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SUMMARY

A modified model for a binary fluid is analysed mathematically. The governing equations of the motion
consists of a Cahn—Hilliard equation coupled with a system describing a class of non-Newtonian
incompressible fluid with p-structure. The existence of weak solutions for the evolution problems
is shown for the space dimension d =2 with p >2 and for d =3 with p > 11/5. The existence of
measure-valued solutions is obtained for d =3 in the case 2 < p < 11/5. Similar existence results are
obtained for the case of nondifferentiable free energy, corresponding to the density constraint || < 1.
We also give regularity and uniqueness results for the solutions and characterize stable stationary
solutions. Copyright © 2006 John Wiley & Sons, Ltd.
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1. INTRODUCTION

A two-phase flow is fluid motion which has two different phase states. When we consider
a two-phase flow between immiscible fluids or a motion of sharp interfaces, it is necessary
to take the effect of convection (fluidity) into account together with the free energy of the
system. Dynamics of two-phase systems ignoring convection has been studied deeply in the
literature and Cahn-Hilliard equation has been playing a central role in this area. Navier—
Stokes equations also have been central in fluid mechanics. Thus, a coupling of Cahn—Hilliard
and Navier—Stokes equations can be a first candidate to describe a phase transition phenomena
with fluidity when the sharp interface is replaced by a narrow transition layer determined by
both diffusion and motion. Indeed, there have been several papers introducing such models to
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describe fluctuations or hydrodynamic effects in the critical phenomena [1-3]. These models
are variations of a model called model H in Reference [4], which can be systematically derived
[5] and generalized [6] or [7] (see also Reference [8]). The model H is a system of incom-
pressible Navier—Stokes equations coupled with Cahn—Hilliard equation through quadratic
coupling terms (reversible modes). The model also encompasses the case of non-constant
mobility and surface tension. In particular, for the static case, the model is reduced to one sim-
ilar in Reference [9]. However, there is a difference between the two models since the model H
admits a variational structure while the model in Reference [9] does not. Phase field models
have been also used with success for the numerical computations of interface movement
using different methods, as for instance, in Reference [7,10] or [11]. Qualitative studies of the
behaviour of Cahn—Hilliard flow model were considered with Navier—Stokes equations (p =2)
and constant surface tension coefficient in Reference [12] and also with constant mobility in
Reference [13], for slightly nonhomogeneous diphasic incompressible fluids under shear.

In this paper, we consider a convective phase field system for modified model H on
a smooth bounded domain or on a torus for non-Newtonian fluids with p-structure. We
first introduce the definitions and we prove the existence of weak solutions under relative
density (order parameter) dependent viscosity, surface tension coefficient and mobility for
p = (3d +2)/(d+2) in the space dimensions, d =2, 3, recovering the Ladyzhenskaya—Lions
result [14]. The particular case of Navier—Stokes equations (p=2) is also covered for d =3.
The Lyapunov functional turns out to fall into the classical case of the Cahn—Hilliard sys-
tem for the static case. The Lyapunov functional actually guarantees the stability of local
minimizers of the classical functional in the absence of external forces.

To fill the gap 2 < p < 11/5 when d=3, we prove the existence of measure-valued
solutions for p >2 (d=2,3) in the line of Reference [15]. Then we show the unique-
ness of weak solutions for p > (d 4+ 2)/2, d =2,3. Some regularity and existence results are
obtained in two-dimensional space (d =2) for a class of non-Newtonian fluids undergoing
a well behaved stress tensor with p-growth, p > 1, when the viscosity, surface tension
coefficient and mobility are constants. Finally, in the last section, we consider the case of
nondifferentiable free energy in order to obtain a solution satisfying the (physical) density
constraint || < 1 as in Reference [16] (see also Reference [17]).

2. A CONVECTIVE-PHASE FIELD SYSTEM

The state of the system is described by a pair (u,{), where u=(ui(x,?),...,uq(x,t)) is the
velocity field of the fluid and Y =(x,¢) is the order parameter (the relative density). The
system of equations for (u, /) is

ou+w-Vu=-Vg+V-(vt) = V- (aVy @ V) (1)
V-u=0 )
O +u- V=V -mV(f' () - VoV - (VaV{))) (3)

with appropriate initial and boundary conditions. Here, f € C?(R — R") is a volumetric free
energy, v=v(}) > 0 the viscosity, o =o(y/) > 0 the surface tension coefficient, m =m(yy) > 0
the mobility, g =¢(x,t) the scalar pressure, and t=1(D(u)) the viscous stress satisfying
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the (p — 1)-growth and p-coercivity conditions, where D(u)=D;;(u) = (d;u; + 0;u;)/2 is the
velocity of strain tensor, i, j=1,...,d. System (1)—(3) is derived under the assumption of
constant density and incompressibility. We assume that the coefficients v, o, and m depend
only on . We also assume that v, o, and m are continuous functions, with a Lipschitz, such
that they are bounded from below and above by positive definite constants

