
Journal of Constructional Steel Research 60 (2004) 783–793

www.elsevier.com/locate/jcsr

The effect of residual stresses in the lateral-
torsional buckling of steel I-beams at elevated

temperature

P.M.M. Vila Real a,�, R. Cazeli b, L. Simões da Silva c,
A. Santiago c, P. Piloto d

a Department of Civil Engineering, University of Aveiro, 3810 Aveiro, Portugal
b University of Aveiro, 3810-193 Aveiro, Portugal

c University of Coimbra, 3030-290 Coimbra, Portugal
d Polytechnic Institute of Bragança, 5300 Bragança, Portugal

Abstract

When a beam is bent about its major axis, it may twist and move laterally, before it
reaches its elastic/plastic resistance in bending. Although the problem of lateral-torsional
buckling of steel beams at room temperature has a well-established solution, the same prob-
lem at elevated temperature has not. A numerical investigation of the lateral-torsional buck-
ling of steel I-beams subjected to a temperature variation from room temperature up to 700
v
C, with the aim of assessing the effects of the residual stresses in this mechanism of failure,
is presented in this paper.
To this purpose, a geometrically and materially non-linear finite element program has

been used to determine the lateral-torsional resistance of steel I-beams at elevated tempera-
tures, using the material properties of Eurocode 3, Part 1-2. The numerical results have been
compared to the results of the simple model presented in Eurocode 3, Part 1-2 (1995) and a
new proposal that is being considered for approval.
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1. Introduction

Slender beams, subjected to bending loads in the plane of their greatest flexural

rigidity, can buckle by combined twist and lateral bending, called lateral-torsional

buckling instability. Due to the low torsional and lateral flexural stiffness of slender

beams, their cross-section may rotate and deflect laterally, as in torsional–flexural

instability of columns caused by axial compression. Although the solution to the

problem of lateral-torsional buckling of steel beams at room temperature is well

known [1], there is no solution for this problem at elevated temperature. Among

Nomenclature

fy yield strength

ky;h;com reduction factor for the yield strength at the maximum temperature in
the compression flange ha;com, reached at time t

kE;h;com reduction factor for the slope of the linear elastic range at the
maximum steel temperature in the compression flange ha;com reached
at time t

l length of the beams
Mb;fi;t;Rd buckling resistance moment in the fire design situation

ME elastic critical moment for lateral-torsional buckling
Mfi;h;Rd design moment resistance of a Class 1 or 2 cross-section with a uni-

form temperature ha
MRd;MP plastic moment resistance of the gross cross-section, Mpl;Rd for nor-

mal temperature
MSAFIR buckling resistance moment in the fire design situation given by

SAFIR
t time
wpl;y plastic section modulus

Greek letters

a imperfection factor
cM0 partial safety factor (usually cM0 ¼ 1:0)
cM;fi partial safety factor for the fire situation (usually cM;fi ¼ 1:0)

kLT slenderness
�kkLT non-dimensional slenderness at room temperature
�kkLT;h;com non-dimensional slenderness for the maximum temperature in the

compression flange ha;com
�kkLT;fi non-dimensional slenderness in the fire design situation

vLT;fi reduction factor for lateral-torsional buckling in the fire design situ-
ation
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the more important factors which affect the lateral stability of beams in actual
structures are [2]:

. initial bow;

. initial twist in the section;

. accidental eccentricities of loading;

. premature yielding due to the presence of residual stresses.

In this paper, the influence of the residual stresses in the lateral-torsional buck-
ling of unrestrained steel I-beams has been numerically investigated. The results
were compared to the simple model presented in Eurocode 3, Part 1-2 [3] and to
a new proposal [4–6] that is being considered for approval in the Eurocode. This
proposal was based on the numerical results from the SAFIR program, a geo-
metrical and materially non-linear code specially developed for the analysis of
structures submitted to fire [7]. In the numerical analyses, a three-dimensional
(3D) beam element has been used. It is based on the following formulations and
hypotheses:

– Displacement type element in a total co-rotational description.
– Prismatic element.
– The displacement of the node line is described by the displacements of the three
nodes of the element, two nodes at each end supporting seven degrees of free-
dom, three translations, three rotations and the warping amplitude, plus one
node at the mid-length supporting one degree of freedom, the non-linear part of
the longitudinal displacement.

– The Bernoulli hypothesis is considered, i.e., plane sections remain plane and per-
pendicular to the longitudinal axis and no shear energy is considered.

– No local buckling is taken into account, which is the reason why only Class 1
and Class 2 sections can be used [8].

– The strains are small (von Kármán hypothesis), i.e.

1

2

@u

@x
5 1

where u is the longitudinal displacement and x is the longitudinal co-ordinate.
– The angles between the deformed longitudinal axis and the undeformed but
translated longitudinal axis are small, i.e.,

sinu ffi u and cosu ffi 1

where u is the angle between the arc and the cord of the beam finite element.
– The longitudinal integrations are numerically calculated using Gauss’ method.
– The cross-section is discretised by means of triangular or quadrilateral fibres. At
every longitudinal point of integration, all variables, such as temperature, strain,
stress, etc., are uniform in each fibre.

