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RESUMO

Em elementos submetidos a flexdo, ¢ habitual a utiliza¢do de sec¢des com maior resisténcia e
rigidez no plano onde as cargas sdo aplicadas, permitindo uma maior economia de material.
Normalmente, para esta consideragdo, opta-se por seccdes abertas de paredes finas como
seccoes em | ou H. Contudo, estas seccdes sao mais susceptiveis a rotura por encurvadura
lateral.

Este fendmeno caracteriza-se por um deslocamento da parte comprimida da secgdes em
relagdo a parte traccionada, e € previsto no processo de dimensionamento pelo Eurocédigo 3
(CEN, 2007) no célculo do momento resistente a encurvadura lateral, My rq.

A determinacdo de Mprg depende fundamentalmente do momento critico, M. Este € o
resultado de uma interac¢do entre variados factores como a geometria da secgdes e do
elemento, as propriedades do material, as condigdes fronteira, o tipo de carga aplicada e a
posicao desta em relagdo ao centro de corte. Assim se compreende a complexidade do seu
calculo e a necessidade da utilizagdo de métodos mais complexos como o Métodos dos
Elementos Finitos para a sua exacta determinagdo. Apesar da evolu¢do ao longo dos ultimos
anos, a utilizacao de software baseado em elementos finitos ainda ndo atingiu a rapidez ¢ a
simplicidade de calculo exigida para a sua aplicagdo em ambiente de projecto, prevalecendo
expressoes analiticas com um maior sentido pratico e rapidez. De referir que apesar de este
valor entrar no seu procedimento de célculo, a versio do Eurocodigo 3 em vigor nao
apresenta nenhuma alternativa de célculo.

Nesta tese, sao confrontadas varias destas expressoes e factores de calibragdo propostos por
diversos autores para o calculo do momento critico elastico. Na primeira parte sao sintetizadas
as solugdes disponiveis mais utilizadas e consensuais, descrevendo: (i) ambito de aplicacao;
(i1) a metodologia e (iii) consideragdes necessarias na sua aplicagdo. Por fim ¢ apresentado (i)
o estudo paramétrico realizado e (ii) analise e discussao de resultados.
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ABSTRACT

In elements subject to bending, usually one uses sections with greater strength and stiffness in
the plane in which loads are applied, allowing greater savings of material. For this reason,
open thin-wall cross sections such as [-sections beams are normally adopted. This can lead to
failure by lateral-torsion bucking.

This phenomenon happens when the compression flange has a tendency to bend sideways
while the remainder of the cross section restrains it from doing so, and it is quantified in
Eurocode 3 (CEN, 2007) verification procedure by the design buckling resistance moment,
M rq-

The design buckling resistance moment, My rq, depends essentially on the critical moment,
M. This value is the result of an interaction of various factors such as geometric properties of
the cross-section; of the element; material proprieties; restrictions at supports; and loading
type and loading position relative to the section shear center. This variety of factors increases
the complexity of the calculation leading to an accurate value, usually requiring the utilization
of numerical techniques such as the Finite Element Method. On the other hand, the
complexity of the software involved and the time spent to compute the values makes
analytical expressions more attractive and practical for structural designers and general use. It
is important to mention that although the critical moment is used in safety verification of
Eurocode 3, there is no way for calculate it in the procedure.

In this thesis, various expressions and calibration factors proposed by different authors for
determination of the elastic critical moment are compared. Firstly, the available solutions
more commonly used and accepted are presented, describing: (i) scope; (ii) theoretical
background; and (iii) considerations for its application. Then the following is presented: (i)
the parametric study and (ii) analysis and discussion of the results.

Jodo Luis Pinelo Esteves Canha ii



Comparison

Between Analytical Expressions for TABLE OF CONTENTS

Determination of Elastic Critical Moment of Steel Beams

TABLE OF CONTENTS

I INTRODUCGTION.......ccoi ittt ettt ettt ettt et te e s te e s aesabeebeessaessaeenseeseesssessseenseenseens 1
1.1 Motivation and ODBJECLIVES .....ccuevuirieriieieiieiieie ettt ettt ettt ettt e e eeesaeeneas 1
1.1 Outline of the DISSEItatioN......c..cciiiiiiiieiieiiecie ettt ettt et e e e b e beesreesaeeeaaeenseas 3

2 THEORETICAL BACKGOUND AND EUROCODE 3 VERIFICATION..........ccceuveun....e. 4
2.1 Equilibrium and Bifurcation Buckling...........cccoecveviriiiinieriicieecceeeeeeeee e 4
2.2 Critical Moment - BasSiC CaS@......c..cocuieuiiiiieeiieeie ettt ettt eve e e e e reeeaeeens 5
2.3 BUTOCOAE@ 3 ..ottt ettt et et e et e et e e teeeteeereeeaaeeteeeaeeaneas 6

3 ANALYTICAL EXPRESSIONS FOR DETERMINATION OF CRITICAL MOMENT....8
3.1 General EXPIreSSIONS.....ccuiiieiestieiertietesteetesteetesteestesaeeseessesseesesseessesseensesseessesseessessesssessennes 8
3.2 C FaCLOTS ottt ettt e et e e e bt e e e te e e bt eesbee e taaeebeeessbaeebaeeesaaeebaeenaraeans 12

3.2.1  Balazand KoICKOVA .........ccoooiiiiiiiece et 16
322 ECCS — BasisS Load CaSES .....c..cooueiiieiieiieeieecie ettt et 17
323 GALCA ettt ettt e aeeeaeas 18
324 ANATAAC €F QL. ..o et 18
32,5 LINANCT ..ottt ettt et ettt et e e ae e ra e et e eteeteeeaeeennas 18
3.2.6  TTANAIT ..ottt st e e e raeenaeenaaeaaens 21
327 SEIMNA @F QL. ..ot aa e aaeenaa s 22
3.3 FINAL REMATKS......coiuiiiiieiieeeeee ettt et et eenae e 22

4 PARAMETRIC STUDY ..ottt ettt ettt sae et eveeasesaeere s ersenneeneens 23
4.1 NUMETICAl MOAEL.......ooiiiiiiiiiieece ettt et e e e e aeesaaeeaaeas 23
4.2 ParametriC STUAY ...cceeovieieieriieieeeeeseee ettt ettt st ettt et be ettt e b eneen 23
4.3 MEthOAOIOZY ...ceeeniiiieieetetee ettt ettt sb et sbe et e sbe e enees 25
44 RESUILS ..ottt ettt et este e s aa e et e e b e e baestaeeabeebeenteeeneeenaeenraans 25

4.4.1 BaldZand KoIEKOVA .......c.ocviiiiiiiececeee e 25
B4 1T CASC 1 ettt ettt et e et e be e reenaeens 26
4412 CASC 2 ittt ettt ettt e b e e be e re e raeerteenbeebeenrean 27
4413 CASE 3 ettt e et e ae e aaeeaeebeebeenreens 28
G414 CASC 4 ..ottt et e ae e aa e e aeebeereenaeans 29
GA.T.5  CaSC S ettt e e te e et e e ebe e e eteeebeeeras 30
G416 CASC O .ottt ettt ettt e et e e ae e e taeeteeteeeteeeraans 31
GA LT CASC T ettt ettt e e et e et e et e e et e e et e e s te e et e e ebe e e ateeearaeeras 32
BA.1.8  CASCY ettt ettt e e et e e teeeteeeraans 33
44119 CASC L0 ittt ettt e e aeeeraeeaaans 34

Jodo Luis Pinelo Esteves Canha iii



Comparison Between Analytical Expressions for
Determination of Elastic Critical Moment of Steel Beams

TABLE OF CONTENTS

442 ECCS - Basis Load Cases.........ccccceeuveerieeieeieennnn,
442.1 CaSe 1 v
4422  CASC2 e
4423 CaSE 3 .
4424  CASCD ..o

443  Gala .ocoeieiieeeeee e
443.1 Caseland 2.....ccooveeieeiieiiceeeeeeeeeee
4432 Case3andS....coioiiiieiieiieeeeecee e
4433 Case6and 7 .....cccooveeeieeieeiieieeeeeeeee e
4434  CaSE 8 .t

444  Andrade ef al. ......ccoeeeeeeeeiieieeee e,
4441  CaS€ 9 i
4442  Case 10 .o

445  LINANET....oooiiiiiiiecieceeeeee e
4451  CaS€ 9 i
4452  Case 10 .o
4.4.53  Additional Case.......cccccecvreveevrienieniieieeieene.

4.4.6  Trahail......cccoooeeieeieeieeeeeeee e
44.6.1 Caseland2.....ccoooviviieeciiecieeiieiiecee e
4.4.6.2  CaASC3 i
44.6.3 CaSE 4 ..o
4464  CaASCS i
4.4.6.5  CaASCO ccuiiiiiieeeeeeeee e
44.6.6  CASCT coiiiiieeeeeeeeeeee e
4.4.6.77T  CaASE 8 ..ot
44.6.8  CASC T i
4469 Case 10 .

