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Abstract

The evolution of small perturbations around rotating black branes and strings, which are low energy solutions o
theory, are investigated. For simplicity, we concentrate on the Kerr solution times transverse flat extra dimensions,
compactified, but one can also treat other branes composed of any rotating black hole and extra transverse dimensio
as analogue black hole models and rotating bodies in fluid mechanics systems. It is shown that such a rotating bl
is unstable against any massless (scalar, vectorial, tensorial or other) field perturbation for a wide range of wavele
frequencies in the transverse dimensions. Since it holds for any massless field it can be considered, in this sense,
instability than the one studied by Gregory and Laflamme. Accordingly, it has also a totally different physical origi
perturbations can be stabilized if the extra dimensions are compactified to a length smaller than the minimum wavel
which the instability settles in, resembling in this connection the Gregory–Laflamme case. Likewise, this instability w
no effect for astrophysical black holes. However, in the large extra dimensions scenario, where TeV scale black hole
produced, this instability should be important. It seems plausible that the endpoint of this instability is a static, or very
rotating, black brane and some outgoing radiation at infinity.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction

A consistent theory of quantum gravity, such
string theory, seems to require the existence of hig
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dimensions, which in order not to contradict obser
tional evidence must be compactified on small sca
String theory has made some important progress in
plaining the entropy of certain black holes by count
microscopic degrees of freedom, and thus scena
with extra, compactified dimensions must be taken
riously. In turn, some of the most interesting objects
be studied within string theory are those that poss
.
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event horizons, possibly extended in the compact e
dimensions.

In d spacetime dimensions, an event horizon
be topologically a sphereSd−2, but when extended t
p extra dimensions, it could naturally have topolog
eitherSd−2+p in which case it is a higher-dimension
black hole, orSd−2 × Rp being then a blackp-brane
or a black string in thep = 1 case[1]. TheRp topol-
ogy of the transverse dimensions can be compact
giving flat toroidal topological spacesT p.

One of the first steps towards understanding th
extended higher-dimensional solutions is to inve
gate their classical stability against small pertur
tions. If a solution is unstable, then it most certain
will not be found in nature (unless the instability
secular) and the solution looses most of its pow
Of course the next question one must ask is wha
the final stable result of such instability. Now, ind
spacetime dimensions, the Schwarzschild–Tanghe
geometry is stable against all kinds of perturbatio
massive or massless[2]. On the other hand, quite su
prisingly, Gregory and Laflamme[3] showed that this
is not the case for higher-dimensional black branes
black strings. These objects are unstable. The kin
blackp-branes originally studied in[3] were solutions
of ten-dimensional low energy string theory with m
ric of the form

(1)ds2 = ds2
Schw+ dxi dxi,

whereds2
Schw stands for thed-dimensional Schwarz

schild–Tangherlini line element, thexi are the coor-
dinates of the compact dimensions, andi runs from
1 to p. The total dimension of the spacetimeD
obeys D = d + p. In string or supergravity theo
ries one takesD = 10 or D = 11, but for gener-
icity one can leave it as a free natural parame
In [3] it was shown that even though scalar and v
tor perturbations of the black brane stay bounded
time, the tensorial sector of gravitational perturb
tions displays an instability, with the perturbatio
growing exponentially with time, possibly breakin
the extended black brane into several smaller bl
holes. The only way around this instability is
compactify the transverse directionsxi on a scale
smaller than the black hole radius[3] (for a full
discussion of this instability and its developme
see[4]).
Here we shall show that a related class of metr
for example, having the form

(2)ds2 = ds2
Kerr + dxi dxi,

where the line elementds2
Kerr stands for thed-dimen-

sional Kerr–Myers–Perry line element, is unstable
scalar perturbations, as well as to vectorial, grav
tional and other type of perturbations. In this sens
is a stronger instability than the one studied in[3], be-
cause it holds for any massless field. Accordingly
has also a totally different physical origin, as we w
see.

2. Formulation of the problem and basic
equations

2.1. The background metric

In four dimensions, there is only one possible ro
tion axis for a cylindrically symmetric spacetime, a
there is therefore only one angular momentum pa
meter. In higher dimensions there are several cho
for rotation axes and there is a multitude of angu
momentum parameters, each referring to a partic
rotation axis. Here we shall concentrate on the s
plest case, for which there is only one angular m
mentum parameter, which we shall denote bya. The
specific metric we shall be interested in is given
Boyer–Lindquist-type coordinates by

ds2 = −∆ − a2 sin2 θ

Σ
dt2

− 2a(r2 + a2 − ∆)sin2 θ

Σ
dt dϕ

+ (r2 + a2)2 − ∆a2 sin2 θ

Σ
sin2 θ dϕ2

(3)

+ Σ

∆
dr2 + Σ dθ2 + r2 cos2 θ dΩ2

n + dxi dxi,

where

(4)Σ = r2 + a2 cos2 θ,

(5)∆ = r2 + a2 − mr1−n,

and dΩ2
n denotes the standard metric of the unitn-

sphere (n = d − 4), thexi are the coordinates of th
compact dimensions, andi runs from 1 top. This
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metric describes a rotating black brane in an asy
totically flat, vacuum space–time with mass and an
lar momentum proportional toµ andµa, respectively.
Hereafter,µ,a > 0 are assumed.

