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Abstract. The very recently observed D∗
sJ(2463) meson is described as a JP = 1+ cs̄ bound state in a

unitarised meson model, owing its existence to the strong OZI-allowed 3P0 coupling to the nearby S-wave
D∗K threshold. By the same non-perturbative mechanism, the narrow axial-vector Ds1(2536) resonance
shows up as a quasi-bound-state partner embedded in the D∗K continuum. With the same model and
parameters, it is also shown that the preliminary broad 1+ D1(2400) resonance and the established narrow
1+ D1(2420) may be similar cn̄ partners, as a result of the strong OZI-allowed 3P0 coupling to the nearby
S-wave D∗π threshold. The continuum bound states D1(2420) and Ds1(2536) are found to be mixtures
of 33% 3P1 and 67% 1P1, whereas their partners D1(2400) and D∗

sJ(2463) have more or less the opposite
2S+1P1-state content, but additionally with some D∗π or D∗K admixture, respectively. The employed
mechanism also reproduces the ratio of the KL-KS mass difference and the KS width, by describing KL

as a bound state embedded in the ππ continuum. The model’s results for JP =1+ states containing one b
quark are also discussed.

1 Introduction

Bound states embedded in the continuum have been
suggested by von Neumann and Wigner [1]. Since then
many works on this theme have appeared in various
fields of physics [2–6]. In the present paper, we shall
study such states appearing as (approximate) solutions
of our simple unitarised meson model [7]. As three con-
crete applications, we choose here the KL-KS system, the
Ds1(2536) [8] together with the very recently observed
narrow D∗

sJ(2463) [9,10] state, and finally the couple con-
sisting of the established D1(2420) [8] and the preliminary
broad D1(2400) [11,12] resonance. At first sight, it may
seem odd to try to relate such utterly disparate states,
ranging from mesons that can only decay weakly to very
broad mesonic resonances. Moreover, while in the JP =1+

cn̄ (n stands for non-strange) system theD1(2400) is much
broader than the slightly heavier D1(2420), for the cs̄
states the likely 1+ D∗

sJ(2463) is even narrower than the
1+ Ds1(2536). Nevertheless, we shall demonstrate below
that, in all three cases, a simple mechanism of coupling two
degenerate qq̄ channels with the same quantum numbers
to the meson-meson continuum is capable of accounting
for the experimental data, through an exact or approxi-
mate decoupling of one of the physical qq̄ states.

a e-mail: eef@teor.fis.uc.pt
b e-mail: george@ajax.ist.utl.pt

2 Degeneracy lifting
via coupling to the continuum

When two degenerate discrete channels are coupled to the
same continuum channel, the degeneracy is lifted. One
state decouples, partly or completely, depending on the
details of the interaction dynamics, and turns into a con-
tinuum (approximate) bound state. The other state turns
into either a resonance structure in the continuum, or
a bound state below threshold when threshold is near
enough. Within our unitarisation scheme, quark-antiquark
channels are coupled to the meson-meson continuum by
OZI-allowed 3P0 qq̄ pair creation and annihilation.

In the present investigation, we confine our attention
to two degenerate quark-antiquark systems, which can be
distinguished by some internal structure irrelevant for the
coupling to the meson-meson continuum. For example,
the constituent quark masses of u and d are the same
in most models. Hence, the internal dynamics of uū and
dd̄ vector states can in meson models be described by
the same Hamiltonian. Under JPC = 0++ quark-pair cre-
ation, both systems couple with the same intensity to pion
pairs in P -wave. Nevertheless, because of the relative sign
of the coupling constants under particle interchange [13],
the (uū+ dd̄)/

√
2 state decouples from the two-pion con-

tinuum (ω meson), whereas the (uū−dd̄)/√2 state decays
strongly into pion pairs (ρ0 meson).
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Let us denote by ψ1 and ψ2 the wave functions of the
quark-antiquark systems, and by H1 and H2 the Hamilto-
nians describing their internal confinement dynamics (e.g.
employing a confinement potential). For the continuum we
write the wave function ψ and the dynamics H. The cou-
pling interactions of the two confinement channels to the
continuum are denoted by V1 and V2. In [13] it is found
how the full spin, isospin and color degrees of freedom
contribute to the determination of such potentials. In the
spirit of our model, we then obtain for the three channels
the following set of coupled dynamical equations [14–17].

