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Abstract

In this paper the transport of a drug through a viscoelastic biodegradable material
is studied. The phenomenon is described by a set of three coupled partial differential
equations that take into account passive diffusion, stress driven diffusion and the degra-
dation of the material. The stability properties of the system are studied. Numerical
simulations show an influence of viscoelastic and degradation parameters in agreement
with the expected physical behaviour.
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1 Introduction

In the past few decades biodegradable polymers have attracted the attention of many re-
searchers mainly for their applications in controlled drug delivery [5]. In this paper we will
consider transport of a drug through a viscoelastic and hydrolyzed polymeric matrix.

The main actors in drug delivery are the living system, the composition of drug, the
polymeric matrix where it is dispersed and the external conditions of release as for example
the presence of an electric field or a heat source. To obtain a predefined release profile
the mechanisms of control can act essentially on the polymeric matrix and the external
conditions. In this paper we study a mathematical model to predict the influence of the
mechanical and chemical properties of the polymer - viscoelasticity and degradation- in
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the release rate. As degradation proceeds, the polymer molecular weight decreases and
diffusional paths open through the matrix allowing solved drug molecules to leave the device
[6]. Because of the increasing permeability of the system upon polymer degradation, the
constant diffusion coefficient is replaced by a molecular weight dependent diffusion coefficient
[7]. The viscoelastic behaviour of the polymeric matrix is described by a Maxwell fluid model
[1, 2, 3].

The paper is organised as follows. In Section 2 the mathematical model is presented.
In Section 3 the qualitative behaviour of the released mass is studied. A fully discrete
method that mimics the properties of the continuous problem is described in Section 4 and
numerical simulations are exhibited in Section 5. Finally in Section 6 some conclusions are
addressed.

2 The mathematical model

We consider a polymer filling a bounded domain Ω ⊆ Rn with boundary ∂Ω. The diffusion of
drug from this polymer is described by the following system of partial differential equations:

∂C

∂t
= ∇(D(M)∇C) +∇(Dv∇σ) in Ω× (0, T ],

∂σ

∂t
+
E

µ
σ = EC in Ω× (0, T ],

∂M

∂t
+ β1M = β2C in Ω× (0, T ],

(1)

where C represents the unknown concentration of the drug inside the polymer, σ is the
unknown stress, M is the unknown molecular weight of the polymer. The viscoelastic
influence in the drug transport is represented by the term ∇(Dv∇σ) where Dv is the so
called viscoelastic diffusion coefficient. This term states that the polymer acts as a barrier
to the diffusion: as the drug strains the polymer it reacts with a stress of opposite sign.
To account for the increasing permeability of the system upon polymer degradation, the
diffusion coefficient is defined as

D(M) = D0e
M0

M+M0 ,

where D0 is the diffusion coefficient of drug in the non hydrolyzed polymer and M0 is its
initial molecular weight. The second equation in (1) defines the viscoelastic behaviour of
the polymer by the Maxwell fluid model [2, 3]

∂σ

∂t
+
E

µ
σ = E

∂ε

∂t
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where E represents the Young modulus of the material, µ its viscosity and ε is the strain
produced by the drug molecules. If we assume that

ε = k

∫ t

0
C(x, s)ds

where k is a positive constant we obtain the second equation in (1) where this constant has
been absorbed by E. In the third equation of (1) β1 and β2 are constants that characterize
the degradation properties of the material.

System (1) is completed with initial conditions
C(x, 0) = C0, x ∈ Ω,

σ(x, 0) = σ0, x ∈ Ω,

M(x, 0) = M0, x ∈ Ω,

and boundary conditions 
C(x, t) = 0 on ∂Ω× (0, T ],

σ(x, t) = 0 on ∂Ω× (0, T ],

M(x, t) = 0 on ∂Ω× (0, T ],

where ∂Ω denotes the boundary of Ω.

3 Qualitative behaviour of a mass related functional

In this section we study the qualitative behaviour of the mass related functional

M(t) =

∫
Ω
C2(t)dx, t ≥ 0.

From the second equation of (1) we easily get

σ(t) = E

∫ t

0
e
−E
µ

(t−s)
C(s)ds+ σ(0)e

−E
µ
t
, t ≥ 0.

Replacing in the first equation of (1) we obtain for C

∂C

∂t
= ∇(D(M)∇C) + E

∫ t

0
e
−E
µ

(t−s)∇(Dv∇C(s))ds in Ω× (0, T ]. (2)
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As 1
2M

′(t) =
∫

ΩC(t)∂C∂t (t)dx we deduce, considering (2)

1

2
M ′(t) = −

∥∥∥∥√D(M)∇C(t)

∥∥∥∥2

−
(
E

∫ t

0
e
−E
µ

(t−s)
Dv∇C(s)ds,∇C(t)

)
, (3)

where (., .) stands for the scalar product in L2(Ω). From (3) we have

1

2
M ′(t) +D0

∥∥∥∥∇C(t)

