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The knowledge of biodiesel density over large ranges of temperature and pressure is important for pre-
dicting the behavior of fuel injection and combustion systems in diesel engines, and for the optimization
of such systems. In this study, cottonseed oil was transesterified into biodiesel and its density was mea-
sured at temperatures between 288 K and 358 K and pressures between 0.1 MPa and 30 MPa, with
expanded uncertainty estimated as ±1.6 kg m�3. Experimental pressure–volume–temperature (pVT)
cottonseed data was used along with literature data relative to other 18 biodiesels, in order to build a
database used to test the correlation of density with temperarure and pressure using the Goharshadi–
Morsali–Abbaspour equation of state (GMA EoS). To our knowledge, this is the first that density measure-
ments are presented for cottonseed biodiesel under such high pressures, and the GMA EoS used to model
biodiesel density. The new tested EoS allowed correlations within 0.2 kg m�3 corresponding to average
relative deviations within 0.02%. From these results of correlation with the GMA EoS mechanical coeffi-
cients such as thermal expansivity, isothermal compressibility and internal pressure were calculated. In
spite of their effect in power and fuel injection, those properties are rarely presented for biodiesel, espe-
cially at high pressures. As a remarkable result of this study, it was found a crossing point for the thermal
expansivity, where isothermic curves cross. The built database was used to develop and test two new full
predictive models valid up to 373 K and 130 MPa. One of the proposed predictive methods (4PGMA) fol-
lowed from the GMA EoS, and the other (DU) was derived from the observed linear relation between den-
sity and degree of unsaturation (DU), which depended from biodiesel FAMEs profile. The average density
deviation of 4PGMA was only about 2 kg m�3, and 3 kg m�3 for the DU method within the temperature
and pressure limits of application. These results represent appreciable improvements in the context of
density prediction at high pressure when compared with other equations of state.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Chemically, biodiesel is a mixture of monoalkyl esters of long
chain fatty acids obtained from vegetable oils, animal fats, or their
mixtures. It is produced by transesterification of triglycerides with
a short chain alcohols, such as methanol or ethanol in the presence
of a catalyst, leading to fatty acid methyl esters (FAMEs) or fatty
acid ethyl esters (FAEEs) and glycerol. The main components of
biodiesel are palmitate, stearate, oleate, and linoleate esters [1,2].
In diesel engines, the injection is one of the most important param-
eters for high performance. An appropriate quantity of fuel must be
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delivered into the engine cylinder and mixed with air to achieve
proper combustion mixture. This operation is carried out under
pressure, usually at p � (15–50) MPa and moderate temperature
T � (300–350) K, and is strongly affected by the fuel density [3–
5]. With the common rail injection technology the pressure can
reach up 100–120 MPa [6,7]. Therefore the simulation of biodiesel
production, blending, and design of injection systems requires
accurate knowledge of volumetric properties over wide ranges of
pressure and temperature. Literature usually reports biodiesel den-
sity measurements made close to the ambient temperature (285–
295) K and atmospheric pressure [8–14] and few measurements
of this property have been reported in wider temperature ranges
[15–20]. The inclusion of pressure has been made in the works
by Pratas et al. [1], Tat and Van Gerpen [2,21,22], Nikolic et al.
[23], Aparício et al. [24], Dzida and Prusakiewicz [25], and recently
by Chhetri and Watts [26] and Schedemann et al. [27]. Since den-
sity depends on the used raw material from which biodiesel was
produced, FAMEs profile is crucial for applying the correlation
and prediction models to that property, which also has not been
provided by authors [23–25].

To correlate pure FAME and biodiesel densities the Tait equa-
tion of state (EoS) [28] has been used [1,24,27]. Pratas et al. [1]
used this EoS to correlate density of pure FAME (methyl laurate,
myristate, and oleate), methyl biodiesels from palm (P), soybean
(S), and rapeseed (R) oils, binary (RP, SP, SR) mixtures, and ternary
mixture (SRP) for temperatures from 283 K to 333 K and pressures
up to 45 MPa. Schedemann et al. [27] used Tait equation to corre-
late data for methyl linoleate at temperatures between 278 K to
367 K and pressures between 0.4 MPa and 130 MPa. The relative
deviations in density obtained from those correlations have been
usually lower than 0.01%. Cubic equations of state such as the
cubic-plus-association equation of state (CPA EoS) [29,30], and
the volume translated Peng–Robinson (PR) equation of state (VTPR
EoS) [31] have been applied to density correlation and prediction.
The CPA EoS combines a physical contribution from a cubic density
EoS (Soave-Redlich Kwong EoS) with an association term account-
ing for intermolecular hydrogen bonding and solvation effects,
which disappears for non-associating components, such as esters.
The VTPR EoS uses the cubic Peng–Robinson EoS in which the pre-
dictive UNIFAC group contribution method developed by Dort-
mund [32] is employed for calculation of the needed parameters.
Pratas et al. [1] applied the CPA EoS to correlate pure FAME density,
and the calculated pure component parameters were applied to
predict the density of methyl biodiesels with deviations ranging
from 0.79% to 2.5%. Schedemann et al. [27] used the VTPR method
to predict density data of methyl linoleate and biodiesel. For the
biodiesel deviations �1% were found at 396.8 K and pressures up
to 55 MPa whereas at temperatures lower than 386.9 K and pres-
sures up to 130 MPa deviations ranged from �1% to �7%. More
complex EoS such as variants of SAFT EoS were also used. The SAFT
EoS is based on a clear physical molecular model, assuming that a
molecule is composed of chains of freely jointed spherical seg-
ments and several intermolecular forces are taken in consideration
[33]. Recently Oliveira et al. [34] applied the soft-SAFT EoS to den-
sity prediction of FAMEs and of biodiesels measured by Pratas et al.
[1] and obtained mean deviations of 0.49%. Dong et al. [35] were
the first to apply the PC-SAFT equation of state using group contri-
bution methods for the calculation of parameters and prediction of
FAMEs and biodiesel densities. For FAMEs at atmospheric pressure,
deviations in density were less than 0.5%, and for biodiesels stud-
ied by Pratas et al. [1] predicted densities were all within 1% devi-
ation. Pratas et al. [36] extended a group contribution method
developed for the prediction of molar volume (GCVOL) under high
pressure. The prediction of biodiesel density with this method was
made with relative deviations between 0.2% and 0.7%. Recently
Meng et al. [37] revised the modified Rackett equation proposed
by Spencer and Danner [38] to predict biodiesel densities over
wide temperature range (298–523) K at atmospheric pressure.
The revised Rackett equation allowed the density prediction for
three biodiesels with a maximum deviation of 0.42%. An attempt
was made to use fundamental relations of thermodynamics in par-
ticular the Helmholtz free energy [16] to model thermodynamic
properties of biodiesel. Using this approach, biodiesel density
was predicted within 0.6% deviation for temperatures between
278 K and 333 K. A new interesting approach and never applied
to biodiesel for the correlation of density is provided by the Gohar-
shadi–Morsali–Abbaspour equation of state (GMA EoS), which was
found valid for polar, non-polar, and H-bonded fluids [39]. The
GMA EoS equation is based on the theory of the average potential
energy and has shown linear behavior for various thermodynamic
properties. The existence of such regularities is very important
because they can be used for safe extrapolation in the density cal-
culation for high pressures.

In this work, densities of cottonseed biodiesel produced by
transesterification of oil (PCS) were measured at pressures
between 0.1 and 30.0 MPa and temperatures from 288 K to 358 K
using a vibrating tube densimeter, model DMA 512P from Anton
Paar. This work is part of a broader project aiming the determina-
tion of temperature and pressure dependences of the biodiesel
thermophysical properties, and their use in the monitoring and
control of this biofuel production. Density data regarding cotton-
seed biodiesel is very scarce in the literature compared with other
FAME diesels. Nogueira et al. [40] presented density data at tem-
peratures between 293.15 and 373.15 K at atmospheric pressure,
and Alptekin and Canakci [10] presented the value at 288.15 K.
To the best of our knowledge, no high-pressure results were pre-
sented so far for this biodiesel. Cottonseed is a byproduct from cot-
ton with high production level in many countries and it is
envisaged as an alternative oleaginous species traditionally culti-
vated for biodiesel production [41,42]. Moreover, cottonseed bio-
diesel can be considered a second generation biofuel, since it has
not been used in the human food chain and results from a cotton
crop waste. Also the studies on production [43] and use of cotton-
seed biodiesel as fuel for engines are increasing [41,44].

Aiming to gather a sufficiently large amount of data, and for the
sake of statistical significance for biodiesel density correlation and
prediction, the measured densities for cottonseed made in this
study were combined with biodiesel data provided by Pratas
et al. [1], Tat and Van Gerpen [1,22], and Schedemann et al. [27].

