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Abstract

Einstein’s famous explanation of the photoelectric effect is addressed using the Minkowski four-
vector formalism. This formalism deals with energy and linear momentum simultaneously and it is
Lorentz covariant. The energy and momentum equations for both electron emission and electron
braking are obtained in the lab frame, S. It is then shown that the energy and momentum equations
for electron emission and electron braking in a second inertial frame, S’, are linear combinations
of the corresponding equations in the original frame, S, according to the principle of relativity.
Although the photoelectric effect is basically a non-relativistic phenomenon, the approach presented

here may provide new insights for both instructors and students.



I. INTRODUCTION

The photoelectric effect is the emission of electrons from the illuminated surface of a
metal.! To escape from the surface, an electron must absorb enough energy from the incident
light to overcome the net attractive forces produced by the rest of the material.2 Thus, the
electron must overcome a potential-energy barrier and the light supplies the required energy

for the electron to escape.?
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The photoelectric effect is presented in introductory courses,* in inservice teacher

67

training,® in demonstrations,®” and in undergraduate lab classes, to measure the ratio

h/e and Planck’s constant, h.5 10

Collector

FIG. 1. Typical photoelectric effect circuit with a photocell, a potentiometer, a voltmeter, and an

ammeter.

The typical photoelectric experiment!!1? makes use of an electric circuit with a photocell
(The cathode, or emitter, is usually a polished metal plate inside an evacuated chamber.),
a potentiometer, a voltmeter, and an ammeter (Fig. 1). When light with sufficiently high
frequency, v, is directed to the polished metal, electrons are ejected from it. With the poten-
tiometer, an electric potential difference, V', can be maintained between the metal surface
and a collector cup (the anode) to sweep up these electrons, known as photoelectrons.'?
Then, a current, which can be measured with an ammeter, flows in the circuit. It is also
possible to slow down the ejected electrons by adjusting the potential difference. A mini-

mum voltage known as the stopping potential,'* V., exists for which the ammeter reading

drops to zero. In such case, no photoelectrons reach the anode.



The existence of the photocurrent depends on the frequency of the light. For a given
metal, monochromatic light with a frequency below the threshold frequency, v, produces
no photocurrent, regardless of the intensity of the light.® Moreover, when the photoelectric
effect takes place, there is a very small time delay, difficult to be measured, between the
light absorption and the photoelectron emission.'® In addition, the stopping potential does
not depend on the light intensity, but does depend on the light frequency.'® The emitted
electrons for a given frequency, v > 14y, have a maximum kinetic energy, K., (v), resulting
in a maximum speed, Upyax (V).

Albert Einstein was awarded the 1921 Nobel Prize in physics for his explanation of this
effect,!”™ which cannot be understood within the restricted framework of classical physics.

Textbooks usually deal with the photoelectric effect by means of the energy balance
equation

1
W =@ = el (v), (1)

where m, is the electron mass and ® is the work function.'® The maximum kinetic energy
of the photoelectrons is related to the minimum voltage required to prevent the electrons

from reaching the anode, resulting in zero current circulating throughout the circuit:

eVnin(V) = Kpnax (V) = =mevi, (V) , (2)

where e is the elementary charge. Combining Egs. (1) and (2), one obtains®®

eVuin(v) = hv — ®. (3)

This equation, except for the notation, is the very same that Einstein wrote in his 1905
article,?’ where the concept of light quantum — the photon, after G. N. Lewis?! — was
introduced. Einstein himself proposed?® the experimental setup with the noted electric
circuit to test this theory, specifically Eq. (3), and the experiment was performed by R.
Millikan in 1916.1%2223 The graphical representation of the minimum voltage as a function

1.12 The subsequent

of the frequency is a straight line with a slope h/e, irrespective of the meta
straight line crosses the horizontal axis at the threshold frequency, hence ® = hiyy, (Fig. 2).

The previous equations and discussion give rise to the following remarks:

1. In 1916, Einstein established that the light quantum ought to have linear momentum.*

Specifically, a photon with energy £ = hr has a linear momentum of magnitude
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FIG. 2. Minimum voltage Vi,in (in volts) as a function of the frequency v (adapted from Ref. 12).
The straight line, with slope h/e = (3.98 £ 0.18) x 10715 V s, crosses the horizontal axis at the
threshold frequency, v, = (398 £ 18) x 10'2 Hz. The source for this data is also Ref. 12.

p = hv/c. In Eq. (1) there is no reference to the linear momentum balance in the

process.

