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ON NEARLY SASAKIAN AND NEARLY COSYMPLECTIC
MANIFOLDS

ANTONIO DE NICOLA, GIULIA DILEO, AND IVAN YUDIN

ABSTRACT. We prove that every nearly Sasakian manifold of dimension greater
than five is Sasakian. This provides a new criterion for an almost contact
metric manifold to be Sasakian. Moreover, we classify nearly cosymplectic
manifolds of dimension greater than five.

1. INTRODUCTION

One of the most successful attempts to relax the definition of a Kéhler mani-
fold is provided by the notion of a nearly Kéhler manifold. Namely, nearly Kéahler
manifolds are defined as almost Hermitian manifolds (M, .J, g) such that the co-
variant derivative of the almost complex structure with respect to the Levi-Civita
connection is skew-symmetric, that is

(VxJ)X =0,

for every vector field X on M. A remarkable classification of nearly Kahler man-
ifolds was obtained by Nagy in [14]. This result reveals how 6-dimensional nearly
Kahler manifolds play a central role, appearing as one of the possible factors in
the de Rham decomposition of a complete simply connected strict nearly Kahler
manifold.

Notice that in the defining condition of a nearly Kéhler manifold, only the sym-
metric part of V.J vanishes, in contrast to the Kéhler case where V.J = 0. Nearly
Sasakian and nearly cosymplectic manifolds were defined in the same spirit start-
ing from Sasakian and coKéahler (sometimes also called cosymplectic) manifolds,
respectively.

A smooth manifold M endowed with an almost contact metric structure (¢, £, 7, g)
is said to be nearly Sasakian if

(1) (Vx9)X = g(X, X)§ —n(X)X,

for every vector field X on M. Similarly, the condition for M to be nearly cosym-
plectic is given by

(2) (Vx¢)X =0,

for every vector field X on M.

The notion of a nearly Sasakian manifold was introduced by Blair and his col-
laborators in [4], while nearly cosymplectic manifolds were studied by Blair and
Showers in [IL B]. In the subsequent literature on the topic, quite important were
the papers of Olszak [15] [16] for nearly Sasakian manifolds and those of Endo [9] [10]
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on nearly cosymplectic manifolds. Later on, these two classes have played a role in
the Chinea-Gonzalez’s classification of almost contact metric manifolds ([§]). They
also appeared in the study of harmonic almost contact structures (cf. [11], [I7]).
In [13], Loubeau and Vergara-Diaz proved that a nearly cosymplectic structure,
once identified with a section of a twistor bundle, always defines a harmonic map.

Recently, a systematic study of nearly Sasakian and nearly cosymplectic mani-
folds was carried forward in [7]. In that paper, the authors proved that any nearly
Sasakian manifold is a contact manifold. In the 5-dimensional case, they showed
that any nearly Sasakian manifold admits a nearly hypo SU(2)-structure that can
be deformed to give a Sasaki-Einstein structure. Moreover, they proved that any
nearly Sasakian manifold of dimension 5 has an associated nearly cosymplectic
structure, thereby showing the close relation between these two notions. For 5-
dimensional nearly cosymplectic manifolds, they proved that any such manifold
is Einstein with positive scalar curvature. It is also worth remarking that (1-
parameter families of) examples of both nearly Sasakian and nearly cosymplectic
structures are provided by every 5-dimensional manifold endowed with a Sasaki-
Einstein SU(2)-structure.

While Sasakian manifolds are characterized by the equality

(Vxo)Y = g(X,Y)§ —n(Y)X,

the defining condition of a nearly Sasakian manifold gives a constraint only on
the symmetric part of V¢. In this paper we show that, surprisingly, in dimension
higher than five, condition is enough for the manifold to be Sasakian.

Concerning nearly cosymplectic manifolds, we prove that a nearly cosymplectic
non-coKéhler manifold M of dimension 2n+1 > 5 is locally isometric to one of the
following Riemannian products:

R x NQn, M5 X N2n_4,

where N2" is a nearly Kihler non-Kihler manifold, N2~ is a nearly Kihler man-
ifold, and M5 is a nearly cosymplectic non-coKahler manifold. If one makes the
further assumption that the manifold is complete and simply connected, then the
isometry becomes global.

