
Optimal control of affine connection control systems

from the point of view of Lie algebroids ∗
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Abstract

The purpose of this paper is to use the framework of Lie algebroids to study

optimal control problems for affine connection control systems on Lie groups.

In this context, the equations for critical trajectories of the problem are geo-

metrically characterized as a Hamiltonian vector field.
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1 Introduction

The affine connection control systems (ACCS) constitute a special class of holonomic mechan-
ical systems with inputs. Although not completely general, this kind of simple mechanical
system, depending on a Riemannian structure, is the model for many applications of current
interest in control. In particular, a large number of systems, such as satellites, hovercrafts and
underwater vehicles, have kinetic energy and input forces which are invariant under a certain
group action and, moreover, their configuration spaces have a Lie group structure. The aim of
this note is to analyze optimal control problems on Lie groups for this class of control systems.

Optimal control problems (OCP) for affine connection control systems on Riemannian
manifolds were studied by M. Barbero-Liñán and M. C. Muñoz-Lecanda in [2], where a presym-
plectic constraint algorithm was used to characterize the normal and, especially, the abnormal
critical trajectories of the problem. Optimal control problems have much in common with
variational problems with constraints; in particular, OCP for ACCS are related to second or-
der variational problems with second order constraints. In this context, these problems have
been extensively studied by A. Bloch and P. Crouch in [4] and, more recently, by L. Colombo,
D. Martin de Diego and M. Zuccalli (see [6, 8]).

This note reflects our point of view, namely that Lie algebroid formalism is useful for
studying this class of mechanical control systems due to the invariance of the system under the
action of the group. To be more precise, we are considering, in the framework of Lie algebroids,
an optimal control problem for the Poincaré representation of an affine connection control
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system. The geometric description of the problem we develop here follows the formulation of
Pontryagin’s maximum principle proposed in [13]. The geometry provided by Lie algebroids
has already been used in [3], for the purpose of characterizing abnormal critical trajectories
for this kind of optimal control problem.

2 Optimal Control of Affine Connection Control Systems on
Lie Groups

Let G be an n-dimensional Lie group endowed with a left-invariant Riemannian metric 〈 . , . 〉
on G. Given m linearly independent elements E1, . . . , Em of the Lie algebra g of G, let D be
the distribution on G generated by the corresponding left-invariant vector fields {EL1 , . . . , ELm},
m ≤ n.

2.1 Affine connection control systems

An affine connection control system (G, 〈 . , . 〉 ,D) is a simple mechanical control system with-
out external forces or nonholonomic constraints, and with dynamics given by the equation
D2x
dt2

(t) = ua(t)E
L
a (x(t)), where the configuration space is the Lie group G and D2x

dt2
denotes

the covariant acceleration of the state curve x in G defined by the Levi-Civita connection
associated with 〈 . , . 〉. The kinetic energy metric is 〈 . , . 〉, the potential function is zero
and the input forces are the left-invariant 1-forms obtained from the input vector fields
EL1 , . . . , E

L
m via the musical isomorphism defined by the metric tensor. The control func-

tions are u = (u1, u2, . . . , um) : [0, T ] → U , where U is an open subset of Rm. Throughout
this note we make the assumption that the control set U is Rm.

ACCS can be classified as holonomic mechanical systems with inputs, in contrast with
the nonholonomic mechanical systems which have velocity constraints (see [4] for details).
In spite of our particular interest in the study of underactuated systems (m < n), we are
also considering the fully actuated ones (m = n). We assume that our control systems are
small-time locally controllable for every proper control set. For these issues see, for instance,
[5].

The introduction of new coordinates to the affine connection control system, usually called
quasi-velocities, is essential for representing the system. This leads to the notion of body
velocity of a curve x in G, the curve y in g given by the pullback of the velocity vector field
of x by left translation.

The Levi-Civita connection associated with 〈 . , . 〉 is uniquely defined, via left translation,
by the bilinear map α : g× g→ g, (y, z) 7→ 1

2 [y, z]− 1
2I
](ad∗yI[z + ad∗zI[y), where I is the inner

product on the Lie algebra g of G corresponding to 〈 . , . 〉 and I[ : g→ g∗ and I] : g∗ → g are
the musical isomorphisms defined by I. Therefore, the affine connection control system may
be represented by the controlled Euler-Poincaré equations

dx

dt
(t) = TeLx(t)y(t)

dy

dt
(t)− I]ad∗y(t)I

[y(t) = ua(t)Ea. (1)

2.2 Optimal control problem for an affine connection control system

Consider the tangent bundle of order two T 2G and its trivialization T̃ 2G, which is the sub-

bundle of T (G× g) defined by {(vx, y, u) ∈ T(x,y)(G× g) : TxLx−1vx = y}. An element of T̃ 2G
may be represented by the pair (vx, u), vx ∈ TxG, u ∈ g, x ∈ G.