447  SEINA €f Al ...cuooeeeeeieieeeieeeeeeeeeeee e
44.7.1 Caseland 2 .....ccooeevieeiiciiceceeeeeeee
4472 Case3and4.....cooooiiieeiieiieieeeieeee e
4473 CaseSand 6.....cocooveerieenieciieiiieceeeeeee e
4474 CASET oot
44775  CaSE 8 i

4.5 COMPATISON...ueieieuiiriienieniieiesteetesteetesteetessesseessesseensesneensens

451  CaSC 1 i

452 CASC 2 it

453  CASC 3

454 CASC4 i

4.5.5 CASC S e

450  CASC O .eiciieiieiieeeeeeee e

................................................ 43

................................................ 56

Jodo Luis Pinelo Esteves Canha



Comparison Between Analytical Expressions for TABLE OF CONTENTS
Determination of Elastic Critical Moment of Steel Beams

.57 CASE T oottt ettt e et e e ba e et e e e te e e e rtaeetaeeetteeeraeennreas 71
.58  CASE 8 .ttt e et e ba e et e e e be e e e tae e raeeeateeebaeennreas 72
459  CASC Y ettt e e e e te e et e e e te e e e rteeebaeeareas 73
4.5.T0  CASC 10 ittt ettt et et e e et e et e e e teeeeateeeraeennreas 74

4.6 FINAl REMATKS.....ccoiiiiiiiii ettt ettt et eae e et e e e e eaeeneens 75

5 CONCLUSION AND FUTURE RESEARCH .......cooiiiiiieeeeee e 78
5.1 CONCIUSION ...ttt ettt et et e et e et e e ebeeeaaeeateeseeeseesaseenseenseeeseenseeenns 78
5.2 FUtUIe RESCAICH ....c.uiiiiiciiiceee ettt et et e e enes 78
5.3 Original CONIIDULIONS ...ccueeuvieiieiieiieiieieie ettt sttt ettt et ettt esaaestesaeesesaeens 79

6 REFERENCES ...ttt ettt et e s e e s b e e be e aeesaeeenseensaeseenneas 80
ANNEX oottt ettt e et et e et e e s ae e s aa e et e et e e beeeabeeabeebeeteeaaeeaaaeenreeaeereennes 82
ANNEX A — C FACOTS c.utiiiiieiicieeieecee ettt ettt ettt ae e te e aeesaeessaeeaseesseessseesaeenseenns 1
AT — General FOrmulae .........oovooiiiiiiiiiicceceece ettt 1

A.2 — BalaZ and KoleKOVA..........cccuiiiiiiiiiiceceeee e 2

A.3 — ECCS — Basis L0oad CaSES .....ccccevuieiieiieiieeieeeieeieestie sttt veesaeessaeeneeaeas 7

A4 — GALCA......eeceeeeeeee ettt et e ae e s ra e e b e e aeeteesaeaeaaeenraans 8

A5 = ANAIAd@ €1 Al ..ot 21

AL — LINANET ..ottt ettt et et e b e e b e e ba e taeenaeeaaeebe e aeeeneas 23

AT = TTANAIL ..ottt ettt e et e et e e e te e s teesaaeeabeeseessaessseesseenseeseannnas 24

A8 = SCIMA ©F Q. ..ottt ettt et 29
ANNEX B — Statistical ANALYSIS ...ccvccvirieriieiiiesieieseeie ettt ste e saeesee e eseesseesaesseesnens 1
B.1 —BalazZ and KOICKOVA ..........c.ocouiiiiiiie ettt 1

B.2 — ECCS - Basis Load CaseS ........ccoveeuieiieeiieieeeiieetee ettt e eneas 10

B.3 — GaAl8A ...ttt e e e e te e aeeeaeas 15

B4 — ANATAAE € AL ...ttt 17

B.5 — LINANET ..ottt et ettt e et te e eeaeeteeeaeeeaeas 19

B0 — TTANAIT ..ottt et ettt ettt e e ae e teeeaeeeaeas 21

B.7 = S@IMA @F QL. ..ot ettt et et 25

Jodo Luis Pinelo Esteves Canha v



Comparison Between Analytical Expressions for LIST OF FIGURES
Determination of Elastic Critical Moment of Steel Beams

LIST OF FIGURES

Figure 1.1 — Lateral-torsional buckling in cantilever loaded on the tip........cccccoevevvereriesieenenen. 1
Figure 2.1 — Generic equilibrium path of a lateral-torsion buckling of a beam. ......................... 4
FIgUure 2.2 — BASIC CASE. ...vevviriiiiieiieieeiieiesteete et ete st etesteetesteesaesseessessessaessesssensesssensesssensesssensansens 5
Figure 3.1 — Sign convention fOr Zg. ........ccocoiiiiiiiiiiiiiccc e 12
Figure 3.2 — Polynomial test of the chart ). .......cccccoeeieeieiiiiieeceeee e 19
Figure 4.1 — Balaz and Kolekova — Case 1......ccccveieiiiiieieieeceeeeetee e 26
Figure 4.2 — BalaZ and Kolekova — Cas@ 2.......cccuveieiiriieierieeerieeeee ettt 27
Figure 4.3 — Balaz and Kolekova — Case 3.......ccccevieiiiieierieeeeeeee et 28
Figure 4.4 — Balaz and Kolekova — Cas@ 4.........cceeeeiiieieieriieierieeee ettt 29
Figure 4.5 — Balaz and Kolekova — Case S......ccoccveeieiiiiieieeeeecee et 30
Figure 4.6 — Balaz and Kolekova — Cas€ O........ccuevueeiiriieieiieerieeee et 31
Figure 4.7 — BalaZ and KolekoVa — CaS€ T......ccvecveeuieiieiieiecieeiesieeeee ettt 32
Figure 4.8 — Balaz and Kolekova — Cas€ 9......c..ccvvvieiiiiieieieeeeeeeetee e 33
Figure 4.9 — Balaz and Kolekova — Case 10. .....cccocveiieiieiiieieceeeeeeee et 34
Figure 4.10 — ECCS — Case 1 — Double symmetric Cross SECtIONS. .......ccevvereervereeriesreervenreenens 35
Figure 4.11 — ECCS — Case 1 — Mono Ssymmetric Cross SECLIONS. .....c.evveverrrerverersuesreeuessennens 36
Figure 4.12 — ECCS — Basis Load Cases — Case 2. .....cccevueeiereeierieeienieeiesieseeseesseesaesseesaesseens 37
Figure 4.13 — ECCS — Basis Load Cases — Case 3. .....cccovvevverieeienieienieeierie e sveeaeseeens 38
Figure 4.14 — ECCS — Basis Load Cases — Case 4. .....cccooeevereeienieienieeierieseesie e seeaeseeens 39
Figure 4.15 — Gal€a — Case 1 and 2. ......ccccveieriieieiieiesie ettt e 40
Figure 4.16 — Galéa — Case 3 and 5. .....ccooveieiiieieeeieie ettt 41
Figure 4.17 — Gal€a — €Case 6 and 7. .....ccceeeeverieierieeierie ettt sae e ste e seesaenes 42
Figure 4.18 — Gal€a — CaSE 8.....cuveeeiieieeieeeeeete ettt ettt st e s eaenaeenaenes 43
Figure 4.19 — Andrade ef al. — CaS€ ......ccueeveeuieieieeeeeee et 44
Figure 4.20 — Andrade ef al. — Case 10. ....c.ccueeieiirieieeeieeeee ettt 45
Figure 4.21 — Lindner — CaS€ 9. ....ccovevuieieiieieieeeeie ettt ettt s be e enaesnaenes 46
Figure 4.22 — Lindner — Case 10. ...cc.coveierieieieeieieeteie ettt et aeena s 47
Figure 4.23 — Lindner — Additional Case. .........ccccuerieieriieiieriieierieeiee et 48
Figure 4.24 — Trahair — Case 1 and 2. .......ccoeovivieiiiieieceeeeieeee ettt 49
Figure 4.25 — Trahair — Case 3. .....ccovevieieiieieeeee ettt et s bessaensessaenes 50
Figure 4.26 — Trahair — Cas@ 4. .....cccveouieeeiieieieeeete ettt sae et e saesse e esessaensessaenes 51

Jodo Luis Pinelo Esteves Canha vi



Comparison Between Analytical Expressions for LIST OF FIGURES
Determination of Elastic Critical Moment of Steel Beams