(H − E) ψ + V1 ψ1 + V2 ψ2 = 0

V †
1 ψ + (H1 − E) ψ1 = 0

V †
2 ψ + (H2 − E) ψ2 = 0 . (1)

We assume that the internal dynamics of the two degen-
erate quark-antiquark systems does not depend on the
difference in their internal structure, and, moreover, that
these systems also couple the same way to the continuum,
i.e.,

H1 = H2 and V1 = αV , V2 = βV (α2 + β2 = 1) . (2)

In this case it is easy to sub-diagonalise the system (1), so
as to obtain

(H − E) ψ + V (αψ1 + βψ2) = 0

V † ψ + (H1 − E) (αψ1 + βψ2) = 0
(3)

and
(H1 − E) (βψ1 − αψ2) = 0 . (4)

We end up with a system of the continuum ψ coupled to
a linear combination αψ1 + βψ2 of the confinement states
in (3), and with a completely decoupled system for the
orthogonal linear combination βψ1 − αψ2 in (4). Since,
moreover, H1 and H2 are supposed to describe confine-
ment, (4) has only bound-state solutions, all embedded in
the meson-meson continuum.

3 The neutral kaon system

A typical example of the above-described phenomenon is
the two-pion decay mode of the neutral kaon system. Both
ds̄ and sd̄ couple weakly to ππ via the process depicted
in Fig. 1. All other decay modes of neutral Kaons can
to lowest order be neglected, since they couple orders of
magnitude weaker.
Because of particle-antiparticle symmetry, we may assume
α = β = 1/

√
2. The CP =−1 combination

(
ds̄−sd̄) /√2

completely decouples and turns into a bound state em-
bedded in the ππ continuum. This combination thus rep-
resents the KL meson, which, since CP violation is not
contemplated in our model, has no coupling to the two-
pion continuum. However, the CP = +1 combination
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Fig. 1. W exchange takes care of the flavour transitions trig-
gering the strong process of quark-pair creation in weak K0/K̄0

two-pion decay

(
ds̄+sd̄

)
/
√

2 exists as a, actually extremely narrow, res-
onance in S-wave ππ scattering, hence describing the KS

meson.
We assume here that the decay process depicted in

Fig. 1 is dominated by the strong OZI-allowed 3P0 quark-
pair-creation mechanism, whereas W exchange merely
functions as a trigger to this process, which basically
only determines the decay probability. Hence, besides the
smallness of the parity-violating KS → ππ coupling con-
stant, the transition potential describes here the coupling
of a uū state with JPC =0++, i.e., σ-meson quantum num-
bers to two pions, similar to our unitarised description of
scalar mesons studied in Refs. [14,18,19] (see also [20]). In
the delta-shell approximation for the transition potential
in the case of the scalar K∗

0 (800) and a0(980) resonances
[18,19], we obtained for the delta-shell radius a a value of
about a = 3.2 GeV−1. We shall hold on to this value in
the following.

A general solution of (3) for the S-wave scattering
phase shift cotg (δ(s)), as a function of the total invari-
ant two-pion mass

√
s, is in this approximation and for

small coupling given by

cotg (δ(s)) ≈
[
E0 + R(s)

∣∣Fds
0

∣∣2] − √
s

I(s) |F0|2
, (5)

where E0 represents the ground-state energy of the ds̄ (sd̄)
when uncoupled, hence the mass of the KL meson. The
remaining factors R(s), I(s), and F0 are well explained in
[21].

From expression (5) it is easy to perturbatively extract
the real and imaginary part of the resonance pole position
in the complex-energy plane, i.e.,

Epole ≈ E0 +∆E with �e(∆E) = R(s) |F0|2

and �m(∆E) = I(s) |F0|2 .
(6)

The position of the KS resonance pole with respect to the
KL mass is shown in Fig. 2. Since the coupling of the neu-
tral kaons to the two-pion continuum is extremely small,
the arrow pointing from

√
s = mL to the KS resonance

pole position represents the pole trajectory for increasing
intensity of the transition potential V1, too.

