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We consider Bessel-potential spaces modelled upon Lorentz-Karamata spaces and establish embedding theo-
rems in the super-limiting case. In addition, we refine a result due to Triebel, in the context of Bessel-potential
spaces, itself an improvement of the Brézis-Wainger result (super-limiting case) about the “almost Lipschitz

continuity” of elements of H,} +n/p (R™). These results improve and extend results due to Edmunds, Gurka and

Opic in the context of logarithmic Bessel potential spaces. We also give examples of embeddings of Bessel-
potential type spaces which are not of logarithmic type.
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1 Introduction

This paper is a continuation of [19], where we established (limiting) embeddings of Bessel-potential spaces
modelled upon appropriate Lorentz-Karamata (LK) spaces X = L, ,(R™) into either LK spaces or Orlicz
spaces.

Here we deal with the super-limiting case. For Sobolev spaces W;(Q), the Sobolev classical embedding
theorem asserts that if p > n/k and Q C R™ is a domain with a sufficiently smooth boundary, then W]f Q) —
C (), where C(€2) is the space of scalar-valued bounded continuous functions on 2. However, in this case more
can be said, as embeddings in Holder spaces C%( Q) are possible. For example, W} () — C%<(Q), for all
a € (0,1), whenk = 1+n/p € Nand Q C R" is a domain with a sufficient smooth boundary, cf. e.g. [I,
Lemmas 5.17]. In the particular case £ = 1 + n and p = 1, the previous embedding can be improved as the
Sobolev space is embedded into the Lipschitz space. Therefore, we may ask if an embedding into a Lipschitz
space forp > 1 and k = 1 + n/p € N would be possible. The answer is negative; see [8, Theorem 3.3] where a
more general result is established, which deals with the sharpness of embeddings of logarithmic Bessel potential
spaces into general Holder spaces. This result for Sobolev spaces is common knowledge, but as remarked in
[8] it is hard to find a precise argument in the literature: [1, Example 5.28] does not settle the question as there
is a slip in the calculations, cf. [8, Remark 5.2]. However, Brézis-Wainger (cf. [4, Corollary 5]) proved that

elements of the Bessel potential space H;Jr"/ P (R™), with 1 < p < +o0, are “almost Lipschitz continuous”, i.e.,

, . (1,-4) L. . ..
H,}Jr"/p(R”) — Lipoo o (R™), which implies, for some positive constant c,

1f(@) = fW)| < c||f|HS?|| |z — y| |log|e —y] |7,

forall f € H;Ml/p(R”) and 7,y € R" such that 0 < |z — y| < 3.

When the more general space H;Hl/pX, with 1 < p < +oo, where for example X = LP(log L)*(R")
is a Zygmund space (a € R), is considered, Edmunds, Gurka and Opic [7] proved the following: if a >

|—=

p/ bl
the fractional Sobolev-type space H'1t"/?X is embedded into the Lipschitz space Lip(R"); if a < 1% the
(La—27)

1, .
space H'*1"/? X is embedded into the Lipschitz-type space (general Holder-type space) Lipso.co * " (R™), which
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entails, for some positive constant c,

F@) = f@)| < c|lf[H /P X | lo =yl | logla =yl [,

forall f € HY"™™/PX and z,y € R" such that 0 < |z—y| < 3- The same authors also dealt with the case a =
where the target space for the embedding is a double logarithmic Lipschitz-type space. We refer to [7] for more
general embedding results of the Bessel-potential spaces modelled upon generalised Lorentz-Zygmund spaces

into generalised Holder spaces. Nevertheless, these results can be improved for a < i. A smaller Lipschitz

space, in the sense of inclusions, as a target space can be found. When a = 0, i.e., H't"/?X is the fractional

Sobolev space H, ""/?(R™), Triebel [22, Theorem 14.2 (ii)] showed that H, ""/?(R™) is embedded into the space
1L—

of Lipschitz type Lz’pg}:;l)(R"), which is smaller in the sense of inclusions than the space Lipgo,oop )(R”),

improving in this way the above result of Brézis-Wainger (super-limiting case). Note that Triebel’s result is
established for the Triebel-Lizorkin spaces Fj+™/?(R"), with 1 < p < +o00 and 0 < q < +o00, which coincides
with the Bessel-potential space H;Hl/ P(R™) when ¢ = 2. Motivated by this result of Triebel, we prove that, if

a < i the fractional Sobolev-type space H'T™/P X is embedded into the Lipschitz-type space Lip(l’afl) (R™),

00,p
1

which is smaller in the sense of inclusions than the space Lip((;:zo ”')(R”), improving in this way the result

mentioned due to Edmunds, Gurka and Opic; the case @ = = is also covered by the appearance of a double

logarithmic Lipschitz-type space as a target space smaller than that considered in [7]; see Corollary 5.18 and

Remark 5.19 (ii). This is a consequence of our more general result given by Theorem 5.16, which concerns

embeddings of Bessel-potential spaces modelled upon Lorentz-Karamata into spaces of Lipschitz type.

In Section 2 we present some notation.

Section 3 deals with some properties of slowly varying functions and results about Lorentz-Karamata spaces.

In Section 4, the Besov-Lipschitz-Karamata spaces A;‘;S(R"), 1<p<+00,0<qg< 400, 0< A< Tlandd
a slowly varying function, are considered.

In the last section we consider Bessel-potential spaces modelled upon LK spaces, and referred in what follows
as Bessel-Lorentz-Karamata (BLK) spaces, and we establish embeddings theorems in the super-limiting case,
where the main result is given by Theorem 5.16. We also present examples of embeddings of BLK spaces which
are not of logarithmic type. These examples have not been considered before in the literature, as far as we are
aware.

2 Notation and preliminaries

As usual, R™ denotes Euclidean n-dimensional space. Let (R, X, 11), usually denoted by (R, 11), be a totally
o-finite measure space, referred to in the sequel only as a measure space. When R = R" we shall always take
u to be the Lebesgue measure p,,. The family of all extended scalar-valued (real or complex) p-measurable
functions on R will be denoted by M(R, u1); Mo(R, ) will stand for the subset of M(R, i) consisting of
all those functions which are finite y-a.e.; and M*(R, ) (Mg (R, p)) will stand for the subset of M (R, p)
(Mo(R, 1)) consisting of all those functions which are non-negative pi-a.e.

Let f € Mo(R,u). The non-increasing rearrangement of f is the function f* defined on [0, +00) by
ff@) =inf{A>0:pu{z € R:|f(x)] > A} <t} forallt > 0, and the maximal function f** of f* is defined
by f**(t) = (1/t) fot [*(s)dsforallt > 0.

For general facts about (rearrangement-invariant) Banach function spaces with Banach function norm (or
simply a function norm) p over a measure space (R, u) we refer to [2, Chap. 1, Chap. 2]. Nevertheless, let us
recall the concept of absolutely continuous norm, for the convenience of the reader. If X is a Banach function
space over (R, 11), a function f of X is said to have absolutely continuous norm in X if || fx g, ||x — 0 for every
sequence { E,, },en of subsets of R such that F,, — () p-a.e. (that is, xg, — 0 p-a.e.); if every element f of X
has absolutely continuous norm, X is said to have absolutely continuous norm. Proposition 1.3.2 in [2], shows
us that regarding the absolutely continuity of a function in a Banach function space it is enough to restrict our
attention to decreasing sequences { Ey, }ren.

