





Campanato Spaces and applications in
Partial Differential Equations

David Joao Brandligt de Jesus

UNIVERSIDADE DE COIMBRA
Master in Mathematics

Mestrado em Matematica

MSc Dissertation | Dissertacdo de Mestrado

July 2018






Acknowledgements

I hereby thank Prof. José Miguel Urbano for the guidance, for suggesting this the topic of this thesis
and giving me the freedom to study subjects that I found interesting.
I also want to thank all my teachers for the knowledge and help throughout all these years.
Finally I want to thank all my friends and family for supporting me during this amazing step of
my life.






Abstract

In this work, we start off by studying the .#(¢-%) (Q,6) space, which generalizes the Campanato space
L) (Q) introduced by S. Campanato in 1963. We prove that, for A > 1, they are equivalent to the
spaces of Holder continuous functions C%%(Q), with o = % (A — 1), where m depends on the metric.
In this chapter, we follow the article [3] of G. Da Prato.

In the following chapter, we apply these results in the context of partial differential equations,
obtaining quantitative results regarding the regularity of the weak solutions of the degenerate non-
homogeneous p-Laplace equation. We follow the article [4].

In the final chapter, we start by studying some essential results in the theory of partial differential
equations, such as expansion of positivity and the Harnack Inequality, and use them to get the Holder

continuity of solutions to the porous medium equation. We follow the book [9] and the article [13].
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Chapter 1

Introduction

The £(@(Q) spaces, introduced by S. Campanato in 1963, are of extreme importance,
in particular when applied in the context of Partial Differential Equations. Campanato
proved that, for n < A < n + ¢, equivalent to the space of Holder continuous functions
with exponent o = ’\_T” (cfr. [1]). However, it is sometimes necessary to equip R™ with
a non-euclidean metric. By its definition, it is clear that these spaces depend on the
metric of R™.

In the first part of this thesis, we prove that if we equip R™ with a metric that
satisfies certain properties, we can get similar results. We will therefore consider the
spaces L&) (©,0), ¢ > 1, A > 1, which generalize Campanato’s spaces. We prove that
they are equivalent to the spaces of Hélder continuous functions C%(,§), for this
metric. We will define Campanato’s spaces in an alternative way to that of [1], which
justifies the different intervals of A.

In the following chapter, we will study the regularity of the weak solutions to the

inhomogeneous partial differential equation
up — div(|Vul[P72Vu) = f e L@ p>2.

We show that the solutions are Holder continuous, with exponent « given by

(pg —n)r — pq
qdllp—r—(p—-2)|’

proving that they belong to £P*)(Q,§), for some A and § and using the Campanato-Da

o =

Prato characterization of the Holder continuity.
In the final chapter, we want to get similar results for the PME
up — div(m|u|™ " 'Vu) = f, m > 1.

We conclude that bounded weak solutions of (4.0.1) are locally of class C%77 | with

m[(2qg — n)r — 2q] }
glmr —(m-1)] J’

’y:E, a:mln{ag,

where 0 < ap < 1 denotes the optimal Holder exponent of (4.0.1) with f =0 and

m

0= (1+1> +(1—a)2. (1.0.1)



CHAPTER 1. INTRODUCTION

A crucial result in getting this regularity is the general local Holder continuity of
these solutions. Attempting to make this text as self-contained as possible, we decided
to include a proof of this continuity, which in turn required some crucial results such as
expansion of positivity and Harnack Inequality. Taking the risk of going out of context,
we decided these results were worth studying because of their incredible usefulness in
studying PDE’s.

We would also like to point out that the final proof does not directly use Campanato’s
characterization of Holder continuity, since this result is trivial in the case of the L™

1orml.



Chapter 2

/J(QN(Q, 0) Spaces

2.1 Basic Definitions

Consider a metric §(z,y) defined on R™ which preserves the structure of the vector
space, and let B(x,p),z € R™, p > 0, be the open ball in R™ with center x and radius

p, according to this metric. Furthermore, we will assume the following properties:
1. B(0, p) is convex, Vp > 0;
2. there exist positive numbers M7, Ms and m > n such that

Mip™ < |B(0, p)| < Map™ (2.1.1)

From the first property, we can conclude that the topology induced by this metric
is equivalent to the euclidean and that d(x,y) is continuous in R" x R™. Let
Q(z,p) = QN B(z, p). In the following, we adapt the usual definition of these spaces to

the new metric.

Definition 1 ( Holder Spaces). Let C%%(Q,§) be the space of Hélder continuous func-

tions with exponent o over Q w.r.t. §, equipped with the norm

|u(x) — u(y)|

[lullco.a (g ) = sup [u(z)] + sup ———"m = (2.1.2)
( ' ) $E§ x,yeﬁ 6a(x?y)

= sup [u(x)| + [u]co.e @ 5)-
z€Q

Definition 2 (Campanato’s Spaces). Let L9 (Q,6), with ¢ > 1, X > 0, be the space
of funtions u € LY(Q) such that

Q=

[Wlean@s = | sup ’Q($07P)|_A/ () = g p|"de | < 400,
{L‘OGQ Q(x07p)
pE(0,d(2)]

where Uy, , is the averaged integral of u over Q(zo, p).

Then L@ (€, 8) is Banach when equipped with the norm

ull cam .6y = llullLa@) + [ul c@n 0,5

3



CHAPTER 2. £@M(Q, ) SPACES
Finally, let us assume that € satisfies the property (4):
1Q(x, p)| > A|B(z, p)|, Yz € Q,0 < p < po, (2.1.3)

for some A > 0.

2.2 Initial properties

We want to study the behavior of us, , when p — 0. For this purpose, we start with

the following lemmas.

Lemma 1. Consider u € LN (Q,8),q > 1,A > 0, and let 0 < o < p. Then there
exists a constant K1 > 0 such that, for almost all xo € Q, it holds

Am O_)\m

1
P 1
[Uag,p — Uag o] < Kl( ) ! [U]c(q,k)(g,a)- (2.2.1)

O-m
Proof. Let 0 < o < p and x¢ € € be arbitrary. Then, for almost all x € Q(xg,0), it
holds

Q)_

|tzg,p = Uag,o| T < 29 ([u(@) = tzg p? + [u(2) = Uzg0
Integrating over Q(xg,0) w.r.t. x, we get
9200.0) [~ el < 20( [ Juo) = ot
Q(z0,p)
+ / (%) = thgg 0| ).
Q(z0,p)
Using (2.1.1) and property (A4), it follows

7 <
- AM;

2qM)\ Am m
[t = e 2 (LT Y

om L£(2:2)(9,5)

as pretended.

O]

Lemma 2. Let u € L9Y(Q,6),q > 1,\ > 0 and h be a positive integer. Then there
exists a constant Ko > 0 such that, for almost all x € Q and 0 < p < d, it holds

|Uzg,p — um0,2*hp| < Kop®(1— Q_Qh)[u}c(qa)(g,a)v (2.2.2)

where a = (A — 1).

Proof. We apply the previous lemma, with o = g. Then, we immediately get

|uIO’p - ux(h

203 (M 4 (pf2)
q 2 q
s < T, ( (o/2)™ P



2.2. INITIAL PROPERTIES

Noting that

P+ (o2

Z) _ peegran(y 4 gom),
(0/2)

we get

(e

[U}L(‘?N(Q,é) = K(u)p®.

Q=

(it

1
q Ozzfa 1 2am
AMl) pr2T(1427)

|tag,p — U:po,§’ <2

Therefore,

h
’uﬂ?O’P — UTo, 2_hp‘ < Z ’u:co,21—jp - uxo,2—1p| <

j=i
h (1-j) 1— 2fah
< K (0% a(l—7 < «
< K Y209 < kw20,
j=1
which concludes the proof, with Ky = Eg@m

O

Lemma 3. Let u € LN(Q,6), with X > 1. Then, for almost all zo € €, it exists and

18 finite the limit
;l;ig%) Uzg,p =: U(T0)
and satisfies
ltzg,p — (z0)| < K3p™ P D] N(9Q,6), (2.2.3)
where K3 is independent of xg.

Proof. We start by proving that {u,, 5-n,}s is Cauchy.

Consider I,m € N and assume, without loss of generality, that [ < m. Then, for

po=2"'p,
|ua:0,2*lp - u:po,Q—mp| = |u$07po - uxo,2l*mp0| <
K K
< KU o - gotomy < KO oo g 1 o)

where the first inequality is justified by Lemma 2 and for the second, we note that
1 —2%0=m) < 1. Then, {tyy,2-r,tn is Cauchy and therefore convergent, for each choice
of g € Qand 0 < p < d.

Now we fix p and consider @(z) = limp 00 Uy 9-n,. We want to prove that this limit
is independent of the choice of p. Let 0 < 0 < d and assume, without loss of generality,

that ¢ < p. Then it suffices to prove that

lim |a(z) — uy 9-n,| =0,
h—o00 ’
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i.e., that

hh_>I20 ‘ux,Z—hp - u:c,2—ha‘ =0.

But Lemma 1 gives

(thp))\m 4 (27h0,))\m
‘uwo,Q*hp - um072*h0’ < Kl( (2_h0)m >[u][,(17)‘)(§2,5) <

p)\m + O.)\m

= )@ D] s g5 0, (B — 00).

§K1<

Therefore u(x) is independent of the choice of p and

u(z) = })i_r)r(l) Uz p-

The thesis follows from Lemma 2, by considering h — o0.

O]

Lemma 4. Let u € LON(Q,8), A > 1,2,y € Q and p = 25(x,y). Then there exists a

constant K4 > 0 such that

m()\fl)[

‘ux,p - uy,p| < Kyp U]E(l)\)(de). (224)

Proof. Fix z,y € Q and consider p = 25(z,y). Since Q(x, p/2) C Q(z, p) N Q(y, p) and
for almost all z € Q(z, p/2),

|“:r,p - uy,p| < |u(z) — Ug,p| + lu(z) + Uy,p|-

Then, by the inclusion,

/ |tz,p — uym‘dz < / lu(z) — ux,p’dz +/ [u(2) — uy,pldz
Qz,p/2) Q(z,p) Q(y,p)

and we can proceed as in the proof of Lemma 2. O

2.3 Regularity properties

12

Theorem 1. Let Q be a set satisfying (A) and ¢ > 1. If X > 1, then £@N(0Q,4)
0,a(Q) ; — m(y _
CP(,6), with o = "2 (A — 1)

Proof. Now we prove 2. We start by proving that C%*(Q,§) ¢ L&Y (Q,6).
Let u € C%%(Q,6), 29 € Q,p > 0. Then

1 q
U(T) — Uy p|ldr = ———— / u(z) — u(y)dy| do <
/Q(mo,p)| ( ) Op| |Q($Oap)‘q Q(xo,p)‘ Q(z0,p) ( ) ( )
1

q
< u(zr) —u(y)|dy ) dz <
|Q(x0’p)|q /Q(xo,p) </Q(x0,p) ‘ ( ) ( )| )

1 / / q
< Ké*(z,y)dy) dx <
|Q(J}0, p)|q Q(zo,p) ( Q(z0,p) ( ) )

< K92%Q(z0, p)|p.