The event horizon, homeomorphic toS2+n, is lo-
cated atr = r+, such that∆|r=r+ = 0. Forn = 0, an
event horizon exists only fora < µ/2. Whenn = 1,
an event horizon exists only whena <

√
µ, and the

event horizon shrinks to zero-area in the extreme li
a → √

µ. On the other hand, whenn � 2, ∆ = 0
has exactly one positive root for arbitrarya > 0. This
means there is no bound ona, and thus there are n
extreme Kerr black branes in higher dimensions.

2.2. Separation of variables and boundary conditions

Consider now the evolution of a massless sc
field Ψ in the background described by(3). The evo-
lution is governed by the curved space Klein–Gord
equation

(6)
∂

∂xµ

(√−g gµν ∂

∂xν
Ψ

)
= 0,

whereg is the determinant of the metric. The met
appearing in(6) should describe the geometry refe
ring to both the black brane and the scalar field, bu
we consider that the amplitude ofΨ is so small that its
contribution to the energy content can be neglec
then the metric(3) should be a good approximatio
to gµν in (6). We shall thus work in this perturbativ
approach. It turns out that it is possible to simpl
considerably equation(6) if we separate the angula
variables from the radial and time variables, as is d
in four dimensions[5]. For higher dimensions we fo
low [6]. In this connection see also[7] for a general
(4 + n)-dimensional Kerr hole with several spin p
rameters. In the end our results agree with the res
in [7], if we consider only one angular momentum p
rameter in their equations, and no extra compacti
dimensions.

We consider the ansatz

φ = eiωt−imϕ+ikix
i

R(r)S(θ)Y (Ω),

and substitute this form in(6), whereY(Ω) are hyper-
spherical harmonics on then-sphere, with eigenvalue
given by−j (j +n−1) (j = 0,1,2, . . .). Then we ob-
tain the separated equations

1

sinθ cosn θ

(
d

dθ
sinθ cosn θ

dS

dθ

)
+ [

a2(ω2 − k2)cos2 θ − m2 csc2 θ

(7)− j (j + n − 1)sec2 θ + A
]
S = 0,

and

r−n d

dr

(
rn∆

dR

dr

)

+
{ [ω(r2 + a2) − ma]2

∆

(8)− j (j + n − 1)a2

r2
− λ − k2r2

}
R = 0,

whereA is a constant of separation,λ := A−2mωa +
ω2a2, andk2 = ∑

k2
i . Interestingly, note the importan

point that Eqs.(7) and (8)are just those that describ
the evolution of a massive scalar field, with massk, in
ad-dimensional Kerr geometry.

Eqs.(7) and (8)must be supplemented by approp
ate boundary conditions, which are given by

(9)R ∼
{

(r − rH )iσ asr → rH ,

r−(n+2)/2e−i
√

ω2−k2r asr → ∞,

where

(10)σ := [(r2
H + a2)ω − ma]rH

(n − 1)(r2
H + a2) + 2r2

H

has been determined by the asymptotic behavio
Eq. (8). In other words, the waves must be pure
ingoing at the horizon and purely outgoing at the
finity. For assigned values of the rotational parame
a and of the angular indicesl, j,m there is a discrete
(and infinite) set of frequencies called quasinorm
frequencies, QN frequencies orωQN, satisfying the
wave equation(8) with the boundary conditions jus
specified by Eq.(9).

3. The instability timescale

Now, whend = 4, analysis of the perturbations
a massive scalar field on the Kerr geometry has b
done[8]. Indeed, Eqs.(7) and (8)have been analyt
ically solved by Zouros and Eardley in the limit
largek2 and by Detweiler in the limit of smallk2 [8].
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Detweiler’s results have recently been confirmed
merically by Furuhashi and Nambu[8]. Detweiler[8]
shows that for smallk2, in particular,kM � 1, the
geometry is unstable. In fact, he shows that the c
acteristic frequenciesω satisfying the boundary con
ditions(9) are given by

(11)ω = σ + iγ,

with

(12)σ 2 = k2
[
1−

(
kM

l + 1+ n

)2]
, n = 0,1,2, . . . ,

and

(13)γ = C

(
k − am

2Mr+

)
,

with C = C(l,m,a,M,n) a positive constant, a
shown in Detweiler[8]. So, form positive and

(14)k <
am

2Mr+
which is just a superradiance condition, the mode
then unstable. In particular, the most unstable mod
the l = m = 1 mode with ane-folding timeτ given by
of

(15)
τ

M
= 24

1

ka

1

(kM)8
.

