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Abstract

We apply the four-vector formalism of special relativity to describe various
interaction processes of photons with a solar sail, in two cases: when the sail’s
surface is a perfect mirror, and when it is a body coated with a totally
absorbing material. We stress the pedagogical value of implementing simul-
taneously both the linear momentum and the energy conservation in a cov-
ariant fashion, as our formalism inherently does. It also allows for a
straightforward change of the description of a certain process in different
inertial reference frames.

Keywords: special relativity, radiation pressure, radiation reflection and
absorption

1. Introduction

The solar sail is an idealised device that has been considered to be used in long outer space
journeys [1], such as missions to Mars. It is based on the pressure exerted upon the surface of
a large object—the sail—by radiation coming, for instance, from a light source such as the
Sun. The idea has already merited the attention of various authors that studied several pos-
sibilities, such as the pure reflection of light in the sail (sometimes referred to as a white sail)
or the pure absorption of light in the sail (sometimes referred to as a black sail) [2]. For each
case, the motion of a spacecraft equipped with such a sail, in the direction of the light
propagation or in the opposite direction, has also been studied [3]. In textbooks, the problem
was addressed as well, usually assuming that the outgoing photons, in the case of a mirror
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sail, do not change the frequency with respect to the incoming ones (non-relativistic
approach).

The present problem is tackled, in most cases, by separately using the three-momentum
and the energy conservation equations [4]. However, here we address it by using the four-
vector formalism of special relativity [5], and we strongly advise such use. In fact, by using
four-vector equations, we are treating, simultaneously and on an equal footing, both the
conservation of the linear momentum and the conservation of the energy. This is indeed an
obvious pedagogical advantage since linear momentum and energy are components of the
same four-vector. Moreover, Lorentz transformations applied in the framework of the four-
vector formalism, which is an inherently covariant one, allows one to readily obtain
equivalent descriptions in any inertial reference frame [6]. This by itself illustrates the
powerfulness of the formalism.

We are aware that devices such as solar sails are far from operational, or whether they
can be constructed at all. Nevertheless, conceptually they can be assumed and analysed. Let
us consider a perfect reflecting sail, i.e. a mirror, perpendicularly impacted by photons of
momentum p = hv/c. The non-relativistic approach makes use of Newton’s law, and one
readily obtains

- 2hv

NZZAt = Mg — vy, (1)
C

where N = dN/dt is the number of photons per unit of time impacting on the sail’s surface,
M is the mass of the system (e.g. sail plus spacecraft) and v; and v are its initial and final
velocities in the time interval At¢. In this description, one assumes the frequency of the
incident and of the reflected photon to be the same, v, something that cannot be strictly true
because the kinetic energy of the system does change, and the total energy must be conserved.

On the other hand, such description is certainly limited because it is neither covariant
under Galileo transformations (because of the photons) nor under Lorentz transformations
(because of the use of Newton’s second law). In fact, the way to describe phenomena
involving the photon-matter interactions, fully respecting the energy-momentum conservation
in a covariant way, is by means of the special relativity formalism [7]. This is the main
purpose of this article, using the processes of absorption and reflection of photons in a sail as
concrete examples.

The paper is organised in the following way. In section 2 we analyse the mirror sail, and
in section 3 we address the absorbing sail, taking into account the intrinsic thermodynamical
effects. In section 4 we summarise the conclusions.

2. The sail as a perfect mirror

The internal energy, Ey, of a body at rest and its inertia, M(T), at temperature 7T, are related
by M(T)c? = Ey(T). This energy can be written as [5]

Eo(T) = > mgc? — |U] + M(0) fOT ¢(THdT, )
k

where m is the mass of the constituent elementary particle k and | U | is the sum of all binding
energies (nuclear, electrostatic, crystal, etc) and M (0) is the inertia of the body at zero kelvin;
in the integral term, ¢(7) is the specific heat of the material. We shall admit that the sail is
such a body, moving with respect to the light source (such as the Sun) with velocity +v along
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the x axis. Moreover, we assume that the source is at rest and emits in a single frequency
(monochromatic approximation [8]).

The sail reflects the incident radiation and, during the process, its temperature is constant,
hence there is no internal energy variation and the inertia remains constant, M(T) = M.

