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Abstract

Creation and annihilation operators are used in quantum physics as the building blocks of
linear operators acting on Hilbert spaces of many body systems. In quantum physics, pairing
operators are defined in terms of those operators. In this paper, spectral properties of pair-
ing operators are studied. The numerical ranges of pairing operators are investigated. In the
context of matrix theory, the results give the numerical ranges of certain infinite tridiagonal
matrices.
© 2004 Published by Elsevier Inc.
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1. Creation and annihilation operators

In quantum mechanics, states of a particle are described by vectors belonging to
a Hilbert space, the so called state space. For physical systems composed of many
identical particles, it is useful to define operators that create or annihilate a particle
in a specified individual state. Operators of physical interest can be expressed in
terms of these creation and annihilation operators [1,2]. Only totally symmetric and
anti-symmetric states are observed in nature and particles occurring in these states
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are called bosons and fermions, respectively. If V is the state space of one boson
and m € N, the mth completely symmetric space over V, denoted by V(;,, is the
appropriate state space to describe a system with m bosons. By convention, V() = C.

Let V be an n-dimensional vector space with inner product (-,-), and let

{e1, ..., e} be an orthonormal basis of V. The creation operator associated with
ei,i =1,...,n,is the linear operator f; : V,,—1) — V() defined by
JiQxn ek xp_1) = € kX1 %k X1, (1)

for x * - - * x,,—1 a decomposable tensor in V(,,_1). The annihilation operator is
the adjoint operator of the creation operator f;, explicitly, it is the linear operator
8i: V(m) — V(m—l) defined by

m
gi(X1 -k xy) = Z(Ei,xk)xl ook X K X Kk Xy, (2)

k=1
for xq * - - *x, in V(). Denote by ef? the symmetric tensor product e; % - - - % ¢;
with k factors. Clearly, f,-(e;." _1) = e;” and g; (e;”) = me:"_l. These operators can
also be defined on the symmetric algebra over V: I'* = "%, V(). We consider I'*
endowed with the norm induced by the standard inner product defined by (xy * - - - %
X, Y1 % - -+ % ym) = per[(x;, y;)], for xy * - - - % xp, and y; * - - - * y,, decomposable

tensors in V(). Here, perX denotes the permanent of the matrix X.

The creation and annihilation operators satisfy the following canonical commuta-
tion relations: [ f;, fil = [gi. i1 =0,1gi, fjl =6ij,i,j=1,...,n,where[f, g] =
fg — gf denotes, as usual, the commutator of the operators f and g.

The bosonic number operator in state i is the linear operator N; : I — I'*
defined by N; = fig;i, fori =1, ..., n. It will be shown that the non-negative inte-
gers are the eigenvalues of this operator. This is related to the physical fact that an
arbitrary number of bosons can occupy the same quantum state.

Let V be C2. For the symmetric algebra I over C2, the pairing operator B :
I'* — I'* is the linear operator defined in terms of the creation and annihilation
operators by

B =cfig1 +dfrgr +kfifr+1g182, c,d, k,l eC. 3)

These operators are unbounded. Moreover, B commutes with f1g; — f>g2 and
s0, adding a multiple of this operator to B, we can take the coefficients of f1g; and
f>g> equal. We can also substitute f] (f>) by e fi (! f>), @ € R, and choose «
such that the arguments of k and / are equal.

The numerical range or field of values of a linear operator 7' on a complex Hilbert
space F with inner product (-, -), is defined by

W(T)={(Tx,x):x € A, (x,x)=1}.

One of the most fundamental properties of the numerical range is its convexity,
stated by the famous Toeplitz—Hausdorff Theorem (see e.g., [3,4]). In the finite
dimensional case, W(T') contains the spectrum of 7', and it is a connected and
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compact subset of C. In the infinite dimensional case, W(T') does not have to be
either bounded or closed.

We recall that a tridiagonal matrix is a matrix A = (a;;) such that a;; =0
whenever |i — j| > 1. The numerical ranges of tridiagonal matrices deserved the
attention of some authors (e.g., [5-8]). One of the main aims of this paper is the
investigation of the numerical range of pairing operators B defined on the subspace
I'@ of the symmetric algebra over C2. These operators admit well-structured infinite
tridiagonal matrix representations. The numerical ranges of the pairing operators
under consideration have an interesting relation with the numerical ranges of certain
linear operators on an indefinite inner product space.

Let M), be the algebra of n x n complex matrices, and let S € M,, be a selfadjoint
matrix. The positive S-numerical range of A € M,, is denoted and defined by

Vi (A) = {(x*Ax 1 x € C", x*Sx = 1}.

This set is always a convex set [9]. If S is the n x n identity matrix I,,, then V; (A)
reduces to the classical numerical range of A € M,,. If S is a non-singular indefinite
selfadjoint matrix, some authors use W;' (A) = VS+ (SA) as the definition of a numer-
ical range of a matrix A associated with the indefinite inner product (x, y)s = y*Sx.
In this case, if A is not a S-scalar matrix, that is, A #= AS where A € C, V;(A) is
unbounded and may not be closed [9,10].

This paper is organized as follows. In Section 2, some preliminary results con-
cerning the Bogoliubov linear transformation are presented. In Section 3, spectral
properties of certain pairing operators are investigated. In Section 4, the numeri-
cal ranges of the previously considered pairing operators are studied. In particular,
the numerical ranges of the infinite tridiagonal matrix representations of the pairing
operators are characterized.

2. The Bogoliubov transformation

For convenience, consider the annihilation and creation operators defined on the
symmetric algebra over V arranged in a vector o with components
o =gi, Onpyi = fi, i=1,...,n. “4)

The invertible linear operator that maps the vector « into the vector § with com-
ponents

Bi =8, PBuvi=Tfi, i=1,...,n, (5)
is called a canonical transformation if it preserves the canonical commutation rela-

tions and it is usually called a Bogoliubov transformation.
We recall a useful characterization of a Bogoliubov transformation.

