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Abstract

In this paper we consider numerical methods for integro-differential problems
based on time discretization via Laplace transformation. We focus our attention
in models arising in the context of non Fickian solute transport phenomena in
porous media. The mathematical models which describe the evolution of the
solute concentrations are characterized by Volterra equations. We present and
analyze an hybrid method which combines the Laplace transformation with
respect to the time variable with the finite element discretization in the spatial
variables. Numerical results illustrate the performance of the method.

Keywords: Integro-differential equation, Laplace transformation, finite
elements.

1. Introduction
In this paper we consider the following Volterra equation

%(t) + Ac(t) +/0 k(t — s)Bc(s)ds = f(t),t >0, (1)
with
Ac(t) = V. (A22Vc(t)) FV.(Age(t)) + Arc(t),

Be(t) = V. (BQQVC(t)) +V.(Bac(t)) + Bie(t),

where k denotes the kernel, and Aso, Bas, As, B, A1 and Bj represent functions
dependent on (z,y), being Ass = [a;;] and Bas = [b;;] 2 by 2 symmetric matrix
functions, As = [a;] and By = [b;] vectorial functions and A; and B scalar
functions.

Solute transports in porous media are commonly characterized by the convection-
diffusion equation

% 4 V.(ve) = V.(DVe) + f in€ x (0, T, (2)
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where ¢ denotes the solute concentration, D denotes the dispersion tensor (which
can be ¢ dependent) and v represents the fluid velocity. 2 is the spatial domain
with boundary 9. Equation (2) is established using the so called Fick’s law for
the mass flux due to molecular diffusion, J4, and the convective flux, J,., given
by, respectively,

Jd = —DVQ (3)

and
Je =wvc. (4)

Then the mass flux J = Jy + J. is given by
J =wvec— DVe, (5)
which combined with the mass conservation equation

Jdc

—+V.-J=f, 6
5 T f (6)
leads to the convection-diffusion equation (2).

When the memory effect of the fluid flow has an important role in the solute
transport, equation (2) should be modified in order to incorporate such effect.
One possible approach to accomplish this is to assume that the mass flux Jy is
given by

L[t e
Ja(t) = = / e~ 5 DVe(s) ds + Ja(0), 1)
T Jo
where 7 is a relaxation parameter. Combining now J = J. + Jy with Jy given
by (7) with the mass conservation equation (6) we arrive to

% V- (ve) = %/0 e~ TV - (DVe(s))ds + f — VJa(0) inQ x (0,T], (8)

that replaces (2) for non Fickian flows.

Equation (8) is a particular case of an equation of type (1), which is the model
that we are going to study in this article. This type of equations have been pro-
posed in the literature to describe non Fickian diffusion processes as for instance
in [11], [23], [24], [27], [29]. The development of efficient and accuracy numerical
methods to solve the initial boundary value problem (IBVP) defined by (1) has
attracted the attention of several researchers during the last two decades. A
significative number of contributions can be found in the literature. Without
be exhaustive we mention [25], [26], [41], [44] for the study of finite element
semi-discrete approximations, [32] for the study of semi-discrete lumped mass
approximations, [16], [17] and [35] for the study of finite volume semi-discrete
approximations, [2], [4], [5], [6], [8], [18], [20] and [21] for finite difference meth-
ods presenting the same qualitative behavior of the integro-differential problem.

Integro-differential equations (1) can be rewritten as equivalent linear differ-
ential systems: a partial differential equation involving only a time derivative
and an integro-differential equation presenting only partial derivatives with re-
spect to the space variables. This approach was used, for instance, in [18] and
recently in [36] where mixed finite element methods were used for the disretiza-
tion. Systems of differential equations that are equivalent to nonlinear versions
of equation (1) were considered in [7] and [33].