Figure 4.27 — Trahair — Case 5. ...c.oooiiiiiiiiiieirsee ettt 51
Figure 4.28 — Trahailr — Case 0. ......cceeiiiiiiiiiriieieereseeeceteete ettt 52
Figure 4.29 — Trahailr — Case 7. ...ccoocveiriiiiirieiectesereses ettt 53
Figure 4.30 — Trahair — Case 8. ......ccooiiiiiiiiiieeree ettt 54
Figure 4.31 — Trahair — Case 9. ......ccooiiiiiiiiiceeeceee ettt 55
Figure 4.32 — Trahair — Case 10. ....ccccoiiiiiiiririeeecceeeete et 56
Figure 4.33 — Serna ef al. — Case 1 and 2. .......ccccooiriiirinininineeecceeeeeeeee e 57
Figure 4.34 — Serna ef al. — Case 3 and 4. .......ccooooviririnirinineeeeee ettt 58
Figure 4.35 — Serna ef al. — Case 5 and 6. .......c.cccoeeriririnininineeeeeceeeee et 59
Figure 4.36 — Serna €f al. — CaSE 7. ..c.ooviuiriririieiieieeieseees ettt 60
Figure 4.37 — Serna ef al. — CaSe 8. .....c.ooeiiiiririieieeseteee ettt 60
Figure A.1 — Loading CaSe........cceiriririniiirisertesee ettt A6
Figure A.2 — C, for end moments with uniformly distributed load q. .....ccccecveveeiieninienennnne A9
Figure A.3 — C, for end moments with uniformly distributed load q. .....ccceoevieveriniencnnnn. A.10
Figure A.4 — C, for end moments with concentrated load F. ..........ccccccocvvnninnnnnnenn. A1l
Figure A.5 — C, for end moments with concentrated load F. ..........ccccccocvvninininnnnnenn A.12
Figure A.6 — Values of k for single double symmetric beams with cantilever. .................... A23
Figure A.7 — Moment diagram and moment values............cccceceviririninnincnencncncncncene A29

Jodo Luis Pinelo Esteves Canha vii



Comparison Between Analytical Expressions for LIST OF TABLES
Determination of Elastic Critical Moment of Steel Beams

LIST OF TABLES

Table 3.1 — Relations between the alternatives 3-factors formulae. .............cccocoeeeiiiieeiennnn. 10
Table 3.2 — C Factor values analyzed. .........cccooveieeieiiiieieieceeceee e 13
Table 3.3 — C Factors (Case 1 t0 6) — RANZES. ...cc.eoveiiruieieiieieseeieeeeeie e 14
Table 3.4 — C Factors (Case 7 t0 10) — RANZES. ....ccveviruieiiiieiereeeeceeee ettt 15
Table 3.5 — Variables A tO R. ..ottt et 20
Table 4.1 — Parametric StUAY. .....ccveoveviecieieeieeeee ettt et saeens 24
Table 4.2 — Lindner — Parameter L Study........ccccooeieeiiiieieieeeeeeeeeeeeee e 24
Table 4.3 — Balaz and KoleKOVAa — CaSe 1. ......cceeiuiiiuieiiicie et 26
Table 4.4 — Balaz and KoleKOVA — CaSE 2. ......ccueeiuieiuieiieeie ettt 27
Table 4.5 — Balaz and KoleKova — CaSe 3. ......cc.ooouiiiuieiecee ettt 28
Table 4.6 — Balaz and KoleKOVAa — CaSE 4. .........ooouieiuieiiecee ettt et 29
Table 4.7 — Balaz and KoleKOVA — CaSE 5. ......cuieuieiiieieee ettt 30
Table 4.8 — Balaz and KoleKOVA — CaSE 6. ........oocuieiuieeiiieie ettt 31
Table 4.9 — Balaz and KoleKOVA — CaSE 7. .....ccouieuieiiieieecie ettt 32
Table 4.10 — Balaz and Kolekova — Case 9 — Non-linear..........c..ccccevveeiieiieeceeciecieeeeeieeeieeae 33
Table 4.11 — Balaz and Kolekova — Case 10 — NON-lINear............ccccccueeeueeiuieeiecie e 35
Table 4.12 — ECCS — Basis Load Cases — Case 1 — Without K,=0,7. ......cccoovvviviviniiiirencneen, 36
Table 4.13 — ECCS — Basis Load Cases — CaSe 2........cceecuieerieerieeieeieecieeetee et 38
Table 4.14 — ECCS — Basis Load Cases — CaSe 3........ccoocuieirieerieeieeeeeieeeteeeee et 38
Table 4.15 — ECCS — Basis Load Cases — CaS€ 4........ccoecuieiieeieeieeieeeieeeieeeee et 39
Table 4.16 — Gal€a — CaSE 1. ..c..ooouiieiiiiee et ettt e ae s 40
Table 4.17 — Gal€a — CASC 2. ....veieeeeieeeeeeeee ettt ettt e teeeteeete e e aaeeaaeeaeennis 40
Table 4.18 — Gal€a — CaSC 3. .....ocoiieieeieee ettt ettt e ete e te e e aeeeateeaeennis 41
Table 4.19 — Gal€a — CaSC 5. ....oooiiiiieeeee ettt et ettt eeaeeteennas 41
Table 4.20 — GaAl€a — CASC 6. .....oeoveieieeiieee ettt ettt et e te e e aaeeaaeeaeennas 42
Table 4.21 — Gal€a — CASC 7. ....veeeeeeeeeeeeee ettt ettt ettt ete et et e e e e aaeeeaeennas 42
Table 4.22 — Gal€a — CaSC 8. .....ocveieieeeeeeee ettt ettt et et et e e aa e e aeeaeennis 43
Table 4.23 — Andrade ef al. — CaSE 9. .....cuoeueeeuieeeeeeceeee ettt 44
Table 4.24 — Andrade ef al. — Case 10........ccveeeieiieiieeeeee ettt 45
Table 4.25 — Lindner — Case 9. ......ooueieiieeieeeeee ettt ettt eaeeeae e 46
Table 4.26 — Lindner — Case 10. ........occieuiiiiiiiice ettt ettt eae v nis 47

Jodo Luis Pinelo Esteves Canha viii



Comparison Between Analytical Expressions for LIST OF TABLES
Determination of Elastic Critical Moment of Steel Beams

Table 4.27 — Gal€a — CaSE L. ..oouieiiiieieieeeeeeeee ettt sttt enes 48
Table 4.28 — Gal€a — CaASE 2. ..cuvieuieiieieieeeieeee ettt sttt ettt s be et e bt e e enes 49
Table 4.29 — Trahair — Cas@ 3. ...ccoooieieieeieieeeeeeee ettt ettt ettt bt e s esaeenes 50
Table 4.30 — Trahair — Cas@ 4. ......oouieieiieieieeeeeeee ettt sttt ettt s beete et eneesaeenes 50
Table 4.31 — Trahair — Cas@ 5. ...ceooiieieiieieeeeteee ettt sttt st st sae s 52
Table 4.32 — Trahair — Cas@ 0. ...c.oouieieriieieieeieieeeee ettt sttt sbe e saeenes 53
Table 4.33 — Trahail — CaSE 7. ..cccvevuieieiieieieeerteee ettt st ettt s be et e s eneesaeenes 53
Table 4.34 — Trahair — Case 8. ......coeeieriieieieeeeeee ettt sttt bbbt et e saeenes 54
Table 4.35 — Trahair — Cas€ 9. ...ceoouieieiieieeeeee ettt sttt st ne 55
Table 4.36 — Trahair — Case 10. ....ccoooieiiiieieieeeeee ettt st 55
Table 4.37 — Serna €f al. — CaSE 1. ..ocuovuieiiiieieieeeee ettt s 56
Table 4.38 — Serna €f Al. — CaASE 2. ...ocvevuieieiieieieeeee ettt ettt st et 57
Table 4.39 — Serna ef al. — CaSE 3. ..oceiiieieieeeeeee ettt sttt 57
Table 4.40 — Serna €f Al. — CaASE 4. ...oc.eovuieieiieieieeeeeee ettt sttt s enee 58
Table 4.41 — Serna €f Al. — CaASE S....ocuveoiieieieeeeee ettt st s s 58
Table 4.42 — Serna €f Al. — CaASE 0. ...ccueeeienieiieiieieeeeee ettt st s enes 59
Table 4.43 — Serna €f Al. — CaASE T...ueevevuieieiieieeeese ettt sttt st s sae e 59
Table 4.44 — Serna ef al. — CaSE 8. .....oovuieieiieieieeeeee ettt sttt s 61
Table 4.45 — CompariSONS — CASE L.....coieiiriiiiiiieiesieeeeieeeee ettt 61
Table 4.46 — COMPATISON .uiiiiiiiiieieiieieeeeee ettt sttt ens 62
Table 4.47 — COMPATISON 2....eoueieiiiiieiieiieiterie ettt ettt et s e besaeetesseesbesbeentesbeensesseeneesseenes 62
Table 4.48 — ComPAariSONS — CASE 2.....ccueeieriirieriieienieeie st eteste ettt et sateste st etesseesesaeenee 62
Table 4.49 — COMPATISON 3. ..oiuiiiiiiieieieeieieete ettt ettt ettt et b e s bt e s bt e tesbeensesseeneesaeenes 63
Table 4.50 — COMPATISON 4.....ouvieuiiiieiieiieiierie ettt ettt ettt ettt e sttt esbeetesbeentesseeneesaeenes 63
Table 4.51 — COMPATISON S....eiuiieiiiiieieiieiee ettt ettt st ettt sbe et e sse e e e saeenes 63
Table 4.52 — COMPATISON O....eouviiiiiieiieiieieie ettt ettt ettt ettt e s st besbeebesbeentesseeneesaeenes 64
Table 4.53 — CompariSONS — CaASE 3.....c.coiiirieiiriieierieeierteete ettt ettt st te st sesaeenes 64
Table 4.54 — COMPATISON 7...uveuvieiieiieieiieieie ettt ettt et et st ete s st et e sbeetesbeensesseeneesaeenes 65
Table 4.55 — COMPATISON §.....ouvieuiiiieiieiieieieeee ettt ettt ettt et e sbeetesbeentesbeeneesaeenes 65
Table 4.56 — COMPATISON D....eouviiiiiieiieiieee ettt sttt sttt sbe et esse e e e saeenes 65
Table 4.57 — CompariSON 10. .....ccooiiiirieieieieeeee ettt st sae s 66
Table 4.58 — CompariSON 11. ....ccciiiiiiieieieee ettt s 66
Table 4.59 — CompariSONS — CASE 4.......covuiruieiiriieierieeieeteete ettt ettt et ste st eeesaeenes 66
Table 4.60 — ComPAriSON 12. ....ocoiiiiiiiiiieieieeeeee ettt sttt s enes 67
Table 4.61 — CompariSON 13. ....oooiiiieiieee ettt st s sae e 67
Table 4.62 — CompPariSON 14, ..ottt sttt s saeenee 67
Table 4.63 — ComPariSON 15. ....ooiiiieiiiieeee ettt sttt 68
Table 4.64 — ComMPATISON 16. ....ooiiiiiiiiiieieieeeeeeeee ettt sttt enes 68

