�b i?2 ?B;?2bi `2bmHi 7Q` � +2HHX

kXjX9 :HQ#�H �HB;MK2Mi rBi? :�T S2M�HiB2b

.2}MBM; i?2 #2bi �HB;MK2Mi #2ir22M irQ b2[m2M+2b /2T2M/b QM i?2 b+Q`2 7mM+iBQMX Ai Bb TQb@
bB#H2 i?�i 7Q` irQ /Bz2`2Mi b+Q`2 7mM+iBQMb i?2 #2bi �HB;MK2Mib /Bz2` +QMbB/2`�#HvX h?2`27Q`2-
Bi Bb +`m+B�H i?�i � b+Q`2 7mM+iBQM Bb #BQHQ;B+�HHv `2H2p�Mi BM Q`/2` iQ T`Q/m+2 �M �HB;MK2Mi i?�i
K�v ?�p2 � #BQHQ;B+�H BMi2`T`2i�iBQM UCQM2b �M/ S2pxM2`- kyy9VX am+? � 7mM+iBQM Kmbi i�F2
BMiQ �++QmMi 7�+iQ`b i?�i +QMbi`�BM b2[m2M+2 2pQHmiBQMX h?2 MQiBQM Q7 � ;�T BM �M �HB;MK2Mi
Bb QM2 Q7 i?2b2 7�+iQ`bX

lbm�HHv- � ;�T Bb T2M�HBx2/ �++Q`/BM; iQ Bib H2M;i? BM i?2 �HB;MK2MiX >Qr2p2`- +H2�`Hv-
i?2 r�v ;�Tb �`2 b+Q`2/ +`BiB+�HHv BM~m2M+2b i?2 2z2+iBp2M2bb Q7 i?2 ;�TX h?2`2 �`2 /Bz2`2Mi
KQ/2Hb Q7 ;�T T2M�HiB2b bm+? �b +QMbi�Mi- HBM2�`- �{M2- +QMp2t- �M/ �`#Bi`�`v U:mb}2H/ 2i �HX-
RNN9VX h?2 }`bi i?`22 ;�T KQ/2Hb �`2 �b 7QHHQrbX

Ç *QMbi�Mi ;�T KQ/2HX h?Bb KQ/2H Bb i?2 bBKTH2bi ivT2 Q7 +�H+mH�iBM; ;�T T2M�Hiv- 7Q` r?B+?
2�+? ;�T Bb b+Q`2/ BM/2T2M/2MiHv Q7 Bib H2M;i?X *QMbB/2` i?2 7QHHQrBM; �HB;MK2Mi Q7 irQ
b?Q`i .L� b2[m2M+2b,

: h @ @ @ *
: h � � : *
YR YR @R YR

�bbmKBM; i?�i 2�+? K�i+? Bb 1 �M/ 2�+? ;�T Bb −1- i?2 iQi�H b+Q`2 Q7 i?2 �HB;MK2Mi mM/2`
i?2 +QMbi�Mi ;�T KQ/2H Bb 1 + 1 + 1− 1 = 2X

Ç GBM2�` ;�T KQ/2HX h?Bb KQ/2H i�F2b BMiQ �++QmMi i?2 H2M;i? Q7 i?2 ;�TX AM i?Bb +�b2-
2�+? BM/2H BM i?2 ;�T Bb T2M�HBx2/ rBi? � }t2/ M2;�iBp2 p�Hm2X h?2 T`Q#H2K Q7 }M/BM;
i?2 QTiBK�H �HB;MK2Mi rBi? ;�T T2M�HiB2b #v +QMbB/2`BM; HBM2�` ;�T KQ/2H Bb i?2 b�K2 �b
;Bp2M BM 1[X UkXjVX

: h @ @ @ *
: h � � : *
YR YR @R @R @R YR



kk kX a2[m2M+2 �HB;MK2Mi

�bbmKBM; i?�i 2�+? BM/2H Bb T2M�HBx2/ #v −1- i?2M i?2 iQi�H b+Q`2 Q7 i?2 �HB;MK2Mi #v
+QMbB/2`BM; i?2 HBM2�` ;�T KQ/2H Bb 1 + 1 + 1− 1− 1− 1 = 0X

Ç �{M2 ;�T KQ/2HX h?Bb Bb i?2 KQbi rB/2Hv mb2/ KQ/2HX h?2 b+Q`2 Q7 � ;�T `2;BQM Q7 H2M;i?
g Bb 2[m�H iQ ν+µ(g−1)- r?2`2 ν �M/ µ �`2 }t2/ M2;�iBp2 p�Hm2bX AM i?Bb +�b2- ν Bb +�HH2/
i?2 ;�T QT2M r2B;?i- bBM+2 Bi `2T`2b2Mib i?2 +Qbi Q7 bi�`iBM; � ;�T- �M/ µ Bb +�HH2/ i?2 ;�T
2ti2MbBQM r2B;?iX lbm�HHv- µ Bb b2i iQ #2 bK�HH2` i?�M ν- r?B+? `2~2+ib i?2 7�+i FMQrM
7`QK #BQHQ;v i?�i bi�`iBM; � ;�T `2;BQM Bb ?�`/2` i?�M 2ti2M/BM; Bi U:mb}2H/ 2i �HX- RNN9VX

: h @ @ @ *
: h � � : *
YR YR @8 @R @R YR

�bbmKBM; i?�i i?2 ;�T QT2M r2B;?i Bb −5 �M/ i?2 ;�T 2ti2MbBQM r2B;?i Bb −1- i?2 b+Q`2
Q7 i?2 �HB;MK2Mi #v +QMbB/2`BM; i?2 �{M2 ;�T KQ/2H Bb 3− 5− 1− 1 = −4X

h?2 L22/H2K�M@qmMb+? �H;Q`Bi?K UL22/H2K�M �M/ qmMb+?- RNdyV bQHp2b i?2 T`Q#H2K Q7
T�B`rBb2 b2[m2M+2 �HB;MK2Mi rBi? i?2 HBM2�` ;�T KQ/2H Ub22 a2+iBQM kXjXjVX AM i?2 7QHHQrBM;-
r2 /2b+`B#2 �M 2ti2MbBQM Q7 i?Bb �H;Q`Bi?K 7Q` i?2 �{M2 ;�T KQ/2H U:mb}2H/ 2i �HX- RNN9VX

.2}MBiBQM kXjXjX a+Q`2 Q7 �M �HB;MK2Mi rBi? �{M2 ;�T KQ/2HX
G2i ϕ #2 �M �HB;MK2Mi Q7 irQ b2[m2M+2b A = (a1, . . . , an1) �M/ B = (b1, . . . , bn2)X G2i

α- β, ν, µ /2MQi2 r2B;?ib 7Q` K�i+?- KBbK�i+?- ;�T QT2M r2B;?i �M/ ;�T 2ti2MbBQM r2B;?i-
`2bT2+iBp2HvX G2i m(ϕ), ms(ϕ), g(ϕ) �M/ d(ϕ) BM/B+�i2 i?2 MmK#2` Q7 K�i+?2b- KBbK�i+?2b-
;�Tb �M/ BM/2Hb Q`/2`Hv BM i?2 �HB;MK2Mi ϕX h?2M- i?2 b+Q`2 7mM+iBQM Q7 �M �HB;MK2Mi ϕ

mM/2` i?2 �{M2 ;�T KQ/2H Bb +QKTmi2/ �b 7QHHQrb,

δ(ϕ) = α ·m(ϕ) + β ·ms(ϕ) + ν · g(ϕ) + µ · (d(ϕ)− g(ϕ))X

h?2 .S �H;Q`Bi?K i?�i }M/b i?2 �HB;MK2Mi i?�i Bb K�tBK�H 7Q` i?Bb b+Q`2 7mM+iBQM Bb
/Bb+mbb2/ BM :mb}2H/ 2i �HX URNN9VX Ai `2[mB`2b 7Qm` K�i`B+2b, Q, R, S, �M/ T X 6Q` � ;Bp2M
(i, j) ∈ {1, . . . , n1} × {1, . . . , n2}- 2Mi`v R[i, j]- S[i, j] �M/ T [i, j] biQ`2b i?2 b2i Q7 bi�i2b
+Q``2bTQM/BM; iQ QTiBK�H �HB;MK2Mib Q7 T`2}t2b (a1, . . . , ai) �M/ (b1, . . . , bj) i?�i 2M/ rBi?
(ai, bj)- (‘− ’, bj) �M/ (ai, ‘− ’)- `2bT2+iBp2Hv- 1 ≤ i ≤ n1- 1 ≤ j ≤ n2X h?2 2H2K2Mi Q[i, j] Bb
i?2 b+Q`2 +Q``2bTQM/BM; iQ QTiBK�H �HB;MK2Mi Q7 T`2}t2b (a1, . . . , ai) �M/ (b1, . . . , bj)X h?2M-
i?2 `2+m`bBQM #v +QMbB/2`BM; � bm#biBimiBQM K�i`Bt M - ;�T QT2M r2B;?i ν �M/ ;�T 2ti2MbBQM
r2B;?i µ Bb �b 7QHHQrb,



kXjX h?2 S�B`rBb2 a2[m2M+2 �HB;MK2Mi S`Q#H2K kj

Q[i, j] = max

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

R[i, j]

S[i, j]

T [i, j]

R[i, j] = Q[i− 1, j − 1] +M [ai, bj ]

S[i, j] = max

{
S[i, j − 1] + µ

Q[i, j − 1] + ν

T [i, j] = max

{
T [i− 1, j] + µ

Q[i− 1, j] + ν

rBi? i?2 7QHHQrBM; #�b2b +�b2b

Q[0, 0] = 0

Q[i, 0] = T [i, 0] = ν + (i− 1) · µ

Q[0, j] = S[0, j] = ν + (j − 1) · µ

rBi? 1 ≤ i ≤ n1- 1 ≤ j ≤ n2X � #QiiQK@mT .S �H;Q`Bi?K +�M 2�bBHv #2 /2`Bp2/ 7`QK i?2
�#Qp2 `2+m`bBQMb- �M�HQ;QmbHv iQ i?2 L22/HK�M@qmMb+? �H;Q`Bi?K /2b+`B#2/ BM a2+iBQM kXjXjX

kXjX8 aKBi?@q�i2`K�M �H;Q`Bi?K 7Q` GQ+�H �HB;MK2Mi

:HQ#�H �HB;MK2Mi K2i?Q/b 7Q`+2 �HB;MK2Mib iQ bT�M i?2 2MiB`2 H2M;i? Q7 i?2 b2[m2M+2b #v
�ii2KTiBM; iQ �HB;M 2p2`v +?�`�+i2` Q7 2�+? b2[m2M+2X h?2v �`2 mb27mH r?2M irQ b2[m2M+2b
�`2 bBKBH�` �M/ ?�p2 `Qm;?Hv 2[m�H H2M;i?X GQ+�H �HB;MK2Mi K2i?Q/b b22F iQ B/2MiB7v `2;BQMb
Q7 bBKBH�`Biv #2ir22M irQ b2[m2M+2bX GQ+�H �HB;MK2Mib �`2 KQ`2 mb27mH iQ B/2MiB7v /Bb+`2i2
`2;BQMb Q7 bBKBH�`Biv #2ir22M Qi?2`rBb2 /Bp2`;2Mi b2[m2M+2bc 7Q` 2t�KTH2- r?2M Bi Bb bmbT2+i2/
i?�i irQ T`Qi2BM b2[m2M+2b b?�`2 � +QKKQM /QK�BM- Q` r?2M +QKT�`BM; 2ti2M/2/ b2+iBQMb Q7
;2MQKB+ .L� b2[m2M+2X Ai Bb �HbQ i?2 KQbi b2MbBiBp2 r�v iQ /2i2+i bBKBH�`Biv r?2M +QKT�`BM;
irQ p2`v ?B;?Hv /Bp2`;2/ b2[m2M+2b- 2p2M r?2M i?2v K�v ?�p2 � b?�`2/ 2pQHmiBQM�`v Q`B;BM
�HQM; rBi? i?2B` 2MiB`2 H2M;i? UaKBi? �M/ q�i2`K�M- RN3RVX

h?2 �H;Q`Bi?K 7Q` }M/BM; �M QTiBK�H HQ+�H �HB;MK2Mi Bb +�HH2/ i?2 aKBi?@q�i2`K�M �H@
;Q`Bi?K UaKBi? �M/ q�i2`K�M- RN3RVX Ai Bb +HQb2Hv `2H�i2/ iQ i?2 �H;Q`Bi?K 7Q` ;HQ#�H
�HB;MK2Mi �b /2b+`B#2/ BM i?2 T`2pBQmb b2+iBQMX h?2 irQ K�BM /Bz2`2M+2b �`2,



k9 kX a2[m2M+2 �HB;MK2Mi

BV AM 2�+? +2HH BM i?2 K�i`Bt- P [i, j] +�M i�F2 i?2 p�Hm2 x2`Q B7 �HH i?2 i?`22 QTiBQMb ?�p2
M2;�iBp2 p�Hm2bX h?Bb QTiBQM �HHQrb i?2 �H;Q`Bi?K iQ bi�`i � M2r �HB;MK2Mi- r?B+?
KB;?i `2bmHi BM � #2ii2` b+Q`2 Q7 i?2 T`2}t2bǶ �HB;MK2Mi i?�M +QMiBMmBM; �M 2tBbiBM;
QM2X h?Bb i`�MbH�i2b BMiQ `2b2iiBM; i?2 +m``2Mi b+Q`2 Q7 i?2 T`2}t2bǶ �HB;MK2Mi iQ x2`QX

BBV AM Q`/2` iQ `2+QMbi`m+i i?2 �HB;MK2Mi- i?2 i`�+2#�+F Kmbi bi�`i 7`QK i?2 ?B;?2bi p�Hm2
BM P X h?2 i`�+2#�+F 2M/b r?2M � +2HH rBi? p�Hm2 x2`Q Bb 7QmM/X

h?2 `2+m``2M+2 2[m�iBQM 7Q` HQ+�H �HB;MK2Mi Bb ;Bp2M �b 7QHHQrb,

P [i, j] = max

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

0 7Q` i ≥ 0 Q` j ≥ 0,

P [i− 1, j] + θ 7Q` i > 0,

P [i, j − 1] + θ 7Q` j > 0,

P [i− 1, j − 1] +M [ai, bj ] 7Q` i > 0 Q` j > 0.

UkXdV

rBi? 1 ≤ i ≤ n1- 1 ≤ j ≤ n2X � #QiiQK@mT .S �H;Q`Bi?K +�M �HbQ #2 /2`Bp2/ 7`QK i?2 �#Qp2
`2+m`bBQMb- �M�HQ;QmbHv iQ i?2 L22/HK�M@qmMb+? �H;Q`Bi?K /2b+`B#2/ BM a2+iBQM kXjXjX

� +QKT�`BbQM #2ir22M ;HQ#�H �M/ HQ+�H �HB;MK2Mi Q7 irQ ?vTQi?2iB+�H ;2M2b Bb b?QrM BM
6B;m`2 kXj UCQM2b �M/ S2pxM2`- kyy9- T�;2 R3kVX "v +QMbB/2`BM; i?2 b+Q`BM; b+?2K2 rBi?
K�i+? `2r�`/ R (α = 1)- KBbK�i+? T2M�Hiv @R (β = −1) �M/ BM/2H T2M�Hiv (θ = −2)c i?2
�HB;MK2Mi b+Q`2 Q7 i?2 ;HQ#�H �HB;MK2Mi Bb @kN r?2`2�b 7Q` i?2 HQ+�H �HB;MK2Mi Bb RkX

kX9 JmHiBTH2 a2[m2M+2 �HB;MK2Mi S`Q#H2K

� KmHiBTH2 b2[m2M+2 �HB;MK2Mi UJa�V Bb �M �HB;MK2Mi Q7 KQ`2 i?�M irQ #BQHQ;B+�H b2[m2M+2bX
lbm�HHv- i?2 b2i Q7 b2[m2M+2b +QMbB/2`2/ BM i?Bb T`Q#H2K Bb �bbmK2/ iQ ?�p2 bQK2 2pQHmiBQM�`v
`2H�iBQMb?BTX 6`QK i?2 `2bmHiBM; Ja�- b2[m2M+2 ?QKQHQ;v +�M #2 BM72``2/- �M/ � T?vHQ;2M2iB+
i`22 +�M #2 +QM/m+i2/ iQ �bb2bb i?2 b?�`2/ 2pQHmiBQM�`v Q`B;BMb Q7 i?2 b2[m2M+2bX

h?Bb b2+iBQM BMi`Q/m+2b i?2 T`Q#H2K Q7 }M/BM; �M �HB;MK2Mi 7Q` KQ`2 i?�M irQ b2[m2M+2bX
6B`bi- i?2 `2[mB`2/ K�i?2K�iB+�H /2}MBiBQM �M/ i?`22 /Bz2`2Mi KQ/2Hb Q7 b+Q`BM; �M Ja� �`2
T`2b2Mi2/X h?2M- i?2 bi`�i2;B2b 7Q` bQHpBM; i?Bb T`Q#H2K �`2 BMi`Q/m+2/X �M 2t�+i �H;Q`Bi?K-
r?B+? Bb � M�im`�H 2ti2MbBQM Q7 i?2 .S �H;Q`Bi?K T`2b2Mi2/ BM a2+iBQM kXj- Bb /Bb+mbb2/ �b
r2HH �b ?2m`BbiB+ K2i?Q/b bm+? �b T`Q;`2bbBp2 �HB;MK2Mib �M/ Bi2`�iBp2 �TT`Q�+?2bX

kX9XR LQi�iBQM �M/ .2}MBiBQMb

JmHiBTH2 �HB;MK2Mi +�M 7Q`K�HHv #2 /2}M2/ �M�HQ;QmbHv iQ i?2 �HB;MK2Mi Q7 irQ b2[m2M+2b
�b 7QHHQrbX



kX9X JmHiBTH2 a2[m2M+2 �HB;MK2Mi S`Q#H2K k8

a2[m2M+2b,

h***�:hh�h:h*�::::�*�*:�:*�h:*�:�:�*
��hh:**:**:h*:hhhh*�:*�:hh�h:h*�:�h*

:HQ#�H �HB;MK2Mi,

@@h@@**@*@�:h@@h�h:h@*�::::�*�*:@@�@:*�h:*�:�@:�*
% %% % %% % % % %%% %% % % % % %%%% %

��hh:**:**@:h*:h@h@hh*�:@@@@*�@:hh�h:@@h@*�:�h@@*

GQ+�H �HB;MK2Mi,

h***�:hh�h:h*�::::�*�*:�:*�h:*�:�:�*
%%%%%%%%%%%%

��hh:**:**:h*:hhhh*�:*�:hh�h:h*�:�h*

6B;m`2 kXj, � +QKT�`BbQM Q7 i?2 ;HQ#�H p2`bmb HQ+�H �HB;MK2Mi UCQM2b �M/ S2pxM2`- kyy9-
T�;2 R3kV

.2}MBiBQM kX9XRX JmHiBTH2 b2[m2M+2 �HB;MK2Mi U"Q+F2M?�m2` �M/ "QM;�`ix- kyyd- T�;2
RyRVX

G2i A1 = (a11, . . . , a1n1), . . . , Am = (am1, . . . , amnm) #2 m b2[m2M+2b Qp2` �M �HT?�#2i ΣX
G2i ‘− ’ /∈ Σ #2 �M BM/2H +?�`�+i2` �M/ H2i Σ′ = Σ ∪ {‘− ’} �M/ λ /2MQi2b i?2 2KTiv bi`BM;X
G2i h : (Σ′)∗ → Σ∗ #2 � ?QKQKQ`T?BbK /2}M2/ #v h(a) = a 7Q` �HH a ∈ Σ- �M/ h(‘− ’) = λX �
KmHiBTH2 b2[m2M+2 �HB;MK2Mi φ Q7 (A1, . . . , Am) Bb �M K@imTH2 Q7 A′

1 = (a′11, . . . , a
′
1ℓ), . . . , A

′
m =

(a′m1, . . . , a
′
mℓ) Q7 b2[m2M+2b rBi? H2M;i? ℓ bm+? i?�i ℓ ≥ max{|Ai|, 1 ≤ i ≤ m} Qp2` i?2 �HT?�#2i

Σ′- bm+? i?�i i?2 7QHHQrBM; +QM/BiBQMb �`2 b�iBb}2/,

BV |A′
1| = |A′

2| = . . . =|A′
m|c

BBV h(A′
i) = Ai 7Q` �HH i ∈ {1, . . . ,m}c

BBBV 6Q` 2p2`v j ∈ {1, . . . , ℓ} i?2`2 2tBbib �M i ∈ {1, . . . ,m} bm+? i?�i a′ij ̸= ‘− ’X

LQi2 i?�i *QM/BiBQM BBBV Q7 i?2 /2}MBiBQM �#Qp2 BM/B+�i2b i?�i Bi /Q2b MQi 2tBbi �Mv
j ∈ {1, . . . , ℓ} bm+? i?�i �M BM/2H +?�`�+i2` Q++m`b BM �HH a′ij - i ∈ {1, . . .m}X

h?2`2 �`2 /Bz2`2Mi r�vb Q7 b+Q`BM; �M Ja�- r?B+? K�v H2�/ iQ /Bz2`2Mi KmHiBTH2 b2[m2M+2
�HB;MK2MibX AM i?2 7QHHQrBM;- i?2 i?`22 KQbi FMQrM b+Q`2 7mM+iBQMb �`2 /2b+`B#2/ BM /2i�BHX



ke kX a2[m2M+2 �HB;MK2Mi

BV amK@Q7@T�B`b b+Q`2X

h?2 KQbi rB/2Hv mb2/ b+Q`BM; b+?2K2 7Q` Ja� Bb i?2 bmK Q7 T�B`b b+Q`2 UaS@b+Q`2V-
r?B+? Bb +QMbBbib Q7 bmKKBM; mT i?2 T�B`rBb2 b2[m2M+2 �HB;MK2Mi b+Q`2 #2ir22M 2�+?
T�B` Q7 b2[m2M+2b BM i?2 �HB;MK2MiX h?2 aS@b+Q`2 δaS(φ) Q7 �M Ja� φ Bb +QKTmi2/ �b
7QHHQrb,

δaS(φ) =
∑

1≤i<j≤m

δ(φij)

r?2`2 φij /2MQi2b i?2 T�B`rBb2 �HB;MK2Mi #2ir22M b2[m2M+2b Ai �M/ Aj �M/ δ(φij) Bb
i?2 T�B`rBb2 �HB;MK2Mi b+Q`2 �b ;Bp2M BM .2}MBiBQM kXjXjX "v +QMbB/2`BM; i?2 �{M2 ;�T
KQ/2H- r2 +�M `2+�bi i?2 b+Q`2 7mM+iBQM �#Qp2 �b 7QHHQrbX

δ(φij) =
ℓ∑

k=1

s(a′ik, a
′
jk)

r?2`2

s(a, b) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

M [a, b] B7 (a ̸= ‘− ’ �M/ b ̸= ‘− ’)

ν B7 (a ̸= ‘− ’ tQ` b ̸= ‘− ’) �M/ Bi Bb � ;�T QT2MBM;
µ B7 (a ̸= ‘− ’ tQ` b ̸= ‘− ’) �M/ Bi Bb � ;�T 2ti2MiBQM
0 B7 (a = ‘− ’ �M/ b = ‘− ’)

�M/ ℓ Bb i?2 H2M;i? Q7 φX 6mM+iBQM s(a, b) 2p�Hm�i2b 2�+? T�B` Q7 �HB;M2/ `2bB/m2b BM i?2
Ja�X h?2 b+Q`2 7Q` i?2 K�i+?BM; Q7 `2bB/m2b a �M/ b Bb Q#i�BM2/ 7`QK i?2 bm#biBimiBQM
K�i`Bt M X A7 2Bi?2` a Q` b Bb �M BM/2H +?�`�+i2` �M/ Bi Bb � ;�T QT2MBM;- i?2M s(a, b)

Bb 2[m�H iQ ν U;�T QT2MBM; T2M�HivV- Qi?2`rBb2 B7 Bi Bb � ;�T 2ti2MbBQM i?2M i?2 b+Q`2 Bb
2[m�H iQ µ U;�T 2ti2MbBQM T2M�HivVX A7 #Qi? �`2 ‘− ’- i?2M s(a, b) = 0X

A7 i?2 HBM2�` ;�T KQ/2H Ub22 a2+iBQM kXjX9 T�;2 kRV rBi? � }t2/ BM/2H T2M�Hiv µ Bb mb2/-
i?Bb 7Q`KmH�iBQM +�M #2 bBKTHB}2/ �b 7QHHQrbX

δaS(φ) =
ℓ∑

k=1

m−1∑

i=1

m∑

j=i+1

s(a′ik, a
′
jk)



kX9X JmHiBTH2 a2[m2M+2 �HB;MK2Mi S`Q#H2K kd

r?2`2

s(a, b) =

⎧
⎪⎪⎨

⎪⎪⎩

M [a, b] B7 (a ̸= ‘− ’ �M/ b ̸= ‘− ’)

µ B7 (a ̸= ‘− ’ tQ` b ̸= ‘− ’)

0 B7 (a = ‘− ’ �M/ b = ‘− ’)

AM i?2 7QHHQrBM;- r2 T`QpB/2 �M 2t�KTH2 7Q` i?2 +�H+mH�iBQM Q7 i?Bb b+Q`2 7mM+iBQMX

1t�KTH2 kXkX *QMbB/2` i?2 7QHHQrBM; Ja� Q7 i?2 b2[m2M+2b h�**�:h- ***:h�� �M/
h**,

R k j 9 8 e d 3 N
R h � * * � : h @ @
k * @ * * @ : h � �
j h @ * * @ @ @ @ @

G2i i?2 b+Q`2 Q7 (a, b) #2 1- B7 a = b �M/ 0 Qi?2`rBb2X G2i i?2 T2M�Hiv b+Q`2 #2 µ = −1X
h?2M- i?2 aS@b+Q`2 Q7 i?Bb �HB;MK2Mi Bb �b 7QHHQrb,

δaS(φ) =
9∑

k=1

2∑

i=1

3∑

j=i+1

s(a′ik, a
′
jk)

= (0 + 1 + 0) + (−1− 1 + 0) + (1 + 1 + 1) + (1 + 1 + 1) + (−1− 1 + 0)

+ (−1 + 1− 1) + (−1 + 1− 1) + (−1 + 0− 1) + (−1 + 0− 1)

= −3

BBV q2B;?i2/ amK@Q7@S�B`b b+Q`2X

h?2 r2B;?i2/ bmK@Q7@T�B`b b+Q`2 UqaS@b+Q`2V Bb �M 2ti2MbBQM Q7 aS@b+Q`2- r?2`2 2�+?
T�B` Q7 b2[m2M+2b +QMi`B#mi2b /Bz2`2MiHv iQ i?2 iQi�H b+Q`2X h?2 qaS@b+Q`2 Bb /2}M2/
�b,

δqaS(φ) =
∑

1≤i<j≤m

ωi,j · δ(φij)

r?2`2 ωi,j Bb i?2 r2B;?i �bbQ+B�i2/ rBi? i?2 T�B` Q7 b2[m2M+2b Ai �M/ Aj BM i?2 �HB;M@
K2MiX h?Bb r2B;?i Bb mbm�HHv +�H+mH�i2/ �++Q`/BM; iQ i?2 /Bbi�M+2b #2ir22M i?2 irQ



k3 kX a2[m2M+2 �HB;MK2Mi

b2[m2M+2b mbBM; K2i?Q/b bm+? �b lS:J� UaM2�i? 2i �HX- RNd8V Q` L2B;?#Q` CQBMBM;
Ua�BiQm �M/ L2B- RN3dV Ub22 a2+iBQM eXjXk- T�;2 Rj8VX

BBBV J�tBKmK +QMbBbi2M+v b+Q`2X

h?2 K�tBKmK +QMbBbi2M+v b+Q`2 Bb mb2/ #v `2+2Mi Ja� T`Q;`�Kb bm+? �b h@*Qz22
ULQi`2/�K2 2i �HX- kyyyV- J�66h p2`bBQM 8 UE�iQ? 2i �HX- kyykV �M/ S`Q#*QMb U.Q
2i �HX- kyy8VX 6Q` +�H+mH�iBM; i?2 b+Q`2 Q7 �M �HB;MK2Mi rBi? i?Bb K2i?Q/- i?2 bm#biBim@
iBQM b+Q`2 Bb +�H+mH�i2/ #2ir22M 2�+? `2bB/m2 T�B` mbBM; i?2 BM7Q`K�iBQM 7`QK T�B`rBb2
�HB;MK2Mib UHQ+�H �M/ ;HQ#�HV #2ir22M b2[m2M+2bX h?Bb K2i?Q/ Bb FMQrM iQ BM+`2�b2 i?2
�++m`�+v Q7 i?2 Ja�- #mi Bi ?�b � +QbiHv +QKTmi�iBQM iBK2 ULQi`2/�K2 2i �HX- RNN3VX
h?2 +�H+mH�iBQM Q7 i?Bb b+Q`2 Bb 2tTH�BM2/ KQ`2 BM /2i�BH BM i?2 7QHHQrBM; b2+iBQM UT�;2
jjVX

kX9Xk �H;Q`Bi?Kb 7Q` i?2 Ja� S`Q#H2K

AM i?2 7QHHQrBM;- r2 BMi`Q/m+2 i?2 KQbi +QKKQM bi`�i2;B2b 7Q` bQHpBM; i?2 Ja� T`Q#H2KX
h?2 �H;Q`Bi?Kb �`2 +H�bbB}2/ BMiQ i?`22 K�BM +�i2;Q`B2b, 2t�+i- T`Q;`2bbBp2 �M/ Bi2`�iBp2
�H;Q`Bi?Kb ULQi`2/�K2- kyykVX h?2 2t�+i �H;Q`Bi?K bQHp2b i?2 Ja� T`Q#H2K rBi? � .S
�TT`Q�+? mbBM; �M n@/BK2MbBQM�H K�i`Bt 7`QK n b2[m2M+2bX lM7Q`imM�i2Hv- i?Bb K2i?Q/
M22/b � bB;MB}+�Mi �KQmMi Q7 iBK2 �M/ K2KQ`v `2bQm`+2b �M/ Bb MQi 72�bB#H2 BM T`�+iB+2X

h?2 KQbi +QKKQMHv mb2/ ?2m`BbiB+ K2i?Q/b �`2 T`Q;`2bbBp2 �H;Q`Bi?KbX h?2v #mBH/
mT i?2 Ja� #v T2`7Q`KBM; � b2`B2b Q7 T�B`rBb2 �HB;MK2MibX h?Bb �TT`Q�+? bi�`ib rBi? �
T�`iB+mH�` T�B`rBb2 �HB;MK2Mi �M/ Bi2`�iBp2Hv �//b � b2[m2M+2 Q` � T�B`rBb2 �HB;MK2Mi iQ i?2
;`QrBM; KmHiBTH2 �HB;MK2MiX PM2 Q7 i?2 T`BK�`v T`Q#H2Kb Q7 T`Q;`2bbBp2 �HB;MK2Mib Bb i?�i-
r?2M 2``Q`b �`2 K�/2 �i �Mv bi�;2 BM i?2 ;`QrBM; Ja�- i?2v �`2 T`QT�;�i2/ i?`Qm;? i?2
}M�H `2bmHiX Ai2`�iBp2 �H;Q`Bi?Kb �`2 bBKBH�` iQ T`Q;`2bbBp2 K2i?Q/b- #mi `2T2�i2/Hv `2�HB;M
i?2 BMBiB�H b2[m2M+2b �M/ �// M2r b2[m2M+2b iQ i?2 ;`QrBM; Ja� BM Q`/2` iQ `2}M2 BiX

1t�+i �H;Q`Bi?Kb

h?2 Ja� T`Q#H2K +�M #2 bQHp2/ #v 2ti2M/BM; i?2 .S �TT`Q�+? 7Q` i?2 T�B`rBb2 b2[m2M+2
�HB;MK2Mi T`Q#H2K Ub22 a2+iBQM kXjXjVX "v �bbmKBM; �M aS@b+Q`BM; K2i?Q/ rBi? � HBM2�` ;�T
+Qbi 7mM+iBQM Ub22 a2+iBQM kX9XRV i?2 7QHHQrBM; T�`�K2i2`b �`2 `2[mB`2/X 6Q` +�H+mH�iBM; i?2
aS@b+Q`2 UδSP V- r2 �bbmK2 i?�i i?2 b+Q`2b s(a, b) �`2 �p�BH�#H2 7`QK � bm#biBimiBQM K�i`Bt M -
s(a, ‘− ’) Bb � }t2/ p�Hm2 UBM/2H r2B;?iV �M/ s(‘− ’, ‘− ’) = 0X amTTQb2 r2 ?�p2 m b2[m2M+2b
A1 = (a11, . . . , a1n1), A2 = (a21, . . . , a2n2), . . . , Am = (am1, . . . , amnm)X G2i P [i1, . . . , im] #2



kX9X JmHiBTH2 a2[m2M+2 �HB;MK2Mi S`Q#H2K kN

i?2 K�tBK�H b+Q`2 Q7 �M �HB;MK2Mi 7Q` i?2 T`2}t2b 2M/BM; rBi? a1i1 , . . . , amim X h?2 `2+m`bBQM
bi2T Q7 i?2 /vM�KB+ T`Q;`�KKBM; �H;Q`Bi?K Bb ;Bp2M #v i?2 7QHHQrBM; `2+m``2M+2 UCQM2b �M/
S2pxM2`- kyy9c *Q?2M- kyy9c Ab�2p- kyy9V,

P [i1, . . . , im] = max

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

P [i1 − 1, . . . , im − 1] + δSP (a1i1 , . . . , amim)

P [i1, i2 − 1, . . . , im − 1] + δSP (‘− ’, a2i2 , . . . , amim)

P [i1 − 1, i2, i3 − 1, . . . , im − 1] + δSP (a1i1 , ‘− ’, a3i3 , . . . , amim)
XXX

P [i1 − 1, . . . , im−1 − 1, im] + δSP (a1i1 , . . . , am−1im−1 , ‘− ’)
XXX

P [i1, i2, i3 − 1, . . . , im − 1] + δSP (‘− ’, ‘− ’, a3i3 , . . . , amim)
XXX

P [i1, i2, i3, . . . , im − 1] + δSP (‘− ’, ‘− ’, . . . , ‘− ’, amim)

r?2`2 �HH +QK#BM�iBQM Q7 BM/2Hb Q++m`b 2t+2Ti i?2 QM2 r?2`2 �HH `2bB/m2b �`2 `2TH�+2/ #v
BM/2HbX h?2 �H;Q`Bi?K Bb BMBiB�HBx2/ #v b2iiBM; P [0, . . . , 0] = 0X h?2 i`�+2#�+F bi�`ib �i
P [n1, . . . , nm] �M/ Bb �M�HQ;Qmb iQ i?2 i`�+2#�+F K2i?Q/ 7Q` T�B`rBb2 �HB;MK2Mib Ub22 a2+iBQM
kXjVX

6Q`m b2[m2M+2b- i?2 K2i?Q/ �#Qp2 `2[mB`2b +QMbi`m+iBM; �Mm@/BK2MbBQM�H K�i`Bt 2[mBp@
�H2Mi iQ i?2 QM2 7Q` T�B`rBb2 b2[m2M+2 �HB;MK2Mi Ub22 a2+iBQM kXjVX h?2`27Q`2- i?2 b2�`+? bT�+2
BM+`2�b2b 2tTQM2MiB�HHv rBi? BM+`2�bBM; m �M/ Bb �HbQ bi`QM;Hv /2T2M/2Mi QM i?2 H2M;i? Q7
i?2 b2[m2M+2bX A7 i?2 H2M;i? Q7 i?2 H�`;2bi b2[m2M+2 Bb 2[m�H iQ ℓ- i?2M i?2 bT�+2 �M/ iBK2
+QKTH2tBiv Q7 i?Bb K2i?Q/ rQmH/ #2 O(ℓm)X AM 7�+i- i?2 T`Q#H2K Q7 }M/BM; i?2 ;HQ#�H QT@
iBKmK 7Q` �M �`#Bi`�`v MmK#2` Q7 b2[m2M+2b ?�b #22M b?QrM iQ #2 LS@?�`/ UCmbi- kyyRc
Ab��+- kyyeVX *�``BHHQ �M/ GBTK�M BMi`Q/m+2/ bQK2 bT22/@mT i2+?MB[m2 i?�i mb2b T�B`rBb2
�HB;MK2Mib iQ +QMbi`�BM i?2 m@/BK2MbBQM�H b2�`+? bT�+2X h?2 B/2� Bb iQ `2/m+2 i?2 MmK#2`
Q7 2H2K2Mib Q7 i?2 .S K�i`Bt i?�i M22/ iQ #2 2t�KBM2/ BM Q`/2` iQ }M/ �M QTiBK�H KmHiBTH2
�HB;MK2Mi U*�``BHHQ �M/ GBTK�M- RN33c GBTK�M 2i �HX- RN3NVX aiBHH- i?2 2t�+i �H;Q`Bi?K ?�b
H�`;2 K2KQ`v �M/ +QKTmi�iBQM�H iBK2X h?mb- Bi Bb BKT`�+iB+�H 7Q` K�Mv Ja� �TTHB+�iBQMb
i?�i `2[mB`2 i?2 bBKmHi�M2Qmb �HB;MK2Mi Q7 K�Mv b2[m2M+2bX



jy kX a2[m2M+2 �HB;MK2Mi

S`Q;`2bbBp2 �H;Q`Bi?Kb

S`Q;`2bbBp2 �H;Q`Bi?Kb �`2 ?2m`BbiB+ �TT`Q�+?2b iQ Ja� UCQM2b �M/ S2pxM2`- kyy9VX >2m`Bb@
iB+b �`2 �TTHB2/ iQ T`Q#H2Kb r?2`2 i?2 iBK2 `2[mB`2/ iQ }M/ �M QTiBK�H bQHmiBQM Bb p2`v H�`;2X
h?2b2 �TT`Q�+?2b /Q MQi ;m�`�Mi22 i?2 QTiBK�H bQHmiBQM #mi 2KTHQv +H2p2` i2+?MB[m2b iQ }M/
� b�iBb7�+iQ`v bQHmiBQM BM � b?Q`i �KQmMi Q7 iBK2X

S`Q;`2bbBp2 �HB;MK2Mi �H;Q`Bi?Kb T`Q/m+2 � KmHiBTH2 b2[m2M+2 �HB;MK2Mi 7`QK � MmK#2`
Q7 T�B`rBb2 �HB;MK2MibX h?2v ;`22/BHv b2H2+i � T�B` Q7 b2[m2M+2b rBi? i?2 H�`;2bi bBKBH�`Biv
b+Q`2 �M/ K2`;2b Bi BMiQ � M2r b2[m2M+2 Q` �H`2�/v +QMbi`m+i2/ T�B`rBb2 �HB;MK2Mi 7QHHQrBM;
i?2 T`BM+BTH2 ǳQM+2 � ;�T- �Hr�vb � ;�TǴX h?Bb T`BM+BTH2 bi�i2b i?�i QM+2 � ;�T Bb BMi`Q/m+2/
BMiQ i?2 �HB;MK2Mi- Bi rBHH M2p2` #2 `2KQp2/- 2p2M B7 i?�i H2�/b iQ � rQ`b2 KmHiBTH2 �HB;MK2Mi
U62M; �M/ .QQHBiiH2- RN3dVX h?2 KQiBp�iBQM 7Q` i?2 +?QB+2 Q7 i?2 KQbi bBKBH�` b2[m2M+2b
BM i?2 2�`Hv bi2Tb Q7 i?2 �H;Q`Bi?K Bb i?�i i?2v Q7i2M T`QpB/2 i?2 KQbi `2HB�#H2 BM7Q`K�iBQM
�#Qmi i?2 QTiBK�H �HB;MK2MiX *H2�`Hv- /Bz2`2Mi �HB;MK2Mib +�M #2 T`Q/m+2/ #v +QMbB/2`BM;
/Bz2`2Mi Q`/2`BM;b Q7 i?2 b2[m2M+2b iQ #2 K2`;2/X

AM i?2 7QHHQrBM;- r2 /Bb+mbb irQ T`Q;`2bbBp2 �H;Q`Bi?Kb i?�i ?�p2 #22M mb2/ 2ti2MbBp2Hv
#v T`�+iBiBQM2`b- *Hmbi�Hq Uh?QKTbQM 2i �HX- RNN9V �M/ h@*Qz22 ULQi`2/�K2 2i �HX- kyyyVX

*Hmbi�Hq PM2 Q7 i?2 KQbi TQTmH�` KmHiBTH2 b2[m2M+2 �HB;MK2Mi �H;Q`Bi?Kb i?�i mb2b �
T`Q;`2bbBp2 bi`�i2;v Bb *Hmbi�Hq Uh?QKTbQM 2i �HX- RNN9VX h?2 i?`22 #�bB+ bi2Tb BM i?2
*Hmbi�Hq �TT`Q�+? �`2 �HKQbi 2[m�H iQ �HH T`Q;`2bbBp2 �HB;MK2Mi �H;Q`Bi?Kb, BV *�H+mH�i2
� K�i`Bt Q7 T�B`rBb2 /Bbi�M+2b #�b2/ QM T�B`rBb2 �HB;MK2Mib #2ir22M i?2 b2[m2M+2bc BBV lb2
i?2 `2bmHi Q7 UBV iQ #mBH/ � ;mB/2 i`22- r?B+? Bb �M BM72``2/ T?vHQ;2Mv 7Q` i?2 b2[m2M+2b Ub22
a2+iBQM eXjXkVc BBBV lb2 i?2 i`22 7`QK UBBV iQ ;mB/2 i?2 T`Q;`2bbBp2 �HB;MK2Mi Q7 i?2 b2[m2M+2bX
q2 BHHmbi`�i2 i?Bb i2+?MB[m2 #v +QMbB/2`BM; i?2 7QHHQrBM; 7Qm` b2[m2M+2b Q7 T`Qi2BM b2[m2M+2b,

a2[�, ELG6J1G. hS1 GLah 6Lh _Lh
a2[", ELG6J1G. hS1 6Lah _Lh
a2[*, ELG6J1G. hS1 �1Gu 6Lah _Lh
a2[., hS1 6Lh _Lh

BV *�H+mH�iBQM Q7 i?2 T�B`rBb2 /Bbi�M+2b

AM i?2 }`bi bi2T- �HH T�B`b Q7 b2[m2M+2b �`2 �HB;M2/ #v � .S �H;Q`Bi?K- �M/ i?2M � bBKB@
H�`Biv Q` /Bbi�M+2 p�Hm2 Bb +�H+mH�i2/ 7Q` 2�+? T�B` mbBM; i?2 �HB;M2/ TQ`iBQM UBM/2Hbf;�Tb
�`2 2t+Hm/2/VX 6B;m`2 kX9 b?Qrb �M QTiBK�H T�B`rBb2 �HB;MK2Mi Q7 �HH T�B`b Q7 i?2 7Qm`



kX9X JmHiBTH2 a2[m2M+2 �HB;MK2Mi S`Q#H2K jR

a2[�, ELG6J1G.hS1GLah6Lh_Lh a2[", ELG6J1G.hS1@@@@6Lah_Lh
a2[", ELG6J1G.hS16Lah_Lh@@@ a2[*, ELG6J1G.hS1�1Gu6Lah_Lh

a2[�, ELG6J1G.hS1GLah6L@h_Lh a2[", ELG6J1G.hS16Lah_Lh
a2[*, ELG6J1G.hS1�1Gu6Lah_Lh a2[., @@@@@@@@hS16L@h_Lh

a2[�, ELG6J1G.hS1GLah6Lh_Lh a2[*, ELG6J1G.hS1�1Gu6Lah_Lh
a2[., @@@@@@@@hS16L@@@@h_Lh a2[., @@@@@@@@hS16L@@@@@h_Lh

6B;m`2 kX9, �HH T�B`rBb2 �HB;MK2Mib 7Q` i?2 7Qm` b2[m2M+2bk

b2[m2M+2b �#Qp2X � TQbbB#H2 K2�bm`2 Q7 /Bbi�M+2 Bb iQ mb2 i?2 MmK#2` Q7 K�i+?2b BM i?2
�HB;MK2Mi �b 7QHHQrb Uh?QKTbQM 2i �HX- RNN9V,

distance = 1− LmK#2` Q7 K�i+?2b
G2M;i? Q7 �HB;M2/ `2;BQM rBi? MQ BM/2Hbf;�Tb

AM Qm` 2t�KTH2- i?2 /Bbi�M+2 #2ir22M b2[m2M+2b � �M/ " Bb 2[m�H iQ 1−16/18 = 0.1(1)X
LQi2 i?�i r2 ?�p2 +QKTmi2/ /Bbi�M+2b iQ #2 BM i?2 `�M;2 Q7 y iQ R- rBi? bK�HH2` p�Hm2b
BM/B+�iBM; KQ`2 +HQb2Hv `2H�i2/ b2[m2M+2bX h?2 /Bbi�M+2 K�i`Bt 7Q` i?2 b2[m2M+2b Q7 i?2
2t�KTH2 Bb b?QrM BM i?2 7QHHQrBM; i�#H2X

a2[X� a2[ " a2[ * a2[ .
a2[ � yXyyyy yXRURV yXRNy8 yXRURV
a2[ " yXRURV yXyyyy yXyyyy yXyyyy
a2[ * yXRNy8 yXyyyy yXyyyy yXkUkV
a2[ . yXRURV yXyyyy yXkUkV yXyyyy

BBV "mBH/BM; i?2 ;mB/2 i`22

AM i?2 7QHHQrBM; bi2T- i?2 ;mB/2 i`22 Bb #mBHi #�b2/ QM i?2 /Bbi�M+2 K�i`Bt +QKTmi2/ BM
i?2 T`2pBQmb bi2TX h?2 2t�+i /2i�BHb Q7 i?2 i`22 +QMbi`m+iBQM �`2 /Bb+mbb2/ BM *?�Ti2`
eX *Hmbi�Hq mb2b i?2 M2B;?#Q`@DQBMBM; K2i?Q/ Ua�BiQm �M/ L2B- RN3dV iQ +QKTmi2 i?Bb
i`22X h?2 bmK Q7 i?2 #`�M+? H2M;i?b Q7 i?2 ;mB/2 i`22 #2ir22M 2�+? T�B` Q7 b2[m2M+2b
+Q``2bTQM/b- B/2�HHv- iQ i?2 /Bbi�M+2 #2ir22M i?Qb2 b2[m2M+2bX >Qr2p2`- i?2 +m``2Mi
K2i?Q/b #mBH/ � i`22 i?�i �TT`QtBK�i2 i?2 BM7Q`K�iBQM ;Bp2M BM i?2 /Bbi�M+2 K�i`BtX

kh?2 ;HQ#�H T�B`rBb2 �HB;MK2Mib r2`2 Q#i�BM2/ 7`QK i?2 QMHBM2 iQQH 1J"Paa L22/H2- �p�BH�#H2 �i
?iiT,ffrrrX2#BX�+XmFfhQQHbfTb�f2K#QbbnM22/H2- rBi? bm#biBimiBQM K�i`Bt "GPalJek- ;�T QT2MBM; p�Hm2
−10 �M/ ;�T 2ti2MbBQM r2B;?i −0.5X



jk kX a2[m2M+2 �HB;MK2Mi

6B;m`2 kX8, h?2 ;mB/2 i`22 Q#i�BM2/ rBi? i?2 L2B;?#Q`@CQBMBM; K2i?Q/Xj

6B;m`2 kX8 b?Qrb i?2 +Q``2bTQM/BM; ;mB/2 i`22 7`QK i?2 �#Qp2 /Bbi�M+2 K�i`BtX �b Bi Bb
b?QrM- i?2 /Bbi�M+2 #2ir22M a2[� �M/ a2[. BM i?2 i`22 Bb 0.08 + 0.04 = 0.12 r?B+? Bb
+HQb2 iQ i?2 p�Hm2 0.1(1) BM i?2 /Bbi�M+2 K�i`BtX

BBBV S`Q;`2bbBp2 �HB;MK2Mi

AM i?Bb bi2T- i?2 B/2� Bb iQ mb2 i?2 T�B`rBb2 �HB;MK2Mib �H`2�/v +QKTmi2/ iQ �HB;M
H�`;2` �M/ H�`;2` ;`QmTb Q7 b2[m2M+2b- 7QHHQrBM; i?2 #`�M+?BM; Q`/2` Q7 i?2 ;mB/2 i`22X
�HB;MK2Mib �`2 +QK#BM2/ bi�`iBM; 7`QK i?2 KQbi +HQb2Hv `2H�i2/ b2[m2M+2b �M/ i?2M
T`Q+22/ 7`QK i?2 H2�p2b Q7 i?2 i`22 iQr�`/b i?2 `QQiX 1�+? bi2T +QMbBbib Q7 �HB;MBM; irQ
2tBbiBM; �HB;MK2Mib Q` � b2[m2M+2 rBi? �HB;MK2MibX �i 2�+? bi�;2- � .S �H;Q`Bi?K Bb
mb2/ rBi? � bm#biBimiBQM K�i`Bt U2X;X- � S�J Q` � "GPalJ K�i`BtV �M/ ;�T QT2MBM;
�M/ 2ti2MbBQM T2M�HiB2bX h?2 b+Q`2 �i 2�+? TQbBiBQM BM i?2 .S K�i`Bt Bb 2[m�H iQ i?2
�p2`�;2 Q7 �HH b+Q`2b 7`QK i?2 irQ b2ib Q7 b2[m2M+2bX q2 BHHmbi`�i2 i?Bb T`Q+2/m`2 #v
+QMbB/2`BM; i?2 irQ 7QHHQrBM; T�B`rBb2 �HB;MK2Mib,

b2[", ELG6J1G.hS1@@@@6Lah_Lh
b2[*, ELG6J1G.hS1�1Gu6Lah_Lh

b2[�, ELG6J1G.hS1GLah6Lh_Lh
b2[., @@@@@@@@hS16L@@@@h_Lh

jh?2 i`22 r�b ;2M2`�i2/ mbBM; J1:�d UEmK�` 2i �HX- kyReV �p�BH�#H2 �i ?iiT,ffrrrXK2;�bQ7ir�`2XM2if



kX9X JmHiBTH2 a2[m2M+2 �HB;MK2Mi S`Q#H2K jj

h?2 b+Q`BM; Q7 i?2 }`bi +QHmKM Q7 i?2 }`bi �HB;MK2Mi �;�BMbi i?2 7Qm`i? +QHmKM Q7 i?2
b2+QM/ �HB;MK2Mi Bb +�H+mH�i2/ �b 7QHHQrb U;Bp2M � bm#biBimiBQM K�i`Bt MV,

(2 ·M [E, E] + 2 ·M [6, ‘− ’]) /4

6Q` i?2 7Qm` b2[m2M+2b Q7 i?2 2t�KTH2- i?2 �HB;MK2Mi Q`/2` Bb i?2 7QHHQrBM;,

BV �HB;M a2[" rBi? a2[* U:`QmT RV
ELG6J1G.hS1@@@@6Lah_Lh
ELG6J1G.hS1�1Gu6Lah_Lh

BBV �HB;M a2[� �M/ a2[. U:`QmT kV
ELG6J1G.hS1GLah6Lh_Lh
@@@@@@@@hS16L@@@@h_Lh

BBB �HB;M :`QmT R rBi? :`QmT k
ELG6J1G.hS1@@@@6Lah_Lh
ELG6J1G.hS1�1Gu6Lah_Lh
ELG6J1G.hS1GLah6Lh_Lh@
@@@@@@@@hS16L@@@@@h_Lh

h@*Qz22 h?Bb T`Q;`2bbBp2 K2i?Q/ 7Q` Ja� mb2b +QMbBbi2M+v BM7Q`K�iBQM 7Q` i?2 b+Q`@
BM; ULQi`2/�K2 2i �HX- kyyyVX h?2 K�BM B/2� Q7 i?Bb i2+?MB[m2 Bb iQ T`2T`Q+2bb � /�i�b2i Q7
�HH T�B`rBb2 �HB;MK2Mib #2ir22M i?2 b2[m2M+2b- r?B+? T`QpB/2b � HB#`�`v Q7 �HB;MK2Mi BM7Q`@
K�iBQM i?�i Bb H�i2` mb2/ iQ ;mB/2 i?2 T`Q;`2bbBp2 bi`�i2;vX q2 BHHmbi`�i2 i?2 bi2Tb Q7 i?Bb
i2+?MB[m2 rBi? i?2 7Qm` b2[m2M+2b mb2/ BM i?2 T`2pBQmb 2t�KTH2X

BV :2M2`�iBQM Q7 i?2 T`BK�`v HB#`�`v

h?2 T`BK�`v HB#`�`v Bb +`2�i2/ #v ;2M2`�iBM; i?2 T�B`rBb2 �HB;MK2Mib #2ir22M �HH T�B`b Q7
b2[m2M+2bX 6Q` 2�+? T�B` Q7 b2[m2M+2b- h@*Qz22 +�H+mH�i2b QM2 ;HQ#�H T�B`rBb2 �HB;MK2Mi
�M/ b2p2`�H MQM@Qp2`H�TTBM; HQ+�H �HB;MK2MibX h?2 ;HQ#�H �HB;MK2Mib �`2 mbm�HHv +QM@
bi`m+i2/ #v mbBM; i?2 *Hmbi�Hq T`Q;`�K �M/ /27�mHi T�`�K2i2`bX h?2 HQ+�H �HB;MK2Mib
�`2 ;2M2`�i2/ #v G�HB;M T`Q;`�K9 rBi? /27�mHi T�`�K2i2` U>m�M; �M/ JBHH2`- RNNRVX
h?2 �H;Q`Bi?K 7Q` 2�+? b2[m2M+2 T�B` +?QQb2b i?2 iQT i2M b+Q`BM; HQ+�H �HB;MK2Mib i?�i
/Q MQi ?�p2 BMi2`b2+iBQMbX

9G�HB;M }M/b � b2i Q7 MQM@Qp2`H�TTBM; HQ+�H �HB;MK2Mib U>m�M; �M/ JBHH2`- RNNRc S2�`bQM �M/ GBTK�M-
RN33VX Ai Bb �M BKTH2K2Mi�iBQM Q7 aBK T`Q;`�K BMbB/2 6�ah� T�+F�;2 Ub22 ?iiT,ff2K#M2iXpBi�H@BiX+?f
bQ7ir�`2fG�GA:Ln7Q`KX?iKHV



j9 kX a2[m2M+2 �HB;MK2Mi

a2[�, ELG6J1G.hS1GLah6Lh_Lh Sq433 a2["V ELG6J1G.hS1@@@@6Lah_Lh Sq4Ryy
a2[", ELG6J1G.hS16Lah_Lh@@@ a2[*, ELG6J1G.hS1�1Gu6Lah_Lh

a2[�, ELG6J1G.hS1GLah6L@h_Lh Sq4dd a2[", ELG6J1G.hS16Lah_Lh Sq4Ryy
a2[*, ELG6J1G.hS1�1Gu6Lah_Lh a2[., @@@@@@@@hS16L@h_Lh

a2[�, ELG6J1G.hS1GLah6Lh_Lh Sq4Ryy a2[*, ELG6J1G.hS1�1Gu6Lah_Lh Sq4Ryy
a2[., @@@@@@@@hS1@@@@6Lh_Lh a2[., @@@@@@@@hS1@@@@6L@h_Lh

6B;m`2 kXe, h@*Qz22 T`BK�`v HB#`�`v- rBi? �HH T�B`rBb2 �HB;MK2Mib �M/ i?2 S`BK�`v q2B;?i
p�Hm2 USqV

BBV *�H+mH�iBQM Q7 i?2 T`BK�`v r2B;?ib

AM i?2 T`BK�`v HB#`�`v- i?2 �HB;MK2Mib �`2 F2Ti �b � HBbi Q7 �HB;M2/ `2bB/m2 T�B`b- 7Q`
2t�KTH2- B7 i?2 `2bB/m2 x Q7 b2[m2M+2 A Bb �HB;M2/ rBi? i?2 `2bB/m2 y Q7 b2[m2M+2 B-
i?2M i?2 �HB;MK2Mi +QMi�BMb i?2 `2bB/m2 T�B` (A(x), B(y))X h?2b2 `2bB/m2 T�B`b +�HH2/
+QMbi`�BMibc 1�+? +QMbi`�BMi ;2ib � p�Hm2X AM i?Bb K2i?Q/- iQ 2p�Hm�i2 i?2 KmHiBTH2
b2[m2M+2 �HB;MK2Mi BMbi2�/ Q7 mbBM; i?2 p�Hm2b Q7 bm#biBimiBQM K�i`B+2b- i?2b2 p�Hm2b
�`2 +QMbB/2`2/X L2p2`i?2H2bb- �HH Q7 i?2b2 T�B`b K�v MQi ?�p2 2[m�H BKTQ`i�M+2 BM
T`Q/m+BM; i?2 b2[m2M+2 �HB;MK2MiX aQK2 Q7 i?2K K�v +QK2 7`QK T�`ib Q7 �HB;MK2Mi
i?�i b22K iQ #2 KQ`2 +Q``2+iX h?2`27Q`2- h@*Qz22 �bbB;Mb � r2B;?i iQ 2�+? `2bB/m2
T�B`X h?2 T`BK�`v r2B;?i BM i?2 T`BK�`v HB#`�`v Bb #�b2/ QM i?2 b2[m2M+2 B/2MiBivX AM
i?Bb bi2T- 2�+? +QMbi`�BMi U`2bB/m2 T�B`V ;2i � p�Hm2 Ur2B;?iV 2[m�H iQ i?2 T2`+2Mi�;2
Q7 b2[m2M+2 B/2MiBiv Q7 i?2 T�B`rBb2 �HB;MK2Mi i?�i Bi Q`B;BM�i2bX 6B;m`2 kXe b?Qrb �HH
;HQ#�H �HB;MK2Mib Q7 i?2 7Qm` b2[m2M+2b �M/ i?2 +Q``2bTQM/BM; T`BK�`v r2B;?ib USqVX

BBBV J2`;BM; Q7 i?2 irQ T`BK�`v HB#`�`B2b

h?2 T`BK�`v HB#`�`v +QMbBbib Q7 HQ+�H �HB;MK2Mi �M/ ;HQ#�H �HB;MK2Mi 7Q` � T�B` Q7
b2[m2M+2bX aBM+2 � `2bB/m2 T�B` BM i?2 ;HQ#�H �HB;MK2Mi +�M �TT2�` BM HQ+�H �HB;MK2Mib-
i?2 r2B;?ib 7Q` bm+? �HB;M2/ `2bB/m2 T�B`b M22/ iQ #2 K2`;2/X h?Bb K2`;BM; bi2T +QMbBbib
QMHv Q7 bmKKBM; mT i?2 irQ r2B;?ib B7 � `2bB/m2 T�B` Bb /mTHB+�i2/ #2ir22M i?2 irQ
HB#`�`B2bX Pi?2`rBb2- i?2 `2bB/m2 T�B` Bb biQ`2/ �b Bi BbX 6Q` `2bB/m2 T�B`b i?�i /Q MQi
Q++m` BM �Mv T�B`rBb2 �HB;MK2Mi- i?2 /27�mHi r2B;?i p�Hm2 Bb 2[m�H iQ x2`QX

BpV 1ti2M/BM; i?2 K2`;2/ T`BK�`v HB#`�`v

h?2 K2`;2/ T`BK�`v r2B;?ib +�M #2 mb2/ /B`2+iHv iQ +QKTmi2 i?2 Ja�- #mi h@*Qz22



kX9X JmHiBTH2 a2[m2M+2 �HB;MK2Mi S`Q#H2K j8

a2[�, ELG6J1G. hS1 GLah 6Lh _Lh r2B;?i 4 33
a2[", ELG6J1G. hS1 6Lah _Lh @@@

a2[�, ELG6J1G. hS1 GLah 6L@h _Lh
a2[*, ELG6J1G. hS1 �1Gu 6Lah _Lh r2B;?i 4 dd
a2[", ELG6J1G. hS1 6Lah _Lh@ @@@

a2[�, ELG6J1G. hS1 GLah 6Lh _Lh
a2[., @@@@@@@@ hS1 @@@@ 6Lh _Lh r2B;?i 4 Ne
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6B;m`2 kXd, h?2 i?`22 TQbbB#H2 �HB;MK2Mib Q7 a2[� �M/ a2[" 7Q` Qm` 2t�KTH2

2ti2M/b i?Bb HB#`�`v BM7Q`K�iBQMX Ai BM+`2�b2b i?2 p�Hm2 Q7 i?2 HB#`�`v BM7Q`K�iBQM #v
i2biBM; i?2 +QMbBbi2M+v Q7 2�+? `2bB/m2 T�B` rBi? `2bB/m2 T�B`b 7`QK �HH i?2 Qi?2` �HB;M@
K2MibX 6Q` i?Bb Tm`TQb2- h@*Qz22 i�F2b 2�+? �HB;M2/ `2bB/m2 T�B` 7`QK i?2 T`BK�`v
HB#`�`v �M/ +?2+F B7 Bi �HB;Mb rBi? i?2 `2bB/m2b 7`QK i?2 `2K�BMBM; b2[m2M+2bX h?Bb
T`Q+2/m`2 Bb BHHmbi`�i2/ BM 6B;m`2 kXdX 6Q` i?2 b�F2 Q7 i?2 2tTH�M�iBQM- H2i aE- bE �M/ cE

/2MQi2 i?2 BM/2t Q7 i?2 }`bi E BM a2[�- a2[" �M/ a2[*- `2bT2+iBp2Hv �M/ H2i W (bE, aE)

/2MQi2 i?2 r2B;?i Q7 i?2 T�B` (aE, bE)- r?B+? Bb 33X AM i?2 �HB;MK2Mi Q7 a2[� �M/ a2["
i?`Qm;? b2[m2M+2 a2[*- aE �M/ bE �`2 �HB;M2/- �b r2HH �b bE �M/ cEX h?2`27Q`2- i?2
`2bB/m2 T�B` (aE, bE) Bb �HB;M2/ i?`Qm;? a2[*X AM Q`/2` iQ BM+`2�b2 i?2 [m�HBiv BM7Q`K�@
iBQM Q7 `2bB/m2 T�B` (aE- bE) Q7 a2[� �M/ a2["- h@*Qz22 �//b � r2B;?i 2[m�H iQ i?2
KBMBKmK Q7 W (aE, cE) �M/ W (bE, cE)- i?�i Bb min(77, 100) = 77- iQ Bib T`BK�`v r2B;?iX
h?2`27Q`2- i?2 r2B;?i Q7 `2bB/m2 T�B` (aE- bE) BM+`2�b2 iQ 33YddX h@*Qz22 `2T2�ib i?Bb
T`Q+2/m`2 7Q` �HH i?2 Qi?2` i`BTH2bX h?2 �H;Q`Bi?K +QMp2`ib +QMbBbi2M+v BM7Q`K�iBQM BMiQ
r2B;?ib 7Q` �HB;M2/ `2bB/m2 T�B`bX PM+2 r2B;?ib �`2 mT/�i2/- h@*Qz22 T`Q+22/b iQ i?2
M2ti bi2TX

pV S`Q;`2bbBp2 bi`�i2;v

AM i?2 H�bi bi2T- h@*Qz22 T`Q;`2bbBp2Hv �HB;Mb b2[m2M+2bX h?Bb T`Q+2bb Q++m`b i?2 b�K2 �b
i?2 *Hmbi�Hq T`Q+2/m`2X S�B`rBb2 �HB;MK2Mib �`2 }`bi +�H+mH�i2/ iQ +`2�i2 � /Bbi�M+2
K�i`BtX h?2M- #�b2/ QM � /Bbi�M+2 K�i`Bt- � ;mB/2 i`22 mbBM; i?2 M2B;?#Q`@DQBMBM;
K2i?Q/ Bb +�H+mH�i2/ Ua�BiQm �M/ L2B- RN3dVX �i H�bi- rBi? i?2 ?2HT Q7 � T?vHQ;2M2iB+
i`22- i?2 b2[m2M+2b �HB;M T`Q;`2bbBp2Hv iQ T`Q/m+2 i?2 Ja�X h?2 QMHv /Bz2`2M+2 Bb i?�i
7Q` �HB;MBM; BM i?2 H�bi bi2T- h@*Qz22 mb2b i?2 r2B;?ib 7`QK i?2 2ti2M/2/ HB#`�`v �M/



je kX a2[m2M+2 �HB;MK2Mi

i?2 ;�T T2M�HiB2b �`2 b2i iQ x2`QX

Ai2`�iBp2 �H;Q`Bi?Kb

PM2 Q7 i?2 K�BM T`Q#H2Kb rBi? T`Q;`2bbBp2 �HB;MK2Mib Bb i?�i r`QM; +?QB+2 Q++m``BM; BM i?2
BMBiB�H �HB;MK2Mi rBHH #2 T`QT�;�i2/ iQ i?2 `2bi Q7 i?2 �HB;MK2Mi T`Q+2/m`2X h?2 Bi2`�iBp2
�TT`Q�+?2b r2`2 BMi`Q/m+2/ iQ Qp2`+QK2 i?Bb T`Q#H2KX h?2v `2T2�i2/Hv `2�HB;M �HH b2[m2M+2b
bQ i?�i i?2 Qp2`�HH �HB;MK2Mi b+Q`2- bm+? �b i?2 bmK@Q7@T�B` b+Q`2- +�M #2 BKT`Qp2/X Ai2`�iBp2
K2i?Q/b +�M #2 /2i2`KBMBbiB+ Q` biQ+?�biB+- /2T2M/BM; QM i?2 bi`�i2;v mb2/ iQ BKT`Qp2 i?2
�HB;MK2MiX h`�/BiBQM�H biQ+?�biB+ Bi2`�iBp2 K2i?Q/b BM+Hm/2 bBKmH�i2/ �MM2�HBM; �M/ ;2M2iB+
�H;Q`Bi?KbX "BQBM7Q`K�iB+b T�+F�;2b i?�i mb2 Bi2`�iBp2 �H;Q`Bi?Kb �`2 Ai2`�HB;M- S__S-
.A�GA:L- Jla*G1 U:QiQ?- RNNec JQ`;2Mbi2`M 2i �HX- RNN3c "2`;2` �M/ JmMbQM- RNNRVX

h?2 �TT`Q�+? /2b+`B#2/ BM "�`iQM �M/ ai2`M#2`; URN3dV Bb QM2 Q7 i?2 }`bi /2i2`KBMBbiB+
Bi2`�iBp2 �H;Q`Bi?KbX Ai mb2b BM7Q`K�iBQM T`QpB/2/ #v � T`Q}H2- r?B+? Bb � K�i`Bt i?�i biQ`2b
i?2 `2H�iBp2 7`2[m2M+v i?�i 2�+? +?�`�+i2` �TT2�`b BM 2�+? +QHmKM Q7 �M Ja�X h?2 7QHHQrBM;
i�#H2 b?Qrb �M 2t�KTH2 Q7 � T`Q}H2 U`B;?iV 7Q` �M Ja� Q7 9 b2[m2M+2b UH27iVX

R k j 9 . . .

aR, ��"."@@"**@*1�� � RXyy yX8y yXyy yXyy
ak, ��@.�"""****1@� " yXyy yXk8 yXd8 yXyy
aj, �@".@@""***@1�� * yXyy yXyy yXyy yXyy
a9, �"".�"""**@@1@� . yXyy yXyy yXyy RXyy

1 yXyy yXyy yXyy yXyy

h?2 �H;Q`Bi?K rQ`Fb �b 7QHHQrb,

BV 6BM/ irQ b2[m2M+2b rBi? H�`;2bi b+Q`2 �M/ �HB;M i?2K mbBM; bi�M/�`/ .S Ub22 a2+iBQM
kXjVX

BBV lT/�i2 i?2 T`Q}H2 K�i`Bt #v K2`;BM; i?2 irQ b2H2+i2/ b2[m2M+2 BM i?2 T`2pBQmb bi2TX
6BM/ � b2[m2M+2 i?�i H�`;2bi b+Q`2 iQ � T`Q}H2 Q7 i?2 �HB;MK2Mi Q7 i?2 }`bi irQ b2[m2M+2b
�M/ �HB;M Bi iQ i?2 }`bi irQ #v T`Q}H2@b2[m2M+2 �HB;MK2MiX _2T2�i mMiBH �HH b2[m2M+2b
�`2 BM+Hm/2/X

BBBV _2KQp2 `�M/QKHv QM2 b2[m2M+2 �M/ +`2�i2 � T`Q}H2 Q7 Qi?2` b2[m2M+2bX _2�HB;M i?�i
b2[m2M+2 iQ T`Q}H2 �HB;MK2MiX _2T2�i 7Q` �HH b2[m2M+2bX

BpV _2T2�i bi2T j mMiBH 2Bi?2` i?2 b+Q`2 +QMp2`;2b Q` � }t2/ MmK#2` Q7 Bi2`�iBQMb Bb `2�+?2/X



kX9X JmHiBTH2 a2[m2M+2 �HB;MK2Mi S`Q#H2K jd

�MQi?2` Bi2`�iBp2 �H;Q`Bi?K- .L_- r�b T`QTQb2/ BM :QiQ? URNNeVX Ai Bb � /Qm#H2 M2bi2/
Bi2`�iBp2 �H;Q`Bi?K rBi? `�M/QKBx�iBQM- r?B+? QTiBKBx2b i?2 r2B;?i2/ bmK@Q7@T�B`b b+Q`2
7mM+iBQM rBi? i?2 �{M2 ;�T KQ/2HX Ai bi�`ib rBi? � T`2HBKBM�`v Ja�- r?B+? K�v #2 Q#i�BM2/
#v �Mv KQ`2 bi`�B;?i7Q`r�`/ K2i?Q/X h?Bb Ja� Bb i?2 ǳb22/Ǵ 7Q` �HH i?2 +�H+mH�iBQMbX h?2M-
� b2i Q7 r2B;?ib Bb +�H+mH�i2/ #v � T?vHQ;2M2iB+ i`22X8 h?2 �H;Q`Bi?K +QMbBbib Q7 irQ M2bi2/
HQQTbX h?2 }`bi HQQT +QMi�BMb � `�M/QKBx2/ Bi2`�iBp2 K2i?Q/X �7i2` i?2 +QMp2`;2M+2- �
M2r T?vHQ;2M2iB+ i`22 �M/ r2B;?ib #2ir22M T�B`b Q7 b2[m2M+2b �`2 +�H+mH�i2/- �M/ i?2 b2+QM/
HQQT bi�`ibX AM i?Bb r�v- i?2 /Qm#H2 M2bi2/ Bi2`�iBQMb �`2 +QMiBMm2/ mMiBH i?2 iQi�H r2B;?i2/
bmK@Q7@T�B`b b+Q`2 +QMp2`;2bX

kX9Xj Pi?2` Ja� a+Q`2 6mM+iBQMb

a2p2`�H Qi?2` K2i?Q/b 7Q` �bb2bbBM; i?2 [m�HBiv Q7 �M Ja� ?�p2 #22M T`QTQb2/ BM i?2 HBi2`@
�im`2- bQK2 Q7 i?2K #2BM; p2`v /BbiBM+i 7`QK i?Qb2 K2MiBQM2/ BM i?2 T`2pBQmb b2+iBQMbX 6Q`
BMbi�M+2- bQK2 Q7 i?2K- bm+? �b "�HBa+Q`2 Uh?QKTbQM 2i �HX- kyy8V i�F2b BMiQ �++QmMi �M
2tBbiBM; `272`2M+2 Ja�X AM i?2 7QHHQrBM;- r2 #`B2~v K2MiBQM bQK2 Q7 i?2K- rBi? T�`iB+mH�`
2KT?�bBb QM "�HBa+Q`2- 1Mi`QTv UaQiQ �M/ "2+2``�- kyR9V- J2i�H "H�+F#m`M2 �M/ q?2H�M
UkyRkV �M/ ah_AE1 UE2K2M� 2i �HX- kyRRVX

"�HBa+Q`2 h?Bb +QKTmi2b i?2 �++m`�+v Q7 �M Ja� rBi? `2bT2+i iQ �M 2tBbi2Mi `272`@
2M+2 Ja�X Ai Bb T`QpB/2/ iQ;2i?2` rBi? i?2 /�i�b2ib BM i?2 #2M+?K�`F /�i�#�b2 "�HB"�a1
Uh?QKTbQM 2i �HX- kyy8V i?�i +QMbBbib Q7 � H�`;2 b2i Q7 `272`2M+2 Ja�b Q7 FMQrM b2[m2M+2bX
hQ +QKT�`2 i?2 �++m`�+v Q7 �M Ja� rBi? `2bT2+i iQ i?2 `272`2M+2 Ja� BM i?2 #2M+?K�`F-
"�HBa+Q`2 +QKTmi2b irQ `�iBQb, +Q``2+iHv �HB;M2/ `2bB/m2 T�B`b UaSV �M/ +Q``2+iHv �HB;M2/
+QHmKMb Uh*V Uh?QKTbQM 2i �HX- RNNNVX h?2 b+Q`2 aS Bb i?2 T2`+2Mi�;2 Q7 +Q``2+iHv �HB;M2/
T�B`b Q7 `2bB/m2b BM i?2 Ja�X *QMbB/2` �M �HB;MK2Mi Q7 m b2[m2M+2b +QMbBbiBM; Q7 ℓ +QHmKMb
Ub22 .2}MBiBQM kX9XR �M/ MQi�iBQM i?2`2BMVX G2i i?2 j@i? +QHmKM BM i?2 Ja� #2 /2MQi2/ #v
(a′1j , a

′
2j , . . . , a

′
mj)- j ∈ {1, . . . , ℓ}- r?2`2 ℓ Bb i?2 H2M;i? Q7 i?2 Ja�X 6Q` 2�+? T�B` Q7 `2bB/m2b

a′ij �M/ a′kj - i, k ∈ {1, . . . ,m}- H2i pikj = 1 B7 i?2 `2bB/m2b a′ij �M/ a′kj �`2 �HB;M2/ rBi? 2�+?
Qi?2` BM i?2 `272`2M+2 Ja�- �M/ pikj = 0 Qi?2`rBb2X h?2 Sj b+Q`2 7Q` i?2 j@i? +QHmKM Bb
/2}M2/ �b 7QHHQrb,

86Q` `2+QMbi`m+iBM; i?2 ;mB/2 i`22- i?2 lS:J� K2i?Q/ Bb mb2/ UJB+?2M2` �M/ aQF�H- RN8dV- r?B+? Bb
+QMbi`m+i2/ 7`QK i?2 /Bbi�M+2 p�Hm2b #2ir22M K2K#2`b BM i?2 BMBiB�H �HB;MK2Mi �M/ Bb �bbB;M2/ iQ �HH T�B`b Q7
b2[m2M+2b



j3 kX a2[m2M+2 �HB;MK2Mi

Sj =
m−1∑

i=1

m∑

k=i+1

pikj

h?2 aS b+Q`2 7Q` i?2 Ja� Bb i?2M +QKTmi2/ �b 7QHHQrb,

aS =

ℓ∑

j=1

Sj

ℓr∑

j=1

Sr
j

r?2`2 ℓr Bb i?2 MmK#2` Q7 +QHmKMb BM i?2 `272`2M+2 Ja� �M/ Sr
j Bb i?2 b+Q`2 Q7 i?2 j@i?