– The tangent stiffness matrix is evaluated at each iteration of the convergence
process (pure Newton–Raphson method).
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– Residual stresses are considered by means of initial and constant strains [9].
– The material behaviour in case of strain unloading is elastic, with the elastic
modulus equal to Young’s modulus at the origin of the stress–strain curve. In
the same cross-section, some fibres that have yielded may therefore exhibit a
decreased tangent modulus because they are still on the loading branch, whereas,
at the same time, some other fibres behave elastically. The plastic strain is pre-
sumed not to be affected by a change in temperature [10].

Numerical simulations have demonstrated clearly that beams with closely spaced
restraints can reach the plastic moment MP, while long unrestrained spans effec-
tively fail by elastic lateral-torsional instability at moments that are very close to
the theoretical elastic critical moment ME (see Fig. 1).
A slender beam which has low resistance to lateral bending and torsion may

buckle in the elastic range by deflecting and twisting out of the plane of loading.
This is the so-called elastic flexural–torsional buckling phenomena. The resistance
of a beam to elastic buckling increases as its slenderness decreases, and a steel
beam of moderate stiffness may yield before its elastic buckling load is reached.
Yielding is caused by a combination of the stresses induced by the applied loads
with any residual stresses which remain after the manufacturing process is com-
pleted. Yielding reduces the effective out-of-plane rigidities, and decreases the
buckling resistance below the elastic value as shown in Fig. 1.
The influence of the residual stresses is higher for intermediate slenderness of the

beams as it will be shown in this paper.

2. Case study

Simply supported steel I-beams of the European series IPE 220 with fork sup-
ports (the beams cannot deflect laterally or twist at the supports) submitted to uni-
form moment as shown in Fig. 2 were studied. A longitudinal geometric

Fig. 1. Effect of slenderness on the buckling resistance.
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imperfection of sinusoidal type as been assumed

yðxÞ ¼ l

1000
sin

px
l

� �
ð1Þ

where l is the beam length.
The residual stresses adopted are constant across the thickness of the web and of

the flanges. Triangular distribution as in Fig. 3, with a maximum value of 0:3�
235 MPa, for the S235 steel as well as for the S355 steel has been adopted [11].
In the numerical calculations, this residual stress distribution was approximated

by the self-equilibrated diagram of Fig. 4.
Fig. 5 shows the adopted stress–strain relationship at elevated temperatures for

grade S 235 steel.

Fig. 2. Simply supported beam submitted to moments at the ends.

Fig. 3. Residual stresses: C—compression; T—tension.
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3. Analysis according to Eurocode 3

According to Part 1.2 of Eurocode 3, the buckling resistance moment Mb;fi;t;Rd at

time t is given by

Mb;fi;t;Rd ¼
vLT;fi
1:2

Wpl;yky;h;comfy
1

cM;fi

ð2Þ

where vLT;fi is the reduction factor for lateral-torsional buckling in the fire design

situation; Wpl;y is the plastic section modulus; ky;h;com is the reduction factor for the

yield strength at the maximum temperature in the compression flange ha;com,
reached at time t; cM;fi is the partial safety factor for the fire situation (usually

cM;fi ¼ 1).

Fig. 4. Shape of the residual stresses adopted in the numerical calculations (fy ¼ 235 MPa).

Fig. 5. Stress–strain relationship at elevated temperatures for grade S 235 steel.
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This equation is used if the non-dimensional slenderness �kkLT;h;com for the tem-
perature reached at time t exceeds the value of 0.4. The constant 1.2 is an empiri-

cally determined value and is used as a correction factor which allows for a

number of effects. The reduction factor for lateral-torsional buckling in fire design

situation, vLT;fi, is determined as for room temperature, using instead the non-

dimensional slenderness �kkLT;h;com given by

�kkLT;h;com ¼ �kkLT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ky;h;com
kE;h;com

s
ð3Þ

where �kkLT is the non-dimensional slenderness at room temperature; kE;h;com is the
reduction factor for the slope of the linear elastic range at the maximum steel tem-

perature reached at time t.
The solid line of Fig. 6 shows the design curve for lateral-torsional buckling in

case of fire according to Eurocode 3. For all temperatures greater than 20
v
C, this

curve is unique and denoted EC3,fi. On the vertical axis is the ratio

Mb;fi;t;Rd

Mfi;h;Rd
ð4Þ

where Mb;fi;t;Rd is the design lateral-torsional buckling resistance moment at time t

of a laterally unrestrained beam, given by Eq. (2), and Mfi;h;Rd is the design mo-

ment resistance of a Class 1 or 2 cross-section with a uniform temperature ha. It
may be determined from

