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Abstract  First, we establish necessary and sufficient conditions for embeddings of Bessel
potential spaces H? X (R") with order of smoothness less than one, modelled upon rearran-
gement invariant Banach function spaces X (R"), into generalized Holder spaces. To this
end, we derive a sharp estimate of modulus of smoothness of the convolution of a function
f € X(R™) with the Bessel potential kernel g,, 0 < o < 1. Such an estimate states that if
go belongs to the associate space of X, then

t"
o(f *gs,1) 3 /s%*l.f*(s) ds forall re€ (0,1) andevery f € X(R").
0

Second, we characterize compact subsets of generalized Holder spaces and then we derive
necessary and sufficient conditions for compact embeddings of Bessel potential spaces
H? X (R"™) into generalized Holder spaces. We apply our results to the case when X (R")
is the Lorentz—Karamata space L 4.5 (R"). In particular, we are able to characterize optimal
embeddings of Bessel potential spaces H? L, 4.5(R") into generalized Holder spaces and
also compact embeddings of spaces in question. Applications cover both superlimiting and
limiting cases.
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1 Introduction

Classical Bessel potential spaces H?'”(R") = H? L?(R"), introduced in [2] and [8], have
played a significant role in mathematical analysis and in applications for many years
(cf. [36,39], etc.). These spaces are modelled upon the scale of Lebesgue spaces L? (R")
and they coincide with the Sobolev spaces WkP(R") = WKLP(R") wheno = k € N
and p € (1, +00). However, it has gradually become clear that to handle some situations
(especially limiting ones) a more refined tuning is desirable. For this purpose, one needs to
replace the Lebesgue scale of spaces by a scale of spaces which can be more finely tuned.
For example, to obtain estimates of degenerate elliptic differential operators with coefficients
having singular behaviour, Edmunds and Triebel (cf. [18, 19]) replaced the L? spaces by the
spaces L (log L) of Zygmund type. The same replacement enables one to obtain interes-
ting results concerning smoothness properties of orientation-preserving maps (see [29] for
references and an account of work in this direction).

In a series of recent papers [12-14,35] a systematic research of embeddings of Bessel
potential spaces with order of smoothness ¢ > 1 modelled upon generalized Lorentz—
Zygmund (GLZ) spaces was carried out. The authors of those papers established embeddings
of such spaces either into GLZ-spaces or into Holder-type spaces C%*()(€2) and showed that
their results are sharp (within the given scale of target spaces) and fail to be compact. They
also clarified the role of the logarithmic terms involved in the quasi-norms of the spaces
mentioned. This role proved to be important especially in limiting cases. In particular, they
obtained refinements of the Sobolev embedding theorems, Trudinger’s limiting embedding
as well as embeddings of Sobolev spaces into A(-)-Holder continuous functions including the
result of Brézis and Wainger about almost Lipschitz continuity of elements of the (fractional)
Sobolev space H!*"/P-P(R™) (cf. [7]).

Although GLZ-spaces form an important scale of spaces containing, for example, Zyg-
mund classes L”(log L)%, Orlicz spaces of multiple exponential type, Lorentz spaces L4,
Lebesgue spaces L”, etc., GLZ-spaces are a particular case of more general spaces, namely
the Lorentz—Karamata (LK) spaces.

The embeddings mentioned above were extended in [32,33] to the case when Bessel-
potential spaces are modelled upon LK-spaces. Since Neves considered more general tar-
gets (besides LK-spaces and Holder-type spaces also generalized Holder spaces), in several
cases he obtained improvements of embeddings from [12—14]. The sharpness and the non-
compactness of these embeddings were proved in [21,22]. (An account of the principal
embedding results involving Bessel potential spaces modelled upon LK-spaces is also given
in [11]).

Note that one of main steps in the proof of continuous embeddings of Bessel potential
spaces with order of smoothness o > 1 into Holder-type spaces consists in the application of
Stein’s inequality (cf. [5, Exercise 12(b), p. 430] or [10]). This inequality states that a function
u, such that the norm of its distributional gradient | Vu| belongs locally to the Lorentz space
Ll (R™), can be redefined on a set of measure zero so that the modulus of smoothness w (u, -)
of u satisfies the inequality

tﬂ
w(u,z)j/s%*lwm*(s)ds forall 7 e (0, 1) )
0

(here |Vu|* denotes the non-increasing rearrangement of |Vu/|).
In [15] and [16] the authors analysed the situation when the order of smoothness is less
than one. In such a case one cannot use the method in which inequality (1) and a lifting
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argument (based on [13, Lemma 4.1] or [22, Lemma 4.5], which extend the Calderén result
[8, Theorem 7]) are applied to reduce the superlimiting case to the sublimiting one, and a new
approach was used. The authors of those papers established embeddings of such spaces into
Holder-type spaces C%*() () and showed that their results concerning nonlimiting cases
are sharp (within the given scale of target spaces) and fail to be compact.

Here, we establish necessary and sufficient conditions for embeddings of Bessel potential
spaces H? X (R™) with order of smoothness less than one, modelled upon rearrangement inva-
riant Banach function spaces X (R"), into generalized Holder spaces Aéé), (),0 <r < +4o0.
(We refer to Sect. 2 for precise definitions. Note also that the space Aéé;)oo () coincides with
the space C%*() (Q) mentioned above.) For this purpose, we derive a convenient replacement
of (1). Namely, ifo € (0, 1), X = X (R") is arearrangement invariant Banach function space
and the Bessel potential kernel g, belongs to the associate space of X, then we prove that
(cf. Theorem 1 below)

tll
o(f *gs,1) 3 /s%_lf*(s)ds forall r € (0,1) andevery f € X, 2)
0

where f* denotes the non-increasing rearrangement of f. Moreover, estimate (2) is sharp in
the sense that

"

o(f *85,1) = /s%’lf*(s)ds forall 7€ (0,1) andevery f € X, 3)
0
where
) = f2BalxI xyerr: y=03nB0O,1H(X), X = (x1,...,x,) € R",

and B, is the volume of the unit ball in R”. Inequalities (2) and (3) enable us to show that the
continuous embedding of the Bessel potential space H° X (R") into the generalized Holder

space A’f,é; (R") is equivalent to the condition that
go belongs to the associate space of X )
and to the boundedness of the Hardy-type operator
H i X — L0, D7 (@)™, ®)
where the operator H is defined by
o
(Hf)(0) == / si7 ¥ (s) ds, ©)
0

X denotes the representation space of X and L, ((0, 1); =Y (@)™ is the weighted
Lebesgue space over the interval (0, 1) (cf. Corollary 2 below and the fact that || f||x =
/Il

Furthermore, we characterize compact subsets of generalized Holder spaces Agé; (),
0 < r < 400, with a bounded domain € in R” (cf. Theorem 5 below) and then we
derive necessary and sufficient conditions for compact embeddings of Bessel potential spaces
H? X (R") into generalized Holder spaces Agéz (),0 < r < +oo. To this end, we make
use of local versions of inequalities (2) and (3) [cf. (48) and (49) below] to show that the
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compactness of the embedding in question is equivalent to (4) and to the compactness of the
Hardy-type operator (5) (cf. Corollary 3 below). (Note that if » = 400, then our conditions
are sufficient; under some additional assumptions, they are also necessary—cf. Remarks 6
and 7 below.)

Finally, we apply our results to the case when X (R") is the Lorentz—Karamata space
L 4:»(R™). The corresponding continuous embeddings are characterized in Theorems 3 and
4 below. The former concerns the superlimiting case when p > n/o while the latter is
devoted to the limiting case when p = n/o. In particular, we are able to characterize optimal
embeddings of Bessel potential spaces H? L, 4.5(R") into generalized Holder spaces and
the continuity envelopes of Bessel potential spaces H° L, 4.5(R") both in superlimiting and
limiting cases (cf. Remarks 4 and 5 below). The compact embeddings of Bessel potential
spaces modelled upon Lorentz—Karamata spaces L, 4,5 (R") into generalized Holder spaces
are characterized in Theorem 7 in the superlimiting case and in Theorem 8 in the limiting
case. We refer to Remark 8 for the case r = +o00. Our results extend and improve those of
[15,16,23].

The paper is organized as follows. Section 2 contains notation, definitions and preliminary
assertions. Section 3 involves auxiliary results. In Sect. 4 we present sharp estimates of
the modulus of smoothness of convolutions of functions from the rearrangement invariant
space X = X (R") with the Bessel kernel. Such estimates play a key role in what follows.
A characterization of continuous embeddings is given in Sect. 5 while in Sect. 6 we apply this
result to Bessel-potential spaces modelled upon Lorentz—Karamata spaces. Compact subsets
of generalized Holder spaces are characterized in Sect. 7 while necessary and sufficient
conditions for compact embeddings of Bessel potential spaces modelled upon Lorentz—
Karamata spaces into generalized Holder-type spaces are established in Sect. 8.