2. Equations (1) and (3) are not covariant under Galilean transformations, even including
the Doppler effect change of the frequency, or under Lorentz transformations, including

the relativistic transformations for velocities and frequencies.

Interestingly enough, the photoelectric effect offers the possibility for an analysis of a
physical process in which relativity (The description must be Lorentz invariant.), quantum
physics (photon as the quantum of the electromagnetic field), and thermodynamics (work
function as internal energy) play a role.?> Therefore, it appears that the relativistic descrip-
tion allows for a deeper understanding of the relevant physical concepts of those three areas:
relativity, quantum physics, and thermodynamics.®

Even college-level physics textbooks that introduce a more modern perspective,?® espe-
cially in regards to mechanics with connections to quantum mechanics and relativity, deal
with the photoelectric effect in the traditional way. To the extent of our knowledge, a rel-

ativistic description of the photoelectric effect was presented in 1931 and 1933 papers in

Physical Review by Hall and Oppenheimer,?”?® but these articles were not intended to be
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and are not pedagogical. In the present article, the four-vector formalism of relativity is
used. This formalism is a powerful tool, since it is fully covariant under Lorentz transforma-
tions, and it simultaneously deals with the energy and linear momentum conservation in an
elegant fashion. When a student masters this formalism, he/she may find it enlightening to
re-visit the photoelectric effect, in order to enjoy the conceptual and pedagogical advantages
of the approach described in this article.

This paper is organized as follows. In Section II the four-vector description of the pho-
toelectric effect is introduced, and in Section III the process is described in another inertial
frame. In Section IV conclusions are drawn, focusing on the pedagogical advantages of

describing the effect within a relativistic formalism.

II. FOUR-VECTOR DESCRIPTION

Initially, the metal plate is taken to be at rest in the lab frame. The mass of the metal
plate is finite. Therefore, the metal plate acquires a non-zero recoil velocity as a consequence
of photon absorption and electron emission. The limit of infinite plate mass and zero recoil
velocity will be discussed shortly.

In the inertial reference frame, S (lab frame), the frequency of the incident light is v. Thus
the energy and linear momentum of the photon are hv and (—hv/c,0,0), respectively, where
the photon is propagating in the negative x direction. The four-vector momentum-energy
for the photon is thus given by

—c(hv/c)
Ba=| | (@)
0
hv

Briefly consider the inverse photoelectric effect, i.e., the process in which initially the
metal plate is missing an electron, and then absorbs an electron and emits a photon. The

plate’s initial internal energy, E;, at temperature 7', can be written as
Ei=Ey+me® — @, (5)

where

E():ijcQ—U—l—U(T). (6)

J



Here, m; is the mass of the j-th elementary particle that forms the metal plate, U is the
total binding energy, U(T) is the part of the internal energy related to temperature, and
Ey is the plate’s internal energy without one electron. The electron is taken to be at rest
before it enters the metal plate. When the plate captures the electron, its energy increases

2 aside from the change in the binding energy produced by the interaction of the

by mec
electron with the rest of the plate, which is taken into account in the value of ®. The plate
then emits a photon with the threshold frequency vy,. Therefore, ® = huyy,.

After the plate has undergone the photoelectric effect, i.e., after it has absorbed a photon

with v = 13, and emitted the electron, its internal energy is

Ey=FE —m.* +®=E. (7)
If v > vy, the difference between the incident photon energy and the threshold energy goes
into kinetic energy of the emitted electron (with maximum speed, vpmax(v)); of course, if

v = 4, then the velocity of the emitted electron vanishes.

The initial and final momentum-energy four-vectors for the plate are given by

0 —cy(ve) Mooy
E, = ! ;o Er= ! ; (8)
0 0
E; v(ve) Eo
respectively, where
Y(v) =1 - B()) 2 (9)
and
Blv) == (10)

The second four-vector corresponds to the plate with inertia My = ¢ ?Ej, moving in the
negative = direction with velocity vy = (—vf,0,0).
The momentum-energy four-vector of the electron emitted with maximum speed, vy,

in the positive x direction is given by

Y (Vimax ) Mo

Here and henceforth, vp,,x means vp.x(v).