2. DEFINITIONS AND KNOWN RESULTS

An almost contact metric manifold is a differentiable manifold M of odd dimen-
sion 2n + 1, endowed with a structure (¢, &,7,g), given by a tensor field ¢ of type
(1,1), a vector field &, a 1-form 1 and a Riemannian metric g satisfying

p?*= —I+n®E 1) =1, g(¢X,¢Y)=g(XY)-nX)n(Y)

for all vector fields X,Y on M (see [2, [5] for further details). From the definition it
follows that ¢& = 0 and no¢ = 0. Moreover, ¢ is skew-symmetric with respect to g,
so that the bilinear form ® := g(—, ¢—) defines a 2-form on M, called fundamental
2-form. An almost contact metric manifold such that dn = 2® is called a contact
metric manifold. In this case 7 is a contact form, i.e. n A (dn)™ # 0 everywhere on
M.

A Sasakian manifold is defined as a contact metric manifold such that the tensor
field Ny = [¢, ¢]+dn®¢E vanishes identically. It is well known that an almost contact
metric manifold is Sasakian if and only if the Levi-Civita connection satisfies:

(3) (Vx9)Y = g(X, V)¢ —n(Y)X.

A nearly Sasakian manifold is an almost contact metric manifold (M, ¢, &, 1, g)
such that

(4) (Vx@)Y + (Vy9) X =29(X,Y)E —n(X)Y —n(Y)X



for all vector fields X,Y on M, or, equivalently, is satisfied.

We recall some basic facts about nearly Sasakian manifolds. We refer to [4 [15]
16, [7] for the details.

In any nearly Sasakian manifold (M, ¢,&,7,g), the characteristic vector field &
is Killing and the Levi-Civita connection satisfies V¢§ = 0 and V¢n = 0. One can
define a tensor field h of type (1,1) by putting

(5) Vxé=—0X + hX.

The operator h is skew-symmetric and anticommutes with ¢. It satisfies h& = 0,
noh =0 and

1
Veh = Vo = oh = 5 Leo,

where L, denotes the Lie derivative with respect to £. The vanishing of h provides
a necessary and sufficient condition for a nearly Sasakian manifold to be Sasakian
([€]). In [15] the following formulas are proved:

6) g(Vxo)Y,hZ)=n(Y)g(h*X,0Z) —n(X)g(h*Y,0Z) +n(Y)g(hX,Z),
(7) (Vxh?)Y =n(Y) (¢ — h)h*X + g((¢ — h)h* X, Y )E,

8)  R(EX)Y =(Vx9)Y — (Vxh)Y = g(X — h*X, V)¢ — n(Y)(X — h*X),

where R is the Riemannian curvature of g.
A central role in the study of nearly Sasakian geometry is played by the sym-
metric operator h?. We recall the fundamental result due to Olszak [I5]:

Theorem 2.1. If a nearly Sasakian non-Sasakian manifold (M, ¢,&,n,g) satisfies
the condition
R =XNI-n®¢)

for some real number A, then dim(M) = 5.

In [16] Olszak also proved that any 5-dimensional nearly Sasakian non-Sasakian
manifold is Einstein with scalar curvature > 20. In [7] it is proved that the eigen-
values of h? are constant. Being h skew-symmetric, the non-vanishing eigenvalues
of h? are negative, so that the spectrum of h2 is of type

Spec(h2) = {Ov 7)‘%7 R 7>‘12"}7

Ai #0 and \; # \; for i # j. Further, if X is an eigenvector of h? with eigenvalue
—A?, then X, ¢X, hX, h¢ X are orthogonal eigenvectors of h? with eigenvalue —\?.
Hence the minimum dimension for a nearly Sasakian non-Sasakian manifold is 5.
In the following we denote by [£] the 1-dimensional distribution generated by &, and
by D(0) and D(—A?) the distributions of the eigenvectors 0 and —\? respectively.
We shall also denote by D the distribution [¢] @ D(—)\3) @ - -- @ D(—)2), and by Dy
the distribution orthogonal to D, so that D(0) = [£] & Dy.