Jodo Luis Pinelo Esteves Canha ix



Comparison Between Analytical Expressions for LIST OF TABLES
Determination of Elastic Critical Moment of Steel Beams

Table 4.65 — CompariSONS — CASE S.....ovieiiriiiieriieierieeie ettt ettt ettt s aesaeenee 68
Table 4.66 — COmMPATISON 17, .o..iiiiiiiieiicieeceee ettt sttt enee 69
Table 4.67 — CompariSON 18. ..ottt st st enee 69
Table 4.68 — CompariSON 19. ..ottt 69
Table 4.69 — CompariSONS — CASE O....cc.ceueruiriiriieieriieierteeie ettt ettt ste s e ste e esesaeenes 70
Table 4.70 — ComMPATISON 20. ....ociiriieieiieieieeterte ettt ettt e st e bt etesbeentesseensesaeenes 70
Table 4.71 — COmMPATISON 2 1. .o..iiiiiieieiieieieeeeee ettt sttt st sse et e saeenes 70
Table 4.72 — COMPATISON 22. ....ooiiiieiieiieiieie ettt ettt ettt sa e b e s st et e sbeebesbeensesseensesaeenes 71
Table 4.73 — ComPAriSON — CASE 7. ..cvevuieieriieieiieiesieete sttt sttt et et este st ese s esesaeenes 71
Table 4.74 — COMPATISON 23 ....iiiiiiieieiieieie ettt ettt ettt ae et e s bt e besbeentesseensesaeenes 71
Table 4.75 — COMPATISON 24 ....ocuiiiieiieiieieieetete ettt ettt ettt sttt te b entesbeeneesaeenes 72
Table 4.76 — COMPATISON 25. ....ooiiiieieiieieieeeerte ettt ettt ettt e bt aesbeentesseeneesaeenes 72
Table 4.77 — CompariSONS — CASE 8.....cceeiiriiriiriieierieeieste ettt ettt ettt ettt e te s esesaeenee 72
Table 4.78 — COMPATISON 26. ....oouiiiieiieiieiieieeeeste ettt ettt sat et e st et e s bt e tesbeentesseeneesaeenes 73
Table 4.79 — COMPATISON 27 ....ieiiiieiieiieierieeteste ettt ettt ettt be st e s bt ebesbeensesseeneesaeenes 73
Table 4.80 — CompariSONS — CASE 9.....ocuieiiriiiiiiieierieeteste ettt ettt 73
Table 4.81 — COMPATISON 28. ....oouiiiiiieiieieieeeee ettt ettt et e st tesbeetesseeneesaeenes 74
Table 4.82 — COMPATISON 2. ..ottt ettt ettt s be et e s s e e e saeenee 74
Table 4.83 - COMPATISON 29 ..c..iiiiiieieiieieieeeeteete ettt ettt et ettt sbeetesaeeneesaeenes 74
Table 4.84 — ComPAriSON 30. ....ccciiiiieieiieierieeieteetee ettt ettt e st tesbeetesbeeneesaeenes 75
Table 4.85 — ComPATiSON 3 1. .o..ioiiiiiiiiiieieeeeeee ettt ettt ettt sbe et e et esaeenes 75
Table 4.86 — Overview for double symmetric cross SECtion. ..........cecveveeeeeriereeniereenieneereeseenes 76
Table 4.87 — Overview for mono symmetric Cross SECHION. ......ccueveeeeriereerierienienieieseeeeeneeenns 77

Table A.1 — Values of factors C; and C; corresponding to various end moment ratio y, values
of buckling length factor k, and cross-section parameters yrand Ky (Kyw=1). .ccccoevnnee A2

Table A.2 — Values of factors C;, C; and C; corresponding to various transverse loading cases,
values of buckling length factors ky, k, and ky, cross section mono symmetry factor y¢

and tOrS10N PATAMETIET Kiyt. veevervieieriieieieiieie ettt ettt st sbe et ennas A3
Table A.3 — Relative non-dimensional critical moment ., for cantilever loaded by

concentrated tip 1load F (K =Kw=2). ceveioiieiee e A4
Table A.4 — Relative non-dimensional critical moment |1, for cantilever loaded by uniformly

distributed 10ad q (KmKw™2). wooeeeieieeee e AS
Table A.5 — Values of factor C; (kwt = 0.235; y; Mo/M) (K=ko=1). ceeieiieiiiieieeee, A.6

Table A.6 — Values of factors C; and C; corresponding to various end moment ratio , values
of buckling length factor k, and cross-section parameters yrand Ky (Kyw=1). .ccccoevnnce. A7

Jodo Luis Pinelo Esteves Canha X



Comparison Between Analytical Expressions for LIST OF TABLES
Determination of Elastic Critical Moment of Steel Beams

Table A.7 — Values of factors C;, C; and C; corresponding to various transverse loading cases,
values of buckling length factor k;, cross section mono symmetry and torsion parameter

Kt (K1) ettt A8
Table A.8 — C; for end moments with uniformly distributed load q (> 0). ..ocovveeveirnennne. A.13
Table A.9 — C, for end moments with uniformly distributed load q (W<0) .cocvervevieireennnen. A.14
Table A.10 — C; for end moments with uniformly distributed load q (L > 0). ..cceeevenneennne. A.15
Table A.11 — C, for end moments with uniformly distributed load q (L < 0). ceoovveveienennne. A.16
Table A.12 — C, for end moments with concentrated load F (L > 0). ..ccooieiiniiieniiiiinne A.17
Table A.13 — C, for end moments with concentrated load F (L < 0). cooovevieiiniiiiniiiieeee A.18
Table A.14 — C, for end moments with concentrated load F (L > 0). c.ccovveieniiiiniiiiine A.19
Table A.15 — C, for end moments with concentrated load F (L < 0). ooovevieieniiiiniiiiine A.20
Table A.16 — Values of C; and C; for cantilevers with warping prevent at the fixed end.... A.21
Table A.17 — Values of C; for cantilevers with warping prevent at the fixed end................ A2l
Table A.18 — Values of C; and C,; for cantilevers with warping free at the fixed end. ........ A22
Table A.19 — Values of C; for cantilevers with warping free at the fixed end...................... A22
Table A.20 — Values of ay, for doubly symmetric beams with loads at shear center (k,=k,~=1).

............................................................................................................................................ A24
Table A.21 — Critical moment for mono symmetric beams with loads at shear center

(K KT ettt A.25
Table A.22 — Critical moment for doubly and mono symmetric beams with loads out of shear

CONET (KK w1 oottt et e saa e e e e ae e e e aeeenaean A.26
Table A.23 — Critical moment for doubly and mono symmetric beams with loads out shear

center and subjected to uniform bending moment..............ccceeeveviriiininiininieneeeeen A27
Table A.24 — Critical moment for doubly symmetric cantilevers...........ccccecevvrvvervrcienennnn. A28
Table B.1 — Balaz and Kolekova — Case 1. .....c.coovirininininiiicccceeeeeeeeeeeeee e B.1
Table B.2 — Balaz and KoleKova — Case 2. .......coovivinineniniieececeeeeeeeeeeeeeeee e B.2
Table B.3 — Baldz and Kolekova — Case 2 — y¢limits analysis.......cccceeceeverienincenencenienenen. B.2
Table B.4 — Balaz and Kolekova — Case 3. .......ccooivinininiiiieeceeeeeeeeeeee e B3
Table B.5 — Balaz and Kolekova — Case 3 — y¢limits analysis.......ccccoeceeverienincenencenienenen. B3
Table B.6 — Balaz and Kolekova — Case 4. .......ccooeririnininiiiieccceeeeeeeeee e B4
Table B.7 — Balaz and Kolekova — Case 4 — y¢limits analysis.......ccccoeceeverieniinienencenienenen. B4
Table B.8 — Balaz and KoleKova — Case 5. .....c.coeverinininiiiieeccceeeeeeeeee e B.S
Table B.9 — Baldz and Kolekova — Case 5 — y¢limits analysis.......ccccoeceeverienienienenceniencnen. B.S
Table B.10 — BalaZ and Kolekova — Case 6. ........ccoouevininininiiniiccecceeeeeeeee e B.6
Table B.11 — Balaz and Kolekova — Case 6 — y¢ limits analysis. .......ccccooeveenincenencenienenen. B.6
Table B.12 — BalaZ and Kolekova — Case 7. .....cccoevirininininiiiccceeeeeeeeeeeeeee e B.7
Table B.13 — Balaz and Kolekova — Case 7 — C; analysis. .....ccccceveevierienienieienecieneeeeneenen B.7