0 <y <v(),u(Y),m(y) <72 VP eR (4)

These assumptions are reasonable and used in the derivation of (1)—(3) in Reference [5].
Due to physical motivation, we only consider f of double-well type satisfying the following
conditions:

S =0, f'/f(y)=o(1) as |y| = o0
f(») has local minima only at y = +1 (5)
f(») is strictly monotone for |y| > 1

42
sym

Denoting by RS, the set of symmetric d x d matrices, a non-Newtonian fluid (see Reference

[15], for instance) can be described by a monotone 7;; € C(R% ) such that

sym
5(0) =0, [o(O] <31+ [ 6)
() {=pall]P V(e Rg’yzm )

We shall study the initial boundary value problem of the above system on two types of
domains, Qz and Qp. Qp C R? is a smooth bounded domain and 2p is the usual d-torus. For
these domains, we work with different boundary conditions

M:%lﬁza%,uzo on 0 (8)
or
u(x) =u(x+e), Yx)=y(x+e), p@x)=px+e) on i )

Here, e is a generic element of a basis of the torus, n is the outward normal vector of (g,
and

p=f') = VoV - (VaVi) (10)

where p is called the chemical potential. The boundary condition (8) is physically more mean-
ingful than the Dirichlet-type condition. In fact, we can work with the Dirichlet-type boundary
condition, u =1 = Ay =0 on 023 instead of (8) to get similar results. Those boundary condi-
tions can be incorporated in the functional spaces below. First we define the following spaces:

Wk’2 — {lp c Wk,Z

k—1
gk_ll”f =0 on GQB}, k=2

7 5(1p) = {ulu € (C3°)Y'((Cp2)"). V - u = 0}
T5 7Y = {ulue Wy )Y (WEDY).V -u=0}, k=0, p>1

per
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Then, interpreting J° in the generalized sense, the spaces we work with will be

Hy(Hp) = J32 x W (IR? x Wit

per

Va(Vp)=J57 x WIA(Ip? x Wik

per

We denote by 2 either of the two domains €23 and €2p, and we understand H=Hz(Hp) and
V =V;(Vp), respectively. Clearly, H and V are Banach spaces and V is compactly embedded
in H for p > 2d/(d +2). We also use the summation convention throughout this paper.

We first define a weak solution of (1)—(3) and afterwards we extend the definition to allow
measure-valued solutions.

Definition 1

We say that (u,yspn) is a weak solution of (1)~(3) on Q for (up, o) and 0 <t < T if
(u, ) € L>°(0,T; H), Vu e LP(0, T; LP), Vue L*(0,T;L?), f(¥)€L'(0,T; L"), and for any test
function (v, )€V, (u,Ys 1) satisfies the following formulation:

/Ql)'l/l(t)—/nl)'u():/o /Q (uiujaivj—vrlj(Du)aivj—¢U~V,u) (11)
/Qr/wa)—/nwo:/o/Q<wu~v¢>—mv¢>-w> (12)
/Quqﬁ: /Q(f’(w)¢+\/&W-V(\/&¢)) ae. 1 (13)

Note that all terms in (11)—(13) are meaningful. Indeed, W'? < L* for p > 3d/(d +2) and
d <4, oucLY0,T;(J"rY) for p > (d ++3d*+4d)/(d +2), and d,ucL? (0,T;(J"?)) for
p = (3d +2)/(d +2). The above equations are formally equivalent to (1)—(3) since
V- (aV © Vi) = VAV - (VAT + 1V VYP)

— iy + VYL + ()

In order to define a measure-valued solution as in Reference [15], we recall the space of
probability measures:

Prob(R*) = {1 € .#(R’), A non-negative, A(R*)=1}

where .#(R*) denotes the space of bounded Radon measures on R°. A mapping
AELX(Q x(0,T); #(R*)) if and only if
A:Qx(0,T) — #(R*) is a weak measurable function, that is, if the function

(1) = (Aer, F((x,),-)) = /R F((e,0);)d2, () VF € LY(Q x (0,T); Co(R*))

is measurable. Moreover, the norm

ess sup || A uwre)
(v.1) € Ax(0.7)

is finite.

