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Abstract. A longstanding conjecture in elliptic regularity theory in-
quires whether a W 1,p function whose p-laplacian is bounded is locally

of class C
1, 1

p−1 . While it is well known that such functions are of class
C1,α for some unknown 0 < α < 1, establishing the sharp estimate turns
out to be a rather delicate problem. Quite recently, the authors man-
aged to establish the conjecture in the plane. In this article, we address
the conjecture in higher dimensions and confirm its validity in a number
of other meaningful cases.

1. Introduction

In this paper, we treat the so called Cp
′
-regularity conjecture, which pre-

dicts that a weak solution of the p-Poisson equation

−∆pu = f(x) ∈ L∞(B1), (1.1)

lies in C
1, 1
p−1 (B1/2). Note that

1 +
1

p− 1
= p′

is precisely the conjugate of p. The radially symmetric example

−∆p

(
|x|p′

)
= cp, (1.2)

shows that indeed C
1, 1
p−1 –regularity is the best one can hope for. This

(näıve) example is actually quite intriguing. If the conjecture is confirmed,

it means that among all functions whose p-laplacian is bounded, |x|p′ is the
least regular one. Perhaps even more counterintuitive is to rephrase it as
follows: among all sources in L∞, a nonzero constant produces the least
regular solution of the p-Poisson equation.

Quite recently, in the companion paper [1], the authors established the

Cp
′
-regularity conjecture in the plane (see also [7, 8]). The main result

proven is the following:
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Theorem 1. Let B1 ⊂ R2, and let u ∈W 1,p(B1) be a weak solution of

−∆pu = f(x), p > 2,

with f ∈ L∞(B1). Then u ∈ Cp′(B1/2) and

‖u‖Cp′ (B1/2) ≤ Cp
(
‖f‖

1
p−1

L∞(B1) + ‖u‖Lp(B1)

)
.

The strategy developed in [1] to prove the flatland version of the Cp
′
-

regularity conjecture has two main ingredients. The first concerns explicit
estimates for p-harmonic functions in the plane (see [2, 3, 4, 6]) and the
second is a new oscillation estimate for solutions of degenerate elliptic equa-
tions. In this article, we explore and refit the latter as to tackle the conjec-
ture in arbitrary dimensions. The new idea we explore is, roughly speaking,
based on the observation that if some further information is known about
the solutions, one may try to carry it over through the tangential path and
it will ultimately enforce further rigidity on the limiting profiles. The gen-
eral analysis we develop confirms the conjecture in a number of meaningful
cases. In particular, we prove the conjecture is true for the class of radially
symmetric solutions of the p-Poisson equation. We also show that if u is a
solution of the p-Poisson equation with no saddle critical points, then u is
locally Cp

′
-smooth.

The paper is organized as follows: In section 2 we describe the mathe-
matical setup, introducing some notation and recalling a crucial lemma from
[1]. The main general regularity theorem is announced and proven in sec-
tion 3. Applications of the general analysis to several particular scenarios
are discussed in section 4.

2. Mathematical setup

As usual, hereafter in this paper, d ≥ 1 denotes the dimension of the
Euclidian space Rd. A property P is said to be closed under the C1 topology
if whenever un satisfies P, for all n, and un → u in the C1-topology, then u
also satisfies P. This is, in some sense, a rather weak condition. In particular,
symmetry properties, bounds, prescribed pointwise values for the gradient,
sign restrictions, etc..., are all closed properties under the C1 topology.

Given a real number p > 2, and a C1-closed property P, we consider the
functional set

ΞP(p, d) :=
{
h ∈W 1,p(B1/2)

∣∣ h satisfies P and ∆ph = 0
}
,

where ∆p denotes the p-Laplace operator and the equation is interpreted
in the weak sense. The key idea explored in this work is that functions
in the tangential space ΞP(p, d) enjoy a richer regularity theory than mere
p-harmonic functions.