Jodo Luis Pinelo Esteves Canha xi



Comparison Between Analytical Expressions for LIST OF TABLES
Determination of Elastic Critical Moment of Steel Beams

Table B.14 — Balaz and Kolekova — Case 9. .........cocveeiiiiiiiiecieceeeeeee e B.8
Table B.15 — Balaz and Kolekova — Case 9 — Interpolation analysis. .......c.ccccceecvereercenienncnnen. B.8
Table B.16 — Balaz and Kolekova — Case 10. ........cccooeiieiiieiieiiicieeeeeeeeee e B.9
Table B.17 — Balaz and Kolekova — Case 10 — Interpolation analysis. ..........ccecevuereeruenncnnee. B.9
Table B.18 — ECCS — Basis Load Cases — Case L. .....cccccceevievieeiieiieieceeceeeeeve e B.10
Table B.19 — ECCS — Basis Load Cases — Case 1 —k,= 0,7 Method........ccc.coovvvrvirnnnnnnn B.11
Table B.20 — ECCS — Basic Load Cases — CaS€ 2. ......cccccueevueeveieeiieiieeeeieecee e B.12
Table B.21 — ECCS — Basic Load Cases — Case 2 — y¢limits analysis. ........ccceveveeriineennnn. B.12
Table B.22 — ECCS — Basic Load Cases — Case 3.......cccceevierieeiieieeieeeeeeee e B.13
Table B.23 — ECCS — Basic Load Cases — Case 3 — y¢limits analysis. .......coceevvereecreniennnene. B13
Table B.24 — ECCS — Basic Load Cases — Case 4. ........cccvevieeieeiieiieieecee e B.14
Table B.25 — ECCS — Basic Load Cases — Case 4 — y¢limits analysis. ........coceveveerienennnen. B.14
Table B.26 — Galéa — Case 1 10 . .....ocvieiieiieeieeeececeeee ettt et eaeas B.15
Table B.27 — Gal€a — CaSE 7. ....ccueeeieeieeeeeeecteeee ettt ettt s ae e beebeesaeesaaeenaeennaas B.16
Table B.28 — Galéa — Case 8. ....c..ooeieieeeeeeeeee ettt ettt eanaan B.16
Table B.29 — Andrade et al. — Cas€ 9. .......oouvioiieiieeeeeeeee et B.17
Table B.30 — Andrade et al. — Case 9 — y¢ limits analysis.......ccooeeeveveriieniniienenienesieeeene B.17
Table B.31 — Andrade ez al. — Case 10. ......cc.ocuieiieoiieciececeeeeeee e B.18
Table B.32 — Andrade et al. — Case 10 — y¢limits analysis. ......ccceveeiveniniieneniienenieeene B.18
Table B.33 — Lindner — Cas€ 9. .....coveouiieiieieceeee ettt as B.19
Table B.34 — Lindner — Case 10........cccuiiiiiiiiiiiecieceeeete ettt B.20
Table B.35 — Trahair — Case 1 t0 4. ...c..oovieieieeeeeeeeeee ettt et aeas B.21
Table B.36 — Trahair — Case 5 10 0. ...c.ocouieiiieiecieceeeeeeecte ettt B.22
Table B.37 — Trahair — Case 3 t0 6 — hjanalysis. ........ccceviriiriniieninieneceeceeee e B.22
Table B.38 — Trahair — Case 7 and 8..........ccveeiieiieoiieieeieceeee et B.23
Table B.39 — Trahair — Case 9 and 10. ..........ocvieiiiiiiiiecieceeeeeeee e e B.24
Table B.40 —Serna ef al. — Case 1 and 6. .......ccooevieiieiiiiiiicieeeeeeeeee e B.25
Table B.41 —Serna et al. — Case 5 and 6. .......ccooevieiieiiiiciiciecieeeeeee e B.26
Table B.42 —Serna et al. — Case 7 and 8. ........c.ocovveiiiiiiiiicieeieeeeeeee e B.27

Jodo Luis Pinelo Esteves Canha xii



Comparison Between Analytical Expressions for NOTATIONS
Determination of Elastic Critical Moment of Steel Beams

NOTATIONS

Lowercases

b — Cross section width;

b, bg — Compression and tension flanges width

¢ — Parameter

d — Distance between the mid-span and the load position along the beam; Ratio between the
real d value and the total length of the beam

f,— Yield stress

f f>, f; — Parameter related to mono symmetric cross section

h — Cross section height

h,, — Distance between flanges centroids

hy— Web height

hiead, hy — Distance between the point of application of the load and bottom face of the cross
section; Ratio between the real h; and total height of the cross section

k — Lindner Factor

k, — Length factor related to rotations about the weak axis z

kyw — Length factor related to warping restriction

kwt— Non-dimensional parameter

ki, k2, k¢ — Length factors

m — Parameter

n — Parameter

q — Uniform distributed load

t — Cross section thickness

tr—Flange thickness

te, tn — Compression and Tension flange thickness

tw— Web thickness

z — Distance between the centroid of the cross section and the centroid of the compressed
flange.

7, — Distance between the point of the application of the loads and the centroid of the cross
section
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z, — Distance between the point of the application of loads and the shear center of the cross
section

z; — Parameter that reflects the degree of asymmetry of the cross section in relation to the y
axis

z, — Distance between the shear center and the centroid of the cross section

z, - Distance between the point of the application of loads and the centroid of the cross section
x-X — Axis along the element

y-y — Cross section axis parallel to the flanges

z-z — Cross section axis perpendicular to the flanges

x’-x’,y’-y’, z2’-z’ — Local system

Uppercases

C; — Factor related to the bending moment shape and can be related to torsion proprieties
C, — Factor related to the position of loading relatively to the shear center
Cs — Factor related to the shape of the cross section

D; — Integration constant

E — Modulus of elasticity

F — Concentrated load

G — Shear modulus

I — Second moment of area

Ix. — Second moment of area of compression flange about z

I — Second moment of area of tension flange about z

I;,— Second moment of area of flange about z

Iy, I,— Second moment of area, y-y and z-z axis

Iy — Warping constant

It — Torsional constant

K — Torsion parameter

K — Parameter related to mechanical properties

L — Element length

L; — Length of the simply supported beam part

M — Bending moment

My ra — Design buckling resistance moment

M, — Elastic moment for lateral-torsion buckling, critical moment
M, 2* _ Critical moment of the basic case

Mgq — Design bending moment

Mkiy— Elastic moment for lateral-torsion buckling

Mpax — Maximum value of the bending moment diagram

M, — Plastic resistance to bending moment
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My, M, — Bending moment, y-y axis and y’-y’ axis
My — Moment due to transverse load

Nz — Elastic critical force for out-of-plane buckling
Nki,- — Elastic critical force for out-of-plane buckling
T — Torsion

T; — Uniform torsional component

Tyw— Non-uniform torsional component

W, — Bending modulus, y-y axis

Lowercases Greek letters

art — Imperfection factor

om— Trahair Factor

a,— Stiffness of the bending restriction about z

ay — Stiffness of warping restrains

ax— Stiffness of the bending restriction about x

B — Ratio between the maximum and minimum bending moment, for a linear bending moment
distribution

By, By* — Parameter that reflects the degree of asymmetry of the cross section in relation to the
y axis

Bo, B1, B2 — Mrazik Factors

y — Parameter

ymi — Partial safety factor for resistance of members to instability assessed by member checks
& — Moment factor applicable to fork restraint at the supports

&g, &j0— Non-dimensional parameter related to the load position

&;, Ee0— Non-dimensional parameter related to the asymmetry of the cross section

M1 — Non-dimensional slenderness for lateral-torsion buckling

XLT‘O — Plateau length of the lateral torsional buckling curves

p — Ratio of the moment due to transverse load to the maximum moment

Ker — Non-dimensional critical moment; eigenvalue

v — Displacement out of plane

yur — Reduction factor to lateral-torsion buckling

¢ — Angle of rotation;

ot — Value to determine the reduction factor yrr

v:— Torsion coefficient

vy — Ratio between the maximum and minimum bending moment, for a linear bending
moment distribution

yr— Parameter that reflects the degree of asymmetry of the flanges

o — Displacement in the load plane
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1 INTRODUCTION

1.1 Motivation and Objectives

Typically, elements subject to bending have much greater strength and stiffness in the plane in
which loads are applied, such as I-section beams, allowing greater savings of material. This
consideration can lead to failure by lateral-torsional buckling (or flexural-torsion buckling) of
such elements before their maximum capacity of the cross section in the plane of loading is
reached. This can be easily seen in Figure 1.1, which represents lateral-torsion buckling of a
cantilever vertically loaded at the tip. In the Figure, the compression flange has a tendency to
bend sideways while the remainder of the cross section restrains it from doing so. This
phenomenon is a bifurcation-type instability and its critical buckling mode involves bending
and torsion deformation. The critical buckling point corresponds to a critical moment, M,
representing the maximum moment that the element can support without lateral-torsional
buckling. This value is not only a characteristic of the material or cross section, but it is a
result from an interaction of various factors such as geometric properties of the cross section;
of the element; of the material; restriction at supports; loading type and loading position
relatively to the cross section shear center.