2 Notation and preliminaries

As usual, R" denotes the Euclidean n-dimensional space. Throughout the paper w, is the
n-dimensional Lebesgue measure in R” and €2 is a u,-measurable subset of R”. We denote
by xq the characteristic function of 2 and put |2|,, = 1, (€2). The family of all extended
scalar-valued (real or complex) u,-measurable functions on €2 is denoted by M (£2) while
MT () stands for the subset of M () consisting of all functions which are non-negative
a.e.on Q. When Q is an interval (a, b) C R, we denote these sets by M (a, b) and M ™ (a, b),
respectively. By M (a, b; |) we mean the subsets of M (a, b) containing all non-increasing
functions on the interval (a, b). The symbol W(a, b) stands for the class of weight functions
on (a,b) < R consisting of all measurable functions which are positive and finite a.e.
on (a,b). The non-increasing rearrangement of f € M(Q) is the function f* defined
by f*() ;= inf{A>0:|{x € Q:|f(x)]>A}|, <t} forall r > 0. By f** we denote the
maximal function of f* given by f**(¢) :=~! j(; f*(r)dr,t > 0.

Given a rearrangement-invariant Banach function space (r. i. BFS) X, the associate space
is denoted by X’. For general facts about rearrangement-invariant Banach function spaces
we refer to [5].

Let X and Y be two (quasi-)Banach spaces. We say that X coincides with Y (and write
X = Y)if X and Y are equal in the algebraic and topological sense (their (quasi-)norms
are equivalent). The symbol X < Y or X <><> Y means that X C Y and the natural
embedding of X in Y is continuous or compact, respectively.

By ¢, C, c1, Cy, c2, C3, etc. we denote positive constants independent of appropriate
quantities. For two non-negative expressions (i.e. functions or functionals) .4, B3, the symbol
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A 3 B(or A= B) means that A < cB (orc A > B). If A 2 Band A = B, we write
A ~ B and say that A and B are equivalent. Throughout the paper we use the abbreviation
LHS(x) (RHS(x)) for the left- (right-) hand side of the relation (). We adopt the convention
that a/+00 = 0 and a/0 = +oo for alla > 0. If p € (0, +o0], the conjugate number p’
is given by 1/p + 1/p’ = 1. Note that p’ is negative, if p € (0, 1). In the whole the paper
Il.1l p; e,y P € (0, +00], stands for the usual L?-(quasi-)norm on the interval (c, d) C R.

For p € (0, 4+00) and x € R", B(x, p) = B,(x, p) stands for the open ball in R" of
radius p and centre x. By 8, we denote the volume of the unit ball in R”.

Following [24], we say that a positive and Lebesgue-measurable function b is slowly
varying on (0, +00), and write b € SV (0, +00), if, for each € > 0, °b(¢) is equivalent
to a non-decreasing function on (0, +00) and ¢t~ €b(¢) is equivalent to a non-increasing
function on (0, +00). The family of all slowly varying functions includes not only powers
of iterated logarithms and the broken logarithmic functions of [20], but also such functions
ast — exp (llog t|”) ,a € (0, 1). (The last mentioned function has the interesting property
that it tends to infinity more quickly than any positive power of the logarithmic function.)

We shall need the following properties of slowly varying functions. We refer to
[24, Proposition 2.2] for properties (i)—(iii); property (iv) is a simple consequence of the
definition.

Lemma 1 Let b, by and by belong to SV (0, +00). Then

(1) b1by € SV(0,4+00) and b” € SV (0, +0) for each r € R;
(ii) given positive numbers € and k, there are positive constants c; and Cg such that

ce min{x "%, kb (t) < b(kt) < Co max{k %, «k°}b(t) forall t > 0;
(i) ifa >0 and g € (0, 00], then forall t > 0,
[z~ ab@)|, . @ 1°b@) and [ Vb, ~1b(1);

.0,1) (t,00)

@(iv) ifa > 0, then
t*b(t) - 0 as t — 04.

We can see from Lemma 1 (iii) that any b € SV (0, +00) is equivalent to some b e
SV (0, +o00) which is continuous on (0, +00). Consequently, without loss of generality, we
shall assume that all slowly varying functions in question are continuous on (0, +00).

More properties and examples of slowly varying functions can be found in [6,17,24,27,32]
and [40, Chapter V, p. 186].

We shall need the following weighted Hardy inequalities, for which we refer to [34,
Theorems 5.9, 5.10 and 9.3]. The case r € (0, 1) and ¢ = +o00 can be proved as the case
1 <r < +4o0and g = +o0 in [28, Theorem 1.3.1/2].

Lemma 2 Let g € [1, 4o00], r € (0, 400], a € (0, +o0] and v, w € W(0, a).
() If1 <q <r <+00, then

t

w(t) /h(s) ds < Cllv@® h®llg;0,a) forall he MT(0, a) )
0 r;(0,a)

if and only if

A= sup [w®lyea @) +00. ®)

<
s
ve0.a) q';(0,x)
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Moreover; the best possible constant C in (7) satisfies the estimate C ~ A and the
constants involved in this equivalence are independent of a.
(i) If0 <r <q < 4ooandq > 1, then (7) holds if and only if

a 1/u
. _ q'/r u _q/
Be={ [ [0l ww [0 0] v@dr] <+, ©
0
where % = % — L Moreover, the best possible constant C in (7) satisfies C ~ B and

the constants involved in this equivalence are independent of a.

We shall also need the following weighted Hardy inequality, where weights involve slowly
varying functions. Such an inequality is a consequence of [34, Theorem 6.2.].

Lemma3 Let1 < g <r < +o00,a € (0,400], ve R\{0} and let b € SV (0, +00). Then

a
t“*‘/’b(t)/g(s)ds <c t”“/q'b(t)g(t)H 0 Jorallg € MT©.a) (10)
q;,a
t

r;(0,a)

if and only if v > 0. The positive constant C in (10) can be chosen independent of a.

Let p,g € (0,400], b € SV(0,400) and let 2 be a measurable subset of R". The
Lorentz—Karamata (LK) space L, ,.;(£2) is defined to be the set of all functions f € M(£2)
such that

£l pgebie = 1627V b(t) £5(0)llg:0.100) < +00. (11)

If Q@ = R”", we simply write || - ||, 4. instead of || - || 5 g;p: 7

When 0 < p < 400, the Lorentz—Karamata space L, 4., (€2) contains the characteristic
function of every measurable subset of 2 with finite measure and hence, by linearity, every
pn-simple function. When p = +oo, the Lorentz—Karamata space L 4,5(S2) is different
from the trivial space if and only if

I£1/P=14b(t) [l 450,1) < +00.

Particular choices of b give well-known spaces. If m € N, & = (aq, ..., @) € R™ and

m
b(t) =% =[] 17"(t) forall ¢>0

i=1
(where [1(t) = 1 + [logt|, [;(t) = 1(li—1(t)) ifi > 1), then the LK-space L 4:5(2) is
the generalized Lorentz—Zygmund space L 4 « introduced in [13] and endowed with the
(quasi-)norm || f || y.4:e¢; 2> Which in turn becomes the Lorentz—Zygmund space L?*4 (log L)*!
of Bennett and Rudnick [4] when m = 1. If ¢ = (0, ..., 0), we obtain the Lorentz space
LP-1(82) endowed with the (quasi-)norm ||.|| »,4;2, Which is just the Lebesgue space L?(£2)
equipped with the (quasi-) norm ||.|| ;o when p = g; if p = g and m = 1, we obtain the
Zygmund space L” (log L)*' (2) endowed with the (quasi-)norm ||.| y;o;: Q-

The Riesz kernel I,,0 < o < n, is defined by

I,(x) = |x|°7", xeR".

It is easy to show that

ua%nz(i)" =0
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The Bessel kernel g5, o > 0, is defined as that function on R” whose Fourier transform
isge(§) = Qm)~"2(1 + |$|2)_"/2, & € R", where the Fourier transform f of a function
fis givenby f(£) = 2m) ™"/ [, e % f(x) dx.

Let us summarize the basic properties of the Bessel kernel g, :

8o 18 a positive, integrable function which is analytic except at the origin; 12)
8o is radially decreasing; (13)
o (x) <cilx| el for 0 <o <n andall x e R"M\{0}; (14)
@)~ x| as |x| >0 if 0<o <n; (15)
a
‘Egg(x) <cx|” ! forO<o <n+1,j€e{l,...,n} andallx € R"\{0}; (16)
J

O (o=t 10 <o <n andallt > 0. (17)

Property (13) follows from equation (26) in [36, Chap. V]. For the proof of (12), (14)—(16)
see [3], for (17) see [12].

Leto > O0andlet X = X(R") = X(R", u,) be ar. i. Banach function space endowed
with the norm || - || x. The Bessel potential space H° X (R") is defined by

H°XR") :={u:u=fx*g,, f€XR} (18)
and is equipped with the norm

lullgex =1 flx. (19)

Note that, given f € X, the convolution u = f * g, is well defined and finite w,-
a.e. on R” since the measure space (R”, u,) is resonant and so (cf. [5, Theorem I1.6.6])
X < LYR") + LOR").