Proposition 2.1 [2]. Let o and B be the column vectors with entries (4) and (5),
respectively. The following conditions are equivalent:
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(i) The linear operator that maps the vector « into the vector B is a Bogoliubov
transformation;
(ii) The matrix T such that B = T, satisfies TLTY = L and TYLT = L, where

[o 1
=[5, 4]

The linear operators g; are the adjoint operators of f; if the matrix T associated
with the Bogoliubov transformation in Proposition 2.1 (ii) is a block matrix of the
form

X Y
T:[? Y}’ X,Y € M,. (6)

Let the linear operator ]Vi : I'* — I'* be defined by ]\7,' = f,-gi,i =1,...,n. The

following proposition is an easy consequence of the canonical commutation relations
for the operators f; and g;,i = 1,...,n.

Proposition 2.2. [f the operators f~, and g; satisfy the canonical commutation rela-
tions, then

[ﬁi,fj’]:r&jfi’ and [ﬁi,gr;]:—r&jg{, i,j=1,...,n, r e Np.

Proof. Letr € Ny. By induction on k, we prove that
Niff =ksiff + FINFT5 ij=1,....n, k=0,....7. )
In fact, if k = 0, (7) is trivial. Suppose that (7) is true for k — 1. Then we succes-
sively have:

Niff = (k= Dby f + 7N 7T
= (k= D3 fy + f77 i + fign /™ ®)
= (k= Dd;; f + f} i + fign /™ )
= k&i; f + flk ﬁijfjr—k’
Vzhere (8)~is a consequence of [g;, J;j] = §;j, and (9) follows from [fi, fj] —0and
fidij = f;8i;. Hence, (7) holds for k =0, ..., r. The case k = r gives the asserted

set of relations on the left-hand side. By transconjugation of these relations, the result
follows. [

3. Spectral properties of pairing operators

The symmetric space Cfm) is spanned by the vectors e’l‘ * e?_k, k=0,...,m.

For ¢ > 0, denote by I''?) the subspace of the symmetric algebra over C spanned by
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the vectors e/ * ngrq, n € Ny, and, for g < 0, the subspace spanned by the vectors

? ey, n € No. It is clear that any two subspaces I’ @ are disjoint. It can be

easily seen that the symmetric algebra I'* over C? is given by I'* = @;ﬁw re.

n—
€
The subspaces '), g € Z, satisfy the following property.

Proposition 3.1. For q € Z, the subspace I'? is invariant under the pairing oper-
ator B.

Proof. Forg > 0 and n € Ny, we have

B(e] * e;+q) = (cn+dn+q))e} * e§+q
+ ket % e;+l+q +inn+q)el " « eg_Hq er,
Analogously, forg < 0 and n € Ny, we find
B(e;'_q xey) = (c(n—q) + dn)e;'_q * €
+ke'11+17q * egﬂ +iIn(n — q)e?flfq * eg_l er9,

Since B is a linear operator, it satisfies B(I" (q )) CI'9, for any integer ¢g. U
Remark 3.1. The matrix representation, in the standard basis, of the pairing oper-

ator B = cf1g1 + dfrg> + kf1 f» + 1g1g> restricted to I'?), g > 0, is the infinite
tridiagonal matrix ch 4 given by

dq IVT¥q 0 0
kV14+q c+d+dg V22 +q) 0
0 k22 +q) 2(c+d)+dg 133 +¢q) B C,d,k,lEC.

0 0 k3BFq  3(c+d) +dg
For g < 0, the matrix representation, in the standard basis, of the pairing operator
B = cfig1 + dfrgr + kf1 f> + Ig1 g2 restricted to I'@) is the tridiagonal matrix Td_’cq.

In the sequel, we adopt the following notation: D = {z € C:|z| < 1}
For z € D, let f; and f> be the linear operators on I™* defined by

- 1 _ ~ 1 _
Si= 7T|Z|2(fl —28), fa= ﬁ(ﬁ —z81)- (10)

Their adjoint operators are

1 1
g1 =———=(g1—2/2), & (&2 — zf1), (1)

g = —
NSEE SV
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respectlvely The linear operator that maps the vector ot = (g1, &2, f1, f2) into the
vector BT = (&1, &2, f1, f>) is a Bogoliubov transformation.

Proposition 3.2. The Bogoliubov transformation defined by (10) and (11) maps
the pairing operator B : I'* — I'* defined by B = cf181 + df282 + kf1 /2 + 18182,
c,d,k,l € C,into B= AL+ cf1g1 + dfzgz + kf1f2 + lglgz, where 1 denotes the
identity map, z € D, and

0= 0 |2((c—i—d)lzl + kz 4+ 12), (12)

¢ = ﬁmdm? +kz +12), (13)

d=1 | |2(c|z| +d +kZ +12), (14)

k= 1_7|Z|2((c+d)z+k+lzz), (15)

= — |Z|2((c+d)2+k22+l). (16)
Moreover,

c=c+iy and J:d—i—ko. (17)

Proof. The Bogoliubov transformation defined by (10) and (11) is associated with
a matrix T of the form (6), where the submatrices X and Y are

1 1 _
S
/1_|Z|2 1—|Z|2 —Z 0

Since « = T~!8 and

1 0 0 z

-1 1 0 1 z O
1= HE 0 z 1 o0f
z 0 0 1
the following inverse relations hold:
1 <. 1 ~ .
h=——=1+28), fri=—F—= (2+28) (18)
1—z]? 1—1z?

and

G +z2h), &= (&2 +2f1). (19)

1 1
gl = —— _—
V1—|z)? V1—]z)?
Taking into account (18) and (19) in B = cf1g1 + df282 + kf1 f> + [g182, the result
easily follows. [
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The pairing operator B in (3) is a selfadjoint operator if and only if ¢, d € R and
=k

Proposition 3.3. The pairing operator B = kot + ¢ fig1 +d 232 + kfi f» + 18122
k.

is a selfadjoint operator if and only if o, ¢ and d are real numbers and [ =
Proof. Trivial. [J
Throughout this section, let 4 = (¢ + d)> — 4|k|?, forc,d € Rand k € C.