2.1. Sail travelling in the direction of the light propagation

Let us denote by E* the energy-momentum four-vector assigned to the sail, with energy
E = yMc? and linear momentum p = yMy:

cyMv
ENt = , 3)

where v = (1 — $%)7'/2 and 3 = v/c, with v the velocity of the sail.
For N photons (N is an arbitrary integer number) with the same frequency, v, travelling in
the positive x direction, the energy-momentum four-vector is [9]

Nhv
0
gn=| Y @
Nhv

(the first component becomes —Nhv if the light propagates in the opposite direction). The
energy-momentum conservation for the process of reflection of light on the sail’s mirror
surface means that the sum of the variations of the energy-momentum four-vectors for the sail
and for the radiation must vanish. In infinitesimal form:

dE" + dEéﬁ =0. (5)
For an infinitesimal time interval, d¢, equation (5) explicitly reads

cMd(w) Nh(—v, — v)dt

0 0 _
0|+ X —0, ©)
Md(vce?) Nh(v, — v)dt

where v, is the frequency of the photon reflected by the mirror sail, whose momentum is
—hu, /c when v is the velocity of the sail. Equation (6) can be written in the following form
[10]:

@)

Md(yv) = Nhc (v + v,)dt
Md(y c?) = Nh(v — v,) de.

The increment of the sail linear momentum is due to the impulse imparted by the photons
(first equation). The second equation states that the increase of the kinetic energy of the sail is
accompanied by a decrease of the frequency of the light (; < v). Now, we can use the
following relation (Hamilton equation) [5] valid for a constant inertia body,

vd(y v) = d(y ¢?), ®)

in the first of equations (7), to obtain

Md(yc?) = N "h(v + vp) v dt. 9)
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From the second equation (7) combined with (9) one readily arrives at the following
relation between the initial and final frequencies [3]:
_ =B (10)
1+p
This frequency v, depends on the velocity of the sail, v. The relative frequency shift due to the
reflection is

Uy

v, — v 203

= s (11)
It is worthwhile to examine the ultra-relativistic and the non-relativist limiting cases:
lim v, =0, (12)
6B—1
i.e. the sail absorbs almost the total photon energy for high velocities; and
limvy, = v, (13)

5—0

i.e. for low velocities there is almost no frequency variation. Inserting the result (13) back in
(9) one arrives, in this non-relativistic limit, to equation (1). In the same classical regime, we
can still obtain, from equation (11) [4],

Av

— = -20. (14)

v
It is interesting to evaluate the fractions on the incident linear momentum and energy that

are taken by the sail. As far as the linear momentum is concerned, we may define the ratio of
the sail linear momentum variation with respect to the momentum ported by the incident
photons as

_ Md(w)

= = . 15
P Nhy e dt (13)
Using the first of equations (7) and (10), one readily concludes that
2
ry = ——. (16)
1+ 8

Similarly, the fraction of the incident radiation energy that goes into kinetic energy of the sail
is

Mc?d(y — 1)
g = —————. 17
K Nhvd an
Using the second equations (7) and (10), one now concludes that [2]
rg = i (18)
1+ 5

It is also instructive to calculate both the ultra-relativistic and the non-relativistic limits of
r, and rg. For the former case

limr, =1, limrg =1 (19)

i.e. for sail velocities close to ¢, the incident energy practically goes to kinetic energy of the
sail because E = cp in this limit. On the other hand, for the latter case
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limr, =2,  limrg =28 — 0, (20)
£5—0 £5—0

i.e. for small sail velocities the change in its kinetic energy is very small.

2.2. Sail moving towards the light source

For this case, the treatment is similar and the final results can be obtained from the previous
expressions by replacing v — —v (equivalently, § — —f3). One obtains [3] (note that
0<pB<]

[u—y

+ 0
, 21
5 (21

i.e. the frequency increases. One has the following limiting cases:

V=V

[

limy, =00, limy, =wv. (22)
B—1 B—0

If the sail moves with a velocity close to c, the frequency of the reflected photon considerably
increases while the sail decelerates. The limiting cases for rx are now

lim rg = —o0, limry = -0 — 0. (23)
6—1 5—0

2.3. Lorentz transformation

Let us define the reference frame S as the one where the light source is at rest. Reference
frame S’ moves with respect to S with velocity V along the x axis (standard configuration).
According to the principle of relativity, the observer in S’ writes down the energy-momentum
conservation describing the same process as

cMAVY)Y  (dNm') [ —dNAv;
0
Md(v'c?) dNh' dNhv'!

where v/, 1/, and v/, are the velocity the frequencies as they are measured in S/, v/ = ~ (V')
and dN is the number of photons involved in the process.