Copyright © 2006 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2006; 29:1523-1541
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Definition 2

We say that (u, 4,{, ) is a measure-valued solution of (1)—(3) on € for (up, o) and 0 <t < T
if (u,p) e L>(0,T;H), VueLP(0,T;LP), 2€L2(Q x (0,T); Prob(R?)), VueL2(0,T;L3?),
F)eLY(0,T;L"), and (u, A, p) satisfies the following formulation:

T
—/ a,v-u—/v-uo
0 Q Q
T T
= / / (uiujaivj — v@ivj/ Tij <’/H2’7) d/lx,t(i’[) - lpl) . V,u) (14)
0 Ja Re

for all v € 2((—00,T);7"); (12)~(13) for all ¢ € W>2(W3;2); and

per

Ojui(x,t) :/ Nijdic () ae. in Q x(0,T) (15)
R#

Remark 1
When the measure ;= (0,,(x) is a Dirac measure at almost every point (x,7) € 2 x (0,7)
we have

n+n'

w0 = [ o (U5 ) aim

and a weak solution is also a special measure-valued solution.

3. EXISTENCE AND LYAPUNOV FUNCTIONAL

First, we recall a special case of the Gargliardo—Nirenberg inequality [18] which will be used
in this paper as

Lemma 1
Let i, j, and k be non-negative integers, j < i < k and either v € H¥(2p) or UEngr(QP) with
Jo, Viv=0. Then

_ (2k—-2i—-d)p+2d

i » < j az k 12—a —
IV0lle < CIVRll V¥l o= "= =5F (16)
2< p<2d/Q2i+d—-2k) if2i+d>2k
2<p<oo if2i4+d <2k
Let us prove some useful a priori estimates.
Lemma 2
Given (u,y), a smooth solution of (1)—(3) with (8) or (9), we have
Jwo= [ wo (7)
Q Q
t
0)+2 [ ey + mVi1<0(0) (18)
0Jo
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where
0= / W2 + 21 (W) + o VY P)
Q

and u as in (10). As a consequence, for a constant C > 0

t
0 +C [ [ 19 + [9P1 < 00) (19)
Proof
First, (17) can be obtained easily. Indeed, integrating (3) and using the divergence theorem,

we recover (17) since the boundary terms vanish due to the boundary conditions. Next, we
multiply (1) by u and (3) by g, then add them after integrating them. Using the divergence

theorem, we have
/ u-Vuu; =0
Q
QV'(V'E)'”:—/;ZV'E,'] -8,-uj
[ acrwy+ avy)=2 [ wou
Q Q
[ V= [ V-~ [ u Vv (vavn)
0 o) 0
:—/u~V-(ocV1ﬁ®le)
Q

Using the above identities and integrating with respect to the time, we arrive (18). Since
'L'ijailxlj = 'E,'J'D,‘j(u) = 0 then

/sz‘jai”j = /Vlfijai'/lj 27)1“/4/ |Vul|?
Q Q Ja
by assumption (7). Using this fact, we reduce (18) to (19). O

In view of Lemma 2, we shall denote from now on

M:/Q%

We shall analyse separately the Navier—Stokes case in three-dimensional space because it
is not included in p > 11/5 but its linear behaviour in main part still allows the existence of
weak solution.

Theorem 1
Given an initial data (uo,0) €H with f(y)€ L', for p > (3d + 2)/(d + 2) there exists
a weak solution (u,y) to (1)—~(3) for any 7 > 0.

Copyright © 2006 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2006; 29:1523-1541
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Proof

We use the Faedo—Galerkin argument. We first show the theorem for f growing at most
quadratically near infinity. Let {&,i€ N} and {p;,i € N} be an orthogonal basis of J!?
and W'2(W,;?), respectively. Clearly, py=1/| and (&,p;), i,jeN forms an
orthonormal basis for H. And, let P{ and P}, i€ N be the projection operators onto span
(¢1,...,¢&) and span(py,..., p;), respectively. We consider the approximate solutions, (¢, y/*, u')

€ span((&1,p1),...,(Eipi)), i €N of the following system:

o' + Pi(u' - Vu')=P(V - (V7)) + Pi(' V') (20)
O+ Py - V)W =PV - (m'V ) b
1=Pi(f' (") — ViV - (Vi V) (22)

where of, Vv, m', and tj; correspond to (',)'). We note that P in (22) makes the system
consistent and is useful to obtain the essential estimates. For any i € N, the above system is
a system of ODEs thus, for the initial data (u, ) = (Piug, Piyo), the above system has
a (local in time) unique solution, (u/,y/, u*). Exactly as in Lemma 2 using the idempotency
of projection operators, (u',y, ') satisfies (18) and Ply(¢+)=Pl, i €N like (17). Since f
grows at most quadratically in this case,

[rap<cc [ wp<cec [k

Then, O(up, Y)(#) < CO(uo,Yo) and thus O(u', ' )(t) < CO(uo, o) by (19). By (22),

L
Q

_ \ [+ Vavy v

<C+C [ W+ [ [P <€+ O bo)

Therefore, due to the continuity of the local solution (u/,y/, '), i€ N and its uniform
boundedness in time, we can shift to 7. Further, for any T > 0, (¢/,y/") € L>°(0,T; H), Vu' € L?
(0,T;L?), Vui € L*(0,T;L?), and u' € L*(0,T; W'?) uniformly with respect to i € N.