+QHmKM BM i?2 `272`2M+2 Ja�X
h?2 +QHmKM b+Q`2 h* Bb i?2 T2`+2Mi�;2 Q7 +Q``2+iHv �HB;M2/ +QHmKMb BM i?2 Ja�X G2i Cj

#2 i?2 b+Q`2 7Q` i?2 j@i? +QHmKM BM i?2 �HB;MK2Mi- r?2`2 Cj = 1 B7 �HH i?2 `2bB/m2b BM i?Bb
+QHmKM �`2 �HB;M2/ �b BM i?2 `272`2M+2 Ja�- Qi?2`rBb2 Cj = 0- j ∈ {1, . . . , ℓ}X h?2 b+Q`2 h*
7Q` �M Ja� Bb i?2M ;Bp2M �b 7QHHQrb,

h* =

ℓ∑

j=1

Cj

ℓ

h?2b2 `�iBQb +�M #2 +QKTmi2/ #v i?2 T`Q;`�K "�HBa+Q`2- r?B+? Bb Tm#HB+Hv �p�BH�#H2 �i
?iiT,ffrrrXH#;BX7`f#�HB#�b2X h?Bb T`Q;`�K +�H+mH�i2b i?2 aS �M/ h* QMHv 7Q` bT2+B�H
`2;BQMb i?�i �`2 +�HH2/ +Q`2 #HQ+FbX *Q`2 #HQ+Fb +Q``2bTQM/ iQ i?2 `2;BQMb Q7 i?2 �HB;MK2Mi
i?�i �`2 `2HB�#Hv �HB;M2/X h?2b2 `2;BQMb �`2 /2}M2/ #v bQK2 K2i?Q/ #�b2/ QM � +QK#BM�iBQM
Q7 b2+QM/�`v bi`m+im`2 �M/ b2[m2M+2 +QMb2`p�iBQM Uh?QKTbQM 2i �HX- kyy8VX

1Mi`QTv Ai K2�bm`2b i?2 p�`B�#BHBiv Q7 �M Ja� #v /2}MBM; i?2 7`2[m2M+B2b Q7 i?2 Q++m`@
`2M+2 Q7 2�+? +?�`�+i2` BM 2�+? +QHmKMX h?2 iQi�H 2Mi`QTv 7Q` �M Ja� Bb i?2 bmK Q7 i?2
2Mi`QTB2b Q7 Bib +QHmKMb UaQiQ �M/ "2+2``�- kyR9VX G2i φ #2 �M Ja� Qp2` �M �HT?�#2i Σ′

rBi? ℓ +QHmKMb Ub22 .2}MBiBQM kX9XR- T�;2 k8 VX G2i Pj(x) #2 i?2 7`2[m2M+v Q7 i?2 Q++m``2M+2
Q7 2�+? +?�`�+i2` x ∈ Σ′ BM 2�+? +QHmKM j Q7 i?2 Ja�- j ∈ {1, . . . , ℓ}- r?2`2 ℓ Bb i?2 H2M;i?
Q7 i?2 Ja�X h?2M- i?2 2Mi`QTv p�Hm2 Pj(φ) QM 2�+? +QHmKM j Q7 i?2 Ja� φ Bb /2}M2/ �b
7QHHQrb,

Pj(φ) = −
∑

x∈Σ′

Pj(x) log2 Pj(x)



kX9X JmHiBTH2 a2[m2M+2 �HB;MK2Mi S`Q#H2K jN

h?2 2Mi`QTv E(φ) Q7 i?2 Ja� φ Bb i?2 bmK Q7 2Mi`QTB2b Q7 Bib +QHmKMb,

E(φ) =
ℓ∑

j=1

Pj(φ)

lbm�HHv ;QQ/ �HB;MK2Mib �`2 +QMbB/2`2/ iQ #2 i?Qb2 i?�i KBMBKBx2 i?2B` iQi�H 2Mi`QTvX

aBKBH�`Biv Similarity +�M ?�p2 � /Bz2`2Mi K2�MBM; BM #BQBM7Q`K�iB+b #mi BM i?Bb +QMi2ti Bb
� K2�bm`2 i?�i Bb /2}M2/ #v E�v� 2i �HX UkyR9V BM i?2B` K2i?Q/X Ai Bb � K2�bm`2 Q7 bBKBH�`Biv
�KQM; �HH b2[m2M+2bX h?2v }`bi ;2M2`�i2 � TQbBiBQM r2B;?i K�i`Bt 7`QK i?2 �HB;MK2MiX �
#�bB+ TQbBiBQM r2B;?i K�i`Bt Bb +`2�i2/ #v +QmMiBM; i?2 Q++m``2M+2b Q7 2�+? `2bB/m2 BM 2�+?
+QHmKM �M/ /BpB/BM; #v i?2 MmK#2` Q7 b2[m2M+2bX h�#H2 kXR b?Qrb �M 2t�KTH2 Q7 �M �HB;MK2Mi
�M/ Bib +Q``2bTQM/BM; TQbBiBQM r2B;?i K�i`BtX h?2M- i?2 /QKBM�M+2 p�Hm2 dv Q7 i?2 /QKBM�Mi
`2bB/m2 BM 2�+? +QHmKM Bb +�H+mH�i2/ �b 7QHHQrb,

dv(i) = max{f(a, i)}

r?2`2 f(a, i) Bb i?2 b+Q`2 Q7 2�+? `2bB/m2 a BM +QHmKM i, i = {1, . . . , ℓ}X AM i?2 TQbBiBQM r2B;?i
K�i`Bt `2;�`/H2bb Q7 i?2 2tBbi2M+2 Q7 �M BM/2H- dv(i) Bb i?2 /QKBM�M+2 p�Hm2 Q7 i?2 /QKBM�Mi
`2bB/m2 QM +QHmKM i- �M/ ℓ Bb i?2 �HB;MK2Mi H2M;i?X 6Q` i?2 �HB;MK2Mi BM h�#H2 kXR- i?2
/QKBM�Mi `2bB/m2 7Q` +QHmKM 1 Bb P �M/ Bib /QKBM�M+2 p�Hm2 Bb 0.75X h?2 /QKBM�M+2 p�Hm2b
Q7 i?2 Qi?2` +QHmKMb �`2 R- yXd8- R �M/ R- `2bT2+iBp2HvX

�i H�bi- i?2 bBKBH�`Biv Q#D2+iBp2 7mM+iBQM Q7 �HB;MK2Mi φ Bb /2}M2/ �b i?2 �p2`�;2 Q7 i?2
/QKBM�M+2 p�Hm2b Q7 �HH +QHmKMb BM i?2 TQbBiBQM r2B;?i K�i`BtX

Similarity(φ) =

∑ℓ
i=1 dv(i)

ℓ

6Q` i?2 �#Qp2 2t�KTH2- i?2 bBKBH�`Biv p�Hm2- Bb +QKTmi2/ �b,
(
0.75 + 1 + 0.75 + 1 + 1

5

)
= 0.9

amTTQ`i E�v� 2i �HX UkyR9V mb2/ i?Bb K2�bm`2 BM i?2B` �H;Q`Bi?KX h?2 K2�MBM; Q7 bmTTQ`i
Bb i?2 b�K2 �b i?�i BM i?2 /�i� KBMBM; }2H/X aQK2iBK2b- B7 BM i?2 �HB;MK2Mi r2 `2KQp2 �
b2[m2M+2- i?2 �HB;MK2Mi b+Q`2 K�v BM+`2�b2X AM Qi?2` rQ`/b- r2 +�M }M/ �HB;MK2Mi rBi? �
#2ii2` b+Q`2 B7 � b2[m2M+2 i?�i +Q``mTib i?2 �HB;MK2Mi [m�HBiv Bb `2KQp2/X h?2`27Q`2- bmTTQ`i
Bb i?2 MmK#2` Q7 b2[m2M+2b T`2b2Mi BM �HB;MK2Mi rBi? � ?B;?2` b+Q`2X h?2 ;`2�i2` i?2 bmTTQ`i
p�Hm2- i?2 bi`QM;2` Bb i?2 �HB;MK2Mi +Qp2`2/ #v KQbi Q7 i?2 b2[m2M+2b BM i?2 /�i�b2iX
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h�#H2 kXR, �M �HB;MK2Mi rBi? H2M;i? 8 �M/ Bib TQbBiBQM r2B;?i K�i`BtX

R k j 9 8
6 @ 6 6 .
S . 6 @ .
S @ 6 6 .
S . . 6 .

=⇒

R k j 9 8
6 yXk8 y yXd8 R y
S yXd8 y y y y
. y R yXk8 y R

J2i�GX Ai Bb � b+Q`BM; b+?2K2 i?�i Bb Q#i�BM2/ 7`QK 7Qm` K2i`B+b iQ +QKT�`2 /Bz2`2Mi
Ja�bX h?Bb b+Q`2 Bb #�b2/ QM, UBV � bBKTH2 +Q``2+iBQM iQ i?2 bmK@Q7@T�B`b b+Q`2c UBBV `�r ;�T
BM7Q`K�iBQMc UBBBV TQbBiBQMb Q7 ;�Tb Q++m``BM; BM � b2[m2M+2c �M/ UBpV TQbBiBQMb Q7 BM/2H 2p2Mib
Q++m``BM; #Qi? BM � b2[m2M+2 �M/ QM Bib T?vHQ;2M2iB+ i`22X h?2 KQ`2 /2i�BH2/ BM7Q`K�iBQM
`2;�`/BM; i?2b2 K2i`B+b +�M #2 7QmM/ BM "H�+F#m`M2 �M/ q?2H�M UkyRkVX J2i�H Bb �p�BH�#H2
�i ?iiT,ffFmKB?QXbKBi?XK�MX�+XmFfr?2H�MfbQ7ir�`2fK2i�HX

ah_AE1 Ai Bb � b+Q`BM; b+?2K2 iQ +QKT�`2 irQ �Hi2`M�iBp2 Ja� 7`QK i?2 b�K2 b2[m2M+2b
#v FMQrBM; i?2 bi`m+im`�H BM7Q`K�iBQM Q7 �i H2�bi QM2 i?2 b2[m2M+2b UE2K2M� 2i �HX- kyRRVX
ah_AE1 Bb �p�BH�#H2 �i ?iiT,ffrrrXi+Q7722XQ`;X

kX9X9 "2M+?K�`Fb

*m``2MiHv- K�Mv Q7 /�i� b2ib �M/ i2+?MB[m2b ?�p2 #22M /2bB;M2/ iQ bi�M/�`/Bx2 i?2 +QKT�`@
BbQM Q7 b2[m2M+2 �HB;MK2Mi `2bmHibX 1t�KTH2b �`2 Ps"2M+? U_�;?�p� 2i �HX- kyyjV >PJ@
ah_�. U/2 "�FF2` 2i �HX- kyyRV Q` S`27�# U1/;�`- kyy9VX AM i?2 i?2bBb- 7Q` i?2 Tm`TQb2 Q7 i?2
2tT2`BK2Mi�H �M�HvbBb- r2 ?�p2 +?Qb2M b2[m2M+2b Q#i�BM2/ 7`QK i?2 #2M+?K�`F /�i�#�b2 "�H@
B"�a1 jXy Uh?QKTbQM 2i �HX- kyy8V- r?B+? Bb i?2 KQbi `2+2Mi �M/ mb2/ BM i?2 HBi2`�im`2X h?2
/�i�#�b2 +QMi�BMb ?B;? [m�HBiv- K�Mm�HHv +QMbi`m+i2/ KmHiBTH2 b2[m2M+2 �HB;MK2Mib iQ;2i?2`
rBi? /2i�BH2/ �MMQi�iBQMbX h?2 �HB;MK2Mib �`2 �HH #�b2/ QM i?`22@/BK2MbBQM�H bi`m+im`�H
bmT2`TQbBiBQMX

"�HB"�a1 Bb /BpB/2/ BMiQ }p2 ?B2`�`+?B+�H `272`2M+2 /�i� b2ibX h?2 /�i�b2i _272`2M+2
R +QMbBbib Q7 2[mB/Bbi�Mi 7�KBHv b2[m2M+2b rBi? irQ bm#;`QmTb, _oRR �M/ _oRkX _oRR
+QMi�BMb j3 /�i�b2ib rBi? H2bb i?�M kyW `2bB/m2 B/2MiBiv #2ir22M ;`QmTb �M/ _oRk +QMi�BMb
99 /�i� b2ib rBi? `2bB/m2 B/2MiBiv #2ir22M kyW �M/ 9yWX _272`2M+2 k U_okyV +QMi�BMb 9R
�HB;MK2Mib +QKT`BbBM; 7�KBHv b2[m2M+2b rBi? KQ`2 i?�M 9yW bBKBH�`Biv �M/ � ?B;?Hv /Bp2`;2Mi
Q`T?�M b2[m2M+2X _272`2M+2 j- rBi? jy /�i�b2ib- +QMi�BMb bm#7�KBHB2b bm+? i?�i i?2 b2[m2M+2b



kX8X amKK�`v �M/ .Bb+mbbBQM 9R

rBi?BM � ;Bp2M bm#7�KBHv b?�`2 KQ`2 i?�M 9yW B/2MiBiv- #mi �Mv irQ b2[m2M+2b 7`QK /Bz2`2Mi
bm#7�KBHB2b b?�`2 H2bb i?�M kyW B/2MiBivX h?2 `272`2M+2 b2i _o9y- rBi? 9N /�i�b2ib- +QMi�BMb
b2[m2M+2b i?�i �`2 +QKTQb2/ Q7 ;`QmTb rBi? Lf*@i2`KBM�H 2ti2MbBQMbX h?2 `272`2M+2 b2i
_o8y +QMi�BMb Re /�i�b2ib rBi? H�`;2 BMi2`M�H BMb2`iBQMbX q2 i2bi2/ Qm` �TT`Q�+?2b QM �HH
i?2 BMbi�M+2b 7`QK i?2 b2ib _oRR �M/ _oky- +QKTQb2/ Q7 b2[m2M+2b rBi? /Bz2`2Mi bBx2b �M/
p�`vBM; T2`+2Mi�;2 B/2MiBiB2bX

kX8 amKK�`v �M/ .Bb+mbbBQM

h?Bb +?�Ti2` `2pB2rb i?2 +QM+2Ti Q7 i?2 ;2MQKB+ /�i� BM "BQBM7Q`K�iB+b- b2[m2M+2 bBKBH�`Biv-
�M/ b2[m2M+2 �HB;MK2MiX h?2M- Bi BMi`Q/m+2b i?2 #�bB+ MQi�iBQM Q7 b+Q`BM; 7mM+iBQMb 7Q`
T�B`rBb2 �M/ KmHiBTH2 b2[m2M+2 �HB;MK2Mi �M/ BMi`Q/m+2b /vM�KB+ T`Q;`�KKBM; �TT`Q�+?2b
iQ bQHp2 i?2 T�B`rBb2 �HB;MK2Mi #�b2/ QM ;HQ#�H �M/ HQ+�H bBKBH�`BivX AM �//BiBQM- Bi /2b+`B#2b
i?2 2t�+i KmHiBTH2 b2[m2M+2 �HB;MK2Mi �H;Q`Bi?Kb BM i2`Kb Q7 bmK@Q7@T�B`b b+Q`2- 7QHHQr2/ #v
?2m`BbiB+ bi`�i2;B2b i?�i i`v iQ bQHp2 i?2 KmHiBTH2 b2[m2M+2 �HB;MK2Mi BM � b?Q`i �KQmMi Q7
iBK2X

LQi2rQ`i?v- /vM�KB+ T`Q;`�KKBM; +�M #2 �TTHB2/ iQ KQbi Q7 i?2 b2[m2M+2 �HB;MK2Mi
T`Q#H2Kb- �i H2�bi- B7 irQ b2[m2M+2b �`2 +QMbB/2`2/X h?2 7�+i i?�i i?2 T`Q#H2K +�M #2 /2@
+QKTQb2/ QM bm#T`Q#H2Kb #�b2/ QM i?2 T`2}t2b Q7 i?2 b2[m2M+2b ;Bp2b � M�im`�H DmbiB}+�iBQM
iQ i?2 T`QT2` mb2 Q7 i?Bb T�`�/B;KX AMi2`2biBM;Hv 2MQm;?- i?2 ?2m`BbiB+ K2i?Q/b `2pB2r2/ BM
i?Bb +?�Ti2` �`2 7�` 7`QK #2BM; bi�M/�`/ BM i?2 QTiBKBx�iBQM }2H/X �Hi?Qm;? i?2 T`Q;`2bbBp2
�TT`Q�+?2b +QmH/ `2b2K#H2 ;`22/v �H;Q`Bi?Kb i?�i �`2 ;mB/2/ #v i?2 ;mB/2 i`22- �M/ Bi2`�iBp2
K2i?Q/b T2`7Q`K bQK2 FBM/ Q7 M2B;?#Q`?QQ/ b2�`+? QM i?2 bT�+2 Q7 b2[m2M+2b- i?2v /Q MQi
7�HH BMiQ i?2 mbm�H +H�bbB}+�iBQM Q7 K2i�?2m`BbiB+b- bm+? �b ;2M2iB+ �H;Q`Bi?Kb- i�#m b2�`+?-
bBKmH�i2/ �MM2�HBM; �M/ bQ 7Q`i?X AM 7�+i- i?2 +m``2Mi QTiBKBx�iBQM K2i?Q/b mb2/ BM "BQBM@
7Q`K�iB+b �`2 `�i?2` +QKTHB+�i2/ �M/ BM+Q`TQ`�i2 � rB/2 FMQrH2/;2 7`QK i?2 T`�+iBiBQM2` iQ
bQHp2 i?2 T`Q#H2K �i ?�M/X �Hi?Qm;? i?2v ?�p2 #22M rB/2Hv �++2Ti2/ #v i?2 "BQBM7Q`K�iB+b
+QKKmMBiv- Bi Bb MQi v2i +H2�` r?2i?2` #2ii2` `2bmHib +QmH/ #2 �+?B2p2/ #v 7QHHQrBM; T`BM+B@
TH2/ ;mB/2HBM2b 7Q` i?2 /2bB;M Q7 ?2m`BbiB+ �TT`Q�+?2b iQ i?Bb T`Q#H2K- bm+? �b Bi ?�b #22M
Q#b2`p2/ 7Q` K�Mv Qi?2` +QK#BM�iQ`B�H QTiBKBx�iBQM T`Q#H2Kb U>QQb �M/ aiɃixH2- kyy9VX

h?Bb +?�Ti2` �HbQ b?Qrb i?�i i?2`2 ?�b #22M � HQi Q7 2zQ`i BM /2}MBM; �TT`QT`B�i2 b+Q`2
7mM+iBQMbX >Qr2p2`- Bi Bb FMQrM i?�i i?2`2 Bb MQ ǳ`B;?iǴ b+Q`2 7mM+iBQM i?�i �bb2bb2b i?2
i`m2 ?QKQHQ;v #2ir22M i?2 b2[m2M+2b UJQ``BbQM- kyR8VX PM2 T`Q#H2K rBi? i?2 +m``2Mi
�TT`Q�+?2b Bb i?�i i?2 mbm�H b+Q`2 7mM+iBQMb i�F2 BMiQ �++QmMi � HBM2�` +QK#BM�iBQM Q7 b2p2`�H
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+QKTQM2MibX lM7Q`imM�i2Hv- i?2`2 Bb +QMbB/2`�#H2 /Bb�;`22K2Mi �#Qmi ?Qr iQ r2B;?i i?2
b2p2`�H +QKTQM2Mib U:mb}2H/ 2i �HX- RNN9V- �M/ rBi? /Bz2`2Mi r2B;?i +QK#BM�iBQMb- /Bz2`2Mi
�HB;MK2Mib +�M #2 �+?B2p2/X LQi2- BM �//BiBQM- i?�i i?2 BM+`2�b2 BM i?2 MmK#2` Q7 K�i+?2b
Bb 7QHHQr2/ #v �M BM+`2�b2 Q7 BM/2Hb �M/fQ` ;�Tb- r?B+? b?Qrb i?�i i?2 +QKTQM2Mib �`2
+QM~B+iBM; rBi? 2�+? Qi?2`X

� TQbbB#H2 r�v Q7 Qp2`+QKBM; i?2 T`Q#H2K Bb iQ +QMbB/2` � KmHiBQ#D2+iBp2 7Q`KmH�iBQM Q7
i?Bb T`Q#H2K- r?B+? /Q2b MQi �bbmK2 �Mv /2}MBiBQM Q7 r2B;?ib � T`BQ`BX h?2 �HB;MK2Mi Bb
i?2M QTiBK�H rBi? `2bT2+i iQ i?Bb 7Q`KmH�iBQM B7 MQM2 Q7 i?2 +QKTQM2Mib +�M #2 BKT`Qp2/
rBi?Qmi /2;`�/BM; bQK2 Q7 i?2 Qi?2` +QKTQM2Mi p�Hm2bX h?2 7QHHQrBM; +?�Ti2` BMi`Q/m+2b
MQi�iBQM �M/ ;2M2`�H �H;Q`Bi?Kb iQ bQHp2 KmHiBQ#D2+iBp2 QTiBKBx�iBQM T`Q#H2Kb- r?B+? ;Bp2b
i?2 #�bBb 7Q` i?2 /2bB;M Q7 �H;Q`Bi?Kb iQ bQHp2 i?2 KmHiBQ#D2+iBp2 p2`bBQM Q7 i?2 b2[m2M+2
�HB;MK2Mi T`Q#H2KX



*?�Ti2` j

JmHiBQ#D2+iBp2 PTiBKBx�iBQM

jXR AMi`Q/m+iBQM

J�Mv T`Q#H2Kb BM #BQBM7Q`K�iB+b �M/ +QKTmi�iBQM�H #BQHQ;v +�M #2 7Q`KmH�i2/ �b QTiBKBx�@
iBQM T`Q#H2Kb U>�M/H 2i �HX- kyydVX JmHiBQ#D2+iBp2 7Q`KmH�iBQMb �`2 `2�HBbiB+ KQ/2Hb 7Q` K�Mv
+QKTH2t QTiBKBx�iBQM T`Q#H2KbX AM KQbi `2�H@HB72 T`Q#H2Kb- Q#D2+iBp2b +QM~B+i p2`v Q7i2M rBi?
2�+? Qi?2`- �M/ QTiBKBxBM; rBi? `2bT2+i iQ � bBM;H2 Q#D2+iBp2 +�M `2bmHi BM � TQQ` bQHmiBQM
7Q` i?2 `2K�BMBM; Q#D2+iBp2bX � `2�bQM�#H2 �TT`Q�+? iQ � KmHiBQ#D2+iBp2 T`Q#H2K Bb iQ }M/ �
b2i Q7 bQHmiBQMb- 2�+? Q7 r?B+? +�MMQi #2 BKT`Qp2/ BM QM2 Q#D2+iBp2 rBi?Qmi /2i2`BQ`�iBM; �i
H2�bi QM2 Q7 i?2 Qi?2`bX

h?Bb +?�Ti2` BMi`Q/m+2b i?2 #�bB+ +QM+2Tib Q7 KmHiBQ#D2+iBp2 QTiBKBx�iBQMX h?Bb +H�bb Q7
T`Q#H2Kb +�M ?�p2 /Bz2`2Mi K2�MBM;b �++Q`/BM; iQ /Bz2`2Mi MQiBQMb Q7 QTiBK�HBivX h?2`27Q`2-
r2 M22/ iQ BMi`Q/m+2 bQK2 Q7 i?2b2 MQiBQMb #mi rBi? T�`iB+mH�` 2KT?�bBb QM i?2 MQiBQM Q7
S�`2iQ PTiBK�HBiv- r?B+? rBHH #2 mb2/ i?`Qm;?Qmi i?Bb i?2bBbX aQK2 Q7 i?2 2tBbiBM; bQHmiBQM
�TT`Q�+?2b iQ bQHp2 KmHiBQ#D2+iBp2 T`Q#H2Kb BM i2`Kb Q7 S�`2iQ QTiBK�HBiv �`2 `2pB2r2/ �M/
/Bb+mbb2/- 7`QK 2t�+i �H;Q`Bi?Kb- r?B+? T`QpB/2 i?2 b2i Q7 QTiBK�H bQHmiBQMb rBi? `2bT2+i iQ
i?Bb MQiBQM Q7 QTiBK�HBiv- iQ bQK2 `2H2p�Mi ?2m`BbiB+ K2i?Q/b- r?B+? `2im`M �M �TT`QtBK�iBQM
Q7 #QmM/2/ bBx2X AM i?2 2M/- T2`7Q`K�M+2 �bb2bbK2Mi K2i?Q/b 7Q` ?2m`BbiB+ �TT`Q�+?2b �`2
2tTH�BM2/ BM /2i�BHX

9j
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x1

xn

Decision Space Objective Space
fq

f1

x2
f2

6B;m`2 jXR, J�TTBM; Q7 i?2 n@/BK2MbBQM�H bT�+2 iQ i?2 q@/BK2MbBQM�H Q#D2+iBp2 bT�+2

jXk LQi�iBQM �M/ .2}MBiBQMb

� KmHiBQ#D2+iBp2 QTiBKBx�iBQM T`Q#H2K UJPSV Bb i?2 T`Q#H2K Q7 }M/BM; p�Hm2b 7Q` � b2i Q7
/2+BbBQM p�`B�#H2b i?�i QTiBKBx2 � p2+iQ` Q#D2+iBp2 7mM+iBQM ;Bp2M � b2i Q7 +QMbi`�BMibX h?2
+QKTQM2Mib Q7 i?Bb 7mM+iBQM 7Q`K � K�i?2K�iB+�H /2b+`BTiBQM Q7 T2`7Q`K�M+2 +`Bi2`B� r?B+?
�`2 mbm�HHv BM +QM~B+i rBi? 2�+? Qi?2`X >2M+2- i?2 i2`K ǳQTiBKBx2Ǵ K2�Mb }M/BM; � bQHmiBQM
i?�i rQmH/ #2 �b ;QQ/ �b TQbbB#H2 iQ �HH Q#D2+iBp2bX � ;2M2`�H JPS +�M K�i?2K�iB+�HHv #2
/2}M2/ �b 7QHHQrb,

ǳK�tBKBx2Ǵ z = f(x) = (f1(x), f2(x), . . . , fq(x))

s.t x ∈ X
UjXRV

r?2`2 x Bb �M n@/BK2MbBQM�H /2+BbBQM p2+iQ`- Q` bQHmiBQM- �M/ X Bb i?2 b2i Q7 �HH 72�bB#H2
bQHmiBQMbX

LQi2 i?�i B7 bQK2 Q#D2+iBp2 7mM+iBQM Bb iQ #2 K�tBKBx2/- Bi Bb 2[mBp�H2Mi iQ K�tBKBx2 Bib
M2;�iBp2X qBi?Qmi HQbb Q7 ;2M2`�HBiv- r2 �bbmK2 K�tBKBx�iBQM Q7 �HH Q#D2+iBp2bX h?2 Q#D2+iBp2
7mM+iBQM f K�Tb X BMiQ Rq- r?2`2 q ≥ 2 Bb i?2 MmK#2` Q7 Q#D2+iBp2b �M/ i?2 p2+iQ` z = f(x)

Bb �M Q#D2+iBp2 p2+iQ` Q` TQBMic b22 �M BHHmbi`�iBQM Q7 i?2b2 +QM+2Tib BM 6B;X jXRX
h?2 i2`K ǳK�tBKBx2Ǵ �TT2�`b �#Qp2 BM [mQi�iBQM K�`Fb #2+�mb2 Bib K2�MBM; Bb MQi v2i

/2}M2/X �Hi2`M�iBp2 7Q`KmH�iBQMb Q7 � JPS 2tBbi- bm+? �b S�`2iQ QTiBK�HBiv- H2tB+Q;`�T?B+
QTiBK�HBiv- K�tBKBx�iBQM Q7 i?2 KBMBKmK Q7 �HH i?2 Q#D2+iBp2b UK�tKBMV- �M/ K�tBKBx�iBQM
Q7 � b+�H�`Bx2/ +QK#BM�iBQM Q7 i?2 Q#D2+iBp2b U1?`;Qii- kyy8VX S�`2iQ QTiBK�HBiv Bb i?2 MQiBQM
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B

C

A B1

B2

f2

f1

6B;m`2 jXk, � b+?2K�iB+ BHHmbi`�iBQM Q7 i?2 ǳ/QKBM�M+2 `2H�iBQMǴ- �bbmKBM; irQ K�tBKBxBM;
Q#D2+iBp2b

Q7 QTiBK�HBiv i?�i `2[mB`2b H2bb BM7Q`K�iBQM �#Qmi i?2 T`272`2M+2b Q7 � /2+BbBQM K�F2`X AM i?2
7QHHQrBM;- r2 bT2+B7v i?2 MQiBQM Q7 ǳK�tBKBx2Ǵ i?�i Bb +QMbB/2`2/ BM i?Bb rQ`FX

jXkXR S�`2iQ PTiBK�HBiv

h?2 K�BM ;Q�H Q7 bQHpBM; JPSb BM i2`Kb Q7 S�`2iQ QTiBK�HBiv Bb iQ }M/ bQHmiBQMb i?�i �`2
MQi rQ`b2 i?�M �Mv Qi?2` bQHmiBQM �M/ bi`B+iHv #2ii2` BM �i H2�bi QM2 Q7 i?2 Q#D2+iBp2bX hQ
mM/2`bi�M/ ?Qr i?2 +Q``2bTQM/BM; Q#D2+iBp2 p2+iQ`b +�M #2 Q`/2`2/- i?2 7QHHQrBM; #BM�`v
`2H�iBQMb BM Rq �`2 BMi`Q/m+2/ U1?`;Qii- kyy8VX G2i u �M/ v #2 p2+iQ`b BM RqX

Ç u ≽ v ⇐⇒ ui ≥ vi, i = 1, . . . , qc

Ç u ≻ v ⇐⇒ u ̸= v �M/ ui ≥ vi, i = 1, . . . , qc

Ç u > v ⇐⇒ ui > vi, i = 1, . . . , qX

AM i?2 +QMi2ti Q7 QTiBKBx�iBQM- r2 /2MQi2 i?2 `2H�iBQM #2ir22M Q#D2+iBp2 7mM+iBQM p2+iQ`b
Q7 irQ 72�bB#H2 bQHmiBQMb x �M/ x′ �b 7QHHQrb,

Ç B7 f(x) ≽ f(x′)- i?2M f(x) r2�FHv /QKBM�i2b f(x′)X

Ç B7 f(x) ≻ f(x′)- i?2M f(x) /QKBM�i2b f(x′)c
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Ç B7 f(x) > f(x′)- i?2M f(x) bi`B+iHv /QKBM�i2b f(x′)c

6B;m`2 jXk BHHmbi`�i2b i?2 +QM+2Ti Q7 /QKBM�M+2 BM i?2 #BQ#D2+iBp2 +�b2- �bbmKBM; K�tB@
KBx�iBQMX AM i?Bb 2t�KTH2- i?2 TQBMi B bi`B+iHv /QKBM�i2b TQBMi AX SQBMi C bi`B+iHv /QKB@
M�i2b TQBMib A �M/ B1X SQBMi B1 �M/ B2 �`2 Kmim�HHv MQM@/QKBM�i2/- #mi i?2v �`2 Ur2�FHvV
/QKBM�i2/ #v TQBMi BX

6Q` bBKTHB}+�iBQM Tm`TQb2b- r2 b?�HH mb2 i?2 b�K2 MQi�iBQM �KQM; bQHmiBQMb r?2M i?2
�#Qp2 `2H�iBQMb ?QH/ #2ir22M i?2B` Q#D2+iBp2 7mM+iBQM p2+iQ`bX aBM+2 i?2 MQiBQM Q7 QTiBK�H bQ@
HmiBQM +H2�`Hv /Bz2`b 7`QK i?2 bBM;H2@Q#D2+iBp2 +QmMi2`T�`i- r2 /2}M2 i?2 MQiBQM Q7 QTiBK�HBiv
BM KmHiBQ#D2+iBp2 QTiBKBx�iBQM,

.2}MBiBQM jXkXRX US�`2iQ QTiBK�H bQHmiBQMV � 72�bB#H2 bQHmiBQM x∗ ∈ X Bb S�`2iQ QTiBK�H B7
i?2`2 2tBbib MQ x ∈ X bm+? i?�i f(x) ≻ f(x∗)X

.2}MBiBQM jXkXkX US�`2iQ QTiBK�H b2iV X ′ ⊆ X Bb i?2 S�`2iQ QTiBK�H b2i B7 �M/ QMHv B7 Bi
+QMi�BMb QMHv �M/ �HH S�`2iQ QTiBK�H bQHmiBQMbX

h?2 BK�;2 Q7 � S�`2iQ QTiBK�H bQHmiBQM BM i?2 Q#D2+iBp2 bT�+2 Bb � MQM@/QKBM�i2/ TQBMi
�M/ i?2 b2i Q7 �HH MQM@/QKBM�i2/ TQBMib Bb +�HH2/ MQM@/QKBM�i2/ TQBMi b2i X aQHpBM; � JPS
BM i2`Kb Q7 S�`2iQ QTiBK�HBiv rQmH/ +Q``2bTQM/ iQ }M/ i?2 S�`2iQ QTiBK�H b2iX >Qr2p2`-
`�i?2` i?�M }M/BM; �HH bQHmiBQMb BM i?Bb b2i- i?2 MQM@/QKBM�i2/ TQBMi b2i K�v #2 T`272`�#H2-
bBM+2- BM T`�+iB+2- i?2 /2+BbBQM K�F2` i�F2b ?Bb /2+BbBQM #v BMbT2+iBM; i?2 Q#D2+iBp2 bT�+2X

AM K�Mv `2�H@HB72 �TTHB+�iBQMb Q7 KmHiBQ#D2+iBp2 QTiBKBx�iBQM- QMHv �TT`QtBK�iBQMb iQ i?2
MQM@/QKBM�i2/ TQBMi b2i �`2 `2[mB`2/ bBM+2 i?2`2 KB;?i #2 K�Mv Q` BM}MBi2 MmK#2`b Q7 MQM@
/QKBM�i2/ TQBMibX AM i?2 7QHHQrBM;- r2 ;Bp2 � /2}MBiBQM Q7 i?2 Qmi+QK2 Q7 i?2b2 �TT`Q�+?2bX

.2}MBiBQM jXkXjX U�TT`QtBK�iBQM b2iV �Mv �TT`QtBK�iBQM iQ i?2 MQM@/QKBM�i2/ TQBMi b2i
Bb +�HH2/ �TT`QtBK�iBQM b2iX A7 A Bb �M �TT`QtBK�iBQM b2i i?2M i?2 2H2K2Mib Q7 A �`2 Kmim�HHv
MQM@/QKBM�i2/X

AM i?2 7QHHQrBM;- r2 BMi`Q/m+2 irQ /Bz2`2Mi MQiBQMb Q7 QTiBK�HBiv BM KmHiBQ#D2+iBp2 QTiB@
KBx�iBQM i?�i �`2 `2H�i2/ iQ S�`2iQ QTiBK�HBivX

jXkXk G2tB+Q;`�T?B+ PTiBK�HBiv

AM K�Mv +�b2b- i?2 /2+BbBQM K�F2` Bb �#H2 iQ `�MF i?2 Q#D2+iBp2b �++Q`/BM; iQ i?2B` `2H2p�M+2X
h?Bb MQiBQM Q7 QTiBK�HBiv +QMbB/2`b � `�MFBM; Q7 i?2 Q#D2+iBp2b �++Q`/BM; iQ H2tB+Q;`�T?B+
Q`/2`BM;, ;Bp2M irQ p2+iQ`b u �M/ v BM Rq- u >lex v B7 i?2`2 2tBbib � j ∈ {1, . . . , q − 1} bm+?
i?�i ui = vi, ∀i = 1, . . . , j �M/ uj+1 > vj+1X
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.2}MBiBQM jXkX9X UG2tB+Q;`�T?B+ QTiBK�H bQHmiBQMV � bQHmiBQM x∗ ∈ X Bb H2tB+Q;`�T?B+ QTiB@
K�H bQHmiBQM B7 �M/ QMHv B7 i?2`2 2tBbib MQ x ∈ X bm+? i?�i f(x) >lex f(x∗)X

h?Bb /2}MBiBQM BKTHB2b i?�i i?2 Q#D2+iBp2b �`2 Q`/2`2/ �++Q`/BM; iQ /2+`2�bBM; BKTQ`i�M+2
U1?`;Qii- kyy8VX lbm�HHv- K2i?Q/b 7Q` Q#i�BMBM; �M QTiBK�H H2tB+Q;`�T?B+ bQHmiBQM �`2 #�b2/
QM bQHpBM; 2�+? Q#D2+iBp2 b2[m2MiB�HHv #v /2+`2�bBM; i?2 Q`/2` Q7 T`BQ`Biv �M/ mbBM; i?2
QTiBK�H bQHmiBQMb Q7 ?B;?2` T`BQ`Biv Q#D2+iBp2b �b +QMbi`�BMi p�Hm2bX �M 2bb2MiB�H T`QT2`iv Q7
i?Bb MQiBQM Q7 QTiBK�HBiv Bb i?�i �M QTiBK�H H2tB+Q;`�T?B+ bQHmiBQM Bb �HbQ � S�`2iQ QTiBK�H
bQHmiBQM 7Q` i?2 b�K2 KmHiBQ#D2+iBp2 T`Q#H2K U1?`;Qii- kyy8VX

jXkXj a+�H�`Bx2/ PTiBK�HBiv

q?2M i?2 /2+BbBQM K�F2` Bb �#H2 iQ r2B;?i i?2 BKTQ`i�M+2 Q7 2�+? Q#D2+iBp2- Bi Bb TQbbB#H2
iQ bQHp2 � JPS BM i2`Kb Q7 b+�H�`Bx2/ QTiBK�HBivX h?2 Q#D2+iBp2 7mM+iBQM p2+iQ` Bb b+�H�`Bx2/
rBi? � r2B;?i p2+iQ` λ = (λ1, . . . ,λq) ∈ Rq

≥0 \{0}X h?2 r2B;?i p2+iQ` λ Bb mbm�HHv MQ`K�HBx2/
bm+? i?�i

∑q
i=1 λi = 1X h?2 b+�H�`Bx2/ Q#D2+iBp2 7mM+iBQM Bb i?2M /2MQi2/ #v fλ(x) U1?`;Qii-

kyy8VX

.2}MBiBQM jXkX8X Ua+�H�`Bx2/ QTiBK�H bQHmiBQMV � bQHmiBQM x∗ ∈ X Bb � b+�H�`Bx2/ QTiBK�H
bQHmiBQM B7 �M/ QMHv B7 i?2`2 Bb MQ x ∈ X bm+? i?�i fλ(x) > fλ(x∗) rBi? `2bT2+i iQ � ;Bp2M λX

AM i?2 +�b2 Q7 /Bz2`2Mi `�M;2b Q7 p�Hm2b #2ir22M Q#D2+iBp2b- MQ`K�HBx�iBQM #v `�M;2 2[m�H@
Bx�iBQM 7�+iQ`b Kmbi #2 +QMbB/2`2/X

h?2 b+�H�`Bx�iBQM Q7 i?2 Q#D2+iBp2 7mM+iBQM p2+iQ` Bb mbm�HHv #�b2/ QM i?2 7�KBHv Q7
r2B;?i2/ Lp@K2i`B+b �b 7QHHQrb,

fλ(x) =

(
q∑

i=1

(λi|fi(x)− zi|)p
)1/p

UjXkV

r?2`2 x ∈ X, p > 0- z⋆ = (z1, . . . , zq) Bb i?2 B/2�H p2+iQ` /2}M2/ �b zi = max fi(x)- 7Q`
x ∈ XX lbm�HHv- p = 1 Q` p =∞ �`2 Q7i2M mb2/X q?2M p = 1- 1[X jXk #2+QK2b,

fλ(x) =
q∑

i=1

λi|fi(x)− zi|. UjXjV

r?B+? Bb 2[mBp�H2Mi iQ i?2 r2HH@FMQrM r2B;?i2/ bmK 7Q`KmH�iBQM,

fλ(x) =
q∑

i=1

λifi(x). UjX9V
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6Q` q =∞ i?2 �#Qp2 7Q`KmH� ;Bp2b,

fλ(x) = max
i=1,...,q

(λi|fi(x)− zi|) . UjX8V

h?2 7QHHQrBM; `2H�iBQM #2ir22M r2B;?i2/ bmK b+�H�`Bx�iBQM �M/ S�`2iQ QTiBK�H bQHmiBQMb
Bb 2tTHQ`2/ BM i?Bb i?2bBb, �M QTiBK�H bQHmiBQM 7Q` i?2 r2B;?i2/ bmK Bb �HbQ � S�`2iQ QTiBK�H
bQHmiBQM 7Q` i?2 b�K2 T`Q#H2K U1?`;Qii- kyy8VX >Qr2p2`- i?2 +QMi`�`v Bb MQi i`m2 BM ;2M2`�HX

jXj aQHmiBQM J2i?Q/b 7Q` JmHiBQ#D2+iBp2 PTiBKBx�iBQM

h?Bb b2+iBQM `2pB2rb bQK2 Q7 i?2 2tBbiBM; bQHmiBQM K2i?Q/b iQ bQHp2 JPSb BM i2`Kb Q7 S�`2iQ
QTiBK�HBiv- `�M;BM; 7`QK 2t�+i �H;Q`Bi?Kb i?�i }M/ i?2 S�`2iQ QTiBK�H b2i iQ ?2m`BbiB+ �T@
T`Q�+?2b i?�i `2im`M �M �TT`QtBK�iBQM b2iX

jXjXR 1t�+i J2i?Q/b

1t�+i K2i?Q/b +�M bQHp2 QTiBKBx�iBQM T`Q#H2Kb iQ QTiBK�HBiv- �M/ i?2v +�M `�M;2 7`QK
p2`v ;2M2`�H i2+?MB[m2b- bm+? �b #`�M+?@�M/@#QmM/- iQ T`Q#H2K@/2T2M/2Mi �H;Q`Bi?Kb- bm+?
�b .BDFbi`�Ƕb �H;Q`Bi?Kb 7Q` i?2 b?Q`i2bi T�i? T`Q#H2KX >Qr2p2`- 7Q` KQbi JPSb- 2t�+i
�H;Q`Bi?Kb +�M i�F2 2tTQM2MiB�H iBK2 iQ i2`KBM�i2X h?2`2 +QmH/ #2 � S�`2iQ QTiBK�H b2i Q7
BMi`�+i�#H2 bBx2- r?B+? K�F2b i?2 mb2 Q7 2t�+i �H;Q`Bi?Kb 2p2M H2bb �TT2�HBM;X AM �//BiBQM-
K�Mv JPSb r?Qb2 bBM;H2 Q#D2+iBp2 p2`bBQM �`2 bQHp�#H2 BM TQHvMQKB�H iBK2 #2+QK2 LS@?�`/
r?2M QM2 KQ`2 Q#D2+iBp2 Bb �//2/ U1?`;Qii- kyy8VX h?Bb K2�Mb i?�i 2ti2MbBQMb Q7 r2HH@FMQrM
TQHvMQKB�H iBK2 2t�+i �H;Q`Bi?Kb +�MMQi 2{+B2MiHv bQHp2 i?2 +Q``2bTQM/BM; JPS p2`bBQMbX
h?Bb Bb i?2 +�b2 7Q` i?2 b?Q`i2bi T�i? T`Q#H2K- i?2 KBMBKmK bT�MMBM; i`22 T`Q#H2K- 2i+X

.2bTBi2 i?2b2 M2;�iBp2 `2bmHib- K�Mv 2t�+i �TT`Q�+?2b ?�p2 #22M /Bb+mbb2/ BM i?2 HBi2`�@
im`2 U1?`;Qii- kyy8VX AM 7�+i- bQK2 `2bmHi Q#i�BM2/ BM JQi2 2i �HX URNNRV BM/B+�i2 i?�i bQK2
?B;?Hv bT2+B}+ 2t�+i �H;Q`Bi?Kb +�M �+?B2p2 i?2 S�`2iQ QTiBK�H b2i BM � `2�bQM�#H2 �KQmMi
Q7 iBK2- /2T2M/BM; QM bQK2 BMbi�M+2 72�im`2X

AM i?2 7QHHQrBM;- b2p2`�H ;2M2`�H i2+?MB[m2b �`2 /Bb+mbb2/X h?2v �`2 #�b2/ QM +QMb2+miBp2
`mMb Q7 �M mM/2`HvBM; �H;Q`Bi?K i?�i Bb �#H2 iQ bQHp2 i?2 bBM;H2 Q#D2+iBp2 +QmMi2`T�`i Q7 i?2
JPSX hrQ K�BM �TT`Q�+?2b 2tBbi- i?Qb2 #�b2/ QM bQHpBM; b2p2`�H b+�H�`Bx2/ p2`bBQMb Q7 i?2
Q`B;BM�H JPS �M/ Qi?2`b #�b2/ QM i?2 QTiBKBx�iBQM Q7 QM2 Q#D2+iBp2 r?BH2 i?2 Qi?2`b �`2
#2BM; mb2/ �b +QMbi`�BMibX
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f1

f2

A

6B;m`2 jXj, AHHmbi`�iBQM Q7 i?2 r2B;?i2/@bmK K2i?Q/

J2i?Q/b "�b2/ QM i?2 q2B;?i2/@bmK a+�H�`Bx�iBQM

� r2HH@FMQrM r�v Q7 bQHpBM; � JPS Bb iQ b+�H�`Bx2 i?2 Q#D2+iBp2 7mM+iBQM p2+iQ` 7Q` /Bz2`2Mi
r2B;?i p2+iQ`b �b � r2B;?i2/@bmK U b22 a2+iBQM jXkXjVX � ;Bp2M r2B;?i p2+iQ` λ +�M #2
BMi2`T`2i2/ �b � ;Bp2M b2�`+? /B`2+iBQM BM i?2 Q#D2+iBp2 bT�+2X 6B;m`2 jXj BHHmbi`�i2b �M
2t�KTH2 rBi? 8 MQM@/QKBM�i2/ TQBMibX 6Q` λ = (0.6, 0.4)- i?2 TQBMi U3-8V Bb i?2 K�tBKmK
7Q` i?2 b+�H�`Bx�iBQM rBi? `2bT2+i iQ λX Ai Bb BKTQ`i�Mi iQ MQi2 i?�i Bi Bb MQi TQbbB#H2 iQ
+QMbi`m+i i?2 r?QH2 S�`2iQ QTiBK�H b2i #v �TTHvBM; i?Bb K2i?Q/X AM /Bb+`2i2 QTiBKBx�iBQM
T`Q#H2Kb- i?2`2 2tBbi S�`2iQ QTiBK�H bQHmiBQMb i?�i �`2 MQi QTiBK�H 7Q` i?2 r2B;?i2/@bmK
b+�H�`Bx�iBQM U1?`;Qii- kyy8VX h?Qb2 bQHmiBQMb �`2 +�HH2/ MQM@bmTTQ`i2/X AM 6B;m`2 jXj- TQBMi
A = (6.5, 5.5) Bb � MQM@bmTTQ`i2/ TQBMi i?�i Bb MQi QTiBK�H 7Q` �Mv p�Hm2 Q7 λX

.2}MBiBQM jXjXRX UamTTQ`i2/ UMQM@bmTTQ`i2/V bQHmiBQMbV � S�`2iQ QTiBK�H bQHmiBQM i?�i
Bb UMQiV QTiBK�H 7Q` � U�MvV r2B;?i2/ bmK rBi? MQM@M2;�iBp2 r2B;?i p2+iQ` Bb � bmTTQ`i2/
UMQM@bmTTQ`i2/VbQHmiBQMX

J�Mv K2i?Q/b #�b2/ QM bQHpBM; b2p2`�H b+�H�`Bx2/ p2`bBQMb Q7 i?2 Q`B;BM�H JPS `2im`M �
b2i Q7 bQHmiBQMb- 2�+? Q7 r?B+? Bb Q#i�BM2/ #v bQHpBM; � +2`i�BM b+�H�`Bx�iBQM Q7 i?2 Q#D2+iBp2
7mM+iBQM p2+iQ` #v K2�Mb Q7 1[X UjX9V Ur2B;?i2/ bmKVX �bbmKBM; i?�i i?2 MQM@/QKBM�i2/
b+Q`2 b2i ?�b � +QMp2t b?�T2 BM i?2 Q#D2+iBp2 bT�+2 iQr�`/ i?2 BKT`Qp2K2Mi Q7 �HH Q#D2+iBp2b-
�HH Bib 2H2K2Mib +�M #2 �+?B2p2/ #v i?2 �TT`QT`B�i2 r2B;?i p2+iQ`bX >Qr2p2`- +QMp2tBiv
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6B;m`2 jX9, � b+?2K�iB+ BHHmbi`�iBQM Q7 i?2 ϵ@+QMbi`�BMi K2i?Q/- �bbmKBM; #BQ#D2+iBp2 QTiB@
KBx�iBQM- K�tBKBxBM; f1 bm#D2+i iQ i?2 +QMbi`�BMi f2

b?QmH/ MQi #2 2tT2+i2/ iQ ?QH/ BM i?2 ;2M2`�H +�b2- bBM+2 MQM@+QMp2t b?�T2b +�M �HbQ Q++m`
7Q` JPSb Q7 /Bb+`2i2 M�im`2 U1?`;Qii- kyy8VX h?2`27Q`2- i?Bb �TT`Q�+? Bb MQi bmBi�#H2 7Q`
K�Mv T`Q#H2KbX

L2p2`i?2H2bb- r2B;?i2/@bmK �TT`Q�+?2b �`2 biBHH �TTHB2/ iQ JPSb r?2`2 i?2 +QMp2tBiv Q7
i?2 MQM@/QKBM�i2/ b+Q`2 b2i BM i?2 Q#D2+iBp2 bT�+2 /Q2b MQi ?QH/- 7Q` 2t�KTH2- 7Q` ;2M2`�iBM;
bmTTQ`i2/ bQHmiBQMb i?�i �`2 mb2/ �b bi�`iBM; bQHmiBQMb 7Q` �MQi?2` bQHmiBQM K2i?Q/X �M
�Hi2`M�iBp2 iQ i?2 r2B;?i2/@bmK 7Q`KmH�iBQM Bb iQ +QMbB/2` 1[X UjX8V- r?2`2 i?2 /Bbi�M+2
7`QK i?2 B/2�H p2+iQ` Bb iQ #2 KBMBKBx2/X A7 i?2 mM/2`HvBM; �H;Q`Bi?K Bb �TTHB2/ iQ b2p2`�H
r2B;?ib- bQK2 MQM@bmTTQ`i2/ bQHmiBQMb +�M BM/22/ #2 Q#i�BM2/- #mi Bi Bb MQi TQbbB#H2 iQ
/BbiBM;mBb? #2ir22M S�`2iQ QTiBK�H bQHmiBQMb �M/ i?2 bQHmiBQMb i?�i �`2 r2�FHv /QKBM�i2/
#v i?2KX JQ`2Qp2`- i?2b2 7Q`KmH�iBQMb BKTHv i?2 M22/ iQ �// 7m`i?2` +QMbi`�BMib- K�FBM;
i?2 T`Q#H2K ?�`/2` iQ bQHp2X

ϵ@+QMbi`�BMi J2i?Q/

h?2 ϵ@+QMbi`�BMi K2i?Q/ U>�BK2b 2i �HX- RNdRV Bb �MQi?2` b+�H�`Bx2/ �TT`Q�+?X Ai +QMp2`ib
i?2 JPS T`Q#H2K BMiQ � bBM;H2 Q#D2+iBp2 T`Q#H2K rBi? q − 1 +QMbi`�BMibX h?2 T`BM+BTH2 Q7
ϵ@+QMbi`�BMi K2i?Q/ Bb #�b2/ QM QTiBKBxBM; QM2 Q#D2+iBp2 r?BH2 Qi?2`b �`2 mb2/ �b +QMbi`�BMibX
h?2 �/p�Mi�;2 Q7 i?2 ϵ@+QMbi`�BMi K2i?Q/ Bb i?�i Bi +�M Q#i�BM �HH i?2 MQM@/QKBM�i2/ b2i- 2p2M
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B7 +QMp2tBiv BM i?2 Q#D2+iBp2 bT�+2 /Q2b MQi ?QH/ U1?`;Qii- kyy8VX >Qr2p2`- i?2 /Bb�/p�Mi�;2
Q7 i?Bb K2i?Q/ Bb i?�i i?2 MmK#2` Q7 bBM;H2 Q#D2+iBp2 T`Q#H2Kb iQ bQHp2 K�v #2 p2`v H�`;2
bBM+2 Bi /2T2M/b QM i?2 `�M;2 Q7 Q#D2+iBp2 p�Hm2b 7Q` 2�+? Q#D2+iBp2 7mM+iBQMX

h?2 ϵ@+QMbi`�BMi K2i?Q/ +QMbBbib Q7 bQHpBM;- Bi2`�iBp2Hv- � bBM;H2 Q#D2+iBp2 T`Q#H2K BM q−1
+QMbi`�BMib- 2�+? Q7 r?B+? Bb /2}M2/ rBi? `2bT2+i iQ � ;Bp2M `B;?i@?�M/ bB/2 UϵVX h?2 `B;?i@
?�M/ Q7 2�+? +QMbi`�BMi Bb p�`B2/ Bi2`�iBp2Hv /m`BM; i?2 `mM Q7 i?Bb K2i?Q/X h?2 7Q`KmH�iBQM
Q7 ϵ@+QMbi`�BMi BM � #BQ#D2+iBp2 T`Q#H2K Bb �b 7QHHQrb,

K�t f1(x)

bXi f2(x) ≥ ϵ

x ∈ X

r?2`2 f1(x) Bb i?2 Q#D2+iBp2 iQ #2 K�tBKBx2/ r?BH2 i?2 +QMbi`�BMi Bb /2}M2/ rBi? `2bT2+i
iQ f2(x)X h?2 bQHmiBQMb i?�i +�M #2 7QmM/ 7Q` i?2 mM/2`HvBM; JPS H�`;2Hv /2T2M/ QM i?2
b2H2+iBQM Q7 i?2 p�Hm2b Q7 ϵX AM T�`iB+mH�`- i?2v Kmbi #2 +?Qb2M bm+? i?�i i?2v HB2 #2ir22M
i?2 KBMBKmK �M/ K�tBKmK p�Hm2 Q7 2�+? Q#D2+iBp2 7mM+iBQMX JQ`2Qp2`- B7 i?2 ;�T #2ir22M
irQ +QMb2+miBp2 ϵ p�Hm2b Bb iQQ H�`;2- MQM@/QKBM�i2/ TQBMib K�v #2 KBbb2/X 6B;m`2 jX9 b?Qrb
�M BHHmbi`�iBQM Q7 i?2 ϵ@+QMbi`�BMi K2i?Q/ BM � #BQ#D2+iBp2 T`Q#H2K r?2`2 i?2 +QMbi`�BMi Bb
/2}M2/ rBi? `2bT2+i iQ Q#D2+iBp2 f2X AM i?Bb +�b2- B7 i?2 p�Hm2 Q7 ϵ Bb +QMbB/2`2/ iQ p�`vBM;
QM2 #v QM2- i?2M i?2 TQBMi UeX8-8X8V rBHH #2 KBbb2/X

jXjXk >2m`BbiB+ J2i?Q/b

.2bTBi2 i?2 ?�`/M2bb Q7 K�Mv JPSb- i?2b2 T`Q#H2Kb biBHH M22/ iQ #2 bQHp2/X h?2`27Q`2-
?B;?@[m�HBiv �TT`QtBK�iBQMb �`2 mbm�HHv `2[mB`2/ BM K�Mv T`�+iB+�H �TTHB+�iBQMbX PM2 +H�bb
Q7 i?2b2 K2i?Q/b i?�i T`QpB/2 �TT`QtBK�iBQMb �`2 ?2m`BbiB+ �H;Q`Bi?KbX AM i?2 7QHHQrBM;- r2
`2pB2r bQK2 Q7 i?2 ?2m`BbiB+ K2i?Q/b i?�i ?�p2 #22M bm++2bb7mHHv �TTHB2/ iQ JPSbX

1pQHmiBQM�`v �H;Q`Bi?Kb

1pQHmiBQM�`v �H;Q`Bi?Kb U1�bV �`2 BMbTB`2/ #v M�im`�H 2pQHmiBQM �M/ i?2 .�`rBMB�M +QM+2Ti
Q7 ǳam`pBp�H Q7 i?2 6Bii2biǴ U*Q2HHQ 2i �HX- kyydVX a2p2`�H 1�b ?�p2 2K2`;2/ �b ~2tB#H2 �M/
`Q#mbi K2i�?2m`BbiB+ K2i?Q/b 7Q` bQHpBM; QTiBKBx�iBQM T`Q#H2KbX AM i?Bb b2+iBQM- r2 2tTH�BM
i?2 #�bB+ +QM+2Tib �M/ i2`KBMQHQ;v BM 1� �M/ T`QpB/2 � ;2M2`B+ bi`m+im`2 7Q` i?2b2 �T@
T`Q�+?2bX L2ti- r2 `2pB2r 2tBbiBM; KmHiBQ#D2+iBp2 2pQHmiBQM�`v �H;Q`Bi?Kb- rBi? � T�`iB+mH�`
7Q+mb QM JP:� U6QMb2+� �M/ 6H2KBM;- RNNjV �M/ La:�@AA U.2# 2i �HX- kyykVX
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"�bB+ *QM+2Tib Q7 1� AM ;2M2`�H- �M 1� K�BMi�BMb � b2i Q7 +�M/B/�i2 bQHmiBQMb i?�i
;Q2b i?`Qm;? � b2H2+iBQM T`Q+2bb �M/ Bb �Hi2`2/ #v ;2M2iB+ QT2`�iQ`b- mbm�HHv `2+QK#BM�iBQM
U+`QbbQp2`V �M/fQ` Kmi�iBQMX AM �M�HQ;v iQ i?2 M�im`�H 2pQHmiBQM- � +�M/B/�i2 bQHmiBQM Bb �M
BM/BpB/m�H �M/ � b2i Q7 +�M/B/�i2 bQHmiBQMb Bb � TQTmH�iBQMX 1�+? BM/BpB/m�H K�v `2T`2b2Mi
� TQbbB#H2 bQHmiBQM iQ i?2 T`Q#H2K- �Hi?Qm;? Bi +�M �HbQ `2T`2b2Mi �M BM72�bB#H2 bQHmiBQM iQ
Qp2`@+QMbi`�BM2/ T`Q#H2KbX

AM i?2 b2H2+iBQM T`Q+2bb- r?B+? Bb mbm�HHv T`Q#�#BHBbiB+- HQr@[m�HBiv BM/BpB/m�Hb �`2 `2@
KQp2/ 7`QK i?2 TQTmH�iBQM- r?BH2 ?B;?@[m�HBiv BM/BpB/m�Hb �`2 `2T`Q/m+2/X h?2 ;Q�H Bb iQ
BM+`2�b2 i?2 �p2`�;2 [m�HBiv Q7 i?2 TQTmH�iBQMX h?2 [m�HBiv Q7 �M BM/BpB/m�H BM � bBM;H2@
Q#D2+iBp2 QTiBKBx�iBQM T`Q#H2K Bb `2T`2b2Mi2/ #v � b+�H�` p�Hm2- i?2 }iM2bb p�Hm2- r?B+?-
BM KQbi +�b2b- +Q``2bTQM/b iQ i?2 Q#D2+iBp2 p�Hm2 Q7 i?2 bQHmiBQM Bi `2T`2b2MibX *`QbbQp2`
�M/ Kmi�iBQM �BK �i ;2M2`�iBM; M2r bQHmiBQMb #v +?�M;BM; i?2 2tBbiBM; QM2bX h?2 +`QbbQp2`
QT2`�iQ` i�F2b � +2`i�BM MmK#2` Q7 BM/BpB/m�Hb BM i?2 TQTmH�iBQM UT�`2MibV �M/ +`2�i2b �
+2`i�BM MmK#2` Q7 M2r BM/BpB/m�Hb U+?BH/`2MV #v `2+QK#BMBM; i?2 7Q`K2`X hQ BKBi�i2 i?2
biQ+?�biB+ M�im`2 Q7 2pQHmiBQM- � +`QbbQp2` T`Q#�#BHBiv Bb �bbQ+B�i2/ rBi? i?Bb QT2`�iQ`X h?2
Kmi�iBQM QT2`�iQ` KQ/B}2b BM/BpB/m�Hb �++Q`/BM; iQ � ;Bp2M Kmi�iBQM `�i2X "Qi? +`QbbQp2`
�M/ Kmi�iBQM QT2`�iQ`b rQ`F QM BM/BpB/m�Hb- BX2X- BM i?2 /2+BbBQM bT�+2X

P7 T�`iB+mH�` BKTQ`i�M+2 Bb ?Qr i?2 bQHmiBQM Bb ǳ+QKTmi�iBQM�HHvǴ `2T`2b2Mi2/ #v �M BM@
/BpB/m�H bBM+2 i?Bb �z2+ib i?2 +?QB+2 Q7 i?2 ;2M2iB+ QT2`�iQ`X AM i?2 7QHHQrBM; 2tTH�M�iBQM-
r2 �bbmK2 QTiBKBx�iBQM T`Q#H2Kb rBi? n BMi2;2` p�`B�#H2bX h?2`27Q`2- �M BM/BpB/m�H Bb `2T`2@
b2Mi2/ #v � p2+iQ` Q7 n 2H2K2Mib �M/ biQ`2b- �i 2�+? TQbBiBQM i- i?2 p�Hm2 Q7 i?2 i@i? p�`B�#H2-
i = 1, . . . , nX

:2M2`B+ ai`m+im`2 Q7 �M 1� �H;Q`Bi?K R b?Qrb i?2 #�bB+ bi`m+im`2 Q7 �M 1�X 1�+? HQQT
Bi2`�iBQM Bb +�HH2/ � ;2M2`�iBQMX h?2 TQTmH�iBQM P �i � +2`i�BM ;2M2`�iBQM t Bb `2T`2b2Mi2/
#v Pt- i?2 QzbT`BM; TQTmH�iBQM Bb /2MQi2/ #v Qt �M/ N Bb i?2 TQTmH�iBQM bBx2X 6B`bi- �M
BMBiB�H TQTmH�iBQM Bb +`2�i2/X h?2M- � HQQT iQ ;2M2`�i2 QzbT`BM; +QMbBbiBM; Q7 i?2 bi2Tb
+`QbbQp2`- �M/fQ` Kmi�iBQM- 2p�Hm�iBQM U}iM2bb �bbB;MK2MiV �M/ b2H2+iBQM Bb 2t2+mi2/ mMiBH �
i2`KBM�iBQM +`Bi2`BQM Bb b�iBb}2/X AM i?2 2M/- i?2 #2bi BM/BpB/m�HUbV BM i?2 }M�H TQTmH�iBQM
Q` 7QmM/ /m`BM; i?2 2MiB`2 b2�`+? T`Q+2bb Bb i?2 Qmi+QK2 Q7 i?2 1�X AM i?2 7QHHQrBM;- i?2b2
i2`KBMQHQ;B2b �`2 2tTH�BM2/ KQ`2 BM /2i�BHbX

Ç AMBiB�HBx2 TQTmH�iBQM, h?Bb Bb � +`m+B�H i�bF BM 1�b bBM+2 Bi +�M �z2+i i?2 +QMp2`;2M+2
bT22/ �M/ �HbQ i?2 [m�HBiv Q7 i?2 }M�H bQHmiBQMbX A7 MQ BM7Q`K�iBQM �#Qmi i?2 T`Q#H2K
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�H;Q`Bi?K R h?2 ;2M2`�H b+?2K2 Q7 1pQHmiBQM�`v �H;Q`Bi?Kb
T`Q+2/m`2 :2M2`�H 2pQHmiBQM�`v �H;Q`Bi?K,

t = 0

AMBiB�HBx2 TQTmH�iBQM rBi? +�M/B/�i2 BM/BpB/m�Hb
:2M2`�i2 N BM/BpB/m�Hb iQ 7Q`K i?2 }`bi TQTmH�iBQM P0X
1p�Hm�i2 i?2 }iM2bb Q7 BM/BpB/m�Hb BM P0X

r?BH2 i2`KBM�iBQM +`Bi2`BQM Bb MQi b�iBb}2/ /Q
:2M2`�i2 QzbT`BM; TQTmH�iBQM Qt ,

*`QbbQp2`, *?QQb2 T�`2Mib BM/BpB/m�Hb x �M/ y 7`QK Pt �M/ mb2 � +`QbbQp2`
QT2`�iQ` iQ ;2M2`�i2 QzbT`BM; �M/ �// i?2K iQ QtX
Jmi�iBQM, Jmi�i2 bQK2 BM/BpB/m�H x ∈ Qt rBi? � T`2/2}M2/ Kmi�iBQM `�i2X
6BiM2bb �bbB;MK2Mi, 1p�Hm�i2 �M/ �bbB;M � }iM2bb p�Hm2 iQ 2�+? BM/BpB/m�H
x ∈ Qt #�b2/ QM Bib [m�HBivX
a2H2+iBQM, a2H2+i N BM/BpB/m�Hb 7`QK Qt #�b2/ QM i?2B` }iM2bb �M/ �bbB;M
i?2K iQ Pt+1X

t = t+ 1

`2im`M i?2 +m``2Mi TQTmH�iBQM Pt

Bb �p�BH�#H2- i?2M `�M/QK BMBiB�HBx�iBQM Bb i?2 KQbi +QKKQMHv mb2/ K2i?Q/ iQ ;2M2`�i2
i?2 BMBiB�H TQTmH�iBQMX

Ç *`QbbQp2` �M/fQ` Jmi�iBQM, h?2 KQbi mb2/ +`QbbQp2` K2i?Q/ Bb bBM;H2 TQBMi +`QbbQp2`X
:Bp2M irQ T�`2Mib A �M/ B- �M/ � ;Bp2M p�Hm2 i `�M/QKHv +?Qb2M #2ir22M 1 �M/ n- i?2
bBM;H2 TQBMi +`QbbQp2` ;2M2`�i2b � M2r BM/BpB/m�H #v K2`;BM; i?2 }`bi i 2H2K2Mib 7`QK
A rBi? i?2 H�bi n − i 2H2K2Mib 7`QK BX � bBKBH�` T`Q+2/m`2 Bb T2`7Q`K2/ iQ ;2M2`�i2
� b2+QM/ BM/BpB/m�H #v 2t+?�M;BM; A rBi? BX �MQi?2` ivT2 Q7 +`QbbQp2` Bb i?2 /Qm#H2@
TQBMi +`QbbQp2`- r?2`2 irQ K2`;BM; TQBMib �`2 +QMbB/2`2/X 6B;m`2 jX8 BHHmbi`�i2b i?2 irQ
QT2`�iQ`bX AM T`BM+BTH2- +`QbbQp2` QT2`�iBQM H2�/b i?2 TQTmH�iBQM iQ +QMp2`;2 #v K�FBM;
i?2 BM/BpB/m�Hb BM i?2 TQTmH�iBQM �HBF2X AM Kmi�iBQM- bK�HH T�`ib Q7 �M BM/BpB/m�H �`2
�Hi2`2/ Q` `2TH�+2/ rBi? � M2r QM2 iQ +`2�i2 � M2r BM/BpB/m�HX 6B;m`2 jXe b?Qrb �M
2t�KTH2X Ai Bb 2tT2+i2/ i?�i Kmi�iBQM BMi`Q/m+2b /Bp2`bBiv BMiQ i?2 TQTmH�iBQM �M/
�bbBbib i?2 b2�`+? T`Q+2bb iQ 2b+�T2 7`QK HQ+�H QTiBK�X

Ç 6BiM2bb �bbB;MK2Mi, 6BiM2bb �bbB;MK2Mi +QMbBbib Q7 �bbB;MBM; � K2�bm`2 Q7 [m�HBiv-
i?2 }iM2bb p�Hm2- iQ �M BM/BpB/m�HX lbm�HHv- BM QTiBKBx�iBQM- i?2 }iM2bb p�Hm2 Q7 �M



89 jX JmHiBQ#D2+iBp2 PTiBKBx�iBQM

crossover 
point

Parents:

Children:

crossover 
points

Parents:

Children:

6B;m`2 jX8, AHHmbi`�iBQM Q7 bBM;H2 TQBMi UH27iV �M/ /Qm#H2 TQBMi U`B;?iV +`QbbQp2` QT2`�iQ`