We stress that this description in S’ could be obtained from the description in S by means
of the Lorentz transformation, described by £/(V), applied to (5) [5], namely

LEWV)[AEY + dEl;’h =0] = dE™* + dE’{;h =0. (25)
Here
w00 =By
0 10 0
H =
=l o o1 o (26)
_BV’YV 00 %

with 7, = (V) and By = B(V).
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Indeed, it can be checked that both descriptions, in S and in S’ are compatible provided

1/2 1/2
g BBy V/_V(l—ﬁV], y;—yr(”ﬁv), @7

168y 1+ By 1 — By

which are the transformed velocity and the relativistic Doppler shifted frequencies. In this
derivation one needs equation (8) in S and in S'.

One should note that an attempt to get the description in S/, starting from (1), using the
transformed quantities (27) is bound to fail because that equation (1) is valid only in the non-
relativistic regime.

An advantage of the four-vector formalism, since it is intrinsically covariant, is the
possibility to automatically describe the process in any inertial reference frame. For example,
using equations (27) it is straightforward to obtain equation (10) in S’, namely
vi.=1v'1 - 6"/ + 3, as it should be; the same applies to equation (11), with
W, —=v)/v =-28"/11+ ') in §’, and so on.

3. Perfect absorbing sail

Now we study a sail that absorbs all incident photons. For the sake of simplicity, we do not
consider the radiation emission during the absorption process (assuming that it can be ignored
in comparison with the other process). Because the sail heats up due to the incoming light, the
inertia of the sail also varies with the temperature. The differential internal energy variation is

(5]
dEy = M(T)&(T)dT = d[M(T)c?], (28)

and then dM = ¢ 2M(T)&(T) dT. The factor multiplying d7T is very small, meaning that
the inertia variation is tiny, even if the temperature variation in sizeable. Therefore, we could
take M to be constant, as we did in section 2. However, it is worthwhile, conceptually, to take
into account the temperature dependence of the inertia, and we shall see how the relativistic
formalism deals with this possibility.

3.1. Sail travelling in the direction of the light propagation

There are no outgoing photons and the energy-momentum four-vectors for the sail and the
photons are given by (3) (now with M(T) a temperature dependent function) and (4),
respectively.

The energy-momentum conservation, equation (5), yields, for an infinitesimal time
interval, dz, the following system of coupled equations:

{d[M(T) v vl = Nhc™' v dt,

. (29)
d[M(T)v c?] = Nh v dt,

where v is the velocity of the sail, and we note that we allow M to vary during the process.
However, as far as the ‘mechanical’ description is concerned, the inertia can be considered
constant, equal to M. Then, we can write the first of equations (29) as
Md(y v) =~ Nhc~! v dt, and use equation (8) to obtain

Md(y — 1)e2 ~ Nhe ' v v dt. (30)

In the present case, the linear momentum of the incoming photon is completely trans-

ferred to the sail, hence the ratio r,, defined in the previous section, is always r, = 1. The
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energy increment of the sail can be written as
dE = dNhv = d[M(T)(y — 1)c?] + d[M(T)c?] = dK + dEy (31)

i.e. one part is kinetic energy increase of the sail and the other part is internal energy increase.
For the ‘mechanical part’, we use the approximate equation (30) to write

dK ~ M(T)d[(y — 1)c?] ~ dNhvg. (32)

For the ‘thermodynamical part’ it is conceptually relevant to take into account the inertia
variation and one has

dEy = d[M(T)c?] =~ dNhv (1 — (). (33)

It is interesting to evaluate the fraction on the incident energy that goes into internal
energy of the sail:

dE
= =1-0. 34
T B (34)
The ultra-relativistic and the non-relativistic limiting cases are
limr; = 0, limr; = 1. (35)
B—1 B5—0

For low velocities, the energy goes almost completely to internal energy, whereas for
velocities close to ¢ there is almost no internal energy increase.