Next, we multiply (20) and (21) by ve J"? and ¢ € W"2(W;?), respectively, to calculate
0’| (g1ry and [|0)'||r-1. Indeed,

/ u@u - VP — / Vit VPiv — / WP V!
Q Q Q
< C(lt o + 72050+ [V I DIP el

W s [Pl | VR 2

here, we used the fact, V- Piv=0 and p > 3d/(d + 2). Subsequently,

(0, v)| =

-1
o)

(@i, 0)] < C [PV |12+ 9275(1 + [V

W e 1V 1 )Pyl

Copyright © 2006 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2006; 29:1523-1541
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by the interpolation and Sobolev inequalities for f=d/[(d+2)p—2d]. With the fact ||P}v||y.,
<||v||y0, (17), the Poincaré inequality, and (19), and chosing 6 > 1 such that 286 < p
and J < p’, we deduce

/Hatunw CT + M + (o, 10 )*") (23)

for any 7 > 0. The limit case d =1 corresponds to the values p = (d + v3d? + 4d)/(d + 2)
already found in Reference [15, p. 220].
Considering

Lowe| | [v-m [ - riomn

< W Nzl + vl VNIV P2

and applying the Sobolev and Poincaré¢ inequalities, (17), and (19), we have

T
/0 10 -1 < C(1+M* + QGuos o) (24)

for any T > 0. Therefore, for any 7' >0, using a well-known compactness theorem [14],
we can find a subsequence of u' converging strongly in L?(0,T;J%%), since WP« < L2
if p>2d/(d +2), a subsequence of ' converging strongly in L?(0,7;L?), and a subse-
quence of u' converging weakly in L*(0,7; W'?). We denote the limits by u, ¥, and g,
respectively. Then, for any 7 > 0, u € L>(0,T;J*?)NLP(0,T;I"P), y € L>=(0,T; W'?), and
Lemma 2 holds for (u,y, u).

To pass to the limit of the nonlinear term, we refer that the density-dependent coefficient
keeps the monotonicity property as

/(v(xb")r" —v(y)v) (D —Df)z/ vy )7 — ) 1 (D' — D7)
Q Q
+ [ W) v (0 - D7)
Q

for two solutions (u/,y/, ') and (u’/,y/,;/). Thus applying monotone arguments (see
Reference [14]) where the convective term has meaning if and only if p > (3d +2)/(d +2)
which corresponds to é = p’, the limits satisfy (11) and trivially (12). Since f’/f =o0(1) and
FY)eL>(0,T;L"), (13) also holds for p.

We next consider the case of f growing faster. In this case, we can approximate f by a
sequence of f; >0, j€N growing at most quadratically and satisfying (| < f> < --- < f.
In fact, we can define that f;(y)=f(y) for |y| <j, f;(»)=1/2(f;(j) + f,(j + 1)) for
|¥| > j+ 1, and then make a smooth and monotone interpolation. Then, we have a sequence
of solutions (u/,\/,u’) for each f; which satisfies all the above results. For each [, jeN,
O(uo, Yo)(f ;) < O(uo, o)(f) since f; < f. Thus (u/,\y/,p/) is again a bounded sequence
and we can find a limit (up to a subsequence) (u, ;) under the same topology as before.
By Fatou’s lemma, we further deduce (u,y, ) satisfy (19). The limit is verified to satisfy

Copyright © 2006 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2006; 29:1523-1541



NON-NEWTONIAN INCOMPRESSIBLE FLUIDS WITH PHASE TRANSITIONS 1531
(11) and (12) in a similar fashion as before. Using the fact ()€ L' and (5), we can also
show (13). 0

The corollary of the above theorem shows that the space of the solution sitting is actually
similar to that of the classical Cahn—Hilliard equation.

Corollary 1
Under all the assumptions of the above theorem, suppose further that o is a constant and that

ron<ca sy e (25)
< + |yl
4 4 forany r >0 ifd=2
Then, the following estimate holds:
T
[ IV < 1+ T ¥ 00 )0(0) (26)
0
for any p > 1.
Proof

Considering that all components of the Galerkin system p;, i € N are eigenvectors of —A, we
only need to show that AV € L*(0,T;L?). By (13), aAVYy = f""(y)Vy — Vu. Using (25)
and (16), we obtain

LF WOV < LAz Ve
< CA A+ WYlHIVl: IV Al

Applying the Poincaré inequality, we have

7

for both the cases »=3, d =3 and any » > 0, d =2. Then we infer

rr S CM + [[V|12)

1AV |2 < ClIVall + COL+M¥ 4D 4 [y D) vy
using the Young inequality. This proves (26) taking into account (18). O

Corollary 2
Under all the assumptions of the above corollary, the existence of weak solution remains valid
in the case of Newtonian fluids for t = D(u) and d =3, and we have further (u,y) € L*(0,T; V)
with p=2.