Mutate0 1 0 1 01 0 1 1 1 01

6B;m`2 jXe, AHHmbi`�iBQM Q7 Kmi�iBQM QT2`�iQ`

BM/BpB/m�H Bb i?2 Q#D2+iBp2 7mM+iBQM p�Hm2 Q7 i?2 bQHmiBQM Bi `2T`2b2MibX

Ç a2H2+iBQM, h?2`2 �`2 /Bz2`2Mi b2H2+iBQM T`Q+2/m`2b BM 1�b /2T2M/BM; QM ?Qr i?2 }iM2bb
p�Hm2b �`2 mb2/X aiQ+?�biB+ mMBp2`b�H b�KTHBM;- T`QTQ`iBQM�H b�KTHBM;- �M/ iQm`M�K2Mi
b2H2+iBQM �`2 i?2 KQbi TQTmH�` QM2bX AM i?2 7QHHQrBM;- i?2`2 Bb � #`B27 2tTH�M�iBQM Q7
?Qr 2�+? Q7 i?2K rQ`Fb,

@ hQm`M�K2Mi b2H2+iBQMX AM i?Bb b2H2+iBQM T`Q+2bb- bQK2 BM/BpB/m�Hb �`2 `�M/QKHv
+?Qb2M 7`QK i?2 TQTmH�iBQM �M/ b2p2`�H ǳiQm`M�K2MibǴ `mMb �KQM; i?2KX h?2
rBMM2` Q7 2�+? iQm`M�K2Mi Ui?2 QM2 rBi? i?2 #2bi }iM2bbV Bb b2H2+i2/ 7Q` +`QbbQp2`X

@ 6BiM2bb T`QTQ`iBQM�i2 b2H2+iBQM U6SaVX �M BM/BpB/m�H Bb b2H2+i2/ BM � T`Q#�#BHBbiB+
K�MM2`X G2i fj #2 i?2 }iM2bb Q7 i?2 j@i? BM/BpB/m�H BM i?2 TQTmH�iBQMX h?2M- i?2
T`Q#�#BHBiv Q7 #2BM; b2H2+i2/ Bb ;Bp2M #v fj/

∑N
i=1 fi- r?2`2 N Bb i?2 MmK#2` Q7

BM/BpB/m�Hb BM i?2 TQTmH�iBQMX

@ aiQ+?�biB+ mMBp2`b�H b�KTHBM; UalaVX h?Bb Bb bBKBH�` iQ 6Sa- #mi rBi? MQ b2H2+iBQM
#B�bX ala mb2b � bBM;H2 `�M/QK p�Hm2 iQ b�KTH2 �HH Q7 i?2 BM/BpB/m�Hb #v +?QQbBM;
i?2K �i 2p2MHv bT�+2/ BMi2`p�HbX h?Bb ;Bp2b r2�F2` K2K#2`b Q7 i?2 TQTmH�iBQM
U�++Q`/BM; iQ i?2B` }iM2bbV � +?�M+2 iQ #2 +?Qb2M �M/ i?mb `2/m+BM; i?2 mM7�B`
M�im`2 Q7 6Sa b2H2+iBQM K2i?Q/bX



jXjX aQHmiBQM J2i?Q/b 7Q` JmHiBQ#D2+iBp2 PTiBKBx�iBQM 88

@ 1HBiBbi b2H2+iBQMX AM i?Bb b2H2+iBQM T`Q+2bb- i?2 #2bi bQHmiBQMb �++Q`/BM; iQ i?2B`
}iM2bb p�Hm2b �Hr�vb `2K�BM BM i?2 TQTmH�iBQMX

Ç h2`KBM�iBQM +`Bi2`BQM, hQ biQT i?2 Bi2`�iBQM T`Q+2bb- � /Bz2`2Mi ivT2 Q7 i2`KBM�iBQM
+`Bi2`BQM K�v #2 mb2/ bm+? �b � T`2/2}M2/ K�tBKmK MmK#2` Q7 ;2M2`�iBQMb- bi�;M�iBQM
BM i?2 TQTmH�iBQM Q` 2tBbi2M+2 Q7 �M BM/BpB/m�H rBi? bm{+B2Mi [m�HBivX

JmHiBQ#D2+iBp2 1pQHmiBQM�`v �H;Q`Bi?Kb

h?2`2 Bb � rB/2 #2HB27 i?�i 1�b +�M #2 �TTHB2/ bm++2bb7mHHv iQ JPS #2+�mb2 i?2v +�M ?�M@
/H2 KmHiBTH2 bQHmiBQMb bBKmHi�M2QmbHvX AM 7�+i- 1�b +�M #2 2�bBHv KQ/B}2/ BM Q`/2` iQ `2im`M
KmHiBTH2 MQM@/QKBM�i2/ bQHmiBQMb BM � bBM;H2 bBKmH�iBQM `mMX am+? 1�b �`2 FMQrM �b JmHiBQ#@
D2+iBp2 1pQHmiBQM�`v �H;Q`Bi?Kb UJ1�bVX >Qr2p2`- bBM+2 i?2v �`2 ?2m`BbiB+ K2i?Q/b- J1�b
+�MMQi ;2M2`�i2 i?2 2MiB`2 S�`2iQ QTiBK�H b2i BM ;2M2`�HX JQ`2Qp2`- i?2v K�v 7�BH iQ }M/
� bBM;H2 S�`2iQ QTiBK�H bQHmiBQMX 6Q` i?Bb `2�bQM- i?2v `2im`M �TT`QtBK�iBQM b2ibX *H2�`Hv-
i?2`2 Bb i?2 M22/ iQ /2}M2 i?2 [m�HBiv Q7 �M �TT`QtBK�iBQM b2i- r?B+? b?QmH/ +?�`�+i2`Bx2
i?2 T2`7Q`K�M+2 Q7 i?2 J1� i?�i T`Q/m+2/ BiX h?2`27Q`2- i?2 ;Q�H Q7 �M J1� ?�b #22M
iQ T`Q/m+2 �TT`QtBK�iBQM b2ib i?�i KBMBKBx2 i?2 /Bbi�M+2 7`QK i?2 QTiBK�H MQM@/QKBM�i2/
TQBMi b2i �b r2HH �b iQ K�tBKBx2 i?2 /Bbi`B#miBQM �M/ bT`2�/ Q7 Bib 2H2K2Mib UwBixH2` �M/
h?B2H2- RNNNVX

h?2 /2p2HQTK2Mi Q7 �M J1� 7Q` � ;Bp2M JPS b?QmH/ �//`2bb i?2 7QHHQrBM; Bbbm2b,

Ç >Qr iQ �++QKTHBb? }iM2bb �bbB;MK2Mi �M/ b2H2+iBQM- `2bT2+iBp2Hv- BM Q`/2` iQ ;mB/2 i?2
b2�`+? iQr�`/b i?2 MQM@/QKBM�i2/ TQBMi b2iX

Ç >Qr iQ K�BMi�BM � /Bp2`b2 TQTmH�iBQM BM Q`/2` iQ �pQB/ 2�`Hv +QMp2`;2M+2 �M/ �+?B2p2
� r2HH@/Bbi`B#mi2/ �M/ r2HH@bT`2�/ �TT`QtBK�iBQM b2iX

hQ /2�H rBi? i?2b2 Bbbm2b /Bz2`2Mi i2+?MB[m2b ?�p2 #22M �TTHB2/- r?B+? �`2 2tTH�BM2/ BM
i?2 7QHHQrBM; b2+iBQMbX

Ç 6BiM2bb �bbB;MK2Mi �M/ b2H2+iBQM AM +QMi`�bi iQ bBM;H2@Q#D2+iBp2 QTiBKBx�iBQM- r?2`2
Q#D2+iBp2 7mM+iBQM �M/ }iM2bb 7mM+iBQM �`2 i?2 b�K2- #Qi? }iM2bb �bbB;MK2Mi �M/ b2@
H2+iBQM Kmbi �HHQr 7Q` b2p2`�H Q#D2+iBp2b p�Hm2bX AM ;2M2`�H- i?2`2 �`2 irQ K�BM ivT2b
Q7 J1�b,

Ĝ �H;Q`Bi?Kb i?�i �`2 #�b2/ QM i?2 +H�bbB+�H b+�H�`Bx�iBQM i2+?MB[m2b U2X;X- �T@
T`Q�+?2b i?�i mb2 � r2B;?i2/@bmK b+�H�`Bx�iBQMVc
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Ĝ �H;Q`Bi?Kb i?�i mb2 /QKBM�M+2 `2H�iBQMb U2X;X- `�MF i?2 TQTmH�iBQM #�b2/ QM /QK@
BM�M+2 `2H�iBQMVX

Ç SQTmH�iBQM /Bp2`bBivX hQ ?�p2 � /Bp2`b2 TQTmH�iBQM- b2p2`�H i2+?MB[m2b ?�p2 #22M /2@
p2HQT2/X h?2 KQbi 7`2[m2Mi QM2b �`2 �b 7QHHQrb,

Ĝ 6BiM2bb a?�`BM;X AM i?Bb i2+?MB[m2- i?2 bm#b2i Q7 BM/BpB/m�Hb i?�i �`2 +HQb2 iQ
2�+? Qi?2` UMB+?2V b?�`2b i?2B` }iM2bb p�Hm2bX h?Bb +Q``2bTQM/b iQ � /2+`2�b2
BM i?2B` }iM2bb p�Hm2- r?B+? ;Bp2b i?2K H2bb +?�M+2 Q7 bm`pBpBM; BM i?2 b2H2+iBQM
T`Q+2bb U6QMb2+� �M/ 6H2KBM;- RNNjVX

Ĝ *`Qr/BM; /Bbi�M+2X *`Qr/BM; /Bbi�M+2 �TT`Q�+?2b �BK iQ Q#i�BM � mMB7Q`K bT`2�/
Q7 bQHmiBQMb rBi?Qmi }iM2bb b?�`BM;X h?2v +QKTmi2 i?2 TQTmH�iBQM /2MbBiv �`QmM/
� bQHmiBQM rBi?Qmi `2[mB`BM; � mb2`@/2}M2/ T�`�K2i2`- �M/ H2bb +`Qr/2/ bQHmiBQMb
�`2 2KT?�bBx2/ BM i?2 b2H2+iBQM T`Q+2bb U.2# 2i �HX- kyykVX

Ç 1HBiBbKX h?Bb TQHB+v �Hr�vb b2H2+ib i?2 #2bi BM/BpB/m�H Q7 � TQTmH�iBQM- �++Q`/BM; iQ
/QKBM�M+2 `2H�iBQM Q` iQ Qi?2` [m�HBiv K2�bm`2b- BM Q`/2` iQ T`2p2Mi HQbBM; Bi /m2 iQ
b�KTHBM; 2z2+ib Q` ;2M2iB+ QT2`�iQ`bX h?Bb bi`�i2;v +�M #2 2ti2M/2/ iQ k > 1 #2bi
bQHmiBQMb BM i?2 TQTmH�iBQMX

h?2 }`bi J1� r�b T`QTQb2/ #v a+?�z2` URN38V- +�HH2/ o2+iQ` 1p�Hm�i2/ :2M2iB+ �H;Q@
`Bi?Kb UQ` o1:�VX �7i2`r�`/b- b2p2`�H J1�b r2`2 /2p2HQT2/ bm+? �b JmHiBQ#D2+iBp2 :2M2iB+
�H;Q`Bi?K UJP:�V U6QMb2+� �M/ 6H2KBM;- RNNjV- LB+?2/ S�`2iQ :2M2iB+ �H;Q`Bi?K U>Q`M
2i �HX- RNN9V - LQM@/QKBM�i2/ aQ`iBM; :2M2iB+ �H;Q`Bi?K ULa:�V Ua`BMBp�b �M/ .2#- RNN9V-
ai`2M;i? S�`2iQ 1pQHmiBQM�`v �H;Q`Bi?K UaS1�V UwBixH2` �M/ h?B2H2- RNNNV- S�`2iQ@�`+?Bp2/
1pQHmiBQM ai`�i2;v US�1aV UEMQrH2b �M/ *Q`M2- kyyyV �M/ 6�bi LQM@/QKBM�i2/ aQ`iBM; :2@
M2iB+ �H;Q`Bi?K ULa:�@AAV U.2# 2i �HX- kyyyVX AM i?2 7QHHQrBM;- r2 /Bb+mbb irQ J1�b i?�i
mb2 � b2H2+iBQM T`Q+2bb #�b2/ QM i?2 /QKBM�M+2 `2H�iBQMX

JmHiBQ#D2+iBp2 :2M2iB+ �H;Q`Bi?K UJP:�V h?Bb J1� r�b T`QTQb2/ #v 6QMb2+�
�M/ 6H2KBM; URNNjV- r?B+? 2KTHQv2/ i?2 +QM+2Ti Q7 MB+?2 �HQM; rBi? `�MF@#�b2/ }iM2bb
�bbB;MK2Mi- M�K2/ S�`2iQ `�MFBM;X S�`2iQ `�MFBM; Bb � T`Q+2bb 7Q` `�MFBM; BM/BpB/m�Hb BM
� TQTmH�iBQM #�b2/ QM i?2 /Bbi�M+2b Q7 i?2B` Q#D2+iBp2 p2+iQ`b 7`QK i?2 MQM@/QKBM�i2/ b2i
Q#i�BM2/ bQ 7�` /m`BM; i?2 b2�`+? T`Q+2bbX AM/BpB/m�Hb i?�i ?�p2 �M Q#D2+iBp2 p2+iQ` +HQb2`
iQ i?2 MQM@/QKBM�i2/ b2i �`2 #2ii2` `�MF2/X h?2 +HQb2M2bb iQ i?2 MQM@/QKBM�i2/ b2i Bb
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3

1

1

f2

f1

1

1

2

7

6B;m`2 jXd, AHHmbi`�iBQM Q7 S�`2iQ `�MFBM; BM JP:�

/2i2`KBM2/ BM i2`Kb Q7 /QKBM�M+2 `2H�iBQMbX 6Q` bBKTHB}+�iBQM Tm`TQb2- r2 mb2 i?2 b�K2
MQi�iBQM �KQM; BM/BpB/m�Hb r?2M i?2 /QKBM�M+2 `2H�iBQMb Ub22 a2+iBQM jXkXRV ?QH/ #2ir22M
i?2B` Q#D2+iBp2 7mM+iBQM p2+iQ`bX G2i ri #2 � `�MF Q7 2�+? BM/BpB/m�H iX Ai Bb �bbB;M2/ �b,

ri = 1 + ni UjXeV

r?2`2 ni Bb i?2 MmK#2` Q7 BM/BpB/m�Hb i?�i /QKBM�i2 BM/BpB/m�H iX aBM+2 ni Bb x2`Q 7Q` MQM@
/QKBM�i2/ BM/BpB/m�Hb BM i?2 TQTmH�iBQM- MQM@/QKBM�i2/ BM/BpB/m�Hb �`2 �bbB;M2/ � `�MF
Q7 RX 6B;m`2 jXd BHHmbi`�i2b � ?vTQi?2iB+�H TQTmH�iBQM �M/ i?2 +Q``2bTQM/BM; `�MFb Q7 i?2
BM/BpB/m�HbX h?2 BM/BpB/m�Hb r?Qb2 �bbQ+B�i2/ Q#D2+iBp2 p2+iQ` �`2 MQM@/QKBM�i2/ ?�p2 `�MF
R r?BH2 i?2 rQ`bi BM/BpB/m�H ?�b `�MF dX

"�b2/ QM i?2 S�`2iQ `�MFBM;- � }iM2bb p�Hm2 Bb �bbB;M2/ iQ 2�+? BM/BpB/m�H bQ i?�i BM/B@
pB/m�Hb rBi? #2ii2` `�MFb ?�p2 H�`;2` }iM2bb p�Hm2bX A7 N Bb i?2 TQTmH�iBQM bBx2- �M/ NR(ri)

Bb i?2 MmK#2` Q7 BM/BpB/m�Hb rBi? `�MF ri- i?2 }iM2bb p�Hm2 Q#i�BM2/ #v i?2 7QHHQrBM; 7Q`KmH�,

F ′(i) = N − 0.5(NR(ri)− 1)−
ri−1∑

k=1

NR(k) UjXdV

h?2 }iM2bb p�Hm2 p�`B2b 7`QK R iQ N /2T2M/BM; QM i?2 `�MF Q7 2�+? BM/BpB/m�H �M/ i?2 MmK#2`
Q7 BM/BpB/m�Hb BM 2�+? `�MFX

AM Q`/2` iQ BKTQb2 /Bp2`bBiv BM i?2 TQTmH�iBQM- JP:� 2KTHQvb i?2 b?�`BM; 7mM+iBQM
�TT`Q�+? 7Q` 2�+? BM/BpB/m�H iX JQ`2 7Q`K�HHv- i?2 b?�`2/ }iM2bb F (i) 7Q` 2�+? BM/BpB/m�H i
BM TQTmH�iBQM P Bb 2[m�H iQ Bib QH/ }iM2bb F ′(i) U1[m�iBQM jXdV /BpB/2/ #v Bib MB+?2 +QmMiX
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�H;Q`Bi?K k h?2 }iM2bb �bbB;MK2Mi �H;Q`Bi?K BM JP:�
T`Q+2/m`2 6BiM2bb �bbB;MK2Mi UP- σshareV

7Q` 2�+? i ∈ P /Q
ri = 1 + ni

aQ`i TQTmH�iBQM P �++Q`/BM; iQ `�MFBM; r

7Q` 2�+? i ∈ P /Q
*�H+mH�i2 }iM2bb p�Hm2b F (i)

`2im`M }iM2bb p�Hm2b Q7 P

h?2 MB+?2 +QmMi 7Q` 2�+? BM/BpB/m�H Bb 2[m�H iQ i?2 bmK Q7 i?2 b?�`BM; 7mM+iBQM USHV p�Hm2b
7Q` �HH Q7 i?2 BM/BpB/m�Hb rBi? i?2 b�K2 `�MF BM i?2 TQTmH�iBQM,

F (i) =
F ′(i)

NR(ri)∑

j=1

SH(d(i, j))

UjX3V

r?2`2 i?2 bi�M/�`/ b?�`BM; 7mM+iBQM SH(·)- �b bm;;2bi2/ #v :QH/#2`; 2i �HX URN3dV Bb /2}M2/
�b 7QHHQrb,

SH(d(i, j)) =

⎧
⎨

⎩
1−

(
d(i,j)
σshare

)
B7 d(i, j) < σshare

0 Qi?2`rBb2
UjXNV

r?2`2 σshare Bb i?2 MB+?2 `�/Bmb �M/ d(i, j) Bb � /Bbi�M+2 7mM+iBQMX � MQ`K�HBx2/ MB+?2
`�/Bmb σshare BM i?2 q@/BK2MbBQM�H Q#D2+iBp2 bT�+2 �M/ TQTmH�iBQM Q7 bBx2 N Bb +�H+mH�i2/ �b
7QHHQrb U6QMb2+� �M/ 6H2KBM;- RNNjV,

(1 + σshare)
q = N × (σshare)

q UjXRyV

� MQ`K�HBx2/ /Bbi�M+2 #2ir22M �Mv irQ BM/BpB/m�Hb i �M/ j Q7 i?2 b�K2 `�MF Bb +�H+mH�i2/ BM
i?2 Q#D2+iBp2 bT�+2 �b 7QHHQrb,

d(i, j) =

√√√√
q∑

k=1

(
fk,i − fk,j

maxfk −minfk

)2

UjXRRV

r?2`2 fk,i �M/ fk,j �`2 i?2 k@i? Q#D2+iBp2 7mM+iBQM 7Q` BM/BpB/m�Hb i �M/ j- `2bT2+iBp2Hv- �M/
maxfk �M/ minfk �`2 i?2 K�tBKmK �M/ KBMBKmK Q#D2+iBp2 7mM+iBQM p�Hm2b Q7 i?2 k@i?
Q#D2+iBp2 7mM+iBQM Q#b2`p2/ bQ 7�` /m`BM; i?2 b2�`+?- `2bT2+iBp2HvX
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h?2 ?B;?@H2p2H Tb2m/Q@+Q/2 Q7 �H;Q`Bi?K k b?Qrb i?2 bi2Tb Q7 }iM2bb �bbB;MK2Mi T`Q+2/m`2
BM JP:�X 6B`bi- Bi +�H+mH�i2b i?2 `�MF 7Q` 2�+? BM/BpB/m�H �++Q`/BM; iQ i?2 /QKBM�M+2 `2H�iBQM
�M/- i?2M- 2�+? BM/BpB/m�H Bb �bbB;M2/ � }iM2bb p�Hm2 #�b2/ QM Bib `�MF BM i?2 TQTmH�iBQM U1[X
UjXdVVX hQ K�BMi�BM /Bp2`bBiv- Bi �/Dmbib i?2 }iM2bb 7mM+iBQM �++Q`/BM; iQ b?�`BM; 7mM+iBQM
U1[X UjX3VVX

JBHH2` �M/ a?�r URNNeV T`QTQb2/ � /vM�KB+ MB+?2 b?�`BM; �TT`Q�+? iQ BM+`2�b2 i?2
2z2+iBp2M2bb Q7 +QKTmiBM; MB+?2 +QmMibX LQi2 i?�i QM2 Q7 i?2 /Bb�/p�Mi�;2b Q7 JP:� BM
}iM2bb b?�`BM; #�b2/ QM MB+?2 +QmMi Bb Bib +QKTmi�iBQM�H 2zQ`iX >Qr2p2`- Bib #2M2}ib bm`T�bb
i?2 #m`/2M Q7 2ti`� +QKTmi�iBQM�H 2zQ`i BM K�Mv �TTHB+�iBQMbX

LQM@/QKBM�i2/ aQ`iBM; :2M2iB+ �H;Q`Bi?K ULa:�@AAV La:�@AA U.2# 2i �HX- kyyy-
kyykV Bb i?2 b2+QM/ p2`bBQM Q7 i?2 La:� Ua`BMBp�b �M/ .2#- RNN9V- ǳLQM@/QKBM�i2/ aQ`iBM;
:2M2iB+ �H;Q`Bi?KǴ- iQ bQHp2 KmHiBQ#D2+iBp2 QTiBKBx�iBQM T`Q#H2KbX AM i?2 7QHHQrBM;- r2
2tTH�BM i?2 rQ`FBM; T`BM+BTH2b Q7 i?Bb �H;Q`Bi?K rBi? `2bT2+i iQ i?2 +?QB+2 7Q` bQ`iBM; i?2
BM/BpB/m�Hb BM i?2 TQTmH�iBQM �b r2HH �b bi`�i2;B2b 7Q` F22TBM; /Bp2`bBiv �M/ 2HBiBbKX

Ç 6�bi MQM@/QKBM�i2/ bQ`iBM;X La:�@AA `�MFb i?2 BM/BpB/m�Hb BM i?2 TQTmH�iBQM BMiQ
H�v2`b #�b2/ QM /QKBM�M+2 `2H�iBQMX �Mv irQ BM/BpB/m�Hb BM i?2 b�K2 H�v2` �`2 MQM@
/QKBM�i2/X �M BM/BpB/m�H #2HQM;b iQ � +2`i�BM H�v2` B7 Bi Bb MQi /QKBM�i2/ #v �Mv
BM/BpB/m�H Q7 i?2 BM72`BQ` H�v2`X h?2 }`bi H�v2` Bb +QKTmi2/ #v }M/BM; i?2 BM/BpB/m�Hb
i?�i �`2 MQi /QKBM�i2/ #v �Mv Qi?2` BM/BpB/m�Hb BM � TQTmH�iBQMX h?2 M2ti H�v2`b
�`2 +QKTmi2/ bBKBH�`Hv #v B;MQ`BM; i?2 BM/BpB/m�Hb i?�i #2HQM; iQ i?2 T`2pBQmb H�v2`bX
6B;m`2 jX3 UH27iV b?Qrb �M BHHmbi`�iBp2 2t�KTH2 Q7 i?2 `�MFBM; BM La:�@AAX h?2 }`bi
H�v2` L1 Bb b?QrM rBi? r?Bi2 +B`+H2bX "v TmiiBM; �bB/2 i?2K- i?2 b2+QM/ MQM@/QKBM�i2/
H�v2` L2 Bb b?QrM rBi? ;`�v +B`+H2b �M/ i?2 H�bi BM/BpB/m�H +`2�i2 i?2 H�bi H�v2` U#H�+F
+B`+H2VX 1{+B2Mi �H;Q`Bi?Kb 7Q` i?2 `�MFBM; �`2 /Bb+mbb2/ BM C2Mb2M UkyyjVX

Ç .Bp2`bBivX AM Q`/2` iQ Q#i�BM BM/BpB/m�Hb mMB7Q`KHv /Bbi`B#mi2/ Qp2` i?2 MQM@/QKBM�i2/
b2i- La:�@AA mb2b i?2 +`Qr/BM; /Bbi�M+2X 6Q` � T�`iB+mH�` BM/BpB/m�H BM i?2 TQTmH�iBQM-
i?2 �H;Q`Bi?K 2biBK�i2b Bib /2MbBiv #v +�H+mH�iBM; i?2 �p2`�;2 /Bbi�M+2 7`QK Qi?2`
BM/BpB/m�Hb �`QmM/ Bi QM 2�+? Q#D2+iBp2X 6B;m`2 jX3 U`B;?iV BHHmbi`�i2b i?2 +`Qr/BM;
/Bbi�M+2 +�H+mH�iBQM- r?2`2 dist(i) Bb i?2 2biBK�iBQM Q7 /2MbBiv Q7 BM/BpB/m�H i BMbB/2
Bib MQM@/QKBM�i2/ H�v2`- r?B+? Bb 2[m�H iQ i?2 bBx2 Q7 H�`;2bi +m#QB/ bm``QmM/BM; i-
rBi?Qmi +QMbB/2`BM; �Mv Qi?2` BM/BpB/m�Hb BM i?2 TQTmH�iBQM Ub?QrM rBi? � /�b?2/
#QtVX �H;Q`Bi?K j b?Qrb i?2 +�H+mH�iBQM Q7 i?2 +`Qr/BM; /Bbi�M+2 7Q` 2�+? BM/BpB/m�H
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f2

f1

f2

f1

6B;m`2 jX3, AHHmbi`�iBQM Q7 `�MFBM; UH27iV �M/ +`Qr/BM; /Bbi�M+2 U`B;?iV BM La:�@AA

BM � ;Bp2M H�v2`X 6Q` 2�+? Q#D2+iBp2 7mM+iBQM k- k = 1, . . . , q- i?2 �H;Q`Bi?K bQ`ib i?2
BM/BpB/m�Hb BM L BM MQM@BM+`2�bBM; Q`/2`c fL

k,i `272`b iQ i?2 k@i? Q#D2+iBp2 7mM+iBQM p�Hm2
Q7 i?2 i@i? BM/BpB/m�H BM H�v2` LX h?2 K�BM �/p�Mi�;2 Q7 i?2 +`Qr/BM; �TT`Q�+? Bb
i?�i � K2�bm`2 Q7 TQTmH�iBQM /2MbBiv �`QmM/ � bQHmiBQM Bb +�H+mH�i2/ rBi?Qmi `2[mB`BM;
� b?�`BM; T�`�K2i2` UσshareVX AM i?2 La:�@AA- BM i?2 b2H2+iBQM T?�b2- i?Bb +`Qr/BM;
/Bbi�M+2 K2�bm`2 Bb mb2/ �b � iB2#`2�F2`X AM Q`/2` iQ +QKT�`2 bQHmiBQMb- La:�@AA
BMi`Q/m+2b i?2 +`Qr/2/ +QKT�`BbQM QT2`�iQ` ≤nX 1�+? BM/BpB/m�H i BM i?2 TQTmH�iBQM
?�b irQ �ii`B#mi2b, i?2 H�v2` i?�i #2HQM;b iQ Urank(i)V �M/ i?2 HQ+�H +`Qr/BM; /Bbi�M+2
Udist(i)VX h?2M- i?2 +`Qr/2/ +QKT�`BbQM QT2`�iQ` Bb /2}M2/ �b 7QHHQrb,

j ≤n i B7 rank(i) < rank(j) Q` (rank(i) = rank(j) �M/ dist(i) > dist(j))

A7 irQ BM/BpB/m�Hb #2HQM; iQ /Bz2`2Mi H�v2`b- i?2 BM/BpB/m�H 7`QK i?2 H�v2` rBi? i?2
HQr2bi BM/2t Bb b2H2+i2/c Qi?2`rBb2- B7 #Qi? Q7 i?2K #2HQM; iQ i?2 b�K2 H�v2`- i?2M i?2
BM/BpB/m�H rBi? i?2 ?B;?2bi +`Qr/BM; /Bbi�M+2 Ui?�i Bb HQ+�i2/ BM � `2;BQM rBi? � H2bb2`
MmK#2` Q7 BM/BpB/m�HbV Bb b2H2+i2/X

Ç 1HBiBbKX 1HBiBbK BM i?2 +QMi2ti Q7 bBM;H2@Q#D2+iBp2 :� K2�Mb i?�i i?2 #2bi bQHmiBQMb
7QmM/ bQ 7�` /m`BM; i?2 b2�`+? �Hr�vb bm`pBp2 BM i?2 M2ti ;2M2`�iBQMX AM i?Bb `2bT2+i-
�HH MQM@/QKBM�i2/ bQHmiBQMb /Bb+Qp2`2/ #v � KmHiBQ#D2+iBp2 :� �`2 +QMbB/2`2/ �b 2HBi2
bQHmiBQMbX >Qr2p2`- BKTH2K2Mi�iBQM Q7 2HBiBbK BM KmHiBQ#D2+iBp2 QTiBKBx�iBQM Bb MQi
�b bi`�B;?i7Q`r�`/ �b BM bBM;H2 Q#D2+iBp2 QTiBKBx�iBQM K�BMHv /m2 iQ � H�`;2 MmK#2`
Q7 TQbbB#H2 2HBiBbi bQHmiBQMbX La:�@AA mb2b irQ bi`�i2;B2b iQ BKTH2K2Mi 2HBiBbK, Bi
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�H;Q`Bi?K j h?2 �H;Q`Bi?K 7Q` +�H+mH�iBM; i?2 +`Qr/BM; /Bbi�M+2 BM La:�@AA
T`Q+2/m`2 *`Qr/BM; .Bbi�M+2 *�H+mH�iBQMULV

nL = |L|
7Q` 2�+? i ∈ L /Q

dist(i) = 0

7Q` k = 1 to q /Q
aQ`i BM/BpB/m�Hb BM H�v2` L BM MQM@BM+`2�bBM; Q`/2` Q7 Q#D2+iBp2 k

dist(1) = dist(nL) =∞
7Q` i = 2 to n− 1 /Q

dist(i) = dist(i) + fL
k,i+1 − fL

k,i−1

K�BMi�BMb 2HBiBbi bQHmiBQMb BM i?2 TQTmH�iBQM- �M/ biQ`2b 2HBiBbi bQHmiBQMb BM �M 2ti2`M�H
b2+QM/�`v HBbi �M/ `2BMi`Q/m+2b i?2K BMiQ i?2 TQTmH�iBQMX

�H;Q`Bi?K 9 h?2 K�BM HQQT Q7 La:�@AA �H;Q`Bi?K
T`Q+2/m`2 J�BM Ai2`�iBQM,

:2M2`�i2 H�v2`b L1, . . . ,LR 7`QK Pt ∪Qt rBi? 7�bi MQM@/QKBM�i2/ bQ`iBM;
i = 1

P = Pt+1 = ∅
r?BH2 |P | < N /Q

CrowdingDistanceCalculation(Li)

P = P ∪ Li

i = i+ 1

aQ`i P BM MQM@/2+`2�bBM; Q`/2` Q7 +`Qr/BM; /Bbi�M+2
Pt+1 +QMi�BMb i?2 #2bi N BM/BpB/m�Hb 7`QK P

:2M2`�i2 Qt+1 7`QK Pt+1 #v 2pQHmiBQM�`v QT2`�iQ`b
t = t+ 1

AM i?2 7QHHQrBM;- r2 /2b+`B#2 ?Qr La:�@AA rQ`FbX AMBiB�HHv- � `�M/QKHv ;2M2`�i2/ TQT@
mH�iBQM P0 Q7 N 2H2K2Mib Bb +`2�i2/X h?2 TQTmH�iBQM Bb bQ`i2/ BMiQ H�v2`b #�b2/ QM i?2 7�bi
MQM@/QKBM�i2/ bQ`iBM; bi2TX aBM+2 i?2 K�tBKBx�iBQM Q7 i?2 Q#D2+iBp2b Bb +QMbB/2`2/- 2�+?
BM/BpB/m�H Bb �bbB;M2/ rBi? � }iM2bb 2[m�H iQ i?2 `2+BT`Q+�H Q7 i?2 MQM@/QKBM�i2/ H�v2` Bi
#2HQM;b iQ Ui?2 #2bi H�v2` Bb RVX hQ +`2�i2 �M QzbT`BM; TQTmH�iBQM Q0- #BM�`v iQm`M�K2Mi
b2H2+iBQM- +`QbbQp2` �M/ Kmi�iBQM QT2`�iQ`b �`2 �TTHB2/X �7i2` i?2 }`bi ;2M2`�iBQM Bb +`2�i2/-
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i?2 T`Q+2/m`2 rBHH F22T i?2 N #2bi BM/BpB/m�Hb U2HBiBbK bi`�i2;vVX �H;Q`Bi?K 9 b?Qrb i?2
K�BM HQQT Q7 La:�@AA �i Bi2`�iBQM tX LQM@/QKBM�i2/ H�v2`b L1,L2, . . . ,LR �`2 B/2MiB}2/
BM i?2 +QK#BM2/ TQTmH�iBQM Pt ∪ QtX h?2 M2ti TQTmH�iBQM Pt+1 Bb }HH2/ bi�`iBM; rBi? BM@
/BpB/m�Hb 7`QK L1- i?2M L2- �M/ bQ QM �b 7QHHQrbX G2i k #2 i?2 BM/2t Q7 � MQM@/QKBM�i2/
H�v2` Lk bm+? i?�i |L1 ∪ L2 ∪ . . . ∪ Lk| ≤ N �M/ |L1 ∪ L2 ∪ . . . ∪ Lk ∪ Lk+1| > N X 6B`bi-
�HH MQM@/QKBM�i2/ BM/BpB/m�Hb BM i?2 H2p2Hb L1,L2, . . . ,Lk �`2 +QTB2/ iQ Pt+1- �M/ i?2M i?2
N − |Pt+1| rBi? i?2 H2�bi +`Qr/2/ /Bbi�M+2 7`QK Lk+1 �`2 �//2/ iQ Pt+1X h?Bb �TT`Q�+?
2Mbm`2b i?�i �HH MQM@/QKBM�i2/ BM/BpB/m�Hb 7`QK L1 �`2 BM+Hm/2/ BM i?2 M2ti TQTmH�iBQM B7
|L1| ≤ N - �M/- Qi?2`rBb2- i?2 b2H2+iBQM #�b2/ QM � +`Qr/BM; /Bbi�M+2 Bb mb2/ iQ F22T /Bp2`bBivX
6BM�HHv- TQTmH�iBQM Qt+1 Bb Q#i�BM2/ 7`QK Pt+1 #v i?2 �TTHB+�iBQM Q7 b2H2+iBQM- +`QbbQp2` �M/
Kmi�iBQMX

�H;Q`Bi?K 8 h?2 ;2M2`�H QmiHBM2 Q7 �M GQ+�H a2�`+? �H;Q`Bi?K
T`Q+2/m`2 GQ+�H a2�`+?,

.2i2`KBM2 BMBiB�H +�M/B/�i2 bQHmiBQM
AMBiB�i2 BM+mK#2Mi bQHmiBQM rBi? +�M/B/�i2 bQHmiBQM
r?BH2 i2`KBM�iBQM +`Bi2`BQM Bb MQi b�iBb}2/ /Q

S2`7Q`K b2�`+? bi2T
A7 M2+2bb�`v- mT/�i2 BM+mK#2Mi bQHmiBQM

`2im`M BM+mK#2Mi bQHmiBQM Q` `2TQ`i 7�BHm`2

GQ+�H a2�`+?

GQ+�H a2�`+? UGaV i2+?MB[m2b p�`v 7`QK bBKTH2 Bi2`�iBp2 BKT`Qp2K2Mi �H;Q`Bi?Kb iQ ;2M2`�H
�H;Q`Bi?K 7`�K2rQ`Fb bm+? �b aBKmH�i2/ �MM2�HBM; �M/ h�#m a2�`+?- r?B+? +�M #2 �/�Ti2/
iQ � bT2+B}+ T`Q#H2KX AM ;2M2`�H- i?2v �`2 #�b2/ QM i?2 B/2� Q7 Bi2`�iBp2Hv BKT`QpBM; �
+�M/B/�i2 bQHmiBQM #v K2�Mb Q7 bK�HH KQ/B}+�iBQMbX JQbi Q7 i?2K mb2 `�M/QKBx2/ /2+BbBQMb
BM i?2 b2�`+? T`Q+2bb bm+? �b ;2M2`�iBM; �M BMBiB�H bQHmiBQM Q` /2i2`KBMBM; i?2 b2�`+? bi2TX

�H;Q`Bi?K 8 BHHmbi`�i2b i?2 rQ`FBM; T`BM+BTH2 Q7 Ga �H;Q`Bi?KbX h?2v M22/ iQ F22T i`�+F
Q7 i?2 #2bi bQHmiBQM UBM+mK#2Mi bQHmiBQMV 7QmM/ /m`BM; i?2 b2�`+? T`Q+2bbX �KQM; i?2 +QK@
TQM2Mib mM/2`HvBM; i?2 Ga �H;Q`Bi?K- i?2 M2B;?#Q`?QQ/ /2}MBiBQM �M/ i?2 bi2T 7mM+iBQM �`2
BKTQ`i�MiX h?2 b2i Q7 �HH bQHmiBQMb i?�i �`2 Q#i�BM2/ #v �TTHvBM; � ;Bp2M KQ/B}+�iBQM BM
i?2 +m``2Mi bQHmiBQM Bb +�HH2/ i?2 M2B;?#Q`?QQ/- �M/ Bi Bb p2`v T`Q#H2K bT2+B}+X Ai Bb Q7i2M
/B{+mHi iQ T`2/B+i r?B+? Q7 i?2 p�`BQmb M2B;?#Q`?QQ/ /2}MBiBQMb `2bmHib BM i?2 #2bi T2`7Q`@
K�M+2X h?2 bi2T 7mM+iBQM /2b+`B#2b ?Qr iQ KQp2 #2ir22M +�M/B/�i2 bQHmiBQMbX a2�`+? bi2Tb
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�`2 mbm�HHv /2}M2/ #v K2�Mb Q7 � T`Q+2/m`2 i?�i /`�rb � b�KTH2 7`QK i?2 T`Q#�#BHBiv /Bb@
i`B#miBQM /2i2`KBM2/ #v i?2 mM/2`HvBM; bi2T 7mM+iBQMX h?2 b2�`+? T`Q+2bb Bb ivTB+�HHv ;mB/2/
#v �M 2p�Hm�iBQM 7mM+iBQM i?�i Bb mb2/ iQ �bb2bb Q` `�MF +�M/B/�i2 bQHmiBQMb ?2m`BbiB+�HHvX

h?2`2 2tBbi irQ #�bB+�HHv /Bz2`2Mi Ga KQ/2Hb 7Q` JPSb US�[m2i2 �M/ aiɃixH2- kyydVX h?2
}`bi �TT`Q�+? +QMbBbib Q7 +QMbi`m+iBM; i?2 b2�`+? bi2T #�b2/ QM i?2 /QKBM�M+2 `2H�iBQM Ub22
a2+iBQM jXkXRVX h?2 Ga �H;Q`Bi?Kb i?�i mb2 i?Bb �TT`Q�+? 7QHHQr i?2 +QKTQM2Mi rBb2 �++2T@
i�M+2 +`Bi2`BQM U*q�*V b2�`+? KQ/2HX h?2 b2+QM/ �TT`Q�+? Bb #�b2/ QM i?2 T�`�K2i2`Bx2/
b+�H�`Bx�iBQM Q7 i?2 Q#D2+iBp2b Ub22 a2+iBQM jXkXjV- FMQrM �b b+�H�`Bx2/ �++2Ti�M+2 +`Bi2`BQM
Ua�*V b2�`+? KQ/2HX JQbi Ga �H;Q`Bi?Kb 7Q` JPSb `2im`M � b2i Q7 MQM@/QKBM�i2/ bQHmiBQMb-
r?B+? �`2 +`2�i2/ /m`BM; i?2 b2�`+? T`Q+2bbX h?2 #2bi MQM@/QKBM�i2/ bQHmiBQMb 7QmM/ /m`BM;
i?2 `mM �`2 K�BMi�BM2/ BMiQ �M �`+?Bp2X .m`BM; i?2 b2�`+? T`Q+2bb- i?2 �H;Q`Bi?K M22/b iQ
mT/�i2 i?2 �`+?Bp2- �M/ i?Bb mT/�i2 +QMbBbib Q7 �//BM; M2r MQM@/QKBM�i2/ bQHmiBQMb �M/
`2KQpBM; i?2 /QKBM�i2/ QM2bX AM i?2 7QHHQrBM;- r2 /Bb+mbb � T�`iB+mH�` Ga �TT`Q�+? i?�i
7QHHQrb i?2 *q�* KQ/2H- r?B+? rBHH #2 mb2/ BM i?2 +QMi2ti Q7 i?Bb i?2bBbX

�H;Q`Bi?K e h?2 ;2M2`�H b+?2K2 Q7 S�`2iQ GQ+�H a2�`+? USGaV
T`Q+2/m`2 SGa, S�`2iQ GQ+�H a2�`+? UBMBiB�H bQHmiBQM, x0 V

visited(x0) = 7�Hb2
A = {x0}
`2T2�i

*?QQb2 `�M/QKHv x ∈ A bXiX visited(x) = 7�Hb2
7Q` �HH x′ ∈ L2B;?#Q`bUxV /Q

B7 f(x′′) ̸≻ f(x′)- 7Q` �HH x′′ ∈ A i?2M
A = A ∪ {x′}
A = A \ {x̄ | x̄ ∈ A, x′ ≻ x̄}
visited(x′) = i`m2

mMiBH ̸ ∃ x̃ ∈ A bm+? i?�i visited(x̃) = 7�Hb2
`2im`M A

S�`2iQ GQ+�H a2�`+? �TTHvBM; �M Ga BM i?2 7Q`K Q7 Bi2`�iBp2 BKT`Qp2K2Mi �H;Q`Bi?Kb
iQ � JPS Bb `2H�iBp2Hv bBKTH2X h?Bb +�M #2 /QM2 #v KQ/B7vBM; i?2 �++2Ti�M+2 +`Bi2`BQM-
K�FBM; mb2 Q7 /QKBM�M+2 `2H�iBQM iQ +QKT�`2 bQHmiBQMb BM i?2 Q#D2+iBp2 bT�+2- �M/ F22TBM; �M
�`+?Bp2 Q7 i?2 #2bi MQM@/QKBM�i2/ bQHmiBQMbX qBi? bm+? KQ/B}+�iBQMb- Bi2`�iBp2 BKT`Qp2K2Mi
�H;Q`Bi?Kb mM/2` i?2 *q�* b2�`+? KQ/2H +�M Bi2`�iBp2Hv BKT`Qp2 i?2 +m``2Mi b2i Q7 +�M/B/�i2
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bQHmiBQMb BM i?2 �`+?Bp2 #v �//BM; MQM@/QKBM�i2/ M2B;?#Q`BM; bQHmiBQMb US�[m2i2 2i �HX-
kyydVX am+? �M �H;Q`Bi?K +�M #2 b22/2/ 2Bi?2` #v QM2 bBM;H2 bQHmiBQM i?�i K�v #2 ;2M2`�i2/
`�M/QKHv Q` #v � b2i Q7 +�M/B/�i2 bQHmiBQMb ;2M2`�i2/ #v- 7Q` 2t�KTH2- �M 2t�+i �H;Q`Bi?KX
�M 2t�KTH2 Q7 Bi2`�iBp2 BKT`Qp2K2Mi �H;Q`Bi?Kb 7Q` JPSb Bb i?2 S�`2iQ GQ+�H a2�`+? USGaV-
T`QTQb2/ BM S�[m2i2 2i �HX UkyydVX SGa �H;Q`Bi?K Bb BHHmbi`�i2/ BM �H;Q`Bi?K eX :Bp2M �M
BMBiB�H bQHmiBQM Ux0V- SGa Bi2`�iBp2Hv �TTHB2b i?2 7QHHQrBM; bi2TbX 6B`bi- Bi `�M/QKHv +?QQb2b
�M mMpBbBi2/ bQHmiBQM x 7`QK i?2 �`+?Bp2 UAVX h?2M- i?2 M2B;?#Q`?QQ/ Q7 x UL2B;?#Q`bUxVV Bb
i?Q`Qm;?Hv 2tTHQ`2/- �M/ �HH M2B;?#Q`b i?�i �`2 MQi /QKBM�i2/ #v �Mv bQHmiBQM BM i?2 �`+?Bp2
�`2 �//2/ iQ i?2 �`+?Bp2X aQHmiBQMb BM i?2 �`+?Bp2 /QKBM�i2/ #v i?2 M2rHv �//2/ bQHmiBQMb
�`2 `2KQp2/X PM+2 i?2 M2B;?#Q`?QQ/ Q7 x Bb 7mHHv 2tTHQ`2/- x Bb K�`F2/ �b pBbBi2/X h?2
�H;Q`Bi?K biQTb r?2M �HH bQHmiBQMb BM i?2 �`+?Bp2 ?�p2 #22M pBbBi2/- r?B+? BM/B+�i2b i?�i �
T�`iB+mH�` b2i Q7 HQ+�H KBMBKmK bQHmiBQMb r�b Q#i�BM2/ US�[m2i2 2i �HX- kyydVX

�H;Q`Bi?K d h?2 ;2M2`�H b+?2K2 Q7 S�`2iQ Ai2`�i2/ GQ+�H a2�`+?
T`Q+2/m`2 S�`2iQ Ai2`�i2/ GQ+�H a2�`+?,

:2M2`�i2 BMBiB�H bQHmiBQM x0

A = SGaUx0V
r?BH2 i2`KBM�iBQM +`Bi2`BQM Bb MQi b�iBb}2/ /Q

x = *?QQb2UAV
x′ = S2`im`#UxV
A′ = SGa Ux′V
A = J2`;26BHi2`UA,A′V

`2im`M A

Ai2`�i2/ S�`2iQ GQ+�H a2�`+? � K�DQ` T`Q#H2K Q7 SGa �H;Q`Bi?Kb Bb i?�i i?2v K�v ;2i
i`�TT2/ BM � b2i Q7 HQ+�H KBMBK�X 1t�+iHv BM bm+? � bBim�iBQM- �M �+iBQM b?QmH/ i�F2 TH�+2 i?�i
�HHQrb i?2 �H;Q`Bi?K iQ H2�p2 i?2 HQ+�H KBMBK� b2i �M/ iQ +QMiBMm2 i?2 b2�`+? 7Q` TQbbB#Hv
#2ii2` bQHmiBQMbX PM2 bi`�B;?i7Q`r�`/ TQbbB#BHBiv Bb iQ T2`im`# QM2 Q` KQ`2 bQHmiBQMb BM i?2
�`+?Bp2 �M/ `2bi�`ib i?2 HQ+�H b2�`+? 7`QK i?2KX h?Bb Bb �M�HQ;Qmb iQ i?2 Ai2`�i2/ GQ+�H
a2�`+? /2b+`B#2/ BM UGQm`2MÏQ 2i �HX- kyRyV 7Q` bBM;H2@Q#D2+iBp2 QTiBKBx�iBQM T`Q#H2KbX q2
M�K2 i?Bb 2ti2MbBQM 7Q` JPSb- Ai2`�i2/ S�`2iQ GQ+�H a2�`+? UASGaVX �H;Q`Bi?K d b?Qrb i?2
rQ`FBM; T`BM+BTH2 Q7 ASGaX 6B`bi- Bi ;2M2`�i2b �M BMBiB�H bQHmiBQM Ux0V- i?2M Bi +�HHb SGa rBi?
x0 �b �M BMBiB�H bQHmiBQM �M/ F22Tb i?2 MQM@/QKBM�i2/ bQHmiBQMb BM i?2 �`+?Bp2 AX AM Q`/2`
iQ ?2HT i?2 SGa iQ 2b+�T2 Qmi 7`QK HQ+�H QTiBK�- ASGa Bi2`�i2b #v `2+�HHBM; i?2 7QHHQrBM;
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T`Q+2/m`2bX 6B`bi- 7mM+iBQM *?QQb2 `�M/QKHv b2H2+ib � bQHmiBQM x 7`QK �`+?Bp2 AX h?2M-
7mM+iBQM S2`im`# T2`im`#b i?2 bQHmiBQM x BMiQ x′X SGa Bb +�HH2/ �;�BM rBi? x′ iQ +`2�i2 � M2r
�`+?Bp2 A′X AM i?2 2M/- 7mM+iBQM J2`;26BHi2` �// i?2 M2r MQM@/QKBM�i2/ bQHmiBQMb 7`QK A′

BMiQ A �M/ 2HBKBM�i2b i?2 /QKBM�i2/ bQHmiBQMb 7`QK AX h?2 �H;Q`Bi?K +QMiBMm2b mMiBH bQK2
i2`KBM�iBQM +`Bi2`BQM Bb K2i- bm+? �b i?2 MmK#2` Q7 Bi2`�iBQMb Q` bQK2 FBM/ Q7 +QMp2`;2M+2
Bb �+?B2p2/X

jX9 S2`7Q`K�M+2 �bb2bbK2Mi Q7 >2m`BbiB+ J2i?Q/b

h?2`2 �`2 /Bz2`2Mi �bT2+ib iQ +QMbB/2` r?2M K2�bm`BM; i?2 T2`7Q`K�M+2 Q7 /Bz2`2Mi ?2m`BbiB+
�TT`Q�+?2b 7Q` JPSb- bm+? �b i?2 [m�HBiv Q7 i?2 bQHmiBQMb `2im`M2/ #v 2�+? ?2m`BbiB+ �b r2HH �b
i?2 +QKTmi�iBQM iBK2 iQ �+?B2p2 i?Qb2 bQHmiBQMbX AM i?Bb b2+iBQM- r2 7Q+mb QM [m�HBiv �bT2+ib
Q7 i?2 �TT`QtBK�iBQM b2i `2im`M2/ #v i?2 ?2m`BbiB+b rBi? � T�`iB+mH�` 7Q+mb QM bi�M/�`/
+QKT�`BbQM T`Q+2/m`2b i?�i ?�p2 #22M `2TQ`i2/ BM i?2 HBi2`�im`2X

q2 �HbQ MQi2 i?�i KQbi ?2m`BbiB+ K2i?Q/b 7Q` bQHpBM; JPSb i�F2 `�M/QKBx2/ /2+BbBQMb
/m`BM; i?2 b2�`+? T`Q+2bbX h?2`27Q`2- B7 r2 �TTHv i?2K b2p2`�H iBK2b iQ i?2 b�K2 T`Q#H2K
BMbi�M+2- 2�+? iBK2 K�v `2bmHi BM � /Bz2`2Mi �TT`QtBK�iBQM b2iX 6`QK � bi�iBbiB+�H TQBMi
Q7 pB2r- i?2 +QHH2+iBQM Q7 �HH �TT`QtBK�iBQM b2i Bb i?2 TQTmH�iBQM Q7 BMi2`2bi i?�i r2 rQmH/
HBF2 iQ +?�`�+i2`Bx2X �b � `2bmHi- iQ +QKT�`2 irQ K2i?Q/b BM i?2 b�K2 T`Q#H2K BMbi�M+2- r2
M22/ iQ +QKT�`2 i?2B` +Q``2bTQM/BM; �TT`QtBK�iBQM b2i b�KTH2bX AM T`BM+BTH2- i?2`2 2tBbi
irQ �TT`Q�+?2b BM i?2 HBi2`�im`2 i?�i �HHQr �M�HvxBM; irQ Q` KQ`2 ?2m`BbiB+ �TT`Q�+?2b 7`QK
� bi�iBbiB+�H TQBMi Q7 pB2rX h?2 }`bi �TT`Q�+? i`�Mb7Q`Kb 2�+? �TT`QtBK�iBQM b2i BMiQ � `2�H
p�Hm2 mbBM; [m�HBiv BM/B+�iQ`bX h?2M- i?2 `2bmHiBM; BM/B+�iQ` p�Hm2b �`2 +QKT�`2/ #�b2/ QM
bi�iBbiB+�H i2biBM; T`Q+2/m`2bX h?2 �Hi2`M�iBp2 �TT`Q�+? Bb i?2 �ii�BMK2Mi 7mM+iBQM K2i?Q/X
AM i?Bb K2i?Q/- i?2 �TT`QtBK�iBQM b2i b�KTH2b �`2 bmKK�`Bx2/ BM i2`Kb Q7 i?2 2KTB`B+�H
�ii�BMK2Mi 7mM+iBQMX AM i?2 7QHHQrBM;- r2 rBHH `2pB2r i?2 irQ �TT`Q�+?2b BM KQ`2 /2i�BHbX

jX9XR AM/B+�iQ` Q7 S2`7Q`K�M+2

"v 7�`- i?2 KQbi +QKKQMHv mb2/ �TT`Q�+? iQ K2�bm`2 i?2 [m�HBiv Q7 �M �TT`QtBK�iBQM b2i
Bb iQ �TTHv mM�`v [m�HBiv BM/B+�iQ`bX � mM�`v [m�HBiv BM/B+�iQ` Bb � 7mM+iBQM i?�i �bbB;Mb
2�+? �TT`QtBK�iBQM b2i � `2�H MmK#2`X h?2`27Q`2- r2 +�M +QKT�`2 irQ ?2m`BbiB+ K2i?Q/b
#v +QKT�`BM; i?2 BM/B+�iQ` p�Hm2b Q7 i?2 �TT`QtBK�iBQM b2ib i?�i `2bmHi2/ 7`QK 2�+?X AM i?2
7QHHQrBM;- r2 BMi`Q/m+2 irQ r2HH@FMQrM BM/B+�iQ`b, i?2 ?vT2`pQHmK2 BM/B+�iQ` UIHV V �M/ i?2
mM�`v ϵ@BM/B+�iQ` UIϵVX AM i?2 7QHHQrBM;- r2 �bbmK2 i?�i � `272`2M+2 b2i R Q7 MQM@/QKBM�i2/
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TQBMib Bb �p�BH�#H2X Ai +�M #2 i?2 MQM@/QKBM�i2/ b2i- i?2 MQM@/QKBM�i2/ TQBMib Q#i�BM2/
7`QK i?2 mMBQM Q7 �HH �p�BH�#H2 �TT`QtBK�iBQM b2ib- Q` bQK2 mTT2` Q` HQr2` #QmM/ b2iX

h?2 >vT2`pQHmK2 AM/B+�iQ` UIHV VX h?Bb BM/B+�iQ` K2�bm`2b i?2 bBx2 Q7 i?2 `2;BQM
/QKBM�i2/ #v i?2 �TT`QtBK�iBQM b2i #QmM/2/ #2HQr #v bQK2 `272`2M+2 TQBMi i?�i Bb bi`B+iHv
/QKBM�i2/ #v �HH 2H2K2Mib Q7 i?2 �TT`QtBK�iBQM b2i UwBixH2` �M/ h?B2H2- RNN3VX LQi2 i?�i r2
+�M +QMbB/2` i?2 `2H�iBp2 ?vT2`pQHmK2 rBi? `2bT2+i iQ � `272`2M+2 b2i RX :Bp2M �M �TT`QtB@
K�iBQM b2i A- i?2 `2H�iBp2 Q7 ?vT2`pQHmK2 BM/B+�iQ` Bb /2}M2/ �b

IRHV (A) = IHV (A)/IHV (R) UjXRkV

r?2`2 H�`;2` p�Hm2b +Q``2bTQM/ iQ � #2ii2` [m�HBiv rBi? `2bT2+i iQ i?Bb BM/B+�iQ` UwBixH2`
2i �HX- kyyjVX h?2 H27i THQi Q7 6B;m`2 jXN BHHmbi`�i2b i?2 ?vT2`pQHmK2 BM/B+�iQ` rBi? irQ
K�tBKBxBM; Q#D2+iBp2bX h?2 `272`2M+2 b2i �M/ �TT`QtBK�iBQM b2i Bb b?QrM rBi? r?Bi2 �M/
;`�v TQBMib- `2bT2+iBp2HvX 6Q` i?2 ;Bp2M �TT`QtBK�iBQM b2i �M/ � b2H2+i2/ `272`2M+2 TQBMi-
i?2 ?vT2`pQHmK2 BM/B+�iQ` 7Q` i?2 �TT`QtBK�iBQM b2i +Q``2bTQM/b iQ i?2 bBx2 Q7 i?2 `2;BQM
b?QrM BM i?2 r?Bi2 �M/ i?2 ;`�v �`2� THmb i?2 r?Bi2 +Q``2bTQM/b iQ i?2 ?vT2`pQHmK2 Q7 i?2
`272`2M+2 b2iX h?2 K�BM �/p�Mi�;2 Q7 i?2 ?vT2`pQHmK2 BM/B+�iQ` Bb i?�i Bi �Hr�vb BM+`2�b2b
�b � MQM@/QKBM�i2/ TQBMi Bb �//2/ iQ i?2 �TT`QtBK�iBQM b2i- �M/ Bib p�Hm2 Bb K�tBK�H B7
i?2 �TT`QtBK�iBQM b2i +QBM+B/2b rBi? i?2 MQM@/QKBM�i2/ TQBMi b2iX aBKBH�`Hv- i?2 `2H�iBp2
?vT2`pQHmK2 BM/B+�iQ` BM+`2�b2b �b � MQM@/QKBM�i2/ TQBMi Bb �//2/ iQ i?2 �TT`QtBK�iBQM
b2i- �M/ Bib p�Hm2 Bb K�tBKmK B7 i?2 �TT`QtBK�iBQM b2i +QBM+B/2b rBi? i?2 MQM@/QKBM�i2/
TQBMi b2iX wBixH2` 2i �HX UkyyjV ?�b b?QrM i?�i i?2 ?vT2`pQHmK2 BM/B+�iQ` Bb QM2 Q7 i?2 72r
i?�i ?�p2 i?2b2 T`QT2`iB2bX

h?2 lM�`v ϵ@BM/B+�iQ` UIϵV �M/ UIϵ+VX wBixH2` 2i �HX UkyyjV BMi`Q/m+2/ i?2 ϵ@BM/B+�iQ`
7�KBHv- � KmHiBTHB+�iBp2 �M/ �M �//BiBp2 p2`bBQMX h?2 ϵ@BM/B+�iQ` UKmHiBTHB+�iBp2V- Iϵ(A,R)-
+Q``2bTQM/b iQ i?2 bK�HH2bi 7�+iQ` ϵ i?�i +�M #2 KmHiBTHB2/ iQ 2�+? 2H2K2Mi BM i?2 �TT`Qt@
BK�iBQM b2i- A- bm+? i?�i 2p2`v TQBMi BM i?2 `272`2M+2 b2i- R- Bb r2�FHv /QKBM�i2/ #v i?2
`2bmHiBM; i`�Mb7Q`K2/ �TT`QtBK�iBQM b2i i?�i Bb

Iϵ(A,R) = inf
ϵ∈R

{∀r ∈ R ∃ a ∈ A : a ≽ϵ r} UjXRjV

r?2`2 i?2 ϵ@/QKBM�M+2 `2H�iBQM- ≽ϵ- Bb /2}M2/ �b

u ≽ϵ v ⇐⇒ ui ≥ ϵ · vi, i = 1, . . . , q UjXR9V
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f1

f2

Reference 
 point

Reference set

Approximation set

f1

f2

Reference set

Approximation set

6B;m`2 jXN, AHHmbi`�iBQM Q7 i?2 ?vT2`pQHmK2 BM/B+�iQ` UH27iV �M/ i?2 ϵ@BM/B+�iQ` U`B;?iV

7Q` � K�tBKBx�iBQM T`Q#H2K- �M/ �bbmKBM; i?�i �HH MQM@/QKBM�i2/ TQBMib �`2 TQbBiBp2 BM �HH
Q#D2+iBp2bX �M 2[mBp�H2Mi mM�`v �//BiBp2 2TbBHQM BM/B+�iQ`- Iϵ+(A,R)- Bb /2}M2/ �M�HQ;QmbHv
rBi? i?2 �//BiBp2 ϵ@/QKBM�M+2 ≽ϵ+

u ≽ϵ+ v ⇐⇒ ui ≥ ϵ+ vi, i = 1, . . . , q UjXR8V

6B;m`2 jXN BHHmbi`�i2b i?2 ϵ@BM/B+�iQ`X h?2 �TT`QtBK�iBQM b2i �M/ i?2 `272`2M+2 b2i Bb BM/B+�i2/
rBi? ;`�v �M/ r?Bi2 TQBMib- `2bT2+iBp2HvX

LQi2 i?�i- BM bQK2 +�b2b- i?2 ?vT2`pQHmK2 �M/ i?2 ϵ@BM/B+�iQ` K�v `2im`M /Bz2`2Mi
Q`/2`BM;b Q7 � ;Bp2M +QHH2+iBQM Q7 �TT`QtBK�iBQMb b2ibX h?Bb M�im`�HHv �`Bb2b bBM+2 #Qi?
BM/B+�iQ`b bmKK�`Bx2 i?2 �TT`QtBK�iBQM b2ib 7`QK /Bz2`2Mi TQBMib Q7 pB2rX h?2`2 Bb �M BM@
/2Ti? /Bb+mbbBQM �#Qmi i?2 `2H�iBQMb?BT #2ir22M i?2b2 irQ BM/B+�iQ`b �M/ Qi?2`b BM UwBixH2`
2i �HX- kyyjV �M/ UEMQrH2b 2i �HX- kyyeVX

jX9Xk �ii�BMK2Mi 6mM+iBQM

6QMb2+� �M/ 6H2KBM; URNNeV- �M/ H�i2` /2p2HQT2/ BM a?�r 2i �HX URNNNV- /� 6QMb2+� 2i �HX
UkyyRV �M/ 6QMb2+� 2i �HX Ukyy8V- BMi`Q/m+2/ i?2 +QM+2Ti Q7 �ii�BMK2Mi 7mM+iBQM U�6V iQ
+?�`�+i2`Bx2 i?2 bi�iBbiB+�H /Bbi`B#miBQM Q7 �TT`QtBK�iBQM b2ib BM i?2 Q#D2+iBp2 bT�+2X h?Bb Bb
T�`iB+mH�`Hv `2H2p�Mi 7Q` +QKT�`BM; �M/ +?�`�+i2`BxBM; `�M/QKBx2/ ?2m`BbiB+ K2i?Q/bX :Bp2M
� +QHH2+iBQM Q7 �TT`QtBK�iBQM b2ib Q#i�BM2/ 7`QK � b2[m2M+2 Q7 `mMb Q7 � `�M/QKBx2/ ?2m`BbiB+-
i?2v +�M #2 T�`iB�HHv +?�`�+i2`Bx2/ #v i?2 2KTB`B+�H �ii�BMK2Mi 7mM+iBQM U1�6V- r?B+? +�M
#2 b22M �b � ;2M2`�HBx�iBQM Q7 i?2 2KTB`B+�H T`Q#�#BHBiv /Bbi`B#miBQM U6QMb2+� 2i �HX- kyy8VX

hQ 2tTH�BM i?2 mM/2`HvBM; B/2�- bmTTQb2 � `�M/QKBx2/ ?2m`BbiB+ Bb `mM QM � bT2+B}+
T`Q#H2K- r?B+? T`Q/m+2b �M �TT`QtBK�iBQM b2iX 6Q` 2�+? Q#D2+iBp2 TQBMi z BM i?2 Q#D2+iBp2
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Run 1
Run 2
Run 3

0/3

1/3

2/3

f2

f1

1/3

3/3 2/3

6B;m`2 jXRy, AHHmbi`�iBQM Q7 i?2 2KTB`B+�H �ii�BMK2Mi 7mM+iBQM

bT�+2- i?2`2 Bb � T`Q#�#BHBiv P i?�i i?2 `2bmHiBM; �TT`QtBK�iBQM b2i +QMi�BMb � MQM@/QKBM�i2/
TQBMi i?�i r2�FHv /QKBM�i2b zX q2 b�v i?�i P Bb i?2 T`Q#�#BHBiv i?�i z Bb �ii�BM2/ #v i?2
?2m`BbiB+X h?2 AF ;Bp2b- 7Q` 2�+? Q#D2+iBp2 TQBMi z BM i?2 Q#D2+iBp2 bT�+2- i?2 T`Q#�#BHBiv
i?�i z Bb �ii�BM2/ BM QM2 `mMX h?2 i`m2 �ii�BMK2Mi 7mM+iBQM Bb mMFMQrM- #mi r2 +�M 2biBK�i2
Bi- #�b2/ QM i?2 �TT`QtBK�iBQM b2i +QHH2+i2/ 7`QK b2p2`�H `mMb #v +QmMiBM; i?2 MmK#2` Q7
�TT`QtBK�iBQM b2ib #v r?B+? 2�+? Q#D2+iBp2 TQBMi Bb �ii�BM2/ �M/ /BpB/BM; Bi #v i?2 MmK#2`
Q7 `mMb Ub�KTH2 bBx2VX

6B;m`2 jXRy b?Qrb �M 2t�KTH2 Q7 i?`22 �TT`QtBK�iBQM b2ib +QHH2+i2/ 7`QK i?`22 `mMb �M/
i?2 +Q``2bTQM/BM; 2KTB`B+�H �ii�BMK2Mi 7mM+iBQMX h?2 HQr2` H27i `2;BQM Bb �ii�BM2/ BM �HH `mMb
�M/- i?2`27Q`2- Bb �bbB;M2/ iQ � `2H�iBp2 7`2[m2M+v Q7 3/3c i?2 mTT2` `B;?i `2;BQM Bb �ii�BM2/
BM MQM2 Q7 i?2 `mMb �M/ i?2 irQ `2K�BMBM; `2;BQMb �`2 �bbB;M2/ iQ 1/3 �M/ 2/3 bBM+2 i?2v
�`2 �ii�BM2/ BM QM2 �M/ irQ Q7 i?2 i?`22 `mMb- `2bT2+iBp2HvX � KQ`2 7Q`K�H /2}MBiBQM Bb ;Bp2M
#v 6QMb2+� 2i �HX Ukyy8V Bb �b 7QHHQrb,

.2}MBiBQM jX9XRX U�ii�BMK2Mi 6mM+iBQM �M/ 1KTB`B+�H �ii�BMK2Mi 6mM+iBQMV G2i z ∈ Rq

�M/ q ≥ 2X G2i A = {aj ∈ Rq, j = 1, . . . ,m} #2 � `�M/QK b2i Q7 m MQM@/QKBM�i2/ TQBMibX
h?2 �ii�BMK2Mi 7mM+iBQM AF Bb /2}M2/ �b

AF (z) = P (a1 ≽ z ∨ a2 ≽ z ∨ . . . ∨ am ≽ z) = P (A ≽ {z}) UjXReV

h?2 �ii�BMK2Mi 7mM+iBQM +�M #2 2biBK�i2/ 7`QK � b�KTH2 Q7 r `�M/QK MQM@/QKBM�i2/ TQBMi
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Run 1
Run 2
Run 3

0% 33% 66% 100%

f2

f1

6B;m`2 jXRR, >vTQi?2iB+�H Qmi+QK2b Q7 i?2 i?`22 `mMb 7Q` � JPS BMbi�M+2

b2ib i?`Qm;? i?2 2KTB`B+�H �ii�BMK2Mi 7mM+iBQM U1�6V- /2}M2/ �b ,

EAF (z) =
1

r

r∑

i=1

I(Ai ≽ {z}) UjXRdV

r?2`2 Ai Bb i?2 i@i? MQM@/QKBM�i2/ TQBMi b2i �M/ I Bb i?2 BM/B+�iQ` 7mM+iBQMX

1�6b Bb T�`iB+mH�`Hv mb27mH 7Q` pBbm�HBxBM; i?2 Qmi+QK2b Q7 KmHiBTH2 `mMb Q7 � ?2m`BbiB+X
6Q` BMbi�M+2- QM2 KB;?i #2 BMi2`2bi2/ BM THQiiBM; �HH i?2 TQBMib i?�i ?�p2 #22M �ii�BM2/ BM
8yW Q7 i?2 `mMb Q` Qi?2` [m�MiBH2bX "v `mMMBM; i?2 ?2m`BbiB+b 7Q` b2p2`�H iBK2b- r2 +�M
T`Q/m+2 b2p2`�H Q7 i?2b2 bm`7�+2b- r?B+? rBHH H2�/ mb iQ ?�p2 �M 2biBK�iBQM Q7 i?2 [m�MiBH2b
Q7 i?2 +Q``2bTQM/BM; �6X h?2b2 �`2 #QmM/�`B2b BM i?2 Q#D2+iBp2 bT�+2 i?�i /2HBKBi `2;BQMb
r?B+? �`2 HBF2Hv iQ #2 �ii�BM2/ rBi? i?2 b�K2 T`Q#�#BHBivX h?2 k% �ii�BMK2Mi bm`7�+2 Bb
�M Q`i?Q;QM�H TQHvHBM2 i?�i b2T�`�i2b i?2 Q#D2+iBp2 bT�+2 �ii�BM2/ #v k% Q7 i?2 `mMbX 6Q`
2t�KTH2- i?2 K2/B�M �ii�BMK2Mi bm`7�+2 /2HBKBib i?2 `2;BQM �ii�BM2/ #v 50% T2`+2Mi Q7 i?2
`mMbX aBKBH�`Hv- i?2 rQ`bi �ii�BMK2Mi bm`7�+2 /2HBKBib i?2 `2;BQM �ii�BM2/ #v �HH `mMb- r?2`2�b
i?2 #2bi �ii�BMK2Mi bm`7�+2 +Q``2bTQM/b iQ i?2 HBM2 #2ir22M i?2 `2;BQM �ii�BM2/ #v �i H2�bi
QM2 `mM �M/ i?2 TQBMib i?�i r2`2 M2p2` �ii�BM2/ #v �Mv `mMX 6B;m`2 jXRR b?Qrb �M 2t�KTH2
Q7 i?2 1�6 +QKTmi2/ 7Q` i?`22 �TT`QtBK�iBQM b2ibX h?2 HQr2` H27i `2;BQM Bb �ii�BM2/ BM �HH
Q7 i?2 `mMb U#H�+F �`2�V �M/ i?2`27Q`2 Bb �bbB;M2/ iQ RyyW- i?2 mTT2` `B;?i `2;BQM Bb �ii�BM2/
BM MQM2 Q7 i?2 `mMb UyWV �M/ i?2 `2K�BMBM; irQ `2;BQMb �`2 �bbB;M2/ jjW �M/ eeW #2+�mb2



dy jX JmHiBQ#D2+iBp2 PTiBKBx�iBQM

i?2v �`2 �ii�BM2/ BM QM2 �M/ irQ Q7 i?2 i?`22 `mMb- `2bT2+iBp2HvX h?2 TQHvHBM2b i?�i b2T�`�i2
i?2 `2;BQMb �`2 i?2 +Q``2bTQM/BM; �ii�BMK2Mi bm`7�+2bX