The optimal control problem for ACCS is the following. Given x0, xT ∈ G, v0 ∈ Tx0G,

vT ∈ TxTG, T ∈ R+ and the cost function L : T̃ 2G → R, the problem consists of find-

ing the C2 piecewise-smooth curves (x, u) in G × De that minimize
∫ T
0 L(vx(t), u(t)) dt with

vx : [0, T ]→ TG a C2 piecewise-smooth vector field along x, subject to the boundary con-
ditions x(0) = x0, x(T ) = xT , vx(0) = v0, vx(T ) = vT and satisfying the affine connection
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control system (G, 〈 . , . 〉 ,D)

dx

dt
= vx

d

dt
(TxLx−1vx) = I]ad∗TxLx−1vxI

[(TxLx−1vx) + u. (2)

3 Optimal Control on Lie Algebroids

Throughout this section, we consider a Lie algebroid structure (E, [., .]E , ρE) on a vector bundle
τE : E → M , with anchor map ρE : E → TM and Lie bracket [., .]E on the C∞(M)-module
Γ(E) of sections of E. This structure induces a natural linear Poisson structure on the dual
bundle E∗ of E, with respect to which the dual map ρ∗E : E∗ → T ∗M is Poisson (for the Poisson
structure on T ∗M induced by the canonical symplectic structure). The corresponding exterior
differential dE : Γ(ΛkE∗)→ Γ(Λk+1E∗) defines the corresponding algebroid cohomology. This
concept is essential for defining a symplectic structure on E, a nondegenerate section of Λ2E∗

which is closed with respect to dE . We refer to [12] for a detailed description of Lie algebroids.
The notion of the prolongation of a fibration ν : P → M with respect to E is funda-

mental to the study of optimal control problems on Lie algebroids. We consider, for each
point p ∈ P such that ν(p) = x, the vector space T Ep P = {(b, v) ∈ Ex × TpP : ρ(b) = Tpν(v)}.
The set T EP =

⋃
p∈P T Ep P endowed with the following Lie algebroid structure is called

the prolongation of P with respect to E. It is a vector bundle over P with projection τEP
given by τEP (p, b, v) = p, (b, v) ∈ T Ep P , p ∈ P . The anchor is the map ρT : T EP → TP
given by ρT (p, b, v) = v and the Lie bracket is defined in terms of projectable sections by
[X1,X2](p) = (p, [σ1, σ2](ν(p)), [V1, V2](p)), with projectable sections Xi defined by Xi(p) =
(p, σi(ν(p)), Vi(p)), i = 1, 2. In particular, the prolongation T EE∗ equipped with a symplec-
tic structure is required to provide the geometrical framework for Pontryangin’s maximum
principle (PMP). The canonical symplectic form on T EE∗ is the section Ω ∈ Γ(Λ2(T EE∗)∗))
described by Ω = −dT Θ, with Θ the Liouville section given by Θp(b, v) = p(b), (b, v) ∈ T Ep E∗,
p ∈ E∗.

Let the space of controls be the fiber bundle π : B → M , with M the configuration
manifold, and the control system on E, the section σ : B → E along π. A trajectory of
the system σ is an integral curve of the vector field ρE(σ) along π. The optimal control
problem on a Lie algebroid is the following. Given x0, xT ∈M , T ∈ R+ and the cost function
L ∈ C∞(B) the problem consists of finding the C2 piecewise-smooth curves γ in B that

minimize
∫ T
0 L(γ) dt subject to the boundary conditions (π ◦ γ)(0) = x0 and (π ◦ γ)(T ) = xT

and satisfying the control system d
dt(π ◦ γ) = ρE(σ)(γ).

The geometric formulation of optimal control problems based on PMP is described as fol-
lows. First we introduce the Hamiltonian function H ∈ C∞(E∗ ×M B) defined by
H(p, u) = p(σ(u)) − L(u). The PMP leads to the Hamiltonian control system σH (a sec-
tion of T EE∗ along pr1 : E∗ ×M B → E∗) defined on a subset of the manifold E∗ ×M B, by
means of the symplectic equation iσHΩ = dTH. The integral curves of the vector field ρT (σH)
are called the critical trajectories of the problem.