Proof

The proof for the case t=D(u) and d =3 is identical to the proof of Theorem 1, since we
can derive the same estimates for the Galerkin approximations and the weak convergence of
Vu' to Vu in L? is sufficient to pass to limit (20). Then, we have further (u,y) € L*(0,T;V)
with p =2, taking into account the regularity property given at the above corollary. O

Copyright © 2006 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2006; 29:1523-1541
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Corollary 3
In the absence of the external forces, (u,1/) € H is a stationary stable solution if and only if
u=0 and  is a local minimizer of

0u()) = / 2 VYL + 21 ()

Proof

As Q is a Lyapunov functional of system (1)—(3), (0,1) is a stable stationary solution in H
if Y is a local minimizer of Q. On the contrary, if (u;,\q) is a stable stationary solution in
H, we can consider the Cauchy problem with initial data (uy,;). Then the solution obtained
by Theorem 1 must satisfy (18). However, the solution is just (uy,y;), which means u; =0
and therefore Q= Q. Since (u;,Yy) is stable, Yy is a local minimizer of Q. O

4. MEASURE-VALUED SOLUTIONS

Let us recall first the following consequence of a theorem on Young measures which is the
basis to the existence result of measure-valued solutions (cf. [15, Corollary 2.10, p. 172]).

Lemma 3

Let O C R? be a bounded open set. Let z' be uniformly bounded in L”(Q)°. Then there
exists a subsequence still denoted by z' and a measure-valued function A, such that, for all
7 : R® — R satisfying for some ¢ > 0 the growth condition

Kl < C(L+[n)? Vel
we have
1(z")— 1 in L'(Q)
where
(y) = (4y,T) ae. in Q
provided that 1 <r < p/q.

Theorem 2
Given an initial data (ug, o) € H with f (o) € L', for p > 2,(d =2,3), there exists a measure-
valued solution (u,y) to (1)—(3) for any 7 > 0.

Proof
As in the proof of weak solutions, we first start with the case f growing at most quadratically
near infinity. Let {&, i€ N} and {p;, i€ N} be an orthogonal basis of J*2, k > 1+ d/2
(cf. Reference [15, p. 206]), and W"2(W.?), respectively. Then there exists an approximate
solution (u/,y/, u'), i € N such that, for any 7 > 0, («//, ) e L>(0,T;H), Vu' € LP(0,T;L?),
oW e L0, T; H™"), Vil € L*(0,T;1L?), and p' € L*(0, T; W'2) uniformly with respect to i € N.
However, estimate (23) is not valid for p < 3d/(d +2), that is, 2 < p < 11/5 when d =3.
In order to prove an estimate for d,u' in L7 (0, T;(J*?)), we take ve L?(0,T;J*2) such that

Copyright © 2006 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2006; 29:1523-1541
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HvllLP(O,T;Jk‘z) < l in (20) lt fOllOWS

T T
LA@MWN4<CAwmzwmmw+u+wWAﬁmwmwu

+ W 2 1Pollos [V 2 de
A o
< C(”ul”%OO(O,T;LZ) +1+ ”Vul”fp(o,T;Lp)
+ W | 0. IV 1 | 20,722 P oo, e

remarking that ||P!v| > <||v[|y> and that k > 1 + d/2 implies that Vve (WF-1.2)dxd
(L>)?*4. Then the a priori estimate holds and the limit processes follow as in the proof of

Theorem 1, except for the term
T
[ [ vy pe)
0o Ja

for all v € Z(—o0,T; ¥"). Applying Lemma 3 with 0 =Qx(0,T), Z2=D'), q=p—1,r=p’
and s =d?, we have

t=1t(DW)) — 7 in L7 (Q x (0,T)*
where

T
7,(n1) = /R W (’“;’”’) i) ae. in Qx(0,T)

Therefore, since ' — 1 a.e. in Q x (0,T) and v is a continuous function satisfying (4), we

conclude
/OT/QV(W)Ti :D(U)—>/OT/QV(¢)'E:D(U)

for all v € Z(—o0,T; 7).
Assertion (15) is obtained as in Reference [15, p. 212], that is, applying Lemma 3 with
t=id, g=1, r=p and s=d". O

5. UNIQUENESS OF WEAK SOLUTIONS

In this section, we assume that
o, m, v are positive constants
and the viscous stress tensor 7 satisfies (6) and, for some constant ys > 0,
(O =) (=& =pslc— &P v, EeRrq, (27)

under the restriction p > 2 (cf. Reference [15, p. 198]). Let us prove uniqueness for this case
if d=2 and for p=5/2 if d=3.
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Theorem 3
Assume p = (d +2)/2 and (25). Then, there exists a unique weak solution for (1)—(3) for

a given initial data, (ug, )€ H with f(yo)€L'.