We will use the following results, proved in [7], concerning nearly Sasakian man-
ifolds of dimension > 5.

Theorem 2.2. Let M be a nearly Sasakian manifold with structure (¢,&,n,9) and
let Spec(h?) = {0,—=\%,..., =A%} be the spectrum of h®>. Then the distributions
D(0) and [€] ® D(—A?) are integrable with totally geodesic leaves. In particular,

a) the eigenvalue 0 has multiplicity 2p+ 1, p > 0. If p > 0, the leaves of D(0)
are (2p + 1)-dimensional Sasakian manifolds;

b) each negative eigenvalue —\? has multiplicity 4 and the leaves of the dis-
tribution [¢] ® D(—A2) are 5-dimensional nearly Sasakian (non-Sasakian)
manifolds.
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c) If p > 0, the distribution D = [£] ®@ D(=A3) @ --- ® D(—\2) is integrable
with totally geodesic leaves.

Theorem 2.3. For a nearly Sasakian manifold (M, ¢,&,m, g) of dimension 2n+1 >
5 the 1-form n is a contact form.

Before listing some known results on nearly cosymplectic manifolds, we recall
that an almost contact metric manifold (M, ¢, &, 1, g) is said to be a coKdhler man-
ifold if dn = 0, d® = 0 and N4y = 0. Equivalently, one can require V¢ = 0. It
is known that a coK&hler manifold is locally the Riemannian product of the real
line and a Kahler manifold, which is an integral submanifold of the distribution
D = Ker(n). Note that some authors call cosymplectic the class of manifold that
we denominate coKahler (see [6] for details).

A nearly cosymplectic manifold is an almost contact metric manifold (M, ¢, &, 7, g)
such that

9) (Vx@)Y + (Vyd)X =0

for all vector fields X,Y. Clearly, this condition is equivalent to . It is known
that in a nearly cosymplectic manifold the Reeb vector field ¢ is Killing and satisfies
Ve€ =0 and Ven = 0. The tensor field h of type (1, 1) defined by

(10) Vxé=hX
is skew-symmetric and anticommutes with ¢. It satisfies h =0, no h =0 and
1
Vep = ph = gﬁgqb.
The following formulas hold ([9, 10]):

(11) 9(Vx)Y,hZ) = n(Y)g(h*X,¢Z) — n(X)g(h*Y, $Z),
(12) (Vxh)Y = g(h2X,Y)E = n(Y)h2X,
(13) tr(h?) = constant.

3. NEARLY SASAKIAN MANIFOLDS

We start by computing the covariant derivatives of the structure endomorphisms
¢ and h on a nearly Sasakian manifold.

Proposition 3.1. Let (M,$,&,m,g) be a nearly Sasakian manifold of dimension
2n+ 1> 5. Then for all vector fields X, Y on M one has

(14) (Vxo)Y = n(X)ohY —n(Y)(X + ohX) 4+ g(X + ohX,Y)E,
(15)  (Vxh)Y =n(X)phY —n(Y)(h*X + ¢hX) + g(h*X + ohX,Y ),
(16) (Vxoh)Y = g(ph>X — hX,Y)E +n(X)(¢h®Y — hY) = n(Y)(¢h*X — hX).
Proof. From @, for all vector fields X, Y, Z we have
J(VxO)Y,hZ) = —n(Y)g(ohX, hZ) + n(X)g(6hY, hZ) — n(Y)g(X,hZ),
which is coherent with . On the other hand,
9(Vx )Y, &) = —g(Y, (Vx9)§) = g(Y,9VxE) = g(Y, —¢*X + ¢hX)
= g(X + ¢hX,Y) = n(X)n(Y).