2.3. REGULARITY PROPERTIES

Defining K’ = K92%1 we get
Q00| [ Jule) = g 1 < K00 ) (23)
Q(z0,p)

Noting property (2.1.1) of the metric and property (4) of Q, since 1 — X < 0, it
holds

1Q(o, P)|1_’\paq < AI_A|B(0’ p)|1—>\pm()\—1) <

< Al—)\Mll—)\pm(l—/\)pm()\—l) — (AM1)1_>\.

Replacing in (2.3.1) and taking the supreme in 29 € Q,p > 0, we conclude that u €
LN (Q,6).

Finally, we prove the opposite inclusion. We can restrict this study to the case
¢ = 1, since the following inclusion holds £V (Q,§) c £(1’1+%(’\_1))(Q,5). In fact, if
u € LI9N(Q, ), then

sup (19a0. ) [

ToEN
pE[0,d(€)]

[0() = 1ty pl"d) < 0.
(z0,p)

Hence, by Hélder inequality,
’szp‘_(l—iqu)/ ’u@:) - umo,p‘dx <
Q(zo,p)
AT -1 (5 _
< [u(x) = Ugy,p|Tdz ) " [Q(z0, p)|7 @ [0, p) =
Q(zo,p)

= (1001 |,

Taking the supreme, we conclude the inclusion. Also, if the theorem holds for ¢ = 1 and

u e £LEN(Q,8), then u € LA )(Q,§), from which we conclude u € C%*(, §).

1
lu(x) — ux07p|qu> ‘.
z0,p)

Suppose therefore that u € E(I’A)(Q,é). We start by proving that @, defined on
Lemma 3, is Hélder continuous with exponent . So we consider z,y € Q and p =

20(z,y). It holds

lu(z) —a(y)| < |u(z) — u:r,p| + |Uz,p — Uy,p| + u(y) — Uy,pl-

By Lemmas 3 and 4, we get

() — a(y)] < (2Ks3 + Ka)lul pon .00 =

= 2"V (2K + Ka)[ul com a5 (8(z, y))m(/\il)'
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Now we prove that u, , converges, in L'(f2), to u, when p — 0. In fact,

i |u<x>—ux,p\dx—ip A / ()~ ut)arfas <
—A\B( / ’p/yu — u(t)|dzdt <

67 S o
< u(z) — u(z + t)|dzdt.
= AB0, ) Jo0, Jn " )

Using an argument of density of continuous functions in L'(£2), we get that [, [u(z)—
u(z +t)|dr — 0 when [t| — 0. Since the topology induced by the metric ¢ is equivalent
to the euclidean, this is equivalent to §(0,¢) — 0, i.e., p — 0.

Finally, by Lemma 3, u,, converges uniformly to @(z) almost everywhere in €.

Therefore u(x) = u(x) a.e..



Chapter 3

Application to the degenerate
inhomogeneous p-Laplace equation

In this chapter, we will apply the previous results to study the regularity of weak

solutions to the partial differential equation
ug — div(|VuP™2Vu) = f € LY, p> 2.

We will get an explicit expression for the Holder exponent of the weak solutions u of
(3.1.1), using Theorem 1. It suffices to show that u € £ (Q, ) for a suitable metric
0 defined on R™ x R, and A > 1, which shall be defined explicitly later on.

For this purpose, we use a method based on the geometric tangential analysis,
which consists in considering the homogeneous problem as being tangential to the non-
homogeneous. After studying the regularity of the weak solutions to the homogeneous
problem, we will use geometric iterations to transport these properties to the solution
of the non-homogeneous problem.

In order to be in the conditions to use Caccioppoli’s estimate to control each itera-
tion, we need to consider the so-called #-parabolic cylinders defined by
G, := (=7%,0) x B;(0), with 0 defined later.

Since we wish to use Theorem 1, we must consider a metric in which the balls
correspond to the #-parabolic cylinders.

So we define the metric & : (R™ x R) x (R" x R) — R{ given by

5((1:,t),(y, s)) = max(|z — yl, |t — s|/9), (3.0.1)

where |z —y| is the euclidean metric in R"™. To see that this is indeed a metric, it suffices
to prove that |t + s|” < [¢t|" + |s|", for a given 0 < r < 1. Indeed, since the function
flz)=1+2"—-(1+42)", z € [0,1], is increasing and f(0) = 0, assuming |t| > |s| and
defining = = %, we conclude the triangular inequality.

Since the balls are given by B’.(x,t) = {(y,s) € R*"xR : |z—y| < r and |[t—s| < r?},

it is clear that they correspond exactly to the #-parabolic cylinders.

9



CHAPTER 3. APPLICATION TO THE DEGENERATE INHOMOGENEOUS P-LAPLACE EQUATION

We now define universal constants which depend solely on the data. Let

o= p(l o IZ) (3.0.2)

2 n 1 n)’
R

and
0:=2a+(1—a)p. (3.0.3)

By (3.1.2) and (3.1.3), we get 0 < a < 1 and so, since p > 2, we have 2 < 6 < p.
We will prove that these solutions live in the space C%*®/? ie. the solutions are

Hoélder continuous with exponents « in space and «/6 in time.
3.0.1 Preliminaries

We start by introducing a few preliminary results, omitting their proofs. First some
Embeddings.
Let m,p > 1 and consider the Banach spaces
VP (Ur) = L¥(0,T; L™(U)) N LP(0, T; WHP(U))

Vo"P(Ur) = L(0,T; L™(U)) N LP(0, T; Wy " (U))
both equipped with the norm
vllvmae @y = esssup |[v(., 8)||lmu + || Dvllpu;-
0<t<T

Proposition 1. There exists a constant v, depending only on N, p and m such that,

for every v € Vy"*(Ur),

// |v|? dxdt < ~9 <// \Dv\pda?dt) <esssup/ ]v]mda:>
Ur Ur o<t<T JU

where q = pw.

Zfs

Proposition 2. There exists a constant v depending only upon N such that, for every

v E ‘/Op(UT)z

llgrvr < Aullveer,

where the numbers q, v are linked by
1 N N
4+ = -
r pg p
Lemma 5. Let v € V™P(Up). Then (v —k)x € V"™P(Up) for all k € R.

The next result is a lemma on fast convergence.

10



3.1. WEAK SOLUTIONS AND CACCIOPPOLI’S ESTIMATE

Lemma 6. Let {Y,} be a sequence of positive numbers satisfying the recursive inequal-

ities

Y1 < CH Y
where C,b > 1 and oo > 0 are given numbers. If

Yy < O Vepie?,
then Y, — 0 as n — oo.

3.1 Weak solutions and Caccioppoli’s estimate

Let U C R™ be open and bounded and T > 0. Consider the space-time domain
Ur =U x (0,T). We wish to study the equation

up — div(|VulP2Vu) = f em Ur, (3.1.1)

with f € L®"(Up) = L"(0,T; L9(U)). Note that L"(0,7;LI(U)) corresponds to the
space of functions ¢ : (0,7) — L%(U) which are r-integrable. This space is equipped

with the norm

1

lollar = ([ tolzar)’

which makes it a Banach space. We will consider the following restrictions

|
S+t (3.1.2)
rpg

and
2
=L (3.1.3)
rq

We start by defining weak solution to the equation (3.1.1).

Definition 3. We say a function

u € Clo(0,T; L*(U)) N LY

loc

(0, T; WP (U))

is a weak solution to the equation (3.1.1) if, for each compact K C U and each sub-

interval [t1,t2] C (0,7, it holds

/ updx
K

for every o € H} (0,T; L*(K)) N LY

loc

t to t2
’ —I-/ (— upr + \Vu|p_2VuV<p)dxdt = / / fodxdt, (3.1.4)
1 t1 t1 JK

(0,T; Wy P (K)).

11



CHAPTER 3. APPLICATION TO THE DEGENERATE INHOMOGENEOUS P-LAPLACE EQUATION

Alternatively, one can make use of a smoothing process to circumvent difficulties
regarding time regularity, however as we will see in the next section, the time derivative
is well defined (in a weak sense) and belongs to some Lebesgue space. For this, define

the Steklov average of a function v € L' (Ur) as

Lt y(e,rydr  ift € (0,T — h)

Uh(x,t) =
0 ift € (T —h,T]

and we can define weak solutions in an alternative fashion

Definition 4. We say o function

u € Cioe(0,T; LA(U)) N LY

loc

(0, T; WP (1))

is a weak solution to the equation (3.1.1) if, for each compact K C U and every

0<t<T—h, it holds

/ ((un)eo + (yvU|P—2vu)h.v¢) dx = / frode, (3.1.5)
Kx{t}

Kx{t}

for all ¢ € WyP(K).

An essential tool to control the behavior of the weak solutions of (3.1.1) is the

Caccioppoli’s energy estimate.

Lemma 7 (Caccioppoli’s estimate). Let u be a weak solution of (3.1.1). Given
K x[t1,ta] C Ux(0,T), there exists a constant C, depending only onn, p and K X [t1, 2],
such that

to
sup /u2§pdx+/ / |VulPéPdxdt < (3.1.6)
t1<t<ts JK t1 K

<C </t:2/K|u’p(§p+ ‘Vﬂp)da}dt_F/tltz /Ku2§p1’§t‘da;dt+ | f ,N) .

Proof. We choose the test function ¢ = up&P (which is an admissible one, since the

derivative (up): is well defined) and replace in (3.1.5). Integrating in both sides over

(t1,t) C (t1,t2) we get

t

| [ (@ang + (Va2 un(Tune? + unpgr1v) dadr =
t1 JK

t

:/ / frup&? dedr <—

t1 JK

L o t ! 2
= / —uz &P dx +/ / (IVulP=*Vu), Vupé? dedr =
K 2 t1 t1 JK

t 1
= / / (p(|Vu|p_2Vu)huh§p_1V§ + §pgp—1gtui + fhuh§p> drdr
t1 JK

12



3.2. TIME REGULARITY

now we take h — 0 and consider the norm of the second member to get

1
/k §u2§pdx

to 1
<[] (vur- g9 + Goerele® + |flule”) ot
t1 K

¢ t
—i—/ / |VulPePdxdt < (3.1.7)
t1 t1 /K

Studying term by term, by Young’s inequality we get

to
/ /p!VUIp_llulip‘1|V£|dxdt§
t1 K

, to to
<’ (p—-1 VuélPdzdt | + € P uVE|Pdxdt,
p
t1 K t1 K

with p’ = ]%. Considering € small enough, the first term gets absorbed by the first
member.

The term containing f is treated in the standard way, (cfr. [10]).

Now we instead integrate over (¢,t2) C (t1,t2). Adding both estimates, we get the

desired inequality.

3.2 Time regularity

We want to prove that the weak solutions of (3.1.1) have time derivatives, in the sense
of Sobolev, belonging to some Lebesgue space. Note that the following identity holds

for weak solutions to (3.1.1)

T T
/ / ugy dxdt —/ / (div(|VulP~?Vu) — f)¢ ddt (3.2.1)
0 JK 0 JK

for all test functions ¢ € C'*°, assuming the space derivatives exists in the weak sense.

We wish to prove that the derivatives

Vi = 66% <|Vu|p_2§;>

exist in the sense of Sobolev, belonging to some space L. Since f € L9, then v, ; — f €
L9 N L9 = [™n@09) | from which we conclude u; = %(Wu?d%) — f. In this
J 1

section, we will prove the following main theorem.