In what follows we will consider that Q C R? is bounded polygonal domain.
We will introduce an hybrid method for the IBVP defined by (1), with the
Dirichlet boundary condition

c(t) =9(t) on 0 x R, (9)
and with the initial condition
¢(0) = ¢p in . (10)

The method is based on the use of Laplace transform to the IBVP (1), (9), (10)
which converts the IBVP in an elliptic boundary value problem that depends
on the Laplace parameter. The elliptic problem is solved by using finite element
methods for the spatial variables, for a choice of a finite set of quadrature points
in the Laplace domain. This set of elliptic equations can be solved in parallel.
Finally the numerical approximation for the solution on the physical time space
domain is obtained by using numerical inverse Laplace transforms. The use
of Laplace transforms to solve nonlocal flow and transport equations has been
discussed in the literature, as for instance in [22], [39], [40] and [43],. This type
of approach was also considered in [3], [15], [19], [34], [37], [38]. The convergence
analysis of methods designed using this procedure were presented e.g. in [9],
[28] and [42] (see also the references cited in these two last papers). The present
paper presents error bounds with respect H!'-norm which are based on the
Paley-Wiener Theorem and the generalization of the classical arguments of the
finite element analysis to complex Sobolev spaces ([9]). This type of approach
allow us to consider more general differential and integro-differential operators
when compared with those studied in [28].

The paper is organized as follows. In Section 2 we introduce the variational
formulation of the IBVP (1), (9), (10) and its finite element formulation. The
weak variational problem in the Laplace space is introduced in Section 3 and
the existence and uniqueness of the solution of this problem are also studied in
this section. In Section 4 we describe the finite element approximation of the
variational problem introduced in the previous section and an error estimate for
such approximation is established. Using the Paley—Wiener Theorem we return
to the initial variables and we estimate the error for Laplace inverse of the finite
element solution in the Laplace space. Finally some numerical experiments
illustrating the convergence results are also included.

2. Weak solution and its Ritz-Galerkin approximation

Let L2(Q), H'(2) be the usual Sobolev spaces endowed, respectively, with
the usual inner products (.,.), (.,.) g1 (o) and norms ||.||L2(q), ||| a1 (o). The space
of functions v € H'(2) such that v = 0 on 99, is denoted by H{(Q). By
L*(R*, H'(Q)) we denote the space of functions v : RT — H'(Q) such that

[ 1)y ds < o0 (1)

and by H'(R* L?(Q)) we denote the space of functions v : Rt — H(Q) such
that

dv
| ey + 15 6 oy )ds < . (12)



In (12), the time derivative is in the weak sense.

The weak solution for the IBVP (1), (9), (10) is obtained solving the follow-
ing problem: find ¢ € L?(RT, H'(Q)) N H}(RT, L?(2)) such that c(t) = ¢(¢) on
0 and, for any T > 0,

(%(t)»v) + ((A22Ve(t), V) — ((c(t) Az, V) + (Aic(t), v)
+/0 B(t = 5) ((B22Ve(s), Vo) = ((Bac(s), Vo)) (13)
+(Blc(5),v)) ds = (f(t),0) ae. in (0,T), Yo € HY(Q),

¢(0) = ¢p.

We remark that we use the notation

2

((,0)) = 3 sy v2)

i=1

for u = (u1,u2),v = (v1,v9),u;,v; € L?(Q),i =1,2.

To compute the the semi-discrete Ritz-Galerkin approximation cgy for the
weak solution ¢ defined by (13), we introduce in Q an admissible triangulation
Ty and the corresponding finite dimension space

Vit = {u € C°(Q) 1 u(z) = Pp(z), v € A, A € T},

where P,,(z) denotes a polynomial in space variables with degree < m.

Then, given co, g € VH,m, cx is obtained solving the following problem: find
cy € L*(RT, H}(Q) N HY(R™, L3(2)) such that cy(t) = ¥(t) on 9 and, for
any 1' > 0,

(857;{(15), vi) + ((A22Ver (t), Vog)) — ((eu (t) A2, Vog)) + (Areg (t),ve)

+/ k(t—s) (((BQQVCH(S), Vug)) — ((cu(s)Bz2, Vug))
0

+(Bch(s)7vH)> ds = (f(t),vg) ae. in (0,T), Yog € Vi m,
CHy (0) = Co,H-
(14)
In what follows we present an approach that allows us to compute an ap-
proximation for the weak solution of the IBVP (1), (9), (10) avoiding the com-
putation of the solution of the integro-differential problem (14). We will also
derive error estimates for the numerical solution.

