THE MODULAR CLASS OF A LIE ALGEBROID COMORPHISM

RAQUEL CASEIRO

ABSTRACT. We introduce the definition of modular class of a Lie algebroid
comorphism and exploit some of its properties.

1. INTRODUCTION

The modular class of a Poisson manifold M is an element of the first Poisson
cohomology group HL(M), which measures the obstruction to the existence of
a measure in M invariant under all hamiltonian diffeomorphisms ([9, 12]). This
notion was extended to Lie algebroids by Evan, Lu and Weinstein [3] who showed
that the modular class of the cotangent bundle of a Poisson manifold is twice
the modular class of the Poisson structure. Grabowski, Marmo and Michor [0]
introduced the modular class of a Lie algebroid morphism and this was more deeply
studied by Kosmann-Schwarzbach, Laurent-Gengoux and Weinstein in [7] and [3].
In a recent paper [2], the notion of modular class of a Poisson map was given and
some of its properties studied. Even more recently Grabowski [5] generalizes all
these definitions introducing the modular class of skew algebroid relations. In this
paper we exploit the definition of the modular class of a Lie algebroid comorphism,
following the approach in [2].

2. THE MODULAR CLASS OF A LIE ALGEBROID

Let A — M be a Lie algebroid over M, with anchor p : A — T'M and Lie bracket
[,-] : T(A) x T(A) — T'(A). We will denote by QF(A) = I'(A*A*) the A-forms
and by X¥(A4) = I'(A*A) the A-multivector fields. Recall that the A-differential
da : QF(A) — QFFL(A) is given by

dAO[(Xo,Xl.. Z (X07 aX’iv"'vXﬂ)

Z D a([Xy, X5, Xoy oo Xiy oo Xy, X))
i<J

I/\

and turns Q°(A) into a complex whose cohomology is called the Lie algebroid
cohomology and will be denoted by H®(A).

Example 2.1. In case A = T'M, the Lie algebroid cohomology is the De Rham
cohomology.

Example 2.2. For any Poisson manifold (M, ) there is a natural Lie algebroid
structure on its cotangent bundle T*M: the anchor is p = 7* and the Lie bracket
on sections of A =T*M, i.e., on one forms, is given by:

[, B] = £1408 — £ripa — drm(a, B).
The Poisson cohomology of (M, ) is just the Lie algebroid cohomology of T* M

RC is partially supported by PTDC/MAT/099880/2008.
1



2 RAQUEL CASEIRO

A morphism between two Lie algebroids A — M and B — N is a vector bundle

map (@, ¢)
A B
|

M ——N
¢
such that the dual vector bundle map ®* : (Q*(B),dp) — (2°(A),d4) is a chain
map.

The most basic example of a Lie algebroid morphism is the tangent map T'¢ of
a smooth map ¢ : M — N.

A representation of a Lie algebroid A is a vector bundle £ — M together
with a flat A-connection V (see, e.g, [1]). The usual operations & and ® on vec-
tor bundles turn the space of representations Rep(A) into a semiring. Given a
morphism of Lie algebroids (®, ¢), there is a pullback operation on representations
E + ¢'E, which gives a morphism of rings ¢' : Rep(B) — Rep(A).

For an orientable line bundle L € Rep(A) the only characteristic class can be
obtained as follows: for any nowhere vanishing section p € I'(L),

P
E——

Vxp = {au, X)p, VX € X(A).

The 1-form a, € Q(A) is da-closed and it is called the characteristic cocycle of
the representation L. Its cohomology class is independent of the choice of section
1 and defines the characteristic class of the representation L:

char(L) := [a,] € H'(A).
One checks easily that if L, L1, Lo € Rep(A), then:
char(L*) = — char(L), char(L; ® L) = char(Ly) + char(Ls).
Also, if (®,¢) : A — B is a morphism of Lie algebroids, and L € Rep(B) then:
char(¢'L) = ®* char(L),

where ®* : H*(B) — H*(A) is the map induced by ® at the level of cohomology. If
L is not orientable, then one defines its characteristic class to be the one half that
of the representation L ® L, so the formulas above still hold, for non-orientable line
bundles.

Every Lie algebroid A — M has a canonical representation in the line bundle
Ly = AYPA® ACPT*M:

Vx(wep) =Lxw@pu+w® £, x).
Then we set:

Definition 2.3. The modular cocycle of a Lie algebroid A relative to a nowhere
vanishing section w ® p € T(A*PA ® A'PT*M) is the characteristic cocycle g
of the representation L4. The modular class of A is the characteristic class:

mod(A) := [awe,) € H'(A).