Theorem 2. Let 2 < p < co. If u = u(x,t) is a weak solution of (3.1.1), then the time

derivative ug exists in the sense of Sobolev and lives in a Lebesque space.

3.2.1 Energy estimate

We start by defining weak solutions of (3.1.1) in a different way.

13



CHAPTER 3. APPLICATION TO THE DEGENERATE INHOMOGENEOUS P-LAPLACE EQUATION

Definition 5. Let Q C R", Qp := Qx(0,T) and p > 2. We say that u € Cj,.(0,T; L*(U))N
(0, T; WYP(U)) is a weak solution of (3.1.1) if

loc

T T
_ p—2 _
/0 /Q( ugy + |[VulP~*VuV¢) dxdt /0 /Qf¢ dxdt (3.2.2)
for all ¢ € C}(Qr).

As we saw, we want to study the space derivatives of u. For such, we require a
variation of the Caccioppoli’s estimate for the difference u(z + h,t) — u(z,t), with |h|
small enough. Clearly, for each test function ¢ with support compactly contained in €2,
the function v(x,t) := u(x + h,t) satisfies (3.2.2), as long as |h| is small enough.

Subtracting the equations for v(x,t) and u(z,t), we get
T
| [ 1ute+ nop2vute + b0~
0 Jo
— |Vu(z, t)[P2Vu(z, t))V(z, t) dedt = (3.2.3)

:/OT/Q(U(:U +ht) — ula, )y dudt

The usual procedure to obtain such an energy estimate is to consider the test function

¢z, 1) = n(t)E(x)’(u(z + h,t) — u(z, 1)),

with £ € C§°(2),0 <& <1, and n(t) € [0,1] is a cutoff function. However, this is not an
admissible one, since when computing the time derivative ¢, the forbidden derivative

us will appear. A formal calculation yields

Vo(z,t) = n(t)¢(x)? (Vu(z + h,t) — Vu(z,t))+
n(t)pé ()P~ VE() (ul@ + hyt) — ul, 1)),
e, t) =1/ ()€(2)? (u(z + h,t) — U(%t))
+n(t)§(x)” (u(x + h,t) 1),

Substituting in (3.2.3), the second member becomes

// (2 + hyt) = ula, 1))y (z, ) (@) +
+3[ (0@ ht) ) *| n(®)&(@)” dadt =

1 u(z —u(z, 1) (z 2P dx
_2/0 /Q(( +h,t) = u(z, )"0 (z, £)€()P dadt.

14



3.2. TIME REGULARITY

So we get
/ / P(IVu(x + h, t)|P2Vu(z + h, t)—
—|Vu(z, t)[P2Vu(z, ) (Vu(z + h,t) — Vu(z,t)) dzdt =

T
— / / (e (@) (ulz + by t) — ulz,1)) (3.2.4)

(IVu(z + h,t)[P2Vu(z + h,t) — |Vu(z, t)[P2Vu(z,t)) VE(x) dedt+

// u(x + by t) — u(x, 1)) dadt

which is the desired estimate. So now we wish to get to the same identity, but starting

with an admissible test function. For this purpose, consider the convolution

T
fa 1) = /0 /Q £ (4, 7)o (& — .t — )dydr

:/ fl@—y,t —7)po(y, 7)dydr
Bs

with (z,t) € (QT)O' = {(y,7) € Qp : dist((y,7),007r) > o} and where p, is a smooth
non-negative function with support in the ball B, ¢ R**1.

Now we note that, if u satisfies (3.2.2), then so does u* in its domain. In fact,

/UT J/Q (IVulP~2Vu)") Vo dadt =
T— U/Q(, < |VulP2Vu(z —y,t — 7)po (v, )dydt) Vo drdt =
( /B (IVulP=2Vu(e — y,t = 7)) Vop, (y,7)dydr ) dudt =
/-T o /Q 0 (IVulP=2Vu(z —y,t — 7)) V¢ dwdt) po(y,7) dydr —

/ (|Vu|p_2Vu(:c —y,t—7)) V@dazdt) po(y, 7) dydr =
Q

where ¢ is an extension of ¢ to Qp that is zero outside of (Q7),-.
Therefore u* and v* also satisfy (3.2.2). So we can repeat the previous argument

with u* and v* instead of u and v, respectively. From (3.2.3) we can write

T
/0 /Q((\Vv|p‘2Vv)*—(|Vu|p—2vu)*) (Vé(x,t)) dedt (3.2.5)

= /OT/Q(U* — u")¢y dzdt

15



CHAPTER 3. APPLICATION TO THE DEGENERATE INHOMOGENEOUS P-LAPLACE EQUATION

as long as the parameter o is small enough.

We can now consider the test function

¢z, t) = n(t)¢(x)? (u"(z + ht) — u*(,1)),

which is now an admissible one, since the derivative u; is well defined, and a similar

calculation yields
T—o
/ /Q n)€@)P ((|Vu[P2Vo)* — ([VulP~2Vu)*) (Vo* — Vu*) dodt =
T—0o
=— )P () (v — u* VP2V —
=—p[ [ ager @ - w)((ver-e)
T—o
—(|VuP~2Vu)*) (VE(x)) dodt + ;/ /Q ' (£)&(z)P (v* — u*)2 dxdt.

Now we can let 0 — 0 and we arrive once again at the energy estimate (3.2.4), now

starting with a valid test function.

3.2.2 Bounding of difference quotients
and final proof

We wish to apply the following result.
Lemma 8. Let D" be the vector with the difference quotients of size h. Then

1. Suppose 1 < p < oo and u € WHP(U). Then for each V CC U
||DhUHLp(v) < Cl[Dul| e )
for some constant C and all 0 < |h| < 3dist(V,0U).
2. Assume 1 < p < oo, u € LP(U), and there exists a constant C such that
|D"ul| oy < C
for all 0 < |h| < Ldist(V,0U). Then

u € WHP(V), with [[Dul|ppvy < C

To do this, we first define the vector field
F(z,t) == |Vu(z, )| "7 Vu(z, )

and write DF for the Jacobian matrix with the elements

0 p=2 Ou
(a%(|Vu| ’ 8xi))ij'

)
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3.2. TIME REGULARITY

Lemma 9. Let p > 2. The derivatives DF' exist in the Sobolev sense and
DF € L} (Qr). The estimate

/T/ ¢(x)P| DF [*dadt < S/()T/Qf(x)p‘w(m),zdde (3.2.6)

/ / 2)P + |VE(2)P)[Vu(z, t)[Pdzdt

holds when T > 0. Here £ € C3°(Q2), £(z) > 0.

Proof. We will make use of the following useful inequalities

4 p— p— 2
—2)\13\726 - \a|T2a‘ << [blP~2 — |afP2a,b—a >, (3.2.7)
p

1617726 — Jal"~2a| < (p — 1) (101"F" +1al =" ) [1b1"F — Jal =" a], (3.2.8)

for vectors a,b and p > 2.

We now apply inequality (3.2.7) and recall the energy estimate (3.2.4) to get

T
;;/0 /Qn(t)f(x)p\F(:c +hyt) — F(a,t) [ dedt = (3.2.9)
T
:4/ / U(t)§($)p‘|Vv|p772Vv - |Vu|%Vu‘2d:vdt <

/ / |VU|p 2Vy — |vu\”%2vu) (Vo — Vu) dedt =

gz/ /nﬁK@V@—uVMﬁ+

+p/ / )P o — ul||[VoP72Vo — |VuP"2Vu||VE(z)|dadt.

Now we focus on the last integral. By (3.2.8),

/ / x)P~ 1|v—u]HVv\p Vo — |VulP™ 2Vu}|V§ )|dzdt <

—1//

.(n(t)5|v - u||V£|) (|vU|T + |W|¥)g(x)¥dxdt.

NJ\»—-

)2 |F (2 + hyt) — F(z,t)]).

17



CHAPTER 3. APPLICATION TO THE DEGENERATE INHOMOGENEOUS P-LAPLACE EQUATION

Substituting in (3.2.9) and dividing both members by |h|?, we get

// 5”+h|t]i| (x’t)dedtg
gQ/l/#@ampﬂauﬂmw
Ry )

(T](t) |Uh| |\V§|> <|Vv|% + \Vu|%) f(m)%dmdt <

S;/T/HWK@V
e | s
+@—mw/ /mM

—I—cp/ /5 (IVulP + |Vul|P) dzdt

2
dxdt+

v—Uu

|l

F(z+ h,t) — F(z,t)|?

dxdt+
Al

v —
Ihl

(z)|Pdzdt+

where we used the trivial inequality

€a?  eP  p—2
abe < 5 + + cr—2,

plp—De? _
e =

Now we take € such that % to get

//
5, Jre

F(z + h,t) — F(z,t)|?
Al

u(x + h,t) —
|hl

w(z + h,t) —u(z,t)|?
Al

+cp/ /5 (Vu(z + h )P + [Vu(z, O)|?) dudt.

dxdt <

¢ 2
u(z, )‘ dwdi+

—|—ap (x)|Pdzdt+

Finally, we choose suiting cutoff functions. Let 1 be a 3-piecewise linear cutoff
function such that n(t) =1 for 7 <t < T — (3 for small enough § > 0. Then we clearly
see that n'(t) > 0 if and only if ¢ € (0,7), so we can remove the other portion of the

integral. Furthermore, in this interval 5/(t) = 1. We arrive at the estimate

T+ h,t) — F(z,t)]?
//g ] drdt =
/ / u(z + h,t) — (m’t)2dxdt+
A
p
vy [ [ PR e pases

+Cp/ / )P ([Vu(z + h,t)|P + |Vu(z, t)P) dedt.
0o Jo
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3.2. TIME REGULARITY

We can furthermore choose £ such that £(x) = 1 in some compact V7 and such that
|IVE| < C for some C' > 0. It follows immediately, recalling the initial assumptions on
&, that both £ and V¢ have supports compactly contained in §2, call them S; and S

respectively. We get

RS
o L
+a,,c/ [

+Cp/ / (|Vu(z 4+ h, t)|P + [Vu(z,t)[P) dxdt.
0 Js

(z+ h,t) — F(x,t)?
||

w(z 4 hyt) — u(z,t) |?
|h\

dxdt <

dxdt+

dxdt+

w(x + h,t) —u(z,t) P
|h|

We can finally apply Lemma 8. Since u € W1P(U), we use the first part of the

Lemma to get

h
QHD Fl[f 22 x(rry < o HD ull 228, x(0,ry) T @ClID ull}, (S2x(0,r) T

+Cp(HDu||Lp,p( (S1+h)x(0,7)) T ||DUHLP7P (S1x(0, T))) =

<CIHDU||L22 (S1%(0,7)) + CZHDUHLM (Sx(0,T)) < CHDqup,p(SX(oj)y

Now we use second part of the Lemma to conclude that F' € L? (0,T; Wh2(Q)).