Proof
Let (v1,y1), (v2,Y2) be two weak solutions given by Theorem 1 for the same initial data and

let (0,y) = (v1 —v2, Y1 —2). Since we can take ¢ =1 in (12), we can assume [, Y (1) = [, Vo,

k=1,2. In particular, [, =0. Similarly, [,7=0 when Q=Qp. This fact allows the
application of (16) for i= ;=0 in several occasions. We subtract the equations for (v,,1)
from (v1,yy) and integrate them after multiplying by (7,1) to obtain

) / WP+ 2mo / PP < 2m / AT ) — /)| +2 / 5 Vil
< CIAP /W) — £/ W)z + Clolie [Tl [z
) /Q o + 2075 /Q VP < 20 /Q (VAW [E0] + |AP] Vvl 5]) + 2 /Q B8T: Vo

< CV AW | [T0]l: + € / AP

+ CeHEHEZ ||V¢2||z°° + C||Vuva||zr HE”iuw—l)

here, € > 0 is arbitrary. Using the mean value theorem and (16), we have

/@) = £/ @)l < 1/l < CIPIE AW LS (E)llas
for some measurable &(x) € [Yq(x), Y2(x)] a.e. x €. While,

IV Al 59 |2 < 1V A |22 1] 2 1]
< CIIV A 18),2° Vol 2 I A
< Ce| VA 121812 + CellV A |17 17
e AV + ¢ V2
and
IV 0o [Tl 2o < (V2o [ 377 V0] 127
< Cel|Vor [~ + €l| Vol
Then, taking € small enough and denoting 4 = 5|2, + |[|%., we obtain
0,4 < CA(L+ [Vl + /(DI + VA + ([ Veal 7227~
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Due to the assumption on f, we have

LA (Ol < CA+ 1SN ) < CA + [Wallzs + IW2llz)
< CA+ IVl + [ Viallz: +M7)
and due to (26) and (18), we obtain

L+ [V e + LSOOI + VA |2 + Voo |77%P~D e L1(0,T)

where we take into account that 2 p/(2 p—d) < p is equivalent to the assumption p > (d+2)/2.
Therefore, we can apply the Gronwall lemma and conclude A(¢)=0 for all ¢ > 0. 0

6. REGULARITY IN TWO DIMENSIONS

In this section, we assume that
o, m, v are positive constants, and d =2

Now the viscous stress tensor is described by a differentiable functional, that is, there exists
a strictly convex potential U € C*(R% ) of t such that, for some pc(1,00) and positive

constants ¢ and y7, o
G0 = SO U0 =) =0 (28)
ij U
g O8> 1l + (29)
U L+[L)P™2 WL EeR; 30
O] S Vi EeRd, (30)

For U(D(u))=|D(u)|*>, system (1) reduces to the Navier-Stokes equations. When
f"(»)=0(|y"), r < oo as in Corollary 1, then (u,}y)(¢)€V a.e. in time. We shall show
that in fact, (u,)(¢) €V for all £ > 0 and the solution is then the unique strong solution.

Lemma 4
Let (u,) be the weak solution we have found for p > 2. If further uo € J'? and (25) holds
in the case d =2, then u€ L>(0,T;J"?) and for any 0 <t < T

t
IVullZ(6) + vye /O IV2ullZ < [VuollZe + C(1+ T+ M*¥ + 0(0Y)Q(0)° (31)
Proof
Considering the Galerkin system (20)—(22) for the eigenvectors of the Stokes operator in
W22(Q)?, we can multiply the ith equation by /;&(t), where Z; are the corresponding
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eigenvalues, and sum over i € N. Thus, we can suppose u is smooth enough and do a priori
estimate. Multiplying Equation (1) by Au and integrating it,

1
30 [ 1V v [ (L4 197219 <o [ 10199 A (32)
Q Q Q
taking into account
—/(u -Vulu = / Oxu;0ju;Oxu; + / u;0u;Oput; = 0
Q Q Q
Indeed, each term vanishes for d =2 using (2). For p > 2
1 vy
30 [ 1 vy [ 1VPuP < CIAYIE TV + 2 V2l
2 Ja Q 2
By (16), we have

) / IVl + vys / V2l < CIVYIE IV

Then (18), (26), and the above inequality imply (31), completing the proof. O

Lemma 5
If p>1,uocI"?, Yo W??, feC? and f”, f" both satisfy the growth condition (25) in
case d =2, then a solution for (1)—(3) satisfies

HAlblliz(tha/o IA%I2 < [ A%z + CIO(0) +

(1+ T+ M+ 0(0)")(Q(0) + 0(0)* + 0(0)")]

Moreover, u € L>(0,T;J"2)NL*(0,T;J>?) for p < 2.