Figure 1.1 — Lateral-torsional buckling in cantilever loaded on the tip.

The study of the general theory of lateral-torsion buckling, such as the study of the stability
theory, was started by Euler in 1759 on column flexural buckling, which presented the first
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analytical theory to predict the reduced of the maximum strength of slender columns. Years
later, in 1855, the research of Sanit-Venant on uniform torsion gave the first description of the
response of elements to torsion. However, it was only in 1899 that lateral-torsion bucking
appears published by Michell and Prandtl. In their research, they considered only beams with
rectangular cross section, therefore only with uniform torsion. Based on this, Timoshenko in
1905 presented his research about I-section beams, including the effects of the warping
torsion on these elements. More research such as Wagner in 1929 led to the development of a
general theory of lateral-torsion bucking, which was published in many textbook used and
accepted nowadays (Trahair, 1993).

However, the complexity of the calculation needed to this analysis limits the manual analysis
of variables. Only in the 60’s with the advent of the modern digital computer was it possible
to eliminate some barriers, allowing for the appearance of a huge number of published
researches about lateral-torsional buckling. In 1970, the extension of the general finite
element method of structural analysis to lateral-torsion bucking problems by Barsoum and
Gallagher, allows all complex hypotheses with various load cases and boundary conditions to
be automatically computed (Trahair, 1993). On the other hand, 40 years have passed, and
despite the significant evolution of the software based in Finite Element Method in the last
decade, they remain too complex and slow to compute accurate values, making simplified and
approximated analytical expression more attractive and practical for structural designers and
general use. There is a variety of these expressions and calibration factors values in result of
the extensive research over the years, but all follow the same principle. This variety is due to
their low consistency or limitation, which leads to different codes adopting different ways or
simply do not present no procedure for its calculation. Eurocode 3 (CEN, 2007) is the latter:
the critical moment is used in its safety verification procedure but no way for its calculation is
proposed. There is an analytical expression in Annex F (informative) of its pre-standard
version (CEN, 2003). However some authors have shown that its calibration factors can lead
to incorrect values of the critical moment (Balaz, et al., 1999) (Baldz, et al., 2012), creating
some disagreement and results in to its removal from the current version of the code.
Therefore the main objective of this thesis is to start a selection process of the most complete
expression, and the most accurate calibration factors. Allowing the creation of a standardized
procedure based on the best results in future research. For this purpose the established goals
are: (i) present the theoretical background of this analytical expression; (ii) present and
analyze the most used expressions and factors’ values; (iii)) compare them with numerical
models considering a wide parametric study in order to know its accuracy; and (iv) compare
and discuss results from the different solutions among them.
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1

.1 Outline of the Dissertation

This thesis is divided in 5 chapters.

In Chapter 1 the phenomenon of lateral-torsional buckling is presented as well as the
importance of an accurate critical moment value. The research evolution and the current
situation of the methods for its evaluation are also described inserting the objective of the
thesis on that.

In Chapter 2 the theoretical background of the analytical expressions and its concepts are
presented. The link of the elastic critical moment value with the Eurocode 3 procedure is
also made.

In Chapter 3 all expressions and proposed factors values analyzed here are presented and
discussed. Firstly, the alternatives general expressions are described and then all solutions
for factors’ values are analyzed and discussed.

In Chapter 4 the parametric study and its results are presented and discussed. Firstly, the
comparison between each solution is made with numerical model. Then, the results are
compared for each analyzed case and discussed among them.

And in Chapter 5 some general conclusions are taken as well as the important subjects to
be further developed.

And finally, the thesis has two Annex parts. In the first part, Annex A, all the analyzed and

discussed solutions for the factors values are presented, and then in Annex B the statistical

analysis for each one relative to the numerical models results is presented.
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2 THEORETICAL BACKGOUND AND EUROCODE 3 VERIFICATION

2.1 Equilibrium and Bifurcation Buckling

In structural analysis, the “Stability” concept is always associated to the equilibrium concept,
once it is used for classification of the equilibrium position of a structure under load. This
structure may be stable, neutral or unstable. At the transition from stable to unstable
equilibrium, it is assumed that a state of neutral equilibrium exists. Bifurcation-type instability
is characterized by a primary equilibrium path, and in a bifurcation point this path may
suddenly branch or bifurcate creating a postbuckling path. This point corresponds to the
intersection between these paths and it is where the equilibrium of the primary path changes
from stable to unstable. Which means that after passing the bifurcation load, the original path
is unstable and any small disturbance will be cause a snap to the lower path.

The lateral-torsional buckling involves both transversal displacements and twist rotations and
is resisted by combinations of the bending resistance and the torsional resistances. Thus, it is
possible to realize that for lateral-torsional buckling of a beam, the equilibrium path must be a
3D graph with four variables: M is the moment applied; ® is the displacement in the load
plane; v is displacement out of plane and ¢ is the angle of rotation. Therefore, a generic
equilibrium path of a lateral-torsion buckling of a beam is presented in Figure 2.1.

MA
M Primary Equilibrium Path (Unstable)
N
= ~ Postbuckling Path

| Bifurcation Point - Critical Moment

L,

Figure 2.1 — Generic equilibrium path of a lateral-torsion buckling of a beam.
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As seen in the figure above, the bifurcation point corresponds to a “critical bifurcation
moment”, which is called Critical Moment. Real elements present a variety of initial
geometrical imperfections like an initial deformed configuration, geometric cross section
imperfection or residual stress. This has a huge impact on the primary equilibrium path, as can
be easily seen in red in the figure above. However in this thesis it is only studied elements
without imperfections and with elastic behavior. These variables are included on the structural
design process by the Eurocode 3 (CEN, 2007).

2.2 Critical Moment - Basic Case

The analytical expressions to calculate the elastic critical moment used in this study are based
in a basic case with easy and precise formulation. To understand this formulation, the
governing differential equation for lateral torsional bucking of the basic case is summarized.
In this case, the beam has a by-symmetrical I-section and it is subjected to constant bending
moment. At the supports, lateral displacements and twist in the cross section are prevented,
but warping and bending rotations around the cross sectional axes are allowed. The
formulation is obtained from the differential equation of equilibrium in the deformed
configuration, as seen in Figure 2.2.

Initial Position

Deformed Position

R A N G ro-ro-
! w
My :
Mz‘g:‘,—'(f"//// ! i
e
\\ Z' :
< I
R VR
vz
a) Critical buckling mode (Top view / geral view) b) Cross Section

Figure 2.2 — Basic case.

The local system is x’,y’,z’ at the center of cross section. The deformation of the element is

defined by the components v, ® of the displacement and by the angle of rotation ¢. The

equilibrium equation for bending in y’ direction with M, = M,, cos ¢ ~ M,, is given by
d?w(x)

y—Ta T My =0 ()
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Similarly, for bending in 2z’ direction with M,» = My, singp ~ ¢ M,, is given by

d?v(x)
El,— 5+ ()M, =0 (2)

The equilibrium equation for torsion in x” direction with T = M,, sin(dv/dx) =~ M,,(dv/dx)
is given by
d3(x do(x dv(x
0@ de @

Elw dx3 ~Glr dx + My dx

3)

Eq. (1) is independent from Eq. (2) and Eq. (3). Differentiating Eq. (3) once and combining it
with Eq. (2), Eq. (4) is obtained:

4 2 2
g, 30 d (p(x)—Mi o(x) =0 )

wodxt T dxz E

Eq. (4) 1s a fourth order differential equation with constants coefficients, the general solution
is of the type
QD(X) = D1 sin(mx) + DZ COS(mx) + D3enx + D4e—nx (5)

where m and n are positive real quantities. The constants D;, D,, D3 and D4 may be obtained
by the boundary conditions of the problem, leading to the Critical Moment of the basic case

T n?El,
M, = Z\/GITEIZ (1 + LZGIT) (6)

Eq. (6) represents the solution of the basic case and this is the basis for the expressions that

are analyzed here. These expressions combine this equation with one or more calibrated
factors to take into account the real conditions of the hypothesis in study, such as different
loading type and load position; different support conditions; and different cross sections.