Let p € (0, +oc0]. We denote by L,,(R) the Lebesgue space endowed with the (quasi-) norm ||. || p; r.
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The space of all scalar-valued (real or complex), bounded and continuous functions on R" is denoted by
C(R") and it is equipped with the Lo (R™) norm. By C(R™ ) we mean the subspace of C'(R™) of the uniformly
continuous functions, whereas C'! (W) denotes the space of all the functions f € C' (W) such that the n partial
derivatives of order 1, g—i (j=1,...,n),arealsoin C (W) and it is endowed with the norm

Ifler = I+
j=1

of
al'j

Let S(R™) be the Schwartz space of all scalar-valued rapidly decreasing infinitely differentiable functions u
on R" (usually we write S instead of S(R™)).

For each h € R", the difference operator A, is defined on scalar functions f on R™ by (Anf)(z) =
flx+h) — f(z) forall z € R™.

In what follows we use the notation Y,(R") = L,(R"), if 1 < p < 400, and Yo(R") = C(R"). Let
p € [1,+00]. The modulus of smoothness of a function f in Y,,(R™) is defined by

w(f,t)p = sup ||Anfll, for all ¢ > 0.
|h|<t

If f € C(R™), then w(f,t)oo — w(f,0)oo = 0ast | 0if, and only if, f € C(@) Letp € [1,4+o0] and f
in Y, (R™). Let

w(f,t)p = @ for each ¢t > 0,
then W(f,.), is equivalent to a non-increasing function on (0, +00). We refer to [2, pp. 331-333] and to [5,
pp- 40-50] for more details.

Now let m € Nand & = («y,...,,) € R™. We denote by £~ the real function defined by £%(¢) =
[T%, ¢ (t) forall t € (0,400), where ¢1,.. ., ¢, are positive functions defined on (0, +00) by ¢1(t) = 1 +
|logt|, and, if m > 2, ¢;(t) = 1+ log¥l;_1(t), ¢ € {2,...,m}. For formal reasons, we put, if m = 0,
[, 6 =e>=1.

The Bessel kernel g,, o > 0, is defined as that function on R™ whose Fourier transform is

7€) = @021+, cerr,

where the Fourier transform f of a function f is given by f(¢) = (2m) /2 Jgn €77 f(x) da. It is known that
g 1s a positive, integrable function which is analytic except at the origin.

Let m € N. Given @ = (a1,...,am), 8 = (01,...,0m) € R™ and o € R, we shall use the convention
a+8 = (14051, ..,am+0m), ato = (a1+0,...,am+0), 000 = (oaq,...,00,). fa=(0,...,0)eR™
we denote o by 0. We write 8 < «, or & = 3, if either 81 — a; < 0 or there exists k € {2,...,m} such that
Br—ar <0and 8; = a5, j=1,...,k — 1. We use the symbol 8 < «, or o = 3, to mean that either 3 < o
or3 = a.

Letp € [1,+00], k € {1,...,m}. We denote by d,.., 1 the m-tuple (J1, . .., 0y, ), Where 6; =
and0; =0fori=k+1,...,m,ifk+1<m.

In the sequel, we let ¢ denote a positive constant. In a chain of inequalities ¢ may stand for several different
constants if it is not important to distinguish between them, otherwise we use ¢ with subscripts. For two non-
negative expressions (i.e. functions or functionals) A, B, the symbol A = B means that A < ¢ B, for some
positive constant ¢ independent of the variables in the expressions A and B. If A X Band B 3 A, we write
A =~ B. We adopt the convention that a /400 = 0 and a/0 = 400 for all @ > 0. If p € [1, +00], the conjugate
number p’ is givenby 1/p+ 1/p' = 1.

3 Slowly varying functions and Lorentz-Karamata spaces

A positive and Lebesgue-measurable function b is said to be slowly varying (s.v.) on [1,+00) in the sense
of Karamata, if for each € > 0, t°b(¢) is equivalent to a non-decreasing function on [1,4o00) and ¢~ ¢b(t) is
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equivalent to a non-increasing function on [1, +00); see Chapter I in [3] for a detailed study of the Karamata
theory.

Properties and examples of s.v. functions can be seen in [23, Chapter V, pp. 186], [3], [9] and [19]. The
following functions are s.v. on [1, +00).

() b(t) = £*(t), with o € R™.
(i) b(t) = exp(log™t), with0 < a < 1.
(iii) b (t) = exp(£%,(t)), with0 < o < 1 andm € N.

Note that if m > 2 in the last example, we may consider o = 1. In this case b, = £,,,—1.
Given a slowly varying function b on [1,4+0c0), we denote by <, the positive function defined by
Y (t) = b(max {t,1}) forall ¢ > 0.

Lemma 3.1 Let b be a slowly varying function on [1, +00).

(i) Let € > 0. Then t°b(t) — +ooast — +o0o, and t~°b(t) — 0ast — +oc.

(ii) Let « > 0 and let by be the positive function on [1, +00) defined by by (t) = b(t*) for allt > 1. Then by is
a slowly varying function on [1, +00).

Proof. The proof is straightforward. O

Let o € (0, 1]. Let K, be the class of all positive and Lebesgue-measurable functions b defined on [1, +00)
such that, for each e > 0, exp (e£§(t))b(t) is equivalent to a non-decreasing function on [1,4o00) and
exp (— e£§(t))b(t) is equivalent to a non-increasing function on [1, +0c). This class was introduced in [19],
where some properties were presented.

Let p,q € (0,+0oc] and let b be a slowly varying function on [1,+0c0). The Lorentz-Karamata (LK) space
Ly, 4. (R) is defined to be the set of all functions f € Mg(R, i) such that

[ fllp.asosr == ||t%_%7b(t) f*(t)Hq;((),Jroo) 3.1

is finite. Here ||.|[;(0,+0c) Stands for the usual L, (quasi-)norm over the interval (0, +00). When 0 < p < +o0,
the Lorentz-Karamata space L, 4.5(R) contains the characteristic function of every measurable subset of R with
finite measure and hence, by linearity, every u-simple function; when p = 400, the Lorentz-Karamata space
L, 4:(R) is different from the trivial space if, and only if, t%*%%(t) Hq'(() 1y < F00. We refer to [19] for more
details. o

When 1 < p < +ooand 1 < ¢ < 400, Ly ¢.(R) can be endowed with a norm ||. | q:5);r €quivalent to
I|-1p,q;6: 7 Where || f || p.q:); & is defined similarly to (3.1) save f* is replaced by f**, see [19, Lemma 3.5].

If we consider m € N, o = (aq,..., ) € R™ and b = £7%, then L, 4 (R) is precisely the generalised
Lorentz-Zygmund (GLZ) L,, .« (R), introduced in [7], endowed with the (quasi-)norm || f||,q:c:r- We remark
that in [7], the generalised Lorentz-Zygmund (GLZ) space L, 4.« (R) and the quasi-norm ||.||p q:a;r defined
above are denoted by Ly g.a,.....a,. (R) and ||.||p,¢;a1,...,a.m; B> Tespectively. We use the notation in [7] only when
we are considering particular cases. Let us observe that when we consider & = (0, . .., 0), we obtain the Lorentz
space L, 4(R) endowed with the (quasi-)norm ||.||,, 4:r, Which is just the Lebesgue space L,(R) endowed with
the (quasi-)norm ||.||,.r whenp = ¢; if p = ¢, m = 1 and (R, ) = (2, 1), we obtain the Zygmund space
LP(log L)~ (£2) endowed with the (quasi-)norm ||.||p:a;:0-

Lemma 3.2 Let 1 < p < +00, 1 < g < +o0 and let b be a slowly varying function on [1,4+00). Then the
space X = (Lp q:5(R), ||-Il(p.q:0):r) has absolutely continuous norm.