Mfi;h;Rd ¼ ky;h
cM0

cM;fi

MRd ð5Þ

Fig. 6. Beam design curve of Eurocode 3 for fire situation (EC3,fi) and at room temperature (20
v
C).
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where cM0 ¼ 1:0; cM;fi ¼ 1:0 and MRd is the plastic resistance of the gross cross-sec-

tion Mpl;Rd for normal temperature, given by

MRd ¼
Wpl;yfy

cM0

ð6Þ

This figure also shows that the lateral buckling design curve at elevated tempera-
ture is different from the curve at 20

v
C by the empirical factor 1.2 (the curve at el-

evated temperature, EC3,fi, is the curve at 20
v
C divided by 1.2). Therefore it must

be emphasized that throughout this paper the ratio Mb;fi;t;Rd=Mfi;h;Rd will be used
for the purposes of comparison. It is obtained as the reduction factor for lateral-
torsional buckling in the fire design situation vLT;fi divided by 1.2, for the Eurocode
3, Part 1-2 results, i.e.

Mb;fi;t;Rd

Mfi;h;Rd
¼

vLT;fi
1:2

for Eurocode 3; Part 1-2 results ð7Þ

or directly from

MSAFIR

Mfi;h;Rd
for the SAFIR results ð8Þ

4. Analysis according to the new proposal

A new proposal for the lateral-torsional buckling resistance, based on numerical
calculations, was proposed by Vila Real and Franssen [4,5]. According to this new
proposal, that adopted the same philosophy already proposed by Franssen et al.
[12] in the context of axially loaded columns subjected to fire conditions, the design
buckling resistance moment of a laterally unrestrained beam with a Class 1 or 2
cross-section type is obtained as follows [4–6]:

Mb;fi;t;Rd ¼ vLT;fiWpl;yky;h;comfy
1

cM;fi

ð9Þ

wherevLT;fi is given by

vLT;fi ¼
1

/LT;h;com þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½/LT;h;com	2 
 ½kLT;h;com	2

q ð10Þ

with

/LT;h;com ¼ 1

2
1þ a�kkLT;h;com þ ð�kkLT;h;comÞ2
� �

ð11Þ

The imperfection factor a, in this proposal, is a function of the steel grade and is
given by

a ¼ 0:65
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
235=fy

q
ð12Þ
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where fy represents the nominal yield strength of the material in MPa. The remain-

ing factor �kkLT;h;com should be calculated as in Eq. (3).
Comparing this new proposal with the Eurocode 3 formulas (see Fig. 7), it can

be verified that the shape of the buckling curve is different, with the new one start-
ing from vLT;fi ¼ 1:0 for �kkLT;h;com ¼ 0:0 but decreasing even for very low slender-

ness, instead of having a horizontal plateau up to �kkLT;h;com ¼ 0:4 as in the
Eurocode 3 [7]. The lateral-torsional buckling curve now depends on the steel
grade due to the imperfection factor a as it can be seen in Fig. 7.

5. Numerical results

The numerical results for the beams at room temperature (20
v
C) are plotted in

Fig. 8. It can be seen that the results are in good agreement with the beam design
curve of Eurocode 3 whenever the residual stresses are considered. It is also evident

Fig. 7. Comparison between design buckling curve from EC3 and the new proposal.

Fig. 8. Beam design curve at room temperature.
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from Fig. 8 that the influence of the residual stresses is higher for intermediate
slenderness of the beams.
Fig. 9 shows the influence of the residual stresses as the temperature increases

from 200 up to 700
v
C. This figure clearly shows that the influence of the residual

stresses decreases with increasing temperature. This is due to the stress–strain
relationship at elevated temperature shown in Fig. 5.

6. Conclusions

The physical fact that Young’s modulus decreases faster than the yield strength
when the temperature increases, plus the fact that the stress–strain relationship at
elevated temperatures is not the same as at room temperature, produces a modifi-
cation of the lateral-torsional buckling curve at elevated temperatures. The hori-
zontal plateau valid at 20

v
C up to a non-dimensional slenderness of 0.4 vanishes

Fig. 9. Beam design curves at elevated temperature.
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at elevated temperatures. The simple models based on the lateral-torsional buckling
curve that is valid at room temperature lead to a safety level that depends on the
slenderness of the beam, the results being unsafe for a certain range of the slender-
ness [5]. To overcome this problem, a new beam design curve has been proposed.
The fact already known by experimental tests at room temperature that the in-

fluence of the residual stresses in the lateral-torsional buckling of beams is bigger
for intermediate slenderness has been numerically confirmed.
Finally, it was also shown that the buckling resistance of the beams is less sensi-

tive to the residual stresses when the temperature increases. This is probably the
result of the smaller difference between yield stress of steel and the level of residual
stresses that is characteristic of elevated temperatures. It is also noted that no heat
treatment phenomena that should eliminate residual stresses were taken into
account in the numerical simulations, an issue certainly worth some attention.
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