1�6iQQHb Bb �M _ b+`BTi 7Q` +QKTmiBM; #B@/BK2MbBQM�H 1�6b 7`QK � +QHH2+iBQM Q7 �T@
T`QtBK�iBQM b2ib �M/ THQiiBM; �ii�BMK2Mi bm`7�+2b �b r2HH �b /Bz2`2M+2b BM i2`Kb Q7 1�6b
T`Q/m+2/ #v T�B`b Q7 ?2m`BbiB+b UGƦT2x@A#�Ƣ2x 2i �HX- kyRyVX h?2 T�+F�;2 Bb �p�BH�#H2 �i
?iiT,ffHQT2x@B#�M2xX2mf2�7iQQHbX

jX8 amKK�`v �M/ .Bb+mbbBQM

J�Mv `2�H@rQ`H/ T`Q#H2Kb- bm+? �b i?2 b2[m2M+2 �HB;MK2Mi T`Q#H2K BMpQHp2b i?2 bBKmHi�M2Qmb
QTiBKBx�iBQM Q7 b2p2`�H +QM~B+iBM; Q#D2+iBp2bX q?2M /2�HBM; rBi? JPSb- i?2`2 Bb � b2i Q7
�Hi2`M�iBp2 i`�/2@Qzb- ;2M2`�HHv FMQrM �b S�`2iQ QTiBK�H b2iX h?2b2 bQHmiBQMb �`2 QTiBK�H
QM � #`Q�/2` b2Mb2 i?�i MQ Qi?2` bQHmiBQMb BM i?2 72�bB#H2 b2i �`2 bmT2`BQ` iQ i?2K r?2M �HH
Q#D2+iBp2b �`2 +QMbB/2`2/X

AM i?Bb +?�Ti2`- i?2 T`BM+BTH2b Q7 KmHiBQ#D2+iBp2 QTiBKBx�iBQM �`2 QmiHBM2/- �M/ #�bB+
+QM+2Tib �`2 7Q`K�HHv /2}M2/X h?Bb Bb 7QHHQr2/ #v � /Bb+mbbBQM �#Qmi i`�/BiBQM�H �TT`Q�+?2b
iQ �TT`QtBK�i2 i?2 MQM@/QKBM�i2/ TQBMi b2iX �7i2`r�`/b- HQ+�H b2�`+? �M/ 2pQHmiBQM�`v
�H;Q`Bi?Kb �`2 T`2b2Mi2/ �b QTiBKBx�iBQM K2i?Q/b r?B+? TQbb2bb b2p2`�H +?�`�+i2`BbiB+b i?�i
�`2 /2bB`�#H2 7Q` i?Bb FBM/ Q7 T`Q#H2KX h?2 T2`7Q`K�M+2 �bb2bbK2Mi K2i?Q/b �`2 #`B2~v
QmiHBM2/ BM Q`/2` iQ +QKT�`2 i?2 `2bmHib BM i?Bb `2b2�`+? �`2�X

AM i?2 M2ti +?�Ti2`- QM2 Q7 i?2 K�BM +QMi`B#miBQMb Q7 i?Bb i?2bBb Bb BMi`Q/m+2/- BM T�`iB+@
mH�`- i?2 #BQ#D2+iBp2 7Q`KmH�iBQM Q7 i?2 T�B`rBb2 b2[m2M+2 �HB;MK2Mi �M/ �H;Q`Bi?Kb iQ bQHp2
BiX
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JmHiBQ#D2+iBp2 S�B`rBb2 a2[m2M+2 �HB;MK2Mi

9XR AMi`Q/m+iBQM

J�Mv T`Q#H2Kb i?�i �`Bb2 BM "BQBM7Q`K�iB+b �M/ *QKTmi�iBQM�H "BQHQ;v +�M #2 7Q`KmH�i2/
�b KmHiBQ#D2+iBp2 QTiBKBx�iBQM T`Q#H2Kb U>�M/H 2i �HX- kyydVX PM2 Q7 i?2b2 T`Q#H2Kb Bb i?2 b2@
[m2M+2 �HB;MK2MiX hvTB+�HHv- i?Bb T`Q#H2K ?�b #22M i�+FH2/ �b � r2B;?i2/ bmK QTiBKBx�iBQM
T`Q#H2K rBi? r2B;?ib 7Q` K�i+?2b- KBbK�i+?2b �M/ BM/2Hbf;�Tb Ub22 a2+iBQM kXjVX JQ`2Qp2`-
i?2`2 Bb Q7i2M � +QMbB/2`�#H2 /Bb�;`22K2Mi QM ?Qr iQ bT2+B7v }t2/ p�Hm2b 7Q` i?2b2 r2B;?ib BM
i?2 KQbi +QKKQMHv mb2/ b2[m2M+2 �HB;MK2Mi bQ7ir�`2 T�+F�;2b UJQ``BbQM- kyR8VX JmHiBQ#@
D2+iBp2 b2[m2M+2 �HB;MK2Mi +�M Qp2`+QK2 i?2 T`Q#H2K Q7 b2iiBM; r2B;?ib � T`BQ`B- �M/ Bi +�M
�HbQ T`QpB/2 /Bz2`2Mi �HB;MK2Mib i?�i K�v ;Bp2 7m`i?2` BM7Q`K�iBQM iQ i?2 T`�+iBiBQM2`bX hQ
i?2 #2bi Q7 Qm` FMQrH2/;2- _Qvi#2`; 2i �HX URNNNV r�b i?2 }`bi iQ T`QTQb2 � KmHiBQ#D2+iBp2
7Q`KmH�iBQM Q7 i?2 T�B`rBb2 b2[m2M+2 �HB;MK2Mi �M/ �M �H;Q`Bi?K iQ bQHp2 BiX �b QTTQb2/
iQ K�Mv Qi?2` KmHiBQ#D2+iBp2 QTiBKBx�iBQM T`Q#H2Kb Ub22 /Bb+mbbBQM �#Qmi i?2 /B{+mHiv Q7
bQHpBM; i?2b2 T`Q#H2Kb BM 1?`;Qii UkyyyVc 6B;m2B`� 2i �HX UkyRdVV- i?Bb 7Q`KmH�iBQM H2�/b iQ �
TQHvMQKB�H MmK#2` Q7 MQM@/QKBM�i2/ TQBMib �M/ iQ bQHmiBQM �TT`Q�+?2b i?�i i�F2 TQHvMQKB�H
�KQmMi Q7 iBK2- r?B+? Bb MQi QMHv �M BMi2`2biBM; `2bmHi 7Q` Bib2H7 #mi �HbQ �M �TT2�HBM; `2bmHi
7Q` i?2 T`�+iBiBQM2`- bBM+2 b?2 /Q2b MQi M22/ iQ BMp2biB;�i2 U2tTQM2MiB�HHvV K�Mv �HB;MK2MibX

AM i?2 7QHHQrBM;- r2 /2b+`B#2 i?2 K�BM +QMi`B#miBQMb Q7 i?Bb +?�Ti2`- r?B+? `2bmHi2/ BM i?2
dR



dk 9X JmHiBQ#D2+iBp2 S�B`rBb2 a2[m2M+2 �HB;MK2Mi

Tm#HB+�iBQM Q7 irQ DQm`M�H �`iB+H2b U�##�bB 2i �HX- kyRj�c S�[m2i2 2i �HX- kyR9V- irQ 2ti2M/2/
�#bi`�+ib US�[m2i2 2i �HX- kyRk�-#V �M/ irQ TQbi2`b T`2b2Mi2/ �i BMi2`M�iBQM�H +QM72`2M+2b
U�##�bB 2i �HX- kyRR- kyRkVX

BV q2 2ti2M/ i?2 7Q`KmH�iBQM Q7 KmHiBQ#D2+iBp2 T�B`rBb2 b2[m2M+2 �HB;MK2Mi ;Bp2M BM
U_Qvi#2`; 2i �HX- RNNNV 7Q` i?2 +�b2 Q7 ;�Tb �M/ bm#biBimiBQM K�i`B+2bX AM �//BiBQM-
r2 KQ/B}2/ bQK2 bi2Tb Q7 i?2 /vM�KB+ T`Q;`�KKBM; �H;Q`Bi?K ;Bp2M BM U_Qvi#2`;
2i �HX- RNNNV- r?B+? BKT`Qp2/ Bib `mMMBM; iBK2X JQ`2Qp2`- r2 BMi`Q/m+2 2ti2MbBQMb Q7
i?Bb �TT`Q�+? iQ i?2 Qi?2` 7Q`KmH�iBQMbX

BBV q2 T`QTQb2 � MQp2H T`mMBM; i2+?MB[m2- #�b2/ QM i?2 #`�M+?@�M/@#QmM/ T`BM+BTH2- r?B+?
+QMbB/2`�#Hv `2/m+2b i?2 MmK#2` Q7 bi�i2b iQ #2 pBbBi2/ #v i?2 /vM�KB+ T`Q;`�KKBM;
�H;Q`Bi?KX h?2 2tT2`BK2Mi�H `2bmHib `2TQ`i � bT22/@mT Q7 3yW �M/ � b�pBM; Q7 K2KQ`v
mb�;2 mT iQ NyWX

BBBV q2 �HbQ T`QTQb2 � /vM�KB+ T`Q;`�KKBM; �TT`Q�+? i?�i mb2b i?2 ϵ@+QMbi`�BMi T`BM+BTH2
Ub22 a2+iBQM jXjXRVX h?Bb �TT`Q�+? K�tBKBx2b i?2 bm#biBimiBQM b+Q`2 r?BH2 +QMbB/2`BM;
b2p2`�H +QMbi`�BMi p�Hm2b QM i?2 MmK#2` Q7 BM/2Hbf;�TbX

BpV q2 +QM/m+i � i?Q`Qm;? +QKTmi�iBQM�H �M�HvbBb Q7 i?2b2 �TT`Q�+?2b QM `�M/QKHv ;2M@
2`�i2/ /�i� b2ib �b r2HH �b QM `2�H /�i� b2ib 7`QK i?2 #2M+?K�`F "�HB"�b2 p2`bBQM jXy
Uh?QKTbQM 2i �HX- kyy8VX

h?2 `2K�BM/2` Q7 i?Bb +?�Ti2` Bb Q`;�MBx2/ �b 7QHHQrb, a2+iBQM 9Xk T`QpB/2b i?2 `2[mB`2/
MQi�iBQM �M/ /2}MBiBQMb 7Q` KmHiBQ#D2+iBp2 T�B`rBb2 b2[m2M+2 �HB;MK2Mic a2+iBQM 9Xj 2tTH�BMb
i?2 T�`�K2i`B+ b2[m2M+2 �HB;MK2Mi T`Q#H2K r?B+? Bb +HQb2Hv `2H�i2/ iQ Qm` KmHiBQ#D2+iBp2
7Q`KmH�iBQMc a2+iBQM 9X9 /2b+`B#2b i?2 T`QTQb2/ �H;Q`Bi?Kb 7Q` i?2 b2p2`�H p�`B�Mib Q7 i?2
KmHiBQ#D2+iBp2 T�B`rBb2 b2[m2M+2 �HB;MK2Mi T`Q#H2Kc BM a2+iBQM 9X8- r2 2KTB`B+�HHv 2p�Hm�i2
i?2 T`QTQb2/ KQ/2Hb- �M/ }M�HHv r2 T`2b2Mi i?2 K�BM +QM+HmbBQMb �M/ /Bb+mbbBQM BM a2+iBQM
9XeX

9Xk LQi�iBQM �M/ .2}MBiBQMb

AM i?Bb b2+iBQM- r2 2tTH�BM i?2 `2[mB`2/ MQi�iBQM �M/ /2}MBiBQMb 7Q` KmHiBQ#D2+iBp2 T�B`rBb2
b2[m2M+2 �HB;MK2MiX q2 bi�`i #v /2}MBM; i?2 b2p2`�H T`Q#H2K p�`B�MibX



9XkX LQi�iBQM �M/ .2}MBiBQMb dj

.2}MBiBQM 9XkXRX G2i ϕ #2 �M �HB;MK2Mi Q7 irQ b2[m2M+2b A = (a1, . . . , an1) �M/ B =

(b1, . . . , bn2)X G2i m(ϕ) �M/ d(ϕ) BM/B+�i2 i?2 MmK#2` Q7 K�i+?2b �M/ BM/2Hb `2bT2+iBp2Hv
BM i?2 �HB;MK2Mi ϕ �M/ H2i g(ϕ) �M/ s(ϕ) BM/B+�i2 i?2 ;�T �M/ bm#biBimiBQM b+Q`2 Q7 i?2
�HB;MK2Mi �++Q`/BM; iQ �{M2 ;�T KQ/2H �M/ � bm#biBimiBQM K�i`Bt M - `2bT2+iBp2HvX h?2
7QHHQrBM; Up2+iQ`V b+Q`2 7mM+iBQMb �`2 /2}M2/,

oJ.(ϕ) = (K(ϕ),−/(ϕ))

oJ:(ϕ) = (K(ϕ), ;(ϕ))

oa.(ϕ) = (b(ϕ),−/(ϕ))

oa:(ϕ) = (b(ϕ), ;(ϕ))

G2i Φ /2MQi2 i?2 b2i Q7 �HH 72�bB#H2 �HB;MK2MibX h?2 #BQ#D2+iBp2 b2[m2M+2 �HB;MK2Mi
T`Q#H2K +QMbBbib Q7 }M/BM; i?2 �HB;MK2Mib i?�i �`2 ǳK�tBK�HǴ rBi? `2bT2+i iQ i?2 �#Qp2
b+Q`2 7mM+iBQMbX AM i?2 7QHHQrBM;- r2 /2}M2 7Qm` #BQ#D2+iBp2 b2[m2M+2 �HB;MK2Mi T`Q#H2Kb-
2�+? Q7 r?B+? `2H�i2/ iQ � b+Q`2 7mM+iBQM T`2b2Mi2/ BM .2}MBiBQM 9XkXRX

arg vmax {ϕ : oJ.(ϕ), ϕ ∈ Φ} UoJ.SV

arg vmax {ϕ : oJ:(ϕ), ϕ ∈ Φ} UoJ:SV

arg vmax {ϕ : oa.(ϕ), ϕ ∈ Φ} Uoa.SV

arg vmax {ϕ : oa:(ϕ), ϕ ∈ Φ} Uoa:SV

r?2`2 arg vmax Bb mM/2`biQQ/ BM i2`Kb Q7 S�`2iQ QTiBK�HBiv Ub22 a2+iBQM jXkXRVX h?2 BK�;2
Q7 b2i Φ BM i?2 b+Q`2 7mM+iBQM bT�+2 Bb +�HH2/ 72�bB#H2 b+Q`2 b2iX lbBM; i?2 2t�KTH2 Q7 T`Q#H2K
oJ.S- i?2 MQiBQM Q7 S�`2iQ QTiBK�HBiv Bb /2b+`B#2/ �b 7QHHQrb, :Bp2M irQ 72�bB#H2 �HB;MK2Mib
ϕ �M/ ϕ′- oJ.(ϕ) ≻ oJ.(ϕ′) Uϕ /QKBM�i2b ϕ′V B7 �M/ QMHv B7 Bi ?QH/b i?�i K(ϕ) ≥ K(ϕ′)

�M/ /(ϕ) ≤ /(ϕ′)- �M/ oJ.(ϕ) ̸= oJ.(ϕ′) Ub22 a2+iBQM jXkXR- T�;2 98VX �++Q`/BM;Hv-
�M �HB;MK2Mi ϕ∗ Bb S�`2iQ QTiBK�H B7 i?2`2 2tBbib MQ Qi?2` 72�bB#H2 �HB;MK2Mi ϕ bm+? i?�i
oJ.(ϕ) ≻ oJ.(ϕ∗)X h?2 b2i Q7 �HH S�`2iQ QTiBK�H �HB;MK2Mib Bb +�HH2/ S�`2iQ QTiBK�H
�HB;MK2Mi b2iX h?2 BK�;2 Q7 � S�`2iQ QTiBK�H �HB;MK2Mi BM i?2 b+Q`2 7mM+iBQM bT�+2 Bb �
MQM@/QKBM�i2/ b+Q`2 �M/ i?2 b2i Q7 �HH MQM@/QKBM�i2/ b+Q`2b Bb +�HH2/ MQM@/QKBM�i2/ b+Q`2
b2iX h?2 /QKBM�M+2 `2H�iBQM �M/ i?2 �#Qp2 MQi�iBQM �HbQ �TTHv iQ i?2 Qi?2` T`Q#H2K p�`B�Mib
rBi? i?2 M2+2bb�`v +?�M;2bX



d9 9X JmHiBQ#D2+iBp2 S�B`rBb2 a2[m2M+2 �HB;MK2Mi

URV �h:@�*:@ K(ϕ) = 4- /(ϕ) = 3
% % % % oJ.(ϕ) = (4,−3)
��:h�@:*

UkV �h:�*:@ K(ϕ) = 3- /(ϕ) = 1
% % % oJ.(ϕ) = (3,−1)
��:h�:*

UjV �@@h@:�*: K(ϕ) = 4- /(ϕ) = 5
% % % % oJ.(ϕ) = (4,−5)
��:h�:@*@

U9V @�h:�*: K(ϕ) = 2- /(ϕ) = 1
% % oJ.(ϕ) = (2,−1)
��:h�:*

1 32 4 5

-1

-2

-3

-4

-5

(3,-1)

(4,-3)

m(φ)

d(φ)

(1)

(2)

(3)

(4)

6B;m`2 9XR, o�`BQmb �HB;MK2Mib Q7 b2[m2M+2b ��:h�:* �M/ �h:�*: UH27iV �M/ i?2B` BK�;2b BM
i?2 b+Q`2 bT�+2 U`B;?iV

6B;m`2 9XR BHHmbi`�i2b bQK2 TQbbB#H2 �HB;MK2Mib Q7 irQ b2[m2M+2b ��:h�:* �M/ �h:�*:X
J�i+?2b BM i?2 �HB;MK2Mib �`2 K�`F2/ #v p2`iB+�H HBM2bX �HB;MK2Mib URV �M/ UkV �`2 S�`2iQ
QTiBK�H 7Q` i?2 b+Q`2 7mM+iBQM oJ.(ϕ)X LQi2 i?�i �HB;MK2Mi URV /QKBM�i2b �HB;MK2Mi UjV
�M/ �HB;MK2Mi UkV /QKBM�i2b �HB;MK2MiU9VX "2bB/2b- i?2 b+Q`2b Q7 i?2 �HB;MK2Mib URV �M/
UkV �`2 Kmim�HHv QM@/QKBM�i2/X AM 7�+i- 7Q` i?Bb 2t�KTH2- i?2 MQM@/QKBM�i2/ b+Q`2 b2i Bb
{(4,−3), (3,−1)}X

*QKTmiBM; i?2 S�`2iQ QTiBK�H �HB;MK2Mi b2i +�M #2 �M BMi`�+i�#H2 i�bF, *QMbB/2` i?2
b2[m2M+2b A = Gn �M/ B = T(GT)2n �M/ i?2 bm#biBimiBQM K�i`Bt M [i, j] = 1 �M/ M [i, j] = 0-
i ̸= jc i?2M- i?2`2 2tBbi

(2n
n

)
S�`2iQ QTiBK�H �HB;MK2Mib i?�i K�i+? Gn BM #Qi? b2[m2M+2b

bBM+2 i?2`2 2tBbib MQ Qi?2` �HB;MK2Mi rBi? H�`;2` bm#biBimiBQM b+Q`2 �M/ H2bb2` MmK#2` Q7
BM/2Hb U3n + 1 BM/2HbVX h?2 2t�KTH2 �#Qp2 �HbQ �TTHB2b iQ i?2 b+Q`2 7mM+iBQMb rBi? ;�TbX
>Qr2p2`- i?2 bBx2 Q7 i?2 MQM@/QKBM�i2/ b+Q`2 b2i Bb #QmM/2/ #v min(ℓlcs, n1 + n2 − 2ℓlcs)-
r?2`2 ℓlcs Bb i?2 bBx2 Q7 HQM;2bi +QKKQM bm#b2[m2M+2 Q7 A �M/ B Ub22 _Qvi#2`; 2i �HX- RNNNVX
LQi2 i?�i 72r KmHiBQ#D2+iBp2 +QK#BM�iQ`B�H QTiBKBx�iBQM T`Q#H2Kb �`2 FMQrM iQ ?�p2 i?Bb
T`QT2`iv U6B;m2B`� 2i �HX- kyRdVX



9XjX S�`�K2i`B+ a2[m2M+2 �HB;MK2Mi d8

9Xj S�`�K2i`B+ a2[m2M+2 �HB;MK2Mi

AM T�`�K2i`B+ b2[m2M+2 �HB;MK2Mi- i?2 T`Q#H2K Q7 ?Qr iQ bT2+B7v }t2/ p�Hm2b 7Q` i?2 r2B;?ib
Bb �pQB/2/ #v +QKTmiBM; i?2 QTiBK�H �HB;MK2Mi �b � 7mM+iBQM Q7 p�`B�#H2 r2B;?ib U:mb}2H/
2i �HX- RNN9VX h?Bb K2i?Q/ T�`iBiBQMb i?2 r2B;?i bT�+2 BMiQ +QMp2t `2;BQMb bm+? i?�i BM 2�+?
`2;BQM QM2 �HB;MK2Mi Bb QTiBK�HX h?mb- T�`�K2i`B+ �HB;MK2Mi �HHQrb mM/2`bi�M/BM; i?2 2z2+i
Q7 /Bz2`2Mi r2B;?i +QK#BM�iBQMb QM i?2 �HB;MK2MiX �b T`2b2Mi2/ BM 1[X UkXjV- 7Q` � bBKTH2
b2[m2M+2 �HB;MK2Mi- i?2 r2B;?ib α- β �M/ µ +�M #2 p�`B2/ iQ �/Dmbi i?2 `2H�iBp2 +QMi`B#miBQMb
Q7 i?2 K�i+?2b- KBbK�i+?2b �M/ BM/2HbX

AM i?2 bBKTH2bi KQ/2H Q7 T�`�K2i`B+ b2[m2M+2 �HB;MK2Mi U:mb}2H/ 2i �HX- RNN9V- #v +QM@
bB/2`BM; i?�i β ?�b � }t2/ p�Hm2- /Bz2`2Mi p�Hm2b 7Q` (α, µ) +Q``2bTQM/ iQ /Bz2`2Mi QTiBK�H
�HB;MK2MibX AM �//BiBQM- � T�`iB+mH�` `2;BQM BM i?2 (α, µ)@bT�+2 K�v +Q``2bTQM/ iQ i?2 b�K2
QTiBK�H �HB;MK2MiX (α, µ)@bT�+2 +�M #2 /2+QKTQb2/ BMiQ +QMp2t TQHv;QMb bm+? i?�i �Mv irQ
TQBMib BM i?2 b�K2 TQHv;QM +Q``2bTQM/ iQ i?2 b�K2 QTiBK�H �HB;MK2MiX q�i2`K�M URNN9V �M/
:mb}2H/ 2i �HX URNN9V /2b+`B#2 2{+B2Mi �H;Q`Bi?Kb 7Q` +QKTmiBM; � TQHv;QM�H /2+QKTQbBiBQM
Q7 i?2 r2B;?i bT�+2X U� `2+m`bBp2 �H;Q`Bi?K 7Q` �M �`#Bi`�`v MmK#2` Q7 Q#D2+iBp2b �M/ 7Q`
;2M2`�H KmHiBQ#D2+iBp2 QTiBKBx�iBQM T`Q#H2Kb Bb /Bb+mbb2/ BM S`xv#vHbFB 2i �HX UkyRyVXV

h?2 T�`�K2i`B+ b2[m2M+2 �HB;MK2Mi Bb- BM 7�+i- `2H�i2/ iQ i?2 MQiBQM Q7 b+�H�`Bx�iBQM Q7
� JPS Ub22 a2+iBQM jXkXjVX �b � `2bmHi Q7 b+�H�`Bx�iBQM- i?2b2 �H;Q`Bi?Kb QMHv `2im`M i?2
b2i Q7 bmTTQ`i2/ bQHmiBQMb U b22 a2+iBQM jXjXR V- r?B+? Bb � bm#b2i Q7 � S�`2iQ QTiBK�H b2iX
h?2`27Q`2- i?Bb �TT`Q�+? K�v 7�BH iQ }M/ bQK2 `2H2p�Mi �HB;MK2MibX

9X9 �H;Q`Bi?Kb 7Q` JmHiBQ#D2+iBp2 S�B`rBb2 �HB;MK2Mi

6Q` bQHpBM; i?2 KmHiBQ#D2+iBp2 T�B`rBb2 b2[m2M+2 �HB;MK2Mi T`Q#H2K- irQ ivT2b Q7 �TT`Q�+?2b
�`2 2tTH�BM2/ BM i?2 7QHHQrBM; b2+iBQMb, /vM�KB+ T`Q;`�KKBM; U.SV �M/ ϵ@+QMbi`�BMiX q2
�bbmK2 i?�i i?2 �BK Bb iQ }M/ i?2 MQM@/QKBM�i2/ b+Q`2 b2i �M/ MQi i?2 b2i S�`2iQ QTiBK�H
�HB;MK2Mi b2i- r?B+? K�v #2 2tTQM2MiB�HHv H�`;2X h?2 .S �TT`Q�+? Bb #�b2/ QM i?2 �H;Q`Bi?K
T`QTQb2/ BM _Qvi#2`; 2i �HX URNNNV- r?B+? 2ti2M/b i?2 �TT`Q�+? Q7 L22/H2K�M �M/ qmMb+?
URNdyV Ub22 a2+iBQM kXjXj- T�;2 ReVX q2 BKT`Qp2 i?2 `mMMBM; iBK2 Q7 i?Bb �TT`Q�+? �M/
BMi`Q/m+2 � T`mMBM; i2+?MB[m2 i?�i Bb #�b2/ QM i?2 +QKT�`BbQM Q7 HQr2` �M/ mTT2` #QmM/b-
�b T2`7Q`K2/ BM #`�M+? �M/ #QmM/ T`Q+2/m`2bX h?2 b2+QM/ K2i?Q/ iQ bQHp2 i?2 T`Q#H2K Bb
#�b2/ QM i?2 ϵ@+QMbi`�BMi �TT`Q�+? U>�BK2b 2i �HX- RNdRV Ub22 a2+iBQM jXjXRV- r?B+? i�+FH2b
i?2 T`Q#H2K #v bQHpBM; � b2[m2M+2 Q7 +QMbi`�BM2/ b2[m2M+2 �HB;MK2Mi T`Q#H2KbX
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9X9XR .vM�KB+ S`Q;`�KKBM; 7Q` JmHiBQ#D2+iBp2 S�B`rBb2 �HB;MK2Mi

6Q` irQ b2[m2M+2b Q7 H2M;i? n1 �M/ n2- _Qvi#2`; 2i �HX URNNNV BMi`Q/m+2/ � KmHiBQ#D2+iBp2
p2`bBQM Q7 i?2 .S �TT`Q�+? BM UL22/H2K�M �M/ qmMb+?- RNdyV iQ bQHp2 i?2 T`Q#H2K Uoa.SV
i?�i i�F2b O(n1 · n2 · (n1 + n2) log(n1 + n2)) �KQmMi Q7 iBK2X AM i?2 7QHHQrBM;- r2 T`QTQb2
i2+?MB[m2b iQ `2/m+2 Bib `mMMBM; iBK2 �M/ 2ti2M/ Bi 7Q` bQHpBM; S`Q#H2K Uoa:SV Ub22 a2+iBQM
9XkVX h?2 b�K2 i2+?MB[m2b +�M #2 mb2/ 7Q` bQHpBM; S`Q#H2Kb UoJ.SV �M/ UoJ:SV #v �
T`QT2` +?QB+2 Q7 p�Hm2b BM i?2 bm#biBimiBQM K�i`BtX

AKT`Qp2K2Mib QM i?2 .vM�KB+ S`Q;`�KKBM; �H;Q`Bi?K 7Q` Uoa.SV

h?2 K�BM B/2� iQ bQHp2 T`Q#H2K Uoa.SV rBi? .S Bb iQ +QKTmi2 i?2 S�`2iQ QTiBK�H �HB;M@
K2Mib 7Q` �HH T�B`b Q7 T`2}t2b Q7 i?2 ;Bp2M b2[m2M+2b U_Qvi#2`; 2i �HX- RNNNVX h?2 �H;Q`Bi?K
2ti2M/b i?2 .S �TT`Q�+? 7Q` i?2 bBM;H2 Q#D2+iBp2 b2[m2M+2 �HB;MK2Mi Ub22 a2+iBQM kXjXjVX h?2
`2+m`bBp2 7Q`KmH�iBQM Q7 i?2 .S �H;Q`Bi?K Bb bBKBH�` iQ i?�i Q7 i?2 bBM;H2 Q#D2+iBp2 7Q`KmH�@
iBQMX aBKBH�`Hv- i?2 bQHmiBQM iQ 2�+? bm#T`Q#H2K /2T2M/b QMHv QM i?`22 bK�HH2` bm#T`Q#H2KbX
>Qr2p2`- �i 2�+? bi2T Q7 i?2 `2+m`bBQM- i?2 b2i Q7 MQM@/QKBM�i2/ b+Q`2b Kmbi #2 +?Qb2MX

AM i?2 7QHHQrBM;- r2 b?Qr i?�i � KmHiBQ#D2+iBp2 p�`B�Mi Q7 i?2 QTiBK�H bm#bi`m+im`2 T`QT@
2`iv ?QH/b 7Q` i?Bb T`Q#H2K-R i?�i Bb- � S�`2iQ QTiBK�H �HB;MK2Mi 7Q` � bm#T`Q#H2K +�M #2
Q#i�BM2/ 7`QK � S�`2iQ QTiBK�H �HB;MK2Mi iQ QM2 Q7 i?2 i?`22 BKK2/B�i2Hv bK�HH2` bm#T`Q#@
H2Kbc i?Bb Bb �M�HQ;Qmb iQ i?2 T`QQ7 Q7 QTiBK�H bm#bi`m+im`2 BM S`QTQbBiBQM kXjX9X

S`QTQbBiBQM 9X9XRX G2i A = (a1, . . . , an1) �M/ B = (b1, . . . , bn2) #2 irQ b2[m2M+2bX G2i
ϕ = (ϕ1, . . . ,ϕℓ) #2 � S�`2iQ QTiBK�H �HB;MK2Mi Q7 A �M/ B rBi? b+Q`2 (s(ϕ),−d(ϕ))X

BV A7 ϕℓ = (an1 , bn2)- i?2M (ϕ1, . . . ,ϕℓ−1) Bb � S�`2iQ QTiBK�H �HB;MK2Mi Q7 (a1, . . . , an1−1)

�M/ (b1, . . . , bn2−1)c

BBV B7 ϕℓ = (an1 , ‘− ’)- i?2M (ϕ1, . . . ,ϕℓ−1) Bb � S�`2iQ QTiBK�H �HB;MK2Mi Q7 (a1, . . . , an1−1)

�M/ (b1, . . . , bn2)c

BBBV B7 ϕℓ = (‘ − ’, bn2)- i?2M (ϕ1, . . . ,ϕℓ−1) Bb � S�`2iQ QTiBK�H �HB;MK2Mi Q7 (a1, . . . , an1)

�M/ (b1, . . . , bn2−1)X

S`QQ7X

+�b2 BV �bbmK2 i?�i (ϕ1, . . . ,ϕℓ−1) Bb MQi � S�`2iQ QTiBK�H �HB;MK2Mi 7Q` T`2}t2b (a1, . . . , an1−1)

�M/ (b1, . . . , bn2−1)X h?2M- i?2`2 2tBbib �MQi?2` S�`2iQ QTiBK�H �HB;MK2Mi- ϕ′- 7Q` i?2
Rh?2 T`QQ7 Q7 +Q``2+iM2bb Q7 i?2 .S �H;Q`Bi?K r�b MQi b?QrM BM U_Qvi#2`; 2i �HX- RNNNVX



9X9X �H;Q`Bi?Kb 7Q` JmHiBQ#D2+iBp2 S�B`rBb2 �HB;MK2Mi dd

b�K2 T`2}t2b rBi? b+Q`2 (s(ϕ′),−d(ϕ′)) ≻ (s((ϕ1, . . . ,ϕℓ−1)),−d((ϕ1, . . . ,ϕℓ−1))X "v
bmKKBM; mT i?2 b+Q`2 p2+iQ` (M [ai, bj ], 0) iQ (s(ϕ′),−d(ϕ′))- r2 Q#i�BM � M2r b+Q`2
p2+iQ` i?�i /QKBM�i2b (s(ϕ),−d(ϕ))- r?B+? Bb � +QMi`�/B+iBQMc

+�b2 BBV �bbmK2 i?�i (ϕ1, . . . ,ϕℓ−1) Bb MQi � S�`2iQ QTiBK�H �HB;MK2Mi 7Q` T`2}t2b (a1, . . . , an1−1)

�M/ (b1, . . . , bj−1)X h?2M- i?2`2 2tBbib �MQi?2` S�`2iQ QTiBK�H �HB;MK2Mi- ϕ′′- 7Q` i?2
b�K2 T`2}t2b rBi? b+Q`2 (s(ϕ′′),−d(ϕ′′)) ≻ (s((ϕ1, . . . ,ϕℓ−1)),−d((ϕ1, . . . ,ϕℓ−1))X "v
bmKKBM; mT i?2 b+Q`2 p2+iQ` (0,−1) iQ (s(ϕ′′),−d(ϕ′′))- r2 Q#i�BM � M2r b+Q`2 p2+iQ`
i?�i /QKBM�i2b (s(ϕ),−d(ϕ))- r?B+? Bb � +QMi`�/B+iBQMc

+�b2 BBBV avKK2i`B+ iQ BBVX

"�b2/ QM i?Bb T`QTQbBiBQM- r2 �``Bp2 iQ i?2 7QHHQrBM; `2+m`bBp2 /2}MBiBQM 7Q` i?2 bm#@
T`Q#H2K Q7 }M/BM; i?2 MQM@/QKBM�i2/ b+Q`2 b2i Q7 (a1, . . . , ai) �M/ (b1, . . . , bj)- 1 ≤ i ≤ n1-
1 ≤ j ≤ n2X G2i Γ(i, j) /2MQi2 i?2 MQM@/QKBM�i2/ b+Q`2 b2i Q7 irQ T`2}t2b (a1, . . . , ai) �M/
(b1, . . . , bj)- 1 ≤ i < n1- 1 ≤ j < n2X

Γ(i, j) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

{(0,−i)} B7 i = 0

{(0,−j)} B7 j = 0

vmax

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

{γ + (M [ai, bj ], 0 : γ ∈ Γ(i− 1, j − 1)}

{γ + (0,−1) : γ ∈ Γ(i− 1, j)}

{γ + (0,−1) : γ ∈ Γ(i, j − 1)}

B7 i ̸= 0 �M/ j ̸= 0

U9XRV

r?2`2 M [ai, bj ] Bb i?2 bm#biBimiBQM b+Q`2 7Q` (ai, bj)- �M/ Γ(0, j) �M/ Γ(i, 0) +Q``2bTQM/ iQ i?2
#�b2 +�b2 Q7 i?2 `2+m`bBQM- i?�i Bb- i?2 b+Q`2 Q7 �HB;MBM; � T`2}t rBi? �M 2KTiv b2[m2M+2X AM
i?2 +�b2 i?�i i ̸= 0 �M/ j ̸= 0- QT2`�iQ` vmax K2`;2b i?2 i?`22 b2ib �M/ 2ti`�+ib i?2 bi�i2b
i?�i �`2 MQi /QKBM�i2/ #v �Mv Qi?2` bi�i2c MQi2 i?�i Γ(i, j) K�v +QMi�BM bi�i2b 7`QK i?2
i?`22 b2ibX AM i?2 7QHHQrBM;- r2 b?Qr i?�i Γ(i, j) +QMi�BMb i?2 MQM@/QKBM�i2/ b+Q`2 b2iX

S`QTQbBiBQM 9X9XkX _2+m`bBQM U9XRV +QKTmi2b i?2 MQM@/QKBM�i2/ b+Q`2 b2iX

S`QQ7X 6Q` i?2 #�bBb +�b2b- r2 ?�p2 i?�i,

BV A7 i = 0 �M/ j = 0- i?2 MQM@/QKBM�i2/ b+Q`2 Q7 irQ 2KTiv b2[m2M+2b Bb (0, 0)c
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BBV A7 i = 0 �M/ 0 < j ≤ n2- r?B+? +Q``2bTQM/b iQ �HB;MBM; � MQM@2KTiv b2[m2M+2 iQ �M
2KTiv b2[m2M+2- i?2 QMHv MQM@/QKBM�i2/ b+Q`2 Bb (0,−j)c

BBBV avKK2i`B+ iQ BBVX

A7 i ̸= 0 �M/ j ̸= 0- i?2M- 7`QK S`QTQbBiBQM 9X9XR- i?2 i?`22 b2ib +QMi�BM �HH- #mi MQi QMHv- i?2
MQM@/QKBM�i2/ b+Q`2 b2ib 7Q` 1 ≤ i ≤ n1 �M/ 1 ≤ j ≤ n2X aBM+2 vmax K2`;2b i?2 i?`22 b2ib
�M/ F22Tb QMHv i?Qb2 i?�i �`2 MQi /QKBM�i2/- b2i Γ(i, j) +QMi�BMb �HH �M/ QMHv MQM@/QKBM�i2/
b+Q`2bX "v BM/m+iBQM- Γ(n1, n2) +QMi�BMb �HH �M/ QMHv MQM@/QKBM�i2/ b+Q`2b 7Q` i?2 Q`B;BM�H
T`Q#H2KX

aBKBH�`Hv iQ i?2 bBM;H2@Q#D2+iBp2 +�b2- b2i Γ(i, j) +�M #2 biQ`2/ BM � #B@/BK2MbBQM�H K�@
i`Bt BM Q`/2` iQ /Bb+�`/ `2+m`bBp2 7mM+iBQM +�HHbX h?Bb rQmH/ +Q``2bTQM/ iQ � iQT@/QrM .S
�TT`Q�+?- r?B+? +QBM+B/2b rBi? i?2 �TT`Q�+? BM U_Qvi#2`; 2i �HX- RNNNVX

6Q` � ;Bp2M �HB;MK2Mi ϕ Q7 irQ b2[m2M+2b A = (a1, . . . , an1) �M/ B = (b1, . . . , bn2)- r2
/2}M2 � bi�i2 p = oa.(ϕ)X � K�i`Bt P Bb +QMbi`m+i2/ 7Q` biQ`BM; i?2 MQM@/QKBM�i2/ b+Q`2
b2iX 1�+? 2Mi`v P[i, j]- 7Q` (i, j) ∈ {1, . . . , n1} × {1, . . . , n2}- biQ`2b i?2 HBbi Q7 bi�i2b +Q``2@
bTQM/BM; iQ i?2 b2i Q7 BK�;2b Q7 i?2 S�`2iQ QTiBK�H �HB;MK2Mib Q7 bm#b2[m2M+2b (a1, . . . , ai)
�M/ (b1, . . . , bj)X h?2 `2+m``2M+2 7Q` +QKTmiBM; P[i, j] BM � #QiiQK@mT 7�b?BQM Bb �b 7QHHQrb,

P[i, j] = vmax

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

{p+ (M [ai, bj ], 0) : p ∈ P[i− 1, j − 1]}

{p+ (0,−1) : p ∈ P[i− 1, j]}

{p+ (0,−1) : p ∈ P[i, j − 1]}

rBi? i?2 #�bBb +�b2b

P[i, 0] = {(0,−i)} 1 ≤ i ≤ n1 U9XkV

P[0, j] = {(0,−j)} 1 ≤ j ≤ n2 U9XjV

P[0, 0] = {(0, 0)} U9X9V

�bbmKBM; irQ b2[m2M+2b Q7 H2M;i? n- i?2 �TT`Q�+? �#Qp2- �b /2b+`B#2/ BM _Qvi#2`; 2i �HX
URNNNV ?�b O(n3 log n) iBK2@+QKTH2tBiv- /m2 iQ i?2 MmK#2` Q7 +2HHb BM K�i`Bt P- i?2 MmK#2` Q7
MQM@/QKBM�i2/ b+Q`2b biQ`2/ �i 2�+? +2HH Q7 P �M/ i?2 iBK2 +QKTH2tBiv Q7 `2KQpBM; /QKBM�i2/
b+Q`2b �i 2�+? Bi2`�iBQMX AM i?2 7QHHQrBM;- r2 BMi`Q/m+2 bQK2 7m`i?2` BKT`Qp2K2MibX

RX 6�bi2` `2KQp�H Q7 /QKBM�i2/ b+Q`2b _Qvi#2`; 2i �HX URNNNV bm;;2bib i?2 mb2 Q7 �
[m�bB@HBM2�` iBK2 �H;Q`Bi?K 7Q` T2`7Q`KBM; i?2 QT2`�iBQM Q7 vmax #v �TTHvBM; � br22T@HBM2
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�TT`Q�+? �7i2` K2`;BM; i?2 i?`22 b2ib Ub22 i?2 ;2M2`�H �H;Q`Bi?K /2b+`B#2/ BM UEmM; 2i �HX-
RNd8VVX >Qr2p2`- i?Bb +�M #2 T2`7Q`K2/ BM HBM2�` iBK2 mM/2` i?2 �bbmKTiBQM i?�i 2�+? Q7
i?2 i?`22 b2ib Bb �H`2�/v bQ`i2/ rBi? `2bT2+i iQ QM2 Q7 i?2 Q#D2+iBp2bX aBKBH�` B/2� Bb �HbQ
/2b+`B#2/ BM U"2B2` �M/ oƺ+FBM;- kyRR- TTX j3yV 7Q` � /Bz2`2Mi T`Q#H2KX AM i?2 7QHHQrBM;-
2�+? bi�i2 p = oa.(ϕ) Bb b?QrM #`B2~v rBi? p = (s, d) r?2`2 s = s(ϕ) �M/ d = −d(ϕ)X
JQ`2Qp2`- �bbmK2 i?�i i?2 b2i Q7 MQM@/QKBM�i2/ b+Q`2b BM 2Mi`v P[i − 1, j − 1]- P[i, j − 1]

�M/ P[i, j − 1]- 1 ≤ i ≤ n1- 1 ≤ j ≤ n2- Bb F2Ti BM � bQ`i2/ HBbi Lk- k = 1, 2, 3- `2bT2+iBp2Hv-
BM BM+`2�bBM; Q`/2` Q7 i?2 MmK#2` Q7 BM/2Hb U�M/ /2+`2�bBM; Q`/2` Q7 i?2 bm#biBimiBQM b+Q`2VX
h?2 �H;Q`Bi?K Bi2`�i2b Qp2` i?2 7QHHQrBM; bi2Tb iQ +QKTmi2 i?2 MQM@/QKBM�i2/ b+Q`2 b2i 7Q`
2Mi`v P[i, j]X

RX a2i smax = −∞ �M/ BM/B+2b ℓk = 1- 7Q` k = 1, 2, 3c

kX 6Q` 2�+? HBbi Lk- 7Q` k = 1, 2, 3- b2�`+? HBM2�`Hv bi�`iBM; �i BM/2t ℓk 7Q` i?2 }`bi bi�i2
rBi? b+Q`2 (sk, dk) bm+? i?�i sk > smax c B7 MQ bi�i2 Bb 7QmM/ 7Q` 2�+? Q7 i?2 i?`22 HBbib-
`2im`M P[i, j]c Qi?2`rBb2- H2i ℓ′k #2 i?2 BM/2t BM Lk r?2`2 i?2 bi�i2 rBi? b+Q`2 (sk, dk)

r�b 7QmM/X

jX a2H2+i QM2 Q7 i?2 i?`22 bi�i2b rBi? i?2 H2�bi MmK#2` Q7 BM/2Hb �M/- BM +�b2 Q7 2[m�HBiv-
i?�i rBi? i?2 K�tBKmK bm#biBimiBQM b+Q`2 sc �TT2M/ Bi iQ P[i, j]X

9X a2i smax = s �M/ ℓk = ℓ′k- k = 1, 2, 3- �M/ ;Q iQ 2X

LQi2 i?�i smax Bb mb2/ 7Q` �/p�M+BM; i?2 Bi2`�iQ`b BM 2�+? HBbi- T�bbBM; i?`Qm;? /QKBM�i2/
bi�i2b- mMiBH � bi�i2 rBi? � bm#biBimiBQM b+Q`2 s H�`;2` i?�M smax Bb 7QmM/- r?B+? Bb � TQi2MiB�H
MQM@/QKBM�i2/ bi�i2X aBM+2 i?2 HBbib �`2 Q`/2`2/- � MQM@/QKBM�i2/ bi�i2 �KQM; i?Qb2 7QmM/
BM i?2 HBbib �i 2�+? bi2T Bb T`Q#�#Hv � MQM@/QKBM�i2/ bi�i2 7Q` i?2 bm#T`Q#H2K- bBM+2 i?2`2
2tBbib MQ Qi?2` BM i?2 i?`22 HBbib i?�i +�M /QKBM�i2 BiX h?2 �H;Q`Bi?K +QMiBMm2b mMiBH �HH i?2
bi�i2b BM i?2 i?`22 HBbib �`2 pBbBi2/X h?2`27Q`2- i?2 Qp2`�HH iBK2@+QKTH2tBiv Q7 i?Bb QT2`�iBQM
Bb O(n1 + n2)X >2M+2- i?2 Qp2`�HH iBK2 �M/ bT�+2@+QKTH2tBiv Q7 i?2 T`QTQb2/ �H;Q`Bi?K 7Q`
S`Q#H2K Uoa.SV Bb O(n1 · n2 · (n1 + n2))- r?B+? BKT`Qp2b mTQM i?2 �TT`Q�+? /2b+`B#2/ BM
U_Qvi#2`; 2i �HX- RNNNVX

kX S`mMBM; bi`�i2;v BM /vM�KB+ T`Q;`�KKBM; q2 /2b+`B#2 � T`mMBM; i2+?MB[m2
7Q` i?2 .S �H;Q`Bi?K 7Q` S`Q#H2K Uoa.SV i?�i Bb �#H2 iQ `2/m+2 i?2 MmK#2` Q7 bi�i2b #v
+QKT�`BM; i?2B` mTT2` #QmM/b rBi? � T`2@+QKTmi2/ HQr2` #QmM/ b2i- 7QHHQrBM; � #`�M+?@
�M/@#QmM/ T`BM+BTH2X
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Ç GQr2` #QmM/ b2iX 6Q` i?2 /2}MBiBQM Q7 HQr2` #QmM/b QM i?2 MQM@/QKBM�i2/ b+Q`2 b2i-
r2 mb2 i?2 MQiBQMb Q7 H2tB+Q;`�T?B+ �M/ b+�H�`Bx2/ b+Q`2 7mM+iBQMb �b BM a2+iBQM jXkXk
�M/ jXkXj- `2bT2+iBp2HvX

q2 +QMbB/2` irQ H2tB+Q;`�T?B+ QTiBKBx�iBQM T`Q#H2Kb i?�i +QMbBbi Q7 }M/BM; �M �HB;M@
K2Mi i?�i Bb H2tB+Q;`�T?B+ K�tBK�H UH2tK�tV �++Q`/BM; iQ � ;Bp2M Q`/2` Q7 T`BQ`Biv QM
i?2 QTiBKBx�iBQM Q7 i?2 irQ b+Q`2 7mM+iBQM +QKTQM2Mib,

arg lexmax {ϕ : (b(ϕ),−/(ϕ)) , ϕ ∈ Φ} UG2ta.SV

arg lexmax {ϕ : (−/(ϕ), b(ϕ)) , ϕ ∈ Φ} UG2t.aSV

h?2 Q`/2` Q7 i?2 7mM+iBQM +QKTQM2Mib BM/B+�i2b i?2 T`BQ`Biv i?�i Bb +QMbB/2`2/ �KQM;
i?2 Q#D2+iBp2bX G2i ϕs �M/ ϕd #2 i?2 H2tB+Q;`�T?B+ K�tBK�H �HB;MK2Mib 7Q` S`Q#@
H2Kb UG2ta.SV �M/ UG2t.aSV- `2bT2+iBp2HvX G2i J�s = oa.(ϕs) �M/ JAL =

oa.(ϕd)X "v i?2 /2}MBiBQM Q7 QTiBK�HBiv 7Q` S`Q#H2K Uoa.SV- Bi ?QH/b i?�i J�s
�M/ JAL #2HQM; iQ i?2 MQM@/QKBM�i2/ b+Q`2 b2i U1?`;Qii- kyy8VX JQ`2Qp2`- i?2v BM/B@
+�i2 i?�i i?2`2 +�MMQi 2tBbi � S�`2iQ QTiBK�H �HB;MK2Mi rBi? KQ`2 UH2bbV bm#biBimiBQM
b+Q`2 �M/ BM/2Hb i?�M ;Bp2M #v i?2 +QKTQM2Mib Q7 J�s UJALVX >2M+2- i?2 irQ b+Q`2
p2+iQ`b ;Bp2 � #QmM/ QM i?2 TQbbB#H2 `�M;2b Q7 i?2 MQM@/QKBM�i2/ b+Q`2 b2iX AM 7�+i- B7
J�s = JAL- i?2M i?2 MQM@/QKBM�i2/ b+Q`2 b2i +QMi�BMb QMHv � bBM;H2 2H2K2Mi �M/ MQ
7m`i?2` +QKTmi�iBQM Bb `2[mB`2/X

�MQi?2` HQr2` #QmM/ Bb ;Bp2M #v i?2 bQHmiBQM iQ � b+�H�`Bx2/ p2`bBQM Q7 i?2 #BQ#D2+@
iBp2 �HB;MK2Mi T`Q#H2KX Ub22 a2+iBQM jXkXjXV q2 +QMbB/2` i?2 7QHHQrBM; r2B;?i2/ bmK
b+�H�`Bx�iBQM

qa.(ϕ) = ws · b(ϕ) + wd · /(ϕ)

r?2`2 ws �M/ wd �`2 `2�H r2B;?iBM; +Q2{+B2MibX h?2 ;Q�H Bb iQ }M/ i?2 �HB;MK2Mi i?�i
K�tBKBx2b i?2 b+�H�`Bx2/ b+Q`2 7mM+iBQM �b 7QHHQrb,

argmax {ϕ : qa.(ϕ), ϕ ∈ Φ} Uqa.SV

LQi2 i?�i Qi?2` b+�H�`Bx2/ 7mM+iBQMb �`2 �HbQ TQbbB#H2X AM i?2 T�`iB+mH�` +�b2 Q7 i?2
r2B;?i2/ bmK 7mM+iBQM- i?2 �HB;MK2Mi i?�i Bb QTiBK�H iQ S`Q#H2K Uqa.SV Bb �HbQ
S�`2iQ QTiBK�H iQ S`Q#H2K Uoa.SV- �Hi?Qm;? i?2 QTTQbBi2 /Q2b MQi ?QH/ BM ;2M2`�H
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(ϕ)(ϕ)(ϕ)s

−d(ϕ)

MIN

MID

MAX

6B;m`2 9Xk, AHHmbi`�iBQM Q7 i?2 HQr2` #QmM/ b2iX GQr2` #QmM/ b2i +QMi�BMb i?2 i?`22 T`2@
+QKTmi2/ MQM@/QKBM�i2/ b+Q`2 p2+iQ`b JAL- JA. �M/ J�sX �Mv �HB;MK2Mi r?Qb2 b+Q`2
p2+iQ` Bb BMbB/2 Q7 i?2 b?�/2/ �`2� +�MMQi #2 S�`2iQ QTiBK�H- bBM+2 Bi rQmH/ #2 /QKBM�i2/
#v JAL- JA. Q` J�s

Ub22 a2+iBQM jXjXR- T�;2 9N VX G2i ϕw /2MQi2 i?2 QTiBK�H �HB;MK2Mi 7Q` S`Q#H2K Uqa.SV
7Q` � ;Bp2M ws �M/ wd �M/ H2i JA. = oa.(ϕw)X Ai Bb �HbQ BKTQ`i�Mi iQ ?B;?HB;?i i?�i
i?2 b+�H�`Bx2/ T`Q#H2K +�M #2 bQHp2/ b2p2`�H iBK2b 7Q` /Bz2`2Mi r2B;?ib iQ ;2i � iB;?i2`
HQr2` #QmM/ b2ic 7Q` i?2 b�F2 Q7 i?2 2tTH�M�iBQM- r2 mb2 QMHv QM2X h?2 b+Q`2 p2+iQ`b
J�s- JA. �M/ JAL �HHQr iQ /2}M2 � HQr2` #QmM/ b2i QM i?2 MQM@/QKBM�i2/ b+Q`2
b2i Q7 S`Q#H2K Uoa.SVX G2i R /2MQi2 i?2 `2;BQM

R =
{
r ∈ R+

0 × R−
0 : b ≻ r, b ∈ {J�s,JA.,JAL}

}
.

6B;m`2 9Xk BHHmbi`�i2b i?2 HQ+�iBQM Q7 J�s- JA. �M/ JAL �M/ /2}MBiBQM Q7 R Ub?�/2/
�`2�VX LQi2 i?�i i?2`2 K�v 2tBbi 7m`i?2` S�`2iQ QTiBK�H �HB;MK2Mib r?Qb2 b+Q`2 p2+iQ`b
�`2 HQ+�i2/ BM i?2 +QKTH2K2Mi Q7 RX >Qr2p2`- �Mv �HB;MK2Mi r?Qb2 b+Q`2 p2+iQ` Bb
BM i?2 BMi2`BQ` Q7 R +�MMQi #2 S�`2iQ QTiBK�H- bBM+2 Bi rQmH/ #2 /QKBM�i2/ #v �M
�HB;MK2Mi rBi? � b+Q`2 p2+iQ` 2[m�Hb iQ JAL- JA. Q` J�sX

h?2 +QKTmi�iBQM Q7 i?2 i?`22 b+Q`2 p2+iQ`b +�M #2 T2`7Q`K2/ rBi? L22/H2K�M@qmMb+?
�H;Q`Bi?K Ub22 a2+iBQM kXjXjV #v F22TBM; i?2 +QKTQM2Mib b2T�`�i2Hv BM i?2 .S K�i`Bt
�HbQ- #v +?QQbBM; i?2 bi�i2 �i 2�+? 2Mi`v i?�i K�tBKBx2b i?2 b+�H�`Bx2/ b+Q`2 7mM+iBQM
qa.- 7Q` i?2 +�b2 Q7 JA.- Q` �++Q`/BM; iQ i?2 H2tB+Q;`�T?B+ Q`/2`BM; 7Q` i?2 +�b2
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Q7 J�s �M/ JAL- `2bT2+iBp2HvX h?2`27Q`2- i?2 i?`22 b+Q`2 p2+iQ`b +�M #2 7QmM/ BM
O(n1 · n2)@iBK2X AM i?2 7QHHQrBM;- r2 QMHv BMi`Q/m+2 i?2 `2+m``2M+2 7Q`KmH� i?�i Bb
`2[mB`2/ 7Q` +QKTmiBM; i?2 H2tB+Q;`�T?B+ K�tBK�H �HB;MK2Mi 7Q` S`Q#H2K UG2ta.SV-
r?B+? ;Bp2b i?2 b+Q`2 p2+iQ` J�sX q2 +QMbB/2` � .S K�i`Bt L- r?2`2 7Q` 2�+? 2M@
i`v L[i, j]- (i, j) ∈ {1, . . . , n1}× {1, . . . , n2}- biQ`2b i?2 bi�i2 +Q``2bTQM/BM; iQ � H2tB+Q@
;`�T?B+ K�tBK�H �HB;MK2Mi Q7 bm#b2[m2M+2b (a1, . . . , ai) �M/ (b1, . . . , bj)X h?2 2H2K2Mib
Q7 K�i`Bt L �`2 +�H+mH�i2/ `2+m`bBp2Hv �b 7QHHQrb,

L[i, j] = lexmax

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

L[i− 1, j − 1] + (M [ai, bj ], 0)

L[i, j − 1] + (0,−1)

L[i− 1, j] + (0,−1)

rBi? #�bBb +�b2b L[0, 0] = (0, 0)- L[i, 0] = (0,−i) �M/ L[0, j] = (0,−j)- 7Q` 1 ≤ i ≤ n1

�M/ 1 ≤ j ≤ n2X h?2 QT2`�iQ` lexmax F22Tb QMHv i?2 H2tB+Q;`�T?B+ K�tBKmK Q7 i?2
i?`22 bi�i2b BM i?2 `2+m`bBp2 bi2TX

Ç lTT2` #QmM/X 6Q` � ;Bp2M bi�i2 t = (s,−d) �i 2Mi`v P[i, j]- (i, j) ∈ {1, . . . , n1} ×
{1, . . . , n2}- B7 Bib mTT2` #QmM/ m#(s) = (s+ θ,−d− η) Bb HQ+�i2/ BM i?2 BMi2`BQ` Q7 R-
i?2M t rBHH MQi H2�/ iQ �Mv bi�i2 i?�i +Q``2bTQM/b iQ � MQM@/QKBM�i2/ b+Q`2 p2+iQ`X
h?2`27Q`2- bi�i2 t +�M #2 /Bb+�`/2/ 7`QK 2Mi`v P[i, j]X q2 +QMbB/2` �M mTT2` #QmM/ Q7
� bi�i2 t BM P[i, j] i?�i Bb ;Bp2M #v i?2 K�tBKmK bm#biBimiBQM b+Q`2 θ �M/ KBMBKmK
MmK#2` Q7 BM/2Hb η i?�i +�M #2 �+?B2p2/ 7`QK 2Mi`v P[i, j] iQ 2Mi`v P[n1, n2]X h?2
p�Hm2 Q7 θ +�M #2 +QKTmi2/ #v i?2 bBx2 Q7 i?2 HQM;2bi +QKKQM bm#b2[m2M+2 UrBi? �
bm#biBimiBQM K�i`BtV Q7 (ai+1, . . . , an1) �M/ (bj+1, . . . , bn2)X h?Bb +�M #2 2�bBHv Q#i�BM2/
7Q` 2p2`v 2Mi`v BM K�i`Bt P BM � T`2@T`Q+2bbBM; bi2T rBi? i?2 +H�bbB+�H .S �H;Q`Bi?K 7Q`
+QKTmiBM; i?2 HQM;2bi +QKKQM bm#b2[m2M+2 BM i?2 `2p2`b2/ b2[m2M+2bX h?2 KBMBKmK
MmK#2` Q7 BM/2Hb η Bb +QKTmi2/ #v i?2 �#bQHmi2 /Bz2`2M+2 #2ir22M i?2 bBx2b Q7 irQ
bm#b2[m2M+2b (ai, . . . , an1) �M/ (bj , . . . , bn2)- BX2X η = |(n2 − j)− (n1 − i)|X h?2`27Q`2-
m#(s) = (s+ θ,−d− η) Bb � p�HB/ mTT2` #QmM/ Q7 bi�i2 tX LQi2 i?�i i?Bb #QmM/ K�v
MQi +Q``2bTQM/ iQ � 72�bB#H2 �HB;MK2MiX J�i`Bt L �b r2HH �b i?2 HQM;2bi +QKKQM
bm#b2[m2M+2 7Q` i?2 `2p2`b2/ b2[m2M+2b +�M #2 +QKTmi2/ BM � T`2@T`Q+2bbBM; T?�b2 BM
O(n1 · n2)@iBK2X >2M+2- i?2 mTT2` #QmM/ �i 2�+? K�i`Bt 2Mi`v +�M #2 +QKTmi2/ BM �
+QMbi�Mi �KQmMi Q7 iBK2 /m`BM; i?2 K�BM T?�b2 Q7 i?2 �H;Q`Bi?KX
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h�#H2 9XR, lTT2` #QmM/b 7Q` i?2 2t�KTH2 BM a2+iBQM 9X9XR

� * h � : : :
y R k j 9 8 e d

y U9-RV U9-kV U9-jV U9-9V Uj-8V Uk-eV UR-dV Uy-3V
� R Uj-yV Uj-RV Uj-kV Uj-jV Uj-9V Uk-8V UR-eV Uy-dV
: k Uj-RV Uj-yV Uj-RV Uj-kV Uj-jV Uk-9V UR-8V Uy-eV
: j Uj-kV Uj-RV Uk-yV Uk-RV Uk-kV Uk-jV UR-9V Uy-8V
: 9 Uj-jV Uj-kV Uk-RV UR-yV UR-RV UR-kV UR-jV Uy-9V
* 8 Uj-9V Uj-jV Uk-kV UR-RV UR-yV UR-RV UR-kV Uy-jV
* e Uk-8V Uk-9V Uk-jV UR-kV UR-RV UR-yV UR-RV Uy-kV
h d UR-eV UR-8V UR-9V UR-jV UR-kV UR-RV UR-yV Uy-RV
: 3 Uy-dV Uy-eV Uy-8V Uy-9V Uy-jV Uy-kV Uy-RV Uy-yV

AM i?2 7QHHQrBM;- r2 /2b+`B#2 �M 2t�KTH2 i?�i BHHmbi`�i2b i?2 T`mMBM; i2+?MB[m2 7Q` S`Q#@
H2K Uoa.SVX G2i A = �:::**h: �M/ B = �*h�:::X h�#H2 9Xk UH27iV b?Qrb i?2 +QMi2Mib Q7
K�i`Bt P rBi?Qmi mbBM; i?2 T`mMBM; i2+?MB[m2- r?2`2 i?2 MQM@/QKBM�i2/ b+Q`2 b2i Bb ;Bp2M
�i 2Mi`v P[8, 7]X h?2 HQr2` #QmM/b �`2 JAL = (−3,−1) �M/ J�s = (4,−7)c 7Q` ws = 1.5

�M/ wd = −0.5- r2 ?�p2 i?�i JA. = (3,−5)X h�#H2 9XR ;Bp2b i?2 mTT2` #QmM/ 7Q` 2�+?
2Mi`v (i, j)- BX2X i?2 K�tBKmK bm#biBimiBQM b+Q`2 �M/ i?2 KBMBKmK MmK#2` Q7 BM/2Hb 7Q` i?2
bm{t2b (ai, . . . , an1) �M/ (bj , . . . , bn2)X h�#H2 9Xk U`B;?iV b?Qrb K�i`Bt P rBi? i?2 T`mMBM;
i2+?MB[m2c 2�+? /�b? BM/B+�i2b i?2 HQ+�iBQM Q7 � bi�i2 i?�i r�b T`mM2/X 6Q` 2t�KTH2- i?2
mTT2` #QmM/ Q7 bi�i2 t = (0,−6) �i 2Mi`v P[6, 0] Bb m#(t) = (0+2,−6− 5) = (2,−11)- r?B+?
Bb /QKBM�i2/ #v J�s �M/ JA.X h?2`27Q`2- i?Bb bi�i2 +�M #2 T`mM2/X AM +QMi`�bi- 7Q` i?2
bi�i2 t = (1,−2) �i 2Mi`v P[5, 3] r2 ?�p2 i?�i m#(s) = (1 + 1,−2 − 1) = (2,−3)- r?B+? Bb
MQi /QKBM�i2/ #v �Mv HQr2` #QmM/X >2M+2- BM i?Bb +�b2- bi�i2 t +�MMQi #2 T`mM2/X

� .vM�KB+ S`Q;`�KKBM; �H;Q`Bi?K 7Q` Uoa:SV

AM i?Bb b2+iBQM- r2 BMi`Q/m+2 � U#QiiQK@mTV .S �H;Q`Bi?K 7Q` S`Q#H2K Uoa:SVX h?Bb �T@
T`Q�+? 2ti2M/b i?2 .S �H;Q`Bi?K 7Q` ;HQ#�H �HB;MK2Mi rBi? ;�T T2M�HiB2b 7Q` i?2 �{M2 ;�T
KQ/2H Ub22 a2+iBQM kXjX9- T�;2 kRVX 6Q` � ;Bp2M �HB;MK2Mi ϕ = (A′, B′)- r2 /2}M2 � bi�i2 q =

oa:(ϕ) Ub22 a2+iBQM 9XkVX 6Q` +QKTmiBM; i?2 b2i Q7 MQM@/QKBM�i2/ b+Q`2b- r2 F22T 7Qm` /v@
M�KB+ T`Q;`�KKBM; K�i`B+2b, Q- R- S- �M/ TX 6Q` � ;Bp2M (i, j) ∈ {1, . . . , n1}×{1, . . . , n2}-
2Mi`vR[i, j]- S[i, j] �M/ T[i, j] biQ`2b i?2 b2i Q7 MQM@/QKBM�i2/ b+Q`2b +Q``2bTQM/BM; iQ S�`2iQ
QTiBK�H �HB;MK2Mib Q7 T`2}t2b (a1, . . . , ai) �M/ (b1, . . . , bj) i?�i 2M/ rBi? (ai, bj)- (‘ − ’, bj)
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�M/ (ai, ‘ − ’)- `2bT2+iBp2Hv- r?2`2 ‘ − ’ Bb �M BM/2H +?�`�+i2`X h?2 2Mi`v Q[i, j] biQ`2b i?2
bi�i2b +Q``2bTQM/BM; iQ MQM@/QKBM�i2/ b+Q`2b Q7 T`2}t2b (a1, . . . , ai) �M/ (b1, . . . , bj)X G2i i?2
bm#biBimiBQM K�i`Bt #2 /2MQi2/ #v M - i?2 ;�T QT2MBM; T2M�Hiv #2 ν �M/ i?2 ;�T 2ti2MbBQM
#2 µX h?2M- i?2 `2+m`bBQM Bb �b 7QHHQrb,

Q[i, j] = vmax

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

R[i, j]

S[i, j]

T[i, j]

R[i, j] = {q + (M [ai, bj ], 0) : q ∈ Q[i− 1, j − 1]}

S[i, j] = vmax

⎧
⎨

⎩
{q + (0, µ) : q ∈ S[i, j − 1]}

{q + (0, ν) : q ∈ Q[i, j − 1]}

T[i, j] = vmax

⎧
⎨

⎩
{q + (0, µ) : q ∈ T[i− 1, j]}

{q + (0, ν) : q ∈ Q[i− 1, j]}

U9X8V

h?2 #�b2b +�b2b Q7 i?2 K�i`B+2b �`2, Q[0, 0] = {(0, 0)}- Q[i, 0] = S[i, 0] = Q[0, j] =

T[0, j] = {(0, µ)}- 7Q` 1 ≤ i ≤ n1 �M/ 1 ≤ j ≤ n2X PT2`�iBQM vmax i�F2b �HbQ HBM2�`
�KQmMi Q7 iBK2 #v mbBM; i?2 b�K2 i2+?MB[m2 BMi`Q/m+2/ 7Q` S`Q#H2K Uoa.SVX aBM+2 i?2
MmK#2` Q7 ;�Tb Bb #QmM/2/ 7`QK �#Qp2 #v i?2 MmK#2` Q7 BM/2Hb BM �M �HB;MK2Mi- i?2 iBK2
�M/ bT�+2@+QKTH2tBiv Bb �HbQ O(n1 · n2 · (n1 + n2))X

LQi2 i?�i i?2 T`QT2`iB2b Q7 i?2 QTiBK�H bm#bi`m+im`2 7Q` S`Q#H2K Uoa:SV ?QH/ bBKBH�`Hv
iQ S`Q#H2K Uoa.SVX JQ`2Qp2`- i?Bb �H;Q`Bi?K +�H+mH�i2b i?2 MQM@/QKBM�i2/ b+Q`2 b2i #v
+QMbB/2`BM; i?2 �{M2 ;�T KQ/2HX "v }tBM; i?2 p�Hm2 Q7 ν iQ R �M/ µ iQ y- i?Bb �H;Q`Bi?K
+�M bQHp2 i?2 T`Q#H2K rBi? +QMbi�Mi ;�T KQ/2HX q?2M ν = µ- i?Bb �H;Q`Bi?K Bb �TT`QT`B�i2
7Q` i?2 HBM2�` ;�T KQ/2HX AM 7�+i- r?2M ν = µ = 1- i?2 �H;Q`Bi?K #2+QK2b i?2 .S �H;Q`Bi?K
7Q` S`Q#H2K Uoa.SV Ub22 a2+iBQM 9X9XR- T�;2 deVX

6Q` i?Bb T`Q#H2K- i?2 +QKTmi�iBQM Q7 HQr2` �M/ mTT2` #QmM/b 7QHHQr i?2 b�K2 `2�bQMBM;
�b 7Q` S`Q#H2K Uoa.SVX AM i?2 7QHHQrBM;- r2 rBHH QMHv ;Bp2 � #`B27 2tTH�M�iBQM �M/ ?B;?HB;?i
i?2 K�BM /Bz2`2M+2bX

Ç GQr2` #QmM/ b2iX h?2 H2tB+Q;`�T?B+ �M/ b+�H�`Bx2/ �HB;MK2Mi T`Q#H2Kb /2b+`B#2/ BM
i?2 T`2pBQmb b2+iBQM UT�;2 dNV +�M �HbQ #2 7Q`K�HBx2/ BM i2`Kb Q7 ;�TbX AM i?Bb +�b2-
J�s �M/ JAL +Q``2bTQM/ iQ i?2 b+Q`2b Q7 S�`2iQ QTiBK�H �HB;MK2Mib i?�i K�tBKBx2
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i?2 bm#biBimiBQM b+Q`2 �M/ KBMBKBx2 i?2 ;�T b+Q`2- `2bT2+iBp2HvX �HbQ- JA. +Q``2bTQM/b
iQ i?2 b+Q`2 p2+iQ` Q7 i?2 S�`2iQ QTiBK�H �HB;MK2Mi i?�i K�tBKBx2b � b+�H�`Bx2/ b+Q`2
7mM+iBQM #v i�FBM; BMiQ �++QmMi i?2 ;�T b+Q`2 Ur2 rBHH mb2 wg BMbi2�/ Q7 wdVX a+Q`2
p2+iQ`b J�s �M/ JA. +�M #2 +QKTmi2/ BM O(n1 · n2)@iBK2 #v mbBM; i?2 �H;Q`Bi?K
/2b+`B#2/ BM U:mb}2H/- RNNNV rBi? i?2 M2+2bb�`v +?�M;2bX >Qr2p2`- i?2 b+Q`2 p2+iQ`
JAL +�M #2 +QKTmi2/ 7�bi2`X LQi2 i?�i i?2 ;�T b+Q`2 +�M QMHv #2 KBMBKmK r?2M i?2`2
2tBbib x2`Q Q` QM2 ;�T- i?2 H�ii2` +�b2 �`BbBM; r?2M n1 ̸= n2X �bbmK2- rBi?Qmi HQbb Q7
;2M2`�HBiv- i?�i n1 < n2X h?2M- i?2 +QKTmi�iBQM Q7 i?2 K�tBKmK bm#biBimiBQM b+Q`2
i?�i Bb TQbbB#H2 7Q` QM2 ;�T +�M #2 T2`7Q`K2/ #v +QKT�`BM; i?2 bm#biBimiBQM b+Q`2 7Q`
2�+? Q7 i?2 n1 + 1 TQbbB#H2 HQ+�iBQMb Q7 i?2 ;�TX h?Bb +�M #2 T2`7Q`K2/ BM O(n2)@iBK2
BM �M BM+`2K2Mi�H K�MM2`X

Ç lTT2` #QmM/X h?2 +QKTmi�iBQM Q7 i?2 K�tBKmK bm#biBimiBQM b+Q`2 i?�i +�M #2 �+?B2p2/
�i 2Mi`v Q[n1, n2] #v � bi�i2 t �i 2Mi`v Q[i, j] 7QHHQrb i?2 b�K2 T`Q+2/m`2 �b 2tTH�BM2/
BM i?2 T`2pBQmb b2+iBQM UT�;2 3kVX 6Q` i?2 +QKTmi�iBQM Q7 i?2 KBMBKmK ;�T b+Q`2-
r2 +QMbB/2` � T�`iBiBQM Q7 K�i`Bt Q BMiQ i?`22 b2+iBQMbc rBi?Qmi HQbb Q7 ;2M2`�HBiv-
r2 �bbmK2 i?�i n1 < n2X G2i QD = Q[i− n2 + n1, i]- 7Q` n2 − n1 ≤ i ≤ n2- r?B+?
+Q``2bTQM/b iQ i?2 /B�;QM�H BM Q bi�`iBM; �i Q[0, n2 − n1] �M/ 2M/BM; �i Q[n1, n2]X
G2i QA �M/ QB /2MQi2 i?2 2Mi`B2b BM K�i`Bt Q i?�i �`2 HQ+�i2/ �#Qp2 �M/ #2HQr QD-
`2bT2+iBp2HvX 6`QK i?Bb T�`iBiBQMBM; Q7 Q- r2 +�M /2`Bp2 i?2 7QHHQrBM; `2bmHib 7Q` v- i?2
KBMBKmK ;�T b+Q`2- i?�i Bb �+?B2p2/ �i Q[n1, n2] #v � bi�i2 t U?2`2- r2 `2H�i2 bi�i2 t

rBi? � T�`iB�H �HB;MK2Mi ϕ = (A′, B′)V,

BV A7 bi�i2 t ∈ QD- i?2M v = 0c

BBV A7 bi�i2 t ∈ QA UQBV �M/ �HB;MK2Mi ϕ 2M/b rBi? � ;�T BM A′ UB′V- i?2M v = 0c

BBBV A7 bi�i2 t ∈ QA UQBV �M/ �HB;MK2Mi ϕ 2M/b rBi? irQ +?�`�+i2`b Q` � ;�T +?�`�+i2`
BM B′ UA′V- i?2M i?2`2 Bb � ;�T rBi? i?2 bBx2 Q7 |(n2 − j)− (n1 − i)|- r?2`2 i?2
KBMBKmK ;�T b+Q`2 BM �{M2 ;�T KQ/2H +�M #2 +QKTmi2/ bBKTHv �b 7QHHQrb ,