Now, assume that Spec(h?) = {0, —?,..., —\2} and consider the distribution D =
(€] ®D(—A}) @ --- @ D(—A2). In order to complete the proof of (14)), it remains to
show that

(17) g(Vxo)Y,V) = —n(Y)g(X,V)



for every X,Y € X(M) and V € Dy. Since the distribution D is integrable with
totally geodesic leaves, if X,Y € D then (Vx@)Y € D and both sides in
vanish. Now consider X € Dy and Y € D. Then

9(Vx@)Y, V) = —g(Y,(Vxp)V) = —n(Y)g(X, V),

where we applied the fact that the distribution D(0) = [£] @ Dy is integrable with
totally geodesic leaves, and the induced almost contact metric structure on each
leaf is Sasakian, so that (Vx¢)V = g(X, V)€ —n(V)X. On the other hand, if we
take X € D and Y € Dy, then g((Vy¢)X,V) = —n(X)g(Y,V), and applying (4)),
we have

9(Vxa)Y,V) = —g((Vy¢)X + n(X)Y,V) = 0.

Finally, taking X,Y € Dy, is verified because of and the fact that the
vector fields X, Y,V are orthogonal to &.

As regards (|15)), it follows from (8 and . Finally, a straightforward compu-
tation using ((14) and gives (|16). O

We will write eq4,, for the operator on Q*(M) defined by w +— dn A w.

Proposition 3.2. Let (M,n) be a contact manifold of dimension 2n + 1. Then,
the operator

€an : Q2(M) — QM)
B dnhp
is injective for n > 3.

Proof. Since dn is a nondegenerate 2-form on the distribution D = Ker(n), the
assumption n > 3 implies that the operators

(18) ean : QYD) — Q3(D) a—=dypNa
and
(19) €y QX(D) — QYD) B dnAp.

are injective. For every k > 1 we have
(20) Q" (M) = Q"(D) & n A Q" (D).
Indeed, every k-form w on M can be decomposed as
w=1ic(nAw)+nANicw.
On the other hand, if a k-form w belongs to the intersection of the two subspaces,
that is w € QF(D) and w = n A o, with o € Q¥~1(D), then
oc=1i¢(nNo)+nNigo =igw =0,
and thus w = 0. This shows that the sum in is direct.

Now, let w = B+ n A a, with 3 € Q?(D) and a € QY(D), be a 2-form on M
such that dn A w = 0. Then, owing to for k = 4, we have dn A 8 = 0 and
dn An A« =0, which also gives dn A a = 0. Finally, we deduce from the injectivity
of the operators in and that both the forms g and « vanish, and thus

w=0.
O

Now we are able to prove our main result.

Theorem 3.3. Fvery nearly Sasakian manifold of dimension 2n+1 > 5 is Sasakian.
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Proof. Let M be a nearly Sasakian manifold with structure (¢, &, 7, g), of dimension
2n + 1. We consider the 2-forms H and @y, k = 1,2, defined by

H(X,Y)=g(hX,Y), Pr(X,Y) = g(¢h*X,Y).
We shall prove that
(21) dH = 3n A D4,
(22) d®y = 3n A (D — H).
From ([15), we have that for all vector fields X,Y, Z,
9(Vxh)Y, Z) = n(X)g(¢hY, Z) = n(Y)g(h*X + 6hX, Z) +n(Z)g(h*X + 6hX,Y)
=n(X)g(ohY, Z) +n(Y)g(¢hZ, X) + n(Z)g(¢hX,Y’)
—n(V)g(h? 2. X) +1(Z)g(h2X, V).
Therefore,
dH(X,Y,Z) = g((Vxh)Y, Z) + g(Vyh)Z,X) + g(Vzh) X, Y)
— 3(n(X)g($hY, Z) + n(Y)g(6hZ, X) +n(Z)g(6hX,Y))
=3nND (XY, 7).
Analogously, from 7 we have
G(Vxh)Y, Z) = n(X)g(9h?Y — Y, Z) — n(Y)g(¢h>X — hX, Z)
+0(2)g(6h*X ~ hX,Y)
= 0(X)g(oh*Y, Z) +n(Y)g(6h*Z, X) +1(Z)9(sh*X,Y)
—n(X)g(hY, Z) —=n(Y)g(hZ, X) —n(Z)g(hX,Y).
Hence,
1, (X,Y, Z) = g((Vx6h)Y, Z) + g((Vy 6h)Z, X) + g((V 26h) X, Y)
=3 (n(X)g(6h*Y, Z) +n(Y)g(6h*Z, X) +1(Z)9(sh*X,Y))
=3((X)g(hY, Z) + n(Y)g(hZ,X) +n(Z)g(hX,Y))
=3nA®(X,Y,Z) - 3nANH(X,Y, Z).
Now, from and , we have
0=d*H =3dp AP, —3nAd®P, = 3dn A Py.