The information regarding all biodiesels was included in the so
constituted pVT database and used to establish correlations using
the GMA EoS, and the mechanical coefficients, such as the thermal
expansivity, isothermal compressibility and internal pressure were
calculated from this EoS. Two new models were developed to pre-
dict density as function of temperature and pressure. One of them
was derived from the GMA EoS. The predictive GCVOL for high
pressure used by Pratas et al. [36] was also applied to the fuels that
constituted the built database. The relative deviations of the pre-
dicted densities against experimental data were calculated for
accurate evaluation of the different predictive methods.
2. Experimental

2.1. Materials

The detailed specifications of all materials are summarized in
Table 1, where the FAMEs and N-heptane (used as eluent in gas
chromatography) are presented. The terminology (Cm:n) was used
for FAMEs, where m is the number of carbon atoms and n the num-
ber of double bonds of the related fatty acid. Table 1 also reports



Table 1
Sample material purities.

Material Supplier Cas
No.

Sample purity
(wt.%)

Properties

Sodium methoxide Fluka 124-
41-4

P97

Methanol Carlo
Herba

67-
56-1

P99.9

Methyl mirystate
(C14:0)

Fluka 124-
10-7

P99

Methyl Pentadecanoate
(C15:0)

Fluka 7132-
64-1

�99

Methyl palmitate
(C16:0)

Fluka 112-
39.0

P99

Methyl stearate
(C18:0)

Sigma 112-
61-8

�99

Methyl oleate (C18:1) Aldrich 112-
62-9

�99

Methyl linoleate
(C18:2)

Acros
Organics

112-
63-0

�99

Methyl linolenate
(C18:3)

Fluka 301-
00-8

P99

Methyl
heptadecanoate
(C17:0)

Fluka 1731-
92-6

P99

N-Heptane Sigma
Aldrich

142-
82-9

99

Cottonseed oil Acros
Organics

17711 Fatty acid
composition:
MeC14:0 and lower:
ca 1.5%; MeC16:0 ca
25%; MeC18:0 ca 3%;
MeC18:1, 16 to 24%;
MeC18:2, 50–55%;
MeC18:3 and higher
<1.5%

AV 6 0.5 mg
KOH g�1

SV = 185–
198 mg
KOH g�1

IV = 95–
115 g I/
100 g
UM < 1.5%
n = 1.4720–
1.4730
(20 �C,
589 nm)

AV = acid value; SV = Saponification value; IV = Iodine value; UM = unsaponifiable
matter; n = refractive index.
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the name, purity, supplier, and CAS number of each compound
used in this study.
2.2. Cottonseed biodiesel preparation

The transesterification of cottonseed oil was carried out in a
50 ml three-necked double wall jacketed reactor. The reactor was
equipped with a reflux condenser to avoid methanol losses, a mag-
netic stirrer, a digital thermometer (ERTCO-EUTECHNICS Model
4400 Digital thermometer) and one stopper to feed reagents. The
reaction vessel was initially charged with a known amount of cot-
tonseed oil (Acros Organics). Solutions of known amounts of
sodium methoxide in methanol were prepared and fed to the reac-
tor for transterification of the previously heated cottonseed oil.
After feeding, the reactor was air tight closed, and the temperature
maintained constant by circulating hot water through the vessel
jacket. The reaction mixture was held at a temperature just above
the boiling point of the alcohol i.e. around 65 �C. Excess alcohol
was used to provide enough driving force for total conversion of
the oil into methyl esters. After two hours of reaction the methyl
ester formation process was completed, so the heating and stirring
were stopped and the products were cooled and transferred to a
sedimentation funnel. The ester layer containing mainly FAMEs,
and the glycerol layer containing mainly glycerol and methanol
were separated. The biodiesel was washed and dried under vac-
uum to remove impurities and traces of moisture, respectively.
2.3. Biodiesel characterization

The so produced FAMEs were analyzed by gas chromatography
(GC) in a TRE METRICS 9001 gas chromatograph equipped with a
flame ionization detector (FID). A fused silica capillary column
DB-225 (J & W Scientific, Agilent) of 30 m length, 0.15 lm film,
and 0.25 mm internal diameter were used. Samples (1 lL) were
injected at temperature of 280 �C without split. Helium was used
as the carrier gas at a flow rate of 1 ml min�1, and also used as aux-
iliary gas for the FID. The following temperature ramp was used:
initial temperature of 70 �C maintained for 1 min, followed by an
increase of 10 �C min�1 up to 180 �C, and then 3 �C min�1 up to
220 �C maintained for 15 min. The biodiesel components were
quantified using heptadecanoate methyl ester as internal standard.
Calibration curves were developed using different concentrations
of each methyl ester in n-heptane with addition of internal stan-
dard. The composition (w/w)% of the cottonseed biodiesel (PCS)
was found from three injections: methyl myristate (0.93 ± 0.28)%,
methyl palmitate (26.76 ± 1.56)%, methyl stearate (2.81 ± 0.29)%,
methyl oleate (17.89 ± 1.71)%, and methyl linoleate
(51.61 ± 2.99)%.

2.4. Experimental density measurement

Cottonseed biodiesel densities were determined using an Anton
Paar DMA 60 digital vibrating tube densimeter, with a DMA 512P
measuring cell. The temperature in the vibrating tube cell was
measured with a platinum resistance probe (PT100). A Julabo
F12-ED thermostatic bath with ethylene glycol was used as circu-
lating fluid in the thermostat circuit of the measuring cell and the
temperature was held constant to ±0.01 K. The required pressure
was generated and controlled using a Pressure Generator model
50-6-15, High Pressure Equipment Co., with acetone as hydraulic
fluid. The diameter of the metallic tube was 1.59 � 10�3 m, and
the buffer had more than 1 m length, which guaranteed the inexis-
tence of hydraulic liquid diffusion in the liquid contained within
the densimeter cell. Pressures were measured with a pressure
transducer (Wika Transmitter S-10, WIKA Alexander Wiegand
GmbH & Co.). A PCI-6220 data acquisition board (DAQ) from
National Instruments (NI) was used for real time collection of per-
iod, temperature, and pressure values. For this task a Labview
application was developed. Modules of temperature (NI SCC-
FT01) and pressure (NI SCC-CI20) were installed into a NI SC-
2345 bus and connected to the DAQ board. The measuring setup
and the calibration of the vibrating tube densimeter were
described with detail in a previous paper [45]. The performance
of the densimeter was checked against water (Milli-Q) at temper-
atures (298.15, 318.15, 328.15, 338.15, 358.15) K and for each tem-
perature different pressures (0.1, 10, 20, 30) MPa were considered.
At each (T, p) coordinate the density was measured five times in
increasing pressure direction, and other five times in decreasing
pressure one. The repeatability in density was better than
0.1 kg m�3. The measured densities compared with the reference
NIST data [46], showed relative deviations in the range (0.03–
0.07)%, except for 358.15 K were deviations reached 0.15%. The
influence of viscosity on density uncertainty (damping effects on
the vibrating tube) for liquids with viscosities less than 100 mPa s
can be important. An approximate value of such uncertainty was
obtained using the method proposed by Anton Parr [47] for the
DMA 512P densimeter. From densities and viscosities presented
by Nogueira et al. [40] for babassu, soybean and cottonseed biodie-
sels the obtained uncertainty was 0.03 kg m�3 thus contributing
with a negligible value to the combined standard uncertainty.
The expanded uncertainties, U, were calculated with confidence
level 95% (with coverage factor k = 2) for temperature, pressure,
and density. The expanded uncertainties in temperature and



26 N.M.C.T. Prieto et al. / Fuel 141 (2015) 23–38
pressure were U(T) = ±0.02 K and U(p) = ±0.02 MPa, respectively.
The combined standard uncertainty of the density measurements,
estimated taking into account the influence of uncertainties associ-
ated with calibration equation [45], temperature, pressure, period
of oscillations (six-digit frequency counter), viscosity, and density
data of calibrating fluids was estimated as ±0.81 kg m�3. Hence,
the expanded uncertainty in the measurement of density by this
method was estimated to be U(q) = ±1.6 kg m�3.
3. Density database for biodiesels

The information concerning biodiesel density under high pres-
sures with detailed FAMEs profile is available in literature as
explained in Section 1. The composition of biodiesel is a crucial
issue for suitable application of the thermodynamic property mod-
els. Pratas et al. [36] have shown that discrepancies in density data
reported by different authors are usually due to differences in the
oil composition, and not caused by experimental errors during
measurements. Thus, biodiesel detailed composition must be
known for reliable prediction of their densities. The database used
for the development of density models containing 19 biodiesels
was built using measurements made by Pratas et al. [1], Tat and
Van Gerpen [2,21], and Schedemann et al. [27], and our measure-
ments regarding cottonseed biodiesel is presented in Table 2. The
equations of state used for density correlation by those authors
are also mentioned in that table. Tat et al. [22] presented density
values at 294 K and up to 35 MPa for methyl soy biodiesel. How-
ever, access to the values is difficult and uncertain because they
are presented in graphic form. Their biodiesel had practically the
same composition of N21 biodiesel, which was also measured up
to 35 MPa for temperatures between 293 K and 373 K. Dzida and
Prusakiewicz [25] measured density from 263 K up to 373 K at
atmospheric pressure and the values at pressures up to 100 MPa
in the range (293–318) K were calculated following a numerical
procedure proposed by Sun et al. [48]. However, the FAMEs profile
was not presented, neither by Nikolić et al. [23] who made density
measurements for rapeseed biodiesel at 293 K and up to 160 MPa
and presented density data in graphic form, which for our purpose
was useless. Density as a function of temperature at atmospheric
pressure for all fuels in the database is plotted in Fig. S1 (vd. sup-
plementary material). Density decreases as temperature increases,
as expected. Lower and upper density limits for the envelope den-
sity in the database correspond to N23 (methyl tallow) and N7
(methyl linolenate) fuels studied by Tat and Van Gerpen [2,21],
respectively. This was expected since density increases with
increasing content in unsaturated FAMEs and unsaturation level.
According to the biodiesel composition, the degree of unsaturation
(DU) can be calculated taking into account the amount of monoun-
saturated and polyunsaturated FAMEs (wt.%) present in the biodie-
sel by the empirical expression [49–51],