η = ν + µ · |(n2 − j)− (n1 − i)− 1|

LQi2 i?�i +QM/BiBQMb BBV �M/ BBBV +�M #2 /2i2`KBM2/ #v F22TBM; �M �//BiBQM�H p�`B�#H2
i?�i biQ`2b r?2i?2` bi�i2 t r�b Q#i�BM2/ 7`QK K�i`Bt R- S- Q` T BM i?2 `2+m`bBQMX
h?2`27Q`2- i?2 mTT2` #QmM/ 7Q` i?2 +�b2 Q7 ;�Tb +�M �HbQ #2 +QKTmi2/ BM � +QMbi�Mi
�KQmMi Q7 iBK2X JQ`2Qp2`- #v }tBM; i?2 p�Hm2 Q7 ν iQ R �M/ µ iQ y- i?2 �#Qp2 7Q`KmH�
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+�H+mH�i2b i?2 mTT2` #QmM/ 7Q` i?2 +QMbi�Mi ;�T KQ/2H �M/- r?2M ν = µ- Bi #2+QK2b
i?2 bQHmiBQM 7Q` i?2 HBM2�` ;�T KQ/2HX

9X9Xk �M ϵ−+QMbi`�BMi �H;Q`Bi?K 7Q` JmHiBQ#D2+iBp2 S�B`rBb2 �HB;MK2Mi

AM i?Bb b2+iBQM- r2 BMi`Q/m+2 �M ϵ@+QMbi`�BMi i2+?MB[m2 Ub22 a2+iBQM jXjXRV 7Q` bQHpBM; T`Q#H2Kb
Uoa.SV �M/ Uoa:SVX "v +?�M;BM; i?2 bm#biBimiBQM K�i`Bt- i?2 b�K2 i2+?MB[m2b +�M #2
mb2/ 7Q` bQHpBM; i?2 S`Q#H2Kb UoJ.SV �M/ UoJ:SV �b r2HHX Pm` �TT`Q�+? Bb #�b2/ QM i?2
�H;Q`Bi?K T`QTQb2/ BM Ua�MFQz- RNdkV 7Q` +QKTmiBM; i?2 b2[m2M+2 �HB;MK2Mi i?�i K�tBKBx2b
i?2 MmK#2` Q7 K�i+?2b rBi? �M BM2[m�HBiv +QMbi`�BMi QM i?2 MmK#2` Q7 ;�TbX AM i?Bb rQ`F-
r2 �TTHv i?2 b�K2 i2+?MB[m2 7Q` bQHpBM; S`Q#H2Kb Uoa.SV �M/ Uoa:SV rBi? �M 2[m�HBiv
+QMbi`�BMi QM i?2 MmK#2` Q7 BM/2Hbf;�TbX

ϵ@+QMbi`�BMi 7Q` S`Q#H2K Uoa.SV

h?2 T`BM+BTH2 Q7 ϵ@+QMbi`�BMi K2i?Q/ Bb #�b2/ QM QTiBKBxBM; UK�tBKBxBM;V QM2 Q7 i?2 Q#D2+@
iBp2b r?BH2 i?2 Qi?2`b �`2 mb2/ �b +QMbi`�BMib Ub22 a2+iBQM jXjXR- T�;2 8yVX hQ i�+FH2 S`Q#H2K
Uoa.SV rBi? �M ϵ@+QMbi`�BMi K2i?Q/- r2 +QMbB/2` i?2 K�tBKBx�iBQM Q7 i?2 bm#biBimiBQM b+Q`2
rBi? � +QMbi`�BMi QM i?2 MmK#2` Q7 BM/2HbX LQi2 i?�i i?2 K�tBKmK MmK#2` Q7 BM/2Hb BM �M
�HB;MK2Mi Bb #QmM/2/ #v � MQM@M2;�iBp2 BMi2;2` Udmax VX h?2`27Q`2- Bi Bb TQbbB#H2 iQ bQHp2
S`Q#H2K Uoa.SV #v K�tBKBxBM; i?2 bm#biBimiBQM b+Q`2 +QMbi`�BM2/ iQ � ;Bp2M MmK#2` Q7 BM@
/2Hb i?�i `�M;2 7`QK y iQ dmax - rBi? �M BM+`2K2Mi Q7 QM2X 6`QK i?2 b2i Q7 QTiBK�H b+Q`2b 7Q`
�HH i?2 dmax + 1 +QMbi`�BMi T`Q#H2Kb- i?2 MQM@/QKBM�i2/ b+Q`2 b2i Bb 2ti`�+i2/ #v `2KQpBM;
i?2 /QKBM�i2/ b+Q`2b 7`QK i?�i b2iX

G2i A = (a1, . . . , an1) �M/ B = (b1, . . . , bn2) #2 irQ b2[m2M+2bX G2i ℓcs #2 i?2 HQM;2bi
+QKKQM bm#b2[m2M+2 #2ir22M i?2 irQ b2[m2M+2bc i?2 K�tBK�H 72�bB#H2 MmK#2` Q7 BM/2Hb Bb
;Bp2M #v dmax = n1 + n2 − 2ℓcs X AM i?2 7QHHQrBM;- r2 b?Qr i?�i QTiBK�H bm#bi`m+im`2 �HbQ
?QH/b 7Q` i?2 T`Q#H2K Q7 K�tBKBxBM; bm#biBimiBQM b+Q`2 ;Bp2M � }t2/ MmK#2` Q7 BM/2HbX q2
`2+�HH i?�i- �++Q`/BM; iQ S`QTQbBiBQM kXjXk- �Mv �HB;MK2Mi #2ir22M irQ b2[m2M+2b +�M TQbbB#Hv
}MBb? BM i?`22 r�vb , BV (an1 , bn2)- BBV (‘− ’, bn2) Q` BBBV (an1 , ‘− ’) X

S`QTQbBiBQM 9X9XjX G2i A = (a1, . . . , an1) �M/ B = (b1, . . . , bn2) #2 irQ b2[m2M+2b �M/ H2i
M #2 � bm#biBimiBQM b+Q`2 K�i`BtX G2i ϕ = (ϕ1, . . . ,ϕℓ) #2 �M QTiBK�H �HB;MK2Mi Q7 A �M/ B

rBi? K�tBKmK bm#biBimiBQM b+Q`2 s(ϕ) �M/ k BM/2HbX

BV B7 ϕℓ = (an1 , bn2)- i?2M (ϕ1, . . . ,ϕℓ−1) Bb �M QTiBK�H �HB;MK2Mi Q7 (a1, . . . , an1−1) �M/
(b1, . . . , bn2−1) rBi? K�tBKmK bm#biBimiBQM b+Q`2 s(ϕ)−M [an1 , bn2 ] �M/ k BM/2Hbc
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BBV B7 ϕℓ = (an1 , ‘− ’)- i?2M (ϕ1, . . . ,ϕℓ−1) Bb �M QTiBK�H �HB;MK2Mi Q7 (a1, . . . , an1−1) �M/
(b1, . . . , bn2) rBi? K�tBKmK bm#biBimiBQM b+Q`2 s(ϕ) �M/ k − 1 BM/2Hbc

BBBV B7 ϕℓ = (‘ − ’, bn2)- i?2M (ϕ1, . . . ,ϕℓ−1) Bb �M QTiBK�H �HB;MK2Mi Q7 (a1, . . . , an1) �M/
(b1, . . . , bn2−1) rBi? K�tBKmK bm#biBimiBQM b+Q`2 s(ϕ) �M/ k − 1 BM/2HbX

S`QQ7X

BV �bbmK2 i?�i (ϕ1, . . . ,ϕℓ−1) Bb MQi �M QTiBK�H �HB;MK2Mi rBi? K�tBKmK bm#biBimiBQM
b+Q`2X h?2`27Q`2- i?2`2 2tBbib �MQi?2` QTiBK�H �HB;MK2Mi rBi? H�`;2` bm#biBimiBQM b+Q`2
7Q` i?2 b�K2 bm#b2[m2M+2bX "v bmKKBM; mT i?2 b+Q`2 Q7 M [an1 , bn2 ]- �M �HB;MK2Mi
rBi? H�`;2` bm#biBimiBQM b+Q`2 i?�M s(ϕ) Bb Q#i�BM2/- r?B+? Bb � +QMi`�/B+iBQMX LQr-
�bbmK2 i?�i (ϕ1, . . . ,ϕℓ−1) Bb �M QTiBK�H �HB;MK2Mi i?�i /Q2b MQi +QMi�BM k BM/2HbX
*QMb2[m2MiHv- #v �//BM; i?2 T�B` (an1 , bn2)- Bi Bb MQi TQbbB#H2 iQ ?�p2 k BM/2Hb BM ϕ-
r?B+? Bb- �;�BM- � +QMi`�/B+iBQMc

BBV *QMbB/2` i?�i ϕℓ = (an1 , ‘− ’) �M/ �bbmK2 i?�i i?2`2 2tBbib �MQi?2` QTiBK�H �HB;MK2Mi
rBi? H�`;2` b+Q`2 i?�M s(ϕ) 7Q` (a1, . . . , an1−1) �M/ (b1, . . . , bn2)X h?Bb Bb � +QMi`�/B+iBQM-
bBM+2 #v �//BM; i?2 T�B` (an1 , ‘ − ’)- i?2`2 2tBbib �MQi?2` �HB;MK2Mi 7Q` A �M/ B rBi?
H�`;2` b+Q`2 i?�M s(ϕ)X LQr �bbmK2 i?�i i?2`2 2tBbib �MQi?2` QTiBK�H �HB;MK2Mi rBi?
KQ`2 UH2bbV- i?�M k−1 BM/2Hb 7Q` i?2 b�K2 bm#b2[m2M+2bX "v �//BM; i?2 T�B` (an1 , ‘− ’)

iQ i?2 �HB;MK2Mi- r2 ?�p2 �M �HB;MK2Mi rBi? KQ`2 UH2bbV BM/2Hb i?�M k- r?B+? Bb �
+QMi`�/B+iBQMX

BBBV avKK2i`B+ iQ BBVX

"v BM/m+iBQM- Bi Bb TQbbB#H2 iQ �``Bp2 BM � ;2M2`�H `2+m`bBp2 /2}MBiBQM iQ ;2M2`�i2 i?2 QTiBK�H
�HB;MK2MiX 6Q` 2�+? p�Hm2 Q7 k- irQ K�i`B+2b �`2 `2[mB`2/, J�i`Bt P- r?B+? F22Tb i?2 K�tB@
KmK bm#biBimiBM; b+Q`2 +Q``2bTQM/BM; iQ i?2 QTiBK�H �HB;MK2Mi Q7 bm#b2[m2M+2b (a1, . . . , ai)
�M/ (b1, . . . , bj) +QMbi`�BM2/ iQ k BM/2Hb i?�i 2M/b rBi? i?2 T�B` (ai, bj)- �M/ K�i`Bt Q- r?B+?
F22Tb i?2 K�tBKmK bm#biBimiBM; b+Q`2 7Q` i?2 �HB;MK2Mib Q7 bm#b2[m2M+2b i?�i 2M/ rBi?
(ai, ‘ − ’) Q` (‘ − ’, bj) �M/ +QMbi`�BM2/ rBi? k BM/2HbX h?2 `2+m``2M+2 7Q` K�i`B+2b P[i, j, k]

�M/ Q[i, j, k] 7Q` (i, j, k) ∈ {1, . . . , n1} ×{1, . . . , n2}× {1, . . . , dmax} �`2 �b 7QHHQrb,
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P[i, j, k] = max

⎧
⎨

⎩
Q[i− 1, j − 1, k] +M [ai, bj ]

P[i− 1, j − 1, k] +M [ai, bj ]
U9XeV

Q[i, j, k] = max

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

Q[i− 1, j, k − 1]

Q[i, j − 1, k − 1]

P[i− 1, j, k − 1]

P[i, j − 1, k − 1]

U9XdV

h?2 #�bBb +�b2b 7Q` 0 ≤ i ≤ n1- 0 ≤ j ≤ n2 �M/ 0 ≤ k ≤ dmax �`2,

Q[i, j, 0] =−∞ U9X3V

P[i, j, 0] =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0 B7 i = j = 0

P [i− 1, j − 1, 0] +M [ai, bj ] B7 i = j ̸= 0

−∞ B7 i ̸= j

U9XNV

P[i, 0, k] = P[0, j, k] = −∞ k > 0 U9XRyV

Q[i, 0, k] =

⎧
⎨

⎩
0 B7 i = k

−∞ B7 i ̸= k
U9XRRV

Q[0, j, k] =

⎧
⎨

⎩
0 B7 j = k

−∞ B7 j ̸= k
U9XRkV

r?2`2 i?2 p�Hm2 −∞ +Q``2bTQM/b iQ �M BM72�bB#H2 �HB;MK2Mi �M/ p�Hm2 y Bb mb2/ r?2M i?2`2
Bb MQ `2bB/m2@`2bB/m2 T�B`k BM i?2 �HB;MK2MiX 1[X U9X3V ;Bp2b i?2 BMBiB�H p�Hm2b 7Q` K�i`Bt
Q rBi? k = 0X AM i?Bb +�b2- i?2 �HB;MK2Mib ?�p2 iQ 2M/ rBi? �M BM/2H@`2bB/m2 T�B`- #mi
i?2`2 Bb MQ TQbbB#BHBiv Q7 ?�pBM; BM/2Hb Uk = 0Vc bBM+2 i?2v �`2 BM72�bB#H2- i?2 K�i`Bt Q i�F2b
i?2 p�Hm2 −∞X 1[X U9XNV ;Bp2b i?2 BMBiB�H p�Hm2b 7Q` K�i`Bt P rBi? k = 0X AM i?Bb +�b2- i?2
�HB;MK2Mib ?�p2 iQ 2M/ rBi? � `2bB/m2@`2bB/m2 T�B` r?BH2 MQ BM/2H Bb �HHQr2/ BM i?2 �HB;MK2MiX
h?2`27Q`2- i?2 QMHv TQbbB#H2 r�v iQ Q#i�BM � 72�bB#H2 �HB;MK2Mi mM/2` i?2b2 +QM/BiBQMb Bb iQ
ǳr`Bi2 /QrMǴ QM2 b2[m2M+2 #2HQr i?2 Qi?2`X h?2`27Q`2- K�i`Bt P +�M QMHv i�F2 72�bB#H2

k� `2bB/m2@`2bB/m2 T�B` Bb �Mv T�B` BM i?2 �HB;MK2Mi i?�i /Q2b MQi +QMi�BM BM/2HX
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p�Hm2b QM i?2 /B�;QM�H- r?B+? +Q``2bTQM/b iQ �HB;M T`2}t2b rBi? 2[m�H bBx2bX Ai Bb +H2�` i?�i
rBi? i = 0- j = 0 �M/ k = 0- i?2 K�tBKmK bm#biBimiBQM b+Q`2 Bb 0- �M/ rBi? i = j > 0 i?Bb
b+Q`2 Bb i?2 bmK Q7 i?2 BM/BpB/m�H bm#biBimiBQM b+Q`2b Q7 i?2 T`2pBQmb `2bB/m2@`2bB/m2 T�B`b BM
i?2 �HB;MK2MiX

1[X U9XRyV ;Bp2b i?2 BMBiB�H p�Hm2b 7Q` i?2 }`bi `Qrb �M/ +QHmKMb Q7 K�i`Bt P- BX2X- r?2M
i = 0 Q` j = 0 7Q` �HH 0 < k ≤ dmax X h?Bb +Q``2bTQM/b iQ �HB;MK2Mib #2ir22M � b2[m2M+2
�M/ �M 2KTiv b2[m2M+2 r?BH2 2M/BM; rBi? � `2bB/m2@`2bB/m2 T�B`X aBM+2 i?2b2 �HB;MK2Mib �`2
BM72�bB#H2- K�i`Bt P i�F2b i?2 p�Hm2 −∞X 1[X U9XRRV ;Bp2b i?2 BMBiB�H p�Hm2b 7Q` i?2 }`bi `Qrb
Q7 K�i`Bt QX lbBM; bBKBH�` `2�bQMBM;- BM K�i`Bt Q- i?2 }`bi `Qrb r?2M i ̸= k i�F2 −∞
p�Hm2bX "mi r?2M i = k- Bi Bb TQbbB#H2 iQ �HB;M � b2[m2M+2 rBi? �M 2KTiv b2[m2M+2 #v �//BM;
BM/2Hb 2[m�H iQ i?2 bBx2 Q7 b2[m2M+2X 6BM�HHv- 1[X U9XRkV rQ`Fb bBKBH�`Hv iQ 1[X U9XRRV 7Q` i?2
}`bi +QHmKMb Q7 K�i`Bt QX

6Q` 2�+? Bi2`�iBQM k = 0, 1, . . . , dmax - i?2 K�tBKmK #2ir22M P[n1, n2, k] �M/ Q[n1, n2, k]

;Bp2b 2Bi?2` i?2 K�tBKmK b+Q`2 i?�i +�M #2 �+?B2p2/ rBi? k BM/2Hb Q` −∞ B7 MQ 72�bB#H2
�HB;MK2Mi 2tBbibX hQ +QKTmi2 i?2 MQM@/QKBM�i2/ b+Q`2 b2i- i?2b2 p�Hm2b M22/ iQ #2 F2Ti 7Q`
2�+? k X .m2 iQ i?2 2[m�HBiv +QMbi`�BMi- i?2 �H;Q`Bi?K }M/b � bmT2`b2i Q7 i?2 MQM@/QKBM�i2/
b+Q`2 b2iX h?2`27Q`2- QM+2 k = dmax - � }Hi2`BM; bi2T Bb M22/2/ iQ `2KQp2 i?2 /QKBM�i2/ bi�i2bX
LQi2 i?�i- i?2 +Q``2bTQM/BM; S�`2iQ QTiBK�H �HB;MK2Mib +�M #2 Q#i�BM2/ #v i`�+BM; #�+F i?2
K�i`B+2b Dmbi �b BM L22/H2K�M@qmMb+? �H;Q`Bi?K Ub22 a2+iBQM kXjXjVX AM i?2 7QHHQrBM;- r2
T`QpB/2 �M BHHmbi`�iBp2 2t�KTH2X

h�#H2 9Xj b?Qrb i?2 K�i`B+2b P �M/ Q rBi? (k = 0) �M/ (k = 1) 7Q` i?2 2t�KTH2 BM
a2+iBQM 9X9XR- T�;2 3kX P[8, 7, 0] = Q[8, 7, 0] = −∞ b?Qrb i?�i i?2`2 Bb MQ 72�bB#H2 �HB;MK2Mi
7Q` i?2 irQ b2[m2M+2b rBi? MQ BM/2H (k = 0)X "mi rBi? k = 1- i?2 K�tBKmK #2ir22M
P[8, 7, 1] = −3 �M/ Q[8, 7, 1] = −5 ;Bp2b i?2 K�tBKmK bm#biBimiBQM b+Q`2 7Q` �M �HB;MK2Mi
rBi? QM2 BM/2HX h?2`27Q`2- (−3,−1) Bb i?2 }`bi MQM@/QKBM�i2/ b+Q`2 Q7 i?2 bmT2`b2i Q7 MQM@
/QKBM�i2/ b+Q`2 b2iX h?2 MmK#2`b b?QrM BM #Qt2b BMbB/2 K�i`B+2b b?Qr i?2 i`�+2#�+F T�i? Q7
� S�`2iQ QTiBK�H �HB;MK2Mi rBi? i?2 b+Q`2 (−3,−1)X h?2 /B`2+iBQM Q7 KQp2K2Mib BM K�i`Bt
P Bb /B�;QM�HHv �M/ BM K�i`Bt Q Bb 2Bi?2` ?Q`BxQMi�HHv Q` p2`iB+�HHvX LQi2 i?�i r?2M i?2
i`�+2#�+F Bb 7`QK K�i`Bt Q r2 ?�p2 iQ BMb2`i �M BM/2H BM i?2 �HB;MK2MiX h?2 �HB;MK2Mi
+Q``2bTQM/b iQ i?2 b+Q`2 (−3,−1) Bb �b 7QHHQrb,

� @ * h � : : :
� : : : * * h :

h?2 iBK2 �M/ bT�+2@+QKTH2tBiv 7Q` 2�+? k p�Hm2 Bb bBKBH�` iQ i?�i Q7 i?2 .S K2i?Q/ BM
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a2+iBQM kXjXj- T�;2 Re- i?�i Bb- O(n1 · n2 · (n1 + n2))X Pp2`�HH- i?2 ϵ@+QMbi`�BMi �TT`Q�+?
?�b O(n1 · n2 · (n1 + n2)) iBK2 �M/ bT�+2@+QKTH2tBiv- r?B+? �`2 Q7 bBKBH�` Q`/2` iQ i?2 .S
�TT`Q�+? 7Q` i?2 b�K2 T`Q#H2K Ub22 a2+iBQM 9X9XRVX LQi2 i?�i- B7 i?2 Tm`TQb2 Bb QMHv iQ }M/
i?2 MQM@/QKBM�i2/ b+Q`2 b2i- #v F22TBM; i?2 K�i`Bt P �M/ Q 7Q` 2�+? k �M/ k − 1- r2 QMHv
`2[mB`2 O(n1 · n2)@bT�+2 iQ bQHp2 i?2 T`Q#H2KX

h�#H2 9Xj, J�i`B+2b P �M/ Q 7Q` k = 0 �M/ k = 1 7Q` i?2 2t�KTH2 BM a2+iBQM 9X9XR rBi? i?2
ϵ@+QMbi`�BMi �TT`Q�+?X h?2 MmK#2`b BM i?2 #Hm2 #Qt2b b?Qr i?2 i`�+2#�+F 7Q` i?2 �HB;MK2Mi
rBi? b+Q`2 (−3,−1)

Q[i, j, 0],

� * h � : : :
y R k j 9 8 e d

y @∞ @∞ @∞ @∞ @∞ @∞ @∞ @∞
� R @∞ @∞ @∞ @∞ @∞ @∞ @∞ @∞
: k @∞ @∞ @∞ @∞ @∞ @∞ @∞ @∞
: j @∞ @∞ @∞ @∞ @∞ @∞ @∞ @∞
: 9 @∞ @∞ @∞ @∞ @∞ @∞ @∞ @∞
* 8 @∞ @∞ @∞ @∞ @∞ @∞ @∞ @∞
* e @∞ @∞ @∞ @∞ @∞ @∞ @∞ @∞
h d @∞ @∞ @∞ @∞ @∞ @∞ @∞ @∞
: 3 @∞ @∞ @∞ @∞ @∞ @∞ @∞ @∞

Q[i, j, 1],

� * h � : : :
y R k j 9 8 e d

y @∞ y @∞ @∞ @∞ @∞ @∞ @∞
� R y @∞ R @∞ @∞ @∞ @∞ @∞
: k @∞ R @∞ y @∞ @∞ @∞ @∞
: j @∞ @∞ y @∞ @R @∞ @∞ @∞
: 9 @∞ @∞ @∞ @R @∞ @k @∞ @∞
* 8 @∞ @∞ @∞ @∞ @k @∞ @j @∞
* e @∞ @∞ @∞ @∞ @∞ @j @∞ @9
h d @∞ @∞ @∞ @∞ @∞ @∞ @9 @∞
: 3 @∞ @∞ @∞ @∞ @∞ @∞ @∞ @8

P[i, j, 0],

� * h � : : :
y R k j 9 8 e d

y y @∞ @∞ @∞ @∞ @∞ @∞ @∞
� R @∞ R @∞ @∞ @∞ @∞ @∞ @∞
: k @∞ @∞ y @∞ @∞ @∞ @∞ @∞
: j @∞ @∞ @∞ @R @∞ @∞ @∞ @∞
: 9 @∞ @∞ @∞ @∞ @k @∞ @∞ @∞
* 8 @∞ @∞ @∞ @∞ @∞ @j @∞ @∞
* e @∞ @∞ @∞ @∞ @∞ @∞ @9 @∞
h d @∞ @∞ @∞ @∞ @∞ @∞ @∞ @8
: 3 @∞ @∞ @∞ @∞ @∞ @∞ @∞ @∞

P[i, j, 1],

� * h � : : :
y R k j 9 8 e d

y @∞ y @∞ @∞ @∞ @∞ @∞ @∞
� R y @∞ R @∞ @∞ @∞ @∞ @∞
: k @∞ @R @∞ y @∞ @∞ @∞ @∞
: j @∞ @∞ y @∞ @R @∞ @∞ @∞
: 9 @∞ @∞ @∞ @R @∞ y @∞ @∞
* 8 @∞ @∞ @∞ @∞ @k @∞ @R @∞
* e @∞ @∞ @∞ @∞ @∞ @j @∞ @R
h d @∞ @∞ @∞ @∞ @∞ @∞ @9 @∞
: 3 @∞ @∞ @∞ @∞ @∞ @∞ @∞ @j

ϵ@+QMbi`�BMi 7Q` S`Q#H2K Uoa:SV

hQ bQHp2 i?2 b2[m2M+2 �HB;MK2Mi T`Q#H2K rBi? K�tBKmK bm#biBimiBQM b+Q`2 �M/ � }t2/ MmK@
#2` Q7 ;�Tb- r2 mb2 i?2 2ti2MbBQM Q7 i?2 a�MFQz �H;Q`Bi?K T`QTQb2/ BM Ua�MFQz- RNdkVX h?Bb
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.S �H;Q`Bi?K }M/b i?2 HQM;2bi +QKKQM bm#b2[m2M+2 U2[mBp�H2Mi iQ K�tBKBx2 i?2 MmK#2`
Q7 i?2 K�i+?2bV rBi? �M BM2[m�HBiv +QMbi`�BMi QM i?2 MmK#2` Q7 ;�Tb U2t+2Ti i?2 ;�Tb i?�i
�`Bb2 BM i?2 bi�`i Q` �i i?2 2M/ Q7 i?2 �HB;MK2MiVX >2`2- r2 KQ/B}2/ i?Bb �H;Q`Bi?K iQ }M/
�M �HB;MK2Mi rBi? K�tBKmK bm#biBimiBQM b+Q`2- �M/ 2[m�HBiv +QMbi`�BMi QM i?2 MmK#2` Q7
;�TbX

h?2 MmK#2` Q7 ;�Tb BM �M �HB;MK2Mi Bb #QmM/2/ #v i?2 MmK#2` Q7 BM/2HbX G2i A =

(a1, . . . , an1) �M/ B = (b1, . . . , bn2) #2 irQ b2[m2M+2b �M/ H2i ℓcs #2 i?2 HQM;2bi +QKKQM
bm#b2[m2M+2 #2ir22M i?2 irQ b2[m2M+2bX h?2M- dmax = n1 + n2 − 2ℓcs Bb i?2 K�tBK�H
MmK#2` Q7 ;�Tb BM i?2 �HB;MK2Mi #2ir22M i?2 irQ bi`BM;bX

6Q` bQHpBM; S`Q#H2K Uoa:SV- r2 F22T i?`22 K�i`B+2b, P- Q �M/RX GBF2rBb2 i?2 T`2pBQmb
K2i?Q/- 7Q` � ;Bp2M (i, j, k) ∈ {1, . . . , n1} × {1, . . . , n2} × {0, . . . , d}- 2�+? 2Mi`v P[i, j, k] -
Q[i, j, k] �M/R[i, j, k] biQ`2b i?2 K�tBKmK b+Q`2 Q7 �HB;MBM; irQ bm#b2[m2M+2b (a1, . . . , ai) �M/
(b1, . . . , bj) +QMbi`�BM2/ iQ k ;�Tb i?�i 2M/ rBi? (ai, bj)- (ai, ‘− ’) �M/ (‘− ’, bj)- `2bT2+iBp2HvX
h?2 `2�bQM iQ mb2 �M 2ti`� K�i`Bt- R- Bb iQ F22T i?2 i`�+F Q7 ;�Tb BM #Qi? b2[m2M+2b BM
i?2 �HB;MK2Mib- BX2X K�i`Bt Q F22Tb i`�+F Q7 ;�Tb BM i?2 }`bi b2[m2M+2 r?2`2�b K�i`Bt R

F22Tb i`�+F Q7 ;�Tb BM i?2 b2+QM/ b2[m2M+2X h?2 `2+m`bBQM 7Q` 1 ≤ i ≤ n1- 1 ≤ j ≤ n2 �M/
0 < k ≤ dmax Bb �b 7QHHQrb,

P[i, j, k] = max

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

P[i− 1, j − 1, k] +M [ai, bj ]

Q[i− 1, j − 1, k] +M [ai, bj ]

R[i− 1, j − 1, k] +M [ai, bj ]

U9XRjV

Q[i, j, k] = max

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

P[i, j − 1, k − 1]

Q[i, j − 1, k]

R[i, j − 1, k − 1]

U9XR9V

R[i, j, k] = max

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

P[i− 1, j, k − 1]

Q[i− 1, j, k − 1]

R[i− 1, j, k]

U9XR8V

r?2`2 M Bb � bm#biBimiBQM K�i`BtX h?2 #�bBb +�b2b Q7 i?2 K�i`B+2b 7Q` 0 ≤ k ≤ d- 0 ≤ i ≤ n1

�M/ 0 ≤ j ≤ n2 �`2,
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Q[i, j, 0] = R[i, j, 0] = −∞ U9XReV

P[i, j, 0] =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0 B7 i = j = 0

P[i− 1, j − 1, 0] +M [ai, bj ] B7 i = j ̸= 0

−∞ B7 i ̸= j

U9XRdV

P[i, 0, k] = P[0, j, k] = −∞ k > 0 U9XR3V

Q[i, 0, k] = R[0, j, k] = −∞ k > 0 U9XRNV

Q[0, j, k] =

⎧
⎨

⎩
0 B7 k = 1

−∞ B7 k > 1
U9XkyV

R[i, 0, k] =

⎧
⎨

⎩
0 B7 k = 1

−∞ B7 k > 1
U9XkRV

6Q` i?2 b2[m2M+2b BM i?2 2t�KTH2 Q7 a2+iBQM 9X9XR- T�;2 3k- h�#H2 9X9 b?Qrb i?2 K�i`B+2b
P- Q �M/ R 7Q` k = 1 �M/ k = 2X 6Q` i?2 #�bBb +�b2b- k = 0 Ur?2M MQ BM/2Hf;�Tb Bb
�HHQr2/V- i?2 K�i`Bt P Bb 2t�+iHv 2[m�H iQ i?�i Q7 h�#H2 9Xj �M/ K�i`B+2b Q �M/ R /Q MQi
?�p2 72�bB#H2 p�Hm2bX q?2M k = 1- i?2 K�tBKmK bm#biBimiBQM b+Q`2 Bb −3- r?B+? Bb i?2
K�tBKmK #2ir22M P[8, 7, 1] = −3,Q[8, 7, 0] = −∞ �M/ R[8, 7, 0] = −5X AM i?Bb +�b2- i?2
�HB;MK2Mi +Q``2bTQM/BM; iQ i?2 b+Q`2 (−3,−1) Bb i?2 b�K2 �b 7Q` S`Q#H2K oa.S BM h�#H2
9X9X qBi? k = 2- i?2 K�tBKmK bm#biBimiBQM b+Q`2 Bb 4- r?B+? +Q``2bTQM/b iQ irQ /Bz2`2Mi
�HB;MK2Mib- QM2 7`QK K�i`Bt P- �M/ Qi?2` 7`QK K�i`Bt RX h?2 MmK#2`b BM #Qt2b b?Qr i?2
i`�+2#�+F T�i? iQ i?2 +Q``2bTQM/BM; S�`2iQ QTiBK�H �HB;MK2Mi rBi? i?2 b+Q`2 (4,−2) 7`QK
K�i`Bt RX h?2 �HB;MK2Mi Bb �b 7QHHQrb,

� * h � : : : @ @ @ @
@ @ @ � : : : * * h :

h?2 `2KQp�H Q7 /QKBM�i2/ b+Q`2b Bb T2`7Q`K2/ i?2 b�K2 �b i?2 ϵ@+QMbi`�BMi �TT`Q�+? 7Q`
S`Q#H2K Uoa.SVX aBM+2 i?2 MmK#2` Q7 ;�Tb Bb #QmM/2/ 7`QK �#Qp2 #v i?2 MmK#2` Q7 BM/2Hb
BM �HB;MK2Mi- i?2 iBK2 �M/ bT�+2 +QKTH2tBiv Bb �HbQ i?2 b�K2X
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�M/ Uoa:SV Ub22 a2+iBQMb 9X9XR �M/ 9X9XkVX JQ`2Qp2`- r2 �HbQ 2t�KBM2 i?2 2z2+iBp2M2bb Q7
i?2 T`mMBM; i2+?MB[m2 /2b+`B#2/ BM a2+iBQM 9X9XR- T�;2 deX

hrQ `2�H /�i� b2i �`2 +QMbB/2`2/X h?2 }`bi /�i� b2i +QMbBbib Q7 >2T�iQ+vbiBb bTX *L_SRR-
>2T�iQ+vbiBb bTX SSR- SH�bKQ/BmK Dmti�Mm+H2�`2- "`2pB�i� �M�i?2K� U�6R8jkyeV- h?2BH2`B�
T�`p� U��:EyRyyyyyeV- S�`pBHm+B72`� BM72+i�Mb U�6RjjNyNV- �KvH�t i`B�+�Mi?� U�"jd83eNV-
*2`�iQ+Q`vb ?Q``B/� U�6ykkR89V �M/ �H2t�M/`BmK +�i2M2HH� U�"y33k3yVX h?2 b2+QM/ /�i�
b2i +QMbBbib Q7 *�M/B/� ;2M2b- *X�H#B+�Mb S�S� *X�H#B+�Mb S�S�HT?�- *Xi`QTB+�HBb S�S�HT?�-
*Xi`QTB+�HBb S�S� �M/ *X/m#HBMB2MbBb S�S�- �b r2HH �b i?2 ;2M2b SB+?B� biBTBiBb S�S�HT?�
�M/ a�++?�`QKv+2b +2`2pBbB�2 S�S Ua22 "miH2` 2i �HX UkyyNV 7Q` � KQ`2 /2i�BH2/ /2b+`BTiBQM
Q7 i?2b2 ;2M2bVX



N3 9X JmHiBQ#D2+iBp2 S�B`rBb2 a2[m2M+2 �HB;MK2Mi

h�#H2 9Xd, 1tT2`BK2Mi�H `2bmHib QM i?2 irQ /�i� b2ib

o�`B�Mi a2i #nd %prun %impr *Sl@iBK2
.S@S`mM2 .S@MQS`mM2 1*

Uoa.SV R j93 8dXdW 8dX3W yX3 ± yXR RXN ± yXj 3X9 ± RX3
k 9yR 9eXkW eyXyW yXN ± yXj kXj ± yX3 RyX3 ± RXe

Uoa:SV R jyk 9RXyW jNXeW dXN ± RXR RjXR ± kX9 kjX9 ± 9X8
k jNd j9XyW jRXkW RyXR ± RXN R9Xd ± jXk kkX8 ± jX3

h?2 �p2`�;2 bBx2 Q7 i?2 ;2M2b BM i?2 }`bi �M/ b2+QM/ /�i� b2i Bb 1724 �M/ 1703- `2bT2+iBp2HvX
h?2 BKTH2K2Mi�iBQMb r2`2 +Q/2/ BM * �M/ +QKTBH2/ rBi? ;++ p2`bBQM 9X9Xj rBi? i?2 @Pj
+QKTBH2` QTiBQM- BM � +Hmbi2` rBi? Re MQ/2bX 1�+? MQ/2 +QMi�BMb AMi2H *Q`2 Bd *Sl rBi?
9@+Q`2 �M/ k :" _�J- rBi? QT2`�iBM; bvbi2K l#mMim RyXy9X9X 1t+2Ti 7Q` i?2 +QKTBH2`
QTiBQM- MQ Qi?2` +Q/2 QTiBKBx�iBQM i2+?MB[m2 r�b mb2/ BM i?2 2tT2`BK2MibX

S`2HBKBM�`v 2tT2`BK2Mib rBi? .S mbBM; i?2 T`mMBM; i2+?MB[m2 BM/B+�i2/ i?�i i?`22
#QmM/b r2`2 �HbQ BMbm{+B2Mi 7Q` Q#i�BMBM; ;QQ/ T2`7Q`K�M+2 7Q` S`Q#H2K Uoa.SVX 6Q`
i?Bb `2�bQM- b2p2`�H r2B;?i2/ bmK T`Q#H2Kb r2`2 bQHp2/ 7Q` /Bz2`2Mi r2B;?i +QK#BM�iBQMb BM
Q`/2` iQ Q#i�BM � iB;?i2` HQr2` #QmM/ b2iX � `2�bQM�#H2 ;QQ/ i`�/2@Qz #2ir22M i?2 iBK2
bT2Mi QM i?2 T`2@T`Q+2bbBM; T?�b2 �M/ i?2 iBK2 bT2Mi QM +QKT�`BM; #QmM/b r�b �+?B2p2/
rBi? i?2 MmK#2` Q7 #QmM/b 2[m�H iQ k9- rBi? r2B;?ib p�`vBM; BM i?2 7QHHQrBM; K�MM2`, ws = i-
wg = 25− i- i = 1, . . . , 24X

h�#H2 9Xd ;Bp2b i?2 `2bmHib Q#i�BM2/ 7Q` T`Q#H2K p�`B�Mib Uoa.SV �M/ Uoa:SV 7Q` #Qi?
/�i� b2ibX h?2 .S �H;Q`Bi?K rBi? T`mMBM; �M/ rBi?Qmi T`mMBM; �b r2HH �b i?2 ϵ@+QMbi`�BMi
i2+?MB[m2 �`2 b?QrM rBi? .S@S`mM2- .S@MQS`mM2 �M/ 1*- `2bT2+iBp2HvX *QHmKM #nd +Q`@
`2bTQM/b iQ i?2 �p2`�;2 MmK#2` Q7 MQM@/QKBM�i2/ bi�i2b- %prun ;Bp2b i?2 T2`+2Mi�;2 Q7
bi�i2b i?�i r2`2 T`mM2/ BM i?2 .S@S`mM2 p2`bBQM- *Sl@iBK2 ;Bp2b i?2 �p2`�;2 �M/ bi�M/�`/
/2pB�iBQM Q7 *Sl@iBK2 BM b2+QM/b iQ i2`KBM�i2 �M/ %impr +Q``2bTQM/b iQ i?2 T2`+2Mi�;2 Q7
BKT`Qp2K2Mi Q7 .S@S`mM2 BM i2`Kb Q7 *Sl@iBK2 BM +QKT�`BM; iQ .S@MQS`mM2 p2`bBQMX h?2
p�Hm2b �`2 �p2`�;2/ Qp2` �HH T�B`b Q7 ;2M2bX

h?2 `2bmHib b?Qr i?�i 1* ?�b i?2 rQ`bi T2`7Q`K�M+2 BM i2`Kb Q7 *Sl iBK2X q2 Q#b2`p2/
i?�i QM S`Q#H2K Uoa.SV Bi i�F2b M2�`Hv Ry iBK2b KQ`2 i?�M .S@S`mM2 �M/ .S@MQS`mM2
�M/ QM S`Q#H2K Uoa:SV i�F2 �HKQbi irB+2 KQ`2 7`QK .S@S`mM2 �M/ .S@MQS`mM2 p2`bBQMX
JQ`2Qp2`- i?2 .S@S`mM2 p2`bBQM Bb �#H2 iQ T`mM2 #2ir22M 34% �M/ 57% Q7 i?2 bi�i2b i?�i
�`2 ;2M2`�i2/ #v i?2 .S@MQS`mM2 p2`bBQMX h?Bb ?�b � /B`2+i +QMb2[m2M+2 QM *Sl@iBK2c i?2
.S@S`mM2 p2`bBQM Bb #2ir22M 31% �M/ 60% 7�bi2`X Ai Bb MQi2rQ`i?v iQ K2MiBQM i?�i i?2



9X8X 1tT2`BK2Mi�H �M�HvbBb NN

6B;m`2 9Xj, h?2 2tT2`BK2Mi�H `2bmHib 7Q` .S@S`mM2 7Q` S`Q#H2Kb Uoa.SV �M/ Uoa:SV rBi?
`�M/QK /�i� b2i `�M;2/ 7`QK n = 200 iQ 3000

MmK#2` Q7 MQM@/QKBM�i2/ bi�i2b Bb +HQb2 iQ 1/5 Q7 i?2 �p2`�;2 bBx2 Q7 i?2 ;2M2bX q2 �HbQ
Q#b2`p2/ i?�i #Qi? �H;Q`Bi?Kb QM S`Q#H2K Uoa:SV i�F2 `Qm;?Hv d@Ry iBK2b KQ`2 *Sl@iBK2
i?�M QM S`Q#H2K Uoa.SVX

9X8Xj *QKTmi�iBQM�H �M�HvbBb rBi? _�M/QK .�i�

AM i?2 T`2pBQmb b2+iBQM- i?2 2tT2`BK2Mi�H `2bmHib bm;;2bi2/ i?�i i?2 .S �H;Q`Bi?K mbBM; i?2
T`mMBM; i2+?MB[m2 U.S@S`mM2V ?�b i?2 #2bi T2`7Q`K�M+2- r?2`2�b ϵ@+QMbi`�BMi U1*V i�F2b
Km+? KQ`2 iBK2X AM i?Bb b2+iBQM- r2 �M�Hvb2/ i?2 T2`7Q`K�M+2 Q7 .S@S`mM2 QM p�`BQmb /�i�
H2M;i? 7Q` #Qi? T`Q#H2K p�`B�Mib Uoa.SV �M/ Uoa:SVX h?2 BKTH2K2Mi�iBQMb r2`2 `mM QM
� rB/2 `�M;2 Q7 `�M/QKHv ;2M2`�i2/ .L� b2[m2M+2bX h?2 bBx2 Q7 b2[m2M+2b `�M;2/ 7`QK
n = 200 iQ 3000X � iQi�H Q7 jy BMbi�M+2b r2`2 ;2M2`�i2/ 7Q` 2�+? +QK#BM�iBQM Q7 p�Hm2b Q7 nX
q2 mb2/ i?2 b�K2 bvbi2K iQ `mM i?2 2tT2`BK2Mib �b BM a2+iBQM 9X8XkX

6B;m`2 9Xj T`2b2Mib i?2 2tT2`BK2Mi�H `2bmHib Q#i�BM2/ 7Q` S`Q#H2K Uoa.SV �M/ Uoa:SVX
h?2 p�Hm2b �`2 �p2`�;2/ Qp2` 30 BMbi�M+2b Q7 i?2 b�K2 bBx2X

kh?2 `�M/QKHv b2[m2M+2b r2`2 Q#i�BM2/ 7`QK ?iiT,ffrrrX#BQBM7Q`K�iB+bXQ`;fbKbkf`�M/QKn/M�X?iKH
aiQi?�`/ UkyyyVX



Ryy 9X JmHiBQ#D2+iBp2 S�B`rBb2 a2[m2M+2 �HB;MK2Mi

9Xe amKK�`v �M/ .Bb+mbbBQM

AM i?Bb +?�Ti2`- r2 BMi`Q/m+2/ i?2 KmHiBQ#D2+iBp2 T�B`rBb2 b2[m2M+2 �HB;MK2Mi T`Q#H2K �M/
T`QTQb2/ i?2 2ti2MbBQMb Q7 /vM�KB+ T`Q;`�KKBM; �H;Q`Bi?Kb 7Q` b2p2`�H T`Q#H2K p�`B�MibX
6m`i?2`KQ`2- � T`mMBM; i2+?MB[m2 Bb T`2b2Mi2/ iQ BKT`Qp2 i?2 T2`7Q`K�M+2 Q7 /vM�KB+ T`Q@
;`�KKBM; �H;Q`Bi?Kb 7Q` KmHiBQ#D2+iBp2 T�B`rBb2 b2[m2M+2 �HB;MK2Mi- r?B+? mb2b HQr2` �M/
mTT2` #QmM/b iQ /Bb+�`/ bi�i2b BM i?2 2�`Hv bi�;2b Q7 i?2 T`Q+2bbX h?Bb i2+?MB[m2 +�M 2�bBHv #2
2ti2M/2/ iQ i?2 +�b2 Q7 i?2 �{M2 ;�T #v T2`7Q`KBM; i?2 M2+2bb�`v +?�M;2b BM i?2 `2+m``2M+2
`2H�iBQM Q7 K�i`B+2b S �M/ T Ub22 a2+iBQM 9X9XRVX h?2v +�M �HbQ #2 2ti2M/2/ iQ i?2 i?`22
+`Bi2`B� +�b2- r?2`2 i?2 bm#biBimiBQM b+Q`2- i?2 MmK#2` Q7 BM/2Hb �M/ i?2 MmK#2` Q7 ;�Tb �`2
bBKmHi�M2QmbHv +QMbB/2`2/ BM i?2 b+Q`2 p2+iQ` 7mM+iBQMX

AM i?2 M2ti +?�Ti2`- i?2 Qi?2` K�BM +QMi`B#miBQMb Q7 i?Bb i?2bBb �`2 BMi`Q/m+2/- BM T�`@
iB+mH�`- i?2 KmHiBQ#D2+iBp2 7Q`KmH�iBQM Q7 i?2 KmHiBTH2 b2[m2M+2 �HB;MK2Mi �M/ �H;Q`Bi?Kb iQ
bQHp2 BiX



*?�Ti2` 8

JmHiBQ#D2+iBp2 JmHiBTH2 a2[m2M+2 �HB;MK2Mi

8XR AMi`Q/m+iBQM

AM i?Bb +?�Ti2`- r2 +QMbB/2` �HB;MK2Mi T`Q#H2Kb rBi? KQ`2 i?�M irQ b2[m2M+2b- +�HH2/ i?2
JmHiBTH2 a2[m2M+2 �HB;MK2Mi UJa�V T`Q#H2KX h?2b2 �HB;MK2Mib TH�v � +`m+B�H `QH2 BM KQH2+@
mH�` #BQHQ;vX J�Mv �H;Q`Bi?Kb ?�p2 #22M T`QTQb2/ 7Q` i?2 BM72`2M+2 Q7 KmHiBTH2 b2[m2M+2
�HB;MK2Mib Q7 T`Qi2BM �M/ .L� b2[m2M+2b U*�``BHHQ �M/ GBTK�M- RN33VX

h?2 bBM;H2@Q#D2+iBp2 p2`bBQM Q7 i?2 Ja� T`Q#H2K 7Q` �M �`#Bi`�`v MmK#2` Q7 b2[m2M+2b Bb
FMQrM iQ #2 LS@?�`/ UCmbi- kyyRVX 6Q` i?Bb `2�bQM- KQbi Q7 i?2 +m``2Mi �TT`Q�+?2b iQ i?Bb
T`Q#H2K �`2 #�b2/ QM ?2m`BbiB+b- `�M;BM; 7`QK T`Q;`2bbBp2 iQ Bi2`�iBp2 K2i?Q/bX AM T`BM+BTH2-
� KmHiBQ#D2+iBp2 p�`B�Mi Q7 i?2 Ja� Bb 2p2M ?�`/2` 7`QK i?2 +QKTmi�iBQM�H TQBMi Q7 pB2r
bBM+2 KQ`2 i?�M QM2 bQHmiBQM Bb M22/2/ iQ �ii�BMX h?2`27Q`2- BM Q`/2` iQ Q#i�BM bQHmiBQMb BM
� b?Q`i �KQmMi Q7 iBK2- r2 M22/ iQ `2bQ`i iQ ?2m`BbiB+b 7Q` KmHiBQ#D2+iBp2 QTiBKBx�iBQMX

h?2`2 ?�p2 #22M b2p2`�H p�`B�Mib Q7 i?Bb T`Q#H2KX AM Qm` T�`iB+mH�` +�b2- r2 �`2 +QMbB/@
2`BM; i?2 Ja� T`Q#H2K rBi? bmK@Q7@T�B`b Q` r2B;?i2/ bmK@Q7@T�B`b b+Q`2 Ub22 a2+iBQM kX9XR-
T�;2 k9- 7Q` KQ`2 /2i�BHbVX h?2`2 Bb � +QMb2Mbmb i?�i i?2b2 b+Q`2b `2~2+i #BQHQ;B+�H 2p2Mib
�M/ i?�i i?2 QTiBKBx�iBQM Q7 i?2K H2�/b iQ #BQHQ;B+�HHv +Q``2+i �HB;MK2MibX >Qr2p2`- i?2b2
7mM+iBQMb �`2 ?B;?Hv /2T2M/2Mi QM i?2 T�`�K2i2` b2iiBM;- HBF2 i?2 `2H�iBp2 BKTQ`i�M+2 Q7 BM@
/2Hbf;�Tb rBi? `2bT2+i iQ i?2 BM+`2�b2 Q7 i?2 bm#biBimiBQM b+Q`2X 6Q` i?2 b�K2 `2�bQMb �b

RyR



Ryk 8X JmHiBQ#D2+iBp2 JmHiBTH2 a2[m2M+2 �HB;MK2Mi

T`2b2Mi2/ 7Q` i?2 Sa� T`Q#H2K Ub22 a2+iBQM 9XR- T�;2 dRV- r2 T`QTQb2 � M2r KmHiBQ#D2+iBp2
7Q`KmH�iBQM 7Q` i?2 bmK@Q7@T�B`b b+Q`2X

h?2 K�BM +QMi`B#miBQMb Q7 i?Bb +?�Ti2` �`2 2tTH�BM2/ BM i?2 7QHHQrBM;- r?B+? r2`2 T�`iB�HHv
Tm#HBb?2/ BM � DQm`M�H T�T2` U�##�bB 2i �HX- kyReV- � +QM72`2M+2 T�T2` U�##�bB 2i �HX- kyR8V
�M/ � TQbi2` rBi? �M Q`�H T`2b2Mi�iBQM BM �M BMi2`M�iBQM�H +QM72`2M+2 U�##�bB 2i �HX- kyRj#VX

BV q2 T`QTQb2 iQ �TT`Q�+? i?2 JmHiBQ#D2+iBp2 JmHiBTH2 a2[m2M+2 �HB;MK2Mi UKJa�V T`Q#@
H2K rBi? � HQ+�H b2�`+? �H;Q`Bi?K- 2ti2M/BM; i?2 7Q`KmH�iBQM ;Bp2M BM a2+iBQM 9Xk- T�;2
dk- 7Q` �M �`#Bi`�`v MmK#2` Q7 b2[m2M+2bX h?Bb �TT`Q�+? +QMbB/2`b i?2 bmK@Q7@T�B`b
b+Q`2 7mM+iBQM i?�i K�tBKBx2b i?2 bm#biBimiBQM b+Q`2- #�b2/ QM � ;Bp2M bm#biBimiBQM
K�i`Bt- �M/ KBMBKBx2b i?2 MmK#2` Q7 BM/2Hbf;�TbX h?2 HQ+�H b2�`+? �H;Q`Bi?K bi�`ib
7`QK �HB;MK2Mib Q#i�BM2/ 7`QK bQK2 r2HH@FMQrM bBM;H2@Q#D2+iBp2 �TT`Q�+?2b- bm+? �b
*Hmbi�H PK2;� �M/ h@*Qz22- �b r2HH �b 7`QK `�M/QKHv ;2M2`�i2/ �HB;MK2MibX

BBV q2 T`QTQb2 �M Bi2`�i2/ HQ+�H b2�`+? �H;Q`Bi?K iQ BKT`Qp2 i?2 [m�HBiv Q7 i?2 �HB;MK2Mib
T`Q/m+2/ #v i?2 HQ+�H b2�`+? �H;Q`Bi?KX h?Bb T`Q+2/m`2 +QMbBbib Q7 bm++2bbBp2 HQ+�H
b2�`+? `mMb- 2�+? Q7 r?B+? bi�`iBM; 7`QK bQHmiBQMb Q#i�BM2/ 7`QK T`2pBQmb `mMb i?�i
r2`2 bHB;?iHv T2`im`#2/X

BBBV q2 T`2b2Mi � KQ/B}+�iBQM Q7 La:�@AA U.2# 2i �HX- kyykV iQ bQHp2 i?2 KJa�X AM i?2
HBi2`�im`2- La:�@AA ?�b #22M i?2 K�BM �TT`Q�+? iQ bQHp2 i?2 b2p2`�H p�`B�Mib Q7 i?Bb
T`Q#H2KX AM T�`iB+mH�`- r2 �/�Ti i?2 La:�@AA T`QTQb2/ #v JPa�ai`1- � FMQrM
�TT`Q�+? 7Q` � /Bz2`2Mi p�`B�Mi Q7 i?2 KmHiBQ#D2+iBp2 b2[m2M+2 �HB;MK2Mi UP`imƢQ 2i �HX-
kyRjVX h?2 b�K2 ivT2 Q7 ;2M2iB+ QT2`�iQ`b �`2 �TTHB2/X

BpV h?2 ?2m`BbiB+ �TT`Q�+?2b T`QTQb2/ BM i?Bb bim/v �`2 i2bi2/ i?Q`Qm;?Hv mM/2` /Bz2`2Mi
T�`�K2i2` QTiBQMb bm+? �b bi�`iBM; �HB;MK2Mib- M2B;?#Q`?QQ/ /2}MBiBQMb- �M/ T2`im`@
#�iBQM K2+?�MBbKbX AM i?2 2tT2`BK2Mi�H �M�HvbBb- r2 mb2/ �HH i?2 BMbi�M+2b Q#i�BM2/
7`QK i?2 #2M+?K�`F /�i�#�b2 "�HB"�a1 jXy- bm#b2ib _oRR- _oRk �M/ _oky Uh?QKT@
bQM 2i �HX- kyy8VX q2 mb2/ i?2 ?vT2`pQHmK2 BM/B+�iQ` iQ 2p�Hm�i2 i?2 T2`7Q`K�M+2 Q7
i?2 �H;Q`Bi?KbX JQ`2Qp2`- BM Q`/2` iQ �bb2bb HQ+�H b2�`+? �M/ La:�@AA- r2 �HbQ �TTHB2/
i?2 �ii�BMK2Mi 7mM+iBQM K2i?Q/QHQ;v iQ pBbm�HBx2 /Bz2`2M+2b Q7 T2`7Q`K�M+2 BM i?2
Q#D2+iBp2 bT�+2X

h?Bb +?�Ti2` Bb QmiHBM2/ �b 7QHHQrb, a2+iBQM 8Xk T`QpB/2b i?2 `2[mB`2/ MQi�iBQM �M/ /2}@
MBiBQMb 7Q` i?2 KJa� T`Q#H2K i?�i Bb i�+FH2/ BM i?Bb i?2bBbc a2+iBQM 8Xj T`2b2Mib � `2pB2r Q7



8XkX LQi�iBQM �M/ .2}MBiBQMb Ryj

FMQrM ?2m`BbiB+ �TT`Q�+?2b 7Q` b2p2`�H /Bz2`2Mi p�`B�Mib Q7 KJa�c a2+iBQM 8X9 /2b+`B#2b i?2
T`QTQb2/ HQ+�H b2�`+? �H;Q`Bi?K 7Q` Qm` p�`B�Mi Q7 i?2 KJa� T`Q#H2K �b r2HH �b BKTH2K2M@
i�iBQM /2i�BHb Q7 La:�@AA 7Q` i?Bb T`Q#H2Kc a2+iBQM 8X8 /2b+`B#2b �M BM@/2Ti? 2tT2`BK2Mi�H
�bb2bbK2Mi Q7 i?2 T`QTQb2/ K2i?Q/b �M/- }M�HHv- a2+iBQM 8Xe T`2b2Mib i?2 +QM+HmbBQMb �M/
iQTB+b 7Q` 7mim`2 rQ`FX

8Xk LQi�iBQM �M/ .2}MBiBQMb

� MmK#2` Q7 /Bz2`2Mi Q#D2+iBp2b ?�p2 #22M 7Q`KmH�i2/ BM i?2 +QMi2ti Q7 KJa� S`Q#H2K- bm+?
�b h* UT2`+2Mi�;2 Q7 �HB;M2/ +QHmKMbV- LQM:�Tb UT2`+2Mi�;2 Q7 +QHmKMb i?�i /Q MQi +QMi�BM
BM/2HbV- aS@b+Q`2 UbmK@Q7@T�B`b b+Q`2V- ah_AE1- 1Mi`QTv- "�HBa+Q`2 �M/ J2i�H Ub22 a2+iBQM
kX9Xj- T�;2 jd- 7Q` KQ`2 /2i�BHbVX �KQM; KQbi Q7 i?2K- i?2 bmK@Q7@T�B`b b+Q`2 Bb i?2 KQbi
mb2/ Q#D2+iBp2X >Qr2p2`- �b K2MiBQM2/ BM *?�Ti2` 9- i?Bb b+Q`2 Bb M�im`�HHv KmHiBQ#D2+iBp2X

AM i?Bb b2+iBQM- r2 BMi`Q/m+2 � T�`iB+mH�` /2}MBiBQM �M/ 7Q`KmH�iBQM Q7 i?2 KJa� T`Q#@
H2KX �M�HQ;Qmb iQ i?2 Sa� T`Q#H2K- r2 /Bb�;;`2;�i2 i?2 irQ Q#D2+iBp2 +QKTQM2Mib Q7 i?2
bmK@Q7@T�B`b b+Q`2, i?2 bm#biBimiBQM b+Q`2 �M/ BM/2Hbf;�Tb b+Q`2X

.2}MBiBQM 8XkXRX G2i A1 = (a11, . . . , a1n1), . . . , Am = (am1, . . . , amnm) #2 m b2[m2M+2b Qp2`
�M �HT?�#2i ΣX G2i ‘ − ’ /∈ Σ #2 �M BM/2H +?�`�+i2` �M/ H2i Σ′ = Σ ∪ {‘ − ’}X G2i φ #2 �M
�HB;MK2Mi Q7 m b2[m2M+2b A1, . . . , Am Ub22 .2}MBiBQM kX9XR- T�;2 k8VX *QMbB/2` ℓ iQ #2 i?2
H2M;i? Q7 i?2 KmHiBTH2 b2[m2M+2 �HB;MK2MiX q2 /2}M2 i?2 7QHHQrBM; #BQ#D2+iBp2 bmK@Q7@T�B`b
UBSP V b+Q`2 Q7 �M �HB;MK2MiX

BSP (φ) = (BSPs(φ), BSPd(φ))

r?2`2

BSPs(φ) =
ℓ∑

j=1

m−1∑

i=1

m∑

k=i+1

s(aij , akj)

BSPd(φ) =
ℓ∑

j=1

m−1∑

i=1

m∑

k=i+1

d(aij , akj)

h?2 b+Q`2 s(aij , akj)- 7Q` aij , akj ∈ Σ- Bb Q#i�BM2/ 7`QK � bm#biBimiBQM K�i`Bt- B7 M2Bi?2`
aij = ‘− ’ MQ` akj = ‘− ’- Qi?2`rBb2 Bb 0X h?2 b+Q`2 d(aij , akj)- 7Q` aij , akj ∈ Σ′ Bb 1- B7 2Bi?2`
aij = ‘− ’ Q` akj = ‘− ’- Qi?2`rBb2 Bb 0X



Ry9 8X JmHiBQ#D2+iBp2 JmHiBTH2 a2[m2M+2 �HB;MK2Mi

G2i Φ /2MQi2 i?2 b2i Q7 �HH 72�bB#H2 �HB;MK2MibX h?2 KJa� T`Q#H2K +QMbBbib Q7 }M/BM;
i?2 �HB;MK2Mib i?�i �`2 ǳK�tBK�HǴ rBi? `2bT2+i iQ i?2 �#Qp2 b+Q`2 7mM+iBQMX "v +QMbB/2`BM;
i?2 b+Q`2 7mM+iBQM T`2b2Mi2/ BM .2}MBiBQM 8XkXR- r2 /2}M2 � #BQ#D2+iBp2 KmHiBTH2 b2[m2M+2
�HB;MK2Mi T`Q#H2K �b 7QHHQrb,

arg vmax {φ : BSP (φ), φ ∈ Φ}

r?2`2 arg vmax Bb mM/2`biQQ/ BM i2`Kb Q7 S�`2iQ QTiBK�HBivX h?2 BK�;2 Q7 b2i Q7 Φ BM i?2
b+Q`2 7mM+iBQM bT�+2 Bb +�HH2/ 72�bB#H2 b+Q`2 b2iX h?2 MQiBQM Q7 S�`2iQ QTiBK�HBiv Bb /2b+`B#2/
�b 7QHHQrb, :Bp2M irQ 72�bB#H2 �HB;MK2Mib φ �M/ φ′- BSP (φ) ≻ BSP (φ′) Uφ /QKBM�i2b φ′ V
B7 �M/ QMHv B7 Bi ?QH/b i?�i BSPs(φ) ≥ BSPs(φ′) �M/ BSPd(φ) ≤ BSPd(φ′)- rBi? �i H2�bi
QM2 bi`B+i BM2[m�HBivX �M �HB;MK2Mi φ∗ Bb S�`2iQ QTiBK�H B7 i?2`2 2tBbib MQ Qi?2` �HB;MK2Mi
φ bm+? i?�i BSP (φ) ≻ BSP (φ∗)X AM i?Bb b2+iBQM r2 mb2 i?2 b�K2 i2`KBMQHQ;v �b mb2/
BM a2+iBQM jXkXR- T�;2 98- i?�i Bb- i?2 b2i Q7 �HH S�`2iQ QTiBK�H �HB;MK2Mib Bb +�HH2/ S�`2iQ
QTiBK�H �HB;MK2Mi b2iX h?2 BK�;2 Q7 � S�`2iQ QTiBK�H �HB;MK2Mi BM i?2 b+Q`2 bT�+2 Bb �
MQM@/QKBM�i2/ b+Q`2 �M/ i?2 b2i Q7 �HH MQM@/QKBM�i2/ b+Q`2b Bb +�HH2/ MQM@/QKBM�i2/ b+Q`2
b2iX

�Hi?Qm;? i?2 KmHiBQ#D2+iBp2 T�B`rBb2 b2[m2M+2 �HB;MK2Mi T`Q#H2K +�M #2 bQHp2/ 2{@
+B2MiHv- i?�i Bb- i?2 `mMMBM; iBK2 iQ }M/ i?2 MQM@/QKBM�i2/ b+Q`2 b2i Bb � TQHvMQKB�H 7mM+iBQM
Q7 i?2 bBx2 Q7 i?2 b2[m2M+2b- i?Bb Bb MQ HQM;2` i?2 +�b2 7Q` i?2 KmHiBTH2 +QmMi2`T�`ib 7Q` �M
�`#Bi`�`v MmK#2` Q7 b2[m2M+2bX h?mb- i?2 ;Q�H- BM T`�+iB+2- Bb iQ }M/ �M �TT`QtBK�iBQM iQ
i?2 MQM@/QKBM�i2/ b+Q`2 b2i BM � `2�bQM�#H2 �KQmMi Q7 iBK2- r?B+? +�M #2 T2`7Q`K2/ #v
?2m`BbiB+b K2i?Q/b Ub22 a2+iBQM jXjXk- T�;2 8RVX AM i?2 7QHHQrBM; b2+iBQM- r2 `2pB2r bQK2 Q7
i?2 KJa� T`Q#H2K p�`B�Mib �M/ i?2 T`QTQb2/ K2i?Q/b iQ i�+FH2 i?2KX

8Xj _2pB2r Q7 �TT`Q�+?2b iQ i?2 KJa� S`Q#H2K

AM i?Bb b2+iBQM- r2 `2pB2r b2p2`�H 7Q`KmH�iBQMb Q7 i?2 KJa� T`Q#H2K i?�i +�M #2 7QmM/ BM
i?2 HBi2`�im`2X h?2b2 7Q`KmH�iBQMb �`2 +QMbB/2`�#Hv /Bz2`2Mi 7`QK Qm`b �M/ �KQM; i?2K-
r?B+? K�F2 Bi /B{+mHi iQ �TT`Q�+? i?Bb T`Q#H2K BM � KQ`2 ;2M2`�H K�MM2`X

PM2 Q7 i?2 }`bi FMQrM �TT`Q�+?2b Bb JPa�ai`1- JmHiBQ#D2+iBp2 PTiBKBx2` 7Q` a2[m2M+2
�HB;MK2Mib #�b2/ QM ai`m+im`�H 1p�Hm�iBQMb- T`QTQb2/ #v P`imƢQ 2i �HX UkyRjVX h?2 �mi?Q`b
+QMbB/2`2/ � KmHiBQ#D2+iBp2 Ja� T`Q#H2K rBi? i?2 7QHHQrBM; Q#D2+iBp2b, BV ah_AE1 b+Q`2-
b+Q`2 rBi? bi`m+im`�H BM7Q`K�iBQM Ub22 a2+iBQM kX9Xj- T�;2 9yV- BBV hQi�H *QHmKM Uh*V Ui?2
T2`+2Mi�;2 Q7 B/2MiB+�H �HB;M2/ +QHmKMb BM i?2 �HB;MK2MiV �M/ BBBV S2`+2Mi�;2 Q7 MQM@;�Tb



8XjX _2pB2r Q7 �TT`Q�+?2b iQ i?2 KJa� S`Q#H2K Ry8

T�`ib Ui?2 T2`+2Mi�;2 Q7 +QHmKMb BM i?2 �HB;MK2Mi i?�i +QMi�BMb BM/2HbVX h?2v mb2/ � ;2@
M2iB+ �H;Q`Bi?K iQ bQHp2 i?Bb T`Q#H2K i?�i Bb #�b2/ QM La:�@AA rBi? � bBM;H2@TQBMi +`QbbQp2`
QT2`�iQ` �M/ Kmi�iBQM #�b2/ QM b?B7iBM; � ;�T BM i?2 �HB;MK2MiX PM i?2B` 2tT2`BK2Mib- i?2
BMBiB�H �HB;MK2Mib �`2 Q#i�BM2/ 7`QK 3 UbBM;H2@Q#D2+iBp2V Ja� T`Q;`�Kb, *Hmbi�Hq Uh?QKT@
bQM 2i �HX- RNN9V- Jmb+H2 U1/;�`- kyy9V- E�HB;M UG�bbK�MM �M/ aQMM?�KK2`- kyy8V- J�zi
UE�iQ? 2i �HX- kyykV- Uax�#Ʀ 2i �HX- kyRyV- h@*Qz22 ULQi`2/�K2 2i �HX- kyyyV- 6�bi bi�iBbiB+�H
�HB;MK2Mi U6a�V U"`�/H2v 2i �HX- kyyNV �M/ S`Q#*QMb U.Q 2i �HX- kyy8VX

aQiQ �M/ "2+2``� UkyR9V +QMbB/2`2/ irQ Q#D2+iBp2b, 1Mi`QTv �M/ J2i�H Ub22 a2+iBQM kX9Xj-
T�;2 j3- 7Q` KQ`2 BM7Q`K�iBQMVX aBKBH�` iQ P`imƢQ 2i �HX UkyRjV i?2v mb2/ � ;2M2iB+ �H;Q`Bi?K
+�HH2/- JP1�- �HbQ BMbTB`2/ #v La:�@AAX � irQ@TQBMi +`QbbQp2` �M/ � `�M/QK b?B7i Q7 �M
BM/2H �`2 mb2/ �b +`QbbQp2` �M/ Kmi�iBQM K2i?Q/b- `2bT2+iBp2HvX h?2v ?�p2 b2H2+i2/ bBt
�H;Q`Bi?Kb iQ T`QpB/2 bi�`iBM; �HB;MK2Mib- M�K2Hv *Hmbi�Hq- Jmb+H2- J�66h- S`Q#*QMb-
h@*Qz22 �M/ *Hmbi�H PK2;� UaB2p2`b 2i �HX- kyRRVX

E�v� 2i �HX UkyR9V +QMbB/2`2/ i?`22 Q#D2+iBp2b, bBKBH�`Biv- �{M2 ;�T T2M�Hiv �M/ bmTTQ`i
Ub22 a2+iBQM kX9Xj- T�;2 jNVX h?2v T`QTQb2/ �M �H;Q`Bi?K +�HH2/ Ja�J:� iQ bQHp2 i?Bb
T`Q#H2K- r?B+? Bb �HbQ #�b2/ QM La:�@AAX hrQ +`QbbQp2` QT2`�iQ`b UbBM;H2 �M/ irQ@TQBMiV
�M/ i?`22 Kmi�iBQM QT2`�iQ`b- M�K2Hv `�M/QK +?�M;BM; �M/ b?B7ib iQr�`/ i?2 `B;?i �M/ H27i
Q7 i?2 ;�T r2`2 �TTHB2/ iQ � T`Q#H2K /�i�b2i 7`QK "�HB"�a1 kXyX

w?m 2i �HX UkyReV T`QTQb2/ �MQi?2` KmHiBQ#D2+iBp2 p2`bBQM i?�i i�F2b BMiQ �++QmMi i?2 aS@
b+Q`2 �M/ �{M2 ;�T T2M�HivX h?2v BMi`Q/m+2/ �M �TT`Q�+? +�HH2/ JPJa�- r?B+? Bb #�b2/
QM JP1�f.X h?2 B/2� Q7 JP1�f. Bb iQ +QMp2`i � KmHiBQ#D2+iBp2 QTiBKBx�iBQM T`Q#H2K
BMiQ � MmK#2` Q7 b+�H�`Bx2/ QTiBKBx�iBQM T`Q#H2Kb Uw?�M; �M/ GB- kyydVX AM JPJa�- i?2
BMBiB�H TQTmH�iBQM Bb ;2M2`�i2/ #v �//BM; `�M/QKHv HQ+�i2/ BM/2Hb QM i?2 �HB;MK2Mi `2im`M2/
#v *Hmbi�HqX h?2 T2`7Q`K�M+2 Q7 i?Bb i2+?MB[m2 r�b i2bi2/ Qp2` i?2 #2M+?K�`F /�i�b2ib
"�HB"�a1 kXy �M/ "�HB"�a1 jXyX

JQ`2 `2+2MiHv- w�K#`�MQ@o2;� 2i �HX UkyRdV +QMbB/2`2/ � i?`22 Q#D2+iBp2 7Q`KmH�iBQM
Q7 i?2 Ja� T`Q#H2K i?�i BM+Hm/2b i?2 ah_AE1 b+Q`2- i?2 T2`+2Mi�;2 Q7 �HB;M2/ +QHmKMb
�M/ i?2 T2`+2Mi�;2 Q7 MQM@;�T bvK#QHbX h?2v /B/ �M 2tT2`BK2Mi�H bim/v iQ +QKT�`2 i?2
T2`7Q`K�M+2 Q7 7Qm` ?2m`BbiB+ �TT`Q�+?2b iQ bQHp2 i?Bb T`Q#H2K p�`B�MiX AM T�`iB+mH�`- i?2v
�TTHB2/ La:�@AA U.2# 2i �HX- kyykV- La:�@AAA UC�BM �M/ .2#- kyR9V- :q�a6@:� Ua�#Q`B/Q
2i �HX- kyRdV- �M/ JP*2HH UL2#`Q 2i �HX- kyyNVX h?2 +`QbbQp2` �M/ Kmi�iBQM QT2`�iQ`b-
bBKBH�` iQ JPa�ai`1- �`2 bBM;H2@TQBMi +`QbbQp2` �M/ b?B7iBM; ;�T Kmi�iBQM- `2bT2+iBp2HvX
h?2 K2i?Q/ 7Q` }HHBM; i?2 BMBiB�H TQTmH�iBQM Bb i?2 b�K2 �b mb2/ BM JPa�ai`1X AMbi2�/ Q7
+`2�iBM; `�M/QK bQHmiBQMb- � MmK#2` Q7 T`2@+QKTmi2/ �HB;MK2Mib �`2 Q#i�BM2/ 7`QK � b2i