A. Electron emission

The momentum-energy four-vector equation for the process is given by
Ef + Ee = E;i + Epn, (12)
which leads to the following equations:
Y(v) Move = Y(Vmax) MeVmax + ¢ hu | (13)
and, with the use of Eq. (5) and My = ¢ 2Ej,
hvy —® = [y(vg) — 1] Moc® + [7(Vmax) — 1] mec? . (14)

From these two equations one obtains vf and vn.. If the photoelectron is emitted with a
speed smaller than v,,,,, the energy difference remains in the plate as internal energy.
When a photon hits the plate and is absorbed, with emission of an electron, in a process
that occurs in a small, but non-zero, time interval, At, there is an average non-zero and
finite force acting on the plate with magnitude denoted by F'. The corresponding impulse

on the plate has a magnitude of FFAt, and thus

v(ve) Moy = FAE . (15)
In the limit of infinite mass for the plate, vy — 0. Since limy;, oo Y(vf) Movy is finite and, for
v?/c®> < 1, one has y(vg) — 1+ %Z—g, it follows that
1
lim  [y(ve) — 1] Moc® — = (Moug) vg, (16)
v} /2«1 2
and so
lim  [y(vr) — 1]Moc® = 0. (17)

Moy—o00, vg—0

In this limit, the plate remains at rest, so that the force acting on it does not perform any

work, and the equations describing the process are
¢y = = (Vmax ) MeVmax + FAL (18)
hv = [y(Vmax) — 1] mec® +@. (19)
Note that Eq. (18) is valid generally, but Eq.(19) is valid only in the limit My — oo. It is
evident that the plate experiences the necessary impulse to absorb the photon and emit the

electron with velocity vyax. In the limit v /¢ < 1, which is required by My — oo, Eq.
(19) reduces to Eq. (1).



B. Electron braking

Suppose that in the photoelectric experiment, one omits the potentiometer and instead
places the entire apparatus between the plates of a capacitor. Then, the velocity of the
electron is altered by the electric force generated by the electric field, I3 , established between
the plates of the capacitor. The momentum-energy conservation relation is given by the
equation

Ee,f - Ee,i - Wa (20)

where E; (Eer) is the initial (final) electron momentum-energy four-vector for this braking
process and W# = —e [ F#dx” is the p-th component of the electron impulse-work four-
vector?? transferred to the electron. Here, F¥ are the components of the electromagnetic field
tensor?® and dx” are the components of the electron infinitesimal displacement four-vector.
In the present case, there exists only a non-vanishing z-component for the electromagnetic

field, namely £, = £, which is a constant. Therefore

000¢ L cEy
0000 0 0
W= —¢ =—e (21)
0000 0 0
E000O0 cto EL

Here ¢y is the electron’s time of flight and L is the distance traveled by the electron.
Explicitly, for an electron emitted with maximum speed that stops just before reaching

the negative plate, Eq. (20) reads

O cy (Umax) MeUmax Cgmint(]
0 0 0
- = —e : (22)
0 0 0
mec2 V(Umax)meCQ gminL

Here &, is the minimum electric field magnitude required to stop the maximum speed

photoelectrons just before they reach the anode. This four-vector equation leads to

egminto == 7(vmax)mevmax s (23)

and

eEminL = [Y(Vmax) — 1] me . (24)
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In the four-vector formalism, the equation describing the whole process — i.e. from light
absorption to electron stopping — states that the global energy variation of the system

equals the impulse-work transferred to it:
(Ef + Ecg) — (Ei + Epn) = W. (25)

All these vectors are defined above, and one readily obtains:

—cF At 0 0 —hv cEminto
0 0 0 0 0
0 0 0 0 0
E, MeC? Ey+mec®> — @ hv EminL

With the use of Eq. (18) one arrives at
W(Umax>mevmax = e&minto ) (27)

and

hv — ® = e€in L. (28)

Since EpinLl = Vinin, Eq. (28) is equivalent to Eq. (3).

III. DESCRIPTION IN ANOTHER INERTIAL FRAME

According to the relativity principle, in the reference frame S’, in standard configuration
moving with velocity « in the z-direction with respect to S, the four-vector Eqs. (12) and

(25) are replaced by

Et+E.=FE;+EL, (29)
and
(Ef + Eeg) — (Ei + Ep,) = W, (30)
respectively. Here
Bt = L(d)Ey, (31)

and similarly for the other four-vectors, where the Lorentz transformation matrix is given

by



Y(w) 00 —y(w)b(u)
10
01

—y(W)p(u) 00 ~(u)

0
0

(32)

Let us consider the photon absorption/electron emission process, described by Eq. (12),

which can be written as

Ef — Ei = Epn — Ee,

in S. In the limit My — oo, the left-hand side of this equation reads

—cF At 0 —cF At
0 0 0
B — F; = = =
0 0 0
E, Ey+mec® — @ ® — mec?