For the ratio of theKS decay width ΓS , equalling twice
the imaginary part (6) of the resonance pole position in
the complex-energy plane, and the neutral-kaon mass dif-
ference, which equals the real shift (6) of the pole with
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Fig. 2. KL bound-state pole embedded
in the continuum, and KS resonance
pole in the second Riemann sheet

respect to E0 = mL, we read from formula (5) the result

1
2ΓS

mS −mL
≈ I(s)

R(s)
. (7)

From [21] we moreover learn that, in the case of S-wave
scattering, one has

I(s)
R(s)

=
j0(ka)
n0(ka)

= −tg(ka) . (8)

As a consequence of (5), (7), and (8), we obtain an ex-
tremely simple relation for the mass difference in the neu-
tral kaon system, the width of the KS meson, the two-pion
momentum k and the strong-interaction radius a, reading

1
2ΓS

mL −mS
≈ tg(ka) . (9)

Substitution of k = 0.206 GeV and a = 3.2 GeV−1 gives
us then the result

1
2ΓS

mL −mS
≈ 1.3 (Experiment: 1.06[8]) . (10)

Similar conclusions can be found in Refs. [22–26], where
long-distance effects have been studied in more detail.

4 The JP =1+ cs̄ states

In the case of the JP = 1+ cs̄ states, we deal with two
distinct systems, 3P1 and 1P1, which, as far as confinement
is concerned, are degenerate when ignoring possible spin-
orbit effects. Both states couple strongly to D∗K, with
threshold at about 2.501 GeV.

For the neutral kaon system, we could straightfor-
wardly assume that the transition potentials V1 and V2
in (1) are equal, because of particle-antiparticle symme-
try. But for the 1+ cs̄ systems we do not have such simple
arguments. Nevertheless, if V1 and V2 are proportional, we
still are in a situation comparable to the one discussed in
the previous section, though now for strong interactions.

In [13] it is shown that the spatial form of the transi-
tion potential mainly depends on the orbital angular mo-
menta of the cs̄ and D∗K channels, whereas the relative
intensities follow from recoupling coefficients. For transi-
tions to vector+pseudoscalar we find that the intensity for
3P1 is twice as large as for 1P1. Consequently, by the use of
(4) and (3), we conclude that the JP =1+ cs̄ bound state

embedded in the D∗K continuum consists of a mixture
of 33% 3P1 and 67% 1P1, whereas its supposed resonance
partner has more or less the opposite content, but addi-
tionally with some D∗K admixture.

In Sect. (3) we have used (3) for the description of ππ
scattering in the presence of the weak coupling to the neu-
tral kaon system. Here, we assume that (3) is also suited
to describe D∗K scattering in the presence of an infinity
of cs̄ confinement states. In our unitarised model, this just
implies substituting the effective nonstrange quark mass
by the charmed quark mass, the pion masses by the D∗
and K masses, and changing some of the quantum num-
bers. The scattering phase shift is given by an expression
similar to the one shown in (5), but, since the interaction
is not weak now, also higher radial excitations of the cs̄
confinement spectrum must be included. Thus, we use the
general expression [14,18]

cotg (δ(s)) =
n0 (pa)
j0 (pa)

−
[
2λ2µpaj20 (pa)

∞∑
n=0

|F cs̄
n (a)|2√
s− En

]−1

.

(11)

Expression (11) is not only valid above threshold,
where for small coupling (λ � 1) it generates Breit-
Wigner-like resonance structures in the scattering cross
section around each of the energy eigenvalues En (n = 0,
1, 2, . . .), but it is also valid below threshold. Reso-
nances are characterized by complex-energy poles which
are given by solutions of cotg (δ(s)) = i. When solutions of
cotg (δ(s)) = i come on the real-energy axis below thresh-
old, then they describe the real energy eigenvalues for the
bound state solutions of (3). For small values of λ the lat-
ter poles are found in the proximity of those En (n = 0,
1, 2, . . .) which come below threshold.

The non-relativistic form of the Flatté formula [27] can
be obtained from formula (11) in the case of overlapping
resonances. But, then its analytic continuation to below
threshold is lost.