Remark 1 Let β be a section of T EE∗ along pr1 : E∗ ×M B → E∗. Note that iβΩ is de-
fined by (iβΩ)a(z) = Ωp(β(a), T pr1(z)), z ∈ T Ea (E∗ ×M B), a = (p, u) ∈ E∗ ×M B, where
T pr1 : T E(E∗ ×M B)→ T EE∗ is the prolongation of pr1 over the identity map on M .

Consider W = {a ∈ E∗ ×M B : dH(a)(z) = 0 for all z ∈ Ker T pr1}, the set where the
symplectic equation has a solution. Then, if there are points in W at which the vector field
ρ(σH) is not tangent to W , it is necessary to implement a constraint algorithm to obtain the
submanifold where the critical trajectories lie (see [13] and the references mentioned in this
paper).
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4 Description of the Optimal Control Problem on Lie Alge-
broids

We consider as configuration manifold the trivialization of TG, G× g. The space of controls
is the trivial vector bundle, π : G × g × De → G × g, (x, y, u) 7→ (x, y) and the cost function
is the map L : G × g × De → R, given by L(x, y, u) = L(TeLxy, u), y ∈ g, u ∈ De, x ∈ G.
The boundary conditions required to the curve (x, y) in G × g are x(0) = x0, x(T ) = xT ,
y(0) = Tx0Lx−1

0
v0, y(T ) = TxTLx−1

T
vT .

4.1 The Lie algebroid structure

We consider the trivial vector bundle τ : G × 3g → G × g endowed with the direct product
Lie algebroid structure defined by the action Lie algebroid G × g → G (associated with the
infinitesimal right translation action of g on G) and the canonical Lie algebroid 2g → g.
The anchor map ρ : G × 3g → T (G × g) is given by ρ(x, y; z, w) = (TeLxz, w). The bracket
operation is uniquely determined by the Leibniz identity and the bracket of constant sections,
given by [c(z1,w1), c(z2,w2)] = c([z1,z2]g,0), where c(z1,w1) and c(z2,w2) are constant sections defined
by (z1, w1), (z2, w2) ∈ g× g.

Consider a basis {Ei}i=1,...,n of g obtained by completing the basis of De with vectors
Em+1, . . . , En ∈ D⊥e . Denoting the local coordinates in G by (xi), the local coordinates in
G× g with respect to the basis of g are denoted by (xi, yi). The local coordinates in G× 3g,
corresponding to the local basis of sections ei = (Ei, 0) and ei+n = (0, Ei), i = 1, . . . , n, are
denoted by (xi, yi; zi, wi). The corresponding local structure functions Ckij , i, j, k = 1, . . . , 2n
are the constants of structure of g, if i, j, k = 1, . . . , n, and are zero, otherwise. The Lie
algebra homomorphism ρ : Γ(G × 3g) → X(G × g) is represented by ρ(ei) = (ELi , 0) and
ρ(ei+n) = (0, Ei), i = 1, . . . , n.

Let G × g × 2g∗ be the dual bundle of G × 3g. We denote the local coordinates of an
element p = (x, y;µ, ξ) of G × g × 2g∗ by (xi, yi;µi, ξi), corresponding to the local dual basis
of sections ei = (E∗i , 0) and ei+n = (0, E∗i ), i = 1, . . . , n, where {E∗i }i=1,...,n is the dual basis
of {Ei}i=1,...,n. The dual bundle is endowed with the natural linear Poisson structure { . , . }
given by

{f, g}(p) =
δg

δx
(p)

(
TeLx

δf

δµ
(p)

)
− δf

δx
(p)

(
TeLx

δg

δµ
(p)

)
+
δg

δy
(p)

(
δf

δξ
(p)

)
−δf
δy

(p)

(
δg

δξ
(p)

)
+ µ

(
[
δf

δµ
(p),

δg

δµ
(p)]

)
, (3)

for each f, g ∈ C∞(G × g × 2g∗). Here, δf
δy (p) ∈ g∗ denotes the partial functional deriva-

tive defined by δf
δy (p)(z) = ∂f

∂yi
(p)zi;

δf
δµ(p) ∈ g is the partial functional derivative given by

δf
δµ(p)(ξ) = ∂f

∂µi
(p)ξi; and δf

δx (p) is ∂f
∂xi

(p)dxi ∈ T ∗xG. Relative to this Poisson bracket and
the symplectic bracket on T ∗(G × g), the dual map ρ∗ : G × g × 2g∗ → T ∗(G × g) given by
ρ∗(x, y;µ, ξ) = (x, y;T ∗xLx−1µ, ξ) is Poisson.