In order to announce our main result, we need a definition.
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Definition 1. Given a number 0 < α < 1 and r ∈ (0, 1/2), we define

ωα(r) := sup

{
|h(x)− [h(0) +∇h(0) · x]|

‖h‖L∞(B1) · r1+α

∣∣ x ∈ Br and h ∈ ΞP(p, d)

}
.

Moreover, we set

αMP := sup
{
α ∈ (0, 1)

∣∣ inf
r
ωα(r) < 1

}
. (2.1)

The above setup, together with an oscillation control, fosters a friendly
platform to treat common issues related to sharp regularity estimates for
the p-Poisson equation and this will be explored in section 4.

We conclude this section by revisiting a key ingredient used in [1]: if u is
a normalized solution of

−∆pu = f(x),

and ‖f‖∞ � 1, then one can find a C1 corrector ξ, with ‖ξ‖C1 � 1, such
that u + ξ is p-harmonic. Here is the precise statement, in a more general
format.

Lemma 1. Let u ∈ W 1,p(B1) be a weak solution of −∆pu = f in B1,
with ‖u‖∞ ≤ 1 and satisfying a C1-closed property P. Given ε > 0, there
exists δ = δ(p, d, ε) > 0 such that if ‖f‖∞ ≤ δ then we can find a corrector
ξ ∈ C1(B1/2), with

|ξ(x)| ≤ ε and |∇ξ(x)| ≤ ε in B1/2, (2.2)

such that
u+ ξ ∈ ΞP(p, d). (2.3)

Proof. Suppose the thesis of the lemma fails to hold. This means that there
exists an ε? > 0 for which one cannot find a corresponding δ > 0. Thus,
taking δ = 1/n, we find a sequence of source functions fn, with ‖fn‖∞ < 1/n,
and a sequence of functions un ∈ W 1,p(B1), with ‖un‖∞ ≤ 1, each one of
un satisfies the C1-closed property P and solves

−∆pun = fn in B1, (2.4)

in the week sense; however, for all n and any possible corrector ξ ∈ C1(B1),
with un + ξ ∈ ΞP(p, d), either

sup
B1/2

|ξ| ≥ ε? or sup
B1/2

|∇ξ| ≥ ε?. (2.5)

By standard C1,α estimates for solutions to (2.4), up to a subsequence, we
can assume un converges in the C1(B2/3)-topology to a function v. From
the fact that ‖fn‖∞ < 1/n and using stability arguments, we deduce v is p-
harmonic. Also, since P is a C1-closed property, we conclude v ∈ P. Finally,
for n� 1, if we define ξn := v − un, we have un + ξn ∈ P and

‖ξn‖C1(B1/2) ≤ ε/100,

which is a contradiction. �
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3. An improved regularity estimate

In this section, we prove that, under a given C1-closed property P, so-
lutions of the p-Poisson equation are asymptotically as regular as functions
in the tangential space ΞP(p, d). We shall argue by means of a geometric
iterative process and hence we also need to request that P is closed under
translations, dilations and scalings, i.e., for every a > 0, 0 < b < 1 and
c ∈ R,

v(x) satisfies P =⇒ av(bx) + c satisfies P. (3.1)

We now state our main general regularity theorem.

Theorem 2. Let P be a C1-closed property satisfying (3.1) and B1 ⊂ Rd.
Let u ∈W 1,p(B1) be a weak solution of

−∆pu = f(x), p > 2,

with f ∈ L∞(B1), and satisfying P. Then, given any number

γ ∈
(

0,
1

p− 1

]
∩
(
0, αMP

)
,

there exists a constant Cγ ≥ 1, depending universal parameters of the prob-
lem, such that

sup
x∈Br

∣∣∣u(x)− [u(0) +∇u(0) · x]
∣∣∣ ≤ Cγ (‖f‖ 1

p−1

L∞(B1) + ‖u‖Lp(B1)

)
r1+γ ,

for all 0 < r � 1.

A related approach, via integral estimates rather than pointwise esti-
mates, has been first developed in [7] and, later on, also reconsidered in
[8].