3. Weak solution in Laplace space

In what follows we replace the IBVP (1), (9), (10) by the corresponding
problem obtained applying the Laplace transform L.
Applying Laplace transform to (1) we obtain

1 k 1 .
<Id + A+ B) ¢=—(co+f) inQ, (15)
P p p



where I, is the identity operator, k, f denote the Laplace transforms of k and f,
respectively, and ¢ is the Laplace transform of ¢. Equation (15) is complemented
with the boundary condition

¢ =1 on 99, (16)

where 15 represents the Laplace transform of .

In order to define the weak solution for the boundary value problem (15),
(16) we introduce now the set of functional spaces need to this definition. We
denoted by Re z the real part of z € C. Let H'(Q,C}) and L?*(Q2,C}) be the
Sobolev spaces of functions that depend on the complex number p € CF = {p €
C:Rep > o > 0} where they are analytic. In L?(2, C}') we consider the inner
product

(@,0) = /Qqﬁda:, @, € L*(Q,C}), (17)
and the corresponding norm
1l 20,01y = (@ @)%, @€ LXQ,C).
The inner product (17) allows us to introduce in L?(Q2,CF) x L?*(Q,C}) the

following inner product

2

(((ﬂlﬂf@)ﬂ (ﬁlv’[)?))) = Z(ﬂiﬂ'f)iL (ﬁ'lvﬂ'?)v (51762) € LQ(Q7(C;_) X LQ(Q7(C;_)'
=1

The space H'(Q, C) is endowed with the inner product

(aa{})Hl(Q7Ci) = (’EL,’[}) + ((Vﬂ7 Vﬁ)) ) ﬂ7ﬁ S Hl(Qa C:)’ (18)
which induces the following norm
_ L \1/2 _
Il s . = (@) 70,08, @ € HNQ,C). (19)

BY |-|g1(q,c) we denote the following semi-norm in HY(Q,CH)
‘mHl(Q,Cj‘) = ((Vﬂ, Vﬁ)>1/27 u € Hl(Qv Cj)
The subspace of H(Q, C}) composed by the functions vanishing on 99 is rep-

resented by H}(Q,C}).
Let ay(.,.): HY(Q,C}) x HY(Q,CF) — C be the sesquilinear form

0,5) = (i) +  (a(@,5) + kb(a, o
() = (,9) + - (a(@,0) + Fb(@, ) (20)
where

a(@, ) = (A2 Vi, V) — (A2, V3)) + (A1, 0) (21)
and

b(@,0) = ((B22V@i, V) = ((Bati, V0)) + (B, 0) (22)

for a,0 € HY(Q,CJ). By £: H(Q,C}) — C we denote the following functional

(@) = %m) +£,9). (23)



We associate with the sesquilinear form a,(.,.) the following operator L :
HG(Q,CF) — Hy(Q,CT),
Lu(0) = ap (4, 0),
where H{ (9, C})’ denotes the dual space of HE(Q,CJ).

The existence and uniqueness of the solution of the variational problem: find
¢ € HY(Q,C}) such that ¢ =9 on 9N and

a, () = (), Vo € Hy (Q,C}), (24)

is established in the next result. To simplify the proof we consider homogeneous
boundary conditions.

Theorem 1. Let f € L*(RT,L?(2)),co € L*(Q) and a;j,b; j,ai,bi, A1, B1 €
L>(Q),i,j = 1,2. If there exists 0 € RT and e : C; — RT such that, for
p € C}, holds the following

Reay(a, i) > e(p) ) Vi € Hy(Q,CF), (25)

||aH§{1(Q,(C;r
then the variational problem (24) with ¢ = 0 has only one solution ¢ € H}(Q, CF).

Proof: In the proof of this result we use the Lax-Milgram Theorem. We
start by noticing that if f € L2(R*,L?(2)),co € L*(Q) then the linear func-
tional £ : H1(92,C}) — C defined by (23) belongs to Hg (2, C})’. In what follows
we prove that the sesquilinear form ay(.,.) : H}(Q,C}) x H(Q,CF) — C de-
fined by (20) is elliptic, that is, there exist positive constants a., and a., such
that

|ap(@, 0)| < acpllall gio,c0) 1ol gio,cry Va7 € Hy(2,CF), (26)

and
|ap(ﬂ7’a)‘ > ae,P”aHip(Q’C‘jy Vu € H(%(Qa C:) (27)