Remark 2.4. Notice that, if v = fu is another section of L4, for a nonvanishing
function f € C*°(M), then

(1) a, =q, —dalnf.

Example 2.5. The modular class of a tangent bundle is trivial.
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Example 2.6. Let (M, ) be a Poisson manifold. The first Poisson cohomology
space HX(M), is the space of Poisson vector fields modulo the hamiltonian vector
fields.

The Lie derivative of any volume form along hamiltonian vector fields leads to
a unique vector field X, € X(M) such that:

One calls X, the modular vector field of the Poisson manifold (M, ) relative to
pt. The modular vector field X, is Poisson and, if v = gy is another volume form,
then:

(2) Xogu :Xufﬁﬁ(dlnm)-
This lead to the definition of modular class of a Poisson manifold, which is due to
Weinstein [12]:

The modular class of a Poisson manifold (M, ) is the Poisson
cohomology class

mod(M) := [X,] € HE(M).

Note that mod(M) = 0 if and only if we can find a volume form g invariant
under all hamiltonian flows.Therefore the modular class is the obstruction to the
existence of a volume form in (M, 7) invariant under all hamiltonian flows.

In fact, the modular class of the Poisson manifold (M, 7) and the modular class
of the Lie algebroid T* M just differ by a multiplicative factor:

mod(T*M) = 2mod(M).

3. THE MODULAR CLASS OF A LIE ALGEBROID MORPHISM

Let ® : A — B be a morphism of Lie algebroids covering a map ¢ : M — N. The
induced morphism at the level of cohomology ®* : H*(B) — H*®(A), in general,
does not map the modular classes to each other. Therefore one sets ([3]):

Definition 3.1. The modular class of a Lie algebroid morphism ® : A — B is
the cohomology class defined by:

mod(®) := mod(A) — ®* mod(B) € H'(A).

Proposition 3.2. Let ® : A — B and V : B — C be Lie algebroid morphisms,
then:
mod(¥ o @) = mod(P) + & mod(P).
The basic properties for characteristic classes show that the modular class of a
Lie algebroid morphism (®,¢) : A — B can be seen as the characteristic class of a

representation. Namely, one takes the canonical representations L4 € Rep(A) and
Lp € Rep(B) and forms the representation L? := L4 ® ¢'(Lg)*. Then:

Proposition 3.3. Let (®,¢): A — B be a Lie algebroid morphism. Then:
mod(®) = char(L?).

4. THE MODULAR CLASS OF A LIE ALGEBROID COMORPHISM

In this section we extend some of the results for Poisson maps in [2] to comor-
phisms between Lie algebroids. We begin with the definition of a Lie algebroid
comorphism. Further details about comorphisms can be seen in [10, 1, 11, 13].
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Definition 4.1. Let A —+ M and B — N be two Lie algebroids. A comorphism
between A and B covering ¢ : M — N is a vector bundle map ® : ¢'B — A from
the pullback vector bundle ¢'B to A, such that the following two conditions hold:

[@X, CT)Y] =®[X,Y],
and
dgopa(®X) = pp(X),
for X,Y € X(B), where ® : X(B) — X(A) is the natural map induced by ®.
Equivalently, we may say that (®,¢) is a Lie algebroid comorphism if and only

if ®* : A* — B* is a Poisson map for the natural linear Poisson structures on the
dual Lie algebroids.

Proposition 4.2. Let ® : ¢'B — A be a Lie algebroid comorphism. The pullback
vector bundle ¢'B — M carries a natural Lie algebroid structure characterized by:
(XL Y'Y = [X, Y]

and
p(X') = pa(@X),
for X, Y € X(B), X' =X €T(¢'B) and Y' =Y o € I'(¢'B).

For this structure, the natural maps

(3) ¢#B—254

N

B

are Lie algebroid morphisms.
The modular class of a Lie algebroid comorphism is defined as follows:

Definition 4.3. Let ® : ¢'B — A be a Lie algebroid comorphism between the Lie
algebroids A and B. The modular class of ® is the cohomology class:

mod(®) := ®* mod(A) — j* mod(B) € H'(¢'B).
Example 4.4. A Poisson map ¢ : M — N defines a comorphism between cotangent
bundles: ® : ¢'T*N — T*M such that ®(a') = (d¢)*a, where o' = ao¢ €
X (¢'(T*N)), for all @ € Q'(N). The modular class of the Poisson map ¢ was

defined in [2] and we see that it is one half the modular class of the comorphism &
induced by ¢.