From expression (11) one can study the behavior of
resonance poles, just being solutions of cotg (δ(s)) = i, in
function of variations of the model parameters (see e.g.
Ref [21]). Their passage from above threshold, where res-
onance poles exist in the second Riemann sheet, to be-
low threshold, where poles are expected to reside on the
real-energy axis in the first Riemann sheet, is smooth and
without any difficulties. For S-wave scattering the ground-
state pole hits the real-energy axis below threshold, then,
for increasing values of λ, moves along the real-energy axis
towards threshold where it changes Riemann sheet, turns
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Fig. 3. Trajectory of the ground-state pole in the D∗K scatter-
ing amplitude, as a function of the coupling constant λ, defined
in (11), and which parametrises the intensity of the transitions
between the pure cs̄ system and the D∗K continuum [see (3)].
The arrow indicates how the pole moves when λ is increased.
For vanishing coupling, as well as for the confined system de-
scribed by (4), the pole is on the real E axis. For large coupling
we find the pole on the real E axis below threshold. Units are
in GeV

180 degrees and starts moving towards smaller values of
energy.

Here, similarly to the procedure outlined in [14,18],
we approximate the full sum over all cs̄ confinement states
by the two nearest states, that is, the ground state at E0
and the first radial excitation at E1, plus a rest term. The
latter is scaled to 1 by absorbing its value into the coupling
constant λ, yielding

∞∑
n=0

|F cs̄
n (a)|2√
s− En

−→ 0.5√
s− E0

+
0.2√
s− E1

− 1 GeV 2 .

(12)

We determine the ground-state mass of the uncoupled
system (4) from the model parameters (ms = 0.508, mc =
1.562 and ω = 0.19 GeV) given in [16], yielding E0 =2.545
GeV. This also means that the bound state embedded in
the D∗K continuum has exactly the mass E0, only 9 MeV
away from the experimental Ds1(2536) mass [8]. The first
radial excitation lies 2ω = 380 MeV higher.

In Fig. 3 we study how the position of the ground-state
singularity in the scattering amplitude for (3) varies, as
the intensity of the transition potential V1 is changed. In
Nature one can only “measure” the pole position for one
particular value of this intensity, given by strong interac-
tions. Nevertheless, it is very illustrative to study alterna-
tive values. In particular, we notice that for larger inten-
sities of the transition mechanism the pole comes out on
the real E axis, below the D∗K threshold. Had we started
from the perturbative formula (5), where R(s) and I(s)

are proportional to λ2, we would have started out as in
Fig. 2, and never returned to the real E axis for increasing
values of the transition intensity. The trajectory in Fig. 3 is
highly nonperturbative, which can only be achieved when
all orders [21] are accounted for. The masses obtained for
the model’s values of λ are indicated by • in Fig. 3. For
the D∗

sJ(2463) we read from the figure m = 2.446 GeV,
so, after all, this state is not a resonance as one would
naively (i.e., perturbatively) expect from the coupled set
of equations (3), in agreement with experiment. As men-
tioned above, for the Ds1(2536) we obtain 2.545 GeV from
pure confinement.

When the transition potentials V1 and V2 in (1) are
not proportional, one has no simple diagonalisation, since
commutators with the Hamiltonians will spoil the sim-
plicity. Also, if H1 and H2 in (1) are not equal, diago-
nalisation will not lead to completely decoupled systems.
However, from experiment we learn that the D∗K width
of the Ds1(2536) is small (less than 2.3 MeV [8]), imply-
ing that the bulk of the interaction indeed stems from the
unitarisation mechanism.