Finally, taking |h| — 0 yields the desired estimate. O
We are in a position to prove Theorem 2.
Proof. Note that by our definition of F', it holds
IF)? = |VulP, |VulP2Vu=|F|'"?F
We compute

0 _2 2 _1_2 8F _2 3F
p—2 _ Fr o) =(1-2) ! L F > +|F !

therefore, taking the module and the power p%l, we get

_p_ _p_
gy (o2wn)| (2 2) 7 [ i
J J
oF

<(2-2)" (520

and we can use Lemma 9 to complete the proof.
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CHAPTER 3. APPLICATION TO THE DEGENERATE INHOMOGENEOUS P-LAPLACE EQUATION
3.3 Holder regularity

Our next result uses a compactness property to conclude that if the source term f has a
small enough norm in L%", then the solution u to (3.1.1) is close in norm to the solution
of the homogeneous problem in an inner subdomain. We will make use of the following

classical compactness result

Lemma 10. Let X < B C Y be Banach spaces. Let F C LP(0,T;X) be bounded,
where 1 < p < oo, and OF /0t := {0f /0t : f € F} be bounded in L'(0,T;Y). Then F
is relatively compact in LP(0,T; B).

Lemma 11 (Approximation to p-caloric functions). For every 6 > 0, there exists 0 <
€ < 1 such that if ||f||per(c) < € and u is a local weak solution of (3.1.1), with

|[ullp,avg,c1 < 1, then there exists a p-caloric function ¢ in Gy /o, in the sense that
¢ — div(|Vo[P 2V ) =0, in Gy, (3.3.1)
and moreover satisfies

Hu - ¢Hp,avg,G1/2 < J. (3.3.2)

Proof. The proof is done by contradiction. Suppose that, for some §y > 0, there exists
a sequence of functions (u/); and (f7); that satisfy the hypothesis but not the thesis.

That is, for every j,

w € Cloe(—1,0; L (B1)) N L,

loc

(=1,0; W} (B1)) (3.3.3)

and (fj)j € L?"(Gh) with

u! — div(|Ve! [P72Ved) = f7 in Gy, (3.3.4)

||uj|‘p,avg,G1 < 1) (335)
, 1

1 | zar () < 7 (3.3.6)

but still, for any j and any p-caloric function ¢ in Gy s,

! — ¢

|p,avg,Gy o > 00- (3.3.7)
Define, for simplicity, the notation
V(I x U):= L®(I; L*(U)) N LP(I; WP (U)).
equipped with the norm
HUjHV(Gl/Q) = ||Uj||L2v°o(Gl/2) + ||’Uzj’|LP(—1/2970;W1,;7(BI/2)). (3.3.8)
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3.3. HOLDER REGULARITY

We will prove that our assumptions imply that the sequence (u/); is bounded in V(G /2)-

We note the following inequality
a+ b < 2maz(a,b),
so that
(a + b)P < 2Pmax(a,b)P < 2P(aPt + bP?).
Hence
a+b < 2aP + bP2)pr,

where px = py if a > b and px = po otherwise, where p1, po can be any positive numbers.

So we can write

1

. 2 j o
17 llv@,ya) < € (101326, ) + 107y o, ) <
1

0 p*
<C sup / lu? |2dx + / / [u! [P+ | V! [Pdzdt <
—1/29<t<0 Bl/z —2% B1/2

1

0 p*
<C'| sup / [u?|2EPdx + Huszzp(G ) +/ / |Vl [PEPdzdt | .
—1<t<0J B, ! ~1JBy )y

We can absorb the term ||uj|\§pG1 in the constant, since (3.3.5) holds. Caccioppoli’s

estimate yields

14|16, 2) g(](/l/B (| [P(&P + |VEP) + (w!)?€P7 &) dadt+

+ 11 garen ) ™

a control on the derivatives of the test function gives
j i i)|2 1y »
Hu HV(Gl/g) <C ||u Hp,avg,Gl + Hu H2,avg,G1 +; <
<C.

In these calculations, we also proved that (u?); is bounded in
LP(—=1/2°,0; WP (B 5)) (this is trivial from (3.3.8)).
By Theorem 2,

utllLsa(ay ) < 6
with s = min{q,p/(p — 1)} < p. Since it holds

Wht ey [P C L*
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CHAPTER 3. APPLICATION TO THE DEGENERATE INHOMOGENEOUS P-LAPLACE EQUATION

we invoke Lemma 10, with X = Wlﬁp(Gl/Q), B = LP(Gy/3) and Y = L*(Gy2), which
guarantees that the sequence (u/); is a precompact in LP(G, /2) which implies that we
can extract a subsequence that converges strongly to a function ¢ € LP(Gy/3). The
weak convergence guarantees that ¢ € V(Gy/2). So we can take the limit in (3.3.4) to
find that

b — div(|[VY[P2Vy) = 0 in Gy s,

i.e., 9 is p-caloric. This, together with the convergence in the LP(( /) norm, contradicts

assumption (3.3.7) which completes the proof. O

Next we wish to use the previous Lemma to transport properties of the p-caloric

functions to the weak solution u, considering an even smaller domain.

Lemma 12. Let 0 < a < 1 be fized. There exists € > 0 and 0 < A\ < 1/2, depending
only on p,n and a such that if || f|[Ler(c,) < € and u is a local weak solution of (3.1.1)
in G, with ||ul|p.avg,c, < 1, then there exists a universally bounded constant cy such

that
Hu - COHp,avg,G,\ <A\ (3.3.9)

Proof. Take 0 < § <1 to be chosen later, and apply the last Lemma to get 0 < e < 1

and a p-caloric function ¢ in G/ such that

4= Bllpavg Gy <

We start by noting that

G
avg,Grya — |G1/2‘

[Jully el avg.cir <

so that

n+0
1€llp.avg.c s < N1t = Bllpavg.c s + [[tllpavg,crps <5 +277 < C. (3.3.10)

Since ¢ is p-caloric, it follows from standard theory that ¢ is universally Cloo’cl/ % in

time and Cgcl in space (cfr. [8]). So we see that for all (z,t) € G with A < 1/2 to be

chosen,

[9(z,t) — ¢(0,0)] <[o(z,t) — ¢(0,7)[ + [¢(0,¢) — #(0,0)] <
§0/|I‘ . 0| + Cl/|t o 0’1/2 <

<CO'N+C"\2 < O

22



3.3. HOLDER REGULARITY

since > 2 and \ < 1.

Therefore, we can write

sup |g25(l‘,t) - ¢(O’ 0)| < CA
(z,t)EG

where the constant C is universal in the sense that it does not depend on the point
(x,t) or A.

Hence there holds the estimate

HU(J}, t) - ¢(07 O)Hp,avg,G)\ §||u($> t) - ¢(xa t)”p,avg,GA + ||¢($7 t) - ¢(Oa O)Hp,avg,G)\ <

(3.3.11)

0+n

1\ »
<[ — . 9.
< <2A> 5+ CA (3.3.12)

We choose A < 1/2 and so G\ C G/p. We put ¢ := ¢(0,0) observing that due to
(3.3.10) and the fact that ¢ is p-caloric, that cg is universally bounded. Finally we fix

the constants. Recalling that 0 < o < 1, we can choose A < 1/2 so small that
CX < 1)\“
— 2
and then we define
1 n+6
6 = 5A%(2)) v

Finally, from (3.3.11)

A&
Hu(a:,t) - COHp,avg,G)\ < 7 +CA < A

Next we iterate Lemma 12 in the appropriate geometric setting.

Lemma 13. Under the conditions of the previous lemma, there exists a convergent

sequence of real numbers (cy) with
ek — cra1] < C(n,p) (A" (3.3.13)

such that

[lw — ek

povg.Gyx < (A’“)a (3.3.14)

Proof. The proof is done by induction on k£ € N. For &k = 1, (3.3.14) holds due to
Lemma 12, with ¢; = ¢p. Suppose the conclusion holds for k, and we proceed to prove
it then holds for k + 1. We start by defining the function v : G; — R by

Nea, AK0) —
o(at) = U x’w) . (3.3.15)
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CHAPTER 3. APPLICATION TO THE DEGENERATE INHOMOGENEOUS P-LAPLACE EQUATION

which is clearly well defined.
We readily see that

)\akHUHp,avg,Q = Hu()\kx, )‘ket) — ¢kllpavg,cy =
1
0 1
=|Gy| VP </ / lu(Nez, \FOt) — ck\dedt>p = (3.3.16)
—-1JB;

:|G1|71/P)\fk(n+0)/PHu _ Ck‘|LP(G>\k) =

=[lu = cxllp.avg.c, i
so that
[vl]p,avg,c1 < 1. (3.3.17)
We compute
ve(, ) = Oy, (AFz, KO3,

and

div (IVo (@, )72V (@,1) = W=Dk diy ([Tu(Xez, W P—2Tu(xEz, A1) )

We conclude, recalling (3.0.3), that

v — div (|Vo(z, t) P2V (x, 1)) = W=Dk g(\kg A4y =0 f(a, ).

A computation similar to (3.3.16) gives

Il parar) =

:)\((pk—(p—l)ak)q—kn);’—ke/ /
—)\kO B

Due to the choices (3.0.2) and (3.0.3),

T

q

|f(x,t)|%dx | dt.
Ak
(k= (p = 1)k g = kn) _ — k6 =0
so that

Wl Lar(Gy) = [ lLar ) < Nfllparen) <€

which entitles v to Lemma 12. It then follows that there exists a constant ¢y, with

|éo] < C(n,p) such that

v —co pavg,Gy < A%
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3.3. HOLDER REGULARITY

Again, a computation similar to (3.3.16) gives

Hu - Ck+1Hp7aUg,Gkk+1 < )‘a(k—H)

for cpy1 :=cp + ok , which concludes the induction. Clearly, it holds

leki1 — ek < C(n,p) A"

Now we present the main result of this chapter.

Theorem 3. A locally bounded weak solution of (3.1.1), with f € L?", satisfying (3.1.2)

and (3.1.3) is locally Hilder continuous with exponents o in space; and a /0 in time.

Proof. We start by noting that the conditions ||u]

pavg,cy < 1 and |[f[|zar(G,) < €in
Lemma 13 are not restrictive, since we can fall into that framework by scaling and

contraction. Indeed, given a solution u, let
v(z,t) = pu(p®z, p~ D tPt)
with a, p to be fixed, with is a solution to (3.1.1) with
fla,t) = ple=D¥ar (o pP=2Fory),
We choose a > 0 such that a < 2/(n + p) and

(p—1)+ap)r—an+p)—(p—2)>0

which is always possible since the second inequality holds true for a = 0 because r > 1,
and so we can use it’s continuity with respect to a; we also choose 0 < p < 1 so small

that

1011} augciy < A° PN} gy < 1

and

1 Var Gy = O £ < €

Given an arbitrary 0 < r < 1/2, there exists a non-negative integer k such that
N+l < < A* where ) is given by Lemma 13. Then, for any non-negative integer s,

it holds

]Gr\‘l/ lu— ey Pdadt < \Gwlrl/ lu— e Pdadt. (3.3.18)
Gr

Ak
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Now, if s < k, then A\* > A\* and

|G)\k+1|1/ |u — cs|Pdxdt S‘G)\k+1|1/ lu — cs|Pdxdt <
k

G, Gk

g/\s_(k“)]GAs\_l/ lu — ¢ |Pdadt <

G)\s

§>\_(k+1) ()\5)& < Ore,

If s > k, then A\¥ < A1 < \F g0

s—k
\G/\k+1|_1/ |u — cg|Pdadt <’G)\k+1|_1/ \u—ck]pdxdt+2]ck+i — Cptio1] <
Gk Gk i=1

< (A’“)a + O\ — X)) < Ore,

We can finally take s — oo in (3.3.18), getting

1
|GT‘| Gr

lu —e[Pdxdt < C'rP*.

where

¢:= lim c;.
S—00

Noting that |G| = K7™ for some K depending on n, it holds

1
r Gy

with A = 2% + 1.