Proposition 3.4. If B = cfig1 +dfrg> + kfi f> +kgiga, with c,d € R and k €
C, is a selfadjoint pairing operator and A > 0, then B can be reduced by a Bogo-
liubov transformation to the form B = hot + & f181 + d f28», where 1 denotes the
identity map and Xy, ¢, d are given by (12)—(14), respectively. Moreover,

(i) Ifc—}—d>0,then5+&:ﬂandkoz—%(c—i—d)—}—%«/z;
(i) Ifc+d <0, thené+d = —~/Aand rg=—3(c+d) — 3/4.

Proof. By Proposition 3.2, under a Bogoliubov transformation, we can take the
selfadjoint pairing operator B = ¢ f1g1 + dfag> + kf1 fo + lgglg_z, where ¢, d € R
and k € C, into the form B = Ao t + ¢f181 +d fr82 + k fig2 + k 281, where g,
¢, d and k are given by (12), (13), (14) and (15), respectively. If 4 > 0, it is possible
to find z € D such that k = 0. In fact, we can choose a solution z of the quadratic
equation

kz* + (c+d)z+k=0, (20)
for which k vanishes. The choice can be made as follows. For k = 0 and ¢ + d #+ 0,
we take z = 0. For k # 0, we have
—(c+d) £/ (c+d)?—4]k?
z= = .
2k

The product of the roots of the quadratic equation in (20) is k/k, a complex num-
ber of modulus 1. Therefore, one of these roots has modulus less than 1 and for this
root k = 0. Thus, we may concentrate on B = Aot + ¢ 121 + d f>8>. From (13) and
(14), we find

ey

(c+d)(1 + |z|?) + 2kZ + 2kz
1—|z)? '

From (21) and (22), we get ¢ + d = ¥ A. From (17), wehave ¢ +d = ¢ + d +
2A0. Hence, Ao = —%(c +d) £ %\/Z If ¢ +d > 0, we consider the plus sign for
the & sign in (21), so that z belongs to D. Thus, (i) holds. If ¢ +d < 0, we take

the minus sign for the & sign in (21), otherwise z does not belong to D. Hence, (ii)
follows. [

+d=

™

(22)
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Remark 3.2. If A =k =0, then k =0 for any z € D. If 4 <0 and k # 0, it can
be easily seen that both roots of the quadratic equation in (20) have modulus 1 and
so we cannot choose z € D such that k = 0. As observed in the proof of Proposition
3.4, if 4 > 0 one of the roots of (20) has modulus less than 1, while the other one
has modulus greater than 1.

Proposition 3.5. Let B = cfig1 +df2g2 + kfi f2 + kgig2, withc,d € Rand k €
C, be a selfadjoint pairing operator defined on the symmetric algebra I'* over C?.
A complex number z satisfies [B, g1 — zf>] = %(d —c=*t \/Z)(gl —zf>) and [B,

g —zf1]l = %(c —d +/A) (g2 — zf1) ifand only if 7 is a root of (20).

Proof. (=) We have

[B, g1 — 22l = —(c + k2)g1 — (k +dz) f>. (23)
It is not difficult to see that there exists w € C such that
[B, g1 — zf2] = w(g1 — z/2). (24)

In fact, from (23) and (24), we obtain

c k|1 -1 0][1
P | H e [
The solutions w of (25) are such that
—C —Ww —/E
det|: i d— w:| =0,
thatis, w = 3(d — ¢) £ $+/4. From (25), we get z = —(c + w) /k.

(<) It is a straightforward computation. [J

Proposition 3.6. For z € C, there exists a non-zero vector u in the Hilbert space
I'* such that (g1 — zf2)u = 0 and (g2 — zf1)u = 0 if and only if |z| < 1, and the
respective vector u is given by the formula

+o00 n
u= Z;co%f{’f;a), co € C\ {0}.

Proof. (=) Consider an arbitrary element u = :fno:() com f1 5 (1) € I, ey €

C \ {0}. Since we are assuming (g1 — zf2)u = 0, it follows that

+00
> Cotimir+ 1) = cam2) £ (1) = 0.

n,m=0

Hence,

Chpim1(n+ 1) —cpmz = 0. (26)
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By the hypothesis (f> — zg1)u = 0, and so we also have
Crptmt1(m +1) — cumz = 0. (27

From (26) and (27) we get (n — m)cp+1m+1 = 0, thatis, ¢, = ¢, 8um- Thus, u =

S en fl (1) € T From (27) it follows that ¢,11(n + 1) — ¢,z = 0, n € N.
By induction on n, it can easily be proved that ¢, = coz"/n!, n € Ny, c¢p € C\ {0}.
The vector u belongs to the Hilbert space I'* if and only if |z| < 1.

(<) Clear. O

Corollary 3.1. Let gy, 2o : I' — I'* be defined by (11), with z € D satisfying (20).
If A>0 and co € C, the vector u = ;28 cosr [l fr() e rO satisfies gyu =
gu =0.

Proof. The corollary is an obvious consequence of Proposition 3.6. [J

Proposition 3.7. Let B = cfig1 + df2g2 + kfi f2 + kgig2, withc,d € Rand k €
C, be a selfadjoint pairing operator defined on I'*. If A < 0, then B does not have
eigenvectors in the Hilbert space I'*.