Rye 8X JmHiBQ#D2+iBp2 JmHiBTH2 a2[m2M+2 �HB;MK2Mi

Q7 Ja� T`Q;`�KbX h?2v +QMbB/2`2/ H�`;2 /�i�b2ib Q7 BMbi�M+2b 7`QK "�HB"�a1 jXy 7Q` i?2
2tT2`BK2Mi�H �M�HvbBbX

h?2 K2i?Q/b T`2b2Mi2/ BM i?2 �#Qp2 `2pB2r 7Q`KmH�i2 i?2 Ja� T`Q#H2K �b � KmHiBQ#@
D2+iBp2 QTiBKBx�iBQM T`Q#H2K rBi? /Bz2`2Mi b+Q`2 /2}MBiBQMbX h?2 bmK@Q7@T�B`b b+Q`2 Bb QM2
Q7 i?2 F2v Q#D2+iBp2b i?�i Bb mb2/ BM aQiQ �M/ "2+2``� UkyR9V �M/ w?m 2i �HX UkyReVX

AM i?Bb rQ`F- r2 7Q`KmH�i2 i?2 Ja� T`Q#H2K �b �M 2ti2MbBQM Q7 i?2 Sa� T`Q#H2K Ub22
*?�Ti2` 9V mbBM; bm#biBimiBQM b+Q`2 �M/ BM/2Hbf;�Tb �b /Bz2`2Mi Q#D2+iBp2b iQ QTiBKBx2X aBM+2
i?2 T`Q#H2K ?�b bQK2 +QK#BM�iQ`B�H M�im`2 U�bbB;MBM; +?�`�+i2`b iQ TQbBiBQMb BM �M �HB;M@
K2MiV- r2 i�+FH2/ Bi rBi? HQ+�H � b2�`+? �TT`Q�+?- r?B+? ?�b ;Bp2M ;QQ/ T2`7Q`K�M+2 iQ
+QK#BM�iQ`B�H QTiBKBx�iBQM T`Q#H2Kb U>QQb �M/ aiɃixH2- kyy9VX JQ`2Qp2`- ;Bp2M i?�i KQbi
Q7 i?2 �TT`Q�+?2b �#Qp2 mb2 La:�@AA- r2 �HbQ �/�Ti Bi iQ Qm` T`Q#H2K 7Q` +QKT�`BbQM Tm`@
TQb2X

8X9 �H;Q`Bi?Kb

AM i?Bb b2+iBQM- r2 mb2 i?2 rQ`FBM; T`BM+BTH2 Q7 i?2 S�`2iQ GQ+�H a2�`+? USGaV- �M Bi2`�iBp2
BKT`Qp2K2Mi b2�`+? bi`�i2;v- iQ }M/ � b2i Q7 �HB;MK2Mib Ub22 a2+iBQM jXjXk- T�;2 ekVX h?2M-
r2 /2b+`B#2 i?2 QTiBQMb i?�i �`2 +QMbB/2`2/ iQ �TTHv SGa iQ i?2 KJa� T`Q#H2K, bi�`iBM;
�HB;MK2Mi �M/ M2B;?#Q`?QQ/ 7mM+iBQMX q2 T`QTQb2 � k@#HQ+F M2B;?#Q`?QQ/ iQ +`2�i2 M2B;?@
#Q`BM; �HB;MK2MibX L2ti- r2 BKT`Qp2 SGa #v mbBM; i?2 b�K2 rQ`FBM; T`BM+BTH2 Q7 Bi2`�i2/
HQ+�H b2�`+?X h?Bb T`Q+2/m`2 Bi2`�i2b Qp2` i?2 SGa �H;Q`Bi?K #v T2`im`#BM; bQK2 Q7 i?2
�HB;MK2Mib BM Q`/2` iQ 2b+�T2 7`QK HQ+�H QTiBK�X 6BM�HHv- r2 BMi`Q/m+2 La:�@AA U.2# 2i �HX-
kyyy- kyykV iQ bQHp2 i?2 KJa� T`Q#H2K 7QHHQrBM; i?2 b�K2 rQ`FBM; T`BM+BTH2 Q7 JPa�ai`1X

8X9XR S�`2iQ GQ+�H a2�`+? USGaV

S�`2iQ HQ+�H b2�`+? US�[m2i2 2i �HX- kyydV Bb � ;2M2`B+ HQ+�H b2�`+? 7`�K2rQ`F 7Q` KmHiBQ#D2+@
iBp2 QTiBKBx�iBQM T`Q#H2KbX h?2 �H;Q`Bi?K bi�`ib rBi? � 72�bB#H2 bQHmiBQM �M/ b2�`+?2b HQ+�HHv
7Q` #2ii2` M2B;?#Q`b iQ `2TH�+2 i?2 +m``2Mi QM2X h?Bb M2B;?#Q`?QQ/ b2�`+? Bb `2T2�i2/ mMiBH
MQ BKT`Qp2K2Mi +�M #2 �+?B2p2/- r?B+? K2�Mb i?�i i?2 �H;Q`Bi?K `2�+?2/ � HQ+�H QTiBKmKX
h?2 Tb2m/Q +Q/2 Q7 S�`2iQ GQ+�H a2�`+? rBi? KQ`2 /2i�BHb ?�b #22M T`2b2Mi2/ BM a2+iBQM
jXjXk- T�;2 ejX AM i?2 +QMi2ti Q7 i?2 KJa� T`Q#H2K- i?2 M2B;?#Q`?QQ/ 7mM+iBQM �bbQ+B�i2b
2p2`v 72�bB#H2 �HB;MK2Mi φ iQ � b2i Q7 72�bB#H2 �HB;MK2Mib N(φ)X �M �HB;MK2Mi φ Bb � S�`2iQ
HQ+�H QTiBKmK B7 i?2`2 2tBbib MQ �HB;MK2Mi φ′ BM N(φ) bm+? i?�i BSP (φ′) ≻ BSP (φ)X AM



8X9X �H;Q`Bi?Kb Ryd

h�#H2 8XR, aBM;H2 Q#D2+iBp2 K2i?Q/b i?�i �`2 mb2/ iQ +`2�i2 bi�`iBM; �HB;MK2Mib

BX _�M/, _�M/ Bb � `�M/QK TQbbB#H2 �HB;MK2Mi 7Q` +QKT�`BbQM Q7 i?2 `2bmHib rBi? KBMBKmK
TQbbB#H2 MmK#2` Q7 BM/2HbX

BBX *Hmbi�H PK2;� U*HmbiV, � 72�bB#H2 �HB;MK2Mi Q#i�BM2/ 7`QK T`Q;`�K *Hmbi�H PK2;� UaB2p@
2`b 2i �HX- kyRRV p2`bBQM RXkXj U�p�BH�#H2 �i ?iiT,ffrrrX+Hmbi�HXQ`;fQK2;�VX

BBBX h@*Q7722, � 72�bB#H2 �HB;MK2Mi Q#i�BM2/ 7`QK T`Q;`�K h@*Qz22 ULQi`2/�K2 2i �HX- kyyyV
p2`bBQM 3XNd U�p�BH�#H2 �i ?iiT,ffrrrXi+Q7722XQ`;fS`QD2+ibfi+Q7722fVX

BpX Jla*G1, � 72�bB#H2 �HB;MK2Mi Q#i�BM2/ 7`QK T`Q;`�K Jla*G1 U1/;�`- kyy9V p2`bBQM
jX3XjRU�p�BH�#H2 �i ?iiT,ffrrrX/`Bp28X+QKfKmb+H2f/QrMHQ�/bX?iKVX

pX E�HB;M, � 72�bB#H2 �HB;MK2Mi Q#i�BM2/ 7`QK T`Q;`�K E�HB;M UG�bbK�MM �M/ aQMM?�KK2`-
kyy8V p2`bBQM kXy9 U�p�BH�#H2 �i ?iiT,ffKb�Xb#+XbmXb2f+;B@#BMfKb�X+;BVX

pBX J�7i, � 72�bB#H2 �HB;MK2Mi Q#i�BM2/ 7`QK T`Q;`�K J�7i UE�iQ? 2i �HX- kyykV p2`bBQM dXjy8
U�p�BH�#H2 �i ?iiT,ffK�77iX+#`+XDTf�HB;MK2MifbQ7ir�`2fVX

pBBX _2i�HB;M, � 72�bB#H2 �HB;MK2Mi Q#i�BM2/ 7`QK T`Q;`�K _2i�HB;M Uax�#Ʀ 2i �HX- kyRyV p2`bBQM
RXy U�p�BH�#H2 �i ?iiT,ffT?vHQ;2Mv@+�72X2Hi2X?mf_2i�HB;MfVX

pBBBX S`Q#*QMb, � 72�bB#H2 �HB;MK2Mi Q#i�BM2/ 7`QK T`Q;`�K S`Q#*QMb U.Q 2i �HX- kyy8V p2`bBQM
RXRk U�p�BH�#H2 �i ?iiT,ffT`Q#+QMbXbi�M7Q`/X2/mf/QrMHQ�/X?iKHVX

BtX 6a�, � 72�bB#H2 �HB;MK2Mi Q#i�BM2/ 7`QK T`Q;`�K 6a� U"`�/H2v 2i �HX- kyyNV p2`bBQM RXR8X8
U�p�BH�#H2 �i ?iiT,ff7b�XbQm`+27Q`;2XM2ifVX

i?2 7QHHQrBM;- r2 /2b+`B#2 i?2 QTiBQMb i?�i �`2 +QMbB/2`2/ iQ �TTHv SGa i?2 KJa� T`Q#H2K
bm+? �b bi�`iBM; �HB;MK2Mi �M/ M2B;?#Q`?QQ/ 7mM+iBQMX

_2T`2b2Mi�iBQM Q7 i?2 �HB;MK2Mi

�HB;MK2Mib �`2 `2T`2b2Mi2/ �b � m×n K�i`Bt- r?2`2 m Bb i?2 MmK#2` Q7 b2[m2M+2b- �M/ n Bb
i?2 K�tBKmK H2M;i? i?�i �HB;MK2Mi +�M #2 2ti2M/2/X LQi2 i?�i � KmHiBTH2 b2[m2M+2 �HB;M@
K2Mi `�`2Hv +QMi�BMb BM/2Hbf;�Tb KQ`2 i?�M 20% Q7 i?2 H2M;i? Q7 i?2 H�`;2bi b2[m2M+2 U*?2H@
H�TBHH� �M/ 6Q;2H- RNNNVX h?2`27Q`2- #v +QMbB/2`BM; i?2 H2M;i? Q7 i?2 H�`;2bi b2[m2M+2 2[m�H
iQ ℓmax- i?2 �HB;MK2Mi Bb #QmM/2/ #v � K�i`Bt Q7 bBx2 m× 1.2ℓmaxX
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ai�`iBM; �HB;MK2Mi

h?2 bi�`iBM; bQHmiBQM K�v ?�p2 � bm#bi�MiB�H BKT�+i QM i?2 Qp2`�HH T2`7Q`K�M+2 Q7 HQ+�H
b2�`+? �H;Q`Bi?KbX h?2`27Q`2- r2 +QMbB/2`2/ /Bz2`2Mi TQbbB#BHBiB2b 7Q` ;2M2`�iBM; �HB;MK2Mib
#v mbBM; /Bz2`2Mi r2HH@FMQrM bBM;H2@Q#D2+iBp2 K2i?Q/bX q2 7QHHQr i?2 B/2�b BMi`Q/m+2/ BM
P`imƢQ 2i �HX UkyRjVX q2 ?�p2 ;2M2`�i2/- 7Q` 2p2`v /�i�b2i- � MmK#2` Q7 �HB;MK2Mib #v
mbBM; Jla*G1- E�HB;M- J�zi- _2i�HB;M- h@*Qz22- S`Q#*QMb- 6a� �M/ *Hmbi�H PK2;�X AM
�//BiBQM- r2 +QMbB/2` � `�M/QKHv ;2M2`�i2/ �HB;MK2Mi U_�M/V 7Q` +QKT�`BbQM Tm`TQb2X h?Bb
�HB;MK2Mi Bb Q#i�BM2/ #v BMb2`iBM; BM/2Hb `�M/QKHv BMiQ i?2 b2[m2M+2b- 2t+2Ti BM i?2 H�`;2bi
QM2X q2 +QMbB/2`2/ i?Bb BMBiB�HBx�iBQM QTiBQM iQ ?�p2 � 72�bB#H2 �HB;MK2Mi rBi? i?2 H2�bi
TQbbB#H2 MmK#2` Q7 BM/2HbX h�#H2 8XR HBbib �HH i?2 K2i?Q/b �TTHB2/ iQ ;2M2`�i2 i?2 bi�`iBM;
�HB;MK2MibX

L2B;?#Q`?QQ/

q2 T`QTQb2 � k@#HQ+F M2B;?#Q`?QQ/ i2+?MB[m2 7Q` i?Bb T`Q#H2KX 6Q` � ;Bp2M b2[m2M+2- Bib
M2B;?#Q`?QQ/ Bb Q#i�BM2/ #v 2t+?�M;BM;- �i 2�+? ;�T- i?2 �/D�+2Mi H27i �M/ `B;?i bm#bi`BM;b Q7
�i KQbi k +?�`�+i2`b rBi? i?2 BM/2Hb BM i?2 ;�TX AM i?2 7QHHQrBM;- r2 2bi�#HBb? i?2 +QM/BiBQMb
7Q` irQ �HB;MK2Mib iQ #2 k@#HQ+F M2B;?#Q`bX

G2i A1 = (a1,1, . . . , a1,n1)- Ę- Am = (am,1, . . . , am,nm) /2MQi2 m b2[m2M+2b �M/ H2i φB �M/
φC #2 irQ �HB;MK2Mib- r?2`2 φB = B1, . . . , Bm �M/ φC = C1, . . . , CmX h?2 �HB;MK2Mib φB

�M/ φC �`2 k@#HQ+F M2B;?#Q`b B7 �M/ QMHv B7 i?2 7QHHQrBM; +QM/BiBQMb ?QH/,

i) |Bi| = |Ci|- 7Q` i = 1, . . . ,mc

ii) G2i J = {j | j ∈ {1, . . . ,m} : Bj ̸= Cj}c i?2M |J | = 1c

iii) 6Q` j ∈ J H2i πi
Bj

�M/ πi
Cj

/2MQi2 i?2 TQbBiBQM Q7 aji ∈ Aj BM b2[m2M+2 Bj �M/ Cj -
`2bT2+iBp2HvX G2i IBj = {πi

Bj
| πi

Bj
̸= πi

Cj
, i = 1, . . . , |Aj |} �M/ ICj = {πi

Cj
| πi

Bj
̸=

πi
Cj
, i = 1, . . . , |Aj |}X h?2M- ℓ = |IBj | = |ICj | ≤ kX

iv) G2i IBj = {IBj ,1, . . . , IBj ,ℓ} �M/ ICj = {ICj ,1, . . . , ICj ,ℓ}c i?2M IBj ,i+1−IBj ,i = ICj ,i+1−
ICj ,i = 1- 7Q` i = 1, . . . , ℓ− 1X

*QM/BiBQMb i) �M/ ii) bi�i2 i?�i #Qi? �HB;MK2Mib b?QmH/ ?�p2 i?2 b�K2 bBx2- �M/ /Bz2`
QMHv BM i?2 j@i? b2[m2M+2- `2bT2+iBp2HvX AM �//BiBQM- +QM/BiBQMb iii) �M/ iv) bi�i2 i?�i �i
KQbi k +?�`�+i2`b 7`QK b2[m2M+2 Aj /Q MQi Q++mTv i?2 b�K2 TQbBiBQM BM #Qi? �HB;MK2Mib-
�M/ i?�i i?Qb2 +?�`�+i2`b �`2 +QMiB;mQmbX 6Q` BHHmbi`�iBQM Tm`TQb2- +QMbB/2` i?2 7QHHQrBM;



8X9X �H;Q`Bi?Kb RyN

�HB;MK2MiX h?2 b?�/2/ +2HHb b?Qr i?2 TQbBiBQM Q7 2t+?�M;2/ +?�`�+i2`b iQ +`2�i2 � M2r
M2B;?#Q` �HB;MK2MiX

. @ : : 6 @
@ . @ 6 : G

h?2 i?`22 TQbbB#H2 k@#HQ+F M2B;?#Q`b 7Q` i?2 }`bi BM/2H BM i?2 }`bi b2[m2M+2 �`2 �b 7QHHQrb,

@ . : : 6 @
@ . @ 6 : G

. : @ : 6 @
@ . @ 6 : G

. : : @ 6 @
@ . @ 6 : G

6Q` i?2 b2+QM/ BM/2H BM i?2 }`bi b2[m2M+2- r2 Q#i�BM i?2 7QHHQrBM; M2B;?#Q`b,

. @ : @ : 6
@ . @ 6 : G

. @ : : @ 6
@ . @ 6 : G

h?2 QMHv TQbbB#H2 k@#HQ+F M2B;?#Q` 7Q` i?2 }`bi BM/2H BM i?2 b2+QM/ b2[m2M+2 Bb �b 7QHHQrb,

. @ : : 6 @

. @ @ 6 : G

6Q` i?2 b2+QM/ BM/2H BM i?2 b2+QM/ b2[m2M+2 r2 Q#i�BM i?2 7QHHQrBM; M2B;?#Q`b,

. @ : : 6 @
@ @ . 6 : G

. @ : : 6 @
@ . 6 @ : G

. @ : : 6 @
@ . 6 : @ G

Ai Bb TQbbB#H2 iQ pBbBi �HH k@#HQ+F M2B;?#Q`b Q7 �M �HB;MK2Mi φ BM � bi`�B;?i7Q`r�`/ r�vX
:Bp2M i?2 }`bi b2[m2M+2 Q7 �M �HB;MK2Mi φ- +QMbB/2` i?2 H27iKQbi bm#bi`BM; Q7 bBx2 QM2 i?�i
+QMi�BMb QMHv � +?�`�+i2` �M/ �M BM/2H iQ Bib `B;?iX h?2M- 2t+?�M;2 i?�i +?�`�+i2` rBi?
2p2`v BM/2H BM Bib `B;?i �M/ biQT r?2M MQ BM/2H Bb 7QmM/X AM +�b2 i?2 bm#bi`BM; ?�b �HbQ BM/2Hb
iQ Bib H27i- `2T2�i i?2 b�K2 2t+?�M;2 T`Q+2/m`2X A7 Bi Bb biBHH TQbbB#H2- BM+`2�b2 i?2 bBx2 Q7
i?2 bm#bi`BM; #v QM2 �M/ `2T2�i i?2 b�K2 KQp2b iQ Bib `B;?i �M/ Bib H27ic `2T2�i i?2 Qp2`�HH
T`Q+2/m`2 mMiBH `2�+?BM; � bm#b2[m2M+2 Q7 bBx2 kX h?2M- +QMbB/2` i?2 M2ti bm#bi`BM; Q7 bBx2
QM2 iQ i?2 `B;?i �M/ `2T2�i i?2 b�K2 T`Q+2bb �b �#Qp2X LQi2 i?�i 2�+? 2t+?�M;2 ;2M2`�i2b �
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�H;Q`Bi?K 3 Ai2`�i2/ S�`2iQ GQ+�H a2�`+? 7Q` KJa�
T`Q+2/m`2 ASGa

Φ 4 ∅
Φ0 4 :2M2`�i2AMBiB�H�HB;MK2MibUV
7Q` 2�+? φ ∈ Φ0 /Q

Φ′ 4 SGaUφV
Φ 4 J2`;2@LQM.QKBM�i2/UΦ- Φ′V

`2T2�i
ΦP 4 a2H2+iBQMUΦV
7Q` 2�+? UφP ∈ ΦP V /Q

φP ′ 4 S2`im`#�iBQMUφP V
Φ′ 4 SGaUφP ′V
Φ 4 J2`;2@LQM.QKBM�i2/UΦ- Φ′V

mMiBH i2`KBM�iBQM +QM/BiBQM K2i
`2im`M Φ

M2r k@#HQ+F M2B;?#Q`X AM Q`/2` iQ K�BMi�BM 72�bB#BHBiv- i?2 +QHmKMb i?�i +QMi�BM QMHv BM/2Hb
�`2 /2H2i2/ 7`QK i?2 �HB;MK2MiX

8X9Xk Ai2`�i2/ S�`2iQ GQ+�H a2�`+? UASGaV

h?2 SGa �H;Q`Bi?K K�v ;2i i`�TT2/ BM � b2i Q7 S�`2iQ HQ+�H QTiBK� Q7 TQQ` [m�HBivX PM2
TQbbB#BHBiv 7Q` 2b+�TBM; 7`QK S�`2iQ HQ+�H QTiBK� Bb iQ T2`im`# QM2 Q` KQ`2 �HB;MK2Mib BM i?2
�`+?Bp2 �M/ `2bi�`i i?2 SGa 7`QK i?Qb2 �HB;MK2Mib Ub22 a2+iBQM jXjXk- T�;2 e9VX Ai2`�i2/
S�`2iQ GQ+�H a2�`+? UASGaV BKTH2K2Mib i?Bb b2�`+? #2?�pBQ`X Aib K�BM bi2Tb �`2 T`2b2Mi2/
BM �H;Q`Bi?K 3X aBKBH�` iQ i?2 bBM;H2@Q#D2+iBp2 +QmMi2`T�`i Ub22 GQm`2MÏQ 2i �HX UkyRjVV- 7Qm`
+QKTQM2Mib ?�p2 iQ #2 bT2+B}2/ BM ASGa,

BV :2M2`�i2AMBiB�H�HB;MK2Mib, h?Bb ;2M2`�i2b �M BMBiB�H b2i Q7 �HB;MK2Mib Φ0c #�b2/ QM
i?2 2tT2`BK2Mi�H `2bmHib- r2 +QMbB/2` /Bz2`2Mi bi�`iBM; �HB;MK2Mib ;2M2`�i2/ #v bBM;H2@
Q#D2+iBp2 K2i?Q/b bm+? �b h@*Qz22- *Hmbi�H PK2;�- Jmb+H2- E�HB;M- J�zi- _2i�HB;M-
S`Q#*QMb- 6a� �M/ _�M/ Ub22 h�#H2 8XR 7Q` KQ`2 /2i�BHbVX

BBV S2`im`#�iBQM, h?Bb T`Q+2/m`2 KQ/B}2b bQK2 Q7 i?2 +m``2Mi �HB;MK2Mib BM b2i Φ H2�/BM;
iQ bQK2 BMi2`K2/B�i2 b2i Q7 �HB;MK2Mib Φ′X AM Q`/2` iQ /Q i?�i- }`bi- p �HB;MK2Mib �`2
b2H2+i2/ 7Q` T2`im`#�iBQM 7`QK i?2 b2i ΦX "�b2/ QM T`2HBKBM�`v 2tT2`BK2Mib- r2 /2+B/2/



8X9X �H;Q`Bi?Kb RRR

iQ +?QQb2 �HB;MK2Mib BM bm+? � r�v i?�i i?2 +Q``2bTQM/BM; MQM@/QKBM�i2/ b+Q`2b �`2
bT`2�/ 2MQm;? BM i?2 Q#D2+iBp2 bT�+2X h?Bb r�v- r2 �pQB/ �TTHvBM; T2`im`#�iBQM iQ
irQ �HB;MK2Mib i?�i �`2- BM T`BM+BTH2- bBKBH�` iQ 2�+? Qi?2`X 6Q` i?2 b2H2+iBQM Q7 p

�HB;MK2Mib 7Q` T2`im`#�iBQM- r2 mb2/ � /vM�KB+ T`Q;`�KKBM; �TT`Q�+? /2b+`B#2/ BM
Em?M 2i �HX UkyReVRX h?2M- i?2 �HB;MK2Mib Q7 i?2 b2H2+i2/ p TQBMib �`2 T2`im`#2/ �M/
2�+? Q7 r?B+? Bb mb2/ �b � bi�`iBM; bQHmiBQM 7Q` SGa- 7QHHQrBM; � `�M/QKBx2/ Q`/2`BM;X
6Q` T2`im`#BM; i?2 �HB;MK2Mib- r2 mb2/ i?2 B/2�b �TTHB2/ BM w?m 2i �HX UkyReV iQ +`2�i2
�M BMBiB�H TQTmH�iBQM 7Q` JPJa�- BM r?B+? 7Q` 2�+? �HB;MK2Mi- � ;�T Q7 � ;Bp2M bBx2 Nin

Bb BMb2`i2/ BMiQ 2�+? b2[m2M+2 Q7 i?2 �HB;MK2MiX h?2 b2[m2M+2b �`2 `�M/QKHv bTHBi BMiQ
irQ ;`QmTb- �M/ 7Q` 2�+? ;`QmT- i?2 ;�T Bb BMb2`i2/ BM irQ `�M/QKHv +?Qb2M TQbBiBQMbX
6BM�HHv- i?2 irQ ;`QmTb Q7 b2[m2M+2b �`2 K2`;2/ iQ 7Q`K � +QKTH2i2 �HB;MK2MiX

BBBV SGa, h?Bb T`Q+2/m`2 Bb �TTHB2/ iQ �M �HB;MK2Mi �M/ `2im`Mb � b2i Q7 MQM@/QKBM�i2/
b+Q`2b U b22 �H;Q`Bi?K e- T�;2 ejVX

BpV J2`;2@LQM.QKBM�i2/, h?Bb T`Q+2/m`2 K2`;2b irQ MQM@/QKBM�i2/ b2ib �M/ }Hi2`b Qmi
i?2 /QKBM�i2/ b+Q`2bX

pV h2`KBM�iBQM +QM/BiBQM, .Bz2`2Mi i2`KBM�iBQM +QM/BiBQMb +�M #2 �TTHB2/ bm+? �b BV
�H;Q`Bi?K biQTb #v Bib2H7 r?2M Bi Bb MQi TQbbB#H2 iQ }M/ KQ`2 MQM@/QKBM�i2/ M2B;?#Q`BM;
�HB;MK2Mib- BBV � T`2/2}M2/ iBK2 HBKBi Q7 *Sl@iBK2 Bb `2�+?2/ Q` BBBV �7i2` +QKTmiBM;
� T`2/2}M2/ MmK#2` Q7 b+Q`2 p2+iQ` 7mM+iBQM 2p�Hm�iBQMbX

8X9Xj La:�@AA

La:�@AA U.2# 2i �HX- kyyy- kyykV Bb � +H�bbB+ KmHiBQ#D2+iBp2 2pQHmiBQM�`v �H;Q`Bi?K i?�i
;2M2`�i2b M2r BM/BpB/m�Hb 7`QK i?2 Q`B;BM�H TQTmH�iBQM #v �TTHvBM; i?2 bi�M/�`/ ;2M2iB+
QT2`�iQ`b Ub2H2+iBQM- +`QbbQp2`- �M/ Kmi�iBQMVX � `�MFBM; T`Q+2/m`2 Bb �TTHB2/ iQ b2H2+i i?2
2H2K2Mib BM i?2 TQTmH�iBQM- �M/ � /2MbBiv 2biBK�iQ` Ui?2 +`Qr/BM; /Bbi�M+2V Bb mb2/ iQ /Bp2`@
bB7v i?2 b2H2+iBQM Ub22 a2+iBQM jXjXk- T�;2 8N- 7Q` KQ`2 /2i�BHbVX AM i?2 7QHHQrBM;- r2 BHHmbi`�i2
bQK2 QTiBQMb i?�i �`2 �/�Ti2/ 7`QK JPa�ai`1 UP`imƢQ 2i �HX- kyRjV iQ �TTHv La:�@AA iQ
Qm` KJa� T`Q#H2K, bQHmiBQM `2T`2b2Mi�iBQM- BMBiB�H TQTmH�iBQM Ubi�`iBM; �HB;MK2MibV �M/
;2M2iB+ QT2`�iQ`X

BV aQHmiBQM `2T`2b2Mi�iBQM, h?2 La:�@AA mb2b i?2 bQHmiBQM `2T`2b2Mi�iBQM /2b+`B#2/
BM a2+iBQM 8X9XR- T�;2 RydX

Rh?2 bQ7ir�`2 Bb �p�BH�#H2 �i ?iiTb,ff2/2MX/2BXm+XTif�T�[m2i2f>aaSfX
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Shift to another random 
position

Select a random gap 

EGEK---DGGDPEGRMMS
R-----YKPQGPDRVN-A
RGGTGGHDKADGGDTF-S
R-----HIGGDTVN---A

EGEKDGGDPEGRMM---S
R-----YKPQGPDRVN-A
RGGTGGHDKADGGDTF-S
R-----HIGGDTVN---A

indels columns are 
removed

EGEKDGGDPEGRMM--S
R-----YKPQGPDRVNA
RGGTGGHDKADGGDTFS
R-----HIGGDTVN--A

6B;m`2 8XR, Jmi�iBQM QT2`�iQ`, ;�Tb �`2 `�M/QKHv +?Qb2M �M/ b?B7i2/ iQ �MQi?2` TQbBiBQMX
*QHmKMb rBi? QMHv BM/2Hb �`2 `2KQp2/

BBV AMBiB�HBx2 TQTmH�iBQM, � MmK#2` Q7 �HB;MK2Mib �`2 ;2M2`�i2/ #v mbBM; i?2 bBM;H2@
Q#D2+iBp2 K2i?Q/b 7`QK h�#H2 8XRX 6Q` � TQTmH�iBQM Q7 bBx2 n- i �HB;MK2Mib �`2 ;2M2`�i2/
�M/ �//2/ iQ i?2 BMBiB�H TQTmH�iBQM- �M/ i?2 `2K�BMBM; n − i �`2 +`2�i2/ #v �TTHvBM;
i?2 +`QbbQp2` QT2`�iQ` iQ T�B`b Q7 `�M/QKHv b2H2+i2/ �HB;MK2Mib r?B+? �`2 i�F2M 7`QK
i?2 b�K2 BMBiB�H TQTmH�iBQM i?�i Bb #2BM; +`2�i2/X

BBBV :2M2iB+ PT2`�iQ`b,

�V Jmi�iBQM, h?Bb Kmi�iBQM QT2`�iQ` Bb �/�Ti2/ /B`2+iHv 7`QK i?2 JPa�ai`1 �H;Q@
`Bi?KX AM i?Bb QT2`�iQ`- � b2i Q7 `�M/QK ;�Tb Bb b?B7i2/ iQ �MQi?2` `�M/QK TQbBiBQM
BM i?2 b�K2 b2[m2M+2X h?Bb QT2`�iQ` Bb BHHmbi`�i2/ BM 6B;m`2 8XRX AM P`imƢQ 2i �HX
UkyRjV- i?2 �mi?Q`b +QMbB/2` i?Bb QT2`�iQ` 7`QK irQ /Bz2`2Mi �bT2+ib, }`bi- M2r-
#mi +HQb2Hv `2H�i2/- p�`B�Mib Q7 i?2 2tBbi2Mi �HB;MK2Mib �`2 BMi`Q/m+2/ BMiQ i?2 TQT@
mH�iBQMc b2+QM/Hv- +QHmKMb +QMi�BMBM; QMHv ;�Tb �`2 `2KQp2/- r?B+? K�v T`Q/m+2
�HB;MK2Mib rBi? H2bb MmK#2` Q7 ;�TbX

#V *`QbbQp2`, h?Bb QT2`�iQ` Bb �HbQ �/�Ti2/ 7`QK i?2 JPa�ai`1 �H;Q`Bi?KX h?2
+`QbbQp2` QT2`�iQ` Bb � bBM;H2@TQBMi +`QbbQp2` Qp2` �HB;MK2Mib �b T`QTQb2/ BM /� aBHp�
2i �HX UkyRyVX 6B;m`2 8Xk BHHmbi`�i2b i?Bb QT2`�iBQMX h?2 T`Q+2/m`2 `�M/QKHv b2H2+ib
irQ �HB;MK2Mib U6B;m`2 8Xk �VX h?2M- QM i?2 }`bi �HB;MK2Mi- Bi b2H2+ib � `�M/QK
TQbBiBQM �M/ bTHBib Bi BMiQ irQ #HQ+FbX �7i2`r�`/- 7Q` 2�+? b2[m2M+2 Q7 i?2 b2+QM/
�HB;MK2Mi- Bi }M/b i?2 TQbBiBQM r?2`2 i?2 bTHBi ?�b Q++m``2/ BM i?2 }`bi �HB;MK2MiX
U6B;m`2 8Xk "VX AM Q`/2` iQ +`Qbb i?2 #HQ+Fb 7`QK #Qi? �HB;MK2Mib- i?2 #HQ+Fb Q7
i?2 b2+QM/ �HB;MK2Mi �`2 }HH2/ rBi? BM/2Hb mMiBH i?2 bm#b2[m2M+2b Q7 i?2 #HQ+Fb Q7
i?2 b2+QM/ �HB;MK2Mi ?�p2 2[m�H bBx2b U6B;m`2 8Xk *VX 6BM�HHv- i?2 #HQ+Fb Q7 irQ
T�`2Mib �`2 +`Qbb2/ #2ir22M i?2K iQ +`2�i2 i?2 +?BH/ �HB;MK2Mib U6B;m`2 8Xk .VX
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EGEK---DGGDPEGRMMS
R------YKPQGPDRVNA
RGGTGGHDKADGGDTFDS
R--------HIGGDTVNA

EGEK---DGGDPEGRMMS
R------YKPQGPDRVNA
RGGTGGHDKADGGDTFDS
R--------HIGGDTVNA

EGEK---DG-GD--PEGRMMS
R------YK-PQ--GPDRVNA
RGGTGGHDK---ADGGDTFDS
R--------HI---GGDTVNA

Parent Alignment 1 (X)

 Child Alignment 1 (Z1)

X1          X2

X1          Y2

D) crossover the two alignment

EGEK-DGGD--PEGRMMS
--R--YKPQ--GPDRVNA
RGGTGGHDKADGGDTFDS
---R--HI---GGDTVNA

EGEK-DGGD--PEGRMMS
--R--YKPQ--GPDRVNA
RGGTGGHDKADGGDTFDS
---R--HI---GGDTVNA

EGEK-DG--GDPEGRMMS
--R--YK--PQGPDRVNA
RGGTGGHDKADGGDTFDS
--R------HIGGDTVNA

Child Alignment 2 (Z2)

Y1          Y2

Y1          X2

EGEK---DG
R------YK
RGGTGGHDK
R--------

X1          X2

EGEK-DG--
--R--YK--
RGGTGGHDK
---R--HI-

Y1          Y2

-GD--PEGRMMS
-PQ--GPDRVNA
---ADGGDTFDS
HI---GGDTVNA

GDPEGRMMS
PQGPDRVNA
ADGGDTFDS
HIGGDTVNA

Parent Alignment 2 (Y)

C) Fill the blocks of Y with necessary indels 

B) Cut random X in two blocks and tailor Y

A) Select two random alignment 

6B;m`2 8Xk, aBM;H2 TQBMi +`QbbQp2` QT2`�iQ`, h?2 }`bi T�`2Mi �HB;MK2Mi UsV Bb +mi bi`�B;?i
�i � `�M/QKHv +?Qb2M TQbBiBQM- �M/ irQ #HQ+Fb �`2 +`2�i2/ UsR%skVX h?2 b2+QM/ T�`2Mi
�HB;MK2Mi UuV Bb i�BHQ`2/ bQ i?�i i?2 `B;?i TB2+2 +�M #2 DQBM2/ iQ i?2 H27i TB2+2 Q7 i?2 }`bi
T�`2Mi UuR%ukVX h?2M- i?2 #HQ+Fb Q7 UuR%ukV �`2 }HH2/ rBi? BM/2Hb BM Q`/2` iQ K�i+? i?2 bBx2
�M/ F22T i?2 Q`/2` Q7 i?2 H2ii2`b BM i?2 b2[m2M+2bX AM i?2 2M/- i?2 #HQ+Fb Q7 irQ T�`2Mib �`2
+`Qbb2/ UsR%uk �M/ uR%ukV



RR9 8X JmHiBQ#D2+iBp2 JmHiBTH2 a2[m2M+2 �HB;MK2Mi

8X8 1tT2`BK2Mi�H �M�HvbBb

AM i?Bb b2+iBQM- r2 /2b+`B#2 i?2 2tT2`BK2Mi�H �M�HvbBb Q7 SGa �M/ ASGa rBi? /Bz2`2Mi T�@
`�K2i2`bX JQ`2Qp2`- r2 +QKT�`2 i?2K �;�BMbi Qm` �TT`Q�+? #�b2/ QM La:�@AAX �i H�bi- i?2
�HB;MK2Mib T`Q/m+2/ #v i?2 ASGa �TT`Q�+? �`2 +QKT�`2/ rBi? i?Qb2 T`Q/m+2/ #v bBM;H2@
Q#D2+iBp2 K2i?Q/b bm+? �b h@*Qz22 �M/ *Hmbi�H PK2;�X

8X8XR S2`7Q`K�M+2 �M�HvbBb Q7 SGa �M/ ASGa

AM i?2 7QHHQrBM;- r2 �M�Hvx2 i?2 2z2+iBp2M2bb Q7 p�`BQmb T�`�K2i2`b bm+? �b bi�`iBM; �HB;M@
K2Mib- M2B;?#Q`?QQ/- �M/ T2`im`#�iBQM- QM i?2 Qp2`�HH T2`7Q`K�M+2 Q7 SGa �M/ ASGaX h?2b2
2tT2`BK2Mib �HbQ �HHQr mb iQ mM/2`bi�M/ i?2 7mM+iBQM�H `2H�iBQMb?BTb #2ir22M i?2 T2`7Q`@
K�M+2 Q7 i?2 �H;Q`Bi?Kb �M/ BMbi�M+2 72�im`2b- bm+? �b i?2 MmK#2` Q7 b2[m2M+2b �M/ i?2B`
bBx2bX

h?2 BKTH2K2Mi�iBQMb r2`2 +Q/2/ BM * �M/ +QKTBH2/ rBi? :** p2`bBQM 9XeXR rBi? i?2
@Pj +QKTBH2` QTiBQMX 1tT2`BK2Mib r2`2 T2`7Q`K2/ QM � +Hmbi2` rBi? Re MQ/2b- 2�+? QM2 rBi?
9@+Q`2 AMi2H *Q`2 Bd *Sl �M/ k :" _�J- QT2`�iBM; bvbi2K l#mMim RRXRyX 1t+2Ti 7Q` i?2
+QKTBH2` QTiBQM- MQ Qi?2` +Q/2 QTiBKBx�iBQM i2+?MB[m2b r2`2 mb2/ BM i?2 2tT2`BK2MibX

q2 mb2/ �HH i?2 j3 BMbi�M+2b Q7 _oRR �M/ 9R BMbi�M+2b Q7 _oky Q7 #2M+?K�`F "�HB"�a1
jXyX AM Qm` 2tT2`BK2Mib- r2 +QMbB/2`2/ S�Jk8y �b i?2 bm#biBimiBQM K�i`BtX 6Q` i?2 BMB@
iB�H �HB;MK2Mib- i?`22 TQbbB#BHBiB2b r2`2 2t�KBM2/, BV _�M/- Bb � `�M/QK 72�bB#H2 �HB;MK2Mi
rBi? i?2 H2�bi TQbbB#H2 MmK#2` Q7 BM/2Hb Ub22 a2+iBQM 8X9XR- T�;2 Ry3Vc BBV h@*Q7722- Bb �
+QMbBbi2M+v@#�b2/ K2i?Q/ i?�i QmiT2`7Q`Kb i?2 Qi?2`b 2tBbiBM; T`Q;`�Kb BM i2`Kb Q7 �++m@
`�+vc BBBV *Hmbi- Bb � T`Q;`2bbBp2 K2i?Q/ i?�i QmiT2`7Q`Kb h@*Qz22 BM b2[m2M+2b rBi? H�`;2
Lf* i2`KBM�H 2ti2MbBQMb US�Bb 2i �HX- kyR9VX q2 +QMbB/2`2/ i?2 /27�mHi T�`�K2i2`b 7Q` i?2
H�bi irQ T`Q;`�KbX

q2 �M�Hvx2/ i?2 2z2+iBp2M2bb Q7 M2B;?#Q`?QQ/ bBx2 #v +QMbB/2`BM; /Bz2`2Mi p�Hm2b 7Q` k

BM i?2 k@#HQ+F M2B;?#Q`?QQ/X 6Q` � ;Bp2M BMbi�M+2- H2i JBM /2MQi2 i?2 H2M;i? Q7 i?2 bK�HH2bi
b2[m2M+2X q2 +QMbB/2`2/ k ∈ {Min, Min/2, Min/4, Min/8, Min/16}X h?2 SGa i2`KBM�i2b QM+2
Bi Bb MQi TQbbB#H2 iQ }M/ MQM@/QKBM�i2/ M2B;?#Q`BM; �HB;MK2Mib Q` i?2 iBK2 HBKBi Q7 8 KBMmi2b
Q7 *Sl@iBK2 Bb `2�+?2/X

q2 2p�Hm�i2/ i?2 [m�HBiv Q7 2�+? �TT`QtBK�i2 b2i #v +QKTmiBM; Bib ?vT2`pQHmK2 BM/B@
+�iQ` p�Hm2 Ub22 a2+iBQM jX9XR- T�;2 e8V- r?2`2 i?2 `272`2M+2 TQBMi 7Q` 2�+? BMbi�M+2 Bb i?2
KBMBKmK bm#biBimiBQM b+Q`2 KBMmb QM2 �M/ i?2 K�tBKmK MmK#2` Q7 BM/2Hb THmb QM2- i?�i
r�b Q#i�BM2/ 7`QK i?2 `mMb Q7 �HH HQ+�H b2�`+? p�`B�MibX AM Q`/2` iQ Q#i�BM i?2 `272`2M+2



8X8X 1tT2`BK2Mi�H �M�HvbBb RR8

?vT2`pQHmK2 BM/B+�iQ` p�Hm2- r2 K2`;2/ �HH �TT`QtBK�i2 b2ib +QHH2+i2/ BM i?2 2tT2`BK2Mi�H
�M�HvbBb- `2KQp2/ i?2 /QKBM�i2/ b+Q`2b �M/ +QKTmi2/ i?2 ?vT2`pQHmK2 Q7 i?2 `2K�BMBM; b2iX
h?Bb p�Hm2 Bb mb2/ �b � `272`2M+2 p�Hm2 iQ 2p�Hm�i2 i?2 `2H�iBp2 T2`7Q`K�M+2 Q7 2�+? �TT`Q�+?X
h?2M- 7Q` 2�+? �TT`QtBK�i2 b2i- r2 +QKTmi2/ i?2 `2H�iBp2 ?vT2`pQHmK2 BM/B+�iQ` p�Hm2 Ub22
a2+iBQM jX9XR- T�;2 eeVX

h�#H2b 8Xk �M/ 8Xj `2TQ`i i?2 `2bmHib Q#i�BM2/ 7Q` SGa QM i?2 #2M+?K�`F b2ib _oRR �M/
_oky- `2bT2+iBp2HvX h?2 `2bmHib �`2 �p2`�;2/ Qp2` jy `mMb- 7Q` 2�+? Q7 i?2 }p2 k p�Hm2b
�M/ i?2 i?`22 bi�`iBM; �HB;MK2MibX *QHmKM B/ +Q``2bTQM/b iQ i?2 BMbi�M+2 B/ 7`QK i?2 irQ
#2M+?K�`F b2ib U""RRyy Xi7� �M/ ""kyy Xi7�- r?2`2  /2MQi2b i?2 B/Vc +QHmKM m ;Bp2b i?2
MmK#2` Q7 b2[m2M+2bc +QHmKMb JBM �M/ J�t +Q``2bTQM/ iQ i?2 H2M;i? Q7 i?2 bK�HH2bi �M/ i?2
H�`;2bi b2[m2M+2- `2bT2+iBp2HvX h?2 BMbi�M+2b �`2 b?QrM BM i?2 i�#H2b �++Q`/BM; iQ i?2 MmK#2`
Q7 b2[m2M+2b �M/ i?2 H2M;i? Q7 i?2 bK�HH2bi b2[m2M+2X h?2 p�Hm2b BM #QH/ +Q``2bTQM/ iQ i?2
#2bi `2bmHi Q#i�BM2/ 7Q` 2�+? BMbi�M+2X h?2 H�bi +QHmKM AMBi b?Qrb i?2 `2H�iBp2 ?vT2`pQHmK2
BM/B+�iQ` Q#i�BM2/ 7`QK i?2 MQM@/QKBM�i2/ b+Q`2 Q7 i?2 irQ bi�`iBM; �HB;MK2Mib, *Hmbi�H
PK2;� �M/ h@*Qz22X

h?2 `2bmHib BM/B+�i2 i?�i SGa ?�b #2ii2` T2`7Q`K�M+2 r?2M bi�`iBM; rBi? �HB;MK2Mib
*Hmbi �M/ h@*Q7722- BMbi2�/ Q7 � 72�bB#H2 `�M/QK �HB;MK2MiX �HbQ- i?2 #2bi p�Hm2 7Q` k

bi`QM;Hv /2T2M/b QM i?2 MmK#2` Q7 b2[m2M+2b �M/- iQ � bK�HH2` 2ti2Mi- iQ i?2B` bBx2bX �b �
`mH2- 7Q` i?2 ;Bp2M +mi@Qz iBK2- H�`;2 UHQrV k p�Hm2b �+?B2p2 #2ii2` T2`7Q`K�M+2 QM T`Q#H2Kb
rBi? � bK�HH2` UH�`;2`V MmK#2` Q7 b2[m2M+2bX JQ`2Qp2`- +QHmKM AMBi BM/B+�i2b i?�i SGa
�+iBp2Hv BKT`Qp2b mTQM i?2 irQ bi�`iBM; �HB;MK2MibX

h�#H2b 8X9 �M/ 8X8 `2TQ`i `2bmHib Q#i�BM2/ 7Q` ASGa QM i?2 b�K2 #2M+?K�`F b2ib- �p2`�;2/
Qp2` jy `mMb- 7Q` k@#HQ+F bBx2 2[m�Hb iQ kc r2 `2+�HH i?�i *Hmbi �M/ h@*Q7722 �`2 mb2/ �b
bi�`iBM; �HB;MK2MibX hQ T`Q/m+2 i?2 T2`im`#2/ �HB;MK2Mib- r2 b2i Nin = 5- B7 i?2 K�tBKmK
H2M;i? Q7 i?2 mM�HB;M2/ b2[m2M+2b Bb H2bb i?�M 100c Qi?2`rBb2- Nin Bb b2i iQ 1/20 Q7 i?2
K�tBKmK H2M;i? Q7 i?2 b2[m2M+2bX h?2 `2bmHib `2TQ`i2/ BM i?2 i�#H2b /Q MQi BM+Hm/2 i?2
*Sl@iBK2 i�F2M iQ +QKTmi2 i?2 bi�`iBM; �HB;MK2MibX ASGa �Hr�vb i2`KBM�i2b QM+2 i?2 iBK2
HBKBi Q7 8 KBMmi2b Q7 *Sl@iBK2 Bb `2�+?2/X *QHmKM PLSmax ;Bp2b i?2 #2bi p�Hm2 Q7 SGa 7`QK
h�#H2b 8Xk �M/ 8XjX h?2 #2bi `2bmHib 7Q` 2�+? b2[m2M+2 b2i �`2 b?QrM BM #QH/X AM KQbi Q7
i?2 BMbi�M+2b- ASGa BKT`Qp2b Qp2` SGa- �Hi?Qm;? i?2 #2bi T2`7Q`K�M+2 K�v /2T2M/ QM i?2
MmK#2` Q7 b2[m2M+2b �M/ i?2B` bBx2b, � bK�HH UH�`;2V MmK#2` Q7 T2`im`#�iBQMb ;Bp2b #2ii2`
T2`7Q`K�M+2 QM H�`;2` UbK�HH2`V b2[m2M+2b �M/ H�`;2` UbK�HH2`V MmK#2` Q7 b2[m2M+2bX
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RR3 8X JmHiBQ#D2+iBp2 JmHiBTH2 a2[m2M+2 �HB;MK2Mi

h�#H2 8X9, �p2`�;2 `2H�iBp2 ?vT2`pQHmK2 BM/B+�iQ` p�Hm2 UIRHV V 7Q` ASGa rBi? b2p2`�H T2`@
im`#�iBQM Bi2`�iBQMb USV 7Q` 2�+? BMbi�M+2 Q7 /�i�b2i _oRRX h?2 `2bmHib �`2 �p2`�;2/ Qp2` jy
`mMbX a22 i2ti 7Q` KQ`2 /2i�BHb

B/ m JBM J�t PLSmax S 4 R S 4 k S 4 9 S 4 3 S 4 Re
kk 9 ej ky8 yXNy yXNR yX3d yX3N yX33 yXNd
k8 9 e9 Ryj yX3e yX3e yX3N yXNR yX3N yX3d
kN 9 3R Rj3 yX33 yXNR yXNR yXN9 yXNk yXN3
R 9 3j NR yXj8 yXje yXj3 yX9y yX9k yX99
N 9 Nd jjd yX3d yX3d yX3R yX3d yX3j yX3e
kR 9 Ryk RjN yXNR yXN8 yX3N yXNk yX33 yXNj
3 9 Ry9 89y yX3N yX3d yXNR yXNd yX33 yXNy
Rd 9 k9d ke9 yXNR yXNk yXNj yXN8 yXNe yXNd
R8 9 kNd jkd yXN9 yXNy yXNk yXNe yXNd yXNd
Rk 9 jky jNd yXNk yXNk yXNR yXNe yXNd yXNN
k9 9 jdk 9e8 yXNy yX3d yX38 yX3e yX3j yX3y
9 9 jNy 98e yXNR yXNj yX3d yX33 yX33 yX39
j 9 9R9 8Re yXNk yXNk yX3N yX3N yX33 yX33
Ry 9 9Ny 9Nk yXN8 yXNd yXN8 yXNe yXNy yXN9
Rj 8 8R RyR yX3d yXNR yXNk yXNj yXNj yXN8
j8 8 dR Rj3 yX38 yX3e yX3N yX33 yXNj yXNN
RR 8 Rey k9k yXN9 yXN9 yX3N yXNR yX33 yXNR
jd 8 jj8 RRNk yXNj yXNk yXN9 yXNR yXNN yXN3
R9 e 8yk ej9 yXNe yXN8 yXNd yXN8 yXN9 yXNR
ke d de Nye yXNe yXNN yXNe yXN8 yXee yXey
kd d Rd8 9jk yXN8 yXNR yX3d yX38 yX38 yXeN
kj d kjR 9yd yXNj yX3N yX3R yX3k yX3k yXdN
k 3 8k RNj yX33 yXNk yX39 yX3k yX39 yXd3
e 3 R3e k3j yX33 yX33 yXdd yXd8 yXd8 yXee
jk 3 kke 9yj yXNj yX33 yX38 yX3j yX3R yXd9
j3 3 keR eR9 yXN9 yX3e yX33 yX3N yX38 yX3R
je 3 kN3 9je yXN9 yXN9 yXN9 yXN9 yXNe yXNd
Re 3 jRe dkN yXN8 yXN9 yXNj yXNe yXN8 yXNN
j9 3 9yR dkN yXN9 yX38 yX3j yX3R yX3y yXdd
ky N kyR kjd yXNk yXNe yXNd yXNe yXNy yX3j
d N j38 98d yXNj yXNk yXNk yXNd yXNj yX33
k3 Ry Nj kRR yXNR yXN8 yXN8 yXNy yX3d yX3e
RN Ry kNN jNe yXNR yX38 yX38 yX3j yX3j yX3R
jj RR 38 kjN yXNk yXNk yXNR yXNy yX3d yX39
jR RR jyy eRR yXNe yXN8 yX33 yX3N yX39 yX3k
jy R9 kje jNk yXNy yX3N yX3e yX3R yX3y yXd3
8 R9 jkN 9e8 yX38 yX3d yX3j yX3y yXd8 yXd8
R3 R9 9R3 d8y yXNy yXN9 yXNk yXNy yX33 yX3d



8X8X 1tT2`BK2Mi�H �M�HvbBb RRN

h�#H2 8X8, �p2`�;2 `2H�iBp2 ?vT2`pQHmK2 BM/B+�iQ` p�Hm2 UIRHV V 7Q` ASGa rBi? b2p2`�H T2`@
im`#�iBQM MmK#2`b USV 7Q` 2�+? BMbi�M+2 Q7 i?2 /�i�b2i _okyX h?2 `2bmHib �`2 �p2`�;2/ Qp2`
jy `mMbX a22 i2ti 7Q` KQ`2 /2i�BHb

B/ m JBM J�t PLSmax S 4 R S 4 k S 4 9 S 4 3 S 4 Re
ky Re d9 eNd yXN8 yXN8 yXN8 yX33 yX3j yXdj
R Re k9d 8kd yXNy yXNy yXNy yX3d yX33 yX38
k ky 8k R8ky yX3k yXNj yXN9 yXN9 yX3N yX39
RR kR N8 ejR yXNy yXNd yXN8 yXNR yX3e yX38
d kj j3R 98d yXNj yXN8 yXNe yXN8 yX3N yX3j
RN k9 9yR dkN yXNe yXNR yXN9 yXN8 yXN8 yX3d
Re kd Rye 983 yX3N yXNR yXNy yX3y yXd3 yXdk
Rk kd kRy ej9 yX3N yX3N yX3k yX3y yX8N yX8k
Rj k3 99d d9d yXN9 yXeN yXdd yX3e yX3j yX3d
kN kN e9 Red yX3j yX3N yX39 yX3k yX3R yX3R
N kN k89 9R8 yXN9 yX3N yXNe yXN9 yX3k yXde
kd kN kdN Ry8k yX3d yXdj yX3R yX3d yXNy yXNk
Ry kN 8dd Rkjj yXNk yXe9 yXdj yX3y yXNy yXN9
k9 jy d9 djN yX3e yX3y yX38 yXNy yXNR yX33
kj jR kyk k99 yXNk yXN3 yXN8 yXNR yX3d yXdj
ke jk kdR RyRe yX3e yXdj yX38 yXNy yXNj yX3k
j8 j8 kke N3k yX3j yX3y yXd3 yX3k yX33 yXNy
R8 jd 89 kd9 yXN9 yX3k yXNR yXN9 yX3e yX3y
j3 9k dN RNN yXN9 yXN9 yXN9 yX39 yXdj yXeN
8 9k j9j 9d9 yXNd yX3j yX38 yX3d yXNR yXNj
Rd 98 8yN dRj yXNd yXdR yXd9 yX3R yX3d yXN9
jy 9d de R88 yX39 yX39 yX3d yX3j yX3y yX3j
jj 93 3R R88 yX3N yXN8 yX3N yX3R yXed yXeN
9R 93 kNj R8ky yXe9 yX33 yX39 yX3k yX3j yX3e
e 8R kk9 kNj yXN8 yX38 yXNR yXN8 yXNj yX3e
R3 8j kNe j3R yXNe yXdy yX3d yXN9 yX3j yXed
kR 8j 9R3 3j3 yX3j yX3N yXNR yXNj yXN9 yXNR
k3 89 k9R eRy yXNd yXNe yXNd yXNe yXN9 yXNj
9 88 9yR dj9 yXNj yX3R yX3y yX39 yX3N yXN9
3 8e N3 R8ky yXdk yXdk yXd3 yX3R yX38 yX3d
kk 83 jky j3R yX3N yXek yXe3 yXdN yXNR yXNk
j9 8N kj9 893 yX38 yXd8 yXd8 yX3k yX33 yX3e
jR ey Rd8 9jk yXNk yX3d yX3d yX3j yX3k yX33
jk eR Nj R9N yXNd yXNd yXN3 yX33 yXdj yXed
jd e8 Rey 3Ry yX39 yX3y yX39 yX3R yX3y yXNR
R9 e8 jjj dkN yXee yX39 yX39 yX3j yX3e yXNy
j d9 9yN 3yy yX33 yXdj yXNy yX3R yXde yXN8
k8 3R jdk 8R3 yX3d yX3k yX3e yX38 yX3R yXNe
9y 3d kdj 8dy yX3d yX3j yXNk yXNR yX33 yXN9
je NR 3k jj8 yX3R yX3k yX3j yXdd yXd3 yXNk
jN NR kN3 983 yX38 yXdj yXde yXdN yX3R yX38



Rky 8X JmHiBQ#D2+iBp2 JmHiBTH2 a2[m2M+2 �HB;MK2Mi

8X8Xk *QKT�`BbQM Q7 ASGa rBi? La:�@AA

AM i?Bb b2+iBQM- r2 +QKT�`2 Qm` ASGa �TT`Q�+? rBi? La:�@AA �b /2b+`B#2/ BM a2+iBQM 8X9XjX
hQ +`2�i2 i?2 BMBiB�H bQHmiBQMb 7Q` #Qi? �H;Q`Bi?Kb- r2 +QMbB/2` i?2 T`2@+QKTmi2/ �HB;MK2Mib
BMi`Q/m+2/ BM h�#H2 8XRX q2 mb2 i?2 /27�mHi T�`�K2i2`b bm;;2bi2/ 7Q` i?2b2 T`Q;`�KbX AM
i?2 ASGa �TT`Q�+?- i?2 BMBiB�H b2i Q7 �HB;MK2Mib Φ0 r2`2 }HH2/ mT /B`2+iHv rBi? i?2 Q#i�BM2/
�HB;MK2Mib 7`QK h�#H2 8XRX AM i?2 La:�@AA- r2 mb2/ i?2 �TT`Q�+? /2b+`B#2/ BM a2+iBQM
8X9XjX AM �//BiBQM- r2 b2i i?2 TQTmH�iBQM bBx2 iQ Ryy- �M/ mb2/ i?2 Kmi�iBQM �M/ +`QbbQp2`
QT2`�iQ`b �b 2tTH�BM2/ BM a2+iBQM 8X9Xj- T�;2 RRjX q2 b2i i?2 T`Q#�#BHBiB2b Q7 yX3 �M/ yXk 7Q`
i?2 bBM;H2@TQBMi +`QbbQp2` �M/ ;�T b?B7iBM; Kmi�iBQM QT2`�iQ`b �b Bi Bb T`QTQb2/ #v P`imƢQ
2i �HX UkyRjV- `2bT2+iBp2HvX

q2 b2H2+i2/ � bm#b2i Q7 i?2 #2M+?K�`F "�HB"�a1 jXy- BM T�`iB+mH�`- r2 +?Qb2 i?2 }`bi
i2M /�i�b2ib 7`QK i?2 7�KBHB2b _oRR- _oRk- _oky- _ojy- _o9y �M/ _o8y- r?B+? bmKb mT
iQ ey T`Q#H2K BMbi�M+2bX h?2 biQTTBM; +QM/BiBQM r�b b2i iQ 8y-yyy 7mM+iBQM 2p�Hm�iBQMb 7Q`
#Qi? K2i?Q/b ULa:�@AA �M/ ASGaVX S�Jk8y Bb mb2/ �b i?2 bm#biBimiBQM K�i`BtX

q2 mb2/ `2H�iBp2 ?vT2`pQHmK2 BM/B+�iQ` �M/ i?2 2KTB`B+�H �ii�BMK2Mi 7mM+iBQMb U1�6VX
h?2 ?vT2`pQHmK2 BM/B+�iQ` r�b �TTHB2/ BM i?2 b�K2 r�v �b /2b+`B#2/ BM i?2 T`2pBQmb b2+iBQMX
h?2 1�6 r�b K�BMHv mb2/ iQ pBbm�HBx2 i?2 /Bz2`2M+2b Q7 T2`7Q`K�M+2 BM i?2 Q#D2+iBp2 bT�+2X

h?2 #2bi `2bmHib 7Q` 2�+? T`Q#H2K BMbi�M+2b �`2 b?QrM rBi? #QH/ 7�+2b BM h�#H2 8XeX
6`QK i?2b2 i�#H2b- � }`bi Q#b2`p�iBQM Bb i?�i ASGa Q#i�BMb i?2 #2bi �p2`�;2 p�Hm2b 7Q` �
KQ`2 bB;MB}+�Mi MmK#2` Q7 BMbi�M+2bX AM �HKQbi �HH i?2 b�KTH2 BMbi�M+2b Q7 _oky- _ojy-
_o9y- �M/ _o8y 7�KBHB2b- ASGa ?�b H�`;2` BM/B+�iQ` p�Hm2b i?�M L:a�@AAX AM �//BiBQM- ASGa
BM 80% Q7 i?2 BMbi�M+2b BM _oRR �M/ 60% Q7 i?2 BMbi�M+2b BM _oRk ?�b #2ii2` BM/B+�iQ`
p�Hm2bX ASGa T`2b2Mib #2ii2` `2bmHib r?2M i?2 b2[m2M+2b BMbi�M+2b �`2 KQ`2 bBKBH�`X LQi2
i?�i _oRR +QMi�BMb /�i�b2ib rBi? H2bb i?�M 20% `2bB/m2 B/2MiBiv #2ir22M ;`QmTb �M/ _oRk
+QMi�BMb /�i�b2ib rBi? `2bB/m2 B/2MiBiv #2ir22M 20% �M/ 40%X h?2 `2K�BMBM; /�i�b2i ;`QmTb
+QKT`Bb2 7�KBHv b2[m2M+2b rBi? KQ`2 i?�M 40% bBKBH�`BivX

q2 mb2/ i?2 1�6 iQQHbk iQ +QKTmi2 #B@/BK2MbBQM�H 1�6b 7`QK i?2 +QHH2+iBQM Q7 �TT`Qt@
BK�iBQM b2ib �M/ iQ THQi i?2 �ii�BMK2Mi bm`7�+2b �b r2HH �b i?2 /Bz2`2M+2b BM i2`Kb Q7 1�6b
T`Q/m+2/ #v T�B`b Q7 ?2m`BbiB+b UGƦT2x@A#�Ƣ2x 2i �HX- kyRyVX 6B;m`2 8Xj �M/ 8X9 b?Qr i?2 1�6
/Bz2`2M+2 THQi 7Q` BMbi�M+2b ""RRyy3 �M/ ""kyyyj- `2bT2+iBp2HvX h?2 /Bz2`2M+2b BM 7�pQ` Q7
La:� AA �`2 b?QrM BM i?2 H27i THQib r?2`2�b i?Qb2 BM 7�pQ` Q7 ASGa �`2 b?QrM BM i?2 `B;?i
THQibX h?2 1�6 /Bz2`2M+2 THQi- 7Q` BMbi�M+2- ""kyyyj b?Qrb i?2 bmT2`BQ`Biv Q7 ASGa Qp2`

k1�6iQQHb Bb �M _ b+`BTi- �p�BH�#H2 �i ?iiT,ffHQT2x@B#�M2xX2mf2�7iQQHbX



8X8X 1tT2`BK2Mi�H �M�HvbBb RkR

La:�@AA BM i?2 Q#D2+iBp2 bT�+2X >Qr2p2`- 7Q` BMbi�M+2- ""RRyy3- La:�@AA T2`7Q`Kb #2ii2`
QM i?2 KBMBKBx�iBQM Q7 BM/2HbX h?2b2 irQ }M/BM;b �`2 +QMbBbi2Mi rBi? i?Qb2 Q#i�BM2/ BM i?2
`2K�BMBM; BMbi�M+2bX �TT2M/Bt � `2TQ`ib i?2 1�6 THQib Q#i�BM2/ BM i?2 ey BMbi�M+2bX

8X8Xj *QKT�`BbQM Q7 ASGa rBi? *Hmbi�H PK2;� �M/ h@*Qz22

AM Q`/2` iQ ;�BM BMbB;?i BMiQ i?2 �#bQHmi2 [m�HBiv Q7 i?2 �HB;MK2Mib T`Q/m+2/ #v ASGa- r2
+QKT�`2/ i?2 �HB;MK2Mib T`Q/m+2/ #v ASGa rBi? i?2 `272`2M+2 �HB;MK2Mib BM i?2 "�HB"�a1
#2M+?K�`F Uh?QKTbQM 2i �HX- RNNNVX h?2 "�HB"�a1 /�i�b2i /2}M2b � r2HH@FMQrM #2M+?K�`F
iQ bi�M/�`/Bx2 i?2 +QKT�`BbQM Q7 b2[m2M+2 �HB;MK2Mi `2bmHibX Ai +QMbBbib Q7 � ;`QmT Q7 T`Qi2BM
b2[m2M+2b i?�i �`2 T`QT2`Hv T`2T�`2/ iQ #2 �HB;M2/ #v Ja� �H;Q`Bi?Kb Ub22 a2+iBQM kX9X9-
T�;2 9yVX q2 `2Hv QM i?2 +Q``2+iHv �HB;M2/ `2bB/m2 T�B`b UaSV �M/ +Q``2+iHv �HB;M2/ +QHmKMb
Uh*V K2�bm`2b Ub22 a2+iBQM kX9Xj- T�;2 jdVX q2 mb2/ b2p2M /Bz2`2Mi /�i�b2ib 7`QK "�HB"�a1
rBi? bT2+B}+ 72�im`2b +?Qb2M 7`QK i?Bb #2M+?K�`F Ub22 h�#H2 8XdVX *QHmKMb _272`2M+2 �M/
B/ +Q``2bTQM/ iQ i?2 `272`2M+2 �M/ B/ MmK#2` Q7 i?2 /�i�b2i BM i?2 "�HB"�a1 #2M+?K�`FX
*QHmKMb m- JBM �M/ J�t +Q``2bTQM/ iQ i?2 MmK#2` Q7 b2[m2M+2b- H2M;i? Q7 i?2 bK�HH2bi
�M/ H�`;2bi b2[m2M+2- `2bT2+iBp2HvX G2M +Q``2bTQM/b iQ i?2 bBx2 Q7 `272`2M+2 �HB;MK2Mi BM i?2
"�HB"�a1 #2M+?K�`FX

q2 `�M ASGa jy iBK2b QM i?2b2 /�i�b2ib- �M/ 7Q` 2�+? +QHH2+iBQM Q7 `mMb- r2 +?Qb2 i?2
�HB;MK2Mi rBi? i?2 H2�bi MmK#2` Q7 BM/2HbX q2 +QKTmi2/ i?2 aS �M/ h* `�iBQb #v mbBM;
i?Bb �HB;MK2Mi �M/ i?2 `272`2M+2 �HB;MK2Mi �p�BH�#H2 7Q` 2�+? +?Qb2M /�i�b2i BM "�HB"�a1X
6Q` i?2 +�H+mH�iBQM Q7 i?2 aS `�iBQ- r2 mb2/ i?2 bm#biBimiBQM K�i`Bt S�J k8yX JQ`2Qp2`-
7Q` +QKT�`BbQM Tm`TQb2- r2 T2`7Q`K2/ i?2 b�K2 T`Q+2/m`2 7Q` i?2 �HB;MK2Mib T`Q/m+2/ #v
*Hmbi�H PK2;� �M/ h@*Qz22X

h�#H2b 8X3 �M/ 8XN b?Qr i?2 `2bmHib Q#i�BM2/ rBi? aS �M/ h* `�iBQb- `2bT2+iBp2HvX h?2
#QH/7�+2 p�Hm2b `2T`2b2Mi i?2 #2bi `�iBQX 6`QK h�#H2 8X3- Bi +�M #2 Q#b2`p2/ i?�i ASGa
Q#i�BM2/ i?2 #2bi p�Hm2 7Q` �HH i?2 i2bi2/ /�i�b2ibX AM h�#H2 8XN- i?2 #2bi h* `�iBQ Bb 2Bi?2`
7`QK h@*Qz22 Q` *Hmbi�H PK2;�X LQi2 i?�i � MmHH h* p�Hm2 r�b Q#i�BM2/ #v i?2 �HB;MK2Mi
Q7 *Hmbi�H PK2;� BM _oRk B/ ky �M/ _oky B/ ky- �M/ #v h@*Qz22 BM b2i _oky �M/ B/ RX
AM ;2M2`�H- ASGa ?�b #2ii2` `2bmHib 7`QK #Qi? *Hmbi�H PK2;� �M/ h@*Qz22 BM i2`Kb Q7 aS
`�iBQMX *Hmbi�H PK2;� �M/ h@*Qz22 ?�p2 #2ii2` Qmi+QK2b BM h* `�iBQX >Qr2p2`- i?2`2 �`2
+�b2b i?�i 2Bi?2` *Hmbi�H PK2;� Q` h@*Qz22 ?�p2 MmHH p�Hm2b- r?BH2 i?2 ASGa ?�b TQbBiBp2
`2bmHibX



Rkk 8X JmHiBQ#D2+iBp2 JmHiBTH2 a2[m2M+2 �HB;MK2Mi

h�#H2 8Xe, �p2`�;2 `2H�iBp2 ?vT2`pQHmK2 BM/B+�iQ` p�Hm2 UIRHV V 7Q` ASGa �M/ La:�@AA 7Q`
i?2 }`bi Ry BMbi�M+2b Q7 i?2 /�i�b2ib _oRR- _oRk- _oky- _ojy- _o9y �M/ _o8yX h?2 `2bmHib
�`2 �p2`�;2/ Qp2` jy `mMb 7Q` 2�+? �H;Q`Bi?KX a22 i2ti 7Q` KQ`2 /2i�BHb

_oRR
B/ La:�@AA ASGa
""RRyyR yXNR Ǭ yXyj yX3N Ǭ yXyR
""RRyyk yXN8 Ǭ yXyR yXNe Ǭ yXyR
""RRyyj yXNj Ǭ yXyk yXN9 Ǭ yXyk
""RRyy9 yXN8 Ǭ yXyR yXNe Ǭ yXyR
""RRyy8 yXNe Ǭ yXyR yXNd Ǭ yXyR
""RRyye yXNj Ǭ yXyR yXN8 Ǭ yXyk
""RRyyd yXNj Ǭ yXyR yXN9 Ǭ yXyk
""RRyy3 yXNj Ǭ yXyR yXNk Ǭ yXyk
""RRyyN yXN8 Ǭ yXyy yXNe Ǭ yXyR
""RRyRy yXN9 Ǭ yXyR yXN9 Ǭ yXyR

_oRk
B/ La:�@AA ASGa
""RkyyR yXN8 Ǭ yXyR yXN8 Ǭ yXyR
""Rkyyk yXNy Ǭ yXy9 yX3N Ǭ yXy9
""Rkyyj yX33 Ǭ yXy9 yX38 Ǭ yXyj
""Rkyy9 yX3N Ǭ yXy9 yXNR Ǭ yXy9
""Rkyy8 yXNk Ǭ yXyk yXNj Ǭ yXyk
""Rkyye yXNj Ǭ yXyk yXNR Ǭ yXyj
""Rkyyd yXN9 Ǭ yXyk yXNe Ǭ yXyR
""Rkyy3 yX3N Ǭ yXyk yXNR Ǭ yXyk
""RkyyN yXNk Ǭ yXyk yXN9 Ǭ yXyk
""RkyRy yXNj Ǭ yXyk yXNj Ǭ yXyj