DU¼ðmonounsaturated Cn : 1;wt:%Þþ2ðpolyunsaturated Cn : 2;3; wt:%Þ
ð1Þ

From Table 2, the degree of unsaturation of N23 and N7 biodie-
sels were 49 and 153, respectively, being the lowest and the high-
est values of DU in database. The set encompassing the biodiesels
presented by Pratas et al. [1], the cottonseed biodiesel and the fuel
measured by Schedemann et al. [27] showed intermediate behav-
ior in density as function of temperature compared with N7 and
N23 biodiesels. All the fuels in the set presented lower contents
in C18:3 than N7 biodiesel. The C18:3 content ranges from a min-
imum of 0.09% (P fuel, DU = 62.0) to a maximum of 8.0% (SCHB fuel,
DU = 117.4). The cottonseed biodiesel showed a density value well
in the middle of the (temperature, density) plot, corresponding to
an intermediate DU. The degree of unsaturation is strongly
dependent on the C18:2 and C18:3 contents, which has great influ-
ence in the density, and therefore it is expected that this parameter
might be important in density calculations. For this reason we have
used this parameter to develop a predictive model of density.

4. Results and discussion

4.1. Density of cottonseed biodiesel

Conttonseed biodiesel pVT data measured during our experi-
ments is reported in Table 3 for temperatures between 288.15 K
and 358.15 K and pressures between 0.1 MPa and 30.0 MPa. To
our knowledge these are the first measurements for cottonseed
biodiesel under pressure. The experimental data showed that bio-
diesel density behaved as expected, meaning that density
decreases as temperature increases and pressure drops. The den-
sity at 288.15 K and atmospheric pressure is 884.1 kg m�3 and,
thus it is well within the limits between 860 and 900 kg m�3

required by the EN 14214 standard [52]. Comparing the density
of cottonseed biodiesel with those from other fuel in our database,
it was interesting to note that N21 had comparable values in the
same temperature and pressure ranges. This was very likely due
to the similar content in C18:2, which is known to have an impor-
tant contribution in density. Our density measurements were com-
parable with those presented by Nogueira et al. [40], whose
measurements were made at (293.15, 313.15, 333.15, 353.15,
and 373.15) K, and the ones presented by Alptekin and Canakci
[10] at 288.15 K, all data at atmospheric pressure (vd Fig. 1). Taking
linear representations of density data on the temperature obtained
for the present work and data presented by Nogueira et al. [40],
calculated deviations were between 0.1% and 0.4%. No explanation
was found for the differences between our values and those pre-
sented by Nogueira et al., since the measurement techniques were
similar, and the FAMEs profile of the samples were almost the
same resulting in comparable molecular weights (PCS:
M = 287.53, Nogueira et al.: M = 288.33) and degrees of unsatura-
tion (PCS: DU = 121.1, Nogueira et al.: DU = 129.7).

4.2. Density correlation

In the present work the GMA EoS was used to correlate density
with temperature and pressure of cottonseed and all the other bio-
diesels in the database built for this work. The GMA EoS is conve-
niently given by [39],

ð2z� 1ÞV3
m ¼ AðTÞ þ BðTÞqm ð2Þ

where z, Vm, and qm are the compressibility factor, molar volume,
and molar density, respectively. The temperature dependent
parameters A(T) and B(T) are given by the following equations [39]:

AðTÞ ¼ A0 �
2A1

RT
þ 2A2 ln T

R
ð3Þ

BðTÞ ¼ B0 �
2B1

RT
þ 2B2 ln T

R
ð4Þ

where A0 � A2 and B0 � B2 are the fitting parameters, and R is the
gas constant. Density at different temperatures and pressures was
calculated from

BðTÞq5
m þ AðTÞq4

m þ qm � 2p=RT ¼ 0 ð5Þ

The coefficients A0 � A2 and B0 � B2 of the GMA EoS regressed by fit-
ting Eqs. (2)–(4) to the pVT data through least-squares method Lav-
enberg–Marquardt method with confidence limits of 95% are given
in Table 4. Standard deviation, r, correlation coefficient r, number of
data points Np, are also indicated. The average relative deviation,



Table 2
Biodiesels used in this study: composition, degree of unsaturation (DU), density at 298 K (GCVOL), pVT ranges of measurements, and EoS reported in the literature for pVT
correlation.

FAME S R P SR PR SP SRP N5 N6 N7 N8

C10 0 0.01 0.03 0 0.02 0.01 0.01 0 0 0 0
C12 0 0.04 0.24 0.03 0.2 0.18 0.14 0 0 0 0
C14 0.07 0.07 0.57 0.09 0.54 0.01 0.38 3.0 0 0 0
C16 10.76 5.22 42.45 8.9 23.09 25.56 18.97 6.5 1.4 7.4 38.6
C16:1 0.07 0.2 0.13 0.15 0.17 0.11 0.14 4.1 0 0 0
C17:0 0 0 0 0 0 0 0 1.5 0 0 0
C18 3.94 1.62 4.02 2.76 3.02 4.04 3.28 1.9 0.7 3.7 44.1
C18:1 22.96 62.11 41.92 41.82 52.92 33.13 42.51 64.8 5.2 24.8 4.8
C18:2 53.53 21.07 9.8 37.51 15.47 31.72 27.93 9.1 86.5 2.9 2.4
C18:3 7.02 6.95 0.09 7.02 3.08 3.58 4.66 9.0 6.2 61.2 10.1
C20 0.38 0.6 0.36 0.46 0.49 0.39 0.45 0 0 0 0
C20:1 0.23 1.35 0.15 0.68 0.67 0.2 0.52 0 0 0 0
C22 0.8 0.35 0.09 0.46 0.24 0.32 0.33 0 0 0 0
C22:1 0.24 0.19 0 0.12 0.09 0.12 0.14 0 0 0 0
C24 0 0.22 0.15 0 0 0.63 0.53 0 0 0 0

DU 144.6 120.0 62.0 131.8 91.0 104.2 108.5 105.1 190.6 153.0 29.8
q298

m;GVOL
3.0037 2.9721 3.0652 2.9929 3.0198 3.0277 3.0114 3.0127 3.0044 3.0325 3.0372

M 292.77 295.08 284.32 293.43 289.49 289.20 290.86 290.79 294.1 291.97 286.26
Tmin 283.15 283.15 283.15 283.15 283.15 283.15 283.15 293.15 293.15 293.15 313.15
Tmax 333.15 333.15 333.15 333.15 333.15 333.15 333.15 373.15 373.15 373.15 373.15
pmin 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
pmax 45.0 45.0 45.0 45.0 45.0 45.0 45.0 34.5 34.5 34.5 34.5
qmin 857.1 855.2 848.2 854.9 849.7 850.8 851.6 820.8 833.1 838.2 821.4
qmax 916.0 913.8 907.4 913.6 909.1 909.9 911.0 897.7 909.6 914.9 884.8
EoS Tait Tait Tait Tait Tait Tait Tait TVG TVG TVG TVG

FAME N9 N17 N19 N20 N21 N23 PCS SCHB

C10 0 0 0 0 0 0 0 0
C12 0 0 0.1 0 0 0.1 0 0
C14 0 0 1.5 0 0.1 3.4 0.93 0.5
C16 20.9 15.2 25.5 4.0 11.0 26.3 26.76 7.9
C16:1 0 0 3.2 0.2 0.1 3.5 0 0.2
C17:0 0 0 0.5 0 0 1.6 0 0
C18 28.2 5.3 12.6 1.9 4.0 22.3 2.81 2.2
C18:1 15.3 57 46.3 65.4 23.4 39.9 17.89 58.6
C18:2 7.7 22.5 10.2 19.1 53.2 2.3 51.61 20.6
C18:3 28.0 0 0.1 9.4 7.8 0.6 0 8.1
C20 0 0 0 0 0 0 0 0.5
C20:1 0 0 0 0 0 0 0 1.1
C22 0 0 0 0 0 0 0 0.1
C22:1 0 0 0 0 0 0 0 0.1
C24 0 0 0 0 0 0 0 0.1