The proof of Theorem 2 follows the underlying ideas in [1] but involves a
few adjustments, and we carry it over for the reader’s convenience. Fixed a
number

γ ∈
(

0,
1

p− 1

]
∩
(
0, αMP

)
,

denote by µγ the average between inf
r∈(0, 1

2
)
ωγ(r) and 1, that is,

µγ :=

1 + inf
r∈(0, 1

2
)
ωγ(r)

2
< 1. (3.2)

The following result is the first step in the iteration.

Lemma 2. There exists 0 < λ0 < 1/2 and δ0 > 0 such that if ‖f‖∞ ≤ δ0

and u ∈ W 1,p(B1) is a weak solution of −∆pu = f in B1, with ‖u‖∞ ≤ 1
and satisfying P, then

sup
x∈Bλ0

∣∣∣u(x)− [u(0) +∇u(0) · x]
∣∣∣ ≤ λ0

1+γ .
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Proof. Take ε > 0 to be fixed later, apply the previous lemma to find δ0 and,
under the smallness assumption on f , a respective corrector ξ satisfying (2.2)
and (2.3). From construction, there exists λ0 < 1/2, such that ωγ(λ0) < µγ ,
and, since (u+ ξ) belongs to the tangential space ΞP(p, d), we can estimate

sup
Bλ0

|u+ ξ| ≤ µγ(1 + ε)λ1+γ
0 .

We further estimate in Bλ0 :

|u(x)− [u(0) +∇u(0) · x]| ≤ |(u+ ξ)(x)− [(u+ ξ)(0) +∇(u+ ξ)(0) · x]|
+|ξ(x)|+ |ξ(0)|+ |∇ξ(0) · x|

≤ µγ(1 + ε)λ1+γ
0 + 3ε.

Finally, by continuity, we can choose ε universally small such that

µγ(1 + ε)λ1+γ
0 + 3ε = λ1+γ

0 ,

which determines the smallness assumption on ‖f‖∞ – the constant δ0 > 0
in the statement of the current lemma – through the conclusion of Lemma
1, and the proof is complete. �

Corollary 1. Under the assumptions of the previous lemma,

sup
x∈Bλ0

|u(x)− u(0)| ≤ λ0
1+γ + |∇u(0)|λ0.

We now argue as in [1] and obtain the following new oscillation estimate:

Theorem 3. Let u ∈ W 1,p(B1) be a weak solution of −∆pu = f in B1,
with ‖u‖∞ ≤ 1 and ‖f‖ ≤ δ0. Assume u satisfies a C1-closed property P for
which (3.1) holds. Then, there exists a constant C > 1, such that

sup
x∈Br

|u(x)− u(0)| ≤ Cr1+γ
(
1 + |∇u(0)| r−γ

)
,

for all 0 < r � 1.

Proof. Let the universal constants λ0 and δ0, obtained in Lemma 2, be fixed.
The idea is now to re-apply Lemma 2 to the new function

v(x) =
u(λ0x)− u(0)

λ0
1+γ + |∇u(0)|λ0

, x ∈ B1 (3.3)

and iterate. We first need to check that v satisfies the hypothesis of the
lemma. It is clear that ‖v‖∞ ≤ 1, v(0) = 0, and

∇v(0) =
λ0

λ0
1+γ + |∇u(0)|λ0

∇u(0).

Also, one easily estimates

|∆pv| =
λp0(

λ0
1+γ + |∇u(0)|λ0

)p−1 |f(λ0x)| ≤ λp0
λ0

(1+γ)(p−1)
|f(λ0x)| ≤ δ0.
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In view of (3.1), v also satisfies P. Applying then Lemma 2 to v and changing
variables, we get

sup
x∈Bλ0

|v(x)− v(0)| ≤ λ0
1+γ + |∇v(0)|λ0,

which, in terms of the original function u, reads

sup
x∈Bλ0

∣∣∣∣ u(λ0x)− u(0)

λ0
1+γ + |∇u(0)|λ0

∣∣∣∣ ≤ λ0
1+γ +

∣∣∣∣ λ0

λ0
1+γ + |∇u(0)|λ0

∇u(0)

∣∣∣∣λ0,

or else, again by a change of variables,

sup
x∈B

λ20

|u(x)− u(0)| ≤ λ0
1+γ
[
λ0

1+γ + |∇u(0)|λ0

]
+ |∇u(0)|λ2

0.