Proof. The proof is like that of [7, Lemma 3.10], where a similar result was established but for generalised
Lorentz-Zygmund spaces. Let f € X. Then Lemma 3.7 of [19] gives
t,l
@) < ) 2 —=fllpgp:r, t > 0.
(t) (t) vy 1/ 1lp.q

© 2004 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



72 Neves: Spaces of Bessel-potential type

This entails f*(t) < +oo forall ¢ € (0,+00), and together with Lemma 3.1 (i) yields lim;—, 1 f*(t) = 0.
Let {E, }, be an arbitrary decreasing sequence of subsets of R such that E,, | 0, thatis, xg, | 0 p-a.e. Set
fn = fxg, foreachn € N. Then lim,,_, { o fn, = 0 p-a.e. and

|fn] < |f| for all neZ. (3.2)

By [7, Corollary 3.9], limy, 4o f;i = 0" = 0. From (3.2) we have f < f* and thus by [19, Lemma 3.5] and
by Lebesgue’s dominated convergence theorem,

o=l = ([ (Fhu0n0) @) — o,

as n — -+o00, and the result now follows. O

||fXEn

We are going to need a variant of the Marcinkiewicz interpolation theorem for the Lorentz-Karamata spaces
defined on R™. We refer to [7, Theorem 3.14 & Corollary 3.15] for the case of generalised Lorentz-Zygmund
spaces; see [10] for an exhaustive treatment of this for generalised Lorentz-Zygmund spaces for the case m = 2
and with the spaces defined over a finite measure space with non-atomic measure.

Suppose that 1 < p; < pa < 400 and that 1,92 € [1,+0], g1 # g2. Let X stand for the interpolation

segment K L1 ) , ( L i)} , by which we mean that ¥ is the line segment with endpoints (i, %), i=1,2.

@ P2’ ¢
ut
1 1
_ @ q2
p1 P2

For each g € M™(0,+00) and each ¢ € (0,+00) the Calderdn operator Sy, associated with the interpolation
segment 3 is given by

te 1 JrOO 1
Ss(g)(t) = fl/fh/ T g(r)dr + fl/qz/ o2 lg(r)dr.
0 tt
Now let T be a quasi-linear operator with values in M (R", p,,) and defined for all those f in Mo(R™, yy,) for
which

Ss(f*)(1) < +oo. (3.4)

(We recall that T is called quasi-linear if there is a positive constant x > 1 such that for all f and g in the domain
of T, and all scalars \, |T(f + g)| < &(|Tf|+ |Tgl), |T (A f)| = |Al|Tf].) Then T is said to be of joint weak
type (p1,q1; P2, qe2) if, for each t € (0,400), (T(f))*(t) 3 Ss(f*)(¢) for all f satisfying (3.4).

The main interpolation result which we shall need is the following:

Theorem 3.3 Let 1 < p1 < pa < +ooand let q1,q2 € [1,+00] such that ¢1 # qa; let 1 < r < s < 400 and
let b be a slowly varying function on [1,400). Suppose that 6 € (0, 1) and let p, q given by

1 1-6 0 1 1-6 0
L +2, == 4+ = 3.5
p D1 D2 q q1 q2

Let T be a quasi-linear operator of joint weak type (p1, q1; p2, q2) and suppose

be(t)

su — < +00,
1<t<5)-oo b(t)

where { is given by (3.3) and by is the slowly varying function on [1,+00) defined by b,(t) = b(tl/w) for all
t € [1,400). Then T maps Ly, ».,(R™) boundedly to Lq s.,(R™).
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Proof. It follows that of Theorem 3.4 in [7] by taking into account that vy, (t'/¢) = ~, (¢"/11) = ~,(t) for
each t € (0, 4+00), and the Hardy-type inequalities from [19, Lemma 3.2]. O

Corollary 3.4 Let T be a quasi-linear operator such that for all ¢ € (1, +00),
T : Ly(R") — L,R") (3.6)
is bounded. Let 1 < p < 400, 1 <r < 400 and let b be a slowly varying function on [1,4+00). Then
T: Lpyp(R") — Lprp(R™) (3.7)
is bounded.

Proof. Choose p1,p2 sothat 1 < p; < p < p2 < +oo and define 6 € (0, 1) by % = 1p;19 + z%' By (3.6), T
is of strong types (p1,p1) and (p2, p2). Hence, by [2, Theorem IV.4.11], T is of joint weak type (p1, p1; D2, D2)-

Since ¢ = 1, by, = b and the result now follows from Theorem 3.3. O

4 Besov-Lipschitz-Karamata spaces

We start by introducing the Besov-Lipschitz-Karamata spaces A;:g (R™), with 1 < p < +00,0 < ¢ < +o0,
A € (0,1] and b a slowly varying function on [1, +00). The indices A and b are called the first and the second
indices of smoothness, respectively. These spaces are a particular case of the general Besov-Holder-Lipschitz
spaces considered in [17].

Let1 < p < 4ooand 0 < ¢ < +o00. Let A € (0,1] and let b be a slowly varying function on [1, +00).
Suppose that ||t1’A’% b(l—l/t) ||q;(0’1) < 400, if A = 1. The Besov-Lipschitz-Karamata space A):2(R™) consists

of all those functions f in Y}, (R™) for which the quasi-norm Hf‘A;‘gH is finite, where

Lrw(f ), \dt )
gl = 1o ([ (25 Y,

if 0 < ¢ < 400, and

t)
A)"go = + su wif, )y )
Hf‘ P, || ”f”P 0<t£1 t)‘b(l/t)

Remark 4.1 It is easy to see that if we take in the previous definition the range of ¢ to be (0, ), for some
d € (0,1], instead of (0, 1), we obtain an equivalent quasi-norm. Note also that

1

IFIAYEI = 1Al + |23y 03 1) for all f € ANI(R").

Hq;(m)

When A = 1, a suitable notation for AJ:? (R™) would be Lipll):Z(R”). If A\ =1and b ~ 1, i.e. b is a constant
function, then AL?  (R™) = AL (R") is the subspace of C'(R") of the Lipschitz functions and is denoted by
Lip(R™). When A € (0,1), a suitable notation for A)-*(R") would be B;:2(R™).

Remark 4.2 If either A > 1 or A = 1 and ||t1_’\_5'y% (t)Hq;(O,l) = 400, we have A;}:S(R”) = {0}, if
1 <p < +oo, and Aégf,’q (R™) consisting only of constant functions on R”. Let A = 1. Whenm € Z, o € R™

and b = £, tl”‘*éfy% (t)||q.(0 1y is finite if, and only if, either o >~ % +0and0 < g < +ocor @ = 0 and

q = +00; see [19, Remark 3.6]. We shall denote the space Al%(R™) by either Aé{,}a)(R”) or Lz’pg;}_"‘) (R™).