DU 86.7 102.0 70.1 122.6 145.5 49.2 121.1 117.4
q298

m;GVOL
3.0218 2.9973 3.0346 2.9789 3.0124 3.0422 3.0494 2.9854

M 289.95 291.88 287.39 294.57 291.99 286.09 287.53 293.75
Tmin 293.15 293.15 293.15 293.15 293.15 293.15 288.15 288.12
Tmax 373.15 373.15 373.15 373.15 373.15 373.15 358.15 396.76
pmin 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.4
pmax 34.5 34.5 34.5 34.5 34.5 34.5 30.0 129.8
qmin 827.8 827.8 817.4 820.6 824.9 813.2 837.2 802.9
qmax 903.5 902.9 893.5 898.6 900.5 890.0 899.7 938.5
EoS TVG TVG TVG TVG TVG TVG – –

Compositions of the biodiesels in mass percentage; Biofuels by letters refer to Pratas et al. [1] (S = methyl soy, R = methyl rapeseed, P = methyl palm, SR = soy + rapeseed;
PR = palm + rapeseed, SP = soybean + palm, SRP = soy + rapeseed + palm); N(number) refers to the biodiesels studied by Tat and Van Gerpen [2,21] (N5 = methyl oleate,
N6 = methyl linoleate, N7 = methyl linolenate, N8 = 2:1 methyl stearate/methyl linseed, N9 = 2:1 methyl linseed/methyl stearate, N17 = Oxidized methyl soy, N19 = methyl
lard, N20 = methyl canola, N21 = methyl soy, N23 = methyl tallow); PCS is the cottonseed fuel produced in this work; SCHB is the biodiesel specimen studied by Schedemann
et al. [27]. q298

m;GVOL/(mol dm�3); M/(g mol�1); T/K; p/MPa; q/(kg m�3). TVG: Empirical EoS by Tat and Van Gerpen [21].
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ARD, and the standard deviation for density, rq, calculated respec-
tively by

ARD% ¼ 100
XNp

i¼1

1� qcalc=qexp

��� ���
i

.
Np ð6Þ

and

rq ¼
XNp

i¼1

ðqcal � qexpÞ
2
i
=ðNp � kÞ

" #1=2

ð7Þ
are also presented in Table 4. In Eqs. (6) and (7), qcal and qexp are the
densities calculated from Eq. (5) and those experimentally deter-
mined for the measurement i, respectively, and k (=6) is the number
of adjusted parameters. The statistical indicators allowed to con-
clude that GMA EoS gives an excellent pVT data correlation for bio-
diesels, since the standard deviation in density is generally less than
0.2 kg m�3 and the ARD is less than 0.02%.

Under isothermal conditions, the quantity ð2z� 1ÞV3
m showed a

linear behavior with the molar density. The isotherms of
ð2z� 1ÞV3

m versus molar density are presented in Fig. 2 for cotton-



Table 3
Experimental values of density data (q), for cottonseed biodiesel as a function of temperature (T), and pressure (p).

pc (MPa) qa (kg m�3) at Tb (K)

288.15 298.15 308.15 318.15 328.15 338.15 348.15 358.15

0.1 884.1 877.6 871.1 864.4 857.7 851.0 844.1 837.2
1.0 884.6 878.2 871.6 865.0 858.3 851.6 844.8 837.9
2.0 885.1 878.7 872.2 865.7 859.0 852.3 845.5 838.7
3.0 885.7 879.3 872.9 866.3 859.7 853.1 846.3 839.5
4.0 886.2 879.9 873.5 867.0 860.4 853.8 847.0 840.3
5.0 887.3 880.9 874.5 867.9 861.3 854.6 847.9 841.0
6.0 887.4 881.1 874.7 868.3 861.8 855.2 848.6 841.8
7.0 887.9 881.7 875.3 868.9 862.5 855.9 849.3 841.8
8.0 888.5 882.3 876.0 869.6 863.1 856.6 850.0 842.6
9.0 889.0 882.8 876.5 870.2 863.8 857.3 850.7 843.4

10.0 889.6 883.4 877.1 870.8 864.4 858.0 851.4 844.1
15.0 892.2 886.1 880.0 873.9 867.6 861.3 854.9 848.4
20.0 894.8 888.9 882.9 876.8 870.7 864.5 858.2 851.8
25.0 897.2 891.4 885.6 879.6 873.6 867.5 861.4 855.2
30.0 899.7 894.0 888.3 882.4 876.5 870.5 864.4 858.3

a U(q) < 1.6 kg m�3.
b U (T) = 0.02 K.
c U (p) = 0.02 MPa.
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Fig. 1. Comparison between the densities of this work with values from the
literature. (a) D, this work; s, Nogueira et al. [40]; +, Alptekin and Canakci [10]. (b)
Deviations between the densities of this work (qthis) and values from the literature
(qlit). The line show the deviations from density of Nogueira et al. [40] taking linear
representations of data.
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seed and Schedemann et al. [27] biodiesels selected from our data-
base, having in consideration the differences in temperature and
pressure ranges at which density measurements were made. The
linearity holded well for all isotherms and was slightly improved
when shorter temperature and pressure ranges were considered
like in the cottonseed case. Good results were also obtained for
the other biodiesels from our database. The linearity seem to be
very important for safe extrapolation of density at high tempera-
tures and pressures.

Proceeding with the evaluation of the GMA EoS capacity to cor-
relate the density data for all temperatures and pressures, the rel-
ative deviations between experimental and calculated values with
Eq. (2) were evaluated. In Fig. 3, the relative deviation as a function
of temperature and pressure is shown for cottonseed and Schede-
mann biodiesels. Due to more restricted temperature and pressure
ranges of the fitting for cottonseed biodiesel the relative deviations
were very small, usually in the range ±0.02% (less than
±0.2 kg m�3), while for the biofuel measured by Schedemann
et al. [27] the deviations were usually less than ±0.05% (less than
±0.5 kg m�3). For the other biodiesels in our database the devia-
tions were in the same range as found for cottonseed biodiesel.

The relative deviations in density resulting from correlation
with the GMA EoS for all the biodiesels in the database at consid-
ered temperatures and pressures are given as supplementary
material.

4.3. Density prediction

4.3.1. The group contribution methods (GCVOL)
A group contribution method (GCVOL) for the prediction of

liquid densities as a function of temperature from the triple point
to the normal boiling point was presented by Elbro et al. [53]. In
that method (original GCVOL) the molar volume was calculated by

Vm ¼
X

i

niDv i ð8Þ

where ni is the number of group i in the substance and Dvi is a tem-
perature dependent group molar volume given by

Dv i ¼ Ai þ BiT þ CiT
2 ð9Þ

where the group volume parameters Ai, Bi, and Ci were obtained by
Elbro et al. [53], whose original model presented 36 different group
parameters for a large variety of chemical substances, including
alkanes, alkenes, aromatic, alcohols, ketones, aldehydes, esters,
ethers, chlorides, and siloxanes. The densities for strongly polar sol-
vents were predicted by this method with an average relative devi-
ation of 1% approximately.

In 2003, Ihmels and Gmehling [54] added 24 new groups to the
36 existing ones using the Dortmund Data Bank for Pure Compo-
nent Properties (DDB-Pure). With this extension (extended GCVOL)
densities of tertiary alcohols, alkynes, carboxylic acids, allenes,
cycloalkanes, fluorides, bromides, iodides, thiols, sulfides, sulfates,
amines, nitriles, and nitro compounds were calculated with an
average mean deviation of 1.5% for a database of 1040 compounds.
Pratas et al. [55,56] applied the original CGVOL to density predic-
tion of pure FAMEs present in biodiesel in greater content, and
those existing in minority. They concluded that for the majority
FAMEs the density can be predicted within an ARD of 0.5%, except
for the methyl linoleate since the model describes poorly the effect
of unsaturation on density. For the case of minority FAMEs and
FAEEs the density could be predicted within a deviation of 1.5%,
except for the linolenate esters at high temperatures, again due



Table 4
Fitting parameters of GMA EoS applied to the correlation of experimental pVT data of biodiesel fuels with 95% confidence limits. The standard deviation (r), correlation coefficient
(r), and number of data points (Np) are given. Also referred are the standard deviation in density (rq), and the average relative deviation in density (ARD).