Proof. (By contradiction) Suppose that there exists in I'™* an eigenvector u of B
associated with the eigenvalue A € R, that is, Bu = Au. By Proposition 3.5, there
exists z € C such that [B, g1 — zf2] = %(d —c+iv/—A)(g1 — zf>) and [B, g» —
2fil = 3(c —d +1iv/=4)(g2 — zf1) if and only if z is a root of (20). Easy computa-
tions yield

B(g1 —zfo)u=1[B, g1 — zf2lu + (g1 — z2f2) Bu
= <x+ %(c—d+iﬂ)) (g1 —zf2)u
and
1
B(gy — zfiu = <)» + E(c —d +i\/—A)> (g2 — zfDu.

Then, either (g1 — zf>)u vanishes or it is an eigenvector of B corresponding to the
eigenvalue A + %(d — ¢ +i/—4). Since a selfadjoint operator does not have com-
plex eigenvalues, this hypothesis does not hold and so (g1 — zf2)u = 0. In an anal-
ogous way, we conclude that (g» — zf1)u = 0. By Proposition 3.6, the conditions
(g1 — zf2)u = 0 and (g2 — zf1)u = 0 hold if and only if |z| < 1. The assumption
A < 0 implies that |z| = 1, a contradiction. [J

Proposition 3.8. The eigenvalues of the operators Ni = f1§1 and Ny = 282
defined on I'* are the non-negative integers and the common eigenvectors corre-
sponding to the eigenvalues ni and ny are of the form coflnl f2"2ezf1 2(1), where
co € C\ {0} and z is the root of (20) in D.
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Proof. Since the operators Ni and N, commute, they have common eigenvectors.
Let u be a non-zero vector in F* such that Nlu = Au and Nzu = lou. Replacing u
by giu in N1u and u by gou in Nzu, we obtain

Nigiu= (ki — D@ and  Nagau = (A — 1)gou. (28)

From the left-hand side equation in (28), we conclude that either gju = 0 or gju is
an eigenvector of N associated with (A1 — 1). From the right-hand side equation in
(28), we conclude that either gou = 0 or g>u is an eigenvector of ﬁg associated with
(Ao — 1).If gyu = 0 and gru = 0, by Proposition 3.6, u is of the asserted form and
A1 = Ay = 0. In this case, the result follows. If gju # 0 or gou # O we repeat the

previous procedure Indeed, there exist 1ntegers k1, ky such thatv = g 1 g2 u # 0and

g’l‘l“ g§2 =g gzzﬂu = 0. Since N; and N> are positive semidefinite operators,

the eigenvalues A| — k1 and Ay — kp associated with the eigenvector v are non-nega-
tive. The process stops when A1 — k| = Ay — kp = 0, and so A and A; are non-neg-
ative integers. Since gjv = gov = 0, we find that (g — zf2)v = (g2 — zf1)v = 0.
By Proposition 3. 6 v = ¢ Z+°8 fl, A e 0 ¢y e C\ {0}. It can be easily

verified that v = g1 g2 u implies ki !kplu = flk‘ fzkzv and the result follows. [J

In the following theorem, the eigenvalues and the eigenvectors of the selfadjoint
pairing operator B restricted to the subspace I'¥) are obtained.

Theorem 3.1. Let the selfadjoint pairing operator B = c fig1 + df28> + kf1 /> +
kgig2, with ¢,d € R and k € C, be restricted to the subspace F(O), and let A > 0.
The eigenvalues of B are

L e+ 2EA et d >0
ke +d) - VA, ife+d <0
The eigenvectors of B associated with the eigenvalue A, are the vectors v, =

cofl"f;"ezf1 2(1), where ¢y is a non-zero complex number and z is the root of (20)
inD.

nGNo.

Proof. Consider the Bogoliubov transformation that maps the annihilation opera-
tors g; and the creation operators f; into their adjoint operators g; and f;, i = 1,2,
respectively. By Proposition 3.4, under this Bogoliubov transformation, B can be
taken in the form B = Aot + ¢ f131 + d f181, where g, ¢ and d are given by (12),
(13) and (14), respectively. It can be easily seen that the operators Ny — N> and
N1 — N> coincide in I'*, and so the operators N 1 and N2 are equal in I’ ©)_ Therefore,
their eigenvalues are the non-negative integers. Since B — A is a linear combina-
tion of the commuting operators N1 and N>, by Proposition 3.8, the eigenvalues of
the selfadjoint pairing operator B are A, = Ag + (¢ + c?)n, neNp Ifc+d >0,
then &+ d and A are given by Proposition 3.4 (i). Thus, A, = —C+d 2"'“ V4,
neNg. If c+d <0, then é+d and X are given by Proposition 3.4 (11). Thus,
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An = —# — #«/Z, n € Ng. The common eigenvectors of ﬁ] and ﬁz are the

eigenvectors of B and, by Proposition 3.8, the theorem follows. [J
Theorem 3.1 can be easily generalized as follows.

Theorem 3.2. Let the selfadjoint pairing operator B = c fig1 + df282 + kf1 /2 +
kgi1g2, with c,d € R and k € C, be defined on I'*, and let A > 0. The eigenvalues
of B are

He—dyni —n) = e+ d) + YA ife+d >0
Ye—adymy —no) = e +d) — YA, ife+d <0
ni, ny € No. The eigenvectors of B associated with the eigenvalue Ay, are vy, =

co fl"l fzn 2e2f112(1), where cq is a non-zero complex number and z is the root of (20)
in D.