Whenm = 1, b = £¢, with o > % (a >0, if g = +00), cf. Remark 18 in [14], the spaces A;:Z(Rn) give rise to
the spaces Lipg;;a) (R™) considered in [14].

We refer to [17], where the general Besov-Holder-Lipschitz spaces Ay q(R”), with p a g-admissible function,
are considered.

Extentions of Besov and Lipschitz spaces have been studied in great detail by the Russian school, mainly
Gol’dman [11], [12], [13] and Kalyabin [15].
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74 Neves: Spaces of Bessel-potential type

Theorem 4.3 Let 1 < p < +ooand 0 < g < 4o00. Let A € (0,1] and let b be a slowly varying function on
[1,400). Suppose that Htl_)‘_% < 400, if X = 1. Then A2 (R™), endowed with the quasi-norm

I 1A%

1
b(1/t) ||q;(071)
, is a quasi-Banach space.

Proof. The proof of the completeness is quite standard. It is a consequence of the completeness of Y, (R"),
the fact that w(., t), is a semi-norm and w(., t), < 2||.||, (for each fixed t € (0, +00)), and Fatou’s Lemma; see
[18, proof of Theorem 3.1.4]. O

The next proposition shows that we could have defined the space A;\O?{’OO (R™) as a subspace of the uniformly
continuous functions on R".

Proposition 4.4 Ler A € (0,1] and let b be a slowly varying function on [1,+00). Suppose that
[ b(ll/t) ||oo~(o 1) < Foo if A= 1. Then AYP(R™) — C(R™).

Proof. Itis straightforward by taking into consideration Lemma 3.1 (i). o

A simpler characterisation of A;\O?{’OO (R™) is given by the next proposition, which is a particular case of [17,
Proposition 3.5].

Proposition 4.5 Let A € (0,1] and let b be a slowly varying function on [1,+00). Suppose that

[t 5075 |01y < T00 if A= 1. Let f € C(R™). Then f € AL (R") if, and only if,
v W@t
x,y ER™ |x_y| ’yb(l‘r—yD
0<|z—y|<1

Moreover, for each | € Aéél,)oo (R™),

AND ~ +  sup |f($) — f(y)| .
I1Aeell = Wllee + - sup - = R
0<|z—y|<1

We refer to [18, Sub-section 3.1.2] for sufficient conditions on the indices A, ¢ and on the slowly varying
functions b in order to have embeddings between Besov-Lipschitz-Karamata spaces. Alternatively, the proof of
these results follow that of embeddings concerning Lorentz-Karamata spaces by taking into consideration that
w(f,.)p is equivalent to a non-increasing function, see [19]. We refer to [14, Proposition 16] for embeddings
@)(R™).

between the spaces Lipg;;

5 Bessel-potential-type embedding theorems

In this section we deal with embedding results for certain Bessel-potential spaces modelled upon Lorentz-
Karamata spaces in the super-limiting case. Thus when p is in the limiting case, i.e., p = 2, where o € (0,n),
and the slowly varying function satisfies a super-limiting condition (see (5.8)), H? X is embedded in C(R"),
where C'(R™) denotes the space of bounded and continuous scalar-valued functions defined on R™; when p is
in the super-limiting case, i.e., p > Z, where 0 € (0,+00), H?X is again embedded in C(R™). However in
this case more can be said. Embeddings in Besov-Lipschitz-Karamata spaces are possible. These results extend
those of Edmunds, Gurka and Opic [7] in the context of logarithmic Bessel potential spaces. Moreover, when
p= U”_Ll ,o0 € (1,n+ 1), we improve the results of Edmunds, Gurka and Opic [7, Theorem 4.11] and present
refinements of a result due to Triebel [22, Theorem 14.2 (ii)] (but in the context of Bessel potential spaces rather
than the Triebel-Lizorkin spaces) which itself improves the result of Brézis-Wainger (super-limiting case) about
the “almost Lipschitz continuity” of elements of H;Jr"/ P(R™), cf. [4, Corollary 5].

Leto > 0,p € (1,+00), ¢ € [1,400], and b a s.v. function on [1,+00). The Lorentz-Karamata-Bessel
potential space H? L, 4.»(R™) is defined to be

{uiu=g,f, f€Lpgp(R")}
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and is equipped with the (quasi-)norm ||u||o.p g:b = || [l p,q:b-
For o = 0, we put H? Ly, 4.5(R"™) = Ly ¢:5(R™).
When we consider m € N, & = (g, ..., ) € R™ and b = £, we obtain the logarithmic Bessel potential

space H? L,, 4.« (R™), endowed with the (quasi-)norm ||| »;p,q:5. considered in [7]. Note that if &« = (0, ..., 0),
H? Ly p.o(R™) is simply the (fractional) Sobolev space H (R") of order .
When k € N we define, using standard notation,

W Ly qo(R") = {u: D% € Ly g(R"), if |a| <k},

and equip this space with the (quasi-)norm <. [[D®u[p,g;b-

First we are concerned with the relation between H? Ly, ,.,(R™), when ¢ is a natural number k, and the space
W¥L, 45(R™). It is well-known that if 1 < p < 400, then the Bessel potential space H*L,,(R™), when k € N,
coincides with the Sobolev space Wzi“ (R™). Edmunds, Gurka and Opic [7, Theorem 4.2] also proved that an
analogous assertion holds when the role of the Lebesgue spaces is played by the generalised Lorentz-Zygmund
spaces Ly 4.« (R™), with «« € R™ and p,q € (1,+00). We also have that a similar result holds if we consider
Lorentz-Karamata spaces instead of generalised Lorentz-Zygmund spaces. The basic tool needed to establish this
is Lemma 5.2 which extends [7, Lemma 4.1] and [20, Chap. V, Lemma 3].

We shall need some density results, which generalise [7, Lemma 3.12].

Lemma 5.1 Let 1 < p < 400, 1 < g < +o0 and let b be a slowly varying function on [1,+00). Then
(i) C§°(R™) is dense in Ly, 4.5(R™);
(i) C§°(R™) is dense in WLy, ,.p(R™);

(iil) the Schwartz space S(R™) is dense in H L,, ¢.5(R™) for all o > 0.