2.3 Eurocode 3

Real beams are conditioned by plasticity phenomena and imperfections such as initial lateral
displacements, initial torsional rotations, eccentricity of the transversal loads and residual
stresses. These variables are included in the design process by Eurocode 3 (CEN, 2007). The
collapse of the beams composed by an elasto-plastic material is originated by a combination
between phenomena of plasticity and instability and it depends on the slenderness of the
beam, plastic resistance of the cross section and the imperfections. Thus, it is easily
understood that the resistance capacity of low slenderness beams is limited by the plastic
moment M, and for high slenderness beams the limit is the critical moment. For intermediate
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slenderness beams, the resistance capacity is limited by an interaction of both, plastic moment
and critical moment. Thus, the procedure to the design of an element has to involve all of
these factors. As a result, the procedure adopted by the Eurocode 3 to verification of
resistance of uniform beams in bending consists of the verification of the Eq. (7) (Clause
6.3.2.1 (1)).

Mgq

<1.0 (7)
My, ra

Where Mggq is the design bending moment and My rq is the design buckling resistant moment

which is given by

My ra = XeoWy fy /Ym1 (8)

where Wy is the bending modulus about strong axis and its calculation depends on the class of
the cross section, in other words, depends on the capacity and ability of the cross section to
form rotational plastic hinges; f; is the yield strength; ywm 1s the partial factor for resistance of
members to instability; and ypr is the reduction factor for lateral-torsion bulking. The value of
yot (clause 6.3.2.2) is based on a non-dimensional slenderness for lateral torsional buckling,
which is given by

A_LT == (9)

Where M, is the critical moment of the beam, which is based on gross cross sectional
properties, and takes into account the loading conditions, the real moment distribution and the
lateral restraints (clause 6.3.2.2 (2)). As said, the current version of the Eurocode 3 does not
include a procedure for the calculation of this critical moment. And it is on this issue

procedure that this thesis focuses. The relation between yrr and Ay 1 is given by

1

= with <1
XLT R— XLT (10)
brr+ (P’ — Aur
where the parameter ¢ is given by
= = 2
¢LT =0.5 [1 + C(LT(/lLT - 0.2) + ALT ] (11)

arr is the imperfection factor which depends on the buckling curve. Standard European
lateral-torsional buckling curves do not yet exist (ECCS, 2006), hence the Eurocode 3 adopted
the same curves used for y, reduction factor for relevant buckling mode in columns.
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3 ANALYTICAL EXPRESSIONS FOR DETERMINATION OF
CRITICAL MOMENT

In Chapter 2, the formulation of the critical moment of a beam with double-symmetrical I-
section and fork conditions subjected to constant bending moment is defined, Eq. (6), i.e., the
basic case. This case is a particular case with an easy and precise formulation. However,
many situations in reality have different conditions, such as different symmetry of the cross
section; different restrictions at the supports; different loading type and loading position. And
it is understandable that, it is not practical to compute an exact equation for each situation,
since this implies the computation of differential equations with different complexity. Another
approach for that is the use of software based on numerical techniques such as the Finite
Element Method. However the complexity of the software and the time spent to compute
makes analytical expressions more attractive and practical for structural designers and general
use. There is a variety of these expressions in result of the extensive research over the years,
but all following the same principle. As said in the Chapter 2, these expressions are all based
in the basic case equation that is multiplied by calibrated factors to take the different
conditions into account, being the main difference between them the values of the factors. In
this chapter each analyzed proposal is presented, as well as some considerations that are
necessary to establish for each one in order to overcome some issues/inconsistencies in each
procedures. Thus, firstly the general expressions are presented, which basically is the
modification of Eq. (6) in order to include the factors, and then all solutions for factors’
values are analyzed.

3.1 General Expressions

One of the most commonly employed expression to estimate the elastic critical moment is the
so-called 3-factor formula. This formula was first proposed by Mrazik in 1958 (Mrazik, et al.,
1958) (Balaz, et al., 1999), with three factors, Bo, Bi, and B, depending on loading, symmetry
of cross section and boundary conditions, given by

n2EI, [IW (kz>2 Gl (kZL
, o

2
Mcr = 'BO(ICZ—L)Z Z E EIZ - ) l+(Zg+ﬁlzj)2 + (Zg+,81Zj) (12)
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Other authors proposed similar formulae like Clark and Hill in 1960 (Clark, et al., 1960) Eq.
(13), and Djalaly in 1974 (Djalaly, 1974) Eq. (14) (Balaz, et al., 1999)

v — TI.'ZEIZ IW 1+ GIT(kL)Z + (C +C K)Z + (C +C K) (13)
cr — L1 (kL)Z IZ HZEIW 29 3 29 3
an[Z I, Gl k,L 2 2
M. =C; kzksz Z * El, (T) +(CZZQ + C3Zj) + (CZZg + C3Zj) (14)

Based on these researches the EN'V version of Eurocode 3 (CEN, 2003) adopted the following
formula with three factors, C;, C, and C; depending be related to bending moment shape,
position of loading relatively to the shear center, and shape of the cross section respectively.
This formula is currently one of the most well-know and widely employed formula.

n2El, k,\*1, (k,L)2GI,
M. = C1m \/I(E> A + TRZEL + (Cyzg — C32))?| — [Crzy — C37] (15)

Where k, and k,, are effective length factor that depend on the support conditions at the end
sections, k, is related to rotations about the weak axis z, and ky, refers to the warping
restriction; z, is the distance between the point of the application of the loads and the shear
center of the cross section; and z; is a parameter that reflects the degree of asymmetry of the
cross section in relation to the y axis. Some authors use C; also related to the torsion
proprieties. Note that if all factors in Eq. (15) are equal to 1, results in Eq. (6), the basis case.
Some authors consider other equivalent formulae to Eq. (15). Baldz and Kolekova (Balaz, et
al., 2012) (CEN, 2007) consider Eq. (16) for determination of the elastic critical moment

Mer = ey —n@ (16)

where

Her =% J1+k3,t+(czcg—cgg)2—(czég — () (17)

z

And the three non-dimensional parameters are

n |EI nz, |EI nz; |EI
kwe =7— |7 =17 = §=1r =1 (18)
kyL. |Gl 9 k,L |Gl ) k,L |Gl
Note that replacing Eq. (17) and Eq. (18) in Eq. (16) leads to Eq. (15). The use and calculation
separately of these three non-dimensional parameters allows the inclusion of more specific

conditions of the hypothesis in study in the calculation process of the C factors. This results in
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more customized, varied and perhaps more accurate C values. Apart from how the factors are

presented and calibrated, all formulae can be synthetized in similar format, yet they are not

exactly equivalent. It is seen in the following that an attempt to find an equivalency between

the formulae is not as straightforward as it may seem at first. In summary, when one compares

Eq. (15) to other formulae for M, the following can be said:

e In Eq. (12), BoV(B2) could be said to be related to bending moment shape as C; of Eq. (15);
-1/N(B2) to position of loading as C, of Eq. (15); and B1/N(B,) to the asymmetry of cross
section in the plane of loading as C; of Eq. (15). Thus, Eq. (12) can be rearranged as

_ n?EL | | ko\* Ly (e L)2GL,  (—2,—Biz)\*  —2z4—P17
Mcr—\/ﬁ—zﬁo—(kZL)z \/(E) E+ T2EL +< \/ﬁ_z ) _—\/ﬁ_z (19)

e In Eq. (13), C; holds an opposite sign to C; in Eq. (15). Regarding the length factors k, and

ky, which are here somehow represented by a factor k, these are not considered in a same
manner as in Eq. (15). However if ky=k,=k the formula is equivalent to Eq. (15). Thus,
considering k,=ky=k, Eq. (13) can be rearranged as

M, + (=Cg9 — C3K)? — (—Crg — C3K) (20)

¢ n2El, IW+(kZL)ZGIt
T Y (k,L)?) |1, = m®2EL

e In Eq. (14), C; also hold an opposite sign to C, in Eq. (15). Regarding the length factors k,
and ky, they are again not considered in a same manner as in Eq. (15) as they are not
considered the same exact terms in the equation as in Eq (15). Thus, Eq. (14) can be
rearranged as

M, - n2El, \/Il (kWL)ZGItJr(k_W

2 2
ky
- ) —2(- W@
“k? |1, T e kz> (=Cazg + Cozy) =17 (=GCozg + Gz) (21

e The Eq. (16), as mentioned previously, is equivalent to Eq. (15).
The relations between the formulae are summarized in Table 3.1.

Table 3.1 — Relations between the alternatives 3-factors formulae.

Eq.(15) G C, C; Ky k,
Eq.(12) BoV(B2) -1AB2)  BANB) ke k.
Eq.(13) C -Cy C; k' k
Eq.(14) C —Czi—‘: C% ke k
Eq.(16) C C, C; Ky k,

* This assumption is only possible if k, =k, =k
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Some authors, as Lindner (ECCS, 2006) and Trahair (Trahair, 1993) consider 1-factor
formulae. These formulae are obviously simpler but also more limited than the 3-factor
formulae. This type of formula is also used in some modern steel structures codes as the
American AISC LRFD (AISC, 1994). There are some differences between Lindner and
Trahair formula. Lindner considers the equation given by (ECCS, 2006)

k
M, = Z,/EIZGIt (22)

Where k is a lateral torsional buckling coefficient depending on the torsion coefficient y; given
by

EIL,
= 1261,

Xt (23)

This formula is limited to double symmetric cross sections. And the k value is given in charts
as a function of y;. Trahair formula is the simplest one; it is basically the multiplication of Eq.
(6) by a factor o, which leads to (Trahair, 1993)

/s m2EI
M = T \/GITEIZ (1 + LZGIW> (24)
T

This equation is equal to Eq. (15) with the length factors equal to 1; C, and C; equal to zero;

and considering o, equal to C;. As seen in Annex A.7, the author uses this equation as base
equation and contours its limitation by changing the equation depending of the specific
situation, based on numerical results. This leads to a huge number of limited equations and
transformations in order to include all possible situations permitted.