If p e (1,4+00],q € [1, +oo] and b € SV (0, +00), then the space L, 4., (R") coincides
with a r. i. Banach function space X (R") (the (quasi-)norm (11) is equivalent to the norm
12Y/P=Y4 b1y £**@0)| -(0,4-00), Which follows from the estimate f* < f** and Lemma 2(i)
withr = ¢, w() = tVP=Ya=1p), v(t) = t'/P~149p(t) and a = +00). Consequently, if
o >0,pe(l,+oo],qg €[l,+o0] and b € SV (0, +00), H L) 4.p(R") := H? X (R")
is the usual Bessel potential space modelled upon the Lorentz—Karamata space L 45 (R"),
which is equipped with the (quasi-)norm

”u”U;p,q;b = ||f||p,q;b~ (20)

Whenm € N, & = (@1, ...,0,) € R and b = £%, we obtain the logarithmic Bessel
potential space H° L, 4:o (R"), endowed with the (quasi-)norm ||u]s; 4:» and considered
in [13]. Note thatif &« = (0, ...,0), H° L, .o (R") is simply the (fractional) Sobolev space
H?P(R") of order o.

Whenk € N, p,q € (1, +00) and b € SV (0, +00), then

H¥L 4p(R") = {u: D*u € L, 4.5 (R") if || <k},
and
el pg:s = D IDullpg:p forall u e H Ly 4p(R")

| <k

according to [22, Lemma 4.5] and [33, Theorem 5.3].
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Let © be a domain in R”. The space of all scalar-valued (real or complex), bounded and
continuous functions on €2 is denoted by Cp(2) and it is equipped with the L°°(£2)-norm.
Foreachh e R", let Q, = {x € Q : x + h € Q} and let A, be the difference operator given
on scalar functions f on Q2 by (A, f)(x) = f(x +h) — f(x) for all x € Q). The modulus
of smoothness of a function f in Cp(S2) is defined by

w(f,1) = sup || Ap FIL(Qp)| forall ¢ > 0.

|hl<t

If
B(f. 1) =w(f.t)/t forall t >0,

then w(f, .) is equivalent to a non-increasing function on (0, +00). The function f € Cp(2)
is uniformly continuous on €2 if and only if w(f, t) — w(f,0) = 0ast — 0. We refer to
[5, pp- 331-333] and to [9, pp. 40-50] for more details.

Let Q be a domain in R”. By C () we mean the subspace of C(£2) of all bounded and
uniformly continuous functions on . A subset S of C(Q) is equicontinuous if and only if

supw(f,t) — 0 as t - 04.
fes
Letr € (0, 400] and let £, be the class of all continuous functions X : (0, 1] — (0, +00)
which are increasing on some interval (0, §), with § = §, € (0, 1], and satisty

lim A(t) =0
t—04
and
1yt
t —_— < +00. 21
)‘(t) r;(0,8)

When r = +o00, we simply write £ instead of L,.

If A € L,, one can easy see that A is equivalent to a continuous increasing function on the
interval (0,1]. Consequently, without loss of generality, we shall assume that all elements of
L, are continuous increasing functions on the interval (0,1].

Let r € (0, +00], L € L, and let Q2 be a domain in R". The generalized Holder space
Aéé), (2) consists of all those functions f € Cp(2) for which the quasi-norm

fl/rw(f’ 1)

AC) CONI - — 00
| FIAS (DI == | FIL ()] + 0

r;(0,1)

is finite. Standard arguments show that the space Aéé), (Q) is complete (cf. [30, Theo-
rem 3.1.4]). If (21) does not hold, then the space Aéé), () contains only constant functions.
The space Aéé',)oo () coincides (cf. [31, Proposition 3.5]) with the space C9*0)(Q) defined
by
LFICO @ = sup  Fol + sup  LEZION o
xeQ ryen A(x —yD)

O<fx—y|=1

IfA(t) = 1,1 € (0, 1], and © = R”, then A%\ (Q) coincides with the space Lip(R") of
the Lipschitz functions. If A(¢) = t“, « € (0, 1], then the space Aéé), () coincides with the

space C 0.2.r () introduced in [1].
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The next lemma shows that we could define the generalized Holder space A?x({,), (Q) as
a subspace of C(£2) rather than a subspace of Cp ().

Lemmad Letr € (0, +00], A € L, and let Q2 be a domain in R". Then
2O (S S
ALD.(Q) = C(Q).

Proof Let f € AL (Q). Then there is M € (0, +00) such that

, 1
HI—I/VM < M
A@) 0.1
Since also, for all # € (0, 1),
T—l/rw(f’ T) _ ‘Tl—l/ra(-f’ 7) o o(f, 1) ”Tl_l/rH ~ o(f,1)
VYCI P M) o~ @) 0.0 A1)
we obtain,

w(f, 1) <A forall 1 e (0,1).

Moreover, the fact that (1) — 0 as t — 04 yields w(f,t) — 0 ast — 04. Consequently,
f is uniformly continuous on 2. O

Let © be a measurable subset of R”. We denote by B(£2) the set of all scalar-valued
functions (real or complex) which are bounded on 2 and we equip this set with the norm

I flIB@) = sup{lf ()] : x € Q}.
In the paper we investigate embeddings of the form
H°XR") — Y(Q), (22)

where 0 > 0, X = X(R") is ar. i. Banach function space, €2 is a domain in R” and Y () is
a convenient Banach space of functions defined on €2. Note that embedding (22) means that
the mapping u — u|g from H? X (R") into Y (£2) is continuous. Note also that in the whole
paper we use the symbol u both for the function u and its restriction to €2.

3 Auxiliary results

First, we need the following assertion.

Lemma5 Let X = X(R") be a r. i. BFS. Suppose that f € X and put f(x) := f*(ﬂnpzc—,lln),
x € R". Then f € X.
Proof Let X = X((0, +00), 11) be the representation space of X (cf. [5, Chap. 2, Theo-

rem 4.10]; by [5, p. 147], X is given uniquely). Let f € X. Then, by Proposition 5.11 of
[5, Chap. 3], the function A(?) := f*(zi,,), t € (0, +00), satisfies 1 € X. One can also easily

verify that (f)* = h. Consequently, || f|lx = ||k I+ < +oc and the result follows. m]
Remark I There is another proof of Lemma 5. Indeed, using the hyperplanes x; = 0,
i =1,...,n, we decompose the space R" into 2" sets Q, k = 1,...,2", with disjoint

interiors such that
2’1
R" = | J Q.
k=1
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Let fi(x) = f*(ﬂnl)z‘—,‘,")xgk(x),x € R". Then, (fk)*(t) = f*@) forallr > 0.Since f € X,
we have f; € X foreachk =1,...,2". Hence f = ZI%:I fr € X.

The next lemma is related to [13, Lemma 4.5].

Lemma 6 Let X = X (R") be a r. i. BFS and let Q2 be a domain in R". Suppose that 6 > 0
and let g, be the Bessel kernel. Then

H° X (R") — B(R) (23)
if and only if
lgollx < +o0. (24)

Proof Suppose that ||gs || x» < +00. Letu = f *x g5, where f € X. By Holder’s inequality
(cf. [5, Chap. 2, Corollary 4.5]),

lu(x)| < / [fODg(x —=y)dy < | fllx llgsllx forall x e Q. (25)
R'l

Therefore,

lullp) < lIgallxIIflIx,
which, together with (19), gives (23). _

Suppose now that (23) holds. Take f € X and xg € Q. Put f(x) = f(x — xp), x € R",
where f(x) = f*(Ba |)2“,L" ), x € R". Since (f)* = (f)* and f € X by Lemma 5, we have
fe X. Hence, u := f* go € H? X. Moreover, since |x — y — xo| < |x — xo| + |y| < 2|y|
if [x — xg| < |y| and since f, g, are radially decreasing, we obtain

lu(x)| = /f(x — ) g (y)dy
Rn

= /f(x—y—xo)go(y)dy

fan
> / 7y g () dy

[y[=]x—xol
= / FEBulyI™) 85 (Bulyl™) dy
[y1=]x—xo]

400
=/ /f*(ﬁnlyl")gé(ﬂnlyl")dﬁdp
lx=xo {ly|=p}

+o00
= / FBup™) g5 (Bup™) 0 B "~ dp
[x—xol

+00
= / fr) gi(s)ds, x €.
Bulx—xol"
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Together with the fact u € B(2) (cf. (23)), this yields

+00
oo lulwa = [ 17685 0)ds. 26)
0
Since inequality (26) holds for any f € X, g, belongs to X', which gives (24). O

Remark 2 Leto € (0, 1) and let X = X(R") be ar. i. BFS such that ||g, || x» < 4+00. Then

1
/s%_lf*(s) ds < 4+oo forall feX 27)
0

(which implies that a function f € X (R") belongs to the Lorentz space L o1 (B) for any ball
B C R"). Indeed, we deduce from (15) and (12) that g (s) ~ sn'foralls € (0, 1) and so
the result follows from the Holder inequality.

4 Key estimates

In the next theorem we present sharp estimates of modulus of smoothness of the convolution
of a function f from ar. i. BFS X (R") with the Bessel potential kernel g5, 0 < o < 1.
Such estimates are essential in what follows.