Proof. By Theorem 3.1 of [19] and Lemma 3.2, L, ;.,(R"™) is a rearrangement-invariant function space with
absolutely continuous norm. The proof of (i) and (ii) follows by [7, Remark 3.13], where it is observed that
parts (i) and (ii) hold if instead of L, ,.,(R™) we consider any Banach function space L = L(R"™) which is
rearrangement-invariant with respect to Lebesgue measure on R™ and which has absolutely continuous norm.
Let us now prove part (iii). We start by proving that, under our conditions, S(R™) C Ly, 4.5(R™). Let f € S(R™).
Then for each m € Ny, there exists ¢, € (0, 4+00) such that

Cm n

On the other hand,

[ s ) @

1 5.2)
1_1 % q oo 1_1 % q
= [ tworo)as [ (5700 w) .
0 1
From (5.1), with m = 0, we have f*(t) < ¢ forall ¢ € (0, +00). Then
Lo q ! a_q
/ (tp q%(t)f*(t)) dt < cg/ 5Nt dt < +oo. (5.3)
0 0
From (5.1), with m > 1 to be chosen later, we have
w!™

) < em for all t € [0,4+00),

(w2/™ 4 12/m) ™/

where w,, is the volume of the unit ball in R™. Then

oo 11 q +oo am | g
/ (trE%(t)f*(t)) dt = / R dt (5.4)
1 1
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If we choose m € N such that m > %, then the right-hand side of (5.4) is finite. Now, it follows from (5.2),
(5.3) and (5.4) that f € L, 4.,(R™), which gives S(R™) C Ly, 4.,(R™). Next, let us prove that for any o > 0,
S(R™) € H°Ly, ¢.(R™). By [20, pp. 135], {g5 * h : h € S(R")} = S(R™) for any ¢ > 0. Let 0 > 0 and
f € S(R™). Then there exists h € S(R™) such that f = g, * h. But since S(R"”) C L,, 4.,(R™), it now follows
that h € Ly, 4.,(R™) and therefore f € H? Ly, ,.,(R™), which proves that S(R™) C H? Ly, 4.,(R™). The density
now follows from part (i). O

Lemma 5.2 Leto € [1,400), p € (1,400), ¢ € (1,+00) and let b be a slowly varying function on [1, +00).
Then f € H L, 4.v(R™) if, and only if, f € H° 'L, ,.»(R™) and the distributional derivatives % belong to
H7 'Ly gp(R") (= 1,...,n).

Moreover, the (quasi-)norms

of

6xj

o—1;p,q;b

n
I llospge and || fllo—rpqn + Y
j=1

are equivalent on H? L, o.,(R™).

Proof. In view of Lemma 5.1 and Corollary 3.4, the proof can be carried out as in the case of fractional
Sobolev spaces H (R™) (see [20, Chap. V, Lemma 3]). O

The promised result now follows directly

Theorem 5.3 Letk € N, p € (1,400), ¢ € (1,400) and let b be a slowly varying function on [1, +00). Then
Hkprq;b(Rn) = Wkprq;b(Rn)
and the corresponding (quasi-)norms are equivalent.
Proof. Similar to that of [20, Chap. V, Theorem 3]. O

We shall be concerned now with the embedding results to which we referred above. We start by recalling some
results needed in the sequel.

The next Lemma, which is a combination of two results due to Edmunds, Gurka and Opic, cf. [6, Lemma 3.5]
and [7, (4.23) in Corollary 4.6], provides us estimates for the non-increasing rearrangement of the Bessel Kernel.

Lemma 5.4 Let o € (0,+00). Then there exists a constant B € (0, 4+00) such that
gi(t) 3 t7/"exp (= BtY"), if 0 € (0,n) and t € (0, +00), (5.5)
and such that

exp (— BtY/™)y(t), if o = nand t €(0,1),
gu(t) 3 exp(—Btl/")7 if o> mnandte(0,1), (5.6)
exp(—Btl/")7 if o >mnandtell,+0).

We shall make use of the following result due to Edmunds, Gurka and Opic.

Lemma 5.5 [7, Lemma 4.5] Let Y = Y (R™) be a Banach function space, with absolutely continuous
norm, which is rearrangement-invariant (with respect to Lebesgue measure on R™). Suppose that o > 0 and
lgolly+ < o0, where g, is the Bessel kernel. Then

H°Y < C(R™). (5.7)

The next result extends [7, Corollary 4.6 & Remark 4.7], concerning the logarithmic Bessel potential space.
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Proposition 5.6 Let g € [1,+00) and let b be a slowly varying function on [1,+00). Suppose that either

n _a
cOn), p=2 dth/lt < 5.8
oe(0,n), p ~ an 1 (t) o +o0 (5.8)
or
o € (0,+00), max{l,ﬁ} < p < 4oo. (5.9)
o
Then

HL, .»(R") — CR").

Proof. We follow the proof of [7, Corollary 4.6]. Let Y (R™) = Ly, 4.,(R™). In view of Lemma 5.5, we need
only to show that ||g, ||y < 4oc.
Suppose first that (5.8) holds. Then, by [19, Theorem 3.1]

Y = Lo (R, (5.10)

Thus by (5.10), (5.8) and (5.5),

o

1-2-%
lgwlly: = #4752 (g5

j Il + IQ )
q'5(0,+00)

1
b
where

I, = Ht_ﬁfy% (t) exp ( - Btl/")

I, = Ht_ﬁfy% (t) exp ( — Btl/")

, .
q’;(0,1) q’;(1,400)

Plainly Io < 400, due to the exponential factor and because b is a slowly varying function on [1,4+00). Since
Ht_q%fy% (t)’ < 00, it also follows that I; < Ht_q%fy% (t)’ < +00

q’;(0,1)
Now suppose that (5.9) holds. Then, by [19, Theorem 3.1], Y’ = L

q';(0,1)
(R™). If o € (0,n), we obtain from

(5.5) that o
lgollv: = || @z, 3 A,

where
= ‘tﬁ+%‘1‘?vi(t)exp(—3tl/n) 750,
o= e e (B0

Once more, due to the exponential factor and because b is a slowly varying function on [1,4+00) it is clear
that J» < 4o00. Since our assumptions imply that % + 2 —1 > 0, we have by [19, Lemma 3.1 (v)] that

1 o 1
Ji < ‘t?*?‘l‘F 1 (t
P Vi( ) q';(0,1)

we use the estimates (5.6). Therefore, we obtain

< 4o00. Hence ||¢g, ||y’ < +00. To deal with the case in which o € [n, +00),

golly = |[t7" 71 (t)g5(t) 3 K+ Ky,
q’5(0,+00)
where
‘tﬁ’ﬁfy;(t)ﬁl(t)exp(—Btl/”) ,if o = n,
K, = b q’;(0,1)
‘tﬁfq%fy%(t)exp (— Btl/”) 01 if o >n.
q’;(0,1
and
1
Ky — ‘t?*?’ ¢ — Bl/n .
2 ’Y%( )exp( ) 1 (1400)
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Again, due to the exponential factor and because b is a slowly varying function on [1, +00), it is easy to verify
that Ko < +4o00. As for K7, let us observe the following. Let b; be the slowly varying function defined by

bi(t) = Zbl((tt)) for each ¢ > 1. Then s, (t) = v1(¢) £1(¢) for each t € (0, +00) and

1 1
te" "y, (%) , if o =n,
Kl S ) ) q';(0,1)
te' " d oy (t , if > n.
‘ o 7%() q’;(0,1) 7 "
Therefore, since i > 0, we have by [19, Lemma 3.1 (v)] that K; < +00, and the result now follows. O

Remark 5.7 Let g € [1,+00),m € N, € R™ and b = £*.
(i) Then Ht‘qﬂ% 0)

1) < 40 if, and only if, either 1 < ¢ < oo and & > % 4+0org=1and o > 0.
q’;(0,1

(ii) In the counterpart of (5.8) of [7, Corollary 4.6 & Remark 4.7], only the case o > & +0, withg € [1,4+00)
is considered. However, the result of Proposition 5.6 still holds with « = 0 and ¢ = 1 in (5.8).

Remark 5.8 Letm € N, g € [1,400), a1 € Rand 0 < a < 1. Let ¢ € K,, and let b be the slowly varying
function on [1, +00) defined by

a1 m—1

bi(t) = Lo 7 (1) 03 (t) exp (a1 €, (1)) p(lm—1(t)) for each t > 1.