)\’”I’ZZ -

Proof. The selfadjoint pairing operator B can be taken in the form B = Aot +
cf1g1 + df1g1 ,where & = ¢ + A9 and d = d + Ao, according to (17) in Proposition
3.2. By Proposition 3.8, the eigenvalues of the operator B are A,,,, = Ao + ¢cn1 +
c?nz, ni,ny € Ng. Forny,ny € Ngand ¢ +d > 0, A is given by Proposition 3.4 (i),
and so

1 1 ny+ny+1
hagny = 5(c = d)m =) = Z(c+d) + TR /A

A.
2
Forni,ny € Ngand ¢ +d < 0, Ag is given by Proposition 3.4 (ii). Thus,

ny+ny+1
— A
2 \/_

The common eigenvectors of Ni and N, corresponding to the eigenvalues n; and
nj are eigenvectors of B and, by Proposition 3.8, the theorem follows. [

Aniny = %(C —d)(ny —n2) — %(C+d) -

4. The numerical range of pairing operators

The aim of this section is the characterization of the numerical range of the pairing
operator B restricted to I’ @, 4 e 7. An inclusion relation for W (B| @) 1s presented
in Lemma 4.1. This lemma will be used in the proofs of Theorems 4.2, 4.3 and 4.6.

Lemma 4.1. Let the pairing operator B = cfig1 + dfag2 + kfi fo +1g182, ¢, d, k,
1 € C, be restricted to I'D, q € Z, and let
)z +kz+1
W:{(C+ )zl* +kz 41z eD}.
1z
Then (1 + |gDW + 14 € W(B|p@), where ty = qd, ifq > 0, and 1y = —qc, if
q <0.

(29)
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Proof. Let g > 0. For an arbitrary element ¢ € I @)

“+o00
U= cueixey e eC
the following holds:

+oo
W) =Y leal’nl(n +q)!,

n=0
+00
FLhv ) =Y calnpi(n+ D(n+q + D,
n=0
+o0
(€182, ¥) = Y cap1@n(n+ DI+ g + DL,
n=0

+00

(figiv, ¥) = Y _ nlealnl(n + ),
n=0
+oo

(Hga¥, ¥) =Y (0 +@)lcal’n(n + ).

n=0

If ¢, = 7" /n!, 7 € D, the above series converge. We have

+00 ¢ 1

W) = Z(j)]‘[l<n+n|z|2”— T
n=0j
+oo I+q =
fifav, ) =2) [Jo+ DIl =1 +9)! W
n=0 j=1
+o0 1+q
@y ) =zy_ [[e+ iz =d M)'W
n=0 j=1
v 2>
(g )= Y [+ pi = +q DT
n=0 j=0
+o00 ¢ +o00 ¢
(g, ) =Y [ ]+ DI +q Y [+ Dl
n=0 j=0 n=0 j=1
_(1+ )! |Z|2 + | 1
IR R T A TR T
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Thus, for g > 0, the complex numbers

(BYr, %) (c+d)|z> +kz+Iz
—2 7 _q
W AT

belong to W(B|p«)).
If g < 0, the proof is analogous. [

+qd, zeD,

Given a convex subset K of C, a point u € K is called a corner of K if K is
contained in an angle with vertex at u, and magnitude less than 7.

The following result on the corners of the numerical range of unbounded linear
operators will be used in the proof of Theorem 4.2. The proof for bounded operators
in [3, Theorem 1.5-5] can be easily adapted to this case.

Theorem 4.1 [3]. If © € W(T) is a corner of W(T), then [ is an eigenvalue of the
operator T.

We now characterize the numerical range of the selfadjoint pairing operator B
restricted to I'?.

Theorem 4.2. Let the selfadjoint pairing operator B = cfig1 +df2g2 + kfi /2 +
kgi1g2, with ¢,d € R and k € C, be restricted to the subspace I'Y and A=
(c +d)? — 4|k|*>. Then W(B| ) is:

() [~3c+d) + VA +00) i 4> 0and e +d > 0;
(i) (—o0, ~3(c+d) = 3VA], if 4> 0and e +d < 0;
Gii) (~3(c+d), +00), if A =0andc+d > 0;

(@) (~o0, =3 +d).if 4=0andc+d <0;
v) {0}, ifd=c+d=0;
(vi) the whole R, if A < 0.

Proof. Since the pairing operator B is selfadjoint, ¢ + d € R and [ = k. Obviously,
W(B|;w) is a subset of the real line. Since it is a connected set, W (B| ) is an
interval. Now, we characterize the extreme points of this interval. If an extremum
point of the interval is a corner of W (B|«© ), by Theorem 4.1 it is an eigenvalue of
the operator.

1) If4 > 0,thenc +d # 0.Letc 4+ d > 0. By Theorem 3.1, the minimum eigen-
value of the selfadjoint pairing operator B| ) is Ao = —%(c +d)+ % A and there
does not exist a maximum eigenvalue. By Theorem 4.1, (i) follows.

(i) If 4 > 0 and ¢ + d < 0, the proof proceeds analogously to (i).
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(iii) If A =0 and ¢ +d > 0, then ¢ + d = 2|k| and easy computations show that
B can be reduced to the form
c—d
2

c+d

2

B =

d
(f181 —.f2g2)+%(fz+gl)*(fz+g1)— L.