Theorem 1 Leto € (0, 1) andlet X = X(R") be ar. i. BFS such that || g5 || x» < +00. Then
f*gs € Cg(R") forall f € X and

"

w(f*gg,t)j/s%_lf*(s)ds forall t € (0,1) andevery f € X. (28)
0

Moreover, estimate (28) is sharp in the sense that
tll
w(?*g(,, 1)z /s%_]f*(s)ds forall r € (0,1) andevery f € X, 29)
0

where
&) = fEBulxM xyern: y=0)nBO,1)(X), X = (x1,,x,) € R". (30)
(Note that (1) = f*(2t) forall 7 € (0, B /2)).

Proof (i) Leth e R",0 < |h| < 1, and let x € R". Put

h h
B, :=B (x, '2—|) , By:=B (x + h, %) ., Bs:= B(x,2|h])\(B1 U By)

and

By = BS(x,2|h|) := R"\B(x, 2|h).
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Take f € X(R") and put u = f * g,. Then, by Lemma 6 with Q = R", u € B(R"), which
implies that (Aju)(x) is defined for all x € R”. Since

(Apit) (x) = / FO) (Anga)(x — y)dy forall x € R,
Rn
we have
(A )] = Ni + N2+ N3+ Na, 31)

where

Ni = / SO (Argo)(x — )] dy,

B

Ny = / F O] 1(Ango) (x — )] dy,
B

N3 = / [fO)I (Args)(x — y)ldy,
B3

Ny = / LF O [(Arge)Cx — )] d.

By
If y € By, then |h| > 2|x — y| and
Ix+h—yl=I|hl—I|x—y|>|x—yl
This and (13) yield, for all y € By\{x},

[(Anga)(x = I < g +h =P+ 18(x =W 2 go(x — ¥).

Consequently,
Ni j/lf(y)lga(x —y)dy. (32)
B
Hardy’s lemma, cf. [5, Chapter 2, Theorem 2.2], and (17) give
Bn(Ih]/2)" |n]"
N; = / FH) s ds ~ / FH(s)s T ds. (33)
0 0
Analogously, we arrive at
sz/lf(y)lga(x—erh)dy (34)
B
and
|h|"
Ny = / () s T ds. (35)
0
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If y € B, then 2/h| > |x — y| > %l and [x +h — y| > % Hence, [x +h — y| <
|h] 4+ |x — y| < 3|h]|. Thus, by (12) and (15),

go(x —y) & |x — y|77" &~ |h|”7" forall y € B3
and
gox+h—y)~|x+h—yl° "~ |h|°" forall y € Bs.
This implies that
[(Ango)(x = )| = 8o (x +h — y)| + 180 (x — y)| ~ |h|”™" forall y € Bs
and so

N3 < [h7 / f D)l dy. (36)

B3

Applying Hardy’s lemma, we arrive at

Bn 21" |h|" |h|"
N3 < [h7 " /f*(s)dw|h|“—"/f*(s)ds5/f*(s)s?ds. 37
0 0 0

To derive an estimate in the exterior of the ball B(x, 2|k|), we use some ideas from the
proof of [15, Lemma 2.5, p. 247]. The inequality

1
n
a
|Ahg0<x—y>|s|h|z/‘agg<x—y+rh>‘ dr forall x,yeR", x#y, (38)
.
j=tp

together with the obvious estimate
%|x -y <|x—y+7th| < %|x —ylift €[0,1] and y € By = B°(x,2|h|)
and (16), yields
|Angs (x — Y)xsee 2y 3 1hllx = y177" 7" xgeeamy@). v € R"\{x}.
Thus

No < Ih] / O = 317" xee o ) . (39)
]Rn

Putting

F(y) = Ix — 317" xpeenp(), v € R"\{x},

and taking into account that 0 —n — 1 < 0, we can easily see that

(c—n—1)/n
F (1) = (|h|” + ﬂ—) forall > 0.
n

This and Hardy’s lemma imply that

+0o0
s (c—n—1)/n
N = 1| /f*(s) (|h|"+—) ds.
J B
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On the other hand, because o < 1, we have

+0oo N
|| / f‘ (il)lftH»l)/n ds
o (mr+4)
[h|"
=w/ f*s)
(n—o+1)/n
o (nm+3)
+0oo *(s)
+Ihl f (n—o+1)/n
i (|h|” + ﬁ—)
[h]" +o0
jth‘"‘/mf*w)ds+whlt/)f*u)s“‘"‘””ch
0 |h|"
|| +00
;y/ﬁmHTM+mwmwwfﬁ““st
0 [h|"

A"

“/ﬂwﬁ%w+WﬁwWoww4m
0

|h|"
”/Fm57w+ﬁwm0WW”

0
A" h|"

j/f*(S)S¥ds+/f*(S)S%ds

0 1
2

|h|"
%/f*(s)sgn;nds.
0

The last two estimates show that

|h|ﬂ
Ny = / () s ds. (40)
0
Therefore, by (31), (33), (35), (37) and (40), we obtain
|h‘"
[(Apu)(x)| = / f*(s)s% ds, heR", 0<|h|l <1, forall x e R". (41)
0

Together with (27), this implies that & is continuous on R". Thus (cf. Lemma 6 with Q = R"),
the function u belongs to Cg(R") and (28) follows from (41).
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(i) Now we are going to prove (29). Let# = f * g,, where f € X. Take t € (0, 1) and
putf = (—t,0,...,0) € R". Then

o, t) > |u() —u)]. 42)
If y € B(0,1) and y; > 0, then

[F—yl = ((~1t —y)* + (=3)* + -+ (—y)H'?

> ((=yD)?+ =)+ DY = =yl = Iyl
Thus, by (13),
0>g,(t—y)—85(=y) =8 —y) — & ().
Consequently,
(@) — 7(0)] = / FBaly™ (803 — g0 G — ) dy
(yeR": y; >0}NB(0,1)
> / F By (30 0) — 8o G — ) dy  (43)

{yeR": y;1>0}NB(0,kt)

for any k € (0, 1). If |y| < kt, then
[t =yl =1t] — Iyl =1—yl zt—kt:(l—k)tz%lyl,
that is,
lylk <17 = yl, (44)

where k := (1 — k)/k. Observe that k — 400 ask — 0.
By (12) and (15),

c1|x°7" < go(x) < cp|x|77" forall x € B(0, 2)\{0}. (45)
Together with (44), this gives

- T, lyl”™" [
gt —y) <t —yl <c T < ? go(y) forall y € B(0, kt)\{0}.

C1

Choose k € (0, 1) small so that —2— < % Then,

k"’
_ 1
8t —y) = 580(}’) forall y € B(0, kt)\{0}. (46)
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Now, (42), (43), (46) and (45) yield

o, 1) / I BulyI s (y) dy
{yeR": y;>0}NB(0,kt)
~ / FEBalyIy1” " dy

{yeR": y; >0}NB(0,kt)
(k)"

~ / f*(s)s% ds

0

t’l
%/f*(s)s¥ ds

0

and the proof is complete. O

The following corollary is a consequence of Theorem 1 and Lemma 6.

Corollary 1 Leto € (0, l)ﬂnd let X = X(R") be ar. i. BFS. Assume that 2 is a domain in
R". Then H° X (R") — C(R) if and only if ||go | x» < +00.

Remark 3 In Sect. 7 we shall investigate the compactness of the embedding
HYX(R") — ARO.(Q), (47)

where © will be a bounded domain in R”. Note that, by (47), the restriction to Q2 of a

function u € H? X(R") belongs to the space A’f,.f;i(ﬁ). Note also that u = f % g, for
some f € X (R"). Under the assumptions of Theorem 1, u € Cp(R"), which implies that

u € Cp(R2). To calculate ||u|A’oLo(:), (€)|l, we need the modulus of continuity of the function
u. Clearly, o(u, t) = wq(u, t), t > 0, that is, the modulus of continuity depends on a given
domain 2. Recall also that the modulus of continuity w(f * g5, -) involved in Theorem 1 is
the modulus of continuity with respect to the whole R”, that is, wrn (f * g5, -)-
To characterize the compactness of the embedding (47), we shall need analogues of esti-
mates (28) and (29) with w replaced by wg. Since
wQ(f*go'vt) EwR"(.f*gO"t)a tZO,
estimate (28) implies that
tn
wa(f *go 1) =< /s%—lf*(s) ds forall 1€ (0,1) andevery feX.  (48)
0

To get an analogue of (29), take xo = (xo1, ..., X0n) € 2andr € (0, 1]sothat B(xp, r) C Q.
Then

t’l
a)g(f* 8o 1) /s%_lf*(s) ds forall t€(0,1) andevery f € X, 49)
0

where

7()5) = f*(,Bnlx - xOln)X{yeR”:yl>x01}ﬂB(x0,r) (x)7 X = (xl7 ey xn) eR". (50)
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Indeed, take ¢ € (0, 1) and putz = (—¢r,0,...,0) € R". Then, instead of (42), we now
have

wq(, 1) = u(t + xo) — u(xo)| (5D

and the same arguments as those used in part (ii) of the proof of Theorem 1 yield (49).
In what follows we shall omit the subscript €2 at the modulus of continuity since it will
be always clear from the context which modulus of continuity we have in mind.

5 A characterization of the continuous embedding

Now, we are able to characterize the continuous embedding of the space H° X (R"), with
o € (0,1) and ar. i. BFS X = X(R"), into the generalized Holder space AL (R™).
Assuming that g, € X’ in the next theorem, we reduce this problem to inequality (53) below,
which involves the Hardy-type operator (6).