Proof
We apply A to (3) and multiply it by Ay. Then integrating it using divergence theorem, we
have

at A 2\_ A2 2 - M, AZ A / AZ
/Q\ uP < 2ma/ﬂ| v +/Q|u M,V w|+2/9| F1)lIA%Y,
< —mo /Q AP+ C /Q (ju— MJIVYP + 1AL W)
Here, M, =1/|9Q| [,u is added since
. _1 . 2_
/Q AM, - VY)Y = 3 /Q M, - V|AYP =0
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By (16) and the Poincaré inequality,

/Qlu — MV < flu = MLV i~ < Cllulz V]2V

/Q AL WP < /Q (/" WIPIAYE + [f WPV
< U1+ W) NAY B + Vi)

< C(L+ MY + VYOV 22 V4

+ VYL IV )
Rearranging the terms and using (18), applying Young inequality and (26), we obtain
o0 [ 180F [ 1A% < CQlulls + VUV

+ O+ MY + VY[ (VI + 1VIE)

Integrating with respect to time, we recover the inequality.

1537

To prove that u € L>(0,T;J"?)NL*(0,T;J*P), we argue as in Lemma 4 to obtain (32).

Applying the result given in [15, p. 227] for 1 < p <2

IV2ul7, < CI(u)(1 + || Vul )7

for some constant C > 0 and .%,(u)= [,(1 + |Vu|)?~2[V*ul*. Hence, we obtain

1
Eat/ﬂ Vul? + vpsfp() < o2 Al [Vl [ V2ul| Lo

< ClAY L IVl 7, 2 ()1 + || V] )22

By Holder inequality, we have

V7o (1 + [[Vul| ,)> =7

00 [ 1VuP + viasw) < ClAVIE,
Q
Integrating in time this yields
t t t
IIVMIIiz(t)ﬂLV%/0 Sp(u) < || Vo |72 +C/0 1AV IV +/0(1 + [Vullp)”

Then using the regularity for ¥, (19) and rewriting (33) as

T T
| 1wl < <T+ sup wﬁz(r)) |
0 te[0,7] 0

the required result follows.

(33)

0
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As a direct consequence of the above two lemmas, the weak solution we have obtained
satisfy almost everywhere the equations. From Lemmas 4 and 5 and Theorem 3, we can state
the following regularity theorem.

Theorem 4
For p > 1, up€J"2, o€ W2 with f(yo)€L', there exists a solution in

L0, T; I x W22 NL*0,T;J** x W*?) if p>2
L0, T; I x W22)NL*0,T;J>7 x W*?) if p<2

and the solution belongs to V (p=2) as soon as ¢t >0 if f€C? and f”, /" both satisfy
(25) in case d =2. Moreover, this solution is unique if p > 2.

Proof

For p =2, denoting by (u,{) the unique solution given by Theorem 3, Lemmas 4 and 5
guarantee that this solution belongs to J'“2 x W?? for any ¢ > 0. For any 0 < t; < tp, u(t),
V(t)€(L9)?, Yg > 1 and (t) € L> uniformly with respect to ¢ € [¢1,%,]. Thus

O+ A = u- Vi + Af(Y) = he Lt 1;12)

Therefore, y € W3? for t; <t < t,, which finishes the proof for p > 2.

For 1 < p < 2, arguing as in the proof of Theorem 2 with k£ =2, we obtain an approximate
solution (u/, Y/, u') i € N such that, for any T > 0, (u/,yy") € L>>(0, T; H), Vu' € L?(0,T;(L?)*),
oW e LX(0,T;H™"), Vil € L*(0,T;(L?)?*), and w' € L*(0,T; W'?) uniformly with respect to
i€N; and J,u' belongs to a bounded set of

L0, T5 (W2 7))
with y = min(p,2(p — 1)). Indeed,

(0t 0)| < Nl [V |2 [Py 0llzoe + 9297(1 + [Vl |[20)P~HIV PO o

L’
+ol| A2 [Vl 2 1 Pro]
=hL+5L+15

Let us estimate /,,/, and /3 separately. Due to the interpolation inequality (see Reference
[15, p. 232], for instance)

2—p)2(p—1)

||uHL2[7/(2—F]