If we assume that the dimension of M is 2n + 1 > 5, n being a contact form, the
fact that dn A ®; = 0 implies ®; = 0, by Proposition 3.2} Therefore h = 0, and the
structure is Sasakian. (]

4. NEARLY COSYMPLECTIC MANIFOLDS

In this section we will classify nearly cosymplectic manifolds of dimension higher
than five. In the following, given a nearly cosymplectic manifold (M, ¢,£,n,g), we
shall denote by h the operator defined in .

Proposition 4.1. Let (M, ¢,&,1,9) be a nearly cosymplectic manifold. Then h =0
if and only if M is locally isometric to the Riemannian product R x N, where N is
a nearly Kdhler manifold.

Proof. For every vector fields X,Y we have
(23) dn(X,Y) = g(Vx&Y) —g(Vy§ X) = 29(hX,Y).

Therefore, if h = 0 the distribution D = Ker(n) is integrable. Denoting by N an

integral submanifold of D, it is a totally geodesic hypersurface of M. Indeed, for

every X,Y € D, we have g(VxY,{) = —g(Y,hX) = 0. Being also V¢& = 0, M
6



turns out to be locally isometric to the Riemannian product R x N. Further, the
almost contact metric structure induces on N an almost Hermitian structure which
is nearly Kahler.

Conversely, if M is locally isometric to the Riemannian product R x N, where N
is a nearly Kéhler manifold, then dn(X,Y’) = 0 for all vector fields X, Y orthogonal
to . By and h& = 0, we deduce that h = 0. (]

As a consequence of the above proposition, a nearly cosymplectic manifold
(M, $,&,n,9) is coKéhler if and only if h = 0 and the leaves of the distribution
D are Kéhler manifolds. Recall that 4-dimensional nearly Kéhler manifolds are
Kahler (see [12, Theorem 5.1]), and this implies that if M is a 5-dimensional nearly
cosymplectic manifold with A = 0, then it is a coK&hler manifold.

We shall now study the spectrum of the symmetric operator hZ.
Proposition 4.2. The eigenvalues of the symmetric operator h? are constant.
Proof. From it follows that
(24) (Vxh?)Y = g(X,h3Y)¢ —n(Y)R3X.
Let us consider an eigenvalue u of h? and a local unit vector field Y, orthogonal to
¢, such that h2Y = uY. Applying for any vector field X, we have
0=g((Vxh?)Y,Y)
=g(Vx(h?Y),Y) = g(h*(VxY),Y)
= X(g(Y,Y) + pg(VxY,Y) — g(VxY, h?Y)
= X(ng(Y,Y)

which implies that X (u) = 0. d

Since h is skew-symmetric, the non-vanishing eigenvalues of h? are negative.
Therefore, the spectrum of h? is of type

Spec(h?) = {0, —A\],..., —\?},

where we can assume that each A; is a positive real number and A\; # A; for ¢ # j.
Notice that if X is an eigenvector of h? with eigenvalue —\?, then X, ¢X, hX,
h¢X are orthogonal eigenvectors of h? with eigenvalue —\?. Since h(£) = 0, we get
the eigenvalue 0 has multiplicity 2p + 1 for some integer p > 0.