Now, noting that for all v € R we have

(@/Gr‘u—mlr‘/crudy‘pdx) -
- (’ér| /G ‘(U_w - yér| /C;T(u—v)dy‘pdx); <

= <!Glr\ /G’ e~ 7|p)% * (\Glry /G ’,GlTy/G(“ - ’Y)dy‘pdx>‘l7 =
_ 1 1

= 71’|U—7\|p+@”u—7|’1-

G

3 =

By Hoélder inequality, we get
i/
lu =l <G 7" [Ju = 7l]p-

Therefore we immediately get

1 1 » 1 9
- < _
(\Gr| /G ‘“ G| /G “dy( dﬂf) = yc,ﬁ”u Yp- (3.3.20)
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By (3.3.19) and (3.3.20), using notation of chapter 2, we get that for every 0 < r < 1,
\GTA/ lu — ug |Pdadt < C, (3.3.21)

Gr

where £ = (0,%0) is the center of G; and A = %% + 1 . Using standard covering
arguments, we conclude for every y € Q, tyg € [-T,0). Therefore u € £(7”)‘)(Q, 9), which
implies that u € C%%(Q, §), with 3 = %()\— 1). Noting that, for this metric, m = n+86,
we get § = a. Finally, recalling the definition of the metric d, we can conclude the local

Holder continuity of u with exponents « in space and «/6 in time, as intended.
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Chapter 4

Application to the degenerate
inhomogeneous PME

In this chapter, we will apply a similar technique as that of the previous chapter to

study the regularity of weak solutions to the porous medium equation (PME)

up — div(m|u|™ 'Vu) = f, m > 1. (4.0.1)

Let U c RN, T > 0and Ur = U x (0,T) as before. We consider the source term
f € LY (Ur), where

1 N
S+ <L 4.0.2
F T (4.0.2)

We will show that bounded weak solutions of (4.0.1) are locally of class C%7%% | with

m[(2q — n)r — 2q] }
glmr —(m—=1)] J’

fy:E, a:min{aa,

where 0 < ap < 1 denotes the optimal Holder exponent of (4.0.1) with f =0 and

0=a <1 + ;) +(1—a)2. (4.0.3)

The regularity class is to be understood in the following sense: if

m[(2g — n)r — 2q]

glmr —(m—1)] =

. . i .
then solutions are in C%7%, with

_ m[(2q —n)r — 2q]

~glmr = (m—1)]

Otherwise, solutions are in C%7% for every 0 <y < 0.

4.1 'Weak solutions and Caccioppoli’s estimate

We start, as before, by defining weak solutions to the equation (4.0.1) and by stating

an essential energy estimate for these weak solutions.
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CHAPTER 4. APPLICATION TO THE DEGENERATE INHOMOGENEOUS PME
Definition 6. We say a locally bounded function

loc loc

u € Croo(0,T; LAU)),  with |u|™5" € L2 (O,T; W1’2(U))

is a weak solution of (4.0.1) if, for every compact set K C U and every subinterval

[t1,t2] C (0,T], we have

/Kucbdcc ij+/tlt2/K(—u¢t+m|u]m1VUV¢) d:vdt:/tlt2/Kf¢dxdt, (4.1.1)

for all test functions

6 € Wi (0,73 L(K)) N L3, (0,73 W, *(K))

loc

Noting that, formally,

sign(u)|u] “ V]u| "5

2
|u|™ IV =
m+1

and since V|u|mT+1 lives in L?(U7), in addition to u being locally bounded, it is now
clear that these integrals converge.
The following is a similar energy result to Lemma 7 of the previous chapter, with a

similar proof which shall be omitted.

Lemma 14 (Caccioppoli’s estimate). Let u be a local weak solution of (3.1.1). Given
K x [t1,t2] C U x (0,T], there exists a constant C, depending only on n, m and K X
[t1,t2], such that

to
sup /u2§2d:1:—|—/ /]um_1Vu|2§2dxdt§ (4.1.2)
K t1 K

t1<t<to

to t2
sc/ / u2£\§t|dxdt+/ / u| " TH(|VEP + €2) dadt + C||f][2,-
t1 K t1 K

for all £ € C§°(K x [t1,t2]) such that 0 < & < 1.

4.2 Towards Holder continuity of weak solutions of the
PME

In order to obtain the desired explicit expression for the Holder exponent, we first need
to prove the general Holder continuity of weak solutions of equation (4.0.1). More

explicitly, we want to prove the following theorem.

Theorem 4. Let u be a weak solution to the degenerate PME (4.2.2). Then u is locally
Hélder continuous in Ur, and there exist constants v > 1 and « € (0, 1), that depend

only on the data, such that for every compact set K C Ur, it holds
m—1
|71 — wa| + [ul| Sy, T — B2

m — dist(K;T)

u(zr, t1) = w(@2, t2)] < yl|ulloo,p (4.2.1)

for every (x1,t1), (z2,t2) € K.
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4.2. TOWARDS HOLDER CONTINUITY OF WEAK SOLUTIONS OF THE PME

Note that this theorem is not exactly what we want to prove in this chapter as it
does not give an explicit expression for a. However, it will prove useful later on.

In this chapter however, we will only prove such a result for the homogeneous case,
redirecting the reader to the article [12] for the more general case. We will henceforth

consider the following equation

up — divA(z, t,u, Du) = 0, (4.2.2)

with A(x,t,u, Du) = m|u|™ 'Vu.

We say a function u is a weak sub(super)-solution to (4.2.2) if it satisfies Definition 6
with f = 0 and < (>) instead of equality. u is a weak solution if it is both a sub-solution
and a super-solution.

We start with some useful definitions beforehand.

Definition 7. Introduce the cylinders Qf(@) and their translated (y, s) + Q:pt(H) by
Q) = K, x (0201, QF(O) = K, x (0.00°) (1.23)

For 0 =1, write fo(l) = Q;E.
For a fived (y,s) € RVNT! denote by

(y:5) +Q, (0) = Kp(y) x (s — 0p% 5], (4.2.4)

(y.5) + QF (8) = K,(y) x (s, 5+ 0p7], (4.2.5)
where K,(y) is the cube with edge p centered in y and we write K,(0) = K,,.

Finally, define the truncated functions (v — k)4 by

(v = k) = max{(v - k), 0};

(v—k)- = max{—(v—k),0}.

4.2.1 Energy estimate

As always, the study needs to start with an energy estimate. In the following, we present

an energy estimate for the functions (u — k)4 in the cylinders (y, s) + Qpi(H).

Proposition 3. Let u be a local weak solution to (4.2.2). There exists a positive constant
v depending only on the data such that, for every cylinder

(y,s) + Q;E(Q) C Ur, every k € R and every piecewise smooth function ¢ vanishing on

31



CHAPTER 4. APPLICATION TO THE DEGENERATE INHOMOGENEOUS PME

0K,(y) and such that 0 < ¢ <1, it holds

ess sup / (w — k)2.C%(x,t) do — / (u — k)+C%(x,s — 0p*) do+
s—0p2<t<s J K,(y) Kp(y)

+ // lu|™" D (u — k)+2¢? dadt < (4.2.6)
(1:9)+Q; (6)

=3 (u— k)2CIGH| dad+
(y,8)+Q, (0)

—i—’y// lu|™ " (u — k)3 |DC)? dadt.
(y,5)+Q; (0)

Analogous estimates hold in the "forward" cylinder (y,s) + Q; ().

Proof. After a translation, we may assume (y,s) = (0,0). In (4.1.1) set f = 0. We wish

to take the testing function
or =E(u—k)L(?, over K, x (—0p ], for —0p* <t <0,

however the time derivative (u — k)1, is not well-defined. Therefore, we start by con-
sidering the Steklov average. Using an equivalent formulation (see Definition 4 for a

general idea), we get the following
/ (untd + (A(z, 7,1, Du)), Do) dx = 0.
Kx{t}
Clearly
(un — k) = £(up — k)+ F (up — k)F
so that
upr = E£(up — k) F (un — k)5

Since it holds

(up —k)+r(up —k)+ =0,
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4.2. TOWARDS HOLDER CONTINUITY OF WEAK SOLUTIONS OF THE PME

it follows

+ / / up - (up, — k)£ dedr =
Kpx(—0p2 .t
=+ // +(up, — k) - (up — k)+C* dadr
Kpx(—0p2 1]

+ / / = (un — k) (un — K)£C? dudr =
K, 0p?,t]

= / / (up — k)+r(up, — k)£C? dadr =
(—6p2 ]
=7 / [(un — )31C2 dadr =
Kpx(—0p2 1]
1
5 [ m-wide—g [ (- bR
Kpx{t} kpx{0p?}

// un = £)2CG

Since we have freed wy, from its time derivative, we can now take h — 0 getting

1 1
o) w-mica-g | (u— k)22 da
Kpx{t} Kpx{—0p?}

+ // Az, 7,u, Du)D(u — k)+¢% dedr
K, 0p2 t]

+2 // (u— k)L A(x, 7,u, Du)D(( dedr =
Kpx(—0p2 1]

_ / /Q NS k;)étgg dadr.

Noting that D(u — k)1 = £Dux[(u — k)+ > 0], so

+A(x, 7, u, Du)D(u — k)+ = m|u|™ Du*x[(u — k)+ > 0] =

= mlu|™ | D(u — k)+|?.
Also, by Young’s inequality,

(u— k)L A(x,7,u, Du)D{( dedr| <

Kpx(—0p2 1]

<2m// — k)< |u|™ Y Du||D¢|¢ dzdr <
K,x 9p2t

m-1 — u— xdT
<o [ [ W TID( K (= R)<IDC) i <

<e_1m// |u|™ | D(u — k)|*¢? dedr+
Kpx(—0p2,t]

me// lu|™ (u — k)3 | D¢ dadr,
Qy (0)

for every € > 0.
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CHAPTER 4. APPLICATION TO THE DEGENERATE INHOMOGENEOUS PME

Combining these estimates, we get

1 1
o[ w-mica-g | (u— k)2 do
Kpx{t} Kpx{—0p%}

+m(l—eh) // lu|™ | D(u — k)+|*¢? dedr <
Kpx(—0p2,t]

</ / (1~ KRLCIGr | dadr +me [ / 6™ (u — k)2 | DCP dudr.

: _ _2m
Finally, we choose € = 5275

supremum over t € (—0p%,0] which

proves the proposition for v = max{2, 23;” >} = S since m > 1.

4.2.2 A DeGiorgi-Type Lemma

It is known that sub(super)-solutions to (4.2.2) in Ur are locally bounded above (below)
in Up.

For a cylinder (y,s) + Q;tp(ﬁ) C Ur, denote by pt and w numbers satisfying

[+ > esssup  u, p— < ess mf u,
(1,:5)+Q3,,(6) (4:5)+Q3,(6)
W=y = B

Since the equation becomes degenerated at u = 0, we will assume at the outset that
p— =0 so that w = p4.

Fix numbers £ and a in (0,1). In the following we show that if there is a cylinder
in which w is essentially away from its infimum or supremum then, going down to a

smaller cylinder, the oscillation decreases by a factor of (1 — af).