Parameter R P S SR PR SP SRP N5

A0
a 156.6408 155.02365 �191.31330 �203.12707 �19.90696 88.19071 �76.56096 �11.65220

A1
b 57.4777 54.62277 �9.48038 �10.92667 21.34827 43.52531 12.35306 23.78009

A2
c �0.0916 �0.090737 0.1232171 0.1308369 0.0167058 �0.0490859 0.0525300 0.0121614

B0
d �49.4897 �44.08269 69.27326 74.10448 12.63065 �22.26999 32.08480 10.02161

B1
e �17.4004 �15.45037 5.47409 6.09774 �4.71302 �11.88194 �1.60108 �5.56848

B2
f 0.029599 0.026243 �0.043751 �0.046842 �8.56398 � 10�3 0.012664 �0.020847 �7.164697 � 10�3

rg 0.001653 0.000960 0.001426 0.001633 0.000928 0.000918 0.002572 0.001888
rq

h 0.09 0.06 0.13 0.14 0.06 0.06 0.15 0.14
r 0.9993 1.0000 0.9999 0.9999 1.0000 1.0000 0.9997 0.9999
Np 84 84 84 84 84 84 84 30
ARD% 0.008 0.006 0.013 0.013 0.005 0.005 0.010 0.012

Parameter N6 N7 N8 N9 N17 N19 N20 N21

A0 130.32820 �28.91800 117.74356 230.08141 �365.23193 146.2366 �12.2901 168.1241
A1 51.95599 19.70029 49.70914 74.50985 �45.43698 54.5771 25.0475 60.8676
A2 �0.074832 0.0226279 �0.0664370 �0.1343981 0.2292324 �0.0846 0.0128 �0.0974
B0 �35.802429 18.70439 �29.83708 �65.78690 136.99403 �39.8071 10.7011 �49.1615
B1 �14.65893 �3.54271 �13.51784 �21.47494 19.30164 �15.2526 �5.9416 �17.7889
B2 0.0209081 �0.012448 0.017005 0.038765 �0.085119 0.023366 �7.6505e � 10�3 0.028891
r 0.001772 0.002621 0.002117 0.002045 0.005443 0.001481 0.001989 0.001553
rq

h 0.14 0.22 0.16 0.14 0.39 0.12 0.73 0.11
r 0.9999 0.9995 0.9997 0.9998 0.9989 0.9999 0.9999 0.9999
Np 30 30 24 30 30 30 30 30
ARD% 0.011 0.018 0.014 0.012 0.032 0.010 0.064 0.009

Parameter N23 PCS SCHB

A0 112.1672 93.75307 31.96439
A1 47.5108 45.51811 34.23931
A2 �0.0637 �0.05195 �0.014476
B0 �28.5269 �25.7089 �4.14103
B1 �12.9304 �12.9335 �8.94477
B2 0.016435 0.014473 0.0015429
r 0.003008 0.001458 0.005861
rq

h 0.22 0.10 0.37
r 0.9997 0.9998 0.9998
Np 30 120 324
ARD% 0.018 0.007 0.033

a A0 (dm9 mol�3).
b A1 (MPa dm12 mol�4).
c A2 (MPa dm12 mol�4 K�1).
d B0 (dm12 mol�4).
e B1 (MPa dm15 mol�5).
f B2 (MPa dm15 mol�5 K�1).
g r (dm9 mol�3).
h rq (kg m�3).
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to the poor description of the polyunsaturation effect on densities.
Pratas et al. [36] also applied the original and the extended GCVOL
models to 18 biodiesel samples of soy, rapeseed, palm, cottonseed,
jatropha, and mixtures thereof at temperatures between 273.15
and 373.15 K and densities from 815 to 898 kg m�3, and obtained
overall ARDs of 0.6% and 2.7% for the original and the extended
GCVOL, respectively. To solve the precision lack for the polyunsat-
uration ester effect, Pratas et al. [36] found new parameter values
Ai, Bi, and Ci relative to the double bond (ACH@) contribution,
based on density data measured for FAMEs [55,56]. This revised
variant of GCVOL was applied to the 18 biodiesels leading to a
decrease in the overall ARDs to 0.25% in density, corresponding
to �2 kg m�3 [36]. Pratas et al. extended the revised GCVOL to high
pressures using the equation [36]

qðT; pÞ ¼ M
VmðTÞð1þ ApÞ ð10Þ

where q is the density in g cm�3, M is the molecular weight in
g mol�1, Vm(T) is the molar volume in cm3 mol�1 predicted by
revised GCVOL, and p is the absolute pressure (MPa). For biodiesel
the mean molecular mass is
M ¼
X

i

xiMi ð11Þ

where xi and Mi are the molar fraction and the molecular weight of
FAME i in the fuel, respectively. Pratas et al. obtained
A = �5.7 � 10�4 MPa�1 [36] by fitting Eq. (10) to high pressure den-
sities for laurate, myristate, and oleate methyl esters, reported by
Pratas et al. [55,56]. The Eq. (10) correlated the high pressure den-
sities of these methyl esters with an ARD of 0.3%, and the high pres-
sure densities for 8 biodiesel fuels were predicted with ARDs from
0.23% to 0.74% [36]. We have recalculated the constant A in Eq.
(10) by fitting densities of methyl palmitate [57], methyl oleate
[1,58], and methyl linoleate [27,58], since they were the most abun-
dant FAMEs in the biodiesels. The fitting of Eq. (10) gave
A = (�5.46 � 10�4 ± 4.35 � 10�6) MPa�1 with standard deviation of
5.0 kg m�3 and ARD = 0.43%.

The ARDs resulting from application of Eq. (10) to the prediction
of high-pressure densities for the nineteen biodiesels in the data-
base are presented in Table 8. Some of the biodiesels measured
by Tat and Van Gerpen as N7, N8, N9, N17 showed ARDs higher
than 1%. These biodiesels could be considered as outliers from
the point of view of the dominant FAMEs profiles since N7 had a
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Fig. 2. Isotherms of (2z � 1)Vm
3 versus the molar density (qm) for cottonseed and

Shedmann (SCHB) biodiesels calculated from GMA EoS. (a) Cottonseed (experi-
mental data of this work): D, 288.15 K; r, 298.15 K; s, 308.15 K; h, 318.15 K; N,
328.15 K; ., 338.15 K; d, 348.15 K; j, 358.15 K (b) SCHB: D, 288.12 K;r, 297.93 K;
s, 307.8 K; h, 317.6 K; }, 327.49 K ; , 337.38 K; , 347.26 K; , 357.13 K; ,
367.03 K; , 376.91; , 386.84 K; +, 396.76 K. Full curves calculated from
correlation with GMA EoS.
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very high C18:3 content, N8 and N9 showed high values of C18:0,
and N17 presented a very high content of C18:1. The overall aver-
age deviation of 0.60% corresponding to about 5 kg m�3, can be
regarded as an indicator of a reasonable performance in predicting
the density with Eq. (10). A huge advantage of this method is its
simplicity and straightforward density estimation. The detailed
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Fig. 3. Relative density deviations between the calculated values with GMA EoS (qcal) and
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information about the deviations in density resulting from Eq.
(10) applied to all the biodiesels in the built database is given as
supplementary material.
4.3.2. Degree of unsaturation
The density data for several biodiesels measured by Pratas et al.

[1] and by Tat and Van Gerpen [2,21] are represented in Fig. 4 as
function of the degree of unsaturation for 293.15 K and 353.15 K,
at atmospheric pressure.

Clearly, for each temperature the density was a linear function
of the DU. For this reason and taking into account that density is a
linear function of temperature with a slight curvature at high pres-
sures [23,27], the equation

q ¼ ðd1 þ d2T þ d3pþ d4p2Þ þ ðd5 þ d6T þ d7pþ d8p2ÞDU ð12Þ

is proposed to represent the biodiesel density within wide ranges of
temperatures and pressures.

The biodiesels (S, R, P) reported by Pratas et al. [1] and (N6, N20,
N23) studied by Tat and Van Gerpen [2,21] were used as the training
set for fitting with Eq. (12), and the other thirteen biodiesels were
included in the validation set. The training set was selected to fulfil
the following: (i) biodiesels having a linear density dependence on
DU; (ii) biodiesels covering a wide range of DU (the range of DU is
between 49.2 (N23) and 190.6 (N6)); (iii) biodiesels from different
authors should spread in wide density ranges. The parameters of
Eq. (12) for 95% confidence limits were d1 = (1088.017 ± 3.359),
d2 = (�0.74348 ± 0.01054), d3 = (0.50665 ± 0.06776), d4 = (1.60
74 � 10�3 ± 1.6572 � 10�3), d5 = (0.02599 ± 0.02719), d6 = (2.7
723 � 10�4 ± 8.485 � 10�5), d7 = (8.8455 � 10�4 ± 5.6863 � 10�4),
d8 = (�2.1255 � 10�5 ± 1.4024 � 10�5) with correlation coefficient
and standard deviation of 0.996 and 1.7 kg m�3, respectively. Eq.
(12) gave overall ARDs of 0.15% for the training set and 0.42% for
the validation set. Detailed results for density calculations of all bio-
diesels are presented in Table 8. The minimum (ARD = 0.09%) and the
maximum (ARD = 1.09%) deviations in the validation set were
observed in SR and N7 biodiesels, respectively. The overall average
deviation of 0.42% corresponding to less than 4 kg m�3, can be
regarded as a good indicator for the density prediction. Eq. (12) gives
better density predictions than more complex methods, including
those based in SAFT or CPA equations of state. The ARD = 0.42%
obtained for the validation set was close to the value 0.49% reported
by Oliveira et al. [34] with soft-SAFT EoS applied to density predic-
tion of FAMEs and biodiesels measured by Pratas et al. [1]. Detailed
information about deviations in density resulting from Eq. (12)
applied to all biodiesels in the database is given as supplementary
material.
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4.3.3. Predictive GMA
Taking the advantage of the large ranges of temperature and