To establish (26) we need only to use the fact that the coefficients functions
are assumed to be in L*°(€). The condition (27) is a trivial consequence of the
assumption (25).
O
In the next results we specify necessary conditions that guarantee that the
assumption (25) holds true. We start associating with a(.,.) defined by (21) the
following sesquilinear forms

ar(,9) = ((A2Va, V), 4,9 € HY(Q,C)), (28)

arr(@,0) = —((Ast, V) + (Ayii,9), 4,9 € HY(Q,C}). (29)

Analogously, we associate with the sesquilinear b(., .) defined by (22) the sesquilin-
ear forms b;(.,.) and by (., .)

br (@, 0) = ((B2Vi, V1)), 4,9 € H'(Q,C}), (30)

bri(it, ¥) = —((Bait, V9)) + (B11, 0), @, € H'(Q,CF). (31)
We remark that, for @ € H'(Q,C}),

a[(’llfl]) €R, b[(fb,fb) € R.



Lemma 1. Let a. and Cy be positive constants such that

ar(@, @) > acll}, g o), @ € H'(Q,CF), (32)

b1 (@, @)| < Cola ae H'(Q,CY), (33)

2
HY(Q,CT)’

If Rep > 0 >0 and |ﬁl~c| < C, then there exists a positive constant e(p) such
that (25) holds.

Proof: From (32) and (33) we find

o _ 1 .
Reay(u,a) > ||u|\i2(9,cj) + W(%Rep - CbC)|uﬁ{1(Q,(C;r).
To have (25) it is sufficient to choose o such that
CyC
o> (34)
Qe

O

1
As an example we notice that, for the kernel k(t) = Ze~7,7 >0, which was
T

introduced in equation (8), we have pk = 1 f and then [pk| < 1 for Rep > 0.
T

For more general sesquilinear forms a,(.,.) we have the following sufficient
conditions:

Lemma 2. Let us suppose that as(.,.) defined by (28) satisfies (32). If

|b(ﬁa ﬁ)| < Cb||ﬂ||i11(97c;-)va € Hl(Qa Cj)a (35)

and ~
[kl = O(lpl™) (36)
then there exists o > 0 such that for p € Ck, a,(.,.) defined by (20) satisfies

(25).

Proof: Using convenient algebraic manipulations, we can show that

1 - 1 1 9 1~12 9 1 12
100 < o e Al gy + (2 A, 57
Vi € HY(Q,C}), for all € # 0. From (28) and (35) we get the estimate
Re ap(a7ﬂ) 2 61(?)|ﬂ|§{1(9,@) + eo(p)||ﬂ”i2(g,(cj_’)7 Va € H&(Q,C:L (38)
with e1(p) and eg(p) defined respectively by
1 1 , -
e1(p) = 15 (acRep = 151421 — ol (39)
and -
co(p) =126 — =[xl — O (40)
= - .
Pl Ip|

Now we use (36) and we conclude that there exists € # 0 and o € RT such that
e1(p) and eg(p) satisfy

ei(p) >0,VpeCl, i=0,1. (41)

O



Lemma 3. Let us suppose that a(.,.) defined by (28) satisfies (32). If the
sesquilinear form by(.,.) satisfies

b](a ﬂ) > b |U|H1 [¢) C+)’ u € Hl(Q?Cj)a (42)
k
Re— >0, 43
» (43)
and ~
k| = O(1), (44)

then there exists o > 0 such that for p € C}, ap(.,.) defined by (20) satisfies
(25).

Proof: Let us suppose now that the sesquilinear form b;(.,.) satisfies (42).
For bu(., ) we can prove that

L i i
|pkbu<u S el Belelilly o e+ (207 + 1Bl ) il o .

(45)
Vi € HY(Q,C}), for n # 0. As (43) holds, from (42) and (45), we conclude that
Re ap(il,ﬂ) > el(l’)m'ip(gci) + 80(p>||a||i2(97(c3’)’ Vu € H&(Q,C;), (46)

with e1(p) and ep(p) defined respectively by
1 1 9 1 55 9
e1(p) = 1 (acRep + beRe (i) = 151 4all% = g5 RPIB IR ) (47
and
k|
Ipl |

for all €, # 0. Using now condition (44) we guarantee that there exist €, # 0
and o € RT such that e;(p) and eg(p) satisfy (41).

olp) =126 2 — | Arfloc — 1111 Buos (48)

O
It is clear that if a; = b; = 0,7 = 1,2, A; = By = 0 and Ass, Bos are diagonal
matrices such that
aii2ae>0in§,
and -
b“Zﬂe>OinQ,
then (32), (42) and (35), respectively, hold with a. = a.,b. = B. and C =
(| B2zl oc-

1
If we consider the kernel k(t) = —e 7,7 >0, introduced in (8), then
T

];j:

57 satisfies (36).