When B is restricted to I’ (0), the first summand vanishes. Then B|jo is a
positive semidefinite selfadjoint operator translated by —%(c +d). We show
that the numerical range of B + %(c + d)u restricted to I’ 0 g (0, 400), or equiv-
alently, W(C|;©) = (0, +00), where C = (f> + g1)*(f> + g1). Indeed, let wy =
S a1y e I'9. Letug = uy+1 = 0. We have

(Coy wy) _ Fploi+ Dlun +unil®
(wy, wn) SN Jua? -

and 0 may be approached as closely as desired. In fact, if u, = (—1)"(N —n),n =
1,...,N,

. (Cwy,wy) o 1424+ (N+1D
lim —— = = lim —
N—oo (Wywn) Noool+4+---4+ (N —1)2

Suppose that 0 € W(C| ). Thus, 0 is a corner of W(C| o) and, by Theorem
4.1, it is an eigenvalue of C. Then there exists a non-zero vector u € I’ ©) guch that
Cu =0, and so (Cu,u) = ((f> + g1u, (f>» + g1)u) = 0. Therefore, (fo + g1)u =
0, which is impossible by Proposition 3.6. Hence, 0 ¢ W(C| ). Thus, W (B| ) =

~ e+ d), +00).

@{iv) If A =0 and ¢ + d < 0, the proof proceeds analogously to (iii).

W) If4=c+d=0,thenk = 0and B|o = 0. Thus, its numerical range is the
singleton {0}.

(vi) Let 4 < 0. Since B is selfadjoint, by Lemma 4.1 we have

W {(c+d)|z|2+kz+1€z :

=22 € D} S W(Blom) € R

Considering r = (1 + |z|*)/(1 — |z|?) and ¢ = arg z — arg k, we easily verify that

d
W:{CJZr (r—1)+|k|\/r2—lcos¢:¢e[R,r}l}:R.

Therefore, W(B|r0) =R. U

Remark 4.1. Theorem 4.2 describes the numerical range of the following infi-
nite tridiagonal selfadjoint matrix, which is the matrix representation, in the stan-
dard basis, of the selfadjoint pairing operator B = cfig1 + df>g2 + kf1 f» + kg1 >
restricted to the subspace I’ (0),
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0k 0 0

k c+d 2k 0

0 2 2c+ad) 3k |, ¢c+deR, keC. (30)
0 .

0 3k 3(c +d)

For g € Z, we have the following result.

Theorem 4.3. Let the selfadjoint pairing operator B = cf1g1 +df2g2 + kf1 /2 +
kgi1g2, ¢,d € R and k € C, be restricted to the subspace ra, q€Z. Let A=
(c +d)? — 4|k and
o Bdd—c+udMD—d, ifqg=0
l%q(c—d—i-/(\/Z)—c, if g <0
Then W(B|r«q)) is:

. ke{—1,01}.

() [a', +00), if 4 >0andc+d > 0;
(i) (—o0, 1], ifA>0andc+d < 0;
(iii) (@, +00), if A =0andc+d > 0;
(iv) (=00, a%), ifA=0andc+d < 0;
W) (&%, ifd=c+d=0;
(vi) the whole R, if A < Q.

Proof. The proof follows similar steps to the proof of Theorem 4.2, using Theorem
3.2 instead of Theorem 3.1. [

Remark 4.2. If g > 0, Theorem 4.3 describes the numerical range of the tridiagonal
selfadjoint matrix SZ’ 4 given by

dq kvT+g¢ 0 0
kJT+q c+d+dg k22 ¥ q) 0
0 kV22+q)  2c+d)+dg  kV3B+9 | L 4eR keC.

0 0 KW3BTD  3e+d) +dg

If ¢ < 0, Theorem 4.3 characterizes W(S;Z).

The Hyperbolical Range Theorem will be used in the proof of Theorem 4.5 and
has the following statement:

Theorem 4.4 (Hyperbolical Range Theorem)[11]. Let A = (a;;) € M> and J =
diag(1, —1). Let a1, aa be the eigenvalues of J A, and let

M = >+ |Mf> = Tr(A*JAJ), N =Tr(A*JAJ) — 2Re(@ia2).
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Denote by 1 the line perpendicular to the line defined by oy and oy and passing
through o = %TI‘(JA). Denote by 15 the line defined by a1 and —a»».

@ IfM > 0and N > 0, then VJJF(A) is bounded by a branch of the hyperbola with
o1 and ay as foci, transverse and non-transverse axis of length VN and M ,
respectively.

(b)If M > 0and N = 0, then V; (A) is
(i) the line 1y, if |ai2| = |ax;

(ii) an open half-plane defined by the line l, if |ai2| # |az1|.

©)IfM >0and N <0, then VJ+ (A) is the whole complex plane.

(D IfM=0and N > 0, then Vf (A) is a closed half-line in I, with endpoint ay or
.

() IfM = N =0, then V; (A) is
(1) the singleton {a}, if Tr(A) = 0O;

(ii) an open half-line in I, with endpoint o, if Tr(A) # 0.

Next, we generalize Theorem 4.2 for non-selfadjoint pairing operators. We will
denote by Re(A) the selfadjoint operator %(A + A®).

Theorem 4.5. Let the pairing operator B = cfig1 +dfrgr + kfi1fo +1g1g2, ¢, d,
k,1 € C, be restricted to I'V. Let A = (¢ + d)* — 4k, and let

1 1 1 1
M= (A + kP> + I|> = =|lc+d]>, N==|A]—|k|*>=I|*>+ =|c+d|>.
2||+I|+|| 2Ic+| 2|| |k| ||+2|c+|

Denote by 1y the line perpendicular to the line defined by oy = —%(c +d) +
% Aand ar = —%(c +d) — %\/Z and passing through —%(c + d). Denote by I»
the line defined by 0 and ¢ + d.

(@) If M > 0 and N > 0, then W(B| ) is bounded by a branch of the hyperbola
with o and a» as foci, transverse and non-transverse axis of length /N and
VM, respectively.

(b) If M > 0and N =0, then W(B|;w0) is
(1) the line 1y, if |k| = |1];

(i1) an open half-plane defined by the line 1y, if |k| & |I|.

() If M > 0and N < 0, then W (B| ) is the whole complex plane.