Theorem 2 Let 0 € (0,1) and let X = X(R") = X(R", u,) be a r. i. BFS such that
llgollx < +o00. Assume that r € (0, +o0] and u € L. Then

HX(R") > ARS(RT) (52)
if and only if
o
o) [ a2 forall fex. oY
0 r3(0,1)
Proof SUFFICIENCY. Assume that (53) holds. Let f € X andu = f*g,. Then, by Theorem 1,
o
wu, 1) 3 /s%—lf*(s)ds forall 7€ (0,1),
0
which implies that

"

1 () o, Dl 3 1877 ()™ /s%"f*(s) dslr.1)-
0

This, together with (53), yields
1 _
™7 () " w0, Ol 3 1 Fllx = lullgox.

Thus, embedding (52) is a consequence of the last estimate and Corollary 1 (with Q = R").
NECESSITY. Suppose that (52) holds. Then, forallh € X andu = h * g,

1
It (@) 0@, Ollr0,1) 2 Nullox = Ihlx. (54)

Let f € X.Since X is ar. i. Banach function space, the function f given by (30) also belongs
to X and (f)* < f*, which implies that

IFlx < I flx- (35)
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Putting u = 7 * g, we have from Theorem 1 that
n
(@, 1) = /s%*lf*(s) ds forall t € (0, 1).
0
Together with (54) and (55), this yields
m
|n—%<u<n>—‘j/s%—‘f*@Odsmq@J)s IF1lx < I fllx
0
and (53) is verified. ]

Using Theorem 2 and Lemma 6 with 2 = R”, we arrive at the following corollary.

Corollary 2 Let 0 € (0,1) and let X = X (R") be a r. i. BFS. Assume that r € (0, +00]
and p € L. Then embedding (52) holds if and only if ||go ||x' < 400 and (53) is satisfied.

6 Applications of the embedding result

We are interested in embeddings in the case when the space X is a Lorentz—Karamata space
L, 4:5(R") with p € (1, 400), g € [1, +00] and b € SV (0, +00). Then X coincides with
ar. i. Banach function space and

X/ = Lp’,q/;l/b(Rn) (56)

(see [32, Theorem 3.1] and replace y;, by b and yy 5 by 1/b there).
To verify the assumption || g5 || x» < +o0c in Theorem 2, we shall use the next lemma.

Lemma7 Let 0 € (0,n), p € (1,4+00), g € [1,+00] and b € SV (0, +00). If X =
L, 4:5(R"), then

g €X'
if and only if either
n
P> (57)
or
n - -1
p=— and |t < (@) lg:01) < +oo. (58)

Proof By (56)

L

1 _ 1 1
lgollxr &~ Ie7 4 (b)) g2 g1 + 117~ B) ™ gk 1) llyr: (1,400
=: N; + N. (59)

Since o € (0, n), by (17),

gk (1) 2 1@ m/mg=et™ gorall ¢ > 0.
Due to the exponential factor involved in this estimate, we obtain Ny < +o00. Thus, by (59),

lgsllxr < 400 ifand onlyif Nj < +oo.
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Using (12) and (15), we arrive at

gh@) ~ 1/ forall t € (0, 1).
This implies that N1 < 400 if and only if either

1 o o 1
—+—-—=1==—=—->0
p n n p

or

1 o

o 1 _L _
p ;—1=;—;=0aM|nwwm‘Mwﬁ<+m

[m}

To characterize (53) when X is the Lorentz—Karamata space L, 4., (R"), we shall use the
following lemma (with & = 1).

Lemma8 Leto € (0,1), p € [(’;’,—i—oo), q € [1,400], b € SV(0,+00), r € (0, +o0],
w e Ly andleté € (0, 1). Then

"

r‘%(u(r»‘l/r%‘lf*(r)dr

<C ”f”p,q;h (60)
0 ri(0,€1/m)
forall f € Ly .»(R") if and only if
t
_1 1/n\y—1 1yL_e
(™)) h(t)dr =Gt e "h(h®)lg;0.6) (61)
0

r5(0,8)

forallh € M*(0, &). Moreover, the best possible constants C1, = C1(£) and Cy = C2(€) in
(60) and (61) are equivalent and the constants involved in this equivalence are independent

of €.

Proof (1) Assume that (60) holds. Then the inequality
t}’l
1 o 1_1
F?(M(t))*l/ﬁ*lg(f)dt S llerab(@)g)llg; 0.6 (62)
0

r;(0,€1/m)
holds for all g € M™(0, £; }). This implies that the inequality

"

&
fﬁ%(ﬂ(l‘))il/f%fl /h(s)sf% ds | dt

0 i ri0.81/m)

&
= t%_éb(t)/h(s)sf% ds (63)

q;(0,8)
is satisfied for all 1 € M™(0, £).
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By Fubini’s theorem,

" € " s
/-,;%*1 /h(s)sf% ds | dr :/h(s)S7% /t%fldl' ds
0 T 0 0
& "
+/h(s)s*% /r%*ldr ds
" 0
" £
%/h(s)ds—}—t‘7 /h(s)sf% ds
0 "
tVl
> /h(s)ds forall 7 € (0,&'/™) (64)
0

(the constants involved in this estimate are independent of &). This and a change of
variables give

tn
LHS(63) - z*%(u(t))*l/h(s) ds

0 r;(0,61/m)
t

f%w‘/"))*‘/h(s) ds . (65)
0 r;(0,€)

On the other hand, the Hardy inequality (cf. Lemma 3)

X

£
1l_c
! n

1_1 _a 1y
54y /h<s)s " s <clra

! q;(0,§)

b(t) h(®)ll4:0,8)

for all h € M™(0, &), with C independent of &, shows that

1

RHS(63) < |7

1 a
+4L -9
7

"h(t) h(t) 4 0.6 (66)

The estimates (63)—(66) imply (61). The best possible constant C, in (61) satisfies
Cy 2 Cy.

(i) Suppose now that (61) holds. Let f € L, 4»(R"). Putting h(t) = t%_lf*(t),
t € (0, &), and using a change of variables, we obtain

"

LHS(61) ~ t—%(ﬂ(z))—l/r%—lf*(r)dr = LHS(60) (67)
0 r;(0,61/m)
and
1142 Tl px
RHS(61) ~ [[t? "4 " b(t)tn " f*(O)llg:0.6)
1_1
= [lt7" 4 b(t) f*)lg:0.6) S RHS(60) (68)
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(the constants involved in these estimates are independent of &). Therefore, (61) and
estimates (67), (68) imply that (60) holds. The best possible constant Cy in (60) satisfies
C = (. O

Continuous embeddings of spaces H? L, 4.»(R") with 0 € (0, 1) into generalized
Holder spaces in the superlimiting case (that is, when p > n /o) are characterized in the next
theorem.

Theorem 3 Leto € (0,1), p € (;i, +00), g € [1,400], b € SV(0, +0o0), r € (0, +00]
and n € L. Let & : (0, 1] — (0, +00) be defined by

Alx) = xai%(b(x"))_1 forall x € (0,1]. (69)
(Note that A € L, for any r € (0, +00]).
(i) If1 <gq <r < +oo, then
H Ly g:p(R") <> AL (R
if and only if

— Ax)
lim
x=04 p(x)

< +o00. (70)

() If 0 <r <q <+ooandq > 1, then

HOL, ,p(R") < AL (R

1
/(Mx)) < +o0, 1)
J (x) X

if and only if

1.
where L=

-

1
-

Proof Put X = L 4.5(R"). By Lemma7, ||g5 || x» < +00. Consequently, by Theorem 2 and
Lemma 8 (with & = 1),

HoX — AL (R
if and only if, for all 2 € M (0, 1),

t

L a1 1
() h(z)dt S le?
0 r;(0,1)

1l _a
T bR 0.1 (72)

(i) Ifl <gq <r < -+4o0, then Lemma 2 shows that (72) holds if and only if

sup Hl_vl'(u(t]/”))_]Hr;(x NG 7 (b)) < d4oo.  (T3)

xe€(0,1)

q’;(0,x)
Since % - % > (0, Lemma 1(iii) implies that

1 o
£ P (b)) ! mxﬁ‘%(b(x))—‘ forall x € (0, 1).

q';(0,x)
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Thus, (73) is equivalent to

a 1
sup Ht—%(u(t‘/"))—‘H X (b)) < +oo. (74)
x€(0,1) rienD

As p and b have singularities only at 0, (74) is satisfied if and only if
ST [ 1/nyy—1 g1 -1
Iim |77 (u(’")) xn P (b(x))” < +oo. (75)
x—04 ri(x,1)

Now, we are going to prove that (75) is equivalent to (70). First, suppose that (70) holds.
Then there exists 6 € (0, 1) such that

1

1_o
m Jx? nh(x) forall x € (0,6). (76)

On the other hand,
[ @y s e ey
= N +C(),

o

r;(x,1) r;(x,8) r;(8,1)

. . . . . 1 .
where C(§) is a constant depending on §. Using (76) and the inequality - % < 0, we arrive
at

1_o
X xp n
r;(x,6)

_1 1 o
N 3 ”t rtr o nb(t)

b(x).