We denote by D(0) the distribution of the eigenvectors with eigenvalue 0, and
by Dy the distribution of the eigenvectors in D(0) orthogonal to £, so that D(0) =
[€] ® Do. Let D(—)?) be the distribution of the eigenvectors with eigenvalue —\2.
We remark that the distributions Dy and D(—\?) are ¢-invariant and h-invariant.

Proposition 4.3. Let (M, ¢,£,1n,9) be a nearly cosymplectic manifold and let
Spec(h?) = {0,—A2,...,—A2} be the spectrum of h?. Then,
(a) for eachi=1,...,r, the distribution [¢] ® D(—\?) is integrable with totally
geodesic leaves.
Assuming that the eigenvalue 0 is not simple,

(b) the distribution Dy is integrable with totally geodesic leaves, and each leaf
of Dy is endowed with a nearly Kdhler structure;
(¢) the distribution [£])®D(—A2)®. .. DD(—M2) is integrable with totally geodesic
leaves.
7



Proof. Consider an eigenvector X of h? with eigenvalue —\?. Then Vx& = hX €
D(—)?). On the other hand, implies that V¢h? = 0, and thus V¢ X is also an
eigenvector with eigenvalue —A?. Now, taking X,Y € D(—A?) and applying (24),
we get
R*(VxY)=-AVxY — (Vxh?)Y = —-\?VxY + Ag(X,hY)E.
Therefore,
R (*VxY) = ¢*(h°VxY) = —A}¢*(VxY).

Thus ¢>°VxY € D(—A?). It follows that VxY = —¢?*VxY +n(VxY)¢ belongs to
the distribution [¢] @ D(—)?). This proves (a).

As regards (b), applying again (24)), we have (Vxh?)Y = 0 for every X,Y € Dy,
so that h?(VxY) = 0. Moreover,

Hence, Dy is integrable with totally geodesic leaves. Since the leaves of Dy are
¢-invariant, the nearly cosymplectic structure induces a nearly Kéhler structure on
each integral submanifold of Dy.

Finally, in order to prove (c), owing to (a), we only have to show that

for every X € D(=)7), Y € D(=)3), i # j, and Z € Dy. In fact, from ([24), we
have

1
9(VxY,Z) = fpg(vx(hQY), Z)

J
1

= —pg((vth)Y + h3(VxY), 2Z)
J

1

= =32 2)g(X,h*Y) = 159(VxY, h*Z)

J J
which vanishes since 7(Z) = 0 and h?Z = 0. 0

Theorem 4.4. Let (M,$,€,m,9) be a nearly cosymplectic manifold such that 0 is
a simple eigenvalue of h?. Then M is a 5-dimensional manifold.

Proof. First we show that
(25) (Vx @)Y = g(ohX,Y )+ n(X)ohY —n(Y)ohX,
(26) (Vxoh)Y = g(¢h* X, Y )+ n(X)ph*Y —n(Y)ph*X
for all vector fields X and Y. Applying we have
9(Vx9)Y,§) = —g(Y,(Vx9)§) = g(Y, ¢V xE) = g(Y, phX).

Taking a vector field U orthogonal to &, then U = hZ for some vector field Z.
Then, by applying and recalling that ¢ anticommutes with h, we get

9(Vx)Y,U) =n(Y)g(h*X,¢Z) — n(X)g(h*Y, ¢Z)
=n(Y)g(hX,9hZ) —n(X)g(hY,¢hZ)
—n(Y)g(ehX,U) +n(X)g(phY,U)

which completes the proof of . From and we easily get .
We consider now the 2-forms @, k = 0, 1, 2, defined by

Dp(X,Y) = g(ph* X, Y).
In particular, &y = —®. We prove that
(27) d®g = 3n N Py, d®, = 3n N ®s.



From , for all vector fields X,Y, Z we have
which implies that d®g = 3n A ®;. Analogously, from , we have
9(Vxoh)Y, Z) = n(X)g(eh*Y, Z) + (Y )g(¢h* Z, X) +n(Z)g(6h*X.Y),
so that d®; = 3n A ®5. From ,
0=d*®y=3dnp AP, —3nAdd, =3dnAP,.