5 The JP =1+ cn̄ states

In order to describe the ground states of the JP =1+ cn̄
spectrum, we use the same equations (5) and (6) as in
the previous case. Also here, we determine the ground-
state mass of the uncoupled system (4) from the model
parameters (mu,d = 0.406,mc = 1.562 and ω = 0.19 GeV)
in [16], which now yields E0 =2.443 GeV. Hence, the
JP =1+ cn̄ bound state embedded in the D∗π continuum
comes out, in our model, at 2.443 GeV, some 20 MeV
above the experimental [8,11] D1(2420) mass. The first
radial excitation lies, as before, 2ω = 380 MeV higher. The
remaining parameters a and λ are kept the same as in the
previous case, yet scaled with the reduced constituent qq̄
mass µqq, in order to guarantee flavor invariance of strong
interactions, i.e.

axy
√
µxy = constant and λxy

√
µxy = constant , (13)

where x and y represent the two flavors involved. The con-
stants of formula (13) are fixed by [19] aus = 3.2 GeV−1

and λus = 0.75 GeV−3/2 for S wave.
The resulting cross section is given in Fig. 4. Our peak

shows up somewhat above 2.3 GeV, whereas the width of
our D1(2420) is about 200 MeV. The corresponding ex-
perimental values are 2400 ± 30 ± 20 MeV [11] (2461+48

−42
MeV [12]), and 380 ± 100 ± 100 MeV [11] (290+110

−90 MeV
[12]), respectively. In Fig. 4 we can further observe that
the first radial excitation of the system of equations (3),
for JP = 1+ cn̄, comes out more than 500 MeV higher
than the ground-state resonance. Nevertheless, in expres-
sion (6) we always used E1 − E0 = 380 MeV [16]. Such a
highly non-perturbative behaviour is inherent in the uni-
tarisation procedure leading to formula (5).

The bound state D1(2420) embedded in the D∗π con-
tinuum has zero width in our model, and so is invisible in
the cross section of Fig. 4. On the other hand, experiment
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Fig. 4. Model result for the cross section in units of GeV−2

for elastic S-wave D∗π scattering, as a function of the total
invariant mass E in units of GeV
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Fig. 5. Trajectory of the ground-state pole in the D∗π scatter-
ing amplitude, as a function of the coupling constant λ. The
arrow indicates how the pole moves when λ is increased. For
vanishing coupling, as well as for the confined system described
by (4), here representing the D1(2420), the pole is on the real
E axis. The pole postion for (3), which describes the D1(2400),
is indicated by • for the physical value of λ. Units are in GeV

finds 18.9+4.6
−3.5 MeV [8] and 26.7±3.1±2.2 [11] MeV for the

full width, which is nonetheless very small as compared to
the available phase space. Consequently, also in this case
our assumption in (2) appears to be reasonable.

The relative intensities α and β in (2) are the same as
in the cs̄ case. Hence, the relative content of the D1(2420)
is again 33% 3P1 and 67% 1P1. The D1(2400) roughly has
the opposite mixture, plus a D∗π component.

In Fig. 5 we show how the scattering pole moves in the
complex-energy plane when λ is varied, which is the pole
associated with the cross section of Fig. 4.

Table 1. Purely bound states and partners for JP = 1+ sys-
tems containing one b quark. The numbers between parenthe-
ses are for continuum bound states which lie 140 MeV higher
than what follows from the model of [16]

Continuum Partner Scattering
bound state state length

QQ̄ Threshold B∗
1 B1

GeV GeV GeV GeV−1

b̄u 5.465 5.61 (5.75) 5.52 − 0.025i −2.1 (−1.0)
(B∗0π+) (5.61–0.084i)

bs̄ 5.819 5.71 (5.85) 5.65 (5.76) 0.9 (2.8)
(B∗−K+)

b̄c 7.190 6.76 (6.90) 6.72 (6.85) 0.8 (−1.1)
(B∗0D+)