Thus,

g
n

<=

[ F a3

D b(x) + C(S) forall x € (0,9)
rix,

and, using the properties of slowly varying functions, we obtain that

- 1 —_— o_ 1
lim Hf% (/)1 H X (b)) 2 lim (1 £ C@)x TP (b(x))_l) — 1,
x—>04 ri(x,1) x—>04
which gives (75).
Suppose now that (75) holds. Then there exists é € (0, %) such that, for all x € (0, §),

S G B T

ri(x,1

> Ht*%(u(tl/"))AH,;(x,zx)x%_%(b(x))il

> (@0 )V x5 (b)) !
~ ((@0)™) 7 @x) " (b2x)
that is,

o_ 1
yr P (b(y) !

<1 forall y e (0,25)
p(yt/my

and (70) follows.

(i) If0<r <g <+ooandgq > 1, then Lemma 2 states that (72) holds if and only if
1

/Hf%(u(r‘/"»*‘H oy Ve (x%‘hb(x))*‘)q/ ‘i—x < 400, (77)

u
rs
0
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where

’

q
V) = 15T (b (78)
q';(0,x)
. 1 .
Since % -5 > 0, Lemma 1(iii) and (69) imply that
a 1 q’ ’
v ~ (x5 e ™) = ()
This and the identity ¢’ (57 + 1) = u show that (77) is equivalent to
/ d
u X
/Ht_%(u(t””))‘lu ()" < o, (79)
ri(x,1) X

0

We claim that (79) and (71) are equivalent. Indeed, this follows on taking & = 1 in the
estimate

£ 1/n

§
-1 1/nyy—11" l/n u dx A(x)
[letwarmtf L atm) (M(x) = (80)
0 0

forall £ € (0, 1].
Thus, it remains to verify (80). Since v := (7 — %)r >0and % > 1, (69) and Lemma 3
imply that

: .
LHS80) = |[x~# (A(x‘/"))r/t“(u(t‘/"))"dt
X %:00,8)
‘ 2
= |2 7E @) / ) dr
x £:00,6)
3 [ E ooy ety oo
= |+7F ) ety | 06
gl/n
~ / (Mx))u X porall £ €0, 1). (81)
" w(x) X
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Moreover,
£
[ —1 1/nyy—1 " 1o dx
LHSE0) = [ a7 Gt
" i (x,
£
3
1 1/nyy—1" 1nyye 4%
= H[ f(/,L(l‘ )) Hr‘(x 2x) ()\(x )) 7
0

&
2
> [0 my a2 ot <
0

El/n

' A “d
~ / (ﬁ) T forall g€ (0, 1],
p(x) X
0
Combining estimates (81) and (82), we arrive at (80).

Remark 4 Assume that all the assumptions of Theorem 3 are satisfied.

(i) Ifr € [gq, +oo], then the embedding

HO Lp g5 (R") = AL (R™)

(82)

(83)

with u = A is sharp with respect to the parameter © (which means that the target
space Ag.fl (R™) in (83) and the space A?,é), (R™) (that is, the target space in (83) with
i = A) satisfy Aéf,), (R") — A’o‘é; (R")). This follows from Theorem 3 (i) (condition

(70).

(ii)) Among embeddings (83) that one with © = X and r = g is optimal, that is, the target
space Aﬁ.‘é,’l(@) in (83) and the space Aéé)q (R™) (that is, the target space in (83) with

© = A and r = gq) satisfy

ARD (R7) = ALS) @RD).

(84)

Indeed, if r € [g, +o0], this follows from part (i) and the fact that Agé), (R") —
ASD@®TYif 0 < r <5 < +00 (cf. [22, Eq. (3.6)]). To verify it when 0 < r < g,

note that (84) is satisfied if

H[_l/r o(f, 1)
w(r)

=

< forall f e AX) (R™).
r;(0,1)

Ht_l/q w(f, 1)
()

q;(0,1)

Since w(f,-) is non-decreasing on (0, 1), this inequality holds (cf. [26, Proposi-

tion 2.1 (ii)] and [37, Lemma, p. 176]) if
/ 1 N dx
/ [t e < oo
r;(x,1) X
0

The last condition is equivalent to (71) (cf. the proof that (79) is equivalent to (71)).

The result follows from Theorem 3 (ii) since (71) is satisfied when (83) holds.
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(iii) The embedding
HO Lp g5 (R") = AL (R™)

does not hold if 1 = A and r € (0, ¢) (this follows from Theorem 3 (ii)).

(iv) Using the terminology of [25] or [38], we obtain that (@, q) is the continuity

envelope of H L, ,.,(R") (this is a consequence of part (i) with r = 400 and
part (iii)).

The following assertion is an analogue of Theorem 3 and concerns the limiting case when
p=njo.
Theoremd4 Leto € (0,1), p = 2, q € (1,400l r € (0,400l u € L, and let b €
_1
SV (0, +00) be such that ||t < b)) llg';0,1) < +00. Let Agr € L, be defined by

. 141
y dt o

hgr () 1= b7 (x") / o) xe@1l (85)
0

1) Ifl <q <r <400, then
H Ly gp(R") < ALS)(R™)
if and only if

_1 _
im =7 (@)™l o)

_1
x>0y ”t ’()\qr(t))_lllr;(x,l)

(i) If0 <r <q <+4ooandq > 1, then

< +o0. (86)

H Lp,gp(®") > AL (RT)
if and only if

12 X" -1

||t71/r(,u(f))7l||r:(x,1) ! g o dx
o/ (”’_”’@qr(t))—l||,;<x,1>) 0/t b ) bEOE) T < oo, (87)

1._1_1
where;._r 7

Proof PutX = L, ;.,(R"). By Lemma7, ||g5 || x» < +00. Consequently, by Theorem 2 and
Lemma 8 (with & = 1),

HOX < AR
if and only if, for all z € M*(0, 1),

1

1 1
(e m) ! / hode| 2 BORO 0. (88)
0 r;(0,1)
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(i) Ifl <g <r < 4o0, then Lemma 2 shows that (88) holds if and only if

_ 1
sup Hz—%(u(t‘/"))—‘H 7 (b(r))"! < +oo. (89)
x€(0,1) rix q’;(0,x)
Since
! 1 1 -4 !
l27 7 (Agr (2 /my)~ lrioe,ny ||t 4 (b)) forall x € (0,1/2) (90)
q':(0,x)

and as singularities of functions in question are only at 0, (89) is equivalent to

| watmy=1]
lim ri(x, 1) <+
1 9
=04 ”t_; ()\qr(tl/n))_l ”r;(x,l)

and (86) follows.
(i) If0<r <gq <+ooandgq > 1, then Lemma 2 shows that (88) holds if and only if

1

u , / d
[ F ey ey b ) S < oo, O

ri(x,1) X

0
where
1 qa
V)= [t 7 b)" (92)
q';(0,x)

Using the identity 7 = 25 — 1, (90) and the fact that the singularities of the functions
in question are only at 0, we see that (91) is equivalent to (87). ]

Remark 5 Assume that all assumptions of Theorem 4 are satisfied.

(i) Ifr € [q, 4o0], then the embedding
HLp,gip(R") = AL (RY) (93)
with i = Ay is sharp with respect to the parameter ju, that is, the target space

A’Cfél (R™) in (93) and the space Aégf,(')(W) (that is, the target space in (93) with

= Agy) satisf Aﬁg’,(') (R?) — A’géz (R"). Indeed, the last embedding is satisfied if
q y . . g

Ht_l/r wo(f,1)
w(r)

U o(f,1)
hqr(2)

=< forall fe ALY (®M).

r;(0,1)

r;(0,1)
Since w(f,-) is non-decreasing on (0, 1), this inequality holds (cf. [26, Proposi-
tion 2.1 (1)]) if
1
sup 7 (uen”! | / l7 g™ < os,
x€(0,1/2) r;(x,1) ri(x,1)
which is equivalent to (86). The result follows from Theorem 4 (i) since (86) is satisfied

when (93) holds.
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(i) Among embeddings (93) that one with © = Aqq and r = q is optimal, that is, the
target space AM( ) +(R™) in (93) and the space A (@) (that is, the target space in
(93) with © = Aqq and r = q) satisty

A8 ®T) s ALO)®D). (94)

Indeed, if r € [g¢, +00], this follows from part (i) and the fact that A5 "’( )(R”) —
Aggfs(')(@) if ¢ <r <s < +oo (the proof of this is analogous to the proof of
[22, Eq. (3.18)]). To verify it when 0 < r < ¢, note that (94) is satisfied if
Htl/rw(f,f) 1/q0)(f=t)
() )\qq(t) 4:(0,1)
Since w(f, ) is non-decreasing on (0, 1), this inequality holds (cf. [26, Proposi-
tion 2.1 (ii)] and [37, Lemma, p. 176]) if
1/2

[lrtwor ] 1o o) 2 < o,
0

~ har )

r;(0,1)

forall f e Ax,” (R™).

which can be rewritten as (91). Furthermore, (91) is equivalent to (87) (cf. the proof of
Theorem 4 (ii)). The result follows from Theorem 4 (ii) since (87) is satisfied when
(93) holds.