_oky
B/ La:�@AA ASGa
""kyyyR yX3e Ǭ yXyj yXNy Ǭ yXyk
""kyyyk yXNd Ǭ yXyj yXN3 Ǭ yXyy
""kyyyj yX38 Ǭ yXyj yXNk Ǭ yXyk
""kyyy9 yXNR Ǭ yXyj yXNj Ǭ yXyR
""kyyy8 yXN9 Ǭ yXyk yXNe Ǭ yXyk
""kyyye yXNR Ǭ yXyk yXNj Ǭ yXyk
""kyyyd yXN9 Ǭ yXyR yXN8 Ǭ yXyk
""kyyy3 yXNd Ǭ yXyy yXNN Ǭ yXyy
""kyyyN yXNR Ǭ yXyj yXNk Ǭ yXyk
""kyyRy yX33 Ǭ yXy9 yXNj Ǭ yXy9

_ojy
B/ La:�@AA ASGa
""jyyyR yX38 Ǭ yXy9 yXNy Ǭ yXyj
""jyyyk yXNj Ǭ yXyk yXNj Ǭ yXyk
""jyyyj yX39 Ǭ yXyj yX3N Ǭ yXy9
""jyyy9 yXNk Ǭ yXyk yXN9 Ǭ yXyk
""jyyy8 yX3N Ǭ yXyj yXNy Ǭ yXy9
""jyyye yXNR Ǭ yXyj yXNR Ǭ yXyk
""jyyyd yXNj Ǭ yXyR yXN9 Ǭ yXyR
""jyyy3 yXN9 Ǭ yXyk yXNe Ǭ yXyk
""jyyyN yXNj Ǭ yXyk yXNj Ǭ yXyk
""jyyRy yXNR Ǭ yXyk yXN9 Ǭ yXyk

_o9y
B/ La:�@AA ASGa
""9yyyR yXNj Ǭ yXyk yXNe Ǭ yXyj
""9yyyk yXN8 Ǭ yXyR yXNe Ǭ yXyR
""9yyyj yXNk Ǭ yXyk yXN8 Ǭ yXyk
""9yyy9 yXNR Ǭ yXyj yXNk Ǭ yXyj
""9yyy8 yXNR Ǭ yXyj yXN9 Ǭ yXyj
""9yyye yXNk Ǭ yXyk yXN8 Ǭ yXyk
""9yyyd yXNe Ǭ yXyR yXNd Ǭ yXyR
""9yyy3 yXNk Ǭ yXyR yXN8 Ǭ yXyR
""9yyyN yXN9 Ǭ yXyR yXN8 Ǭ yXyR
""9yyRy yX3j Ǭ yXy8 yX3R Ǭ yXye

_o8y
B/ La:�@AA ASGa
""8yyyR yXN8 Ǭ yXyR yXNe Ǭ yXyR
""8yyyk yXN3 Ǭ yXyy yXNN Ǭ yXyy
""8yyyj yXNe Ǭ yXyR yXN3 Ǭ yXyR
""8yyy9 yXN8 Ǭ yXyR yXNe Ǭ yXyR
""8yyy8 yXNj Ǭ yXyR yXN8 Ǭ yXyR
""8yyye yXN8 Ǭ yXyR yXNe Ǭ yXyR
""8yyyd yXNR Ǭ yXyk yXNj Ǭ yXyj
""8yyy3 yXNR Ǭ yXyk yXNk Ǭ yXyj
""8yyyN yXNj Ǭ yXyR yXN8 Ǭ yXyR
""8yyRy yXN8 Ǭ yXyy yXN3 Ǭ yXyy
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Rk9 8X JmHiBQ#D2+iBp2 JmHiBTH2 a2[m2M+2 �HB;MK2Mi

h�#H2 8Xd, h?2 b2H2+iBp2 /�i�b2ib 7`QK /Bz2`2M+2 `272`2M+2 Q7 i?2 #2M+?K�`FX

_272`2M+2 B/ A/2MiBiv m JBM J�t G2M
_oRR R IkyW 9 3j NR Ne
_oRR 9 IkyW 9 jNy 98e eyj
_oRk ky IkyW � =9yW 9 RR3 RkN R9R
_oRk 9k IkyW � =9yW 9 993 8eR eRR
_oky ky =9yW Re d9 eNd eR8
_oky R =9yW Re k9d 8kd d3y
_ojy Rd − R8 kjR jdy 9Re
_o9y Ry − N ed kR9 kd8
_o9y R9 − N kN3 eyN dRk
_o8y 9 − N j3e 8y8 89d

h�#H2 8X3, h?2 `2bmHib Q7 aS b+Q`2 BM h@*Qz22- *Hmbi�H PK2;� �M/ ASGa QM i?2 b2H2+i2/ i2bi
+�b2bX

_272`2M+2 B/ *Hmbi�H PK2;� h@*Q7722 ASGa
_oRR R yXN8e yXNe8 yXN38
_oRR 9 yXyjj yXdye yXd33
_oRk ky yXjjR yXNdj yXN3R
_oRk 9k yXed3 yXd3N yX38
_oky ky yX8j8 yXNj9 yXN9e
_oky R yXNjN yX8Ne yXN8R
_ojy Rd yXde8 yXd3d yX3RR
_o9y Ry yX3d8 yX3dk yX3d3
_o9y R9 yX3d3 yX3Ny yX3N9
_o8y 9 yXNdj yXN3j yXN33

h�#H2 8XN, h?2 `2bmHib Q7 h* b+Q`2 BM h@*Qz22- *Hmbi�H PK2;� �M/ ASGa QM i?2 b2H2+i2/ i2bi
+�b2bX

_272`2M+2 B/ *Hmbi�H PK2;� h@*Q7722 ASGa
_oRR R yXNRk yXNjy yX338
_oRR 9 yX9y3 yX889 yXjd3
_oRk ky yXyyy yXN8d yX38R
_oRk 9k yX893 yXeek yX9j9
_oky ky yXyyy yXdd8 yXe89
_oky R yXdd8 yXyyy yX98N
_ojy Rd yX88k yX83R yX8j8
_o9y Ry yXejN yX8Ny yXjjy
_o9y R9 yXedR yXe83 yX9ej
_o8y 9 yXNRN yXN9y yX3Nk



8XeX amKK�`v �M/ .Bb+mbbBQM Rk8

8Xe amKK�`v �M/ .Bb+mbbBQM

AM i?Bb +?�Ti2`- r2 7Q`KmH�i2/ i?2 KmHiBQ#D2+iBp2 KmHiBTH2 b2[m2M+2 �HB;MK2Mi T`Q#H2K �M/
T`QTQb2/ � S�`2iQ GQ+�H a2�`+? USGaV �H;Q`Bi?K 7Q` i?Bb T`Q#H2K �++Q`/BM; iQ � ;Bp2M
/2}MBiBQM Q7 M2B;?#Q`?QQ/X 6m`i?2`KQ`2- r2 2ti2M/2/ i?Bb �TT`Q�+? iQ Bi2`�i2/ HQ+�H b2�`+?
rBi? � T�`iB+mH�` /2}MBiBQM Q7 T2`im`#�iBQM UASGaVX

q2 �M�Hvx2/ i?2 2z2+i Q7 p�`BQmb T�`�K2i2`b bm+? �b bi�`iBM; �HB;MK2Mib- M2B;?#Q`?QQ/-
�M/ T2`im`#�iBQM QM i?2 Qp2`�HH T2`7Q`K�M+2 Q7 SGa �M/ ASGaX h?2 `2bmHib BM/B+�i2 i?�i
SGa BKT`Qp2b mTQM i?2 bi�`iBM; �HB;MK2Mib �M/ ASGa ?�b #2ii2` T2`7Q`K�M+2 i?�M SGaX
JQ`2Qp2`- r2 +QKT�`2/ Qm` ASGa �TT`Q�+? rBi? Qm` �/�Ti�iBQM Q7 La:�@AAX 6`QK i?2
2tT2`BK2Mi�H �M�HvbBb- r2 ?�p2 Q#b2`p2/ i?�i ASGa Q#i�BMb i?2 #2bi T2`7Q`K�M+2 BM i2`Kb Q7
`2H�iBp2 ?vT2`pQHmK2 BM � H�`;2 MmK#2` Q7 BMbi�M+2bX �i H�bi- r2 +QKT�`2/ i?2 ASGa rBi? irQ
bBM;H2@Q#D2+iBp2 K2i?Q/b, *Hmbi�H PK2;� �M/ h@*Qz22X 6`QK i?2 +?Qb2M b2i Q7 �HB;MK2Mib
7`QK i?2 `272`2M+2 #2M+?K�`F- r2 Q#b2`p2/ i?�i i?2 �HB;MK2Mi Q#i�BM2/ 7`QK ASGa rBi? i?2
H2�bi MmK#2` Q7 BM/2Hb ?�b � #2ii2` `�iBQ BM i2`Kb Q7 aS �M/ Bi ?�b +QKT2iBiBp2 `2bmHib BM
i2`Kb Q7 h* b+Q`2X

6Q` i?2 7mim`2 rQ`F- r2 rQmH/ HBF2 iQ +QMbB/2` Qi?2` bi�`iBM; �HB;MK2Mib i?�i �`2 MQi
Dmbi #�b2/ QM i?2 bBKBH�`Biv #mi �HbQ i�F2 BMiQ �++QmMi Qi?2` #BQHQ;B+�H +`Bi2`B� bm+? �b i?2
b2+QM/�`v bi`m+im`2 Q7 i?2 �HB;MK2MibX 6m`i?2`- r2 K�v i2bi /Bz2`2Mi T2`im`#�iBQM K2i?Q/bX
PM2 Q7 i?2 TQbbB#BHBiB2b Bb iQ mb2 i?2 Kmi�iBQM K2i?Q/b i?�i Bb T`QTQb2/ BM ;2M2iB+ �H;Q`Bi?Kb
bm+? �b i?2 QM2 mb2/ BM JPa�ai`1 UP`imƢQ 2i �HX- kyRjVX

AM i?2 M2ti +?�Ti2`- i?2 Qi?2` K�BM +QMi`B#miBQM Q7 i?Bb i?2bBb Bb BMi`Q/m+2/- BM T�`iB+mH�`-
i?2 �TTHB+�iBQM Q7 i?2 KmHiBQ#D2+iBp2 7Q`KmH�iBQM Q7 b2[m2M+2 �HB;MK2Mi BM i?2 +QMbi`m+iBQM
Q7 T?vHQ;2M2iB+ i`22bX





*?�Ti2` e

�M �TTHB+�iBQM iQ i?2 *QMbi`m+iBQM Q7 S?v@
HQ;2M2iB+ h`22b

eXR AMi`Q/m+iBQM

S?vHQ;2M2iB+ i`22b �`2 /B�;`�Kb i?�i `2T`2b2Mi i?2 2pQHmiBQM�`v `2H�iBQMb?BTb �KQM; /Bz2`2Mi
;`QmTb Q7 Q`;�MBbKb- Q` �KQM; � 7�KBHv Q7 `2H�i2/ Mm+H2B+ �+B/ Q` T`Qi2BM b2[m2M+2b- 2X;X- ?Qr
KB;?i ?�p2 i?Bb 7�KBHv #22M Q#i�BM2/ /m`BM; 2pQHmiBQM UaH2�iQ`- kyRRVX h?2 +QMbi`m+iBQM Q7
T?vHQ;2M2iB+ i`22b `2[mB`2b KmHiBTH2 b2[m2M+2 �HB;MK2Mi K2i?Q/b iQ �HB;M ;2M2iB+ /�i�X

.Bz2`2Mi �HB;MK2Mib K�v H2�/ iQ /Bz2`2Mi T?vHQ;2M2iB+ i`22b �M/- +QMb2[m2MiHv- iQ /B7@
72`2Mi TQbbB#H2 `2H�iBQMb?BTb #2ir22M i?2 Q`;�MBbKb mM/2` bim/vX AM 7�+i- qQM; 2i �HX Ukyy3V
`2+2MiHv ?�p2 `2+2MiHv b?QrM i?�i /Bz2`2Mi �HB;MK2Mi T`Q;`�Kb Q7i2M H2�/ iQ /Bz2`2Mi i`22
iQTQHQ;B2bX Pm` rQ`FBM; ?vTQi?2bBb Bb i?�i KQ`2 BM7Q`K�iBQM +�M #2 2ti`�+i2/ 7`QK S�`2iQ
QTiBK�H �HB;MK2Mib- H2�/BM; iQ /Bz2`2Mi i`22 iQTQHQ;B2bX h?Bb rQmH/ ?2HT i?2 #BQHQ;Bbi iQ
/2b+`B#2 i?2 BM72``2/ T?vHQ;2MB2b #2ii2`X

AM i?Bb +?�Ti2`- r2 /2b+`B#2 � K2i?Q/ 7Q` +QMbi`m+iBM; T?vHQ;2M2iB+ i`22b 7`QK i?2 MQM@
/QKBM�i2/ b+Q`2 b2i Q#i�BM2/ 7`QK �HH T�B`rBb2 +QK#BM�iBQMb Q7 b2[m2M+2bX AM i?2 +QMi2ti
Q7 i?2 KmHiBQ#D2+iBp2 7`�K2rQ`F- Bi Bb BKTQ`i�Mi iQ mM/2`bi�M/ r?2i?2` i?2 MQM@/QKBM�i2/
b+Q`2 b2i +�M T`QpB/2 7m`i?2` BM7Q`K�iBQM i?�M i?�i T`Q/m+2/ #v FMQrM K2i?Q/bX h?2 K�BM

Rkd



Rk3 eX �M �TTHB+�iBQM iQ i?2 *QMbi`m+iBQM Q7 S?vHQ;2M2iB+ h`22b

+QMi`B#miBQM Q7 i?Bb +?�Ti2` Bb T`QTQbBM; � M2r K2i?Q/ 7Q` i?2 +QMbi`m+iBQM Q7 T?vHQ;2M2iB+
i`22b #�b2/ QM i?2 KmHiBQ#D2+iBp2 b2[m2M+2 �HB;MK2MiX JQ`2Qp2`- r2 BHHmbi`�i2 i?2 �TTHB+�iBQM
Q7 i?Bb K2i?Q/ QM FMQrM b2[m2M+2 /�i� iQ b?Qr i?2 2z2+iBp2M2bb Q7 i?Bb �TT`Q�+? BM T`�+iB+2X
h?2 `2bmHi2/ Tm#HB+�iBQMb �`2 �b 7QHHQrb, i?2 Tm#HB+�iBQM Q7 � DQm`M�H �`iB+H2 U�##�bB 2i �HX-
kyRj�V �M/ irQ TQbi2`b T`2b2Mi2/ �i BMi2`M�iBQM�H +QM72`2M+2b U�##�bB 2i �HX- kyRR- kyRkV
Bb i?2 T`QTQb�H Q7 � MQp2H �TT`Q�+? iQ +QMbi`m+iBM; i?2 T?vHQ;2M2iB+ i`22bX 6m`i?2`KQ`2-
r2 /Bb+mbb Bib �TTHB+�iBQM 7Q` /2`BpBM; 7m`i?2` BM7Q`K�iBQM �#Qmi i?2 `2HB�#BHBiv Q7 i?2 i`22
#`�M+?2bX

h?Bb +?�Ti2` Bb Q`;�MBx2/ �b 7QHHQrbX q2 /2b+`B#2 i?2 `2[mB`2/ /2}MBiBQMb- MQi�iBQMb �M/
i?2 K�BM bi2Tb iQ +QMbi`m+i � T?vHQ;2M2iB+ i`22 BM a2+iBQM eXkX a2+iBQM eXj T`2b2Mib i?2
K�BM K2i?Q/b i?�i +�M #2 �TTHB2/ iQ +`2�i2 � T?vHQ;2M2iB+ i`22 7`QK ;Bp2M BMTmi b2[m2M+2bX
a2+iBQM eX9 BMi`Q/m+2b Qm` #BQ#D2+iBp2 K2i?Q/ 7Q` +QMbi`m+iBM; T?vHQ;2M2iB+ i`22bX AM a2+iBQM
eX8- irQ /�i� b2ib �`2 mb2/ 7Q` BHHmbi`�iBQM Tm`TQb2- �M/ i?2 `2bmHiBM; i`22b �`2 +QKT�`2/ rBi?
i?Qb2 Q#i�BM2/ rBi? � r2HH@FMQrM i2+?MB[m2X �i H�bi- r2 T`2b2Mi i?2 K�BM +QM+HmbBQMb �M/
/Bb+mbbBQM BM a2+iBQM eXeX

eXk AMi`Q/m+iBQM iQ S?vHQ;2M2iB+ h`22b

S?vHQ;2Mv `272`b iQ i?2 2pQHmiBQM�`v ?BbiQ`v Q7 bT2+B2bX S?vHQ;2M2iB+b Bb i?2 b+B2M+2 i?�i
2tTH�BMb i?2 2pQHmiBQM�`v `2H�iBQMb?BT #2ir22M bT2+B2b U_�M/�HH hX a+?m?- kyyNVX AM i?2
KQH2+mH�` T?vHQ;2M2iB+ �M�HvbBb- i?2 b2[m2M+2 Q7 � +QKKQM ;2MQK2 Q` T`Qi2BM +�M #2 mb2/
iQ �bb2bb i?2 2pQHmiBQM�`v `2H�iBQMb?BT �KQM; bT2+B2bX h?2 2pQHmiBQM�`v `2H�iBQMb?BT Q#i�BM2/
7`QK i?2 T?vHQ;2M2iB+ �M�HvbBb mbm�HHv /2b+`B#2b �b T?vHQ;2M2iB+ i`22X � T?vHQ;2M2iB+ i`22 Q`
2pQHmiBQM�`v i`22 Bb � /B�;`�KK�iB+ `2T`2b2Mi�iBQM Q7 i?2 2pQHmiBQM�`v `2H�iBQMb?BTb �KQM;
p�`BQmb bT2+B2bX Ai Bb � #`�M+?BM; /B�;`�K +QKTQb2/ Q7 MQ/2b �M/ #`�M+?2bX

AM T?vHQ;2M2iB+ i`22b- i?2 i2`KBM�H MQ/2b UH2�p2bV `2T`2b2Mi i?2 QT2`�iBQM�H i�tQMQKB+
mMBib UPhlbV- r?B+? �`2 i?2 �+im�H Q#D2+ib mM/2` �M�HvbBb bm+? �b i?2 bT2+B2b- TQTmH�iBQMb-
;2MQK2 Q` T`Qi2BM b2[m2M+2bX h?2 BMi2`M�H MQ/2b `2T`2b2Mi ?vTQi?2iB+�H i�tQMQKB+ mMBib
U>hlbV i?�i b?Qr i?2 H�bi +QKKQM �M+2biQ` iQ i?2 MQ/2b bi�`iBM; 7`QK i?Bb TQBMiX � #`�M+?
Q` �M 2/;2 /2b+`B#2b i?2 iBK2 2biBK�i2 Q7 i?2 2pQHmiBQM�`v `2H�iBQMb?BTb �KQM; i?2 i�tQMQKB+
mMBibX PM2 #`�M+? +�M +QMM2+i QMHv irQ MQ/2bX S?vHQ;2M2iB+ i`22b +�M #2 `QQi2/ Q` mM`QQi2/X
� `QQi2/ i`22 ?�b � MQ/2- i?2 `QQi- 7`QK r?B+? i?2 `2bi Q7 i?2 i`22 /Bp2`;2b �M/ +Q``2bTQM/b
iQ i?2 H�bi +QKKQM �M+2biQ`X 6B;m`2 eXR b?Qrb /Bz2`2Mi 7Q`Kb Q7 T?vHQ;2M2iB+ i`22bc U�V �M/
U*V �`2 `QQi2/ i`22b- r?BH2 U"V Bb �M mM`QQi2/ i`22X h?2 i`22 BM U*V Bb � /2M/`Q;`�K Q#i�BM2/



eXkX AMi`Q/m+iBQM iQ S?vHQ;2M2iB+ h`22b RkN

A A

B

CB

C

Past

Present

The root

An internal node(HUT)

A terminal node(OUT)

A branch

(A)Rooted tree

(B)Unrooted 
tree

A

B

C

(C)Dendrogram

6B;m`2 eXR, .Bz2`2Mi `2T`2b2Mi�iBQMb Q7 � T?vHQ;2M2iB+ i`22X

7`QK ?B2`�`+?B+�H +Hmbi2`BM; K2i?Q/bX
a2p2`�H K2i?Q/b 2tBbi iQ +QMbi`m+if`2+QMbi`m+i T?vHQ;2M2iB+ i`22bX >Qr2p2`- i?2v /2�H

rBi? +2`i�BM �bbmKTiBQMb bm+? �b BV i?2 b2[m2M+2b �`2 ?QKQHQ;Qmb- i?�i Bb- i?2 b2[m2M+2b
b?�`2 � +QKKQM �M+2bi`v- �M/ i?2v ?�p2 /Bp2`;2/ i?`Qm;? iBK2 �b i?2v 2pQHp2/c �M/ BBV 2�+?
TQbBiBQM BMbB/2 i?2 b2[m2M+2b 2pQHp2/ BM/2T2M/2MiHvX

AM ;2M2`�H- +QMbi`m+iBQM Q7 � T?vHQ;2M2iB+ i`22 +QMbBbib Q7 i?2 7QHHQrBM; bi2Tb,

BV a2H2+iBQM Q7 � T`QT2` KQH2+mH�` K�`F2` U;2MQK2bfT`Qi2BMbVX � KQH2+mH�` K�`F2` BM
T?vHQ;2M2iB+ �M�HvbBb Bb i?2 #BQHQ;B+�H BM7Q`K�iBQM i?�i Bb mb2/ iQ BM72` i?2 2pQHmiBQM�`v
`2H�iBQMb?BTb �KQM; i�t�X .2T2M/BM; QM i?2 M22/- Mm+H2B+ �+B/ Q` T`Qi2BM b2[m2M+2b
+�M #2 +?Qb2M �b i?2 �TT`QT`B�i2 K�`F2`X

BBV a2[m2M+2 �HB;MK2MiX �HB;MK2Mi Q7 b2[m2M+2b Bb i?2 KQbi +`BiB+�H bi2T BM +QMbi`m+iBM; �
`2HB�#H2 T?vHQ;2M2iB+ i`22X �HB;MK2Mi B/2MiB}2b #HQ+Fb Q7 +QMb2`p2/ `2bB/m2bX

BBBV a2H2+iBQM Q7 � KQ/2H Q7 2pQHmiBQMX �M 2pQHmiBQM�`v KQ/2H Q7 b2[m2M+2 /�i� Bb � KQ/2H
Q7 Mm+H2QiB/2 Q` �KBMQ �+B/ bm#biBimiBQM �M/ `2bmHiBM; /Bp2`;2M+2 Q7 b2[m2M+2bX h?2
bBKTH2bi r�v iQ /2i2`KBM2 /Bp2`;2M+2 Bb iQ +QmMi i?2 MmK#2` Q7 bm#biBimiBQMbX h?2
bBKTH2bi bm#biBimiBQM KQ/2H Bb i?2 "Bb?QT 6`B/�v KQ/2H U"Bb?QT �M/ 6`B/�v- RN38V
r?B+? �bbmK2b i?�i �HH �KBMQ �+B/b bm#biBimiBQMb Q++m` �i �M 2[m�H 7`2[m2M+v �M/ �HH
bm#biBimiBQMb Q++m` �i i?2 b�K2 `�i2X

BpV *QMbi`m+iBQM Q7 i?2 T?vHQ;2M2iB+ i`22X J�Mv K2i?Q/b ?�p2 #22M /2b+`B#2/ 7Q` `2+QM@
bi`m+iBM; T?vHQ;2M2iB+ i`22bX h?2 K2i?Q/b +�M #2 +H�bbB}2/ BMiQ irQ K�DQ` ivT2b, BV



Rjy eX �M �TTHB+�iBQM iQ i?2 *QMbi`m+iBQM Q7 S?vHQ;2M2iB+ h`22b

1 2 2 4 4 4

a) A T T G G G

b) A T T G G G

c) A T T T T A

1 2 3 4 5 6

a) A T G G A A

b) A T G G C T

c) A T G T A A

1 1 3 3 3 6

a) A A G G G A

b) A A G G G T

c) A A G G G A

2 2 3 5 6 6

a) T T G A A A

b) T T G C T T

c) T T G A A A

Sample 1:

Sample 2:

Sample n:

Original set of sequences:

b

a

c

Bootstrap tree 1

Bootstrap tree 2

Bootstrap tree n
Inferred tree  from 
original sequences

Bootstrap value %

b

a

c

c

a

b

b

a

c
95

6B;m`2 eXk, AHHmbi`�iBQM Q7 #QQibi`�TTBM; K2i?Q/ 7Q` � T?vHQ;2M2iB+ i`22X

/Bbi�M+2@#�b2/ �M/ BBV +?�`�+i2`@#�b2/X AM a2+iBQM eXj- bQK2 Q7 i?2b2 K2i?Q/b �`2
2tTH�BM2/ BM KQ`2 /2i�BHX

pV �bb2bbK2Mi Q7 i?2 `2HB�#BHBiv Q7 i?2 i`22X .2i2`KBMBM; i?2 `2HB�#BHBiv Q7 � i`22 K2�Mb
/2+B/BM; r?2i?2` i?2 iQTQHQ;v Q7 i?2 i`22 Bb �++m`�i2 Q` � #2ii2` i`22 +�M #2 Q#i�BM2/X
h?Bb [m2biBQM Bb �Mbr2`2/ #v #QQibi`�TTBM; i?2 i`22X "QQibi`�TTBM;- BMi`Q/m+2/ BM
62Hb2Mbi2BM URN38V- Bb � `2b�KTHBM; �M�HvbBb i?�i BMpQHp2b ;2M2`�iBM; � b2`B2b Q7 b2@
[m2M+2 �HB;MK2Mib #v b�KTHBM;- rBi? `2TH�+2K2Mi- +QHmKMb 7`QK i?2 Q`B;BM�H b2[m2M+2
�HB;MK2MiX 1�+? Q7 i?2b2 �HB;MK2Mib Bb i?2M mb2/ iQ `2#mBH/ i?2 i`22 i?`Qm;? i?2 b�K2
�M�HvbBb �b i?2 Q`B;BM�H b�KTH2 iQ Q#i�BM K�Mv #QQibi`�T i`22bX �i H�bi- i?2 iQTQHQ;v
Q7 i?2b2 #QQibi`�T i`22b Bb +QKT�`2/ rBi? i?�i Q7 i?2 Q`B;BM�H iQ �bb2bb i?2 `2HB�#BHBiv
Q7 i?2 Q`B;BM�H T?vHQ;2M2iB+ i`22X � #QQibi`�TTBM; K�v `2@b�KTH2 8yy@Ryyy i`22b 7`QK
i?2 Q`B;BM�H b2[m2M+2bX A7- 7Q` 2t�KTH2- i?2 b�K2 MQ/2 `2+Qp2`2/ i?`Qm;? N8 Qmi Q7
Ryy Bi2`�iBQMb Q7 i�FBM; Qmi `2bB/m2b �M/ `2b�KTHBM; i?2 i`22- i?2M i?2 #QQibi`�T p�Hm2
rQmH/ #2 yXN8 r?B+? BM/B+�i2b i?�i i?2 MQ/2 Bb r2HH bmTTQ`i2/X � MQ/2 i?�i Bb r2HH



eXjX *QMbi`m+iBQM Q7 i?2 S?vHQ;2M2iB+ h`22 RjR

1 2 3 4 5 6

a A T G G A A

b A T G G C T

c A T G T A A

Sequences:

(a,b):   2/6 = 0.3
(a,c):   1/6 = 0.2
(b,c):   3/6 = 0.5

For each comparing 
sequences pair: The 

distance is the number of 
substitutions out of 6

Distance 
matrix

1 2 3

a 0 0.3 0.5

b 0.3 0 0.2

c 0.5 0.2 0

6B;m`2 eXj, h?2 /Bbi�M+2 K�i`Bt Q7 i?`22 b2[m2M+2b rBi? H2M;i? eX h?2 /Bbi�M+2 Bb +�H+mH�i2/
�b i?2 MmK#2` Q7 bm#biBimiBQMb #2ir22M b2[m2M+2b /BpB/2/ #v i?2B` H2M;i?bX

bmTTQ`i2/ bm;;2bib i?�i KQbi Q7 i?2 `2bB/m2b bmTTQ`i i?�i MQ/2 �b `2KQpBM; i?2K �i
`�M/QK rQmH/ MQi H2�/ iQ � /Bz2`2Mi `2+QMbi`m+iBQM Q7 i?�i MQ/2X 6B;m`2 eXk BHHmbi`�i2b
i?2 T`BM+BTH2 Q7 #QQibi`�TTBM;X

eXj *QMbi`m+iBQM Q7 i?2 S?vHQ;2M2iB+ h`22

S?vHQ;2M2iB+ i`22 +QMbi`m+iBQM K2i?Q/b +�M #2 +�i2;Q`Bx2/ BM irQ r�vb, /Bbi�M+2 �M/ +?�`�+i2`@
#�b2/ K2i?Q/b UaH2�iQ`- kyRRVX h?2 KQbi +QKKQM /Bbi�M+2@#�b2/ K2i?Q/b �`2 lS:J�
UaM2�i? 2i �HX- RNd8V �M/ L2B;?#Q`@CQBMBM; Ua�BiQm �M/ L2B- RN3dVX "Qi? Q7 i?2b2 �H;Q`Bi?Kb
�`2 #�b2/ QM � /Bbi�M+2 K�i`Bt i?�i 2tT`2bb2b ǳ;2M2iB+ /Bbi�M+2Ǵ #2ir22M i?2 b2[m2M+2bX
h?2 �Hi2`M�iBp2 iQ i?2b2 K2i?Q/b Bb i?2 +?�`�+i2` #�b2/ K2i?Q/b bm+? �b J�tBKmK S�`bB@
KQMv U6Bi+?- RNdRV Q` J�tBKmK GBF2HB?QQ/ U62Hb2Mbi2BM- RN3RV- r?B+? i�F2 � T`Q#�#BHBbiB+
�TT`Q�+?X h?2 7QHHQrBM; b2+iBQMb /2b+`B#2 i?2b2 K2i?Q/b BM KQ`2 /2i�BHbX

eXjXR lS:J�

h?2 lS:J� UaM2�i? 2i �HX- RNd8V Bb QM2 Q7 i?2 }`bi /Bbi�M+2@K�i`Bt K2i?Q/b i?�i mb2b
b2[m2MiB�H +Hmbi2`BM; iQ #mBH/ � `QQi2/ T?vHQ;2M2iB+ i`22X 6B`bi- �HH b2[m2M+2b �`2 +QKT�`2/
i?`Qm;? T�B`rBb2 �HB;MK2Mi iQ +QKTmi2 � /Bbi�M+2 K�i`BtX 6B;m`2 eXj b?Qrb � bBKTH2 +QK@
Tmi�iBQM Q7 � /Bbi�M+2 K�i`Bt 7Q` j b2[m2M+2bX lbBM; i?Bb K�i`Bt- i?2 irQ b2[m2M+2b rBi?
KBMBKmK /Bbi�M+2 �`2 B/2MiB}2/ �M/ +Hmbi2`2/ �b � bBM;H2 T�B`X L2ti- i?2 /Bbi�M+2 #2ir22M
i?Bb DQBM2/ T�B` �M/ �HH Qi?2` b2[m2M+2b Bb `2+�H+mH�i2/X lbBM; i?2b2 M2r /Bbi�M+2b- i?2 T`Q@
+2bb Bb `2T2�i2/ mMiBH �HH b2[m2M+2b ?�p2 #22M BM+Hm/2/ BM i?2 +Hmbi2`X h?2 `2bmHi Q7 lS:J�
+�M #2 pBbm�HBx2/ �b � `QQi2/ /2M/`Q;`�KX AM i?2 7QHHQrBM;- r2 BHHmbi`�i2 i?Bb T`Q+2/m`2 rBi?



Rjk eX �M �TTHB+�iBQM iQ i?2 *QMbi`m+iBQM Q7 S?vHQ;2M2iB+ h`22b

r = 1

Dr = D

q?BH2 /Bbi�M+2 K�i`Bt Dr ?�b bBx2 H�`;2` i?�M k /Q

ai2T RX 6BM/ irQ /BbiBM+i i2`KBM�HfBMi2`M�H MQ/2b rBi? i?2 b?Q`i2bi T�B`rBb2 /Bbi�M+2 p�Hm2 BM i?2
K�i`Bt DrX G2i (a, b) /2MQi2 i?2 BM/B+2b Q7 i?2 irQ bm+? MQ/2bX

ai2T kX *QMM2+i a �M/ b �M/ +`2�i2 � M2r MQ/2 uX h?2 #`�M+? H2M;i?b UδV #2ir22M 2/;2 {u, a}
�M/ 2/;2 {u, b} �`2 2[m�H iQ i?2 ?�H7 Q7 i?2 b?Q`i2bi T�B`rBb2 /Bbi�M+2 Ui?2 K2�M /Bbi�M+2V
BM TQbBiBQM Dr[a, b]X

ai2T jX :2M2`�i2 � M2r /Bbi�M+2 K�i`Bt Dr+1 7`QK Dr #v `2KQpBM; `Qrb �M/ +QHmKMb a �M/ b-
`2bT2+iBp2Hv- �M/ �// � M2r `Qrf+QHmKM rBi? BM/2t uX 1�+? /Bbi�M+2 #2ir22M u �M/ i?2
Qi?2` MQ/2b i U/Bz2`2Mi 7`QK a �M/ bV Bb ;Bp2M #v i?2 K2�M /Bbi�M+2 p�Hm2 #2ir22M a �M/
i �M/ #2ir22M b �M/ iX AM +�b2 a Q` b Bb �M BMi2`M�H MQ/2- i?Bb /Bbi�M+2 Bb +�H+mH�i2/ �b
i?2 K2�M p�Hm2 #2ir22M �HH T�B`rBb2 +QK#BM�iBQMb Q7 i?2 MQ/2b �`BbBM; 7`QK i?�i BMi2`M�H
MQ/2X

ai2T 9X r = r + 1

6B;m`2 eX9, ai2Tb Q7 i?2 lS:J� K2i?Q/

�M 2t�KTH2X
*QMbB/2` n b2[m2M+2b �M/ � /Bbi�M+2 K�i`Bt D Q7 bBx2 n× n r?2`2 D[a, b] Bb i?2 /Bbi�M+2

#2ir22M i?2 a@i? b2[m2M+2 �M/ i?2 b@i? b2[m2M+2X h?2 ;Q�H Bb iQ +QMbi`m+i � `QQi2/ i`22 i?�i
K�i+?2b i?2 BM7Q`K�iBQM 7`QK i?2 /Bbi�M+2 K�i`BtX h?2 lS:J� �H;Q`Bi?K bi�`ib 7`QK i?2
irQ +HQb2bi MQ/2b �M/ `2T2�ib i?2 }p2 bi2Tb mMiBH �HH i?2 MQ/2b �`2 +QMM2+i2/ �M/ #`�M+?
H2M;i?b bT2+B}2/X 6B;m`2 eX9 b?Qrb i?2 K�BM bi2Tb Q7 i?Bb K2i?Q/X

1t�KTH2 eXRX *QMbB/2` 8 b2[m2M+2b U�- #- +- /- 2V rBi? i?2 /Bbi�M+2 K�i`Bt DX h?2 �H;Q`Bi?K
rQ`Fb �b 7QHHQrb,



eXjX *QMbi`m+iBQM Q7 i?2 S?vHQ;2M2iB+ h`22 Rjj

� # + / 2
� y 8 4 d e
# 8 y d Ry N
+ 4 d y d e
/ d Ry d y 8
2 e N e 8 y

*QTv K�i`Bt D iQ D1X
Ai2`�iBQM U r ← 1V
ai2T RX h?2 KBMBKmK p�Hm2 BM i?2 /Bbi�M+2 K�i`Bt D1 +Q``2bTQM/b iQ i?2 T�B` (a, c) rBi?
p�Hm2 9X
ai2T kX h?2 i`22 bi�`ib #v +QMM2+iBM; (a, c) i?`Qm;? � M2r MQ/2 uX h?2 M2r MQ/2 u rBHH
?�p2 i?2 7QHHQrBM; #`�M+? H2M;i?b 7`QK a �M/ cX

δ[a, u] = δ[c, u] = D1[a, c]/2

= 4/2 = 2

a

c
u

2

2

ai2T jX :2M2`�i2 i?2 K�i`Bt D2 7`QK D1X h?2 irQ BM/B+2b Ua �M/ cV �`2 `2KQp2/ �M/
`2TH�+2/ #v i?2 M2r BM/2t UuVX 1�+? /Bbi�M+2 #2ir22M u �M/ i?2 Qi?2` MQ/2b iU/Bz2`2Mi 7`QK
a �M/ bV Bb ;Bp2M #v i?2 /Bbi�M+2 #2ir22M a �M/ i THmb i?2 /Bbi�M+2 #2ir22M b �M/ i- /BpB/2/
#v irQX

D2[b, u] = (D[a, b] +D[c, b]) /2 = (5 + 7)/2 = 6

D2[d, u] = (D[a, d] +D[c, d])/2 = (7 + 7)/2 = 7

D2[e, u] = (D[a, e] +D[c, e])/2 = (6 + 6)/2 = 6

h?2`27Q`2- i?2 M2r /Bbi�M+2 K�i`Bt D2 #2+QK2b,

m # / 2
m y e d e
# e y Ry N
/ d Ry y 5

2 e N 5 y

ai2T 9X r ← 2



Rj9 eX �M �TTHB+�iBQM iQ i?2 *QMbi`m+iBQM Q7 S?vHQ;2M2iB+ h`22b

r = 1

Dr = D

q?BH2 /Bbi�M+2 K�i`Bt Dr ?�b bBx2 H�`;2` i?�M k /Q

ai2T RX *�H+mH�i2 i?2 K�i`Bt M 7`QK /Bbi�M+2 K�i`Bt Dr �b 7QHHQrb- r?2`2 n Bb i?2 MmK#2` Q7
b2[m2M+2bX

M [i, j] = (n− 2)Dr[i, j]−
n∑

k=1

Dr[i, k]−
n∑

k=1

Dr[j, k]

ai2T kX 6BM/ � T�B` (a, b) 7`QK K�i`Bt M rBi? i?2 HQr2bi p�Hm2X

ai2T jX *`2�i2 � M2r MQ/2 u BM i?2 i`22 i?�i DQBMb MQ/2b a �M/ b bm+? i?�i i?2 #`�M+? H2M;i? δ

#2ir22M (a, u) �M/ (b, u) Bb +�H+mH�i2/ �b 7QHHQrb,

δ(a, u) =
1

2
Dr[a, b] +

1

2(n− 2)

(
n∑

k=1

Dr[a, k]−
n∑

k=1

Dr[b, k]

)

δ(b, u) = Dr[a, b]− δ(a, u)

ai2T 9X *`2�i2 � M2r /Bbi�M+2 K�i`Bt Dr+1 7`QK Dr #v `2KQpBM; i?2 `Qrb �M/ +QHmKMb a �M/ b-
`2bT2+iBp2Hv- �M/ �// � M2r `Qrf+QHmKM rBi? BM/2t uX *�H+mH�i2 i?2 /Bbi�M+2 Q7 i?Bb M2r
MQ/2 u iQ i?2 Qi?2` MQ/2 k U/BbiBM+i 7`QK a �M/ bV,

Dr+1[u, k] =
1

2
(Dr[a, k] +Dr[b, k]−Dr[a, b])

ai2T 8X r = r + 1

6B;m`2 eX8, ai2Tb Q7 L2B;?#Q` CQBMBM; K2i?Q/

_2T2�i �HH i?2 bi2Tb mMiBH i?2 i`22 iQTQHQ;v Bb 7mHHv `2bQHp2/X

lS:J� 7Q` � /�i�b2i rBi? n MQ/2b `2[mB`2b n−3 Bi2`�iBQMbX �i 2�+? Bi2`�iBQM- � K�i`Bt
D rBi? bBx2 n × n Bb +QMbi`m+i2/ �M/ b2�`+?2/X �b � `2bmHi- i?2 i`BpB�H +QKTmi�iBQM iBK2
Bb O(n3)X >Qr2p2`- 7Q` +2`i�BM /�i�b2ib Bb TQbbB#H2 iQ Q#i�BM2/ O(n2) U:`QM�m �M/ JQ`�M-
kyydVX �Hi?Qm;? Bi Bb � 7�bi �H;Q`Bi?K- Bi /Q2b MQi +`2�i2 � `2�HBbiB+ `2bmHiX lS:J� Bb QMHv
bmBi�#H2 r?2M i?2 /�i� Bb mHi`�K2i`B+- BX2X- i?2 /Bbi�M+2b 7`QK i?2 `QQi iQ i?2 i2`KBM�H MQ/2b
�`2 2[m�HX _2�H b2[m2M+2 /�i� Bb �HKQbi M2p2` mHi`�K2i`B+X h?2`27Q`2- i?Bb K2i?Q/ Bb MQi
+QKKQMHv �TTHB2/ BM T?vHQ;2M2iB+b 7Q` BM72``BM; `2H�iBQMb?BTb Uai�K�i�FBb- kyy9VX



eXjX *QMbi`m+iBQM Q7 i?2 S?vHQ;2M2iB+ h`22 Rj8

eXjXk L2B;?#Q` CQBMBM;

L2B;?#Q`@DQBMBM; K2i?Q/b Ua�BiQm �M/ L2B- RN3dV mb2 � /Bbi�M+2 K�i`Bt 7Q` i`22 +QMbi`m+iBQM
bBKBH�` iQ lS:J�X *QMbB/2` n b2[m2M+2b �M/ � /Bbi�M+2 K�i`Bt DX h?2 ;Q�H Bb iQ #mBH/ �
i`22 bm+? i?�i i?2 /Bbi�M+2 K2�bm`2/ #2ir22M i2`KBM�H MQ/2b UPlhbV i �M/ j +Q``2bTQM/b iQ
D[i, j]X 6BiiBM; i?2 2t�+i /Bbi�M+2b BM Q`/2` iQ Q#i�BM � mMB[m2 i`22 `2[mB`2b bQK2 +QM/BiBQMb
QM /Bbi�M+2 p�Hm2b i?�i ?�`/Hv ?QH/X h?2`27Q`2- i?2 �H;Q`Bi?K BMBiB�HHv bmKb mT BM/BpB/m�H
/Bbi�M+2b iQ +�H+mH�i2 i?2 /Bp2`;2M+2 Q7 �M Plh Ub2[m2M+2V 7`QK �HH Qi?2`b �M/ i?2M #�b2/ QM
i?Bb bmK- � +Q``2+i2/ /Bbi�M+2 K�i`Bt Bb +�H+mH�i2/ Uai�K�i�FBb- kyy9VX 6B;m`2 eX8 BHHmbi`�i2b
i?2 K�BM bi2Tb Q7 i?Bb �H;Q`Bi?KX Ai +QMbB/2`b � i`22 iQTQHQ;v bm+? �b � bi�` �M/ `2T2�ib i?2
bi2Tb mMiBH i?2 }M�H iQTQHQ;v Q7 i?2 i`22 rBi? #`�M+? H2M;i?b �`2 bT2+B}2/X

1t�KTH2 eXkX *QMbB/2` i?2 b�K2 b2[m2M+2b U�- #- +- /- 2V 7`QK 1t�KTH2 eXR �M/ i?2
7QHHQrBM; bi�` i`22,

� # + / 2
� y 8 9 d e
# 8 y d Ry N
+ 9 d y d e
/ d Ry d y 8
2 e N e 8 y a

b

c

d

e

ai2T RX *�H+mH�i2 K�i`Bt M 7`QK i?2 /Bbi�M+2 K�i`BtX

� # + / 2
� y @RjXy @RRX8 @RyXy @RyXy
# @RjXy y @RRX8 @RRXy @RRXy
+ @RRX8 @RRX8 y @RyX8 @RyX8
/ @RyXy @RRXy @RyX8 y @RjXy
2 @RyXy @RRXy @RyX8 @RjXy y

ai2T kX 6BM/ i?2 KBMBKmK p�Hm2 BM K�i`Bt M X h?2 T�B`b (a, b) Q` (d, e) ?�p2 i?2
KBMBKmK p�Hm2- @Rjc 6Q` i?Bb 2t�KTH2- r2 +?QQb2 (a, b)X

ai2T jX *`2�i2 � M2r MQ/2 u �M/ +�H+mH�i2 i?2 #`�M+? H2M;i?b 7`QK a �M/ bX h?2M DQBM
a �M/ b BM i?2 i`22 �++Q`/BM; iQ i?2B` H2M;i?b �M/ i?2 Qi?2` MQ/2b bi�v BM i?2 7Q`K Q7 � bi�`X
"`�M+?2b rBi? /Qii2/ HBM2b ?�p2 mMFMQrM H2M;i?bX



Rje eX �M �TTHB+�iBQM iQ i?2 *QMbi`m+iBQM Q7 S?vHQ;2M2iB+ h`22b

δ(a, u) = 5/2 +
1

2(5− 2)
[(5 + 4 + 7 + 6)− (5 + 7 + 10 + 9)] = 1

δ(b, u) = 5− 1 = 4

a

b c

d

e
1

4
u

ai2T 9X *`2�i2 � M2r /Bbi�M+2 K�i`Bt D2 7`QK D1 #v `2KQpBM; i?2 `Qrb �M/ +QHmKMb
`2H�i2/ iQ a �M/ b �M/ �// � M2r QM2 7Q` uX *�H+mH�i2 i?2 /Bbi�M+2b Q7 �HH Qi?2` MQ/2b iQ u

�++Q`/BM; iQ i?2 7Q`KmH� BM ai2T 9X

D2[u, c] = 1
2 (D1[a, c] +D1[b, c]−D1[a, b]) =

1
2(4 + 7− 5) = 3

D2[u, d] = 1
2 (D1[a, d] +D1[b, d]−D1[a, b]) =

1
2(7 + 10− 5) = 6

D2[u, e] = 1
2 (D1[a, e] +D1[b, e]−D1[a, b]) =

1
2(6 + 9− 5) = 5

m + / 2
m y j e 8
+ j y d e
/ e d y 8
2 8 e 8 y

_2T2�i �HH i?2 bi2Tb mMiBH i?2 i`22 iQTQHQ;v Bb 7mHHv `2bQHp2/X

L2B;?#Q`@DQBMBM; QM � b2i Q7 n MQ/2b `2[mB`2b n − 3 Bi2`�iBQMbX �i 2�+? Bi2`�iBQM- �
K�i`Bt M rBi? bBx2 n × n Bb +QMbi`m+i2/ �M/ b2�`+?2/X �b � `2bmHi- i?2 iBK2 +QKTH2tBiv
Q7 i?2 �H;Q`Bi?K Bb O(n3)X LQi2 i?�i i?Bb K2i?Q/ Bb #�b2/ QM i?2 +`Bi2`BQM Q7 ǳKBMBKmK@
2pQHmiBQMǴ- BX2X- �i 2�+? bi�;2- � iQTQHQ;v Bb +?Qb2M bQ i?�i i?2 H2M;i? Q7 i?2 #`�M+?2b ?�b
i?2 HQr2bi p�Hm2 U:�b+m2H �M/ ai22H- kyyeVX h?2`27Q`2- B7 i?2 /Bbi�M+2 K�i`Bt Bb i`22@HBF2-
BX2X- i?2`2 Bb � i`22 i?�i 2t�+iHv +Q``2bTQM/b iQ i?2 /Bbi�M+2 K�i`Bt- i?2M M2B;?#Q`@DQBMBM;
`2im`Mb i?�i i`22c Qi?2`rBb2 Bi K�v MQi ;Bp2 � +Q``2+i �Mbr2`X L2p2`i?2H2bb- bBM+2 L2B;?#Q`@
DQBMBM; Bb 7�bi �M/ /Q2b MQi M22/ mHi`�K2i`B+ /�i�- Bi #2+�K2 i?2 KQbi rB/2Hv mb2/ K2i?Q/
7Q` +QMbi`m+iBM; T?vHQ;2M2iB+ i`22b rBi? H�`;2 /�i� b2ib U:�b+m2H �M/ ai22H- kyyeVX

eXjXj J�tBKmK S�`bBKQMv

h?2 J�tBKmK S�`bBKQMv UJSV U6Bi+?- RNdRV K2i?Q/ +QKTmi2b K�Mv i`22b 7`QK i?2 ;Bp2M
/�i� b2i �M/ �bbB;Mb � +Qbi iQ 2�+? i`22X JS �bbmK2b i?�i i?2 bBKTH2bi i`22 Bb i?2 KQbi



eXjX *QMbi`m+iBQM Q7 i?2 S?vHQ;2M2iB+ h`22 Rjd

1 2 3 4 5 6 7

A G G A G T G

A A C A G T G

A G A A C T A

A G T A C T A

Sequences:

Informative sitesNon-informative sites 

1

2

3

4

Position (column):

6B;m`2 eXe, AM7Q`K�iBp2 �M/ MQM@BM7Q`K�iBp2 bBi2b BM K�tBKmK T�`bBKQMv K2i?Q/X

Tree1 

Column 5 Column 7 Total

Tree 1 1 1 2

Tree 2 3 3 6

Tree 3 3 3 6

0

4:C

3:C 

G

1:G

C

2:G

0

00

1
0

4:C

2:G 

G

1:G

C

3:C

1

01

1
0

3:C

2:G 

G

1:G

C

4:C

1

01

1

0

4:A

3:A 

G

1:G

A

2:G

0

00

1
0

4:A

2:G 

G

1:G

C

3:A

1

01

1
0

3:A

2:G 

G

1:G

C

4:A

1

01

1

Tree2  Tree3 

column 
5

column 
7

Most parsimonious 
tree is Tree 1

Number of substitutions in each columns:

6B;m`2 eXd, S`BM+BTH2b Q7 i`22 +QMbi`m+iBQM #v i?2 K�tBKmK T�`bBKQMv K2i?Q/X h`22 R
Bb i?2 KQbi T�`bBKQMBQmb i`22 #2+�mb2 Bib iQTQHQ;v Bb #�b2/ QM i?2 KBMBKmK MmK#2` Q7
bm#biBimiBQMbX



Rj3 eX �M �TTHB+�iBQM iQ i?2 *QMbi`m+iBQM Q7 S?vHQ;2M2iB+ h`22b

TH�mbB#H2 QM2X h?Bb i`22 Bb i?2 QM2 i?�i `2[mB`2b i?2 72r2bi MmK#2` Q7 bm#biBimiBQMb iQ
2tTH�BM i?2 /�i� /B`2+iHv BM i?2 �HB;MK2MiX h?2`27Q`2- T�`bBKQMv mb2b i?2 /�i� �M/ /Q2b MQi
�ii2KTi iQ mb2 �Mv KQ/2H iQ 2biBK�i2 i?2 iQi�H MmK#2` Q7 bm#biBimiBQMbX A7 KQ`2 i?�M QM2
i`22 rBi? i?2 bK�HH2bi MmK#2` Q7 bm#biBimiBQMb +�M #2 Q#i�BM2/- i?2M i?2 i`22b �`2 2[m�HHv
T�`bBKQMBQmbX AM i?Bb K2i?Q/- i?2 i`22b �`2 +QMbi`m+i2/ #v mbBM; BM7Q`K�iBp2 bBi2bX � bBi2
UBX2X- �HB;MK2Mi +QHmKMV Bb +QMbB/2`2/ iQ #2 BM7Q`K�iBp2 B7 Bi ?�b �i H2�bi irQ /Bz2`2Mi FBM/b
Q7 `2bB/m2b `2T`2b2Mi2/ BM �i H2�bi irQ Q7 i?2 b2[m2M+2bX 6B;m`2 eXe b?Qrb �M �HB;MK2Mi �M/
i?2 +Q``2bTQM/BM; BM7Q`K�iBp2fMQM@BM7Q`K�iBp2 bBi2bX *QHmKMb 8 �M/ d �`2 BM7Q`K�iBp2 bBi2bX
h?2 K�BM bi2Tb Q7 i?Bb K2i?Q/ �`2 �b 7QHHQrb,

BV A/2MiB7v �HH BM7Q`K�iBp2 bBi2b BM i?2 KmHiBTH2 �HB;MK2MiX

BBV �i 2�+? BM7Q`K�iBp2 bBi2 �M/ 7Q` 2�+? TQbbB#H2 i`22 +�H+mH�i2 i?2 KBMBKmK MmK#2` Q7
bm#biBimiBQMbX

BBBV amK mT i?2 MmK#2` Q7 bm#biBimiBQMb 7Q` 2�+? TQbbB#H2 i`22X

BpV � i`22 rBi? i?2 bK�HH2bi MmK#2` Q7 bm#biBimiBQMb Bb b2H2+i2/ �b i?2 KQbi HBF2Hv i`22X

6B;m`2 eXd b?Qrb �M 2t�KTH2 Q7 i`22 +QMbi`m+iBQM #v K�tBKmK T�`bBKQMv mbBM; i?2
BM7Q`K�iBp2 bBi2b U+QHmKMb 8 �M/ dV 7`QK i?2 �HB;MK2Mi BM 6B;m`2 eXeX h?2`2 �`2 i?`22
/Bz2`2Mi iQTQHQ;v i`22 7Q` 2�+? +QHmKMX h`22 R BM +QHmKMb 8 Q` d ?�b i?2 KBMBKmK MmK#2`
Q7 bm#biBimiBQM- r?B+? Bb QM2X h?2 iQi�H MmK#2` Q7 bm#biBimiBQMb 7Q` h`22 R Bb irQX h?2`27Q`2-
h`22 R Bb i?2 KQbi T�`bBKQMBQmb i`22 bBM+2 Bib iQTQHQ;v Bb #�b2/ QM i?2 KBMBKmK MmK#2` Q7
bm#biBimiBQMbX

AM JS- i?2 b2�`+? 7Q` �M QTiBK�H i`22 Bb � +QKTmi�iBQM�HHv BMi`�+i�#H2 T`Q#H2Kc h?2
H�`;2 T�`bBKQMv T`Q#H2K Bb +?�HH2M;BM; �M/ Bb �M LS@+QKTH2i2 T`Q#H2K U6QmH/b �M/ :`�?�K-
RN3kVX >Qr2p2`- � i`22 +�M #2 +QKTmi2/ BM TQHvMQKB�H iBK2X :Bp2M n �HB;M2/ b2[m2M+2b Q7
H2M;i? k- i?2 KQbi T�`bBKQMBQmb i`22 +�M #2 +QKTmi2/ BM O(nk) U6Bi+?- RNdRVX 6m`i?2`KQ`2-
i?2 JS rQ`Fb r2HH r?2M i?2 b2[m2M+2b #2BM; +QKT�`2/ �`2 MQi iQQ /Bp2`;2MiX >Qr2p2`- 2p2M
B7 i?2 b2[m2M+2b �`2 MQi p2`v /Bz2`2Mi- #mi i?2 HQM; #`�M+? �ii`�+iBQM b+2M�`BQ �`Bb2b- i?2M
i?2 `2bmHiBM; i`22 K�v#2 KBbH2�/BM; U>2M/v �M/ S2MMv- RN3Nc >m2Hb2M#2+F- RNN8VX



eXjX *QMbi`m+iBQM Q7 i?2 S?vHQ;2M2iB+ h`22 RjN

eXjX9 J�tBKmK GBF2HB?QQ/

J�tBKmK HBF2HB?QQ/ UJGV U62Hb2Mbi2BM- RN3RV Bb � bi�iBbiB+�H K2i?Q/ i?�i 2biBK�i2b i?2 mM@
FMQrM T�`�K2i2`b Q7 � T`Q#�#BHBiv KQ/2HX h?2 JG K2i?Q/ Bb +m``2MiHv rB/2Hv mb2/ 7Q`
i?2 +QMbi`m+iBQM Q7 i?2 T?vHQ;2M2iB+ i`22X JG 2p�Hm�i2b i?2 T`Q#�#BHBiv i?�i i?2 b2H2+i2/
2pQHmiBQM�`v KQ/2H T`2/B+ib i?2 Q#b2`p2/ b2[m2M+2bX AM Qi?2` rQ`/b- i?2 iQTQHQ;v Q7 i?2
T?vHQ;2M2iB+ i`22b +QMbi`m+i2/ mbBM; K�tBKmK HBF2HB?QQ/ ?�b i?2 ?B;?2bi T`Q#�#BHBiv Q7 T`Q@
/m+BM; i?2 Q#b2`p2/ b2[m2M+2bX

Ai Bb FMQrM i?�i JG Bb � +QMbBbi2Mi K2i?Q/X JQ`2Qp2`- Bi ?�b i?2 �#BHBiv iQ K�F2 bi�iBbiB+�H
+QKT�`BbQMb #2ir22M iQTQHQ;B2b �M/ /�i� b2ib- �M/ Bi +�M `2im`M b2p2`�H 2[m�HHv HBF2Hv i`22bX �
/Bb�/p�Mi�;2 Q7 JG Bb i?2 2ti2MbBp2 +QKTmi�iBQM U1;�M �M/ *`�M/�HH- kyyeVX 6BM/BM; QTiBK�H
JG i`22b BM ;2M2`�H Bb �M LS@?�`/ T`Q#H2K U*?Q` �M/ hmHH2`- kyyeVX 1t�+i �H;Q`Bi?Kb �`2
mbm�HHv #QmM/2/ iQ ky b2[m2M+2bX 6Q` H�`;2` b2[m2M+2b- ?2m`BbiB+ �TT`Q�+?2b �`2 +QKKQMHv
�TTHB2/X

eXjX8 Pp2`�HH .Bb+mbbBQM

.Bbi�M+2@#�b2/ K2i?Q/b `2[mB`2 2pQHmiBQM�`v /Bbi�M+2- BX2X- i?2 MmK#2` Q7 bm#biBimiBQMb i?�i
?�p2 Q++m``2/ �HQM; i?2 #`�M+?2b #2ir22M irQ b2[m2M+2b- #2ir22M �HH T�B`b Q7 PlhbX "v
bmKK�`BxBM; i?2 BMTmi /�i� U2X;X- b2[m2M+2V BMiQ � K�i`Bt Q7 T�B`rBb2 /Bbi�M+2b- /Bbi�M+2
K2i?Q/b BM2pBi�#Hv 7�+2 � HQbb Q7 BM7Q`K�iBQMc i?Bb mbm�HHv H2�/b iQ H2bb �++m`�i2 i`22 `2+QM@
bi`m+iBQMb i?�M i?Qb2 Q7 +?�`�+i2`@#�b2/ K2i?Q/b- r?B+? 2MiB`2Hv mb2 i?2 BMTmi /�i�X

.m2 iQ i?2 bBKTHB+Biv Q7 i?2B` BMTmi- ?2m`BbiB+ /Bbi�M+2 K2i?Q/b �`2 i?2 7�bi2bi �p�BH�#H2
�M/- i?2`27Q`2- �`2 T`272`�#H2 r?2M bT22/ Bb �M 2bb2MiB�H `2[mB`2K2Mi U2X;X- � H�`;2 MmK#2` Q7
i�t�- Q` r?2M � H�`;2 MmK#2` Q7 i`22b Kmbi #2 ;2M2`�i2/VX JQ`2Qp2`- i?2v �HbQ T`Q/m+2 QMHv
QM2 i`22- �M/ i?mb Bi Bb MQi TQbbB#H2 iQ 2t�KBM2 +QKT2iBM; ?vTQi?2b2b �#Qmi i?2 `2H�iBQMb?BT
#2ir22M b2[m2M+2bX

PM i?2 +QMi`�`v- +?�`�+i2`@#�b2/ K2i?Q/b QT2`�i2 /B`2+iHv QM i?2 �HB;M2/ b2[m2M+2b
`�i?2` i?�M QM T�B`rBb2 /Bbi�M+2bX JS /Q2b MQi `2[mB`2 �M 2tTHB+Bi KQ/2H Q7 b2[m2M+2 2pQ@
HmiBQMc Bi B/2MiB}2b i?2 i`22b i?�i BMpQHp2b i?2 bK�HH2bi MmK#2` Q7 Kmi�iBQM�H bm#biBimiBQMb
M2+2bb�`v iQ 2tTH�BM i?2 /Bz2`2M+2b �KQM; i?2 /�i� �i ?�M/X AM K�Mv +�b2b- JS K2i?Q/b
�`2 `2H�iBp2Hv 7`22 Q7 �bbmKTiBQMb +QMbB/2`BM; Mm+H2QiB/2 �M/ �KBMQ �+B/ bm#biBimiBQMX >Qr@
2p2`- i?2b2 K2i?Q/b +�M H2�/ iQ r`QM; `2H�iBQMb?BT 2biBK�i2b 7Q` bBKBH�` b2[m2M+2b U>2M/v
�M/ S2MMv- RN3Nc >m2Hb2M#2+F- RNN8VX AM JG- i?2 iQTQHQ;v i?�i ;Bp2b i?2 ?B;?2bi JG p�Hm2
Bb +?Qb2M �b i?2 }M�H i`22X PM2 Q7 i?2 bi`2M;i?b Q7 i?2 JG K2i?Q/ Bb i?2 2�b2 rBi? r?B+?



R9y eX �M �TTHB+�iBQM iQ i?2 *QMbi`m+iBQM Q7 S?vHQ;2M2iB+ h`22b

?vTQi?2b2b �#Qmi 2pQHmiBQM�`v `2H�iBQMb?BTb +�M #2 7Q`KmH�i2/X >Qr2p2`- i?Bb K2i?Q/ Bb
+QKTmi�iBQM�HHv p2`v BMi2MbBp2- �M/ Bi +�MMQi #2 mb2/ 7Q` p2`v H�`;2 /�i�b2ibX

h?2 /Bbi�M+2@#�b2/ K2i?Q/b �`2 #�b2/ QM /Bbi�M+2b Q#i�BM2/ 7`QK � bBM;H2 KmHiBTH2 b2@
[m2M+2 �HB;MK2MiX >Qr2p2`- /Bz2`2Mi �HB;MK2Mib K�v H2�/ iQ /Bz2`2Mi i`22 iQTQHQ;B2b UqQM;
2i �HX- kyy3VX JQ`2Qp2`- bi�iBbiB+�H K2i?Q/b bm+? �b JG K�v #2 bi�iBbiB+�HHv BM+QMbBbi2Mi
rBi? `2bT2+i iQ � ;2M2`�H KQ/2H Q7 b2[m2M+2 2pQHmiBQM- bBM+2 i?2v i`2�i BM/2Hb �b KBbbBM; /�i�
Uq�`MQr- kyRkVX q2 #2HB2p2 i?�i #v +QMbB/2`BM; � b2i Q7 S�`2iQ QTiBK�H �HB;MK2Mib BMbi2�/
Q7 � bBM;H2 �HB;MK2Mi- /Bz2`2Mi i`22 iQTQHQ;B2b +�M #2 Q#i�BM2/- 7`QK r?B+? � T`�+iBiBQM2`
+�M #2ii2` BM72` i?2 `2H�iBQMb?BT #2ir22M i?2 bT2+B2b mM/2` �M�HvbBbX

AM i?2 M2ti b2+iBQM- r2 T`2b2Mi � M2r K2i?Q/ i?�i /B`2+iHv `2+QMbi`m+ib T?vHQ;2M2iB+
i`22b 7`QK i?2 MQM@/QKBM�i2/ b+Q`2 b2i /�i�X q2 mb2 i?2 �H;Q`Bi?Kb BMi`Q/m+2/ BM *?�Ti2`
9 iQ +QKTmi2 i?2 MQM@/QKBM�i2/ b+Q`2 b2i 7Q` 2�+? T�B` Q7 b2[m2M+2b mM/2` bim/vX h?2M- 7`QK
i?Bb /�i�- r2 +QMbi`m+i b2p2`�H i`22 iQTQHQ;B2bX 6m`i?2`KQ`2- r2 BMi`Q/m+2 � M2r T`Q+2/m`2
#�b2/ QM #QQibi`�TTBM; iQ p�HB/�i2 i?2 `2HB�#BHBiv Q7 i`22bX

eX9 � "BQ#D2+iBp2 J2i?Q/ 7Q` *QMbi`m+iBM; S?vHQ;2M2iB+ h`22b

AM i?Bb b2+iBQM- r2 /2b+`B#2 � M2r K2i?Q/ 7Q` +QMbi`m+iBM; T?vHQ;2M2iB+ i`22b 7`QK i?2 MQM@
/QKBM�i2/ b+Q`2 b2iX *QMbB/2` n b2[m2M+2b rBi? � +QHH2+iBQM Q7 MQM@/QKBM�i2/ b+Q`2 b2ib
2�+? Q7 r?B+? Q#i�BM2/ 7`QK 2�+? T�B` Q7 b2[m2M+2bX 6Q` 2�+? ;�TfBM/2H p�Hm2 i?�i �`Bb2b
7`QK i?2 mMBQM Q7 �HH MQM@/QKBM�i2/ b+Q`2b b2ib- r2 #mBH/ � T?vHQ;2M2iB+ i`22X h?2 �H;Q`Bi?K
+QMbBbib Q7 i?2 7QHHQrBM; 7Qm` bi2Tb 7Q` 2�+? ;�TfBM/2H p�Hm2 d,

RX *QHH2+i �HH i?2 bm#biBimiBQM b+Q`2 p�Hm2b Q7 b+Q`2 p2+iQ`b i?�i ?�p2 / BM/2Hbf;�TbX

kX LQ`K�HBx2 2�+? bm#biBimiBQM b+Q`2 p�Hm2 #2ir22M y �M/ RX

jX *QKTmi2 i?2 /Bbi�M+2 #2ir22M irQ b2[m2M+2b �b QM2 KBMmb i?2 MQ`K�HBx2/ bm#biBimiBQM
b+Q`2 p�Hm2 Q7 i?2 MQM@/QKBM�i2/ b+Q`2 p2+iQ` Q#i�BM2/ 7`QK i?Qb2 irQ b2[m2M+2bX

9X "mBH/ � T?vHQ;2M2iB+ i`22 mbBM; i?2 /Bbi�M+2b +QKTmi2/ �#Qp2 �M/ mbBM; L2B;?#Q`@CQBMBM;
K2i?Q/ RX

�M 2bb2MiB�H �bT2+i Q7 i?2 �M�HvbBb Bb iQ mM/2`bi�M/ ?Qr Q7i2M bT2+B}+ T?vHQ;2M2iB+ i`22
iQTQHQ;B2b �`Bb2 7`QK i?Bb �TT`Q�+? Ub22 a2+iBQM eXkVX � H2bb 7`2[m2Mi iQTQHQ;v- Q` i`22 #`�M+?-

RAM i?Bb bi2T i?2 S>uGAS T�+F�;2 U62Hb2Mbi2BM- RN38V Bb mb2/ BM Qm` 2tT2`BK2MibX



eX8X �M�HvbBb rBi? _2�H .�i� R9R

K�v BM/B+�i2 � H2bb `2HB�#H2 `2H�iBQM #2ir22M i?2 +Q``2bTQM/BM; bT2+B2bX h?2`27Q`2- r2 +QmMi
?Qr K�Mv iBK2b 2�+? #`�M+? �`Bb2b BM �HH T?vHQ;2M2iB+ i`22b �M/ �// i?2 +Q``2bTQM/BM;
`2H�iBp2 7`2[m2M+v iQ 2�+? #`�M+?X LQi2 i?�i i?Bb BM7Q`K�iBQM Bb �M�HQ;Qmb iQ i?2 #QQibi`�T
p�Hm2b U62Hb2Mbi2BM- RN38Vc BMbi2�/ Q7 i?2 b�KTHBM; T`Q+2bb- r2 mb2 i?2 MQM@/QKBM�i2/ b+Q`2
b2ibX

eX8 �M�HvbBb rBi? _2�H .�i�

AM i?Bb b2+iBQM- irQ /�i� b2ib �`2 mb2/ 7Q` BHHmbi`�iBQM Tm`TQb2X h?2 `2bmHib i`22b �`2 +QKT�`2/
rBi? i?Qb2 Q#i�BM2/ rBi? i?2 r2HH@FMQrM i2+?MB[m2 Q7 J�tBKmK GBF2HB?QQ/X

eX8XR 6B`bi 1tT2`BK2Mi

h?Bb 2tT2`BK2Mib +QMbBbib Q7 /�i�b2i *�M/B/� ;2M2b- *X�H#B+�Mb S�S�- *X�H#B+�Mb S�S�HT?�-
*Xi`QTB+�HBb S�S�HT?�- *Xi`QTB+�HBb S�S� �M/ *X/m#HBMB2MbBb S�S�- �b r2HH �b i?2 ;2M2b
SB+?B� biBTBiBb S�S�- �M/ a�++?�`QKv+2b +2`2pBbB�2 S�S Ua22 "miH2` 2i �HX- kyyN 7Q` KQ`2
BM7Q`K�iBQM �#Qmi i?2b2 ;2M2bVX 6Q` 2�+? T�B` Q7 ;2M2b- r2 +QKTmi2/ i?2 MQM@/QKBM�i2/ b+Q`2
b2i rBi? `2bT2+i iQ S`Q#H2K Uoa:SV rBi? bm#biBimiBQM K�i`Bt M[i, i] := 1 �M/ M[i, j] := −1-
i ̸= jc b22 i?2 +QKTH2i2 MQM@/QKBM�i2/ b+Q`2 b2ib rBi? bi�B`+�b2 HBM2 `2T`2b2Mi�iBQM BM 6B;m`2
eXNX Ai Bb TQbbB#H2 iQ Q#b2`p2 i?�i i?2`2 2tBbib � H�`;2 MmK#2` Q7 MQM@2ti`2K2 bmTTQ`i2/ b+Q`2
p2+iQ`b- �b BM/B+�i2/ #v i?2 bi`�B;?i HBM2bX

q2 +QMbi`m+i2/ 8ed T?vHQ;2M2iB+ i`22b #v mbBM; Qm` K2i?Q/X �Hi?Qm;? r2 ?�p2 Q#i�BM2/
8ed T?vHQ;2M2iB+ i`22b- QMHv irQ /Bz2`2Mi iQTQHQ;B2b r2`2 Q#i�BM2/X PM2 Q7 i?2K r�b /Bb@
+�`/2/ 7`QK i?2 �M�HvbBb bBM+2 Bi �`Qb2 QMHv QM+2X 6B;m`2 eX3 U�V b?Qrb i?2 `2K�BMBM; i`22
Q#i�BM2/ 7Q` � ;�T p�Hm2 Q7 k3j- i?2 K2/B�M Q7 �HH ;�T p�Hm2b 7QmM/c i?2 p�Hm2 +HQb2 iQ 2�+?
#`�M+? BM/B+�i2b i?2 `2H�iBp2 7`2[m2M+v Q7 i?�i #`�M+?X 6Q` +QKT�`BbQM- r2 +QKTmi2/ i?2
2pQHmiBQM�`v i`22 mbBM; i?2 J�tBKmK GBF2HB?QQ/ K2i?Q/ #�b2/ QM i?2 KQ/2H 7`QK 62Hb2M@
bi2BM URN38V Q#i�BM2/ #v J1:�8 Uh�Km`� 2i �HX- kyRRVc b22 6B;m`2 eX3 U#VX h?2 #QQibi`�T
+QMb2Mbmb i`22 BM72``2/ 7`QK Ryyy `2THB+�i2b r�b i�F2M iQ `2T`2b2Mi i?2 2pQHmiBQM�`v ?BbiQ`v
Q7 i?2 i�tQMQKB+ �M�HvbBbX h?2`2 r2`2 � iQi�H Q7 ReRj TQbBiBQMb BM i?2 }M�H /�i�b2i rBi?
�HH Q7 i?2K ?�pBM; H2bb i?�M NyW bBi2 +Qp2`�;2 `2KQp2/X h?2 T2`+2Mi�;2 Q7 i`22b BM r?B+?
i?2 �bbQ+B�i2/ i�t� +Hmbi2`2/ iQ;2i?2` Bb b?QrM M2ti iQ i?2 #`�M+?2bX AMBiB�H i`22UbV 7Q` i?2
?2m`BbiB+ b2�`+? r2`2 Q#i�BM2/ �miQK�iB+�HHv �b 7QHHQrb, r?2M i?2 MmK#2` Q7 +QKKQM bBi2b
r�b H2bb i?�M Ryy Q` H2bb i?�M QM2@7Qm`i? Q7 i?2 iQi�H MmK#2` Q7 bBi2b- i?2 K�tBKmK T�`bB@
KQMv U6Bi+?- RNdRV K2i?Q/ r�b mb2/c Qi?2`rBb2- "APLC K2i?Q/ U:�b+m2H- RNNdV rBi? J*G