∥∥∥∥2

≤ D2
v

4ε2
E2

∥∥∥∥∫ t

0
e
−E
µ

(t−s)∇C(s)ds

∥∥∥∥2

+ ε2
∥∥∥∥∇C(t)

∥∥∥∥2

,

where D0 ≤ D and ε 6= 0. Consequently we deduce

1

2
M ′(t) + (D0 − ε2)

∥∥∥∥∇C(t)

∥∥∥∥2

≤ D2
v

4ε2
E2

∫ t

0
e
−2E

µ
(t−s)

ds

∫ t

0

∥∥∥∥∇C(s)

∥∥∥∥2

ds,

and then

M(t) + 2(D0 − ε2)

∫ t

0

∥∥∥∥∇C(s)

∥∥∥∥2

ds ≤ D2
v

2ε2
E2

2Eµ

∫ t

0

∫ s

0

∥∥∥∥∇C(µ)

∥∥∥∥2

dµds+M(0).

If ε2 is such that
D0 − ε2 > 0

we obtain

M(t) +

∫ t

0

∥∥∥∥∇C(s)

∥∥∥∥2

ds ≤ D2
vE

2

max{1, 2(D0 − ε2)}4ε2Eµ

∫ t

0

∫ s

0

∥∥∥∥∇C(µ)

∥∥∥∥2

dµds

+
1

max{1, 2(D0 − ε2)}
M(0).

Finally Gronwall’s Lemma [4] leads to

M(t) +

∫ t

0

∥∥∥∥∇C(s)

∥∥∥∥2

ds ≤ 1

max{1, 2(D0 − ε2)}
M(0)e

D2
vE

2

max{1,2(D0−ε2)}4ε2
E
µ

t
. (4)

This last inequality establishes that M(t) and
∫ t

0

∥∥∇C(s)
∥∥2
ds are bounded for bounded

intervals of time. We note that (4) can be improved by eliminating the exponential factor
in its right hand side [8]. A stability result of type

M(t) +

∫ t

0
e−2γ(t−s)

∥∥∥∥∇C(s)

∥∥∥∥2

ds ≤M(0)

can then be stated for a convenient choice of the parameters of the model.
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4 A discrete model

In order to simplify the presentation we consider in what follows Ω = (0, 1). We fix h > 0
and we introduce in Ω the grid

Ih = {xi, i = 0, . . . , N, x0 = 0, xN = 1, xi − xi−1 = h, i = 1, . . . , N}.

Discretizing the spatial derivative using the second order finite difference discretization

∂

∂x
(D(M)

∂C

∂x
)(xi, t) '

D(M(xi,t)+M(xi+1,t)
2 )D−xC(xi+1, t)−D(M(xi,t)+M(xi−1,t)

2 )D−xC(xi, t)

h
,

where D−x represents the backward finite difference operator. We replace (1) by the fol-
lowing ordinary differential system

dCi(t)

dt
=

1

h
(D(AhMi(t))D−xCi+1(t)−D(AhMi−1(t))D−xCi(t)) +DvD2,hσi(t),

dσi(t)

dt
+
E

µ
σi(t) = ECi(t),

dMi(t)

dt
+ β1Mi(t) = β2Ci(t),

(5)

and where, for i = 1, . . . , N−1, Ci(t), σi(t) and Mi(t) stand for semi-discrete approximation
of C(t), σ(t) and M(t), respectively. In (5) Ah represents the average operator

Ahv(xi) =
1

2
(v(xi) + v(xi+1)),

and D2,h is the second-order finite difference operator

D2,hu(xi) =
u(xi+1)− 2u(xi) + u(xi−1)

h2
, i = 1, . . . , N − 1.

To solve system (5) we use the discretized boundary conditions

C0(t) = CN (t) = σ0(t) = σN (t) = M0(t) = MN (t) = 0,

and the initial conditions

Ci(0) = C0, σi(0) = σ0,Mi(0) = M0, i = 1, . . . , N.
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The time integration of (5) is performed considering as implicit-explicit approach, defined
by 

Cn+1
i − Cni

∆t
=

1

h

(
D(AhM

n
i )D−xC

n+1
i+1 −D(AhM

n
i−1)D−xC

n+1
i

)
+DvD2,hσ

n
i ,

σn+1
i − σni

∆t
+
E

µ
σni = ECn+1

i ,

Mn+1
i −Mn

i

∆t
+ β1M

n
i = β2C

n+1
i .

(6)

In (6) Cni , σ
n
i , andMn

i for i = 1, ..., N stand for time for approximations of Ci(tn), σi(tn)
and Mi(tn) in the time grid defined by

{tn, n = 0, . . . ,M, t0 = 0, tM = T, tn − tn−1 = ∆t, n = 1, . . . ,M − 1}.

System (6) is completed with the following conditions

Cn0 = CnN = σn0 = σnN = Mn
0 = Mn

N = 0, n = 0, . . . ,M.

It can be shown that method (6) is second order consistent in space and first order in time.
In the numerical simulations, that we present in Section 5, we consider the drug released
mass defined by

M(t) =

∫
Ω
C(x, 0)dx−

∫
Ω
C(x, t)dx, (7)

for each t ∈ [0, T ].