(2

m\l -

i=1

(i) If ¢ is a constant function, i.e. ¢(t) ~ 1 for each ¢ > 1, then

< +00

1
t vy (t
H 73() q';(0,1)
if, and only if, either 1 < ¢ < coand a; > 0org=1and a; > 0.

(ii) If ay > 0, then Ht‘qﬂ% (t) < +00.If ay < 0, then Htﬁv% (t) = +o0.

q’5(0,1) q’;(0,1)
The next result is an extension of [7, Theorem 4.8] and a refinement of [16, Theorem 5.7.7 (i)].

Theorem 5.9 [19, Theorem 5.1] Let o € (0,n), 1 < p < %, q € [1,+00] and let b be a slowly varying
Sfunction on [1,+00). Then

HLpgp(R") — Ly gp(R™), (5.11)
where 1 =1 — 2.
T p n

Although a direct proof of Theorem 5.9 is given in [19], note that the result is also a consequence of Theorem
3.3, because the operator T" defined by T'f = u = g, * f is of joint weak type (p1,q1;p2,q2), with 1/q1 =
(n—o0)/n,p1 =1, g2 = 400 and 1/ps = o/n; see the proof of Theorem 4.8 in [7] for more details.

Theorem 5.9 enables us to prove the next result, which is a refinement of [16, Theorem 5.7.8 (i)] and an
extension of [7, Theorem 4.9].

Theorem 5.10 Suppose that1 < q < +o0, o € [1,n+1), max {1,2} < p < =25. Let b be a slowly varying
function on [1,+00). Then for any u € H° Ly, ¢.,(R™) and all x,y € R™,

u(z) = u(®)] 3 ullopgsle =yl Pri(lz —y["). (5.12)
Moreover,
H Ly gp(R") — AR (R™), (5.13)

where X := 0 — 2 € (0,1) and by is the slowly varying function on [1,+00) defined by by (t) = Wln) for all
t € [l,+00).
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Proof. In view of Lemma 5.1 and Proposition 5.6, it is enough to prove (5.12) for any u € S(R™). Let
x,y € R™ and suppose « # y, otherwise the result is trivial. Let p € (0, +00) such that 0 < |x — y| = p. Then
there is a cube @, of edge length p such that z,y € @,. Given any u € S(R") and z € Q,, we have

w(z) — u(z) = /O Zg;(ert(zf:c))(zif:ci)dt.

This implies

u(z) fp*”/ u(z)dz = p*”/ /olzigz (x+t(z —x))(z —x;)dtdz.

Hence,

1 n

/Qp/o Z@xl (@ +t(z —2))(zi — xi)dtdz

R (E, ole)a

where for each ¢ € (0,1) the symbol Qf, denotes a sub-cube of @), with faces parallel to those of (),, with
side length ¢p, and which is given by Qf, = {s € Q, : s = v+ t(z — ), z € Q,} . Since u € S(R") C
H? Ly ¢»(R™), Lemma 5.2 shows that

P

(5.14)

IN

axz

ou
63@

EH 'Lyg(R™), i=1,...,n. (5.15)

If o > 1 then, by Theorem 5.9, with o — 1 instead of o, H” ™' L ¢5(R") <= Ly q;5(R™), where = & — Z-2 If

o =1,thenr =pand H" 'L, ;.4(R™) < L, 4.,(R™) holds trivially. Thus Holder’s inequality, cf. [2, Corollary
I1.4.5], and [19, Theorem 3.1] yield

" ou ou
——(s)]|ds < . Hx . . (5.16)
;/fp Oz 0% |, g1 Qolle it
Furthermore,
n n
ou ou
3 Z 3 ullosp,gb (5.17)
i=1 0], g1 i=1 02i g1,
and because - > 0, [19, Lemma 3.1 (v)] gives
— %_q% 1 ~ n/r! 1 n
o],y = 790 ]y = 0 G007
foreacht € (0,1). Hence
1—-ng—n
/0 ! (Z / 5 (5 )dt 2 tloipn 1(6) (5.18)
where I(p) = L fo ramrl Y1 (7)dr. Since 7 — % > 0, [19, Lemma 3.1 (v)] yields I(p) ~ p"_%fy% (p™),

which together with (5.14) and (5 .18) ensure

n

3 Mullop.ae 0”7 v ("),

u(z) — p_”/ u(z)dz

Q@
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and so [u(x) — u(y)] 2 |ullomp.gnlz—y|7 7 Y1 (lz—y|"), forall z, y € R™ and the proof of (5.12) is complete.
Let us now prove (5.13). Let w € H? L, 4.5(R™). From (5.12), we have

u(@) = u@)| 3 Nullop.gn lz =977 v (jz —yl)

L
b

for all = y € R™ such that 0 < |z — y| < 1, where b; is the slowly varying function on [1, +oo) defined by
b (t) = b(tn forall ¢ € [1,400). On the other hand, cf. Proposition 5.6, v € C(R") and ||u||oc 3 ||t||o:p,q:b-
Then the assertion now follows from Proposition 4.5. O

Proof. The previous proof was carried out as that of [7, Theorem 4.9], by taking into consideration Lemma
5.1, Proposition 5.6, Lemma 5.2, Theorem 5.1 of [19], [2, Corollary I1.4.5], Theorem 3.1 of [19], Lemma 3.1 (v)
of [19] and Proposition 4.5. |

Remark 5.11 Let us assume the conditions of Theorem 5.10 hold. Let m € N, o« € R™ and let b = £,
Then b; ~ £~ and in this case the previous theorem coincides with [7, Theorem 4.9] and with the first part of
[7, Theorem 4.16].

The next result is a refinement of [16, Theorem 5.7.8 (iii)] and extends [7, Theorem 4.13].
Theorem 5.12 Let 1 < g < +00 and let b be a slowly varying function on [1,+00). Suppose that either

n _ 1
Ln+1), p= d Ht oy (b < 5.19
€@n+l), p=_——3 an ’y;()q,;m) +00 (5.19)
or
€ (1, +00), max{l Ll} < p < +oo. (5.20)
Then for any u € H° Ly, 4.,(R™) and all z,y € R™,
lu(z) —uwy)| 3 llullompan |z —yl- (5.21)
Moreover,
HoLpgp(R") — AL (R") = Lip(R"). (5.22)

Proof. In view of Lemma 5.1 and Proposition 5.6, it is enough to prove (5.21) for any u € S(R™). Let
x,y € R™ and suppose x # vy, otherwise the result is trivial. Let p € (0, +00) such that 0 < |z — y| = p. Then
we have (5.14). In view of (5.15) and Proposition 5.6 (with ¢ — 1 instead of o), it follows that 37“ € Loo(R™).
Also, with the same notation as in the proof of Theorem 5.10, Holder’s inequality yields

ou
Z/, oz, 0| % = 2| ag | Il (5.23)
Furthermore,
= " || ou
N 3 Nulloipab s (5.24)
21 axz - pot oxi ||, . P.q
and
(tp)™ ,
HXQ;le = /0 dr = (tp)" (5.25)

foreach ¢t € (0,1). From (5.14), (5.23), (5.24) and (5.25) we have

<l

1
/ P ) dt = pullospas
0

u(x) fp*”/ u(z)dz

P

Thus |u(x) — u(y)| 2 ||ullo:p,qp |2 — y| for all z,y € R™ and the proof of (5.21) is complete.
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Let us now prove (5.22). Let uw € H? L, 4.5(R™). From (5.21), we have
u(@) —u(y)] 3 llul

for all ,y € R™ such that 0 < |z — y| < 1. On the other hand, v € C(R") and ||u|lcc 3 [|¢]lop,qp (cf.
Proposition 5.6). Then the result now follows from Theorem 4.5. O

spab [T =Yl

We refer to Remark 5.8 for other examples of slowly varying functions for which Theorem 5.12 holds. These
examples have not been considered before in the literature, as far as we are aware.