(iii) The embedding

HL, ,.5(R") < AL R

does not hold if u = Agr and r € (0, g) (this follows from Theorem 4 (ii)).
( Agoo (%)
X

envelope of H° L, 4., (R") (this is a consequence of part (i) with » = 400 and part

(iii)).

(iv) Using the terminology of [25] or [38], we obtain that , +oo) is the continuity

7 Compactness

First, we characterize totally bounded subsets of the space Ah’ ¢ ().
Theorem 5 Let r € (0, +00), u € L, and let Q2 be a bounded domain in R". Then S C
A’oﬂg; (Q) is totally bounded if and only if S is bounded in Agé; () and

1
sup [l () '@, D08 — 0 as & — 0y, (95)

ueS

Pr00f7SUFFICIENCY. Since Sisbounded in A“ © +(R2), Lemma 4 implies that S is also bounded
in C(Q).
Lete € (0, 1). By (95), there is § € (0, 1) such that
_1 _ &
sup |17 (1)~ @@, Dl < 7 (96)
ues

Now, for this 8, there is a positive constant ¢(§) such that, forallu € S,

lul A @)1 < @ Nl L@ + ™7 () o, D)3 0.5 C0)
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By (96), for all £ with |&] < 8,

_1 —
1> sup [lt77 (w(®) " o, 1) 0.6

uesS
= sup /"7 () " B, Dl 0.
uesS
B(u. £)
sup
uesS I‘L(é)
© qup 209
ueS M(E) '

Y

1
ll#'=7 llr:0,)

Hence,

Sugw(u, §) S u@). 5l <.

Since u(t) — 0ast — 04, we obtain that

supw(u,&) - 0 as & — 04,
ueS

which means that S is equicontinuous. Therefore, the Ascoli-Arzela theorem implies that S

is totally bounded in C(2). Consequently, there exists a finite %@-net {uy,...,un} C S
such that
o = L@ <  forall ues (98)
ke{l ,,,,, g 2¢(8) '

Using estimates (97), (98) and (96), we obtain for any u € S that

min nu—uuA“RQw<cw> _min e = | L)
ke{l,..,N}

,,,,,

_1 _
+ sup nrrwu»‘ww—ubomm@
ke{l,....N}

< c(a) m1n ||u — ug| L= (Q)]|

.....

_1 _
+ sup W’UdmlwWJme)

kefl,...,N}
_1 _
+ sup T () ok, Ol 0.5)
kefl,...,N}
8+8+8
ELELE_,
2 4 4

which proves that S is totally bounded in Agcf; ().
NECESSITY. Suppose that S is totally bounded in Agé), (). Then S is bounded in Aé‘é; ().

On the other hand, given ¢ > 0, there exists a finite %-net {uy,...,un} C S such that
e w A @) < £ forall ues. (99)
ke{l ,,,,, 2
Because r € (0, 4+00), foreach k € {1, ..., N} there is §x > 0 such that
_1 _ £
™7 ()™ @k, Dl 0,50 < 5 (100)

Let § := minge(1,... v} Ok. Since, forallu € S,any k € {I,..., N}andallt € (0, 1),

.....

o, t) <o —ug,t)+ o, t),
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(99) and (100) imply that

_1 _
It~ (@) @, Ol 0.5 < wfpin 1677 (@) " o = ug, O llrs0.1)

.....

+ sup ||t_7-(,u(t))_ (g, ;0,8
N}

ke{l,...,
< %—i—%:e forall u € S.
Therefore,
1 _
sup [t (u(®) " o, )08 < €
uesS
and (95) follows. ]

Remark 6 (i) In Theorem 5 the implication
S ¢ A)(Q) is bounded and (95) holds = S is totally bounded in A“L(Q)  (101)

remains true even if r = +00. (This can be seen from the proof of Theorem 5).

(i) If r = 400 in Theorem 5, then the reverse implication to (101) holds provided that
we assume S C A“() 29(Q). Here A“( 29(Q) is a subspace of A“( ) o(%) consisting of
those functions u which satisfy

lim (1) @, )llooi 0.8 = O
§—04

(This follows from the necessity part of the proof of Theorem 5).
(iii) Summarizing what we have said, we arrive at the following result.

Let u € L and let Q be a bounded domain in R". Then S C A“() (Q) is totally
bounded in Agé,}))o(ﬁ) if and only if S is bounded in A“( ) 2 (Q) and

sup [[ ()™ @@, Do 0.6) = 0 as § — 04
ueS
Now, we make use of Theorem 5 to characterize compact embeddings of Bessel potential
spaces H? X (R") into generalized Holder spaces AM( ) ().

Theorem 6 Let 0 € (0,1) and let X = X(R") = X(R", u,) be a r. i. BFS such that
lgsllxr < oo. Assume that r € (0, +00), u € L, and that Q is a bounded domain in R".
Then

HOX(R") > AL (Q)! (102)
if and only if
o
sup t_%(,u(t))_l/rf_lf*(r)dr —0 as &—04. (103)
Ifllx=<1 0 i 0.6)

I Recall that this means that the mapping u +— u|q from H? X (R") into A“ O () is compact.
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Proof SUFFICIENCY. By (103), there is § € (0, 1) such that

"

sup ||+ ()~ /r%*lf*(r)dr <1. (104)
Ifllx=<1
0 r:(0,8)
As, by Holder inequality (cf. Remark 2),
1

/r%*lf*(r)dr 3 llgellx 1 11x,

0

and since the function # — (u(r))~! has a singularity only at 0, we obtain for all f € X that

”
oy [ @an S o] sl 171 3170
0 r;[8,1)
Together with estimate (104), this yields

P
sup t—%(u(z))—‘/r%—‘f*(r)dr <1,

IIfllx <1
0 r1(0,1)

Therefore, by Theorem 2, H® X (R") — Agé; (R™), which implies that the unit ball of H° X
is bounded in A% ().
Let f € X be such that || f||x < 1. Then, by (48) of Remark 3,

sup Ht_%(lt(l‘))_lw(f * 8o, 1) Hr

Iflx =1 (0.5
tﬂ
1 o
< sup t""(u(t))‘l/rr]f*(f)df ,
Iflx=<1
0 r;(0,6)

which, together with (103), gives

sup Hz—%(u(t))—lw(f % 20, t)H S0 as E— 0.
Ifllx<1 r:(0.6)

With respect to (18) and (19), this and Theorem 5 imply that the unit ball of the space H X

is totally bounded in A’Cfél (Q) and the result follows.

NECESSITY. Suppose that (102) holds. Let f € X, ||fllx < 1, and define f by (50) of

Remark 3. Since (f)* < f*, we have that || f| x < 1. Moreover, by (49) of Remark 3, for

allé € (0, 1),

sup | )N othxgo.n)| = i) oF g0
Ihlx=<1 r;(0,8) r

:0.8)
tﬂ

—1 -1 oy R
£ (u(r)) /r" ff(ode

0 r:(0.8)

Y
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Hence,
1
su Hr:( ) w(h * ,t)H
Iy <1 g 872Ul 08
tﬂ
_1 1 T px
Z osup |27 (u(r)) /f" ff(ode ,
Iflx=<1
0 r:(0.£)
which, together with (102), (18), (19) and Theorem 5, gives (103). O

Using Theorem 6 and Lemma 6, we arrive at the following corollary.

Corollary 3 Let o € (0, 1) and let X = X(R") be a r. i. BFS. Assume that r € (0, 4+00),
W € L, and that Q is a bounded domain in R". Then (102) holds ifand only if || gs || x» < +00
and (103) is satisfied.

Remark 7 (i) InTheorem 6the implication (103) = (102) remains true evenifr = +o0.

(i)

(iii)

(This can be seen from Remark 6 (i) and the proof of Theorem 6.)
We see from Remark 6 (iii) that if we assume additionally in Theorem 6 that r = +o0
and the space X (R") and € £ are such that

HOX(R") — A0 @), (105)
then (102) is equivalent to (103).
For example, (105) is satisfied provided that
the Schwartz space . (R") is dense in H? X (R"), (106)
HOXR") — AL (Q), (107)
lim /p(t) = 0. (108)
t—04

Indeed, givenu € H° X(R")ande > 0,thereisv € ¥ (R") suchthat|u—v||gox < €.
Moreover, w(v, t) < ct forall t € (0, 1), where ¢ = c(v) is a positive constant. Thus,
using also (107), we obtain

(@) ™ @, Dlloos0.8) < 1) ™ @@=, 1) loo: 0.5+ (1 () ™ @ (v, )l o0: 0.5)
Sl —vllgex + cllt/mn(®)lloc: 0,6)
<e+clt/u)llo; 0,5 foral §e(0,1).

Together with (108), this implies (105).
For instance, (106) holds if

the Schwartz space .7 (R") is dense in X (R"). (109)
Indeed, this is a consequence of (18), (19), the fact that the mapping & + g, * h maps
Z(R") on .Z(R"), and (109).