Lemma 15. Let u be a nonnegative, locally bounded, local weak supersolution to (4.2.2)
in Up. There exists a positive number v_ depending on 0, w, &, a and the data such

that if
[ < &l N [(y,5) + Q3,(0)]] < v—[Q3,(0)], (4.2.7)
then
u>agw  ae in(y,s) +Q,(0). (4.2.8)

Likewise, if u is a nonnegative, locally bounded, local weak subsolution to (4.2.2) in
Ur, then there exists a positive number vy depending on 0, w, £, a and the data such

that if
[u > pg = Ew] N [(y, 5) + @, (0)]] < v11Q3,(0)],
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4.2. TOWARDS HOLDER CONTINUITY OF WEAK SOLUTIONS OF THE PME

then
u < g — alw a.e. in (y,s) +Q, (0).
Proof. Assume (y,s) = (0,0). For n =0,1, ... set
pn=p+ 2’;; Kn=K,; Qun=IK,x(—0p2,0], (4.2.9)

and consider the cutoff function ((z,t) = (1(x)(2(t) such that

lin Kn+1 2n+1
G = DG < (4.2.10)
0in RN — K,
1 fort > —Gp%H 1 92(n+1)
G = ,0< (o < < 4.2.11
t 9( pn+1) 0/)2 ( )

0 for t < p2

We will only prove the first case, since the proof for the second case is similar.

—a

Define the truncating levels by k, = &,w where &, = a€ + 2n £.
The energy estimate (4.2.6) on @Q,, for (u — ky,)_, gives

_eeiiitigo/n(u—kn)zé(:c,t) dx+// [u|™" YD (u — ky)_|*¢? dadr <
s/ (1= k)2 (, ~0p2) d$+7// = k)2 ClGe| dadr+
+7// 6™ — k)2 |DCP dadr <

22(n+1
<7// u—k 02 dxdT—i—'y// lu|™ 1 (u — k)2 | DC? dadr.

Noting that

ID[(u — kn)—C]|* = |D(u — kn)—C + (u— ky)-D(J* <
< 2|D(u — kn)_[2¢* + 2(u — k)2 |DCJ,

we get
ess sup / (u — kp)? C? dadr + // lu|™ | D[(u — kn)_C]|? <
0p2 <t<0J K, Qn
5 22(n+1)
S’Y//H(U_kn) CT)QX[udm} drdr+
- ) 92(n-+1)
e ] ) iy i
Since either (u — ky)— =0 or

(= k) = (6 — ) = ~u+ abw + ~ 2w <

< éw <a+12_na> < tw
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CHAPTER 4. APPLICATION TO THE DEGENERATE INHOMOGENEOUS PME

we get

esssup/ (u—kn)z_czdxdT—i—// ]u\m_l\D[(u—kn)_CHzS

on 2n
gfy%(gw)2|[u < kn] N Q| + v(énw)m‘1(£w>22p2![u <kn]NQn] <

22 1

To estimate the left-hand side, we keep u away from zero by introducing the function
1
v = max {u, 2a§w} : (4.2.12)
Clearly v > u and so (u—k,)— > (v — k;,,)—. Hence
| w-mPowodez [ (@ k)t do

Also, we estimate below

<a§w>m 1// ()P dzdr <

// mD[(v — kn)_(][? dzdr <

//Qnm[u . u™ Y D[(u — ky)_C]|? dedr+

; <a5w)m 1 [ [ @unitu <ol = k)2 D¢ doir <
// " Df(u — kn) ()| ddr + 722" (€)™ 1 < kn] N Q.

By the definition 4.2.12 of the function v, the two sets [v < kj,] and [u < k,| coincide
since %aﬁw < kp. Then, setting A, = [v < k,) N Qp, and Y, = ‘IS “, combining these

estimates gives

m 1 2
_%sps%s;igo/l(( k)2 C? dx 4 (Ew) // n)C|* dxdr <
<@ e (14 gy ) 14
p 0(§w)m 1
with A(a) = 1

Noting that in [v < kp41] C [u < ky],

i 2
(v —kn)2 > (ky — kpi1)? = <12n+?£ )

by Hélder inequality, it holds

1—a 2
<2n+1§fﬂ> | Antl S// (v — kp)? Cdzdr <
QnJrl
NJYQ-Q 2
= <// [(U - kjn)* 2N+2 dde) |An‘NiJr2
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4.2. TOWARDS HOLDER CONTINUITY OF WEAK SOLUTIONS OF THE PME

Now we invoke Lemma 5 which guarantees that (v — k,)_ € V2(Ur) ensuring that
we satisfy the conditions to use the embedding in Proposition 1, choosing m = p = 2

and q = 2%, which gives

<//n[(” — ka) ([P da:dT) . | A 52
= <// ~¢J1? dsz>NN+2.

. ( css sup / (0 — kn)_CP(,) d:c> RRVNES

_epgn<t§0
for a constant v depending only on N.

Recall that, by Young’s inequality, for every a,b > 0, € > 0 and every p,q > 0 such
1,1 _ 1 -
that st o= 1, it holds

Then for p = #, q= % and

2N (m—1)
€= (gw)

we get that

<// (v —k ]\Qd:vdr>N112.

. ( ess sup / (v — kp)—C]?(z, t) da:) o \An\N%Lz <

—0p2,<t<0

N(m—1) B 9 .9
<y(fw) N2 [ esssup (v —kp)2C* dx+
—0p2 <t<0 n

+ (§w)™™ 1//n (v—k HQdde)

Combine these estimates to get

4nA(a) 2(m—1) 1 1+L
|Apt1] < Vm(fw) N2 <1+ Q(é“w)rnl> |Ap| N2,

which in terms of Y;, can be written as

24 A (a) (1 + 9(§w)m_1)yl+%+2
(1=af gwym-nz= "

Yn+1 < Y

which we rewrite as
Y1 < Oy e
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CHAPTER 4. APPLICATION TO THE DEGENERATE INHOMOGENEOUS PME

with b = 2%, o = 25 and

N+-2
A(a) O(§w)™ 1 +1
C= .
T=ap <<<5w>m—19>ﬂ2>

By Lemma 6, Y,, — 0 as n — oo as long as

N
2

7 =V

Vo < -2 [a - a>2] (6™
(14 0(ew)m )3

<7 )

“A"R — 0 means |A4,| — 0 since |@,| is bounded from above. Therefore
n

l[u < kn]NQp| — 0asn— oo.

Noting that k, — afw and

lim Qn—ﬂQn—Qp ),

n—o0

it then holds
u > afw a.e. in Q,(0),

which proves (4.2.8).

In a similar way, we prove second case with

o (1 a)? Ni2 (o (& N+m+1 (e(gw)m—l)%
T [ YA(§) ] 2 <M+> (1+0(§w)m—1)¥

O

Next we state a variant of the previous lemma. Assume for the following lemma
that some information is available on the "initial data" relative to the cylinder

(y,8) + Q3,(0) C Ur. Then

Lemma 16. Let u be a nonnegative, locally bounded, local weak solution to (4.2.2) for

m > 1, in Up. Let a € (0,1) and suppose it holds
u(z,s) > EM a.e. in Kop(y) (4.2.13)

for some M > 0 and £ € (0,1]. Then there exists vy € (0,1) depending only on a and
the data, such that, if

[u < EM]NQ3,(0)] < W\QQP( )|
then

u>alM a.e. in Ky(y) x (s,5+ 60(2p)?).
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4.2. TOWARDS HOLDER CONTINUITY OF WEAK SOLUTIONS OF THE PME

Proof. Assume (y,s) = (0,0) and construct sequences of cubes {K,,} and levels {&,} as
before, and the cylinders by

Q= Kn x (0,6(2p)°].

Define now the cutoff function ((z,t) = ((x) independent of ¢ and satisfying (4.2.10).
Now, the same reasoning as before, with the obvious changes in symbolism, proves this

result. O
4.2.3 Expansion of positivity

Throughout this section let u be a nonnegative, local weak supersolution to (4.2.2) in

Ur for m > 1. We start with a time propagation of positivity.
Lemma 17. Assume that, for some (y,s) € Up and some p > 0
(-, s) =2 M] N Ky(y)| = alKy(y)]

for some M > 0 and some o € (0,1). There exist 6 and € in (0,1), depending only on
the data and o, and independent of M, such that

[[u(.,t) > eM]N K,(y)|, forallte (s,s—&—]\jzz_l}
Proof. Assume (y,s) = (0,0). For k > 0,t > 0 set
App(t) = [u(.,t) < kN K.
The assumption implies
Aar,(0)] < (1= QIS . (42.14)

Recall the energy estimates (4.2.6) for the truncated function (u— M) _, over the forward
cylinder K, x (0,62], where 6 > 0 is to be chosen. The cutoff function ¢ is to be taken
independent of ¢, nonnegative, such that ( = 1 on K(_,), and |[D(| < aip, where
o € (0,1) is to be chosen. We have
esssup/ (uM)C(x,t)d:v/ (u—M)_¢(z,0)dx <
, K

0<t<0p? J K -

(y)
9p2 1 2
< / / ™ — M)?
0 K,

So that, for every t € (0,6p?],

2
dxdr.
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Recalling that
(u— M) < MxXjucm)
we get
/K (u— M)%(z,t) de <M?|Apr ,(0)] + %Mm“mf(p\ <
(

1—o)p

M™1g
<M? [(1—04)—1—7 = |K,|.

The left-hand side is estimated below by

J,

(= M (2,1) da 2/ (u— M2 (2,1) dz >

(1-0)p K—g)pNu<eM]

2M2(1 — 6)2‘A5M,(170)p<t)"
Next we estimate
[Acatp )] = [Arr 1-01p(8) U (Acarp () = Acar 1) 1))
By definition,
Aartp(t) = Acar(1-01p(t) = Aear,p(t) N (Kp — K(1-0)p) C Kp — K(1- -
Furthermore,

|Kp - K(l—a)p‘ :pN(l - (1 - U)N) <

<Nop".
In fact, for « € (0, 1), the function
fz)=1—2N — N1 —2x)

is decreasing for N > 1 and f(0)=1—- N <0.

Therefore, we have

1 m—l@
[Aenr,p(t)] §m [(1 —a)+7y 2 (1- 6)2N0] |K,| <
1 M1
S@ |:(1—Oé)+’7 o2 +NU:| |Kp|

We must finally fix the constants accordingly. Let o = g, 0 = oM I=m,

a3 1—%@
e

The conclusion follows immediately.
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The following proposition will be stated without a proof. For an idea of the proof,

see for example [9].
Proposition 4. Assume that for some (y,s) € Up and some p > 0,
(-, s) = M] N Ky(y)| 2 alKy(y)] (4.2.15)

for some M > 0 and some o € (0,1). There exists b > 1, §,n € (0,1) depending on the

data and o and independent of (y, s), p, M such that

u(.,t) > nM in Kop(y) (4.2.16)
for all times
bm—l 1 bm—l
s+ ——0p? <t <s+-—-=0p°
(nM)m=12 (nM)m=1

Note that this proposition is powerful in the sense that it transforms the measure-
theoretical information (4.2.15) into a pointwise expansion of positivity (4.2.16) in a

future cylinder.