The prolongation of G×g×2g∗ with respect to G×3g is the Lie algebroid over G×g×2g∗

identified with T = (G × g × 2g∗) × (2g × 2g∗), with anchor ρT given by
ρT (x, y;µ, ξ; z, w; vµ, vξ) = (TeLxz, w; vµ, vξ), local basis of sections, Xi = (Ei, 0, 0, 0),
Xi+n = (0, Ei, 0, 0), Vi = (0, 0, E∗i , 0), Vi+n = (0, 0, 0, E∗i ), i = 1, . . . , n, and bracket operation
given by [Xi,Xj ] = CkijXk, [Xi,Vj ] = 0 and [Vi,Vj ] = 0, i, j = 1, . . . , 2n. The canonical symplec-
tic form associated withG×3g is given, for each (x, y;µ, ξ; z, w; vµ, vξ), (x, y;µ, ξ; z′, w′; v′µ, v

′
ξ) ∈

T , by

Ω(x,y;µ,ξ)

(
(x, y;µ, ξ; z, w; vµ, vξ), (x, y;µ, ξ; z′, w′; v′µ, v

′
ξ)
)

= v′µ(z) + v′ξ(w)− (vµ(z′) + vξ(w
′)) + µ([z, z′]). (4)
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Remark 2 The corresponding symplectic form on G× g× 2g∗ is defined by

Ω(x,y;µ,ξ)((zx, w; vµ, vξ), (z
′
x, w

′; v′µ, v
′
ξ)) = v′µ(TxLx−1zx) + v′ξ(w)

− (vµ(TxLx−1z′x) + vξ(w
′)) + µ([TxLx−1zx, TxLx−1z′x]).

We also consider the vector bundle π : G × g × 2g∗ × De → G × g. The prolongation of
G×g×2g∗×De with respect toG×3g is the Lie algebroid identified with T̃ = (G×g×2g∗×De)×
(2g×2g∗×De), with anchor ρT̃ given by ρT̃ (x, y;µ, ξ, u; z, w; vµ, vξ, vu) = (TeLxz, w; vµ, vξ, vu),
local basis of sections Xi = (Ei, 0, 0, 0, 0), Xi+n = (0, Ei, 0, 0, 0), Vi = (0, 0, E∗i , 0, 0), Vi+n =
(0, 0, 0, E∗i , 0), Pa = (0, 0, 0, 0, Ea), i = 1, . . . , n, a = 1, . . . ,m and bracket operation defined
by [Xi,Xj ] = CkijXk, [Xi,Vj ] = 0, [Vi,Vj ] = 0, [Pa,Xj ] = 0, [Pa,Vj ] = 0, [Pa,Pb] = 0,
i, j = 1, . . . , 2n, a, b = 1, . . . ,m.

4.2 The Hamiltonian control system

The control system σ is the section of G × 3g along π : G × g × De → G × g, defined by
σ(x, y, u) = (x, y, y, u+ I]ad∗yI[y). Note that ρ(σ) is exactly the Poincaré representation (1) of
the affine connection control system (G, 〈 . , . 〉 ,D). The corresponding Hamiltonian function
H : G× g× 2g∗ ×De → R is defined by

H(x, y;µ, ξ, u) = µ (y) + ξ
(
u+ I]ad∗yI[y

)
− L(x, y, u). (5)

Proposition 1 The critical trajectories for the OCP satisfy the equations

dx

dt
= TeLxy

dy

dt
= u+ I]ad∗yI[y

dµ

dt
= T ∗e Lx

δL

δx
+ ad∗yµ

dξ

dt
= −µ+

δL

δy
− I[adyI]ξ + ad∗I]ξI

[y

0 = ξDe − δL

δu
. (6)

Here ξDe denotes ξaE
∗
a ∈ I[De, for ξ = ξiE

∗
i ∈ g∗.

Proof. Given a section β = (z, w; vµ, vξ) of (G × g × 2g∗) × (2g × 2g∗) the section iβΩ of
(G× g× 2g∗)× (2g∗ × 2g) is defined by

(iβΩ)(p) =
(
−vµ(p) + ad∗z(p)µ,−vξ(p); z(p), w(p)

)
, p = (x, y;µ, ξ) ∈ G× g× 2g∗.