Next we show that if 0 is a simple eigenvalue, then 1 is a contact form. This,
by an argument similar to the one in the proof of Theorem will imply that
dim M = 5.

First we assume that Spec(h?) = {0, —\?}, with A > 0, 0 being a simple eigen-
value. This is equivalent to require that

h? = -X(I -n®¢E).
Let us take the tensor fields
- 1 -
= ——h =
b=-5h &

Yo d=am 5=
A

from we have
2
Therefore (¢, €, 1, g) is a contact metric structure. In particular, both the forms 7
and 7 are contact forms. Hence, in this case M is a 5-dimensional manifold and
the multiplicity of the eigenvalue —\? is 4.
We assume now that

(hX,Y) = 23(X, ~ {hY) = 23(X, 3Y).

Spec(h?) = {0, —)\],..., —\?},
where ); is a positive real number and A; # A; for ¢ # j. From Proposition
we know that for each i = 1,...,r, the distribution [¢] ® D(—\?) is integrable with
totally geodesic leaves. Each integral submanifold of this distribution is endowed
with an induced almost contact metric structure, here again denoted by (¢, £,7,9),
whose structure tensor field h satisfies

h? ==\ -n®¢).
We deduce that 7 is a contact form on the leaves of the distribution. In particular,
each eigenvalue —\? of h? has multiplicity 4.
Notice that, taking two distinct eigenvalues —A? and —)\?, for every X € D(—\?)
and Y € D(—A3), we have

(28) dn(X,Y) =2g(hX,Y) =0,

since the operator h preserves the distributions D(—A?) and D(—=\?), which are
mutually orthogonal.

Now, fix a point x € M. Since 7 is a contact form on the leaves of each distri-
bution [¢] @ D(—)?), for any i € {1,...,7} one can find a basis (v}, vs, v, v3) of
D, (—A?) such that

(29) n A (dn)?(&s, v}, v, vh,vh) # 0.

Therefore, putting n = 2r, the dimension of M is 2n + 1 and

nA (dn)" (fwvvivvéavéﬁviv'-~7U{7U£7U§7'UZ)

= U(fz)(dﬁ)2(v%» U%a U%? ’Ui) s (dn)z(va vy, vgv UZ) # 0.
This proves that 7 is a contact form. U



Theorem 4.5. Let (M,$,&,1,9) be a nearly cosymplectic non-coKdhler manifold
of dimension 2n + 1 > 5. Then M is locally isometric to one of the following
Riemannian products:

R x N2n M5 % N2n—4

where N2" is a nearly Kdihler non-Kdihler manifold, N*"~* is a nearly Kihler man-
ifold, and MP® is a nearly cosymplectic non-coKdhler manifold.

Proof. If h = 0, then M is locally isometric to the Riemannian product R x N?7,
where N2" is a nearly Kihler non-Kihler manifold.

If h # 0, then h? admits non vanishing eigenvalues and we can assume Spec(h?) =
{0,—A2,...,—)\2}, where each ), is a positive real number. Since dim M > 5, owing
to Theorem the eigenvalue 0 is not a simple eigenvalue. From b) and c) of
Proposition M is locally isometric to the Riemannian product M’ x N, where
M is an integral submanifold of the distribution [(]®@D(=A?3)®...&D(—A2), and N
is an integral submanifold of Dy, which is endowed with a nearly Kéhler structure.
Now, M’ is endowed with an induced nearly cosymplectic structure for which 0
is a simple eigenvalue of the operator h2. Therefore, by Theorem [4.4, we have
that Ay = ... = A\, and M’ is a 5-dimensional nearly cosymplectic non-coKahler
manifold. Consequently, the dimension of N is 2n — 4. O

Remark 4.6. Note that if the manifold M in Theorem[{.5] is assumed to be com-
plete and simply connected, then, by the de Rham decomposition theorem, the isom-
etry becomes global as the involved distributions are parallel with respect to the
Levi-Civita connection. Note also that the nearly Kdhler factor can be further de-
composed. See Theorem 1.1 and Proposition 2.1 in [14] for details.
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