4.2.4 The intrinsic Harnack inequality
Assume now, for simplicity, that u is a continuous, nonnegative, local weak solution to
(4.2.2). Fix (xo,to) € Ur such that u(xg,to) > 0 and construct the intrinsic cylinders

m—1
" B c
(zo,t0) + Q5 (0), where § = <m> : (4.2.17)

These cylinders are intrinsic to the solution in the sense that their length depends on

the solution itself.

Theorem 5. Let u be a continuous, nonnegative, local weak solution to (4.2.2). There
exist positive constants C and vy, depending only on the data, such that for all intrinsic
cylinders (xo,to) + fop(H) contained in Ur, it holds
7 sup w(.,tg — 0p%) < u(zo,to) < inf w(.,tg+ 0p%). (4.2.18)
Kp(0) Kplwo
Proof. Ounly the forward inequality (i.e. the second inequality) will be proved. For the
backward inequality, we direct the reader to, for example, [9].
Fix (zo,t0) € Ur, assume u(xo,tp) > 0 and construct cylinders (xo,to) + pr(ﬁ) as

in (4.2.17), where ¢ > 1 is to be determined. Apply the change of variables

$—>$—$0, t—>u(a;0,t0)
p p

mflt —tp
2
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CHAPTER 4. APPLICATION TO THE DEGENERATE INHOMOGENEOUS PME

mapping these cylinders into QF, where
QY =Ky x (0,42¢™71), Q™ = Ky x (—42¢™71,0).

Denoting again by (z,t) the transformed variables, the rescaled function

! pritg 4 — 1
—ul|x T, _
u(x(],to) 0 p 0 u(.%'o,to)m_l

is still a solution to (4.0.1) with v(0,0) = 1.

v(z,t) =

The theorem is then a consequence of the following.

Proposition 5. There ezists constants o € (0,1), v1,v2 > 1, that can be quantitatively

determined a priori only in terms of the data, and independent of u(xo,ty) such that

v(-,71) = Y0

Proof of Proposition 5. For 7 € [0,1), introduce the family of nested cylinders {Q.}
with the same vertex at (0,0), and the families of nonnegative numbers {M,}, {N;}
defined by
Q7 = K, x (=720, M;=supv, Ny=(1-7)"7",
Qr

where [ is to be chosen. For 7 € [0,1), the two functions M, and N, are increasing and
My = Ny = 1. Moreover, N; — oo as 7 — 1 whereas M, is bounded since v is locally
bounded. Therefore, the equation M, = N, has a closed set of solutions and we can
denote by 7, the largest one.

By the continuity of v, there exists (y, s) € Q,, such that
v(y,s) =M, =N, =(1—7)"= M. (4.2.19)
Moreover,
(1:5) +Q; € Quin. € Qu, where 7= %(1 — 7). (4.2.20)
Therefore, by the definition of M, and N,

sup v < sup v < 25(1 — T*)_B =: M,,
(¥,8)+Qr Qiyr,
2
since HTT* > 7 and N, > M., V7 > 7.
Local largeness of v near (y,s).
The largeness condition (4.2.19) can be expanded, although in a weaker sense, to a

space-time neighborhood of (y, s). To make this quantitative, set

3_1

§:1—71 a:71_§2ﬁ+1
Y 1 Y

268+1 1_2ﬁ+1
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4.2. TOWARDS HOLDER CONTINUITY OF WEAK SOLUTIONS OF THE PME
noting that with these choices, the conditions
v> (1 =M, v<(1—af)by,

become, respectively,

1 3
- < Z M.
v > 2]\4, v < 4M
Lemma 18. Fizing
N+t2 NN
_ (1-a)*] 2 —(N+2)2 s N4+m+1 f(m D2
V= 2 & o
’YA(Q (1 + gm—l) 2
1t holds
1 _ —m - -m
[0 > SMIO () + Qr (MI™)]| = v]@y (M) (4.2.21)

Proof. 1f (4.2.21) does not hold, apply DeGiorgi’s Lemma 15 over the cylinder
(y,8) + Q (My™™) = Ki(y) x (s — M™%, 8],
for the choices jiy =w = M, and § = M!~™ to conclude that

M

e~ w

v(y,s) <
contradicting (4.2.19). O

Corollary 1. There exists a time level

s— MM 12 <s5<s

*

such that
. 1
I[v(.,3) > iM} N K, (y)| > v|Ky|. (4.2.22)

This is immediate from the lemma, for if it isn’t true and there is ’<’ for every s in
this interval, this would clearly contradict (4.2.21).

Expanding the positivity of v

Our next goal is to expand the positivity of v in such a way that we obtain constants
that are independent of 5 which will give us enough free room to iterate this expansion
and fix the free constants in such a way that they become quantitative.

Starting from (4.2.22), apply the expansion of positivity of Proposition 4, to v with
$M and r given by (4.2.19)-(4.2.20) and o = v, yielding

v(.,t) > nM, in Ko (y), (4.2.23)
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CHAPTER 4. APPLICATION TO THE DEGENERATE INHOMOGENEOUS PME

for all ¢ in the range

A - byt 2 _.

The expansion of positivity implies in particular that
[[v(., 85) > n M| N Ko (y)| = | Kol (4.2.25)

Therefore, the expansion of positivity can be applied again, starting at time level s,

with M replaced by (n.M), p=2r, a = 1. We get

v(,t) = n(nM)  in Kg(y) (4.2.23(1))
for all ¢ in the range
st Lo ctes s = s (4.2.24(1))
T (M) 2 = O] o -

It is important to keep track of the dependence of the constants provided by each
iteration. First we see that the constants {7, b., dx, n:} in (4.2.23)-(4.2.24) depend on
the data and 8 through the constant v = v(8). However, they are independent of M
and 7. Moreover, the constants {v,b,d,n} in (4.2.23(1))-(4.2.24(1)) are different from
{75, bs, 0, i } in (4.2.23)-(4.2.24). They depend on the data but not on f3, since we were
able to place the S-dependent constant 7, inside the definition of the set in (4.2.25),
and set a = 1. [ is still to be chosen.

Picking up from (4.2.23(1)), we can apply the expansion of positivity once again
at s = s; with M and p replaced by n(n.M) and 4r, and o = 1. In fact, this can be
iterated, yielding

o(t) = 0" (0 M) in Kyuin, (y), (4.2.23(n)
for all ¢ in the range
Sn—1 + G 15(2" )2<t< (4.2.24(n))
-1+ ———————= r)*<t< .2.24(n
F (M) T2
<Sp—1+ L(S(Q"T)Z =:s
=T e (g M) o

Proof of the proposition concluded

Without loss of generality, we may assume that (1 —7,) is a negative, integral power
of 2. Then, choosing n such that 2"*1r = 2, the cube K»(y) covers the cube K centered
at x = 0 and from (4.2.23(n)),

v(,t) >n" (M) in Ky
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for all ¢ in the interval (4.2.24(n)). For the indicated choice of n, and the values of M
and r given by (4.2.19)-(4.2.20),

where v = 27°1.(5).

Now we choose /3 such that 2°1 = 1 which is always possible because 7 is independent
of 8. This removes the qualitative knowledge of 7, and hence n, and makes vy = 7.(5)
quantitative.

The time level s, is computed from

bm—l ) n
Sp = S*+ W(ST ];(

)j.

Therefore, from the previous choices, the range of ¢ for which (4.2.23(n)) holds can be

22
(- nm1

estimated as

b\" e

S« +71 <t < s +477, with 'y1:<> —.

Yo 2
Next we note that we have freedom to choose a smaller 7, and (4.2.23) will still hold.
So, if necessary, we can choose 7, even smaller to ensure that 77 > 1 so that s, +77 >0

and hence y; = 377 is included in the times for which (4.2.23(n)) holds. Note that b

and n do not depend on 7, and hence taking 7, smaller will not pose a problem. O

Proving the theorem
Finally, from the proposition, we can take the infimum over K, to conclude the

proof.

4.2.5 From Harnack inequality to Hélder continuity

The main purpose of this section was to obtain the Holder continuity of weak solutions
to (4.2.2). As we pointed out in the beginning of this section, these solutions are locally

bounded. For the following proof, we will assume u € L (Ur).

Theorem 6. Let u be a bounded, local weak solution to (4.2.2). Then u is locally Holder
continuous in Ur, and there exist constants v > 1 and o € (0, 1) that can be determined
a priori only in terms of the data, such that for every compact set K C Ur,

—1

m—21 1 o
uter, ) = a2 £ 70l (o1 = a2l + ull o f — ol ) 4220
for every (x1,t1), (x2,t2) € K, where C = C(K,Ur).
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CHAPTER 4. APPLICATION TO THE DEGENERATE INHOMOGENEOUS PME

Proof. Fix a point in Uy which up to a translation, we can take the origin of RN*1.

For p > 0, consider the cylinder
Qe =K, x (=p* " 7Ve,0]
where € € (0,1) is to be determined, and set

M(J)r =esssupu, fiy = es%infu, wp = es%oscu = MS_ — U -
€

€ €

with wg at hand, we construct the cylinder of intrinsic geometry
Qo = K, x (—wy ™" p?,0].

If wg > p¢, then Qo C Q¢. The theorem is then a consequence of the following proposi-

tion.

Proposition 6. There exist constants v > 1, €, €, § € (0,1) and independent of u, p,
such that if wo > p°, setting po = p and wy = 0wn_1, pn = pn1, Qn = Q. (W™,

we have Qn_1 C Qn and

essosc < wy,

Proof. The proof is done by induction. Clearly it holds for n = 0. Suppose it holds
true up to n.

Since u being a solution to (4.2.2), does not imply that (u,;7 —u) or (u—p™) are also
solutions to (4.2.2), they need not satisfy the Harnack inequality. However, it can be
shown (cfr. [14]), that at least one of them does satisfy the intrinsic Harnack inequality
with respect to the point P, = (0,—s,), S, = %w}]*mpi, as long as their intrinsic

waiting time is of the order 0,,p5,. Suppose, for example, that the first one does. By the

induction hypothesis,

essoscu < Wy

n

Let

pt =esssupu, p, = essinfu.

Qn n

We may assume at least one of the following holds

1 _ 1
i —u(Py) > ~wn, u(Py) — py, > -w

4 4
for if both fail to hold then
essoscu < essoscu = i — *<lw
Qn+1 - Qn Hn 'un - 2 "
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4.2. TOWARDS HOLDER CONTINUITY OF WEAK SOLUTIONS OF THE PME

and the proof by induction is trivial, with § = % Therefore, we shall assume the first

one holds. By the intrinsic, forward Harnack inequality, we get

1 c !
+ : + 1-m 2 2
pur —u(Pp) < yessinf | b —u | ., —=w oy + | ——————— p .
" ( n) =7 Ky ( ! ( 27" " <,U7—~L_ - u(Pn)> ”))

Start by considering the time variable.

1 c m-1 B em 1 o
g () A= (7 ) i)
n

n

and (u — WP < 413mw}fm. Since we have freedom in choosing the constant

¢ > 1 that determines the waiting time , we will vary it so that

—_

- 1
()t — u(Pn))1 " iw}l_m € (—40}711_7",0) .