5 Numerical results

In this section we illustrate the use of the numerical scheme (6). We take C0 = 1,M0 =
0.5, σ0 = 0.5, D0 = 0.01, Dv = −1 × 10−4, µ = 1 × 10−2, E = 1 × 10−3, β1 = 0.1, β2 =
1 × 10−3, ∆t = 5 × 10−4, h = 1 × 10−2. The units of the concentration are mol/mm3.
The units of other variables and parameters are such that the equations are dimensionally
correct.

In Figure 1 the evolution of C in time is illustrated. As expected the drug concentration
decreases in time. The evolution of M is plotted in Figure 2, where the decrease in time of
the molecular weight is consequence of the polymer degradation. In order to see that the
evolution inside the polymer is not spatially homogeneous, a plot of the molecular weight
at t = 4 is presented in Figure 2(right).
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Figure 1: Concentration at different times.
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Figure 2: Molecular weight (left) at different times and a zoom of molecular weight at t = 4
(right).
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In Figure 3 the influence of diffusion on released mass and molecular weight are shown
for t = 0.5, 2, 4. As D0 increases the released mass increases because the diffusion process
becomes faster. Consequently as D0 increases the concentration inside the polymer de-
creases and from the third equation in (1) we conclude that the molecular weight decreases.
Obviously that taking into account the non linear character of the problem this argument is
naive and it can not be considered a general result. However in Figure 3 (right) we illustrate
this ansatz for the data used in our simulations.
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Figure 3: Influence of the diffusion on the released mass (left) and the molecular weight
(right).
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Figure 4: Influence of the degradation rate on the released mass (left) and molecular weight
at t = 8 (right).

The influence of the degradation rate is presented in Figure 4. As expected if the
degradation rate increases the rate delivery of the drug also increases. In the right of Figure
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4 we observe that the increase of the degradation rate is closely related with loss of molecular
weight.

In Figure 5 we study the dependance of released mass on the viscoelastic diffusion coef-
ficient Dv. We observe that the polymer acts as a barrier that difficults drug diffusion. The
drug molecules strain the polymer and it exerts a stress of opposite sign. The non Fickian
flux −Dv(∇σ) is, in a certain sense a antiflux which decreases the Fickian flux −D(∇C).
From a mathematical point of view we represent this interpretation by considering Dv < 0.
In agreement with this description the increase of | Dv | leads to a delay of release.

0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

t

R
el

ea
se

d 
m

as
s

 

 

D
v
=−1×10−4

D
v
=−5×10−3

Figure 5: Influence of parameter Dv on the released mass.
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Figure 6: Influence of parameter E in the drug concentration at t = 0.5.

In Figure 6 the influence of Young modulus, E, in the drug concentration inside the
polymer is presented at t = 0.5. The crosslink density of the polymer is proportional to
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Young modulus E and consequently as this constant increases the polymer offers more
resistance to the exit of the drug, which is delayed.

6 Conclusion

A model to simulate transport through a biodegradable viscoelastic material is studied. The
analytical treatment of the system of partial differential equations lead to the establishment
of stability results. The influence of mechanical and degradation parameters is analysed,
showing agreement with physical behaviour. We believe that with future improvements the
model can be used as a tool to design biodegradable polymers with predefined properties.
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bra (CMUC) and by the Portuguese Government through the FCT - Fundação para a
Ciência e a Tecnologia under the project PEst-C/MAT/UI0324/2011, and Fundação para
a Ciência e a Tecnologia, Grant SFRH / BD / 33812 / 2009.

References

[1] H. F. Brinson, L. C. Brinson, Polymer engineering science and viscoelasticity, An
introduction, Springer, 2008.

[2] D. S. Cohen, A. B. White, JR. t, and T. P. Witelski, Shock Formation in a
Multidimensional Viscoelastic Diffusive System, SIAM J. APPL. MATH 55(2) (1995)
348–368.

[3] D. S. Cohen, A. B. White, JR, Sharp Fronts due to Diffusion and Viscoelastic
Relaxation in Polymers, SIAM J. APPL. MATH 51(2) (1991) 472–483.

[4] T. H. Gronwall, Note on the derivative with respect to a parameter of the solutions
of a system of differential equations, Ann. of Math, 20(4) (1919) 292-296.

[5] L. L. Lao, S. S. Venkatraman, N. A. Peppas, Modeling of drug release from
biodegradable polymer blends, European Journal of Pharmaceutics and Biopharmaceu-
tics, 70 (2008) 796–803.

[6] G. Perale, P. Arosio, D. Moscatelli, V. Barri, M. Müller, S. Maccagnan
and M. Masi, Anew model of resorbable device degradation and drug release: Transient
1-dimension diffusional model, Journal of Controlled Release 136 (2009) 196–205.

c©CMMSE ISBN: 978-84-616-2723-3



E. Azhdari, J. A. Ferreira, P. de Oliveira, P. M. da Silva
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