(d) If M =0and N > 0, then W(B| ) is a closed half-line in I, with endpoint a
or .

(e) If M =N =0, then W(B|po) is
(i) the singleton {0}, ifc +d = 0;

(i1) an open half-line in ly with endpoint —%(c +d),ifc+d +#0.
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Proof. By Lemma 4.1, W is a subset of W(B| ). Let J = diag(1, —1) and
0 l
A= [k ¢+ d] '
It can be easily verified that
1 _
= {1—7|Z|2(1 DA DT z € D} = VJ+(A)7

and so the subset W is described by the Hyperbolical Range Theorem. Let 4 =
(c +d)?> — 4kl and P = 2|k|> 4 2|I|> — |c + d|?. The eigenvalues o] and > of the
matrix JA are —%(c +d) + % A, and we have

1
M = |a1* + |aa]* — Tr(A*JAJ) = (414 P),
1
N =Tr(A*JAJ) — 2Re(@jon) = 5(|A| —P).

It can be easily seen that M > 0 and
1417 = |c +d[* + 16|k [*|1> — 81k||l||c + d|* cos(Ra — 2), (31)

where 2o = arg(kl) and § = arg(c + d). By the Hyperbolical Range Theorem, the
subset W of W (B| ) is bounded by a branch of a possibly degenerate hyperbola.
The following cases may occur:

Casel. M >0 and N > 0. We prove the claim that W(B|p0) = W. The unit
eigenvectors associated with an extremum eigenvalue of Re(eie B),0 € [0, 2m), give
rise to boundary points of the numerical range of B. The real part of ¢”B is
Re(e B) = ¢y f1g1 + dy frg2 + ko f1 f> + kog1g2, where cy = Re(efc), dy =
Re(e?d) and 2kg = (k +1)cos® +i(k —I) sind. Moreover, ¢y +dy = |c + d|
cos(B + 0). Let dg = (co + dg)* — 4|kg|?. After some computations, we get dg =
3141 cos(20 + ¥) — 1 P, where tan § = Im4/Re. It follows that —M < 4g < N,
for all 6 € [0, 27). Let 0 be such that 49 > 0. If cg + dp > 0, by Theorem 3.1, the
minimum eigenvalue of the selfadjoint pairing operator Re(e? B) is A= —%(ce +
dy) + %\/A_g . The eigenvectors associated with Xg are vg
is a non-zero complex number, zp = 0, if kg =0, and zp = Ag / ko, if kg #+ 0. Then
zg € D and, as in the proof of Lemma 4.1 (i), for ¢ = 0, we have

(Bvg. ) _ (c+d)lzol® +kZp +Iz0
5, v)) 1 —|z0/?
This point belongs to the boundary of W (B| o)) and also belongs to W. As 6
varies in [0, 27), all the boundary points of W(B|©) belong to W. If ¢y +dy <
0, the discussion follows along similar lines. Thus, W (B]| ;o) = W is bounded by

a branch of the hyperbola with foci o and a5, transverse axis of length +/N and
non-transverse axis of length ~/ M.

= ¢pe??/1/2(1), where ¢
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Case2. M > 0and N = 0. Since N = 0, we have M = |4| = P. Therefore, 49 =
%M(cos (20 + ) — 1) and it can be easily seen that there exists 8’ = —/2 € [0, 27)
such that the real sinusoidal function f(8) := Ay satisfies f(0) < 0, for 6 # 0’ and
f(0") = 0. In this case, there is a unique supporting line of W, specifically the line
I1 passing through —(c + d)/2 and perpendicular to the line defined by o« and
an. If |k| # |I|, then W is an open half-plane defined by the line /;. By Theorem
4.2 iii) or iv), the boundary of the half-plane does not belong to W (B|«©) and so
W (B] o) coincides with W. If |k| = || # O, then W is the line /;. In this case, 4gy
and cg + dp vanish only in the direction & = (/2 — ) mod 7. By Theorem 4.2 v),
it follows that W (B] ) coincides with W.If k = [ = 0, then M = 0, contradicting
the hypothesis.

Case3. M > 0and N <O0. Since N < 0, there does not exist any supporting line
for the set W, which is the whole complex plane. Hence, W (B| ) = C.

Case4. M =0and N > 0. Since M =0, we have N = |[4| = —P > 0. In this
case, there are infinite supporting lines of the set W and the branch of the hyperbola
given by the Hyperbolical Range Theorem degenerates into a closed half-line in
the line defined by 0 and ¢ + d, with endpoint either «; or «». For 0 € [0, 27),
Ag = %N (cos(20 4+ ¥) + 1) > 0. Using analogous arguments to those in the proof
of the Case 2, we conclude that W(B| o) = W.

Case5. M =0and N = 0. It can be easily seen that N = 4 = 0 and straightfor-
ward computations yield |k| = || = %|c +d|. If k =0, having in mind Theorem
4.2 (v), we conclude that W(B) = {0}. If k # 0, W is an open half-line in the line
defined by 0 and ¢ + d and with endpoint —%(c + d). In this case, 49 = 0 for 6 €
[0, 27), and cg + dp vanishes only in the direction 6 = (% — o) mod 7. By similar
arguments to those used above, it can be shown that W(B|0) = W.

Case 6. M =0 and N < 0. Under these hypothesis, it can easily be seen that 0 =
—M < 49 < N < 0, which is impossible. [

Using Theorem 3.2, Lemma 4.1 and the ideas in the proof of Theorem 4.5, we
may characterize the numerical range of the pairing operator B, restricted to the
subspace I''?), g € 7. We shall prove that these sets are homothetic, that is, they are
bounded by (possibly degenerate) homothetic hyperbolas.