4. Discretization in the Laplace space

4.1. The finite element solution

In order to simplify the presentation, in what follows we consider homoge-
neous Dirichlet boundary conditions, that is, ¢ = 0. By C°(Q, CI) we represent
the space of functions @ : Q x C} — C depending on x, p, continuous in Q and
analytic in C}.

By P, (z,p) we denote a polynomial in space variables of degree < m with
coefficients depending on p analytic in C}. We consider a sequence of triangu-
lations 7, with diameter H = Anéz%({ diam(A), obtained by regular refinement

(see [31]). By A we denote the sequence of diameters of the sequence of triangu-
lations. Let Vi, (Ct), H € A, be the corresponding sequence of finite element
spaces:

Vam(Cr) = {aeC’Q,Cl):a=0on00Q,
w(z,p) = Pp(x,p), € A,A € Ty,p € CH}. (49)

We denote by Vi, (CT)" the dual space of Vi, (CF).

We remark that Vi, (CH) € H(Q,CF). Let {¢,i = 1,...,ny} be a finite
element basis of Vi ,,,(C}), where ¢; depends only on z. The Ritz-Galerkin
approximation for the solution of (24) is a function ¢y € Vi 1, (C}) such that

ap(éH,f}H) = gH(f}H), Vf]H S VH’m((Cj), (50)
where a,(.,.) is defined by (20) and ¢y : Vi, (CF) — C,
Cu () = L(0n), on € Vim(CF),

with ¢ defined by (23).
The existence and uniqueness of the previous finite element solution is con-
sequence of the ellipticity of the bilinear form a(.,.).

Theorem 2. If f € L?*(RT,L%*(Q)),co € L*(Q) and under the assumption of
Theorem 1, there exists a positive o such that, for each p € CF, the problem
(50) has a unique solution ¢g € Vi m(CF).

ng
The finite element solution ¢y € Vi, (C}), ¢y = Z a;¢;, where a; depends
i=1
on p, is obtained solving the linear system

[ap(6i, &;)][ai] = [£(¢5)]- (51)

We remark that the variational equation (50) is equivalent to the following
problem: find ¢y € Vg, (C}) such that

Lycy =g in Vi, (CY), (52)
with Ly : Vi (CE) = Vi (CF), defined by
LHﬂH(’[)H) = ap(dH,f)H), U,V € VH’m(C:).

Theorem 2 establishes a sufficient condition for the existence of a unique solution
of the equation (52), ég = L'l



4.2. Error estimates for the finite element solution

Let Iy : HY(Q,CF) — Vim(CT) be the finite element projection opera-
tor. Under the assumption of Theorem 1, there exists a unique solution ¢ €
H} (92, CF) of (24) and a unique solution ¢ € Vi, (CF) of (50). As H (2, C)
and Vi, (CT) are Hilbert spaces we consider Il : HY(Q,CF) — Vi m(CH)'.
Let Sy : HJ (2, CF) = Vi, be defined by

Sy = Ly yL.

This operator satisfies
SH = Id in VH,m- (53)

In the next theorem we establish the error estimate for ¢p.

Theorem 3. Let us suppose that the finite element spaces Vi m(CY), for H €
A, are constructed using a sequence of triangulations Ty, with diameter H € A,
obtained by reqular refinement. Under the assumption of Theorem 1, there exists
a unique solution ¢ € Hg(Q,CL) of (24), a unique solution ¢y € Vi,m(CF) of
(50) and a positive constant C, independent of ¢, H and p, such that, for H € A
small enough, we have

¢ — 6H”Hl(Q,tcj) < CHm”éHHmH(Q,cj) (54)
provided that ¢ € H™1(Q, CF).
Proof: Following the proof of Theorems 3 of [9] we start by proving that
llé— EHHHI(Q,(cj) <Clle— ﬁHHHl(Q,(C;r)’ Vo € VH,m((Ci_)- (55)

As by using (53) we have
Un = SHUH,

then

IN

¢ — 6H||Hl(Q,<Cf§) ll¢— ﬁHHHl(QCo*) + e - ﬁHHHl(Q’Ci)

= e =2ulm e + 150 € = 2m) g oct
and we conclude that
12— eall ey < (14 1Sl IE = ool .6,

for vy € Vigr,m(CF), where ||Sg||, for H € A with H small enough, has a bound
independent of p € C}.