Then it holds

1 1
essinf  (pf —u) > = (uh —u(P,)) > —w
Q. (w;—m)(" ) 7(” (F2)) 4y "
IPn
Now we fix
]. ]_ m—1 ].
o=11—-—) <1 =-0 < -
( 47) C TR =
so that Qni1 C Qip (wl™™) C Qp. Then
4 n
N 1
My = €SSSUPU + —Wp,.
Qn+1 47

Subtracting essinfg, ., > i, from both sides and using the induction hypothesis,

1
Wy, 2> €8s0sCU + —w
n Onir 47 n

which is the same as

ess 0sc U < dWp = Wpt1-
Qn+1

Proof of the theorem

Following from the proposition, we have

essoscu < wy, = 0" wp.

Fix 0 < 7 < p. Since € € (0,1), there exists n such that €"*1p < r < €"p, which

means

11
’r‘ ne
n+1 Zln<) .
( ) p
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CHAPTER 4. APPLICATION TO THE DEGENERATE INHOMOGENEOUS PME

Since § € (0,1),

1 |In§]
< ()% — (1)
N p
Fixing n,
1 r\
essoscu < —wp | —
Qn 0 (p)
with o] = | In 9|

[Ine|~
Observing that since w, < wyp, the cylinder Qr(wé_m) is included in @,, and there-

fore, for every (21,t1), (z2,t2) € Qr(wi™™),

1 *

u(xq,t1) — ul(xa, ta)| < essosc u < —w r .
w1, ) — (e, t2) <)
Qr(w(l)_m) 5 p

To conclude the proof, we cover Up with finitely many cylinders @, (wé*m) by compact-

ness, and iterate this result for each cylinder.

4.3 Sharp regularity for the inhomogeneous PME

With the Caccioppoli’s estimate and general Holder continuity at hand, we are ready
to prove the sharp regularity of the weak solutions to equation (4.0.1).

We start by defining the intrinsic #-parabolic cylinder as
G, = (—p’,0) x B,(0).

As in the previous chapter, we use a compactness property to approximate u to a

solution of the homogeneous equation, under a smallness regime.

Lemma 19. For every § > 0, there exists 0 < € < 1 such that if || f||far(c,) < € and u
is a local weak solution of the homogeneous equation (4.0.1) in G, with ||ul|ec,q, < 1,

then there exists ¢ solution of (4.2.2) such that

[u = @lloo,Gyp <0 (4.3.1)

Proof. The proof is done by contradiction. Suppose that, for some §y > 0 there exists
a sequence of functions (u/); and (f7); that satisfy the hypothesis but not the thesis.

That is, for every j
jpm+l
uj € Cloe(=1,0; L, (B1)), W[ € L{, .(—1,0; Wiy (B1))
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4.3. SHARP REGULARITY FOR THE INHOMOGENEOUS PME

and f7 € L%"(G1) such that

ul — div (m|w! " VWl) = 7 in g (4.3.2)
W [|oo,cn < 1, (4.3.3)

j 1
17| Lar(ay) < 7 (4.3.4)

but still, for any j and any solution ¢ of (4.2.2) in G/ s,

Since u/ is a solution to (4.0.1) in G, we can use the Caccioppoli estimate, choosing
the cutoff function £ € C§°(G1) such that 0 < § <1, { = 1in Gyjp and § = 0 near
0G;. Comparing to Lemma 11, since we have (4.3.3) it is now trivial to obtain an upper

bound for the right-hand side.

0
sup /(uj)2§2d:c+/ / |Vl |2€2 dadt <
—1<t<0 B1 —1 Bl
<c / / (w)2€ &) dodt + / / [P HL(TER 4 [¢2) dadt 4 || f|[Ror <
-1JB -1JB;

Setting v/ := |u3|mT+1 € LIQOC(—I,O; Wllo’i(Bl)), we compute

. 1\2 . .
voit = () e

and we get the uniform bound

0 2

. , 1
IVl < [ [ Ivepeaa < (") e
1/ 1B 2

which, since L? is reflexive, implies that up to a subsequence,
VU‘j RN "l,ZJ

weakly in LQ(Gl/g). Moreover, by Theorem 6, noting the smallness regime (4.3.3), the
equibounded sequence (u?) j is also equicontinuous. Therefore, by Arzela-Ascoli theorem

implies the uniform pointwise convergence
uw = ¢

in Gy, for yet another relabeled subsequence. This implies the following pointwise

convergence

v =W o] =,

49



CHAPTER 4. APPLICATION TO THE DEGENERATE INHOMOGENEOUS PME

Since weak limits must be unique, we can identify
¥ = V.

Considering the limit in (4.3.2), we find that ¢ solves (4.2.2) which contradicts
(4.3.5) for j large enough.
O

We now begin the geometric iteration, exploiting the intrinsic scaling of the pme.

«

The following result is the first step in this iteration. Recall that v = = with

0 < & = min {ao, ”;Ejf: ijﬂ__f)‘]]]} < ag < min {1, ml—l} <1 (43.6)

Lemma 20. There exists € > 0, and 0 < A K %, depending only on m, n and «, such

that if || f|| Lar(c,) < € and u is a local weak solution of (4.0.1) in Gy, with ||u||oe,q, <1,

then

[lulloo,gy <A

provided
1
u(0,0)] < =7, 3.
|u(0 0)|<4)\7 (4.3.7)

Proof. Take 0 < § < 1 to be chosen later and apply Lemma 19 to obtain 0 < ¢ < 1
such that

HU - ¢HOO:G1/2 S d.

Since ¢ solves (4.2.2), by Theorem 6, ¢ is locally C*®0/2 for 0 < ap < 1. Thus we

obtain
sup |¢ — ¢(0,0)] < CA™
G
for A < % to be chosen soon, and C' > 1 universal. In fact, for (z,t) € G}, it holds

|6(x,t) — $(0,0)] <Ci|z] + Colt] F <
<OIA0 4 CpA390 <
<CA'w,

since 8 > 1 + % > % We can now estimate

sup [u| < sup [u — ¢| +sup ¢ — ¢(0,0)| + [¢(0,0) — u(0,0)] + [u(0,0)| <

G Gi/2 G

<25+ CAm + ix&
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4.3. SHARP REGULARITY FOR THE INHOMOGENEOUS PME

since Gy C Gy It is worth comparing this estimate to that of Lemma 12. As we
will see later, it seems it would make sense to estimate |[u — u(0,0)||c,q, , instead of
||ul|oo,G, - However, this would make the constant ¢y not universal which would pose a
problem at the iterations. Also, we can’t consider ¢o = ¢(0,0) as in Lemma 12 because
it may not be universally bounded.
We finally fix the constants. Choose
A= (410>w and 0= i/\v,

fixing also € > 0 via Lemma 19.

We now iterate the previous result in the appropriate geometric setting.

Lemma 21. There exists € > 0 and 0 < A K %, depending only on m, n and o, such
that if || f||par(cy) < € and u is a local weak solution of (4.0.1) in G, with [|u|[oc,c;, <1,

then

[ulloo,Gyi < (A’fy (4.3.8)
provided

u(0.0) < 7 (A"

Proof. The proof is done by induction on k. If &k = 1, (4.3.8) holds by Lemma 20.
Suppose it holds up to k. Consider the functions

w(Nez, \KOt
v(x,t) = ()\]W)

o fla,t) =A@ ¢ ()\k:r, )\ket)
defined over G1. A computation similar to Lemma 13 shows that

vy — div(m|v|™ Vo) = f(z,1)

with v and f satisfying the smallness regime and

u(0,0) 1
0,0)| = i -7
0.0 = | T | < X
which entitled v to Lemma 20 yielding
[[v]loo.cn < A7,
which is the same as
(k+1)

[lullo0,Gypn < AT,

concluding the induction.
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CHAPTER 4. APPLICATION TO THE DEGENERATE INHOMOGENEOUS PME

In the following we show that the smallness regime required for the previous results

are not restrictive and they can be generalized to an arbitrary small radius.

Theorem 7. If u is a local weak solution of (4.0.1) in Gy then, for every 0 < r < A,

we have
lulloo,c, < CT7
provided
1
|u(0,0)| < Zﬂ.

This result follows from the same reasoning as in the p-Laplace equation, so the
proof will be omitted.

Finally, we prove the main result of this section.

Theorem 8. Let u be a locally bounded weak solution of (4.0.1) in G1, with f € L"
satistying (4.0.2). Then u is locally of class CO8 with

m[(2q —n)r — 2q] }
g[mr — (m —1)]

WZE, a:min{ao_,

Here 0 < ag <1 denotes the optimal Hélder exponent for solutions of the homogeneous

case and 0 is given in (4.0.3).

Proof. We prove the Hélder continuity at the origin, proving there is a uniform constant

K such that for every r > 0,
= 6(0,0) oo, < K. (43.9)
This is clearly enough. In fact, choosing an arbitrary (x,t) € G, let
r=20((z,1),(0,0) <A
where the metric § is defined in (3.0.1). Then
[ule,t) = u(0,0)] < [Ju = u(0,0)|loc.c, < K (max{lal,[¢3}) "

Hoélder continuity at the origin follows from standard covering arguments, and the main
result follows since everything is translation invariant.
Since we know, by Theorem 4.2.26, that solutions to (4.0.1) are continuous, it makes

sense to define
= (41u(0,0)) " > 0.

We choose an arbitrary 0 < r < A and consider three alternative cases, exhausting

all possibilities.
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4.3. SHARP REGULARITY FOR THE INHOMOGENEOUS PME

If p <r < Ait follows immediately by Theorem 7

sup |u(z,t) —u(0,0)] < Cr7 + |u(0,0)] < (C + 1) ~3
(z,t)eG, 4

If 0 < r < pu, we consider the function

u(p, p°t)

w(x,t) = o

which clearly satisfies [w(0,0)| = % and solves in Gy the pme
we — div (m|w|" ' Vw) = p?~* f (ua, 10t). (4.3.10)
Therefore, by Theorem 7, it follows that

[lwlloo.cr = 17 ullo.c, < C-

With this universal estimate in hand, we invoke Theorem 4.2.1 yet again, which

ensures that there exists a radius pg, depending only on the data, such that

Looking back at (4.3.10), we find that w solves, in G,,, a uniformly parabolic

equation of the form
wr —div (a(z,t)Vw) = f € LT,

with coefficients satisfying the bounds 0 < ¢; < a(x,t) < ¢2, from which we fall
into the framework in which the regularity results from Theorem 3 still apply (see

[12]). So we let p = 2 to get the continuity
2
we COPPI with =1 <+"—1>.
r o q

Since for m = 1 we have 8 =~ and 7 is increasing with m, it holds § > ~. Hence

sup |w(z,t) —w(0,0)] < COrP, VO <r< @,
(@,)€C 2
which is the same as
0
t 0,0
sup ulp, )_u(, ) < COrP, V0<r<@.
(2,t)€G, w 2 2

Since v < £,

sup  |u(x, t) — u(0,0)] < CrPu? < Clrp),
(z,t)eGur

for every 0 < rp < pf2. Relabeling, we get

sup |u(x,t) —u(0,0)] < Cr7,VO < r < ,u@.

(z,t)eGr 2
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CHAPTER 4. APPLICATION TO THE DEGENERATE INHOMOGENEOUS PME
e Finally, for & <r < p, we have

sup "LL(.%, t) - U(O, O)‘ < sup ]u(w, t) - U(O, 0)‘ <
(z,t)EGr (z,t)eGL
’y ~
<cpr<c (”) — G
Po

We conclude the proof, setting K = max {C + %, C } and combining the previous esti-

mates. O]
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