This is the first step of an iteration process eventually leading to the recur-
rence law

ak+1 ≤ λ0
1+γak + |∇u(0)|λk+1

0 ,

where

ak := sup
x∈B

λk0

|u(x)− u(0)| and bk :=
ak

λ
k(1+γ)
0

.

We also obtain

bk+1 =
ak+1

λ
(k+1)(1+γ)
0

≤ λ0
1+γak + |∇u(0)|λk+1

0

λ
(k+1)(1+γ)
0

= bk + |∇u(0)|λ−(k+1)γ
0 .

We are now ready to conclude the proof. Given 0 < r � λ0, let k ∈ N be
such that

λk+1
0 < r ≤ λk0.

We estimate, exploring both inequalities above at appropriate instances,

sup
x∈Br

|u(x)− u(0)|
r1+γ

≤ sup
x∈B

λk0

|u(x)− u(0)|
(λk+1

0 )1+γ
=

bk

λ1+γ
0

≤
b0 + |∇u(0)|

k∑
i=1

λ−γi0

λ1+γ
0

=
a0 + |∇u(0)|λ−γ0

λ−γk0 −1

λ−γ0 −1

λ1+γ
0

≤ 2 + C(λ0, γ) |∇u(0)| r−γ

≤ C
(
1 + |∇u(0)| r−γ

)
.

We finally remark that, γ being fixed, the constant λ0 > 0 is universal. �
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This immediately gives the desired regularity near critical points of u. In
fact, when |∇u(0)| ≤ rγ , Theorem 3 gives

sup
x∈Br

∣∣∣u(x)− [u(0) +∇u(0) · x]
∣∣∣ ≤ sup

x∈Br
|u(x)− u(0)|+ |∇u(0)| r

≤ (2C + 1)r1+γ .

We are left to understand the behaviour of u around points where its
gradient is large. The idea is that the operator is uniformly elliptic in that
region and we have stronger estimates at our disposal. We make this idea
precise in [1, section 5] and omit it here to avoid an unnecessary duplication.

4. Special scenarios

Theorem 2 is linked to the Cp
′
-regularity conjecture in the following way:

“if P restricts the tangential space as to αMP > 1
p−1 , then any function whose

p-laplacian is bounded and verifies P is of class Cp
′
, and the conjecture is

verified for that class of functions.”

4.1. Low dimensions. We start off by observing that p-harmonic functions
in the real line are affine functions, thus in 1d, αM = 1 and hence Theorem
2 provides a proof of the Cp

′
-regularity conjecture in the line — a result

that could perhaps be established by softer tools. In any case, for the sake
of completeness, we write this conclusion as a proposition.

Proposition 1. The Cp
′
-regularity conjecture holds true in the real line.

Such result becomes more appealing when applied to the analysis of d-
dimensional problems which carry some sort of symmetry. By way of exam-
ple, we mention here the theory of (degenerate) phase transition problems,
namely entire solutions of

x∆pu = (1− u2)p, (4.1)

satisfying ∂xdu > 0 and lim
xd→±∞

u(·, xd) = ±1. Clearly, by monotonicity

in the xd-variable, any solution to (4.1) is smooth; however, as no uni-
form lower bound on ∂xdu is granted, such smoothness could deteriorate.
Notwithstanding, by a striking result from [10], if d ≤ 8 or {u = 0} has at
most linear growth at infinity, then level sets are hyperplanes and thus it
follows by the results established in the current paper that we can locally
bound the Cp

′
-norm of u uniformly, i.e., independently of the inf ∂xdu.