pressure available for the density data of Schedemann fuel (SCHB),
we have evaluated the possibility of predicting plausible values for
the density at temperatures and pressures significantly higher than
the (T, p) ranges used in the fitting of the GMA EoS. As the biodiesel
density measurements have usually been made for temperatures
lower than 373.15 K and pressures up to 50 MPa, the GMA EoS
was tested under restrictive temperature and pressure ranges con-
sidering two approaches: (i) for T = (288–357) K and p = (0.4–5)
MPa; (ii) T = (288–357) K and p = (0.4–50) MPa. This approach (i)
was based on the fact that density measurements in some studies
just were evaluated up to 5 MPa [26]. We have concluded that this
approach (i) gave good predictions of density for pressures up to
40 MPa and temperatures up to 397 K. With procedure (ii) it
should be possible to extend the good prediction of density to
higher temperatures and pressures. The density deviations were
only about 3 kg m�3 near the maximum temperature (T = 397 K)
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and pressure (p = 130 MPa) and the predictions were in excellent
agreement with the experimental values up to 75 MPa even at
397 K (vd. Fig. S2).

These results are certainly important for density prediction in
fuel injection and combustion simulations, specially in diesel
engines operating at high pressure.

A new predictive method for the determination of biodiesel
density as function of temperature and pressure was derived from
GMA EoS using the following procedure. Starting with the fitted
A0 � A2 and B0 � B2 parameters of biodiesel fuels studied by Pratas
et al. [1] and by Tat and Van Gerpen [2,21] listed in Table 4, it was
Table 5
Coefficients of Eq. (14) with 95% confidence intervals, corresponding to the calculation of GM
paths. The biodiesels used in each path are indicated for the paths.

Path A00

1 (R, SR, N20) 50126.241 ± 8426.018
2 (S, SRP, N5, N9, N17, N21) �74576.7736 ± 13663.295
3 (SR, SP, PR, SRP, N5, N8, N19, N23) �21247.607 ± 2458.569
4 (P, S, SR, N7) �15644.7775 ± 1249.6898
found that the parameters Ai (i = 1,2) and Bi (i = 0,2) were linear
functions in A0 as shown in Fig. 5. Thus, once A0 is known all the
other parameters follow. Next step, a correlation was established
between A0 and a fuel property of easy calculation, namely the
molar density at 298.15 K obtained via GCVOL method, q298

m;GVOL,
was calculated by

q298
m;GVOL ¼

M

V298
m;GVOL

ð13Þ

where V298
m;GVOL is the biodiesel molar volume calculated from the

revised GCVOL from Eqs. (8) and (9). It was found that

A0 ¼ A00 þ A01q298
m;GVOL ð14Þ

For the selected biodiesels, a distribution following four paths in the
(q298

m;GVOL, A0) plot was found as illustrated in Fig. 6a. It was also
observed that three paths intercept close to the SR biodiesel posi-
tion in the diagram. The coefficients A00, A01 and the corresponding
correlation coefficients, and the standard deviations for the four
paths are presented in Table 5. As mentioned before, the parameters
Ai (i = 1,2) and Bi (i = 0,2) are linear functions of A0. The linear plots
for all paths are given as supplementary material in Figs. S3–S6. For
each path j (j = 1,4), the coefficients Aij and Bij are linearly correlated
with A0j by the Eq. (15)

ðAij or BijÞ ¼ aij þ bijA0j ð15Þ

The intercepts aij and slopes bij, for each path are given in Table 6.
It was observed that the biodiesel DU was related to the mean

molar mass following also three paths with close interception in
the SR position as shown in Fig. 6b. The biodiesels with lower
molar mass, following path 3, presented considerable lower degree
of unsaturation compared with those having the same molar mass
but following path 4. The fuels in path 1 exhibited a linear (DU, M)
behavior while the other paths were parabolic. In path 2, DU
increase strongly with the molar mass in the small range consid-
ered for this property and the representative line for this path
crosses paths 3 and 4. The fuels of path 2 have molar mass in the
range M = (289.95–292.77) g mol�1 corresponding to an average
of 291.37 ± 1.02 g mol�1. The corresponding degree of unsaturation
as a function of molar mass is given by the general equation

DU ¼ d0 þ d1M þ d2M2 ð16Þ

The parameters d0, d1, d2 and the corresponding correlation coeffi-
cients and standard deviations for the paths 1–4 are given in
Table 7.

The density prediction by GMA EoS considering the four paths
(4PGMA) was made using the following criteria. From biodiesel
composition, values of DU, M, and q298

m;GVOL were calculated using
Eqs. (1), (11) and (13). If the molar mass was in the range of
291.37 ± 1.02 g mol�1 (path 2) or whether 2.970 < q298

m;GVOL < 2.993
(path 1), Eqs. (14) and (15) were used. When q298

m;GVOL > 2.993, Eq.
(16) was used to evaluate DU and this value was compared with
the one from Eq. (1). Now the selection between paths 3 and 4
was made following the lower difference in DU. For biodiesels with
high degree of unsaturation (DU > 150, such as N6) the use of path
2 should be used. Once the coefficients A0 � A2 and B0 � B2 were
A EoS parameter A0 as function of the molar density q298
m;GCVOL for the several predictive

A01 r r

�16819.896 ± 2826.240 0.986 42.18
24763.645 ± 4539.462 0.939 85.55

7036.696 ± 813.476 0.962 35.23
5152.0630 ± 413.296 0.994 23.297



Table 6
Parameters a and b of each of coefficients A1j, A2j, B0j, B1j, B2j with 95% confidence limits, correlated linearly with A0j in Eq. (15) for path j.

Parameter j = 1 j = 2 j = 3 j = 4

A1j

a 27.5906 27.6408 26.6213 25.7892
b 0.1901 0.1998 0.1888 0.18351
r 0.2534 1.0627 0.8551 0.7416
r 1.000 1.000 0.999 1.000

A2j

a 5.2303 � 10�3 5.7578 � 10�3 5.3296 � 10�3 5.0017 � 10�3

b �6.1835 � 10�4 �6.1173 � 10�4 �6.1549 � 10�4 �6.1840 � 10�4

r 8.916 � 10�6 0.0005 0.0005 0.0003
r 1.000 1.000 1.000 1.000

B0j

a 5.0461 8.3032 7.2557 7.5176
b �0.3433 �0.3391 �0.3243 �0.32769
r 1.7597 4.0022 0.9725 1.4906
r 1.000 0.999 1.000 1.000

B1j

a �7.0268 �6.3924 �6.2496 �5.8746
b �6.5267 � 10�2 �6.7720 � 10�2 �6.1213 � 10�2 �5.9914 � 10�2

r 0.3469 0.7927 0.1855 0.4970
r 1.000 0.999 1.000 0.999
B2j

a �4.1383 � 10�3 �6.3474 � 10�3 �5.5601 � 10�3 �5.6124 � 10�3

b 2.1232 � 10�4 2.0743 � 10�4 1.9945 � 10�4 2.0255 � 10�4

r 0.0011 0.0025 0.0008 0.0009
r 1.000 0.999 1.000 1.000

Table 7
Coefficients of Eq. (16) with 95% confidence, corresponding to the calculation of degree of unsaturation as function of the molar mass for the paths in 4PGMA.

Path d0 d1 d2 r r

1 (R, SR, N20) 2275.27 �7.306 0 0.996 0.8
2 (S, SRP, N5, N9, N17, N21) 85989.44 �609.23 1.0794 0.836 17.1
3 (SR, SP, PR, SRP, N5, N8, N19, N23) �94629.5 641.76 �1.0865 0.968 10.2
4 (P, S, SR, N7) �168458.48 1158.86 �1.9912 0.992 6.5
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calculated using Eqs. (14) and (15), the density came out from Eq.
(5).