Now, we know their results can be translated imm
diately into our black brane geometry. Thus rotat
black branes of the form(3) with d = 4 andp extra
dimensions are unstable, with ane-folding time given
by (15). The results ford > 4 are not available in th
literature, but the instability should be present in th
cases as well.

The only way around this instability is to make t
superradiant factork − am

2Mr+ positive, which is the
same as havingkM > am

2r+ . Thus, for sufficiently smal
a/r+, this is still inside the range of validity of our ap
proximations,kM � 1. To escape this instability on
must compactify the transverse dimensions on a s
scaleL, i.e., L

2πM
<

2r+
a

. Writing outr+ explicitly this
gives

(16)
L

2πM
< 2α,

whereα = M/a +√
M2/a2 − 1∼ 2M/a, for smalla.

From (15) one obtains that the timescale for t
instability, in the approximations used isτ/M >

24(1/kM)9. SincekM � 1 this is not a specially ef
ficient instability, and it does not even appear to ov
come the Gregory–Laflamme instability timesca
However, the only results available so far for t
Gregory–Laflamme instability refer to non-rotatin
objects. It is possible that as one increases the rota
to large values the instability studied here becom
more effective (as is apparent from Eq.(15)) and that
the Gregory–Laflamme instability gets less effectiv

4. Conclusions

What is the physical interpretation of this instab
ity for rotating black branes? It is known that the Ke
geometry displays superradiance[9]. This means tha
in a scattering experiment of a wave with frequen
ω < mΩ the scattered wave will have a larger amp
tude than the incident wave, the excess energy b
withdrawn from the object’s rotational energy. He
Ω is the horizon’s angular velocity (related toa, M

and r+ throughΩ = a/(2Mr+)) andm is again the
azimuthal wave quantum number. Now suppose
one encloses the rotating black hole inside a sphe
mirror. Any initial perturbation will get successive
amplified near the black hole event horizon and
flected back at the mirror, thus creating an instabil
This is the black hole bomb, as devised in[10] and
recently improved in[11]. This instability is caused
by the mirror, which is an artificial wall, but one ca
devise natural mirrors if one considers massive fie
In this case, the mass of the field acts effectively a
mirror, and thus Kerr black holes are unstable aga
massive field perturbations[8]. With this in mind, we
expect that black strings and branes of the form(2)
will be unstable, because the compactified transv
directions work as an effective mass for the gravi
and for the scalar field. In fact, this simple reason
implies that any rotating black brane (more gene
than the one described by(2)) will be unstable. This
would be the case for the rotating black hole in str
theory found by Sen or other rotating black holes[12].
Moreover, following Zel’dovich[9], it is known that
not only the Kerr geometry, but any rotating abso
ing body for that matter displays superradiance. Th
this instability should appear in analogue black h
models[13], and in rotating bodies in fluid mechani
systems.
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Here, we have derived the instability timesca
for a scalar field, and not for geometry (metric) p
turbations, since Teukolsky’s formalism for highe
dimensional rotating objects is not available. Still, t
argument presented above makes it clear that the
stability should be present for metric perturbatio
as well. We also expect that the instability will b
stronger for metric modes, because of the follo
ing simple reasoning. Superradiance is the mec
nism responsible for this instability, and thus the lar
the superradiant effects, the stronger the instabi
Now, we know that in the Kerr geometry ind = 4
scalar fields have a maximum superradiant amplifi
tion factor of about 2%, whereas gravitational mod
have maximum superradiant amplification factor
about 138%[14]. Then it is expected the instabi
ity timescale to be almost two orders of magnitu
smaller, and correspondingly, the instability sho
grow much stronger for gravitational modes. For g
eral black branes, the Gregory–Laflamme instabi
seems to be stronger than the one displayed h
but it is known that certain extremal solutions sho
not exhibit the Gregory–Laflamme instability[15],
whereas the instability dealt with here should go
the way to extremality. So, eventually it takes ov
the Gregory–Laflamme instability. Moreover, rece
studies[16] seem to indicate that black strings in
Randall–Sundrum inspired 2-brane model do not
hibit the Gregory–Laflamme instability.

The endpoint of this rotating instability is no
known, and it can never be predicted with certai
by a linear analysis. However, it seems plausible to
sume that the instability will keep growing until th
energy and angular momentum content of the field
proaches that of the black brane, when back-reac
effects become important. The rotating brane will th
begin to spin down, and gravitational and scalar ra
ation goes off to infinity carrying energy and angu
momentum. The system will probably asymptote
a static, or very slowly rotating, final state consisti
of a non-rotating blackp-brane and some outgoin
radiation at infinity. But we cannot discard the oth
possibility that the horizon fragments.
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