Moreover Theorem 4 of [9] allows us to conclude that there exists a positive
constant C independent on ¢, H and p such that, for H small enough, we have

e — HHE”}P(Q,Ci) < CHmHEHHmH(Q’cjy (56)

From (55) and (56) we finally obtain (54).

10



5. Returning to the initial variables

To return to the initial variables we need to apply the Laplace inverse to
both members of an inequality of type (56) with convenient norms.

An essential tool to recover the initial variables is the Paley-Wiener Theorem.
To present such lemma we introduce the space L?(RT, H'(2),0) as the space
of functions v : RT — H!(Q) such that

s 1/2
Iolles e = ([ e oo i) (57)

is finite. In L2(RT, H(f2),0) we consider the inner product

(U, 0) L2t 1Y (Q),0) = / (U(t),v(t))Hl(Q)€_2gt dt, u,v € L*(RT, HY(Q),0)

R+
(58)
which induces the norm defined by (57). We also consider the Hardy space
H2(CF, H™"1(Q)) of holomorphic functions f: C}F — H™¥1(Q) such that

~ - . 1/2
s ooy = (500 [ 151 +ip2)lgmssiay o) < ox.
p1>0

Lemma 4. [Paley-Wiener Theorem] The Laplace transform
L: LARY, H™(Q),0) — HA(CH, H™T1(Q)) is an isometric isomorphism.

Inequality (54) allows us to write

||5 - EHHH?(cj,Hl(Q)) < CHm||5||H2(cj,Hm+1(Q))- (59)

Applying Paley-Wiener Theorem we get the main result of this paper:

Theorem 4. Let us suppose that the finite element spaces Vi m(CY), for H €
A, are constructed using a sequence of triangulations Ty, with diameter H € A,
obtained by regular refinement. Under the assumption of Theorem 1 there exist
a unique solution ¢ € Hg(Q,CT) of (24), a unique solution ¢y € Vi m(CYF) of
(50) and a positive constant C, independent of ¢, H and p, such that, for H € A
small enough, c = L7, cyg = L™ ¢y satisfy

lle— CH||L2(R+,H1(Q),U) < CHm||C||L2(R+7Hm+1(9),v)’ (60)

provided that ¢ € L*>(RT, H™1(Q), o).
O

6. Numerical simulation

In this section we give one example of application of the method based
on the Laplace transform described in Section 4 combined with the algorithm
developed in [1] for the inverse Laplace transform.

We consider the integro-differential equation (1) with Q@ = (0,1) x (0,1), A =

0,
1 s
—e 7, 7= 0.01.
.

B = —A, where A denotes the Laplace operator and k(s) =

11



linear elements quadratic elements
N Error Rate Error Rate
10 | 0.000173033 | 1.01 9.57556e-006 | 1.99
20 | 8.61843e-005 | 1.00 || 2.40258e-006 | 2.00
30 | 5.74128e-005 | 1.00 1.06856e-006 | 2.00
40 | 4.30481e-005 | 1.00 || 6.01213e-007 | 2.00
50 | 3.44342e-005 | 1.00 || 3.84821e-007 | 2.00
60 | 2.86932e-005 | 1.00 || 2.67253e-007 | 2.00
70 | 2.45932¢-005 | 1.00 1.96357e-007 | 2.00
80 | 2.15184e-005 - 1.50339e-007 -

Table 1: Errors and rates obtained for linear and quadratic elements computed with the norm

”IIHl(Q,Ci)

The function f, the initial and boundary conditions are such that the IBVP has
the following solution

c(x,t) = cos(t)z1ma(1 — 21)(1 — 22), (w1,72) € At € RY.

In © we introduce a triangulation 7T induced by a uniform rectangular grid
defined considering, in [0,1] x [0,1], (N + 1) x (N + 1) equally spaced points.