On the other hand, dT̃H(a) =
(
T ∗e Lx

δH
δx (a), δHδy (a); δHδµ (a), δHδξ (a), δHδu (a)

)
, for each

a = (x, y;µ, ξ, u). Hence, the Hamiltonian control system σH , the solution of the sym-

plectic equation iσHΩ = dT̃H on W =
{
a ∈ G× g× 2g∗ ×De : δHδu (a) = 0

}
, is given by

σH(a) =

(
δH
δµ (a), δHδξ (a),−T ∗e Lx δHδx (a) + ad∗δH

δµ
(a)
µ,− δH

δy (a)

)
. The critical trajectories are the

integral curves of the vector field ρT (σH) defined by

ρT (σH)(a) =

(
TeLx

δH

δµ
(a),

δH

δξ
(a),−T ∗e Lx

δH

δx
(a) + ad∗δH

δµ
(a)
µ,−δH

δy
(a)

)
, a ∈W.

The result follows by straightforward calculations.

Remark 3 If the regularity condition is satisfied, that is, the matrix
[

∂2L
∂ua∂ub

]
is non-singular,

then the equations given by Proposition 1 are Hamiltonian on G×g×2g∗ (Remark 2). In par-
ticular, when the system is fully actuated, we recover the second order Euler-Arnold equations
for the corresponding Hamiltonian function (see [7]).
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5 Minimum Covariant Acceleration Control Problem

A natural optimal control problem for the affine connection control system is the minimum
covariant acceleration control problem with cost function given by L(x, y, u) = 1

2I(u, u),
(x, y, u) ∈ G × g × De. From Proposition 1, since the regularity condition is guaranteed,
we have the following Hamiltonian equations (relative to the symplectic structure given in
Remark 2),

dx

dt
= TeLxy

dy

dt
= I]ξDe + I]ad∗yI[y

dµ

dt
= ad∗yµ

dξ

dt
= −µ− I[adyI]ξ + ad∗I]ξI

[y. (7)

When the ACCP is fully actuated, the critical curves give rise to the Riemannian cubic
polynomials on a Lie group (see [9, 14]). The study of these curves has been motivated by many
applications, namely problems of interpolation in computer graphics, robotics, aeronautics and
computational anatomy. Due to that, several approaches to the geometric description of cubic
polynomials have been proposed in the last decade (see, for instance, [1, 10, 11]).

Example 1 A quite well-known example is the following. Let us consider the Lie group
G = SO(3). The Lie algebra isomorphism identifying (so(3), [ . , . ]) with (R3,×) is de-
noted by S. The left-invariant Riemannian metric on SO(3) is induced by the inner product
given by I(y, z) = (Jy).z, y, z ∈ R3, where J = diag(J1, J2, J3). Given the canonical basis
{e1, e2, e3} of R3, let D be the distribution induced by {e1, e2}. The cost function is defined by
L(x, y, u) = 1

2J1(u1)
2+ 1

2J2(u2)
2 and the control system is ẋ = xSy ∧ Jẏ = (Jy)×y+u1e1+u2e2,

(x, y, u) ∈ SO(3) × R5, u = (u1, u2). Note that the pre-control system is properly small-time
locally controllable from each x ∈ SO(3) if J1 6= J2. When J1 = J2, we can only guarantee that
the system is locally configuration controllable (see [5], for details). According to Proposition
1, the Hamiltonian equations on (SO(3)× R9,Ω) reduce to

dx

dt
= xSy

dy

dt
= J−1ξDe + J−1(Jy)× y

dµ

dt
= µ× y dξ

dt
= −µ+ J(J−1ξ)× y + (Jy)× (J−1ξ), (8)

where the symplectic form Ω is given by

Ω(x,y;µ,ξ)

(
(zx, w; vµ, vξ), (z

′
x, w

′; v′µ, v
′
ξ)
)

= v′µ.(S
−1x−1zx) + v′ξ.w − vµ.(S−1x−1z′x)

−vξ.w′ + µ.
(
(S−1x−1zx)× (S−1x−1z′x)

)
,

for each zx, z
′
x ∈ TxSO(3), w,w′, vµ, v

′
µ, vξ, v

′
ξ ∈ R3, x ∈ SO(3) and y, µ, ξ ∈ R3.
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