Next, for flatland problems, d = 2, more can be said about the underlying
regularity theory for the p-Poisson equation. In [1], the authors derive from
explicit regularity estimates for quasiregular gradient maps established in [3],
a non-sharp, but universal estimate for p-harmonic functions in the plane:
if φ is the complex gradient of a p-harmonic function, then∫

Br

|∇φ|2 ≤ (p− 1) (2r)2α(p)

∫
B1/2

|∇φ|2, 0 < r ≤ 1

2
,
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with

α(p) =
1

2p

(
−3− 1

p− 1
+

√
33 +

30

p− 1
+

1

(p− 1)2

)
.

While this is not the best regularity estimate expected for p-harmonic func-
tions in the plane, cf. [6], it is beyond the threshold value 1

p−1 . Hence, as

proved in [1] (see also [7, 8]), any function whose p-laplacian is bounded in

2d is locally of class C
1, 1
p−1 .

Still in the plane, Evans and Savin proved in [5] (see also [9]) that infinity
harmonic functions, i.e., viscosity solutions of

∆∞u := uxixjuxiuxj = 0,

are locally of class C1,γ for some 0 < γ < 1/3. This result also connects to

the Cp
′
-regularity conjecture. Indeed, within the framework setup in section

2, the Evans-Savin Theorem suggests the possibility of proving that αM∅ is
bounded below, uniformly with respect to p. Once this is confirmed, the
Cp
′
-regularity conjecture is solved for p� 1. We plan to come back to this

issue in a forthcoming paper.

4.2. Problems with symmetry. Continuing our analysis, in view of the
extremal example mentioned in (1.2), it is only natural to inquire about
problems having radial symmetry. Taking full advantage of our general
setup, the key observation is that the functional set

Ξrad(p, d) :=
{
u ∈W 1,p(B1/2)

∣∣ ∆pu = 0 and u is bounded and radial
}

contains only constants. Indeed, if u(x) = ϕ(r), then

∆pu = |ϕ′(r)|p−2

{
(p− 1)ϕ′′(r) +

d− 1

r
ϕ′(r)

}
.

Solving the homogeneous ODE, we obtain

ϕ(r) =

{
a+ b · r

1−d
p−1

+1
if p 6= d,

a+ b · ln r if p = d,

for constants a, b ∈ R. For d ≥ 2, ϕ is C1 at the origin if, and only if,
b = 0. As a consequence, when restricted to the set of radially symmetric
functions, one has

αMrad = 1,

and therefore we are able to establish the following version of the Cp
′
-

regularity conjecture for radially symmetric functions.

Theorem 4. Let u ∈ W 1,p(B1) be a radially symmetric function whose

p-laplacian is bounded. Then u ∈ Cp′(B1/2), with universal estimates.
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4.3. Problems with controlled singular set. In many applications, the
aimed sharp estimate expected from the Cp

′
-regularity conjecture needs only

to be verified along the set of critical points. This is particularly meaningful
in the theory of free boundary problems. In this section we pursue a general
analysis which in particular gives pointwise Cp

′
estimates at local maxima

or local minima of solutions of the p-Poisson equation.

Definition 2. Given a positive number σ > 0, a function ϕ : B1 → R is
said to be a σ-cap at 0 if

sup
Br

|ϕ(x)− ϕ(0)| ≤ C|x|σ,

for a constant C > 0. The infimum among all constants is denoted by [ϕ]σ.

Theorem 5. Let u be a bounded solution of −∆pu = f(x) in B1, with
f ∈ L∞(B1). Let ξ0 be an interior point and suppose u can be touched from

below at ξ0 by a p′-cap ϕ. Then u is precisely Cp
′

continuous at ξ0, that is,

|u(x)− u(ξ0)| ≤ C|x− ξ0|p
′
,

for a positive constant C > 0 that depends only on dimension, p, ‖u‖L∞(B1),
‖f‖L∞(B1) and [ϕ]p′.

Theorem 5 has an analogous version for points that one can touch from
above by a p′-cap. An immediate consequence is that solutions to p-Poisson
equations are Cp

′
-regular at any local extremal point, where in fact one can

touch u by a hyperplane. The proof of Theorem 5 is based on a flattening
argument, which is interesting on its own.