R9k eX �M �TTHB+�iBQM iQ i?2 *QMbi`m+iBQM Q7 S?vHQ;2M2iB+ h`22b

/Bbi�M+2 K�i`Bt r�b mb2/X h?2 i`22 Bb /`�rM iQ b+�H2- rBi? #`�M+? H2M;i?b K2�bm`2/ BM i?2
MmK#2` Q7 bm#biBimiBQMb T2` bBi2X

"v +QKT�`BM; #Qi? i`22b- Bi Bb TQbbB#H2 iQ BM72` i?�i i?2v ?�p2 � bBKBH�` iQTQHQ;v �M/
bBKBH�` `2H�iBp2 #`�M+? 7`2[m2M+vX h?Bb +QM+HmbBQM +�M �HbQ #2 mM/2`biQQ/ #v i?2 `2;mH�`Biv
Q7 i?2 HBM2b Q7 6B;m`2 eXNX h?2 M2�`2bi ;2M2b �`2 *X�H#B+�Mb S�S�HT?� �M/ *X/m#HBMB2MbBb
S�S�- r?B+? +Q``2bTQM/b iQ i?2 #H�+F HBM2 BM 6B;m`2 eXN- rBi? i?2 H�`;2bi bm#biBimiBQM b+Q`2X
AM i?2 b�K2 };m`2- i?2 i?`22 TBMF HBM2b �HHQr mb iQ BM72` i?2 TQbBiBQMBM; Q7 *Xi`QTB+�HBb S�@
S�HT?� rBi? `2bT2+i iQ *X�H#B+�Mb S�S�HT?� �M/ *X/m#HBMB2MbBb S�S�- �b r2HH �b i?2 #`�M+?
U*X�H#B+�MbS�S�-*X/m#HBMB2MbBb S�S�VX �b 2tT2+i2/- SX biBTBiBb S�S �M/ aX *2`2pBbB�2 S�S
�`2 i?2 KQbi /Bbi�Mi bT2+B2b- �b b22M #v i?2 ;`22M /Qi@/�b? HBM2 BM 6B;m`2 eXNX

6BM�HHv- MQi2 i?�i #Qi? T?vHQ;2M2iB+ i`22b BM/B+�i2 � HQr2` p�Hm2 7Q` i?2 #`�M+? i?�i
+QMi�BMb SX biBTBiBb S�S ;2M2X q2 `2H�i2 i?Bb p�Hm2 iQ i?2 +`Qbb2/ HBM2b #2ir22M i?2 T�B`b
7Q`K2/ #v SX biBTBiBb S�S �M/ Qi?2` ;2M2b Ub22 #Hm2 HBM2b BM 6B;m`2 eXNVX

eX8Xk a2+QM/ 1tT2`BK2Mi

h?2 b2+QM/ /�i� b2i Bb � +H�bbB+ 2t�KTH2 Q7 +QKT�`BbQM #2ir22M T`BK�i2b, >QKQ b�TB2Mb
?�THQ;`QmT CR+j- >QKQ b�TB2Mb M2�M/2`i?�H2MbBb- :Q`BHH� ;Q`BHH� ;`�m2`B- S�M i`Q;HQ/vi2b
i`Q;HQ/vi2b �M/ SQM;Q �#2HBB bT2+B2bX q2 T2`7Q`K2/ i?2 b�K2 �M�HvbBb �b /2b+`B#2/ BM i?2
T`2pBQmb b2+iBQMX 6B;m`2 eXRR b?Qrb i?2 MQM@/QKBM�i2/ b+Q`2 b2ib rBi? bi�B`+�b2 HBM2 `2T@
`2b2Mi�iBQMX h?2 };m`2 b?Qrb � H�`;2 MmK#2` Q7 MQM@2ti`2K2 bmTTQ`i2/ b+Q`2 p2+iQ`b �M/
bQK2 BMi2`b2+iBM; HBM2bX h?Bb BM/B+�i2b i?�i i?2 `2H�iBQMb?BT #2ir22M i?Qb2 bT2+B2b- BM i?2
+QMi2ti Q7 2pQHmiBQM�`v bim/B2b- K�v /2T2M/ QM i?2 b+Q`2 p2+iQ`b +?Qb2MX q2 +QMD2+im`2 i?�i
i?2 2tBbi2M+2 Q7 BMi2`b2+iBQMb K�v BM/B+�i2 � H2bb `2HB�#H2 +QM+HmbBQM �#Qmi i?2 2pQHmiBQM�`v
`2H�iBQMb?BTX

"v 2KTHQvBM; Qm` #BQ#D2+iBp2 K2i?Q/- � iQi�H Q7 R99 T?vHQ;2M2iB+ i`22b r2`2 Q#i�BM2/-
r?B+? ;�p2 `Bb2 iQ irQ /Bz2`2Mi i`22 iQTQHQ;B2bX SHQib U�V �M/ U#V Q7 6B;m`2 eXRy b?Qr
i?2 irQ i`22b iQTQHQ;B2b Q#i�BM2/ 7Q` � ;�T p�Hm2 Q7 kk �M/ 89- `2bT2+iBp2Hvc i?2b2 ;�Tb
p�Hm2b +Q``2bTQM/ iQ i?2 K2/B�M Q7 �HH ;�T p�Hm2b 7QmM/ BM i?2 T?vHQ;2M2iB+ i`22b rBi? i?2
b�K2 iQTQHQ;vX h?2 2pQHmiBQM�`v i`22 mbBM; i?2 JG K2i?Q/ r�b �HbQ +QKTmi2/ mbBM; i?2
b�K2 K2i?Q/ /2b+`B#2/ BM i?2 T`2pBQmb b2+iBQMX h?2 i`22 rBi? i?2 ?B;?2bi HQ; HBF2HB?QQ/
U@Rj8RXR8RkV Bb b?QrM BM 6B;m`2 eXRy U+VX �HH TQbBiBQMb rBi? H2bb i?�M eyW bBi2 +Qp2`�;2 r2`2
2HBKBM�i2/X h?�i Bb- 72r2` i?�M 9yW �HB;MK2Mi ;�Tb- KBbbBM; /�i�- �M/ �K#B;mQmb #�b2b
r2`2 �HHQr2/ �i �Mv TQbBiBQMX h?2`2 r2`2 � iQi�H Q7 jde TQbBiBQMb BM i?2 }M�H /�i�b2iX

h?2 irQ i`22b Q#i�BM2/ rBi? Qm` K2i?Q/ /Bz2` bHB;?iHv BM i?2 `2H�iBQMb?BT Q7 i?2 S�M



eXeX amKK�`v �M/ .Bb+mbbBQM R9j

i`�;HQ/vi2b i`�;HQ/vi2b rBi? i?2 `2K�BMBM; bT2+B2b, BM THQi U�V- i?Bb bT2+B2b �`Qb2 BM i?2 iQT Q7
i?2 #`�M+? U>QKQ b�TB2Mb M2�M/2`i?�H2MbBb- >QKQ b�TB2Mb ?�THQ;`QT CR+jV- r?2`2�b BM THQi
U#V- Bi �`Bb2b BM � /Bz2`2Mi +H�/2- T�B`2/ rBi? :Q`BHH� ;Q`BHH� ;`�m2`BX h?2 `2H�iBp2 #`�M+?
7`2[m2M+B2b bm;;2bi i?�i i?2 i`22 Q7 i?2 THQi U#V K�v #2 KQ`2 `2HB�#H2X AMi2`2biBM;Hv- i?Bb Bb
�HbQ +QM}`K2/ #v i?2 i`22 Q#i�BM2/ rBi? i?2 JG K2i?Q/X

eXe amKK�`v �M/ .Bb+mbbBQM

AM i?Bb +?�Ti2`- r2 b?Qr2/ 7Q` i?2 }`bi iBK2 � bm++2bb7mH HBMF #2ir22M MQM@/QKBM�i2/ b+Q`2
b2ib �M/ T?vHQ;2M2iB+ i`22 +QMbi`m+iBQMX q2 T`QTQb2 � K2i?Q/ #�b2/ QM Qm` #BQ#D2+iBp2
7`�K2rQ`F i?�i �HHQrb iQ +QMbi`m+i T?vHQ;2M2iB+ i`22b �b r2HH �b iQ ;Bp2 BM7Q`K�iBQM �#Qmi
i?2 `2HB�#BHBiv Q7 i?2 i`22 #`�M+?2bX h?2 �/p�Mi�;2 Q7 i?Bb K2i?Q/ Bb i?�i MQ �bbmKTiBQM
�#Qmi � T`BQ`B FMQrH2/;2 Q7 mb2`b T`272`2M+2b Bb `2[mB`2/c i?2`27Q`2- #2BM; H2bb #B�b2/X q2
2p�Hm�i2/ i?Bb K2i?Q/ rBi? irQ `2�H@HB72 #2M+?K�`F /�i�b2ibX �Hi?Qm;? irQ K�Mv i`22b ?�p2
`2bmHi2/- QMHv � 72r iQTQHQ;B2b Q7 BMi2`2bi r2`2 Q#i�BM2/ �M/ K�i+?2/ i?Qb2 Q#i�BM2/ rBi?
i?2 K�tBKmK HBF2HB?QQ/ K2i?Q/X PM i?2 }`bi BMTmi- i?2 T`Q/m+2/ i`22b r2`2 [mBi2 bBKBH�`-
QM i?2 b2+QM/ QM2- QM2 Q7 i?2 irQ r�b bBKBH�`- �M/ i?2 Qi?2` QM2 r�b /Bz2`2MiX 6Q` i?2
7mim`2 rQ`F- 7m`i?2` `2b2�`+? Bb M22/2/ iQ /2`Bp2 � i?2Q`2iB+�H `2H�iBQM #2ir22M K�tBKmK
HBF2HB?QQ/ 2biBK�iBQMb �M/ i?2 BM7Q`K�iBQM T`QpB/2/ #v i?2 MQM@/QKBM�i2/ b+Q`2 b2i 7Q` i`22
#`�M+? `2HB�#BHBivX



R99 eX �M �TTHB+�iBQM iQ i?2 *QMbi`m+iBQM Q7 S?vHQ;2M2iB+ h`22b
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U�V

 C.albicans PAPalpha

 C.dubliniensis PAPa

 C.tropicalis PAPalpha

 P.stipitis PAP

 C.albicans PAPa

 C.tropicalis PAPa

 S.cerevisiae PAP

100

100

100

98

0.05

U#V

6B;m`2 eX3, S?vHQ;2M2iB+ i`22b 7Q` i?2 }`bi 2tT2`BK2Mi, #BQ#D2+iBp2 KQ/2H 7Q` � ;�T p�Hm2 Q7
k3j U�V �M/ J�tBKmK GBF2HB?QQ/ KQ/2H U#VX
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−1000

−800

−600

−400

−200 0

Substitution score

−1 x Number of indels

C
.albicans PAPalpha  :  C

.dubliniensis PAPa
C

.albicans PAPalpha  :  C
.tropicalis PAPalpha

C
.albicans PAPa  :  C

.tropicalis PAPa
C

.dubliniensis PAPa  :  C
.tropicalis PAPalpha

C
.albicans PAPa  :  C

.albicans PAPalpha
C

.tropicalis PAPa  :  C
.dubliniensis PAPa

C
.tropicalis PAPa  :  C

.tropicalis PAPalpha
C

.tropicalis PAPa  :  C
.albicans PAPalpha

P.stipitis PAP  :  C
.tropicalis PAPalpha

C
.albicans PAPa  :  C

.dubliniensis PAPa
C

.albicans PAPa  :  C
.tropicalis PAPalpha

P.stipitis PAP  :  C
.dubliniensis PAPa

P.stipitis PAP  :  C
.albicans PAPalpha

P.stipitis PAP  :  C
.tropicalis PAPa

P.stipitis PAP  :  C
.albicans PAPa

S.cerevisiae PAP  :  C
.tropicalis PAPalpha

S.cerevisiae PAP :  C
.albicans PAPa 

S.cerevisiae PAP :  C
.tropicalis PAPa 

S.cerevisiae PAP :  C
.albicans PAPalpha

S.cerevisiae PAP :  C
.dubliniensis PAPa

S.cerevisiae PAP :  P.stipitis PAP
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R9e eX �M �TTHB+�iBQM iQ i?2 *QMbi`m+iBQM Q7 S?vHQ;2M2iB+ h`22b

U�V

U#V

U+V

6B;m`2 eXRy, S?vHQ;2M2iB+ i`22b 7Q` i?2 b2+QM/ 2tT2`BK2Mi, #BQ#D2+iBp2 KQ/2H 7Q` � ;�T p�Hm2
Q7 kk U�V �M/ 89 U#V �M/ J�tBKmK GBF2HB?QQ/ KQ/2H U+VX
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100
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−120

−100

−80

−60
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−20 0

Sim
ilarity score

−1 x Number of gaps

Neandert    :  H. sapiens
H. sapiens  :  Chim

p
Neandert    :  Chim

p
Neandert    :  O

rangutan
H. sapiens  :  O

rangutan
Neandert    :  G

orilla
H. sapiens  :  G

orilla
G

orilla         :  O
rangutan

Chim
p         :  O

rangutan
G

orilla         :  Chim
p





*?�Ti2` d

*QM+HmbBQMb �M/ 6mim`2 qQ`F

dXR amKK�`v �M/ *QMi`B#miBQMb

� T`�+iBiBQM2` Q7 "BQBM7Q`K�iB+b M22/b iQ mb2 T`Q;`�Kb i?�i bQHp2 T�`iB+mH�` QTiBKBx�iBQM
T`Q#H2Kb BM Q`/2` iQ �M�Hvx2 i?2 #BQHQ;B+�H /�i� �i ?�M/X 6`QK Qm` TQBMi Q7 pB2r- i?2b2
T`Q#H2Kb �`2 M�im`�HHv KmHiBQ#D2+iBp2 �M/ /2�H rBi? +QM~B+iBM; Q#D2+iBp2bX h?2 +m``2Mi
�TT`Q�+?2b Qp2`bBKTHB7v i?Bb T`Q#H2K #v �bbmKBM; bT2+B}+ T`272`2M+2 BM7Q`K�iBQMX >Qr2p2`-
i?Bb T`272`2M+2 BM7Q`K�iBQM Bb MQi rB/2Hv �++2Ti2/ #v i?2 +QKKmMBiv �M/ +�MMQi #2 2�bBHv
/2}M2/ #v � T`�+iBiBQM2` 7Q` � ;Bp2M /�i�X

AM i?Bb i?2bBb- r2 ?�p2 bim/B2/ ?Qr KmHiBQ#D2+iBp2 +QM+2Tib +�M #2 mb2/ 7Q` b2[m2M+2
�HB;MK2Mi- � +Q`2 T`Q#H2K BM "BQBM7Q`K�iB+bX q2 ?�p2 T`2b2Mi2/ /Bz2`2Mi KmHiBQ#D2+iBp2
7Q`KmH�iBQMb Q7 i?2 b2[m2M+2 �HB;MK2Mi T`Q#H2K �b r2HH �b b2p2`�H r�vb Q7 i�+FHBM; i?2KX
Pm` }M/BM;b b?Qr i?�i i?2 KmHiBQ#D2+iBp2 T�B`rBb2 b2[m2M+2 �HB;MK2Mi T`Q#H2K +�M #2 bQHp2/
2{+B2MiHv iQ QTiBK�HBiv #v 2ti2M/BM; T`BM+BTH2b Q7 /vM�KB+ T`Q;`�KKBM; �H;Q`Bi?Kb bBM+2
i?2 bBx2 Q7 i?2 b2i Q7 QTiBK�H b+Q`2b Bb HBM2�` rBi? `2bT2+i iQ i?2 T`Q#H2K bBx2X LQi2rQ`i?v-
i?Bb Bb � T�`iB+mH�` 72�im`2 i?�i /Q2b MQi �`Bb2 QM KmHiBQ#D2+iBp2 +QK#BM�iQ`B�H QTiBKBx�iBQM
T`Q#H2Kb- BM ;2M2`�HX JQ`2Qp2`- r2 ?�p2 BMi`Q/m+2/ 2z2+iBp2 bT22/@mT i2+?MB[m2b i?�i �HbQ
mb2 72r2` K2KQ`v `2bQm`+2bX "2bB/2b- r2 ?�p2 �/�Ti2/ i?2 +H�bbB+�H T`BM+BTH2b Q7 ϵ@+QMbi`�BMi
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"B#HBQ;`�T?v

�##�bB- JX- S�[m2i2- GX- GB27QQ;?2- �X- �M/ .B�b- JX *X UkyRRVX JmHiBQ#D2+iBp2 b2[m2M+2
�HB;MK2Mi, 6Q`KmH�iBQM �M/ �H;Q`Bi?KbX RNi? AMi2`M�iBQM�H *QM72`2M+2 QM AMi2HHB;2Mi avb@
i2Kb 7Q` JQH2+mH�` "BQHQ;v �M/ Ryi? 1m`QT2�M *QM72`2M+2 QM *QKTmi�iBQM�H "BQHQ;v
UAaJ"f1**" kyRRV- oB2MM�- �mbi`B�X

�##�bB- JX- S�[m2i2- GX- GB27QQ;?2- �X- SBM?2B`Q- JX- �M/ J�iB�b- SX UkyRj�VX AKT`Qp2K2Mib
QM #B+`Bi2`B� T�B`rBb2 b2[m2M+2 �HB;MK2Mi, �H;Q`Bi?Kb �M/ �TTHB+�iBQMbX "BQBM7Q`K�iB+b-
kNU3V,NNeĜRyyjX

�##�bB- JX- S�[m2i2- GX- �M/ S2`2B`�- 6X "X UkyR8VX GQ+�H b2�`+? 7Q` KmHiBQ#D2+iBp2 KmHiBTH2
b2[m2M+2 �HB;MK2MiX AM P`imƢQ- 6X �M/ _QD�b- AX- 2/BiQ`b- h?B`/ AMi2`M�iBQM�H *QM72`2M+2
QM "BQBM7Q`K�iB+b �M/ "BQK2/B+�H 1M;BM22`BM;X Aq""AP kyR8- pQHmK2 Ny99 Q7 G2+im`2
LQi2b BM *QKTmi2` a+B2M+2- T�;2b Rd8ĜR3kX aT`BM;2`X

�##�bB- JX- S�[m2i2- GX- �M/ S2`2B`�- 6X "X UkyReVX >2m`BbiB+b 7Q` KmHiBQ#D2+iBp2 KmHiBTH2
b2[m2M+2 �HB;MK2MiX "BQK2/B+�H 1M;BM22`BM; PMHBM2- R8URV,dyX

�##�bB- JX- S�[m2i2- GX- S2`2B`�- 6X "X- �M/ a+?2MF2`- aX UkyRj#VX GQ+�H b2�`+? 7Q` #B+`Bi2`B�
KmHiBTH2 b2[m2M+2 �HB;MK2MiX T�;2 9yX :2`K�M *QM72`2M+2 QM "BQBM7Q`K�iB+b U:*"kyRjV-
:ƺiiBM;2MX

�##�bB- JX- S�[m2i2- GX- �M/ SBM?2B`Q- JX UkyRkVX .vM�KB+ T`Q;`�KKBM; �H;Q`Bi?Kb 7Q`
#BQ#D2+iBp2 b2[m2M+2 �HB;MK2MiX AM _Q+?�- JX �M/ _Q+?�- AX- 2/BiQ`b- "BQBM7Q`K�iB+b PT2M
.�vb- JBM?Q- SQ`im;�HX

R38
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"�`iQM- :X �M/ ai2`M#2`;- JX URN3dVX � bi`�i2;v 7Q` i?2 `�TB/ �HB;MK2Mi Q7 T`Qi2BM b2@
[m2M+2b, +QM}/2M+2 H2p2Hb 7`QK i2`iB�`v bi`m+im`2 +QKT�`BbQMbX CQm`M�H Q7 JQH2+mH�`
"BQHQ;v- RN3,jkdĜjjdX

"2B2`- _X �M/ oƺ+FBM;- "X UkyRRVX h?2 FM�Tb�+F T`Q#H2KX AM oƺ+FBM;- "X- �Hi- >X- .B2ix72H@
#BM;2`- JX- _2Bb+?mF- _X- a+?2B/2H2`- *X- oQHHK2`- >X- �M/ q�;M2`- .X- 2/BiQ`b- �H;Q`Bi?Kb
lMTHm;;2/- T�;2b jd8Ĝj3RX aT`BM;2`X

"2`;2`- JX �M/ JmMbQM- SX URNNRVX � MQp2H `�M/QKBx2/ Bi2`�iBp2 bi`�i2;v 7Q` �HB;MBM; KmH@
iBTH2 T`Qi2BM b2[m2M+2bX *QKTmi2` �TTHB+�iBQMb BM "BQb+B2M+2b- dU9V,9dNĜ939X

"Bb?QT- JX �M/ 6`B/�v- �X 1X URN38VX 1pQHmiBQM�`v i`22b 7`QK Mm+H2B+ �+B/ �M/ T`Qi2BM
b2[m2M+2bX S`Q+22/BM;b Q7 i?2 _Qv�H aQ+B2iv ", "BQHQ;B+�H a+B2M+2b- kkeURk99V,kdRĜjykX

"H�+F#m`M2- "X SX �M/ q?2H�M- aX UkyRkVX J2�bm`BM; i?2 /Bbi�M+2 #2ir22M KmHiBTH2 b2[m2M+2
�HB;MK2MibX "BQBM7Q`K�iB+b- k3U9V,9N8Ĝ8ykX

"Q+F2M?�m2`- >X CX �M/ "QM;�`ix- .X UkyydVX �H;Q`Bi?KB+ �bT2+ib Q7 "BQBM7Q`K�iB+bX aT`BM;2`
"2`HBM >2B/2H#2`;X

"`�/H2v- _X EX- _Q#2`ib- �X- aKQQi- JX- Cmp2F�`- aX- .Q- CX- .2r2v- *X- >QHK2b- AX-
�M/ S�+?i2`- GX UkyyNVX 6�bi bi�iBbiB+�H �HB;MK2MiX SGPa *QKTmi�iBQM�H "BQHQ;v-
8U8V,2RyyyjNkX

"miH2`- :X- _�bKmbb2M- JX .X- GBM- JX 6X- a�MiQb- JX �X- a�Fi?BFmK�`- aX- JmM`Q- *X �X-
_?2BM#�v- 1X- :`�#?2``- JX- 6Q`+?2- �X- _22/v- CX GX- 2i �HX UkyyNVX 1pQHmiBQM Q7
T�i?Q;2MB+Biv �M/ b2tm�H `2T`Q/m+iBQM BM 2B;?i +�M/B/� ;2MQK2bX L�im`2- 98NUdk9dV,e8dĜ
eekX

*�``BHHQ- >X �M/ GBTK�M- .X URN33VX h?2 KmHiBTH2 b2[m2M+2 �HB;MK2Mi T`Q#H2K BM #BQHQ;vX
aA�J CQm`M�H QM �TTHB2/ J�i?2K�iB+b- 93,RydjĜRy3kX

*?2HH�TBHH�- EX �M/ 6Q;2H- :X "X URNNNVX JmHiBTH2 b2[m2M+2 �HB;MK2Mi mbBM; 2pQHmiBQM�`v T`Q@
;`�KKBM;X AM S`Q+22/BM;b Q7 i?2 RNNN *QM;`2bb QM 1pQHmiBQM�`v *QKTmi�iBQM- pQHmK2 R-
T�;2b 998Ĝ98kX A111X

*?Q`- "X �M/ hmHH2`- hX UkyyeVX 6BM/BM; � K�tBKmK HBF2HB?QQ/ i`22 Bb ?�`/X CQm`M�H Q7 i?2
�*J- 8jU8V,dkkĜd99X
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*Q2HHQ- *X *X- G�KQMi- :X "X- �M/ o�M o2H/?mBx2M- .X �X UkyydVX 1pQHmiBQM�`v �H;Q`Bi?Kb
7Q` aQHpBM; JmHiB@Q#D2+iBp2 S`Q#H2KbX aT`BM;2` a+B2M+2 � "mbBM2bb J2/B�X

*Q?2M- CX Ukyy9VX "BQBM7Q`K�iB+b @ �M BMi`Q/m+iBQM 7Q` +QKTmi2` b+B2MiBbibX �*J *QKTmiBM;
am`p2vb- je,RkkĜR83X

/� 6QMb2+�- oX :X- 6QMb2+�- *X JX- �M/ >�HH- �X PX UkyyRVX AM72`2MiB�H T2`7Q`K�M+2 �bb2bbK2Mi
Q7 biQ+?�biB+ QTiBKBb2`b �M/ i?2 �ii�BMK2Mi 7mM+iBQMX AM wBixH2`- 1X- h?B2H2- GX- .2#-
EX- *Q2HHQ *Q2HHQ- *X �X- �M/ *Q`M2- .X- 2/BiQ`b- S`Q+22/BM; Q7 i?2 6B`bi AMi2`M�iBQM�H
*QM72`2M+2 QM 1pQHmiBQM�`v JmHiB@*`Bi2`BQM PTiBKBx�iBQM- pQHmK2 RNNj Q7 G2+im`2 LQi2b
BM *QKTmi2` a+B2M+2- T�;2b kRjĜkk8- "2`HBM- >2B/2H#2`;X aT`BM;2`X

/� aBHp�- 6X CX JX- a�M+?2x Sû`2x- CX JX- :ƦK2x SmHB/Q- CX �X- �M/ o2;� _Q/`ő;m2x- JX �X
UkyRyVX �HBM2�:�ě� ;2M2iB+ �H;Q`Bi?K rBi? HQ+�H b2�`+? QTiBKBx�iBQM 7Q` KmHiBTH2 b2@
[m2M+2 �HB;MK2MiX �TTHB2/ AMi2HHB;2M+2- jkUkV,Re9ĜRdkX

.�v?Qz- JX PX �M/ a+?r�`ix- _X JX URNd3VX *?�Ti2` kk, � KQ/2H Q7 2pQHmiBQM�`v +?�M;2 BM
T`Qi2BMbX AM �iH�b Q7 S`Qi2BM a2[m2M+2 �M/ ai`m+im`2X

/2 "�FF2`- SX AX- "�i2K�M- �X- "m`F2- .X 6X- JB;m2H- _X LX- JBxm;m+?B- EX- a?B- CX- a?B`�B- >X-
�M/ "HmM/2HH- hX GX UkyyRVX >PJah_�., �//BM; b2[m2M+2 BM7Q`K�iBQM iQ bi`m+im`2@#�b2/
�HB;MK2Mib Q7 ?QKQHQ;Qmb T`Qi2BM 7�KBHB2bX "BQBM7Q`K�iB+b- RdU3V,d93Ĝd9NX

.2#- EX- �;`�r�H- aX- S`�i�T- �X- �M/ J2v�`Bp�M- hX UkyyyVX � 7�bi 2HBiBbi MQM@/QKBM�i2/
bQ`iBM; ;2M2iB+ �H;Q`Bi?K 7Q` KmHiB@Q#D2+iBp2 QTiBKBx�iBQM, La:�@AAX AM a+?Q2M�m2`- JX-
.2#- EX- _m/QHT?- :X- u�Q- sX- GmiiQM- 1X- J2`2HQ- CX- �M/ a+?r272H- >X@SX- 2/BiQ`b-
S`Q+22/BM;b Q7 i?2 aBti? AMi2`M�iBQM�H *QM72`2M+2 BM S�`�HH2H S`Q#H2K aQHpBM; 7`QK L�im`2
@ SSaL oA- pQHmK2 RNRd Q7 G2+im`2 LQi2b BM *QKTmi2` a+B2M+2- T�;2b 39NĜ383X aT`BM;2`X

.2#- EX- S`�i�T- �X- �;�`r�H- aX- �M/ J2v�`Bp�M- hX UkyykVX � 7�bi �M/ 2HBiBbi KmHiBQ#D2+iBp2
;2M2iB+ �H;Q`Bi?K, La:�@AAX A111 h`�Mb�+iBQMb QM 1pQHmiBQM�`v *QKTmi�iBQM- eUkV,R3kĜ
RNdX

.Q- *X "X- J�?�#?�b?v�K- JX aX- "`m/MQ- JX- �M/ "�ixQ;HQm- aX Ukyy8VX S`Q#*QMb, T`Q#�@
#BHBbiB+ +QMbBbi2M+v@#�b2/ KmHiBTH2 b2[m2M+2 �HB;MK2MiX :2MQK2 _2b2�`+?- R8UkV,jjyĜj9yX

.m`#BM- _X- 1//v- aX- E`Q;?- �X- �M/ JBi+?BbQM- :X URNN3VX "BQHQ;B+�H a2[m2M+2 �M�HvbBbX
S`Q#�#BHBbiB+ JQ/2Hb Q7 S`Qi2BMb �M/ Lm+H2B+ �+B/bX *�K#`B/;2 lMBp2`bBiv S`2bbX
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1/;�`- _X *X Ukyy9VX Jla*G1, KmHiBTH2 b2[m2M+2 �HB;MK2Mi rBi? ?B;? �++m`�+v �M/ ?B;?
i?`Qm;?TmiX Lm+H2B+ �+B/b _2b2�`+?- jkU8V,RdNkĜRdNdX

1;�M- �X LX �M/ *`�M/�HH- EX �X UkyyeVX h?2Q`v Q7 T?vHQ;2M2iB+ 2biBK�iBQMX 1pQHmiBQM�`v
:2M2iB+b, *QM+2Tib �M/ *�b2 aim/B2b- R,9keĜ9jeX

1;HB- JX �M/ a�2M;2`- qX UkyRjVX S`BM+BTH2b Q7 Lm+H2B+ �+B/ ai`m+im`2X aT`BM;2` a+B2M+2 �
"mbBM2bb J2/B�X

1?`;Qii- JX UkyyyVX >�`/ iQ b�v BiǶb 2�bv ě 7Qm` `2�bQMb r?v +QK#BM�iQ`B�H KmHiBQ#D2+iBp2
T`Q;`�KK2b �`2 ?�`/X AM >�BK2b- uX uX �M/ ai2m2`- _X 1X- 2/BiQ`b- S`Q+22/BM;b Q7 i?2 sAoi?
AMi2`M�iBQM�H *QM72`2M+2 QM JmHiBTH2 *`Bi2`B� .2+BbBQM J�FBM; UJ*.JVX G2+im`2 LQi2b
BM 1+QMQKB+b �M/ J�i?2K�iB+�H avbi2Kb- pQHmK2 93d- T�;2b eNĜ3y- "2`HBM- >2B/2H#2`;X
aT`BM;2`X

1?`;Qii- JX Ukyy8VX JmHiB+`Bi2`B� PTiBKBx�iBQMX aT`BM;2`- "2`HBM- >2B/2H#2`;X

62Hb2Mbi2BM- CX URN3RVX 1pQHmiBQM�`v i`22b 7`QK .L� b2[m2M+2b, � K�tBKmK HBF2HB?QQ/
�TT`Q�+?X CQm`M�H Q7 JQH2+mH�` 1pQHmiBQM- RdUeV,je3ĜjdeX

62Hb2Mbi2BM- CX URN38VX *QM}/2M+2 GBKBib QM S?vHQ;2MB2b, �M �TT`Q�+? lbBM; i?2 "QQibi`�TX
1pQHmiBQM- jN,d3jĜdNRX

62M;- .X@6X �M/ .QQHBiiH2- _X 6X URN3dVX S`Q;`2bbBp2 b2[m2M+2 �HB;MK2Mi �b � T`2`2[mBbBi2iiQ
+Q``2+i T?vHQ;2M2iB+ i`22bX CQm`M�H Q7 JQH2+mH�` 1pQHmiBQM- k8U9V,j8RĜjeyX

6B;m2B`�- CX _X- 6QMb2+�- *X JX- >�HzK�MM- SX- EH�K`Qi?- EX- S�[m2i2- GX- _mxBF�- aX-
a+?mHx2- "X- aiB;HK�v`- JX- �M/ qBHH2Kb- .X UkyRdVX 1�bv iQ b�v i?2v �`2 ?�`/- #mi ?�`/
iQ b22 i?2v �`2 2�bv @ iQr�`/b � +�i2;Q`Bx�iBQM Q7 i`�+i�#H2 KmHiBQ#D2+iBp2 +QK#BM�iQ`B�H
QTiBKBx�iBQM T`Q#H2KbX CQm`M�H Q7 JmHiB@*`Bi2`B� .2+BbBQM �M�HvbBb- k9UR@kV,3kĜN3X

6Bi+?- qX JX URNdRVX hQr�`/ /2}MBM; i?2 +Qm`b2 Q7 2pQHmiBQM, KBMBKmK +?�M;2 7Q` � bT2+B}+
i`22 iQTQHQ;vX avbi2K�iB+ "BQHQ;v- kyU9V,9yeĜ9ReX

6QMb2+�- *X JX- .� 6QMb2+�- oX :X- �M/ S�[m2i2- GX Ukyy8VX 1tTHQ`BM; i?2 T2`7Q`K�M+2
Q7 biQ+?�biB+ KmHiBQ#D2+iBp2 QTiBKBb2`b rBi? i?2 b2+QM/@Q`/2` �ii�BMK2Mi 7mM+iBQMX AM
*Q2HHQ *Q2HHQ- *X �X- >2`M�M/2x �;mB``2- �X- �M/ wBixH2`- 1X- 2/BiQ`b- S`Q+22/BM; Q7 i?2
h?B`/ AMi2`M�iBQM�H *QM72`2M+2 QM 1pQHmiBQM�`v JmHiB@*`Bi2`BQM PTiBKBx�iBQM- pQHmK2
j9Ry Q7 G2+im`2 LQi2b BM *QKTmi2` a+B2M+2- T�;2b k8yĜke9- "2`HBM- >2B/2H#2`;X aT`BM;2`X
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6QMb2+�- *X JX �M/ 6H2KBM;- SX CX URNNjVX :2M2iB+ �H;Q`Bi?Kb 7Q` KmHiBQ#D2+iBp2 QTiBKBx�@
iBQM, 6Q`KmH�iBQM- /Bb+mbbBQM �M/ ;2M2`�HBx�iBQMX AM 6Q``2bi- aX- 2/BiQ`- S`Q+22/BM;b Q7 i?2
6B7i? AMi2`M�iBQM�H *QM72`2M+2 QM :2M2iB+ �H;Q`Bi?Kb- T�;2b 9ReĜ9kj- a�M J�i2QX JQ`;�M
E�m7K�MMX

6QMb2+�- *X JX �M/ 6H2KBM;- SX CX URNNeVX PM i?2 T2`7Q`K�M+2 �bb2bbK2Mi �M/ +QKT�`BbQM
Q7 biQ+?�biB+ KmHiBQ#D2+iBp2 QTiBKBx2`bX AM oQB;i- >X@JX- 1#2HBM;- qX- _2+?2M#2`;- AX- �M/
a+?r272H- >X@SX- 2/BiQ`b- S`Q+22/BM;b Q7 i?2 6Qm`i? AMi2`M�iBQM�H *QM72`2M+2 QM S�`�HH2H
S`Q#H2K aQHpBM; 7`QK L�im`2 @ SSaL Ao- pQHmK2 RR9R Q7 G2+im`2 LQi2b BM *QKTmi2`
a+B2M+2- T�;2b 839Ĝ8Nj- "2`HBM- >2B/2H#2`;X aT`BM;2`X

6QmH/b- GX _X �M/ :`�?�K- _X GX URN3kVX h?2 bi2BM2` T`Q#H2K BM T?vHQ;2Mv Bb LS@+QKTH2i2X
�/p�M+2b BM �TTHB2/ J�i?2K�iB+b- jURV,9jĜ9NX

:�b+m2H- PX URNNdVX "APLC, �M AKT`Qp2/ o2`bBQM Q7 i?2 LC �H;Q`Bi?K "�b2/ QM � aBKTH2
JQ/2H Q7 a2[m2M+2 .�i� X JQH2+mH�` "BQHQ;v �M/ 1pQHmiBQM- R9UdV,e38ĜeN8X

:�b+m2H- PX �M/ ai22H- JX UkyyeVX L2B;?#Q`@DQBMBM; `2p2�H2/X JQH2+mH�` "BQHQ;v �M/ 1pQHm@
iBQM- kjURRV,RNNdĜkyyyX

:QH/#2`;- .X 1X- _B+?�`/bQM- CX- 2i �HX URN3dVX :2M2iB+ �H;Q`Bi?Kb rBi? b?�`BM; 7Q` KmH@
iBKQ/�H 7mM+iBQM QTiBKBx�iBQMX AM :`272Mbi2ii2- CX- 2/BiQ`- S`Q+22/BM;b Q7 i?2 a2+QM/
AMi2`M�iBQM�H *QM72`2M+2 QM :2M2iB+ �H;Q`Bi?Kb- T�;2b 9RĜ9NX GX 1`H#�mK �bbQ+B�i2b AM+X
>BHHb/�H2- LC- la�X

:QiQ?- PX URNNeVX aB;MB}+�Mi BKT`Qp2K2Mi BM �++m`�+v Q7 KmHiBTH2 T`Qi2BM b2[m2M+2 �HB;M@
K2Mib #v Bi2`�iBp2 `2}M2K2Mib �b �bb2bb2/ #v `272`2M+2 iQ bi`m+im`�H �HB;MK2MibX CQm`M�H
Q7 JQH2+mH�` "BQHQ;v- ke9U9V,3kjĜ3j3X

:`QM�m- AX �M/ JQ`�M- aX UkyydVX PTiBK�H BKTH2K2Mi�iBQMb Q7 lS:J� �M/ Qi?2` +QKKQM
+Hmbi2`BM; �H;Q`Bi?KbX AM7Q`K�iBQM S`Q+2bbBM; G2ii2`b- Ry9UeV,ky8ĜkRyX

:mb}2H/- .X URNNNVX �H;Q`Bi?Kb QM ai`BM;b- h`22b �M/ a2[m2M+2b X *�K#`B/;2 lMBp2`bBiv
S`2bbX

:mb}2H/- .X- "�H�bm#`�K�MB�M- EX- �M/ L�Q`- .X URNN9VX S�`�K2i`B+ QTiBKBx�iBQM Q7 b2@
[m2M+2 �HB;MK2MiX �H;Q`Bi?KB+�- RkU9Ĝ8V,jRkĜjkeX
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>�BK2b- uX- G�b/QM- GX- �M/ qBbK2`- .X URNdRVX PM � #B+`Bi2`BQM 7Q`KmH�iBQM Q7 i?2 T`Q#@
H2Kb Q7 BMi2;`�i2/ bvbi2K B/2MiB}+�iBQM �M/ bvbi2K QTiBKBx�iBQMX A111 h`�Mb�+iBQMb QM
avbi2Kb- J�M- �M/ *v#2`M2iB+b- RUjV,9ĜeX

>�M/H- CX- E2HH- .X "X- �M/ EMQrH2b- CX UkyydVX JmHiBQ#D2+iBp2 QTiBKBx�iBQM BM #BQBM7Q`K�i@
B+b �M/ +QKTmi�iBQM�H #BQHQ;vX A111f�*J h`�Mb�+iBQMb QM *QKTmi�iBQM�H "BQHQ;v �M/
"BQBM7Q`K�iB+b- 9UkV,kdNĜkNkX

>2M/v- JX .X �M/ S2MMv- .X URN3NVX � 7`�K2rQ`F 7Q` i?2 [m�MiBi�iBp2 bim/v Q7 2pQHmiBQM�`v
i`22bX avbi2K�iB+ wQQHQ;v- j3U9V,kNdĜjyNX

>QQb- >X >X �M/ aiɃixH2- hX Ukyy9VX aiQ+?�biB+ GQ+�H a2�`+?, 6QmM/�iBQMb �M/ �TTHB+�iBQMbX
1Hb2pB2`X

>Q`M- CX- L�7THBQiBb- LX- �M/ :QH/#2`;- .X 1X URNN9VX � MB+?2/ S�`2iQ ;2M2iB+ �H;Q`Bi?K
7Q` KmHiBQ#D2+iBp2 QTiBKBx�iBQMX AM JB+?�H2rB+x- wX- 2/BiQ`- S`Q+22/BM;b Q7 i?2 6B`bi A111
*QM72`2M+2 QM 1pQHmiBQM�`v *QKTmi�iBQM- pQHmK2 R- T�;2b 3kĜ3dX A111X

>m�M;- sX �M/ JBHH2`- qX URNNRVX � iBK2@2{+B2Mi- HBM2�`@bT�+2 HQ+�H bBKBH�`Biv �H;Q`Bi?KX
�/p�M+2b BM �TTHB2/ J�i?2K�iB+b- RkUjV,jjdĜj8dX

>m2Hb2M#2+F- CX SX URNN8VX S2`7Q`K�M+2 Q7 T?vHQ;2M2iB+ K2i?Q/b BM bBKmH�iBQMX avbi2K�iB+
"BQHQ;v- 99URV,RdĜ93X

Ab��+- 1X UkyyeVX a2iiHBM; i?2 BMi`�+i�#BHBiv Q7 KmHiBTH2 �HB;MK2MiX CQm`M�H Q7 *QKTmi�iBQM�H
"BQHQ;v- RjUdV,RjkjĜRjjNX

Ab�2p- �X Ukyy9VX AMi`Q/m+iBQM iQ J�i?2K�iB+�H J2i?Q/b BM "BQBM7Q`K�iB+b UlMBp2`bBi2tiV -
pQHmK2 eX aT`BM;2`X

C�BM- >X �M/ .2#- EX UkyR9VX �M 2pQHmiBQM�`v K�Mv@Q#D2+iBp2 QTiBKBx�iBQM �H;Q`Bi?K mbBM;
`272`2M+2@TQBMi #�b2/ MQM/QKBM�i2/ bQ`iBM; �TT`Q�+?- S�`i AA, >�M/HBM; +QMbi`�BMib �M/
2ti2M/BM; iQ �M �/�TiBp2 �TT`Q�+?X A111 h`�Mb�+iBQM QM 1pQHmiBQM�`v *QKTmi�iBQM-
R3U9V,eykĜekkX

C2Mb2M- JX UkyyjVX _2/m+BM; i?2 `mM@iBK2 +QKTH2tBiv Q7 KmHiBQ#D2+iBp2 1�b, h?2 La:�@AA
�M/ Qi?2` �H;Q`Bi?KbX A111 h`�Mb�+iBQMb QM 1pQHmiBQM�`v *QKTmi�iBQM- dU8V,8yjĜ8R8X

CQM2b- .X hX URNNNVX S`Qi2BM b2+QM/�`v bi`m+im`2 T`2/B+iBQM #�b2/ QM TQbBiBQM@bT2+B}+ b+Q`BM;
K�i`B+2bX CQm`M�H Q7 JQH2+mH�` "BQHQ;v- kNkUkV,RN8ĜkykX
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CQM2b- LX �M/ S2pxM2`- SX Ukyy9VX �M AMi`Q/m+iBQM iQ "BQBM7Q`K�iB+b �H;Q`Bi?Kb- pQHmK2 8X
*�K#`B/;2 lMBp2`bBiv S`2bbX

Cmbi- qX UkyyRVX *QKTmi�iBQM�H +QKTH2tBiv Q7 KmHiBTH2 b2[m2M+2 �HB;MK2Mi rBi? bT@b+Q`2X
CQm`M�H Q7 *QKTmi�iBQM�H "BQHQ;v- 3UeV,eR8ĜekjX

E�iQ?- EX- JBb�r�- EX- EmK�- EX@BX- �M/ JBv�i�- hX UkyykVX J�66h, � MQp2H K2i?Q/ 7Q`
`�TB/ KmHiBTH2 b2[m2M+2 �HB;MK2Mi #�b2/ QM 7�bi 7Qm`B2` i`�Mb7Q`KX Lm+H2B+ �+B/b _2b2�`+?-
jyUR9V,jy8NĜjyeeX

E�v�- JX- a�`?�M- �X- �M/ �H?�DD- _X UkyR9VX JmHiBTH2 b2[m2M+2 �HB;MK2Mi rBi? �{M2 ;�T #v
mbBM; KmHiB@Q#D2+iBp2 ;2M2iB+ �H;Q`Bi?KX *QKTmi2` J2i?Q/b �M/ S`Q;`�Kb BM "BQK2/B+BM2-
RR9URV,j3Ĝ9NX

E2K2M�- *X- h�Hv- CX@6X- EH2BMDmM;- CX- �M/ LQi`2/�K2- *X UkyRRVX ah_AE1, 2p�Hm�iBQM Q7
T`Qi2BM Ja�b mbBM; � bBM;H2 j. bi`m+im`2X "BQBM7Q`K�iB+b- kdUk9V,jj38ĜjjNRX

EH2BM#2`;- CX �M/ h�`/Qb- 1X UkyyeVX �H;Q`Bi?K .2bB;MX S2�`bQM 1/m+�iBQMX

EMQrH2b- CX- h?B2H2- GX- �M/ wBixH2`- 1X UkyyeVX � imiQ`B�H QM i?2 T2`7Q`K�M+2 �bb2bbK2Mi
Q7 biQ+?�biB+ KmHiBQ#D2+iBp2 QTiBKBx2`b- h2+?X _2TX *QKTmi2` 1M;BM22`BM; �M/ L2irQ`Fb
G�#Q`�iQ`v UhAEV- 1h> wm`B+?- kR9,jkdĜjjkX

EMQrH2b- CX .X �M/ *Q`M2- .X qX UkyyyVX �TT`QtBK�iBM; i?2 MQM/QKBM�i2/ 7`QMi mbBM; i?2
S�`2iQ �`+?Bp2/ 2pQHmiBQM bi`�i2;vX 1pQHmiBQM�`v *QKTmi�iBQM- 3UkV,R9NĜRdkX

Em?M- hX- 6QMb2+�- *X JX- S�[m2i2- GX- _mxBF�- aX- .m�`i2- JX JX- �M/ 6B;m2B`�- CX _X
UkyReVX >vT2`pQHmK2 bm#b2i b2H2+iBQM BM irQ /BK2MbBQMb, 6Q`KmH�iBQMb �M/ �H;Q`Bi?KbX
1pQHmiBQM�`v *QKTmi�iBQM- k9UjV,9RRĜ9k8X

EmK�`- aX- ai2+?2`- :X- �M/ h�Km`�- EX UkyReVX J1:�d, KQH2+mH�` 2pQHmiBQM�`v ;2M2iB+b
�M�HvbBb p2`bBQM dXy 7Q` #B;;2` /�i�b2ibX JQH2+mH�` "BQHQ;v �M/ 1pQHmiBQM- T�;2 Kbry89X

EmM;- >X hX- Gm++BQ- 6X- �M/ S`2T�`�i�- 6X SX URNd8VX PM }M/BM; i?2 K�tBK� Q7 � b2i Q7
p2+iQ`bX CQm`M�H Q7 �*J- kkU9V,9eNĜ9deX

G�- .X- ami+?- "X- �M/ GBp2b�v- .X _X Ukyy8VX S`2/B+iBM; T`Qi2BM 7mM+iBQM�H bBi2b rBi? T?vHQ@
;2M2iB+ KQiB7bX S`Qi2BMb, ai`m+im`2- 6mM+iBQM- �M/ "BQBM7Q`K�iB+b- 83UkV,jyNĜjkyX

G�bbK�MM- hX �M/ aQMM?�KK2`- 1X GX Ukyy8VX E�HB;M �M �++m`�i2 �M/ 7�bi KmHiBTH2 b2[m2M+2
�HB;MK2Mi �H;Q`Bi?KX "J* "BQBM7Q`K�iB+b- eURV,kN3X
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GBTK�M- .X CX- �Hib+?mH- aX 6X- �M/ E2+2+BQ;Hm- CX .X URN3NVX � iQQH 7Q` KmHiBTH2 b2[m2M+2
�HB;MK2MiX S`Q+22/BM;b Q7 i?2 L�iBQM�H �+�/2Kv Q7 a+B2M+2b- 3eURkV,99RkĜ99R8X

GƦT2x@A#�Ƣ2x- JX- S�[m2i2- GX- �M/ aiɃixH2- hX UkyRyVX 1tT2`BK2Mi�H J2i?Q/b 7Q` i?2 �M�H@
vbBb Q7 PTiBKBx�iBQM �H;Q`Bi?Kb- +?�Ti2` 1tTHQ`�iQ`v �M�HvbBb Q7 aiQ+?�biB+ GQ+�H a2�`+?
�H;Q`Bi?Kb BM "BQ#D2+iBp2 PTiBKBx�iBQM- T�;2b kyNĜkkkX aT`BM;2`X

GQm`2MÏQ- >X _X- J�`iBM- PX *X- �M/ aiɃixH2- hX UkyRjVX Ai2`�i2/ GQ+�H a2�`+?, >�M/#QQF Q7
J2i�?2m`BbiB+bX pQHmK2 8d Q7 AMi2`M�iBQM�H a2`B2b BM PT2`�iBQMb _2b2�`+? � J�M�;2K2Mi
a+B2M+2- T�;2b jkRĜj8jX EHmr2` �+�/2KB+ Sm#HBb?2`bX

GQm`2MÏQ- >X _X- J�`iBM- PX *X- �M/ aiɃixH2- hX UkyRyVX Ai2`�i2/ HQ+�H b2�`+?, 6`�K2rQ`F
�M/ �TTHB+�iBQMbX AM >�M/#QQF Q7 J2i�?2m`BbiB+b- T�;2b jejĜjNdX aT`BM;2`X

JB+?2M2`- *X �M/ aQF�H- _X URN8dVX � [m�MiBi�iBp2 �TT`Q�+? iQ � T`Q#H2K BM +H�bbB}+�iBQMX
1pQHmiBQM- RR,RjyĜRekX

JBHH2`- "X GX �M/ a?�r- JX CX URNNeVX :2M2iB+ �H;Q`Bi?Kb rBi? /vM�KB+ MB+?2 b?�`BM; 7Q`
KmHiBKQ/�H 7mM+iBQM QTiBKBx�iBQMX AM 6mFm/�- hX �M/ 6m`m?�b?B- hX- 2/BiQ`b- S`Q+22/BM;b
Q7 i?2 h?B`/ A111 AMi2`M�iBQM�H *QM72`2M+2 QM 1pQHmiBQM�`v *QKTmi�iBQM- T�;2b d3eĜdNR-
L�;Qv�- C�T�MX

JQ`;2Mbi2`M- "X- 6`2+?- EX- .`2bb- �X- �M/ q2`M2`- hX URNN3VX .A�GA:L, }M/BM; HQ+�H
bBKBH�`BiB2b #v KmHiBTH2 b2[m2M+2 �HB;MK2MiX "BQBM7Q`K�iB+b- R9UjV,kNyĜkN9X

JQ``BbQM- .X �X UkyydVX AM+`2�bBM; i?2 2{+B2M+v Q7 b2�`+?2b 7Q` i?2 K�tBKmK HBF2HB?QQ/
i`22 BM � T?vHQ;2M2iB+ �M�HvbBb Q7 mT iQ R8y Mm+H2QiB/2 b2[m2M+2bX avbi2K�iB+ "BQHQ;v-
8eUeV,N33ĜRyRyX

JQ``BbQM- .X �X UkyR8VX Ab b2[m2M+2 �HB;MK2Mi �M �`i Q` � b+B2M+2\ avbi2K�iB+ "Qi�Mv-
9yURV,R9ĜkeX

JQi2- CX- Jm`i?v- AX- �M/ PHbQM- .X GX URNNRVX � T�`�K2i`B+ �TT`Q�+? iQ bQHpBM; #B+`Bi2`BQM
b?Q`i2bi T�i? T`Q#H2KbX 1m`QT2�M CQm`M�H Q7 PT2`�iBQM�H _2b2�`+?- 8jURV,3RĜNkX

L2#`Q- �X CX- .m`BHHQ- CX CX- GmM�- 6X- .Q``QMbQ`Q- "X- �M/ �H#�- 1X UkyyNVX JQ+2HH, � +2HHmH�`
;2M2iB+ �H;Q`Bi?K 7Q` KmHiBQ#D2+iBp2 QTiBKBx�iBQMX AMi2`M�iBQM�H CQm`M�H Q7 AMi2HHB;2Mi
avbi2Kb- k9UdV,dkeĜd9eX
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L22/H2K�M- aX �M/ qmMb+?- *X URNdyVX � ;2M2`�H K2i?Q/ �TTHB+�#H2 iQ i?2 b2�`+? 7Q`
bBKBH�`BiB2b BM i?2 �KBMQ �+B/ b2[m2M+2 Q7 irQ T`Qi2BMbX CQm`M�H Q7 JQH2+mH�` "BQHQ;v-
93,99jĜ98jX

L2HbQM- .X GX- G2?MBM;2`- �X GX- �M/ *Qt- JX JX Ukyy3VX G2?MBM;2` S`BM+BTH2b Q7 "BQ+?2K@
Bbi`vX J�+KBHH�MX

LBtQM- EX *X URNNNVX h?2 T�`bBKQMv `�i+?2i- � M2r K2i?Q/ 7Q` `�TB/ T�`bBKQMv �M�HvbBbX
*H�/BbiB+b- R8U9V,9ydĜ9R9X

LQi`2/�K2- *X UkyykVX _2+2Mi T`Q;`2bb BM KmHiBTH2 b2[m2M+2 �HB;MK2Mi, � bm`p2vX S?�`K�@
+Q;2MQKB+b- jURV,RjRĜR99X

LQi`2/�K2- *X- >B;;BMb- .X :X- �M/ >2`BM;�- CX UkyyyVX h@*Qz22, � MQp2H K2i?Q/ 7Q` 7�bi
�M/ �++m`�i2 KmHiBTH2 b2[m2M+2 �HB;MK2MiX CQm`M�H Q7 JQH2+mH�` "BQHQ;v- jykURV,ky8ĜkRdX

LQi`2/�K2- *X- >QHK- GX- �M/ >B;;BMb- .X :X URNN3VX *P6611, �M Q#D2+iBp2 7mM+iBQM 7Q`
KmHiBTH2 b2[m2M+2 �HB;MK2MibX "BQBM7Q`K�iB+b- R9U8V,9ydĜ9kkX

P`imƢQ- 6X JX- o�H2Mxm2H�- PX- _QD�b- 6X- SQK�`2b- >X- 6HQ`B/Q- CX SX- l`[mBx�- CX JX- �M/
_QD�b- AX UkyRjVX PTiBKBxBM; KmHiBTH2 b2[m2M+2 �HB;MK2Mib mbBM; � ;2M2iB+ �H;Q`Bi?K #�b2/
QM i?`22 Q#D2+iBp2b, bi`m+im`�H BM7Q`K�iBQM- MQM@;�Tb T2`+2Mi�;2 �M/ iQi�HHv +QMb2`p2/
+QHmKMbX "BQBM7Q`K�iB+b- T�;2 #iijeyX

S�Bb- 6X aX@JX- /2 _mv- SX- PHBp2B`�- :X- �M/ *QBK#`�- _X UkyR9VX �bb2bbBM; i?2 2{+B2M+v Q7
KmHiBTH2 b2[m2M+2 �HB;MK2Mi T`Q;`�KbX �H;Q`Bi?Kb 7Q` JQH2+mH�` "BQHQ;v- NU9VX

S�[m2i2- GX- �##�bB- JX- SBM?2B`Q- JX- �M/ J�iB�b- SX UkyRk�VX �H;Q`Bi?Kb �M/ �TTHB+�@
iBQMb Q7 #BQ#D2+iBp2 T�B`rBb2 b2[m2M+2 �HB;MK2MiX h?2 kyRk JBMB 1l_P *QM72`2M+2 QM
*QKTmi�iBQM�H "BQHQ;v- "BQBM7Q`K�iB+b �M/ J2/B+BM2 U1l_P@*""J kyRkVX

S�[m2i2- GX- �##�bB- JX- SBM?2B`Q- JX- �M/ J�iB�b- SX UkyRk#VX �H;Q`Bi?Kb 7Q` KmHiBQ#D2+iBp2
b2[m2M+2 �HB;MK2MiX kM/ qQ`Fb?QT QM "BQ@PTiBKBx�iBQMX

S�[m2i2- GX- J�iB�b- SX- �##�bB- JX- �M/ SBM?2B`Q- JX UkyR9VX JPa�G, aQ7ir�`2 iQQHb 7Q`
KmHiBQ#D2+iBp2 b2[m2M+2 �HB;MK2MiX aQm`+2 *Q/2 7Q` "BQHQ;v �M/ J2/B+BM2- NUkVX

S�[m2i2- GX- a+?B�pBMQiiQ- hX- �M/ aiɃixH2- hX UkyydVX PM HQ+�H QTiBK� BM KmHiBQ#D2+iBp2
+QK#BM�iQ`B�H QTiBKBx�iBQM T`Q#H2KbX �MM�Hb Q7 PT2`�iBQMb _2b2�`+?- R8eURV,3jĜNdX
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S�[m2i2- GX �M/ aiɃixH2- hX UkyydVX aiQ+?�biB+ HQ+�H b2�`+? �H;Q`Bi?Kb 7Q` KmHiBQ#D2+iBp2
+QK#BM�iQ`B�H QTiBKBx�iBQM, � `2pB2rX AM :QMx�H2x- hX- 2/BiQ`- >�M/#QQF Q7 �TT`QtBK�iBQM
�H;Q`Bi?Kb �M/ J2i�?2m`BbiB+bX *?�TK�M �M/ >�HH f *_*X

S2�`bQM- qX _X �M/ GBTK�M- .X CX URN33VX AKT`Qp2/ iQQHb 7Q` #BQHQ;B+�H b2[m2M+2 +QKT�`BbQMX
S`Q+22/BM;b Q7 i?2 L�iBQM�H �+�/2Kv Q7 a+B2M+2b- 38U3V,k999Ĝk993X

S`xv#vHbFB- �X- :�M/B#H2mt- sX- �M/ 1?`;Qii- JX UkyRyVX � `2+m`bBp2 �H;Q`Bi?K 7Q` }M/BM; �HH
MQM/QKBM�i2/ 2ti`2K2 TQBMib BM i?2 Qmi+QK2 b2i Q7 � KmHiBQ#D2+iBp2 BMi2;2` T`Q;`�KK2X
AL6P_Ja CQm`M�H QM *QKTmiBM;- kkUjV,jdRĜj3eX

_�;?�p�- :X- a2�`H2- aX JX- �m/H2v- SX *X- "�`#2`- CX .X- �M/ "�`iQM- :X CX UkyyjVX Ps"2M+?,
� #2M+?K�`F 7Q` 2p�Hm�iBQM Q7 T`Qi2BM KmHiBTH2 b2[m2M+2 �HB;MK2Mi �++m`�+vX "J* "BQBM@
7Q`K�iB+b- 9URV,9dX

_�M/�HH hX a+?m?- �X oX "X UkyyNVX "BQHQ;B+�H avbi2K�iB+b, S`BM+BTH2b �M/ �TTHB+�iBQMbX
*Q`M2HH lMBp2`bBiv S`2bb- Ai?�+�- LuX

_Qvi#2`;- JX �X- a2KBQM2MFQp- JX LX- �M/ h�#QHBM�- PX AX URNNNVX S�`2iQ@QTiBK�H �HB;MK2Mi
Q7 #BQHQ;B+�H b2[m2M+2bX "BQT?vbB+b- 99U9V,8e8Ĝ8ddX

a�#Q`B/Q- _X- _mBx- �X "X- �M/ Gm[m2- JX UkyRdVX :HQ#�H q�a6@:�, �M 2pQHmiBQM�`v �H@
;Q`Bi?K BM KmHiBQ#D2+iBp2 QTiBKBx�iBQM iQ �TT`QtBK�i2 i?2 r?QH2 T�`2iQ QTiBK�H 7`QMiX
1pQHmiBQM�`v *QKTmi�iBQM- k8,jyNĜj9NX

a�BiQm- LX �M/ L2B- JX URN3dVX h?2 M2B;?#Q`@DQBMBM; K2i?Q/, � M2r K2i?Q/ 7Q` `2+QMbi`m+i@
BM; T?vHQ;2M2iB+ i`22bX JQH2+mH�` "BQHQ;v �M/ 1pQHmiBQM- 9U9V,9yeĜ9k8X

a�MFQz- .X URNdkVX J�i+?BM; b2[m2M+2b mM/2` /2H2iBQMfBMb2`iBQM +QMbi`�BMiX S`Q+22/BM;b Q7
i?2 L�iBQM�H �+�/2Kv Q7 a+B2M+2b la�- eN,9ĜeX

a+?�z2`- CX .X URN38VX JmHiBTH2 Q#D2+iBp2 QTiBKBx�iBQM rBi? p2+iQ` 2p�Hm�i2/ ;2M2iB+ �H;Q@
`Bi?KbX AM :`272Mbi2ii2- CX- 2/BiQ`- S`Q+22/BM;b Q7 i?2 6B`bi AMi2`M�iBQM�H *QM72`2M+2 QM
:2M2iB+ �H;Q`Bi?Kb- T�;2b NjĜRyy- >BHHb/�H2- LC- la�X GX 1`H#�mK �bbQ+B�i2b AM+X

a?�r- EX- LQ`i+HBz2- �X- h?QKTbQM- JX- GQp2- CX- 6H2KBM;- SX- �M/ 6QMb2+�- *X URNNNVX �b@
b2bbBM; i?2 T2`7Q`K�M+2 Q7 KmHiBQ#D2+iBp2 ;2M2iB+ �H;Q`Bi?Kb 7Q` QTiBKBx�iBQM Q7 � #�i+?
T`Q+2bb b+?2/mHBM; T`Q#H2KX AM S`Q+22/BM;b Q7 i?2 RNNN *QM;`2bb QM 1pQHmiBQM�`v *QK@
Tmi�iBQM- pQHmK2 R- T�;2b jdĜ98X A111X
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aB2p2`b- 6X- qBHK- �X- .BM22M- .X- :B#bQM- hX CX- E�`THmb- EX- GB- qX- GQT2x- _X- J+qBHHB�K-
>X- _2KK2`i- JX- aQ/BM;- CX- h?QKTbQM- CX .X- �M/ >B;;BMb- .X :X UkyRRVX 6�bi- b+�H�#H2
;2M2`�iBQM Q7 ?B;?@[m�HBiv T`Qi2BM KmHiBTH2 b2[m2M+2 �HB;MK2Mib mbBM; *Hmbi�H PK2;�X
JQH2+mH�` avbi2Kb "BQHQ;v- d,8jNX

aH2�iQ`- _X .X UkyRRVX S?vHQ;2M2iB+bX �`+?Bp2b Q7 JB+`Q#BQHQ;v- RNjU9V,kj8ĜkjNX

aKBi?- hX �M/ q�i2`K�M- JX URN3RVX A/2MiB}+�iBQM Q7 +QKKQM KQH2+mH�` bm#b2[m2M+2bX
CQm`M�H Q7 JQH2+mH�` "BQHQ;v- R9dURV,RN8ĜRNdX

aM2�i?- SX >X- aQF�H- _X _X- 2i �HX URNd8VX LmK2`B+�H i�tQMQKvX i?2 T`BM+BTH2b �M/ T`�+iB+2
Q7 MmK2`B+�H +H�bbB}+�iBQMX h?2 Zm�`i2`Hv _2pB2r Q7 "BQHQ;v- 8yU9V,8k8Ĝ8keX

aQiQ- qX �M/ "2+2``�- .X UkyR9VX � KmHiB@Q#D2+iBp2 2pQHmiBQM�`v �H;Q`Bi?K 7Q` BKT`QpBM;
KmHiBTH2 b2[m2M+2 �HB;MK2MibX AM "`�xBHB�M avKTQbBmK QM "BQBM7Q`K�iB+b- T�;2b djĜ3kX
aT`BM;2`X

a`BMBp�b- LX �M/ .2#- EX URNN9VX JmBHiBQ#D2+iBp2 QTiBKBx�iBQM mbBM; MQM/QKBM�i2/ bQ`iBM;
BM ;2M2iB+ �H;Q`Bi?KbX 1pQHmiBQM�`v +QKTmi�iBQM- kUjV,kkRĜk93X

ai�K�i�FBb- �X Ukyy9VX .Bbi`B#mi2/ �M/ T�`�HH2H �H;Q`Bi?Kb �M/ bvbi2Kb 7Q` BM72`2M+2 Q7
?m;2 T?vHQ;2M2iB+ i`22b #�b2/ QM i?2 K�tBKmK HBF2HB?QQ/ K2i?Q/X S?. i?2bBb- h2+?MB+�H
lMBp2`bBiv JmMB+?X

aiQi?�`/- SX UkyyyVX h?2 b2[m2M+2 K�MBTmH�iBQM bmBi2, C�p�b+`BTi T`Q;`�Kb 7Q` �M�HvxBM;
�M/ 7Q`K�iiBM; T`Qi2BM �M/ .L� b2[m2M+2bX "BQi2+?MB[m2b- k3UeV,RRykĜRRy9X

ax�#Ʀ- �X- LQp�F- �X- JBFHƦb- AX- �M/ >2BM- CX UkyRyVX _2iB+mH�` �HB;MK2Mi, � T`Q;`2bbBp2
+Q`M2`@+miiBM; K2i?Q/ 7Q` KmHiBTH2 b2[m2M+2 �HB;MK2MiX "J* #BQBM7Q`K�iB+b- RRURV,8dyX

h�Km`�- EX- S2i2`bQM- .X- S2i2`bQM- LX- ai2+?2`- :X- L2B- JX- �M/ EmK�`- aX UkyRRVX J1:�8,
KQH2+mH�` 2pQHmiBQM�`v ;2M2iB+b �M�HvbBb mbBM; K�tBKmK HBF2HB?QQ/- 2pQHmiBQM�`v /Bbi�M+2-
�M/ K�tBKmK T�`bBKQMv K2i?Q/bX JQH2+mH�` "BQHQ;v �M/ 1pQHmiBQM- k3URyV,kdjRĜkdjNX

h?QKTbQM- CX .X- >B;;BMb- .X :X- �M/ :B#bQM- hX CX URNN9VX *Glah�Gq, BKT`QpBM; i?2 b2M@
bBiBpBiv Q7 T`Q;`2bbBp2 KmHiBTH2 b2[m2M+2 �HB;MK2Mi i?`Qm;? b2[m2M+2 r2B;?iBM;- TQbBiBQM@
bT2+B}+ ;�T T2M�HiB2b �M/ r2B;?i K�i`Bt +?QB+2X Lm+H2B+ �+B/b _2b2�`+?- kkUkkV,9edjĜ9e3yX
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h?QKTbQM- CX .X- EQ2?H- SX- _BTT- _X- �M/ SQ+?- PX Ukyy8VX "�HB"�a1 jXy, H�i2bi /2p2HQT@
K2Mib Q7 i?2 KmHiBTH2 b2[m2M+2 �HB;MK2Mi #2M+?K�`FX S`Qi2BMb, ai`m+im`2- 6mM+iBQM- �M/
"BQBM7Q`K�iB+b- eRURV,RkdĜRjeX

h?QKTbQM- CX .X- SH2rMB�F- 6X- �M/ SQ+?- PX URNNNVX � +QKT`2?2MbBp2 +QKT�`BbQM Q7
KmHiBTH2 b2[m2M+2 �HB;MK2Mi T`Q;`�KbX Lm+H2B+ �+B/b _2b2�`+?- kdURjV,ke3kĜkeNyX

o�x- .X- S�[m2i2- GX- 6QMb2+�- *X- EH�K`Qi?- EX- �M/ aiB;HK�v`- JX UkyR8VX _2T`2b2Mi�iBQM
Q7 i?2 MQM@/QKBM�i2/ b2i BM #BQ#D2+iBp2 /Bb+`2i2 QTiBKBx�iBQMX *QKTmi2`b � PT2`�iBQMb
_2b2�`+?- ej,RdkĜR3eX

q�`MQr- hX UkyRkVX ai�M/�`/ K�tBKmK HBF2HB?QQ/ �M�Hvb2b Q7 �HB;MK2Mib rBi? ;�Tb +�M #2
bi�iBbiB+�HHv BM+QMbBbi2MiX SGQa +m``2Mib- 9X

q�i2`K�M- JX URNN9VX S�`�K2i`B+ �M/ 2Mb2K#H2 b2[m2M+2 �HB;MK2MiX "mHH2iBM Q7 J�i?2K�i@
B+�H "BQHQ;v- 8eU9V,d9jĜdedX

qQM;- EX JX- am+?�`/- JX �X- �M/ >m2Hb2M#2+F- CX SX Ukyy3VX �HB;MK2Mi mM+2`i�BMiv �M/
;2MQKB+ �M�HvbBbX a+B2M+2- jRNU83ekV,9djĜ9deX

w�K#`�MQ@o2;�- *X- L2#`Q- �X CX- :�`+ő�@LB2iQ- CX- �M/ �H/�M�@JQMi2b- CX 6X UkyRdVX *QK@
T�`BM; KmHiB@Q#D2+iBp2 K2i�?2m`BbiB+b 7Q` bQHpBM; � i?`22@Q#D2+iBp2 7Q`KmH�iBQM Q7 KmHiBTH2
b2[m2M+2 �HB;MK2MiX S`Q;`2bb BM �`iB}+B�H AMi2HHB;2M+2- T�;2b RĜReX

w?�M;- ZX �M/ GB- >X UkyydVX JP1�f., � KmHiBQ#D2+iBp2 2pQHmiBQM�`v �H;Q`Bi?K #�b2/ QM
/2+QKTQbBiBQMX A111 h`�Mb�+iBQMb QM 1pQHmiBQM�`v *QKTmi�iBQM- RRUeV,dRkĜdjRX

w?m- >X- >2- wX- �M/ CB�- uX UkyReVX � MQp2H �TT`Q�+? iQ KmHiBTH2 b2[m2M+2 �HB;MK2Mi
mbBM; KmHiBQ#D2+iBp2 2pQHmiBQM�`v �H;Q`Bi?K #�b2/ QM /2+QKTQbBiBQMX A111 CQm`M�H Q7
"BQK2/B+�H �M/ >2�Hi? AM7Q`K�iB+b- kyUkV,dRdĜdkdX

wBixH2`- 1X �M/ h?B2H2- GX URNN3VX JmHiBQ#D2+iBp2 PTiBKBx�iBQM lbBM; 1pQHmiBQM�`v �H;Q`Bi?Kb
@ � *QKT�`�iBp2 *�b2 aim/vX AM S`Q+22/BM;b Q7 i?2 6B7i? AMi2`M�iBQM�H *QM72`2M+2 QM
S�`�HH2H S`Q#H2K aQHpBM; 7`QK L�im`2 @ SSaL o- pQHmK2 R9N3 Q7 G2+im`2 LQi2b BM *QKTmi2`
a+B2M+2- T�;2b kNkĜjy9- GQM/QM- lEX aT`BM;2`X

wBixH2`- 1X �M/ h?B2H2- GX URNNNVX JmHiBQ#D2+iBp2 2pQHmiBQM�`v �H;Q`Bi?Kb, � +QKT�`�iBp2 +�b2
bim/v �M/ i?2 bi`2M;i? S�`2iQ �TT`Q�+?X A111 h`�Mb�+iBQMb QM 1pQHmiBQM�`v *QKTmi�@
iBQM- jU9V,k8dĜkdRX
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wBixH2`- 1X- h?B2H2- GX- G�mK�MMb- JX- 6QMb2+�- *X JX- �M/ /� 6QMb2+�- oX UkyyjVX S2`7Q`@
K�M+2 �bb2bbK2Mi Q7 KmHiBQ#D2+iBp2 QTiBKBx2`b, �M �M�HvbBb �M/ `2pB2rX A111 h`�Mb�+iBQMb
QM 1pQHmiBQM�`v *QKTmi�iBQM- dUkV,RRdĜRjkX