6 JP =1+ systems
containing one b quark

For JP =1+ systems containing one b quark we may repeat
the above-described procedure. We determine the ground-
state masses of the uncoupled systems (4) from the model
parameters (mu,d = 0.406, ms = 0.508, mc = 1.562,
mb = 4.724 and ω = 0.19 GeV) given in [16]. The remain-
ing parameters a and λ are kept the same as for the case of
the D mesons. This results in 5.605, 5.707 and 6.761 GeV
for respectively b̄u/d, bs̄ and b̄c. The model’s results for
the partner states which couple to the continuum, are col-
lected in table (1). Similar to the case of D∗π (section 5),
we find in B∗π a resonance structure above threshold, peak
value at 5.52 GeV and some 50 MeV wide. In experiment,
a broad structure is observed at a somewhat higher mass
and with a larger width [28–31], although the data are
not conclusive. Moreover for the continuum bound state,
which we find at 5.61 GeV, the OPAL collaboration re-
ports a narrow resonance at 5.74 GeV [31], whereas the
CDF collaboration gives 5.719 GeV for the narrow B1 res-
onance [30]. Therefore, we also determine the predictions
of our model (numbers between parentheses in Table 1)
assuming a larger mass for the continuum bound states
than what follows from the parameters of [16]. This may
be justified by considering that the here disregarded effect
of several nearby closed channels could very well account
for relative mass shifts of bottom mesons as compared to
charmed mesons. In so doing, we obtain a much better
agreement with the data, in particular the mass splitting
of the two B1 states, increased from 90 MeV to 140 MeV.
Moreover, since the broader state now lies farther above
threshold, its width is also closer to the data. In contrast,
note e.g. the prediction of the QCD-string approach of
[32] for the latter splitting, namely only 25 MeV, clearly
indicating the necessity to include coupled-channel effects.

Note from Table 1 that the 1+ bs̄ partner state always
comes out close to the 1+ b̄u/d continuum bound state in
our model. However, the CDF collaboration reports a very
small (3.7%) contamination due to Bs.

Literally speaking, the 1+ Bs and Bc do not make part
of the combinations continuum-bound-state/partner-state,
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since even the purely bound states come below thresh-
old. However, the case of bs̄ could be different experimen-
tally, given the uncertainties in our model predictions. So,
there might be a continuum bound state, slightly above
the B∗K threshold. But, the partner state is definitely
below threshold and thus very narrow.

For Bc both states are well below threshold.

7 Summary and conclusions

In the present paper, we have studied examples of mesonic
systems that generate bound or quasi-bound states in the
continuum, within an unitarised quark-meson model. In
the neutral-kaon system, our approach provides a simple
explanation for the widths and the mass difference of the
KL and KS , which is also in agreement with the conclu-
sions of more sophisticated methods. Application to the
JP = 1+ cs̄ and cn̄ axial-vector charmed mesons accom-
plishes a simultaneous description of the established nar-
row Ds1(2536) and D1(2420) states, as well as the recently
observed very narrow D∗

sJ(2463), assuming it indeed is a
1+ state, and broad D1(2400), which is rather problematic
in standard quark models.

We predict the continuum bound states D1(2420) and
Ds1(2536) to be mixtures of 33% 3P1 and 67% 1P1, which
might be measured through radiative transitions [33]. For
their partners D1(2400) and D∗

sJ(2463) we predict more
or less the opposite 2S+1P1-state content, but additionally
with some D∗π or D∗K admixture, respectively. This is
in agreement with the mixtures proposed by Godfrey and
Kokoski in [34], based on the flux-tube-breaking mech-
anism. Their θ = −38◦ for cs̄ amounts to 38% 3P1 and
62% 1P1 regarding the state degenerate with 3P2, and the
opposite content for the state degenerate with 3P0. The
former mixture corresponds to the continuum bound state
Ds1(2536), which is indeed approximately degenerate with
the 3P2 in our model, since this J = 2 state is subject to
only very small unitarisation effects due to the D-wave
D∗K channel. However, the latter mixture corresponds to
the partner state D∗

s1 at 2.443 GeV, which is strongly in-
fluenced by the coupling to the S-wave D∗K channel, just
as the likely 3P0 D∗

sJ(2317)+ [35] is drastically affected
by the S-wave DK threshold [36]. Therefore, no approx-
imate degeneracy holds for these two charmed mesons.
Concerning the cū states, Godfrey and Kokoski obtained
θ = −26◦, resulting in 19% 3P1 and 81% 1P1, which indi-
cates that our assumption (2) is probably somewhat less
accurate in this case.

For JP = 1+ quark-antiquark systems which contain
one b quark, we obtain good results as far as we can com-
pare to experiment.

In conclusion, we have once again demonstrated that
unitarisation has to be incorporated in realistic quark
models of mesons and baryons, as it constitutes the second
most important interaction after confinement.
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Note added. During the process of publishing this
work, the following experimental confirmations for the
D∗

sJ(2463) meson have appeared in the literature [37–39].
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