First we illustrate the convergence result of Theorem 3 by comparing the
numerical and the exact solution in the Laplace space. Let ¢ be the solution of
(15), that is,

~ p
= - 1-— 1— Q
c(x) p2+15€1$2( z1)(1 = x2), (w1, 22) €,
and ¢y € Vi,m(C) be the solution of (50), where o = 100 and p = 100 + 100.
We consider m = 1,2, that is, we use linear and quadratic finite elements.
Assuming that [|¢ — ¢xl| g1 cr) = CH?, we show that ¢ ~ m. The conver-
gence rate is computed using the formula

c—cC
n (e
Rate = 7t ,
In (%)
where H, and Hs are the diameters of two consecutive triangulations. We show
the numerical results in Table 1. In Figure 1, the logarithm of the norm of the
error, In([|¢ — €x |1 (g 1)), 1s plotted versus the logarithm of the mesh size.
The straight lines are the least-squares fit to the points and have slopes 1.0022
and 1.9979 for linear and quadratic elements, respectively. The experiments
show that the convergence rates are, approximately, 1 and 2 when linear and

quadratic elements are used, respectively, agreeing with the estimate of Theorem
3.

Let us now illustrate the convergence behavior of the numerical solution in
the initial variables. For each time ¢, the Laplace inverse of the finite element
solution is computed using the algorithm developed in [1] with the following

12



RTI 4

In(Error)
|
N

- P1, Slope=1.0022 |7
+ P2, Slope=1.9979

_16 L L L L
-4.5 -4 -3.5 -3 -2.5 -2

Figure 1: In(||c — x| versus In(H).

Hl(ﬂ,c;r))

parameters, according the notation used in the mentioned paper: o = 0,7 =

_ In(Egr
0.8t B = 107%,7 = ~ G, M =50 and Tol =~y

We remark that we observe the bound

le(t) = ca ()| ar ) < CH™, (61)

which is a stronger estimate when compared with the result in Theorem 4,

[ ettt = eyt < CHP™ lelager s .

In Table 2 we present the numerical error Error(t) = |c(t) —cu (t)|| g1 (o) and
Rate(t),
In ( lle@®)—cuy ()l g1 (a) )

lle(®)—cry (Ol g1 o)
O

where H; and Hs are the diameters of two consecutive triangulations, for ¢ = 0.1,
t =1 and t = 10 computed using linear elements. The numerical results show
that the convergence rate is 1 when linear elements are used.

The numerical errors Error(t) and Rate(t) for ¢ = 0.1, ¢ = 1 and ¢ = 10, for
quadratic elements, are presented in Table 3. The numerical results show that
the convergence rate is about 2 when quadratic elements are used.

Figure 2, plots the data from both tables 2 and 3 and illustrates the bounds
established by Theorem 4.

When N increases we observe a deterioration of the convergence rates. This
behavior was expected since, for large values of NN, the error of the spatial
discretization is very small and the error ||c(t) — ¢ (t)| g1 (q) is dominated by
the error induced by numerical Laplace inversion.

Rate(t) =

Finally we present some results obtained considering the L? norm in the
measurement of the error. In Table 4 we present the results obtained with
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N | Error(0.1) | Rate(0.1) Error(1) Rate(1) | Error(10) | Rate(10)
10 | 0.0241023 1.00 0.0130785 0.99 0.0203103 0.99
20 | 0.0120958 1.00 0.00656704 1.00 0.0101984 1.00
30 | 0.00806943 1.00 0.00438147 1.00 0.00680427 1.00
40 | 0.00605353 1.00 0.00328701 1.00 0.00510461 1.00
50 | 0.00484337 1.00 0.00262995 1.00 0.00408422 1.00
60 | 0.00403639 1.00 0.00219179 1.00 0.00340375 1.00
70 | 0.00345989 1.00 0.00187876 1.00 0.00291763 1.00
80 | 0.00302749 - 0.00164398 - 0.00255301 -

Table 2: Errors and rates obtained for linear elements at ¢ = 0.1,1,10, computed with the
norm ||.|| g1

N | Error(0.1) Rate(0.1) Error(1) Rate(1) Error(10) Rate(10)

10 | 0.00134738 1.99 0.000731614 1.99 0.00113616 1.99
20 | 0.000338144 1.99 0.000183679 1.98 0.00028516 1.99
30 | 0.000150626 1.97 8.21509e-05 1.89 0.000127113 1.97