In particular, (109) is satisfied provided that the r. i. BES X (R") has absolutely conti-
nuous norm (cf. [13, Remark 3.13]).
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8 Applications of the compactness result

We are interested in compact embeddings in the case when the space X is a Lorentz—Karamata
space L, 4.,(R") with p € (1, +00),¢ € [1, +ooc]and b € SV (0, +00). We shall start with
the following result, which is a consequence of Lemma 8.

Lemma9 Leto € (0,1), p € [(’;’,—l—oo), q € [1,400], b € SV(0,400), & € (0,1),
r € (0, +oo] and let v € L,. Then

"

sup t_rl(u(t))_l/r%_lf*(r)dt —0 as &— 04 (110)
”f”p.q;bfl 0 © E)
r; (U,
if and only if
t

sup f%(u(t‘/"))*l/h(r)dr 50 as £ 0, (111)

Ne(h)=1 5 06)
(U,

4l _c
g n

where N (h) := jert b(OYh() | g:0.6) for all h € MF(0,€) and & € (0, 1).

Compact embeddings of spaces H’ L, ,.,(R") with o € (0, 1) into generalized Holder
spaces in the superlimiting case (thatis, when p > n /o) are characterized in the next theorem.

Theorem 7 Leto € (0,1), p € (g, +00), g € [1,400], b € SV(0, +00), r € (0, +00)
and let pu € L,. Assume that Q is a bounded domain in R". Let ) : (0, 1] — (0, 400) be
defined by

Ax) = x"T P (b(x™) forall x € (0,1]. (112)
(Note that A € L, for any r € (0, +00]).
1) If1 <g <r < 400, then
HL,  »(R") <> AL)L(Q)
if and only if

A(x)

) (113)

() If 0 <r <q <+ooandq > 1, then
HL, ,»(R") <> AL)(Q)

if and only if

1
/ (}‘(x)) < o0, (114)
(x) X
0

where - =
u
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Proof PutX = L, 4.,(R"). By Lemma7, ||g5 || x» < +00. Consequently, by Theorem 6 and
Lemma 9,

HX <> AY)(Q)
if and only if

t

sup f%(u(tl/"))—l/h(f)dz —~0 as &— 0, (115)
Ne(h)<1
0 r:(0.8)
1,1 o
where Ng (h) == [|[t? 4~ " b(t)h(1) |4 0.¢) for all h € MT(0, ) and & € (0, 1).

(i) Ifl1 <g <r < +oo, then Lemma 2 states that (115) holds if and only if

T (b))~ 50 ask— 04. (116)

1 —
sup [+ ute' |
q';(0,x)

xe(0,£) ri(x.§)

Since % - % > 0, Lemma 1(iii) shows that

o

P %(b(t))fl %x%_%(b(x))*l forall x € (0, ).

q';(0,x)

Thus, (116) is equivalent to
o 1
sup Ht_rl(,u(t]/”))_]H X)) >0 as £ 0, (117)
xe(0,£) r;(x,&)

Now, we are going to prove that (117) is equivalent to (113). First, suppose that (113)
holds. Then, given ¢ > 0, there exists § € (0, 1) such that
o 1
X (b)) !
p(x!/m

Let & € (0, 8). Using (118), the inequality % — 2 < 0 and Lemma 1(iii), we arrive at

n

<e forall x € (0,96). (118)

_a
n

1_o
~egxr nb(x) forall xe(0,§).

ri(x,1)

1
I

b(t
ri(xE) T «

Consequently,
o 1
sup Hr%(u(zl/"))*lu X (be) Se forall £ e (0,8),
xe(0,£) r;(x,8)
which gives (117).

Conversely, suppose that (117) holds. Then, given ¢ > 0, there exists § € (0, 1) such that,
forall § € (0, 9),

ez sup 177 (u )7

o 1
X7 (b(x) !
x€(0,8) )

ri(x,&

=

G N O e O
. ri(§/2,8)

a

1/nyy—1 1/r o1 -1
> (wE/") " An2) " (E/2) 7 (b(/2))
~ (uEm)TlE T

T bE)
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that is,

£7 T (b(E)) !

= ¢ forall & € (0,9),
(Etm

and (113) follows.

(i) IfO0<r <g <+ooandgq > 1, then Lemma 2 states that (115) holds if and only if

&
u i oo _1 q d
/ =7 @ ey (e ) S 0as g 04, (119)
ri(x.§) X
0
with V from (78). Condition (119) can be rewritten as (cf. the proof that (77) is equi-
valent to (79))
; d
u
/H’_%(u(tl/”))“H () S50 as £ > 0y (120)
ri(x,§) X
0

Moreover, using (80), we see that (120) holds if and only if

1/n

oy

(A(x))" dx
— —> 0 as &€ > 04. (121)
m(x) x

o

Finally, since the singularities of the functions A and p are only at the origin, (121) is
equivalent to (114). ]

The following assertion is an analogue of Theorem 7 and concerns the limiting case when
p=nj/o.
Theorem 8 Let o € (0,1), p = 3 q € (1,400], r € (0,+00), u € L, and let b €

_1
SV (0, +00) be such that ||t~ ¢ (b(1))~! llg7;0,1) < +00. Assume that 2 is a bounded domain
inR". Let gy € L, be defined by

~ =

n Ly
y ar\’
hgr (1) 1= 977 (x) /b—‘f ) = , x e 11. (122)
0

(1) If1 <q <r < +o0o, then
HL, (R <> AL)L(Q)
if and only if
1
i ||t77(,u(l))71”r;(x,l)
im ;
x>0y ”t77()hqr(t))7l”r;(x,l)

(i) If0 <r <q < +ooandq > 1, then

—0. (123)

HL,  »(R") <> AL)L(Q)
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if and only if

1/2 X" -1

—1/r —1 u , ,
/( I ) ””(“)) /flb*q(t) dr) b0 ‘i—x < o0, (124)
0

”til/r(qu(l‘))il llr: e 1)

1.1
where L=

1

e

Proof Put X = L 4.5(R"). By Lemma7, ||g5 || x» < +00. Consequently, by Theorem 6 and
Lemma 9,

HX <> AX)(Q)

if and only if

t
sup |7 (/) /h(‘t)dr —0as &£ —> 0y, (125)
Ne(h)<1 0 06)

1
where Ng(h) := ||t b(t)h(t) 40,5 forall h € MF(0,&)and £ € (0, 1).
(i) Ifl <g <r < +oo, by Lemma 2, (125) holds if and only if

L -1 -4 “1
sup Ht ) H T (b(1)) S 0as £— 0. (126)

ri(x.§)

x€(0,8) q';(0,x)
We show that (126) is equivalent to
_ 1
lim |7 (/7)) H T (b)) —0. (127)
x—04 r;(x,1) ¢':(0,x)

Indeed, assume that (126) holds. Then, given ¢ > 0, there is A € (0, 1) such that

_ 1
T £ (b)) <
xe(0,A) 736, A) q';(0,%)

N ™

_1
As ||t (b(t))’lllq/;(o,l) < +00, ¢/ < +0o,and u € L, we can find § € (0, A)
such that

_ 1
o= @y £ (b)) <
r;(A,l) q/;(oyts)

| ™

Therefore, for all x € (0, §),

_ 1
17 (b))
i@, q’;(0,x)

[+ Guatrmy !

< e ey 7 b))

ri(x,A)

q’;(0,x)

terwamy | T ey

A q:(0.%)

£+s
<-4 = =c¢,
2 2
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(ii)

and (127) follows. The converse implication is a consequence of the estimate

sup | F a7 wan !

xe(0.8)

< sup [ ety
xe(0.8)

ri(x,§) q';(0,x)

T (b))

reeh ¢:(0.2)

Since (90) holds, (127) is equivalent to (123) and the proof of part (i) is complete.
If0 <r <g <+ocand g > 1, then Lemma 2 shows that (125) holds if and only if

&
u ’ ! d
[letwam ! @ o s 0w g0 as)
/ ,

with V (x) from (92). Using the identity % = % — 1 and (90), we see that (128) is
equivalent to

—1

¢ —1/r —1u X
t t E , ’
I 7R e </z'bq (z)dz) b= (x") ‘i—x —>0as &—0,. (129

S g ) T

Finally, since singularities of functions in question are only at the origin, (129) is
satisfied if and only if (124) holds. ]

Remark 8 (i) In Theorem 7 (i) the implication

(i)

(113) =  HL,,»[®R") > AL)(Q)

remains true even if we extend the range of g and r to 1 < g < r < 4o00. (Indeed, this
can be seen from the proof of Theorem 7 (i), where we use Theorem 6 and Remark 7 (i)
instead of Theorem 6).

Theorem 7 (i) continues to hold if we assume that 1 < ¢ < r < 400, g < 400,
and (108) is satisfied. (This follows from Remarks 7 (i), (iii). Note that the condition
q < +oc implies that the space L, 45 (R") has absolutely continuous norm—cf. [33,
Lemma 3.2].)

Similarly, in Theorem 8 (i) the implication

(123) =  HL,,p[R") > AL)(Q)

remains true if we extend the range of ¢ andr to 1 < g <r < 4o0.
Theorem 8 (i) continues to hold if we assume that 1| < ¢ <r < +00, g < 400, and
(108) is satisfied. (This follows from Remarks 7 (ii), (iii)).
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