Lemma 3. Given η > 0, there exists δ > 0, depending only on η and
universal parameters, such that if |v| ≤ 1 in B1 and −∆pv = f(x) in B1,
then

‖f‖L∞(B1) +

(
v(0)− inf

B1

v

)
≤ δ,

implies
osc
B1/2

v ≤ η.

Proof. Suppose, for the sake of contradiction, that the thesis of the lemma
fails to hold. This means we can find η0 > 0, a sequence of positive numbers
κj → 0, and sequences of functions (vj)j∈N, (fj)j∈N satisfying

a) |vj | ≤ 1, and ‖fj‖L∞(B1) +

(
vj(0)− inf

B1

vj

)
≤ κj ;

b) −∆pvj = fj(x) in B1;
c) osc

B1/2

vj ≥ η0.

By compactness, vj converges in the C1-topology to a function v∞ in B1/2

and from stability we conclude that v∞ solves the homogeneous equation

−∆pv∞ = 0, in B1/2.
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From a) we immediately conclude v∞ attains its minimum value at 0, and
hence, by the strong maximum principle of Vázquez, see [11], we conclude
that v∞ ≡ v∞(0). This gives a contradiction with c) if we take j � 1. The
lemma is proven. �

Proof of Theorem 5. With no loss of generality, we can assume ξ0 is the
origin and u(0) = 0. Let ϕ(x) be the p′-cap touching u at 0 from below.
Define v(x) = u(λx). One simply checks that v verifies

−∆pv(x) = λpf(λx).

Owing to Lemma 3, we choose λ > 0 such that

2λp‖f‖L∞(B1) ≤ δ?, (4.2)

where δ? > 0 is the closeness number given by Lemma 3 when one takes
η = 2−p

′
. From uniform Lipchitz continuity,

|v(x)| = |u(λx)− u(0)| ≤ C(‖u‖L∞(B1), ‖f‖L∞(B1))λ.

Hence, selecting a smaller λ > 0 if necessary, we can assume |v| ≤ 1, for all
x ∈ B1. Yet by uniform continuity,(

v(0)− inf
B1

v

)
= − inf

Bλ
u

≤ δ?
2
,

if λ > 0 is once more diminished, if necessary. Finally, v is touched from
below by the p′-cap ϕ̃(x) := ϕ(λx). We can estimate

sup
Br

ϕ̃ ≤ [ϕ]p′λ
p′ · rp′ .

Thus, if we take λ > 0 even smaller, if necessary, we can further assume

[ϕ̃]p′ ≤
δ?
2
.

Now, we aim to prove that for any j ∈ N, there holds

osc
B

2−j
v(x) ≤ 2−jp

′
. (4.3)

We argue by finite induction. By our previous selections, Lemma 3 gives
the first step in the induction process. Suppose we have verified (4.3) for
j = 1, 2, · · · , k. Define

vk+1(x) := 2kp
′ · v(2−kx).

Initially, from the induction process we readily verify that vk+1(0) = 0,
|vk+1| ≤ 1 and

|∆pvk+1| ≤ λp
∣∣f(2−kλx)

∣∣
≤ δ?

2
,

(4.4)
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by the decision made in (4.2). Also, from the p′-cap control from below, we
can estimate (

vk+1(0)− inf
B1

vk+1

)
= −2kp

′
inf
B

2−k
v

≤ −2kp
′

inf
B

2−k
ϕ

≤ δ?
2
.

We can now apply Lemma 3 to vk+1, which yields

osc
B1/2

vk+1(x) = 2kp
′

osc
B

2−k
v(x) ≤ 2−p

′
, (4.5)

and the induction chain is complete. Finally, given any 0 < r � 1, let k ∈ N
be such that

2−k−1 < r ≤ 2−k.

We estimate, defining ρ = λr,

osc
Bρ

u = osc
Br

v

≤ osc
B

2−k
v

≤ 2−kp
′

≤
(r

2

)p′
≤ 1

(2λ)p′
· ρp′ ,

and the theorem is proven. �
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