For the sake of completeness it is also interesting to look at the ratio, rg, of the incoming
energy that goes into kinetic energy of the sail [2]:

dK
r = ~ N 36
= v 7 (0)
with the following limiting cases:
limrg =1, lim rgy = 0. 37)
B—1 £5—0

In the regime v ~ ¢ the incoming energy goes basically to increment the kinetic energy of the
sail. The infinitesimal temperature increment, d7', can be obtained from equations (28) and
(33) and one readily obtains the following limiting cases

lim dT = 0, lim dT = — 9V _

B—1 B—0 M(T)e(T)

Again, we stress that we could assume a constant inertia, which would slightly simplify

the calculations above since, in that case, dM = 0. This would be a very good approx-

imation, indeed. However, by taking into account the temperature dependence of M(T), on

the one hand, we could stay conceptually more accurate, and, on the other hand, we could
show how the relativistic formalism deals with that situation.

(38)

3.2. Sail moving towards the light source

The sail now reduces its speed and the new equations can be obtained from the previous ones
by changing v — —v or, equivalently, 3 — — 3. Note that, in the expressions below, § > 0.
For the kinetic energy variation of the sail one has

dK ~ —dNhvg, (39)
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and for the internal energy variation,
dEy ~ dN hv(1 + 3). (40)

As before, we can work out the infinitesimal temperature variation and one finds the
following two limits:

lim a7 = 2V lim d7 = — 9N __ (41)
p—1 M(T)e(T) $—0 MT)e(T)

Regarding the above defined ratios, one finds [3]
rn=1+2p and rg = —0. (42)

The ratio r; is always larger than one, because the decrease of the kinetic energy of the sail is
incorporated in the body itself as internal energy.

3.3. Lorentz transformations

As for the mirror sail, it is instructive to look at the processes involving the absorbing sail
from the point of view of the reference frame S’. The observer in S’ describes the photon
absorption process by means of the energy-momentum conservation as

cd[y M(T")V'] dN h '
0 B 0
0 =l o | (43)

d[y M(T")¢?] dN h v/

where primmed quantities are the velocity, the frequency and the temperature measured in S’.
As mentioned in section 2.3, this description in S’ can be obtained by means of a Lorentz
transformation applied to (5).

It can be checked that both descriptions, in S and in S’, are compatible with the usual
transformations (27), supplemented with 7/ = T [5]. In fact, using the transformations
v =7, = By)v and ¥’ = vy, (1 — BBy)], and also equation (29), one readily obtains

AN hv —d(y — D) M(T)c*=dN h v — d(y — 1) M(T)c? (44)

for an infinitesimal process. The two observers, in S and in S/, measure different photon
energies and different sail kinetic energy variations, but they do measure the same internal
energy variation [11]. From equation (44) one concludes that

dIM(T)c?] = dIM(T") e, (45)

showing that the formalism does indeed require T = T’: the temperature is a Lorentz scalar
[12], and M(T), at any given temperature, must lead to the same result when measured in any
reference frame [5]. So we agree with those authors who also argue that temperature is
invariant under Lorentz transformations [13—15], although we should note that the subject has
been a matter of debate over the years.

4. Conclusions

In this paper we used a fully relativistic covariant formalism to deal with processes of
reflection and absorption of light by a macroscopic body—the sail. The formalism shows two
major advantages. Firstly, it enforces the treatment of the conservation of the linear
momentum and the conservation of the energy on an equal footing, because energy and linear
momentum are components of the same four-vector. Secondly, the use of a covariant
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formalism automatically incorporates the principle of relativity, meaning that going from a
description in one inertial reference frame to any other inertial frame amounts to applying to
the energy-momentum conservation equation a Lorentz transformation.

We considered a perfect reflecting sail and a pure absorbing sail to obtain various
interesting results, most of them already obtained by other authors, and therefore they can be
found dispersed in the literature. Our paper presents, in a systematic way, the results for the
two types of sails, and each one in the following two cases: when the sail moves in the
direction of the light propagation and when it moves towards the light source. The non-
relativistic and the ultra-relativistic limits were also thoroughly discussed.
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