For predictive GMA, we have chosen the biodiesels (N6, PCS,
SCHB) considered as forming a ‘‘true’’ validation set, because these
biodiesels were not used in the development of the predictive
method. The other biodiesels in database measured by Pratas
et al. [1] and Tat and Van Gerpen [2,21] were considered to estab-
lish a linear correlation between coefficient A0 and q298

m;GVOL and lin-
ear (A1, A2) and (B0 � B2) correlations with A0. Nevertheless, all the
biodiesels in our database could be broadly considered as belong-
ing to a validation set of the predictive GMA, since their densities
were not used directly in the fittings. The 4PGMA results are pre-
sented in Table 8, and detailed information regarding the relative
deviations in density resulting from the predictive 4PGMA model
for all biodiesels in database, for all temperatures and pressures
are given as supplementary material. With the exceptions of the
biodiesels (N7, N8, N9) all ARD values for the biodiesels were lower
than 0.35% (less than 3 kg m�3). The contour plots for the density
differences as a function of temperature and pressure for the set
(N6, PCS, SCHB) not included in 4PGMA development are presented
in Fig. S7 given in supplementary material. The N6 fuel, essentially
C18:1 (0.865 by mass) with the higher degree of unsaturation
(DU = 191) presented the lower density deviations. However N6
had a composition far from that usually found in biodiesels. For
PCS and SCHB biodiesels, the density deviations in predictions
were low in the recommended (p, T) values for operation of injec-
tion systems (T � 344 K, p = 12–22 MPa) [3–5]. For PCS biodiesel,
the predicted densities at the recommended injection (p, T) condi-
tions were practically the measured ones. The maximum overall
ARD of only 0.25% (�2 kg m�3) obtained for path 1 indicated that
4PGMA could provide excellent density predictions at high pres-
sure. The pVT data presented by Schedemann in more extensive
temperature and pressure ranges was predicted with
ARD = 0.34%. The 4PGMA provided much better predictions of den-
sity than SAFT and CPA equations of state, and requiring compara-
tively much less computation effort.

4.4. Mechanical coefficients

The thermal expansivity, ap = �(1/q)(oq/oT)p, and the isother-
mal compressibility, kT = (1/q)(oq/op)T can be calculated from the
GMA EoS as [59]:

ap ¼
ð2B1þ2B2TÞq5

mþð2A1þ2A2TÞq4
mþ2p

5q5
mðRT2B0�2B1Tþ2B2T2 lnTÞþ4q4

mðRT2A0�2A1Tþ2A2T2 lnTÞþRT2qm

ð17Þ

kT ¼
2

qmRTþ5q5
mðRTB0�2B1þ2B2T lnTÞþ4q4

mðRTA0�2A1þ2A2T lnTÞ ð18Þ

The internal pressure pi = (oU/oV)T, where U is the internal energy,
can be calculated according to the relationship

pi ¼ ð@U=@VÞT ¼ Tð@p=@TÞV � p ¼ T � cV � p ð19Þ

where cV is the thermal pressure coefficient (cV ¼ aP=kT ).
Based on the excellent results for the density description by the

GMA EoS, thermal expansivity, isothermal compressibility, and
internal pressure were calculated from Eqs. (17)–(19) at tempera-
tures from 283.15 K to 373.15 K and pressures between 0.1 MPa



Table 8
Average relative deviation on density for the predictive methods applied to the
biodiesels.

Biodiesel Eq. (10) Eq. (12) 4PGMA EoS
ARD (path)

S 0.55 (0.06)a 0.04(2); 0.03(4)
R 0.61 (0.13)a 0.19(1)
P 0.49 (0.13)a 0.21(4)
SR 0.44 0.09 0.16(1); 0.04(3); 0.18(4)
PR 0.34 0.12 0.02(3)
SP 0.32 0.16 0.03(3)
SRP 0.37 0.12 0.09(2); 0.02(3)

ARDb 0.45 0.12e 0.18(1); 0.07(2), 0.03(3); 0.14(4)
N5 0.39 0.21 0.26(2); 0.13(3)
N7 1.15 1.09 0.48(4)
N8 1.30 1.05 0.70(3)
N9 1.07 0.84 0.59(2)
N17 1.15 0.56 0.22(2)
N19 0.38 0.25 0.14(3)
N20 0.29 (0.36)a 0.31(1)
N21 0.34 0.36 0.31(2)
N23 0.32 (0.33)a 0.34(3)

ARDc 0.71 0.62e 0.35(2); 0.33(3)
N6 0.80 (0.12)a 0.10(2)
PCS 0.50 0.16 0.17(4)
SCHB 0.67 0.50 0.34(1)
ARDd 0.66 0.33e

OARDf 0.60 0.42e 0.25(1); 0.23(2); 0.18(3); 0.21(4)

a Biodiesels used in the training set.
b Total ARD for the biodiesels from Pratas et al. [1].
c Total ARD for the biodiesels from Tat and Van Gerpen [21].
d Total ARD for the biodiesels N6 [2,21], cottonseed, and SCHB [27].
e ARD for the subsets from the validation set.
f OARD ¼

P
iARDi i = 19 for Eq. (10); i = 13 for Eq. (12); i = 4 for path 1; i = 7 for

path 2; i = 8 for path 3; i = 5 for path 4.
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Fig. 7. Thermal expansivity (ap) for the SCHB calculated from GMA EoS. (a) ap as a
function of temperature along isobars: D, 0.4–0.9 MPa; r, 19.8 MPa; s, 39.8 MPa;
h, 59.8 MPa; d, 64.8 MPa; }, 79.8 MPa; +, 99.8 MPa; �, 119.7 MPa. (b) ap as a
function of pressure along isotherms: D, 288.12 K; r, 307.80 K; s, 327.49 K; h,
347.26 K; }, 367.03 K; +, 386.84 K.
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and 40 MPa using the coefficients presented in Table 4. The values
of the mechanical coefficients for all biodiesels included in the
database are given as supplementary material.

Density variations along isothermic or isobaric paths are usually
smooth functions of temperature and pressure. However, the
mechanical coefficients are quite sensitive to subtle changes in
density. The pressure behavior of ap isotherms has been a matter
of interest due to the characteristic crossings observed for this
property at high pressure and reflecting a change in the effective
intermolecular potential with pressure [60]. As the density mea-
surements by Schedemann et al. were made up to 397 K and
130 MPa, these data would be suited for the detailed study on
the mechanical coefficients behavior in extended ranges of tem-
perature and pressure.

The dependences of thermal expansivity on temperature along
isobars, (ap, T)p, and thermal expansivity on pressure along iso-
therms, (ap, p)T, for the biodiesel studied by Schedemann et al.
[27] are represented in Fig. 7. The observed behavior of ap, as a
function of pressure was consistent with the expected one, i.e., it
decreased with the increase in pressure at isothermal conditions
(vd. Fig. 7b). The ap, isotherms show a clear intersection point
nearly 65 MPa. This point obeys to the condition (oap/@T)p = 0
meaning that ap was independent of temperature at that pressure.
This can be observed in Fig. 7a where ap is represented as a func-
tion of temperature for isobaric conditions. At 64.8 MPa the ther-
mal expansivity was almost independent of temperature with
value (6.562 ± 0.011) � 10�4 K�1. In the figure it is shown that for
pressures lower than 65 MPa the thermal expansivity behaved nor-
mally, i.e., it increased as temperature rose at isobaric conditions
particularly at low pressures. However, a small decrease of ap with
temperature was observed, for pressures higher than 65 MPa. The
intersection of the ap isotherms was observed for many liquids and
was first described by Bridgman [61]. Some recent studies revealed
that this behavior seems to be a general property of liquids and
that such intersections are common to occur at pressures below
200 MPa as indicated by the data collected by Taravillo et al. [62].

The calculation of ap, for our database fuels in the ranges
283.15–373.15 K and 0.1–40 MPa shows minimum and maximum
values as presented in Fig. 8a. The averages for minimum and max-
imum values were, (6.802 ± 0.304) � 10�4 K�1 and (9.1
03 ± 0.747) � 10�4 K�1, respectively. For S and SR fuels the ap max-
imum values showed markedly higher deviations from the aver-
age. The ap values for the 19 biodiesels gave an average of
(8.237 ± 0.249) � 10�4 K�1 at (T = 298.15 K, p = 0.1 MPa), which
was practically the same value measured for the biodiesels set pre-
sented by Pratas et al. [36]. That value was near the one obtained
for Diesel D-2 (8.03 � 10�4 K�1), from the density data measured
by Tat and Van Gerpen [21] at the same (T, p) conditions. Santos
et al. [63] presented almost the same thermal expansivity for diesel
(8.36 � 10�4 K�1) and corn biodiesel (8.39 � 10�4 K�1) obtained
from density measurements in the range of 283.15–323.15 K at
atmospheric pressure. However, Aparício et al. [24] concluded that
diesel had greater thermal expansivity than rapeseed biodiesel
with differences increasing with temperature (7% at 288.15 K,
16% at 308.15 K and 22% at 328.15 K).
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Considering water and ethanol as standards at 298.15 K and
0.1 MPa, the thermal expansivity values of biodiesels were signifi-
cantly higher than the one of water and lower than the correspond-
ing value for ethanol (water: 2.57 � 10�4 K�1 [64]; ethanol
1.07 � 10�3 K�1 [65]). The thermal expansivity is related to the
engine power loss due to the fuel heating [1]. The higher the ther-
mal expansivity the greater the power loss. From the results
obtained for the several biodiesels in database and for diesel, sig-
nificant differences in power due to corresponding differences in
ap were not expected. The thermal expansivity values for the bio-
diesel set (R, P, S, RP, RS, SP, SRP) obtained in this work with GMA
EoS, were compared in Fig. S8a (supplementary material) with the
ones from Tait EoS at pressures of 0.1 MPa and 40 MPa used for
correlation by Pratas et al. [1]. The values calculated from the
two EoS were in good agreement differing within ±2% (less than
2 � 10�5 K�1).