40 | 8.54939e-005 1.87 4.76761e-05 1.63 7.21529e-05 1.84
50 | 5.63455e-005 1.61 3.31572e-05 1.01 4.78133e-05 1.49
60 | 4.20235e-005 - 2.75704e-05 - 3.64293e-05 -

Table 3: Errors and rates obtained for quadratic elements at ¢t = 0.1, 1, 10, computed with the
norm .|| g1-

In(Error(t))

t=0.1, P1, Slope=0.9710

t=1, P1, Slope=0.9707

* t=10, P1, Slope=0.9707 | -

% t=0.1, P2, Slope=1.9516

O t=1, P2, Slope=1.8695

O t=10, P2, Slope=1.9413
|

-4.5 -4 -3.5 -3 -25 -2

Figure 2: In(||e(t) — cu (D)l g1 (q)) versus In(H).

linear elements that show a second order convergence rate. The errors and
rates obtained with quadratic elements are presented in Table 5. These results
show a third order convergence rate. However, when N increases we observe,
as before, a deterioration of this rate because the error ||c(t) — cp(t)||L2(q) is
dominated by the error of the numerical Laplace inversion.

Also, we can only expect that the numerical Laplace inverse is computed
with a high degree of accuracy for moderate values of t. In fact, for the example
considered in the experiments, when we consider large values of ¢ (e.g. t = 100)

14



N Error(0.1) Rate(0.1) Error(1) Rate(1) Error(10) Rate(10)

10 | 0.000923419 1.99 0.000516432 1.99 0.000788718 1.99
20 | 0.000232886 2.00 0.000130441 2.00 0.000199163 2.00
30 | 0.000103637 2.00 5.80592e-05 2.00 8.86341e-05 2.00
40 | 5.83169e-005 2.00 3.26734e-05 2.00 4.98842e-05 2.00
50 | 3.7338e-005 2.00 2.09267e-05 2.00 3.19352e-05 2.00
60 | 2.59387e-005 2.00 1.45307e-05 2.00 2.21752e-05 2.00
70 | 1.90528e-005 2.00 1.06773e-05 2.00 1.62915e-05 2.00
80 | 1.45901e-005 - 8.17607e-06 - 1.24722e-05 -

Table 4: Errors and rates obtained for linear elements at ¢ = 0.1,1,10, computed with the
norm ||.||z2.

N | Error(0.1) Rate(0.1) Error(1) Rate(1) | Error(10) | Rate(10)
10 | 1.43765e-005 3.00 7.81467e-06 3.01 1.21519e-05 3.01
20 | 1.78621e-006 2.99 9.69927e-07 2.97 1.50822e-06 2.99
30 | 5.30795e-007 291 2.91427e-07 2.71 4.48644e-07 2.92
40 | 2.29777e-007 2.64 1.33718e-07 2.07 1.93656e-07 2.55
50 | 1.27406e-007 2.17 8.41604e-08 1.36 1.09575e-07 1.94
60 | 8.57563e-008 - 6.57133e-08 - 7.68772e-08 -

Table 5: Errors and rates obtained for quadratic elements at ¢t = 0.1, 1, 10, computed with the
norm ||.|| 2.

we don’t observe a good agreement between the exact and numerical solution
due to the limitations of the algorithm for the numerical Laplace inversion.

7. Conclusions

In this paper we consider a hybrid numerical method for the IBVP (1), (9),
(10). The method is composed by three steps: in the first step, applying Laplace
transforms, the given initial boundary value problem is replaced by an elliptic
boundary value problem that depends on the Laplace parameter; in the second
step the solution of this boundary value problem is approximated using the
finite element method, for a choice of a finite set of quadrature points in the
Laplace domain; finally, in the third stage, the numerical solution on the physical
time space domain is obtained using numerical inverse Laplace transforms. The
main result of this paper, Theorem 4, shows the theoretical error estimates for
c¢—cp. Although the norm used in the estimate (60) doens’t give information for
the error at a specific value of ¢, since it involves an integration over the time
and a negative exponential in the variable t, the numerical results illustrate,
for moderate values of ¢, that the method proposed has similar convergence
behavior when compared to the results known for the standard finite element
method for elliptic or parabolic problems.
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