In order to consider further embedding results, which are going to improve and extend those of Edmunds,
Gurka and Opic concerning logarithmic Bessel potential spaces, we shall need the next two propositions. Propo-
sition 5.13 gives an important estimate due to Triebel, cf. [22, Proposition 12.16 (i)].

Proposition 5.13 Let € € (0,1). Then there is a number ¢ > 0 such that

O(fit)oo < c|VIA(E ) +3 sup 7 V20(f, 7)o (5.26)
0<r<t?
forallt € (0,¢) and all f € C*(R™), where Vf = (é?_;l’ cey %) and |V f| denotes the Euclidean norm

of Vf.
The next result extends [22, Proposition 12.16 (ii)], restricted here however to the case ¢ € [1, +00].
Proposition 5.14 Let ¢ € [1,4+o00] and let b be a slowly varying function on [1,400) such that
_1

|t qv;,(t)”q;(OJ) < 400. Then

A

=5, (DB Dol o) 3N T TS Ol 00

) (5.27)
[+ 350) 1941 O] 0

%

forall f € C! (W), where by is the slowly varying function on [1,+00) defined by b1 (t) = b(tQ"’l) for all
t € [l,+00).

Proof. We use the main ideas in the proof of [22, Proposition 12.16 (ii)], where the case s, (t) ~ (t) ~
|Int|~* foreach t € (0,¢), with0 < e < 1,u = % + v, v > 0 and the range of ¢ in (5.27) is equal to (0, €), is
considered.

Suppose 1 < ¢ < 400 and let € € (0,1) to be chosen later. Let f € C'(R™ ). By (5.26) from Proposition
5.13, we have

Ht_%’ybl (t) w(fﬂ t)oo ||q;(0,6)

2500 00 52 2B Do+ 75 O1T () 0 ©:28)
Now
Hf%%l (t)Hq;((),l) ~ Htié%(t)”q;(o@) < +o0, (5.29)
and, since W(f, .)oo is equivalent to a non-increasing function on (0, +00), we have
sup t35(f, t)ee = (/ (t%’% 5(f, t)oo)th) ‘) (5.30)
0<t<e 0

So from (5.28), (5.29), (5.30) and by the change of variables 7 = "1, we obtain

Ht_%’ybl (t) &j(fa t)oo ||q;(0,€)
3277 B el 000 + 17590 0 1A ()]0 o

§ C1 ||t%_% z:)(f7 t)oqu;(O,e) +c2 HT_%’Yb(T) |Vf|**(7—)||q;(0,1)7
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where ¢y, ¢g are positive constants. Now, since by is a slowly varying function on [1, +00), there exists €y € (0,1)
such that
1
< 3o o (t) for each ¢ € (0,€). (5.32)
C1
This is the counterpart of (12.102) in [22]. Now under the additional condition € := ¢y, we have from (5.31) and
(5.32) that

[SIE

t

Ht_%’ybl (t) ‘:j(fv t)oo ||q;(0,€)

< (W2 [ 20 OB Ol 0 + 2 7360 VA7)0, -
Therefore

£ D B Voo 0.0y 3 17759 VA (O] oy (5.33)

Since W(f,.)o is equivalent to a non-increasing function and e = ¢y < 1, it follows by the change of variables
T = et that

1 ~ 1 ~

Ht 1Y, (t) W(f, t)oo ||q.(0 1) :5 Ht 1Y, (t) w(f7 € t)oo ||q.(0 1)

Y o _ Y (5.34)
~ HT 7Yby (T) w(fa T)oo ||q;(0,e) .
From (5.33) and (5.34) we then obtain
1 ~ -1 *%

1727, () &(F, ool .0y 3 N7+ w @ VIO oy - (5.35)
On the other hand, from the Hardy-type inequality (3.6) in [19, Lemma 3.2] with v = —1 < 0, we have

Ht_ﬁfyb(t) |Vf|**(t)||q;(071) = ||t_5fyb(t) |Vf|*(t)||q;(011) . (5.36)
By the simple inequality |V f|*(t) < |V f|**(¢) for each t > 0, we have

[t VA" Ol 0.0y < T VA O 100 - (5.37)
Now (5.27) is a consequence of (5.35), (5.36) and (5.37), when 1 < ¢ < +4o00. The proof with ¢ = 400 is
analogous. o

We shall need the following lemma.

Lemma 5.15 [19, Lemma 5.2] Let o € (0,n), p,q € [1,400] and let by, by be two slowly varying functions
on [1,4+00). Suppose that

[t 7b2(1/0) .00y < +00 (5.38)
and either
ba(1
1 <p<gq< +oo, sup 2(1/2) < o0, (5.39)
o<z<1 b1(1/x)
and there is a positive constant c such that
_1 ES —1
|t abg(l/t)}]q;(m) | (£ b1(1/1)) }p,;(m) < c¢ for all z€(0,1), (5.40)
or
ba(1
1 <qg<p< +oo, Hx_i 2(1/2) < +o0, (5.41)
(/) o)
and
1 .
1 L/ -1 p//q/ T L] _p/
/0 (173 0o 000 gy 107 ba(1/0) 2L T @b (1)) (5.42)
is finite, where % = % — I—l) Then
||U*Hoo,q;b2;(0,1) 2 ||U||o;%m;b1 holds for all u € HUL%,p;bl(Rn)- (5.43)
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As promised, we are now in a position to present the last embedding results. These results improve and ex-

tend [7, Theorem 4.11] and that of Brézis- Wainger about “the almost Lipschitz continuity” of the elements of

HTP(RY), je., HYTP(RD) < sz((x) o )(R”) cf. [4, Corollary 5]. We were motivated by [22, Theo-

rem 14.2 (ii)], which, with 1 < p < +o00 and 0 < ¢ < 400, leads to Fpi™/?(R") < Lip(L Y (R™). By
FZ} Zn/ P(R™) we mean the Triebel-Lizorkin spaces. Note that Triebel’s result improves and extends the above

+7L/:U (R™),

incides with H™™/P(R), cf. [21, Theorem 2.5.6], and Lip’ SURY) — szi& oo_)(R”) cf. [14, Proposition

16]. We refer to [22, Chapter II] and to [14] for more results and more details about embeddings of “B” and “F”
spaces into spaces of Lipschitz type.