From Egs. (31), (32) and (34), it follows that

—y(uw)cF At — y(u)B(u)(® — mec?)
0
0

W)B()eF AL + A ()(@ — mee?)

B, _E =

1

Similarly, from Egs (4), (11), (31), and (32) one has

—hvy(u) [L+ B(u)] = ¢y(u) Y (Vmax) e [Vmax — ¢B(u)]
0
0
hwy(w) [1 4 B(w)] = ()Y (Vmax) [T = VmaxB(w) /] mec?

Equations (31), (33), (35), and (36) leads to the following pair of equations:

E;h - Eé =

Y(u)eF AL+ y(u) B(u)(® — mec?) = hvy(u)[1 + B(u)]
+C'7(u)7(vma><)me [Umax - Cﬁ(u)]

and

(W) B(w)eF At +~(u)(® — mec®) = hvy(u)[L + B(u)]

2

— ()Y (Vmax ) [1 = VmaxB(1) /c]mec? .
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34)

(36)

(37)

(38)



The energy equation (38) can be written as y(u)3(u)exEq. (18) + v(u) x Eq. (19), namely

y(u)ﬁ(u)c[cflhy = —Y(Vmax)MeVmax + FAt}
+ (39)
v (u) [hu = [Y(Vmax) — 1] mec® + <I>] :
Thus, the energy equation in the reference frame S’ can be expressed as a linear combi-
nation of the linear momentum equation and the energy equation in reference frame S.
A similar linear combination also apllies to the linear momentum, equation (37), which
can be expressed as y(u)ex Eq. (18)+7(u)B(u)xEq. (19) , namely
fy(u)c[c_lhu = —(Vmax ) MeVmax + FAt}
+ (40)
v(w)B(u) [hl/ = [Y(Vmax) — 1] mec? + @} :
Both the linear momentum and energy equations are needed to obtain a covariant description
of the photoelectric effect.

For the electron braking process in S’, one has
Eer—E.i=W. (41)
The energy equation for this process in ' is
Y(wmee® = ()Y (Vmax) [1 = B(w)vimax/c*] Mec® = —eEniny(u)[L — cB(u)to] . (42)
Equation (42) can be expressed as —y(u)S(u)cx Eq. (23) +v(u)x Eq. (24), namely

—(u)B(u)c [eé’minto = ’y(vmax)mevmax}
+ (43)
v(u) [eé’minL = [v(Vmax) — 1}m602] .
Thus the energy equation in S’ can be expressed as a linear combination of the energy and

momentum equations in S. The linear momentum equation for this process in S’ is
(W) Blu)mec® + ()Y (Vmax) [Vmax — ¢B(w)] mec = ey(u)Emny(u)[cto — Bu)L] . (44)
Equation (44) can be expressed as y(u)ex Eq. (23)—7(u)5(u)x Eq. (24), namely

P)/(u)c[egminto = V(Umax)mevmax}
t (45)
—y(u)B(u) [egmin-[/ = [7Y(Vmax) — 1]me02} :
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The linear momentum equation in S’ is a linear combination of linear momentum and energy
equations in S.

Of course, energy and linear momentum equations in the reference frame S can be ex-
pressed as the same linear combination, of the linear momentum and energy equations in
reference frame S’ (except that @ must be changed to —u), according to the principle of

relativity.3!

IV. CONCLUSIONS

The analysis of the photoelectric effect is well-known. However, it is not generally noted
that its explanation is a mixture of classical mechanics (kinetic energy of the electron),
quantum physics (photon energy), and thermodynamics (work function as internal energy).
The equations ordinarily used to describe the process are not covariant under Lorentz or
Galilean transformations. In contrast, the relativistic description presented here is inherently
covariant and leads one to consistently look at the process from a richer physical perspective.

The four-vector description of physical quantities, the equations between those four-
vectors, and the transformation of the equations from one inertial reference frame to another,

in a covariant description, results in this problem really being a little gem.
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