Notice that the map j* : QF(B) — QF(¢'B) is simply defined by
i*(a) = aop, a € QF(B).

Taking this into account we can give an explicit description of a representative
of the modular class of a comorphism ®:

Proposition 4.5. Let ® : ' B — A be a Lie algebroid comorphism over ¢ : M — N
and fix non-vanishing sections p € T'(La), v € T'(Lp). The modular class mod(®)
is represented by:

oy, =" () —ayod,
where o, and o, are the modular cocycle of A and B relative to j1 and v, respec-
tively.

We will refer to v, ,, as the modular cocycle of ® relative to p and v.
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Corollary 4.6. The class mod(®) is the obstruction to the existence of modular
cocycles a € QY (A) and B € QY (B), such that

@*Ol = ﬂod).

Proof. The Lie algebroid morphism ® has trivial modular class if its modular co-
cycles are exact in the Lie algebroid cohomology of ¢' B, i.e., if for each y € T'(L )
and v € I'(Lp),

ayy =dppf =" (daf), forsome fe C>®(M)

By definition «,, = ®*(a,) — @y o¢, hence we have ®*(a, + daf) = o 00,
and taking into account equation (1), we conclude that c, +daf = a.-s, and
S a5, = Xy O

Corollary 4.7. Let ® : ¢'B — A be a comorphism between Lie algebroids. If there

exists a Lie algebroid morphism d:A— B making the diagram commutative
;|
J
B

then
mod ® = ®* mod .

Proof. Since j = ® P we have j* = o* - ®* and
®* mod ® = ®*(mod A — *B) = ®* mod A — j* mod B = mod ®.
O

Proposition 4.8. Let ® : A — B be a comorphism between Lie algebroids. There
is a natural representation of ¢'B on the line bundle L® = L4 ® q/)!L*B, and we
have:
mod(®) = char(L?).
Proof. We define a representation of ¢'B on the line bundle L4 by setting:
Vx(p@v) =X pla@v+up® £, sxv
and another representation on ¢'Lp by setting:
!
Vx(p @v) i=a,plg @ v + 4" @ (£,,x)v)
for X € X(B) and p® v € T'(La). The tensor product of the first representation
with the dual of the second representation defines a representation of ¢'B on the
line bundle
L?:=L,®¢'Ly.
O

Let us consider two Lie algebroids morphisms ® : ¢'B — 4 and ¥ : ¢'C — B
over ¢ : M — N and ¢ : N — P, respectively. The restriction ¥ = W,y , 4):c maps
(1 09)'C to ¢'B and defines a map at the cohomology level:

Ut H*(¢'B) — H*((109)'C).
The function Wo® : (1)0¢)'C — A defined by:

Vo (Xyogm) = @ (¥ (Xyoom)), (¥me M),

is a Lie algebroid comorphism.
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We also have the natural Lie algebroid morphism j : (10¢)'C = ¢'¢'C — 'C
that defines a map at the cohomology level

J* i H('C) = H* (Y0 ¢)'C), ar aog.

Proposition 4.9. Let ® : ¢'B — A and V : ¥'C — B be Lie algebroid comor-
phisms. Then: N
mod(¥ o @) = U* mod(®) + 5" mod(P).

Proof. The following diagram commutes:

H*(B)
o / K i
H*(A) —— H*(¢'B) H*('C) <—— H*(C)
3 5
(@ 0\1/)*\ %
H*((¢09)'C)

Hence, we find:
mod(® o ¥) = (¢ ¥)* mod(A) — j,, mod(C)
=T o ®* mod(A) — j* o}, mod(C)
= 0" 0 ®* mod(A) — U* o5 mod(B) + ¥* o j; mod(B) — j* o j, mod(C)
= U*(®* mod(4) — j;, mod(B)) + j*(¥* mod(B) — 5, mod(C))
= U* mod(®) + j* mod(¥).

~—  ~—

5. GENERALIZATION TO DIRAC STRUCTURES

The modular class of a Lie algebroid morphism and the modular class of a
Lie algebroid comorphism fit together into the notion of modular class of a skew
algebroid relation, given by Grabowski in [5]. As a particular case we have the
modular class of a Dirac map but very few was said about this particular case. The
study of these structures will be exposed in a future work.
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