Concerning to kT, the observed behavior for variations in tem-
perature and pressure was according to the expected as illustrated
in the (kT, T)p and (kT, p)T plots given in Fig. 9 for the biodiesel stud-
ied by Schedemann et al. [27]. Parabolic bends are observed for kT

as the temperature increases, particularly at low pressure. A pro-
nounced parabolic decrease of kT as pressure increased at fixed
temperature was observed especially at the higher pressures. The
minimum and maximum kT values for the 19 fuels in the ranges
283.15–373.15 K and 0.1–40 MPa, are shown in Fig. 8b. The aver-
age values for minimum and maximum of kT were (0.515 ± 0.0
08) GPa�1 and (1.046 ± 0.032) GPa�1, respectively. It was interest-
ing to note the very small deviations from the average values. At
298.15 K and 0.1 MPa the average (0.68 ± 0.01) GPa�1 was obtained
for the biodiesels in database. For Diesel D-2, the data from Tat and
Van Gerpen gives 0.73 GPa�1. Both these values were intermediate
to the ones observed for water and ethanol (water: 0.452 GPa�1

[64] ethanol: 1.40 GPa�1 [65]). The isothermal compressibility val-
ues for the biodiesel set (R, P, S, RP, RS, SP, SRP) obtained with GMA
EoS, were compared with the values from Tait EoS [1] (vd. Fig. S8b
in supplementary material). At 0.1 MPa the values from GMA were
systematically 2% lower (ca 0.02 GPa�1) than those reported by
Pratas et al. while at 40 MPa GMA produces values systematically
higher with deviations usually less than 2%.

Although rarely used in biodiesel research, the internal pres-
sure pi provides a useful basis for understanding the nature of
molecular interactions in liquid state. To our knowledge, only
Schedemann et al. [27] presented values for this coefficient rela-
tive to methyl linoleate. The internal pressure is a macroscopic
property used for estimating the cohesion of liquids, reflecting
the molecular ordering, and it measures the change in the



T/K
280 300 320 340 360 380 400

k T
/(G

Pa
-1

)

0.4

0.6

0.8

1.0

1.2

(a)

p/MPa
0 20 40 60 80 100 120

k T
/(G

Pa
-1

)

0.4

0.6

0.8

1.0 (b)

Fig. 9. Isothermal compressibility for the SCHB calculated from GMA EoS. (a) kT as a
function of temperature along various isobars. Symbols as in Fig. 7a. (b) kT as a
function of pressure along various isotherms. Symbols as in Fig. 7b.

T/K
280 300 320 340 360 380

p i
 / 

M
Pa

280

300

320

340

360

380

Fig. 10. Internal pressure (pi) as function of temperature at 0.1 MPa for the
biodiesels in the database. D, R; r, P; h, SP;s, SRP; N, N5; ., N6; j, N9; +, N21; �,
N23; , PCS; �, SCHB.

36 N.M.C.T. Prieto et al. / Fuel 141 (2015) 23–38
internal energy as the liquid experiences a slight isothermal
expansion. From the results obtained in this study for biodiesels,
pi had low sensitivity to the pressure and temperature variations.
For temperatures between 283.15 K and 373.15 K and pressures
up to 40 MPa the pi minimum and maximum averages for the
19 fuels were (304 ± 23) MPa and (367 ± 19) MPa, respectively
(see Fig. 8c). For pure liquids below their boiling points, pi is from
200 to 800 MPa, for non-associated and associated liquids,
respectively [66]. The normal boiling temperatures for the con-
sidered biodiesels were in the range Tnb = (611–650) K [67,68].
Therefore, biodiesel presents internal pressures near the lower
limits for pure non-associated liquids. An isothermal decreasing
with pressure is always observed, however for temperature the
behavior was variable, depending on the fuel nature. The behav-
ior of pi as a function of the temperature at 0.1 MPa is shown in
Fig. 10 for selected biodiesels. The most general behavior was a pi

decreasing with temperature and for some fuels the decrease was
more evident in the range of the studied temperatures, especially
for the fuels prepared by Tat and Van Gerpen [2,21]. The cotton-
seed biodiesel produced in this work had the lowest internal
pressure between all the studied 19 fuels. From the values of
thermal expansion and isothermal compressibility given before
at 298.15 K and atmospheric pressure the internal pressure of
diesel D-2 is 327 MPa in close agreement with what was found
for biodiesel.
Given the molecular structure of the FAMEs composing the bio-
diesel, the attractive dispersion forces are the most important.
They arise from induced dipoles and their strength are related with
the polarizabilities of the molecules, which for different FAMEs in
biodiesel are close no matter the alkyl chain length [69]. Although
the presence of a carbonyl group provides some polarity to mole-
cules, the two oxygen atoms of the ester functional group and
the absence of an electropositive hydrogen within the FAME mol-
ecules prevent hydrogen bonding. The relative importance of the
various molecular interactions (dispersion, polar, hydrogen bond)
present in the liquid can be evaluated by comparing the internal
pressure with the cohesive pressure. If the gas phase intermolecu-
lar interactions are excluded (perfect gas behavior assumed), the
cohesive pressure (or cohesive energy density) pcoh is given by [70]

pcoh ¼ Dg
l Ucoh=Vm ffi ðDg

l Hm � RTÞ=Vm ð20Þ

where Dg
l Ucoh, Dg

l Hm, and Vm are the molar cohesive energy, the
molar enthalpy of vaporization, and molar volume (all usually taken
at 0.1 MPa), respectively.

Following Ivanov and Abrosimov [70], the existence of strong
intermolecular interactions in a liquid substantially increases the
cohesive pressure relative to the internal pressure, while the inter-
nal pressure is comparable to the cohesive pressure for liquids
without such strong intermolecular interactions. Taking water
and ethanol as examples at 298.15 K and atmospheric pressure,
and from the thermal expansion and isothermal compressibility
values mentioned before, the internal pressures are 170 MPa and
234 MPa, respectively. At the same (T, p) conditions the cohesive
pressures are increased to 2400 MPa and 700 MPa [71] for water
and ethanol. These values reflect the strong hydrogen bonding,
especially for water. For rapseed biodiesel, Yuan [72] reported
the value 297 J g�1 for the enthalpy vaporization at 373.15 K and
Lee and Hansen [73] the value 320 J g�1 for soybean biodiesel.
From those values and density values by Pratas et al. [36], the cor-
responding cohesion pressures calculated with Eq. (20) are
236 MPa and 274 MPa for rapseed and soybean fuels. For rapeseed
biodiesel Zhang et al. [74] and Cataldo et al. [75] refer pcoh = 308
MPa and pcoh = 277 MPa, respectively. Therefore, the internal
pressure of biodiesel fuel is of the same magnitude order as the
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cohesion pressure, meaning that it behaves as non-associated
liquid without strong molecular interactions.

5. Conclusions

New density experimental data for cottonseed biodiesel at tem-
peratures between 288 K and 358 K and pressures up to 30 MPa
were measured with an estimated uncertainty of less than
±1.6 kg m�3. To the best of our knowledge these are the first mea-
surements for cottonseed biodiesel under high pressure.

The pVT cottonseed biodiesel data were combined with similar
information collected from literature regarding other 18 fuels, this
way constituting a statistically significant database that was used
to test the correlation performance of the GMA EoS. This equation
was used for the first time to correlate the biodiesel density reveal-
ing excellent results, with standard deviations less than 0.5 kg m�3,
corresponding to mean relative deviations less than 0.05%. Regard-
ing the extrapolation (or prediction) of GMA EoS at the (p, T) con-
ditions found in high efficient and high pressure injection systems,
reliable extrapolated densities for high temperatures and pressures
were obtained. Using the coefficients obtained from correlation in
the restricted ranges of temperature (up to 357 K) and pressure (up
to 50 MPa) usually used in measurements, good density predic-
tions (maximum deviations of �3 kg m�3) could be obtained at
400 K and 130 MPa.

Two new predictive equations of state for density, namely the
DU and 4PGMA were developed and tested. Both EoS are simple
to use and their application needs only the FAMEs profile of biodie-
sel. From the tests carried out in the 19 biodiesels from the database
an overall average deviation of 0.42% corresponding to about
�3 kg m�3 was found with DU method. For 4PGMA, the predicted
maximum density deviation was 0.25% (�2 kg m�3). These results
represent notable improvements in the prediction of biodiesel den-
sity in large temperature and pressure ranges where important
operations in biodiesel processing take place. The isothermal com-
pressibility increased with temperature at constant pressure, and
decreased as pressure goes up for constant temperature as
expected. The behavior of the thermal expansivity as a function of
pressure was also the predictable, i.e., a decreasing is observed for
increasing pressures at isothermal conditions. The ap isotherms
showed an evident intersection point nearly 65 MPa and therefore,
at this pressure ap was independent from temperature. The internal
pressure for all tested fuels was low and slightly higher than the
cohesive pressure. This means that the biodiesel behaved as a
non-associated liquid with weak molecular interactions.
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