Theorem 5.16 Letp € (1,+0), ¢ € [1,400] and o € (1,n+ 1). Let by, by be two slowly varying functions
on [1,+00) such that

result of Brézis-Wainger about “the almost Lipschitz continuity”, because F), when 1 < p < +00, co-

Ht—ﬁﬂ(t) = foo and |t ibo(1/t)]|, 0,y < 00 (5.44)

b1

p’;(0,1)

and either conditions (5.39), (5.40) or conditions (5.41), (5.42) are verified. Then

oty (R") — ALP3(R™) = Lipl’ (R"), (5.45)
where bs is the slowly varying function defined by bs(t) = Wl,l) foreacht € [1,+00).

,p;b1 (R )’
v|* for any

Proof. Letu € S(R") C H?L_»_ 4, (R™). Then Lemma 5.2 shows that du ¢ go-1p _n
fori = 1,...,n. Now by Lemma 5 15 with ¢ — 1 instead of o, and by observmg that v* =
v € Mo(R™, uy,), we have

ou )
H‘a H for ¢ =1, , N
L 00,q;b2;(0,1) o, pib1
Hence, by Lemma 5.2,
* n

Ju < ou

. 3 ol | 7] PREESSSTRS
i=1 ¢ 00,q;b23(0,1) i=1 21 piba

This together with Proposition 5.14 and the Hardy-type inequality (3.6)in [19, Lemma 3.2] withv = —1 < 0
give

-1 < ||t~ o
Ht Py%() (u t OOH :0,1) ™ Ht 7b2(t)|vu| (t)Hq;(O,l)
- 1 ou |
< t*; t _ t (546)
3 Y |t |5 o
i=1 4;(0,1)
2 lullo; oo e -
By Proposition 5.6, we also have ||uloo 3 [|t]lo; -2, pib, - This with (5.46) yield
ulAll2)l 3 lulloyoes pipy,  for all uwe S(R™). (5.47)
Now letu € H7L _n_ .4, (R™). By Lemma 5.1 there exists {u, }», C S(R™) such that
um — ullo; -2 ppy — 0, as m — +o0. (5.48)

Hence, ||ty — ul|\g;%7p;bl — 0, as m,l — 400, which together with (5.47) yield ||um — ul|A<1>Obe|| — 0 as
m,l — 400, 1.e., {um }m is a Cauchy sequence in A}xf’g (R™). Since Aé;f”g(R") is a complete space, cf. Theorem
4.3, there exists v € AL (R™) such that

|um — v|ALLS|| — 0, as m — +oo. (5.49)
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Now, Proposition 5.6, the trivial embedding A}xf’f} (R”) — C(R"), (5 48) and (5. 49) entail v = v and u,,, — u,
as m — 400 (convergence in AL (R”))
the limit we obtain ||u|A1 b3

.p;b1» and by passing to

q 1
pibis Wthh yields the assertion. O

crl’

Remark 5.17 Note that the condition H 1 g (t) = +o0in (5.44) is not used in the proof of Theo-

1

p’;(0,1)
rem 5.16, and can therefore be omitted. However, if H t 4 g (t)

o) < +oo,wehave HL _n_ 5, (R") —
p'5(0,1 7
AL (R™) = Lip(R™), as results from (5.19) and (5.21) of Theorem 5.12, which is a better result than that given

by (5.45). In fact, for any b3 and ¢ € [1, +oo] under the conditions of Theorem 5.16, the embedding
Ao (RY) = AL (RY) 20

holds. To see this, note that || tfémnq_(o by~ Ht qbg (1/1) H 01 < too, and follow the proof of [19,
Theorem 3.2], where embeddings concerning LK spaces were estabhshed, by taking into consideration that
w(f,.)p is equivalent to a non-increasing function. Alternatively, see [18, Theorem 3.1.7].

Corollary 5.18 Let p € (1,+0), g [1 +oo]lando € (I,n+1). Letm € N, a = (g, ..., ) e R™
and let k € {1,. m}besuchthatozk7é and, if k > 2, azzﬁ,izl...,kfl Assumeak< . Let
,8:(ﬁl,...,ﬁm)EmeUhﬁk;é——and ifk > 2, ﬁl——— 1=1,...,k—1. Then

HL »_pa(R") — AL A(R™) = Lip(L? (R, (5.51)

provided one of the following conditions is satisfied:

1

1<p<qg< oo, B < ——, Ig+5q;m,k = a*(sp’;m,lﬁ (5.52)
q
1 1 1

1<g¢g<p<+oo, B < ——, PB+-<a—0imir+—. (5.53)
q q p

Proof. Letb; =£€% and by = £P. Then it follows that both conditions in (5.44) are verified. By [19, Remark
3.2] and [19, Remark 3.4], either conditions (5.39), (5.40) or conditions (5.41), (5.42) are verified. Note that

bs(t) ~ £7P(t) forall t € [1,+00). Hence the result follows from Theorem 5.16. O
The situation when oy = ... = «a, = 1% is also covered by the previous corollary, by using & =
(@1,...,Qms1) € R™!in place of @ € R™, where &; = z% forj = 1,...,m and &,, 1 = 0, and con-

sidering k = m + 1.

Remark 5.19 (i) When ¢ = +o00, k = m and 8 = o — 6p/;m,m, the previous corollary gives [7, Therorem
4.11]. In particular, we obtain with p = n/(c — 1), k = m = 1, « = 0 and § = —1/p’, the result of
Brézis-Wainger mentioned just before Theorem 5.16.

() Whenl <p=qg=n/(c—1) <400,k =m =1,a =0and 3 = —1, we recover the Triebel’s result,
but in the context of fractional Sobolev spaces; see comments before Theorem 5.16.

(i)Letl < p < +4o00,1 <g< 400,00 € (I,n+1),a,8 € R™ k€ {l1,...,m} as in Corollary 5.18.

Suppose additionally that one of the conditions (5.52)—(5.53) is satisfied. Then

H7L 2 pa(R") = AGYRY) = Liplsy (RY) — AL PR = Liplol (R™),

where ¥ = o — 81,mm,%. The first embedding follows from the previous corollary with ¢ = p. Since 61,1k =
Opim., i + Oprim. i and ¥ = & — 81, &, the second embedding follows from [18, Theorem 3.1.7] and [18, Remark
3.1.8],if ¢ < p, and from [18, Theorem 3.1.10] and [18, Remark 3.1.11],if ¢ > p. Alternatively, see [19, Remark
5.1] for considerations similar to those regarding the second embedding.

The next corollary presents embeddings of Bessel-Karamata spaces with slowly varying functions different
from the ones of the previous corollary, i.e. of logarithmic type. This result has not been considered before in the
literature, as far as we are aware.
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Corollary 5.20 Letp € (1,400), g € [1,40]ando € (1,n+1), m €N, aq, 61 € R\{0} and o € (0, 1).
Assume ay < 0. Let ¢1, ¢2 € Ky and let by, by be two slowly varying functions on [1, +00) defined by

bi(t) = E;@a’;l(t) E?’ (t) exp(a1€s, (1)) p1(bm—1(t)) for each t>1,
i=1
and
a1 m—1 1
ba(t) = m® (1) 0, *(t) exp(Bily,(t)) p2(bm—1(t)) for each t > 1,
i=1

respectively. Then (5.45) holds, provided one of the following conditions is satisfied:

1<p<+OO, 1§¢]§+007 61<al;
1<p<qg< oo, B = a, 2 T b1

Proof. By Remark 5.8 and [19, Remarks 3.3, 3.5] the conditions of the previous theorem are satisfied. The
result now follows. |
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