Theorem 4.6. Let the pairing operator B = cf1g1 + df2g2 + kf1 f» +1g1g2, ¢, d,
k.l € C, be restrictedto I'D, g € Z. Let A = (¢ + d)* — 4kl and let

1 1 1 1
M= —|Al+ k> + |l = =|lc+d|>, N==|4]— k> = |I|> + =|c +d|*.
2||+||+|| 2Ic+| 2|| k| ||+2|c+|
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Let k € {—1,0, 1} and ¢’ € {11, 02, 20}. Denote by 1| the line passing through
oz?l and perpendicular to the line defined by 05111 and ocl_ll, and denote by I, the line
defined by (xgo and 0582, where

. Wa(ed —e'c+xvA)—d, ifg=0
o =
l%q(sc—s/d—i—/c\/Z)—c, ifg <O0.

(@ If M >0 and N > 0, then W(B|rq) is bounded by a branch of the hyper-
bola with all | and aﬁ] as foci, transverse and non-transverse axis of length
(1 + lgD~/'N and (1 + |q|)v/M, respectively.

(b) If M > 0and N = 0, then W(B| @) is
(1) the line 1y, if |k| = |1];
(i1) an open half-plane defined by the line 1y, if |k| & ||.

(©) If M > 0and N < 0, then W(B| ) is the whole complex plane.

(d) IfM =0and N > 0, then W(B|«) is a closed half-line in I with endpoint ozh
or ozfll

(e) If M = N =0, then W(B|pq) is
(i) the singleton {},}, if c +d = 0;
(i1) an open half-line in I, with endpoint a?l, ifc+d+#0.

Proof. We prove that
W(Blrw) = (1 +I1gDW(Blr0) + 14, g € Z, (32)

where 7, = ¢gd,if ¢ > 0, and 7y = —qc, if ¢ < 0. By Lemma 4.1, W(B| ) con-
tains (1 + |g|)W + 1,4, and by Theorem 4.5, we have that W = W(B| ). Thus,
I+ IgDW(Bl|r0) + 14 S W(B|r<q)) q € Z. Let g > 0. As in the proof of Theo-
rem 4.4, we consider Re(el’ B) = cofigr +dpfrgr + k@f[ H+ kgglgz, with ¢y =
Re(e‘ec) dp = Re(e?d) and 2kg = (k + 1) cos 0 + i(k — ) sin6.

(a)Let 0 € [0, 27) be such that Ay = (cg + dp)? — 4lkg|*> > 0.If cg +dp > 0, by
Theorem 3.2, the minimum eigenvalue of the selfadjoint pairing operator Re(e'’ B)
restricted to I'9), qg = 0,is

Mg = (da—CQ)——(Ce-i-de)-i-—\/ = (1 + @) + qdp,

and the eigenvectors of Re(e' B) associated with the eigenvalue )‘o g are the vectors

vgq = cofzqewfl fl(l), where c( is a non-zero complex number, zp = 0, if kg =0,

= A8 /ke, if f = —=L — Zpg1). Usi 1
20 = Agg/ke, if kg # 0, and f> m(fz Zpg1). Using analogous arguments
to those in the proof of Lemma 4.1, we find
(Bvf,, v),) c+d)lzgl* +kip +1z
wp= N = (14 DL T g (33)

(qu’ Oq) 1- |ZG|2
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which is a boundary point of W(B| @), g = 0. If cg + dy < 0, the reasoning is
similar. From (33), we get the following relation between the boundary points wg of
W (B| @), ¢ > 0, and the boundary points wf) of W (B|0): wf = (14 q)wf) + qd.
This means that the boundary generating curve of W(B|«), ¢ > 0, is obtained
from the boundary generating curve of W(B| ) by a dilation of ratio 1 + ¢ and
a translation associated with gd. Hence, the equality in (32) holds for ¢ > 0. That
is, W(Bl @), g = 0, is bounded by a branch of the hyperbola with oz]ll and oefll as

foci, and transverse and non-transverse axis of length (1 + q)\/ﬁ and (1 + q)\/ﬁ ,
respectively.

(b) If |k| # |I|, then (1 + g)W + gd is an open half-plane defined by the line
/1. By similar arguments to those in the proof of Theorem 4.3 iii), it can be shown
that the boundary of this half-plane does not belong to W (B| ) and so W (B|«))
coincides with (1 +g)W + qd, for g > 0. If |k| = |I| # 0, then (1 + q)W +dgq is
the line /;. In this case, dg = (cg + dg)* — 4|k9|2 and cg + dp vanish only in one
direction, and so the equality in (32), ¢ > 0, follows.

(c) Since W = C, itis clear that W(B| o) = C.

(d) In this case, the set (1 + q)W + gd degenerates into a closed half-line in I,
with endpoint alll or ozfll. Since 4y > 0 for 6 € [0, 27), by analogous arguments to
those used above, the equality in (32), ¢ > 0, is proved to hold.

(e) As in the proof of Theorem 4.5, we have |k| = |I| = %|c +d|. If k =0, we
conclude that W (B| ) = {gd}. If k # 0, (1 + g)W + qd is an open half-line in /,
with endpoint “(1)1 and we may conclude that W(B|;q) = (1 +q)W +qd.

If g < 0, the proof is similar. [J

Remark 4.3. The pairing operator B = cf1g1 + df2g2 + kf1 f2 + 1g1g> restricted
to ' is represented by the tridiagonal matrix ch, 4 in Remark 3.1. Thus, W(TC{{ 4
q = 0, is characterized by Theorem 4.6. For ¢ < 0, the pairing operator B = cf1g1 +
df>g> + kfi f>» +1g1 g restricted to I'@ is represented by the tridiagonal matrix
Td_!f, and so W(TC‘{ ;) is given by the same theorem, replacing g, ¢ and d by —q, d
and c, respectively.
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