3p—4)/2(p—1
leall o < [l 3PP

we have
! ! 14+((2— p)/2(p—1
[ nde < il [ IV D Pl e dr
0 0

in1/2(p—1
< CHulHL/p(((){]T;JRP)||U||L2(P*1)(ZP*”(O,T;W“)
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The second one yields

T T
/ Izdt<C/ (1+ [Vt |10 )? |0l 22
0

C(l + H” ||Lp(0T.Ilp))”UHLF(O,T;WU)

taking into account that (W?>2)? — (W) if p > 1.
From Lemma 5, we obtain

/OT L dt < C||A‘//||L°°(0,T;L2)|VWLM(O,T,LZ)/OT [0]l=- dt
Hence, du' € L'(0,T;(W>2)>NJbPY), ' € L>(0,T;J*>?) p <2 and J>P < < (WhP)?,
p =1, then
Vu' — Vu ae. in Qx(0,T)
and also (since t;; € C! ([Risym))
(D)) = ©(D(u)) ae. in Q x(0,T)
By standard arguments [15, p. 224], this implies

//er D(v)—)/ /er D(v)dxdt 0

7. NON-DIFFERENTIABLE CASE

In order ((1)—(3)) to model a phase transition phenomena, since Y/(x,?) indicates the phase of
the system at (x,¢), it is required that |i/| < 1. In this section, we show that |{y| < 1 may be
obtained by using a standard penalization scheme for a non-differentiable free energy [16,17].
Let f=f1+ f2; f1 satisfies (5) and
0 for <1
f(y) = { v
+oo  for |y| > 1

The subdifferential of £, is denoted by 01>, and we set
') =

Definition 3
We say that (u,; ) is a generalized solution for (1)—(3) if for any (v,¢) €V with f,(¢)<c L',
(u, ¥, u) satisty the definition of a weak solution with (13) replaced by

/Q (= L1 — §) — VaVi - V(oY — $)))
> / () = [2(9)) ae. 1 (34)
Q
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Theorem 5

Given (uo, Vo) € H with |y] < 1 and f as above, for p > (3d+2)/(d+2) if d =2,3 or in the
Newtonian case 1= D(u) with p=2 and d =3, there exists a generalized solution of (1)—(3)
provided

(14 [yDI'(»)| < 20(y)

Proof
We first introduce the following approximating sequence of f5:

[3(»)=0 for |y <1

) =j(y* = 1)* for [y >1

Now, we consider the initial boundary problem (1)—~(3) with f/ = f| + fé. There exists a
weak solution corresponding to /7 by Theorem 1. We denote by (u/,/, u/) the corresponding
solutions. Since O(ug, Yo)(f7) < O(uo, Yo)(f) < oo, repeating the argument of Theorem 1,
we deduce that (u/,//), j€N is a bounded sequence in L>*(0,T;H), u/ in LP(0,T;J"P),
and p/ in L*(0,T; W'2) for any T > 0. Also, d,u’/ € L'(0,T;(J"?)") and 0/ € L*(0,T; H™")
uniformly with respect to j by (23) and (24). Thus, as j — oo a subsequence of (u/,y/, u/)
converges to (u,, n) strongly in L2(0,T;J% x L? x L*) and weakly in L2(0,7; H x W"2). It
is easy to show that (u, s, u) satisfies (11) and (12) as in Theorem 1. Due to the lower semi-
continuity of norms and the Fatou’s lemma, (u,\, 1) satisfies (18) with f. As a consequence,
Y| <1 for all t€[0,T]. Finally, we show (34). Without loss of generality, we can assume
f1(»)=0(|y*) as in the proof of Theorem 1. Then, for ¢ € W32 with f(¢)eL',

/ (1~ fL)W — §) = lim / W~ LN — ) a1
Q J Q
/ () — f2(¢)) < liminf / AW — i) ae.
0 J 0

We notice (a(yY/)+(f/ —P)a’(Y/))|V/|? is weakly lower semi-continuous since y/ converges
strongly in L? a.e. ¢ and a(y/) + (Y/ — ¢)a' (/) = 0 by the assumption. Therefore,

liminf | AV VAT = 6))
~ lim inf / (W) + oL Y — )V — / WYV
J Q Q
/ _ 2
> /ﬂ(oc—i—oc(l// IV /rowvd) ae. t

This proves (34) and completes the proof. O

Finally, we also obtain the existence of a measure-valued solution in the following theorem,
for p = 2(d =2,3).
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Theorem 6
Under the assumptions of Theorem 5, there exists a measured-valued solution (u, 4,V )
satisfying Definition 2 with (13) replaced by (34).

Proof
The proof is similar to the one of Theorem 5, replacing d,u’/ € L'(0,T;(J"?)) by d,u’¢c
L7 (0,T;(J*2Y), k > 1+d/2, and arguing as in Theorem 2.
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