As a final note, it is important to mention the formulation and sign convention for z, and z;
adopted by the Eq. (15) and Eq. (16) and the values of the length factors adopted by most
authors. The z; parameter that as stated is a parameter that reflects the degree of asymmetry of
the cross section in relation to the y axis, is given by

z
Zj = z5 — O.SJ (y? + ZZ)I—dA (25)
A y

This parameter is equal to zero for doubly symmetric cross sections. For mono symmetrical I
section the Eq. (25) can be simplified as

1 _ (bts Ll bf trc R
7 = o | = D=5 + Dretye(hm = 27 = 2 + byctyeZ
y

12
teo\* teNN) t
=757 - (2-5) }5] =

(26)
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where Z is the distance between the centroid of the cross section and the centroid of the
compressed flange. For the sign convention, this parameter takes positive values when the
flange with the largest second moment of area about z is the compressed flange. The
parameter z, that as mentioned is the distance between the point of the application of the loads
and the shear center of the cross section, and is given by

Zg =Zg — Zs 27

where z, and z are respectively the coordinates of the point of application of the load and of
the shear center relative to the centroid of the cross section. The parameter z, is positive if
gravity loads are located above the shear center and negative if located below the shear center,

l zg >0

s.c.l zg=0
}

Figure 3.1 — Sign convention for z,.

as seen in the Figure 3.1.

zg <0

And finally relatively to the length factors k, and ky, they vary from 0.5 for full restraint to
1.0 for no restraint, with 0.7 for one end fixed and one end free, in the general of the cases and
solutions. Nevertheless in cases such as cantilevers, these factors depend of the considerations
made by each author.

3.2 C Factors

In this section, the C values or equivalent factors values from several authors are compared,
all their C values or its formulation are presented in Annex A. The main differences between
each solution are the possibilities of considering different type of loading; boundary
conditions; type of cross-section and the respective values of the factors. The C values
presented by Balaz and Kolekova which were adopted in Eurocode 9 (CEN, 2007) as well as
the values for combination of loads presented by the same authors (Baldz, et al., 2012) are
considered here. The values presented in ECCS publication number 119 (ECCS, 2006) are
also considered, namely the C values of the publication for simply supported beams with a
single type of loads, the C values by Galéa (Galéa, 2002) for combination of loads, the C
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values by Andrade ef al. (Andrade, et al., 2006) for I-section cantilevers and the values by
Lindner for overhanging beams. Finally the values by Trahair (Trahair, 1993) and the C
values by Serna ef al. (Serna, et al., 2006) are also considered. The analyzed C values are
listed in Table 3.2 by author. Each solution has distinct limitations of cross-sections types,
loading types or restrictions at supports as seen in Tables 3.3 and 3.4. In these tables the
analyzed cases in this thesis as well as the numeration adopted are also presented.

Table 3.2 — C Factor values analyzed.

C Factors Reference
Bal4z and Kolekova (Balaz, et al., 2012) (CEN, 2007)
ECCS — Basis Load Cases (ECCS, 2006)
Galéa (ECCS, 20006) (Galéa, 2002)
Andrade et al. (ECCS, 2006) (Andrade, et al., 2006)
Lindner (ECCS, 20006)
Trahair (Trahair, 1993)
Serna et al. (Serna, et al., 2006)

For Tables 3.3 and 3.4, it is important to mention that for Trahair factors his book from 1993
(Trahair, 1993) is used, in which he presents several formulations for different cases.
However, Annex A.7 presents in a summarized way only formulations for the cases analyzed
here. As can be seen in Tables A.21 and A.23 the formulations presented for mono symmetric
cross sections or for different support conditions are very limited and restrictive in number of
cases and possibilities. In this sense, the author makes a vast number of references to papers
with even more formulations including more cases and hypotheses than in his book. Since this
is not practical and following the purpose of these analytical expressions, for simplification
Tables A.21 and Table A.23 are neither considered, nor included in the following tables. In
the same way, in ECCS publication (ECCS, 2006) a huge number of papers by Lindner ef al.
involving cases with special support conditions are presented in a summarized way. Since
most of them are too specific, in this thesis only factors for cases with overhanging beams are
analyzed, since this factors takes into account the stiffness of the simple supported beam as a
variable. Note that all other factors analyzed in these thesis for cantilevers with free warping,
i.e. the overhanging cases, have the rotation about z axis restricted, which means that they
consider the simply supported beams as infinitely rigid.

As a final note regarding the following tables, it is important to mention that the figures only
have a schematic sense: for instance the boundary condition in the cantilevers may not be
fixed in all directions as shown in the figures.
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3.2.1 Balaz and Kolekova

C factors proposed by Baldz and Kolekova, see Annex A.2, are presented with Eq. (16). For
its analysis the authors have presented 5 tables to obtain the solution for the three C factors for
9 different cases (Balaz, et al., 2012) (CEN, 2007):

e Simply supported beams with end moments, Table A.1.

e Simply supported or fixed beams with various transverse loading cases, Table A.2.

e Cantilevers with point load applied at the tip, Table A.3.

e (Cantilevers with uniformly distributed load, Table A.4.

e Simply supported beams with the combination between end moments and uniformly
distributed load, Table A.5.

It is important to notice that Table A.3 and A.4 give directly the non-dimensional critical

moment L, the direct value of Eq. (17), and not the C values. In addition to these tables an

approximated formulation to calculate by the C factors is also presented, see note b). However
this formulation is limited to C; and C, excluding mono symmetric cross sections, therefore it
is not considered here. For the application it is necessary to establish some considerations:

e In Table A.1, if the maximum of the moment diagram is in a support, this support is to be
considered on the left edge of the beam and all boundary conditions are defined with this
orientation;

e For cantilevers, Table A.3 and A.4, three options are available, although they do not
precisely coincide:

(1) Discrete coefficients of the tables. Intermediate values shall be further obtained by
non-linear interpolation;

(i1) For double symmetrical cross-sections with the loads applied on shear center, the
authors suggest an equation for point load applied at the tip, Table A.3 note a), and an
equation for uniform distributed load, Table A.4 note a);

(i11) For double symmetrical cross section, as it was said, a specific formulae may be used
as an alternative to the values obtained from 1) and i1), using an approximation to the C
factor values, note b).

Here option ii) for double symmetrical cross-section with the loads applied at the shear

center, and option ii) for all other cases are considered. For the interpolation in the option

1), in the paper (Balaz, et al., 2012) nothing it is said, however in the Eurocode 9 (CEN,

2007) is recommended the use of non-linear interpolation. Thus, it is adopted a polynomial

equation of degree four for k: and £y and a polynomial equation of degree six for &,

e In what concerns beams with combination of distributed loading and end moments, see
Table A.5, the authors calibrated C; factors for the case of ky=0,235. These factors may
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nonetheless be used for other values of ky according to the authors. This is taken into
account here.

¢ In the same table, the consideration of uniformly distributed load acting at a distance from
the shear center (£,#0) combined with end moment loading is to be accounted for by the
factor C,. Since the authors do not have relevant values of C,, as a simplification it is
recommended by the authors that C,=0,5 as done in DIN 18800 (DIN, 1990). In this code
the expression for the critical moment is given by Eq. (28) for double symmetric sections,
in which the value for C, s fixed and is equal to 0,5.

My, = fNKi,z( lc2 +0,252% + 0, Szp) (28)

e An approximated formula for C; is given in Annex I (Informative) of the Eurocode 9
(CEN, 2007), when k,=1. This formula is not considered here.

C; = (0,310 + 0,428y + 0,262?) %> (29)

e In all tables, except for the cantilevers, a linear interpolate is considered whenever
necessary.

3.2.2 ECCS - Basis Load cases

C factors values proposed by ECCS publication for simply supported beams with a single

kind of load, see Annex A.3, are presented with Eq. (15). For its analysis 2 tables to obtain the

solution for the three C factors for 4 different loading cases (ECCS, 2006) are proposed:

e Simply supported beams with end moments, Table A.6;

e Simply supported beams with various transverse loading cases, Table A.7.

As it happens in the previous solution, for its application it is necessary to establish some

consideration:

e For k,~1 and end moments cases of the Table A.6, Eq. (30) may be approximately used for
any ratio end moment loading as an alternative to the table. This expression is considered
here;

C; = (0,310 + 0,428y + 0,2621p2)7%5 (30)

e In Table A.6 only values for C; and Cs for cases with k=1 or k,=0,5 are presented. For
cases with k,=0,7 it is here analyzed two possible ways: the first one and more trivial one,
is to conservatively use the values of C; and C; from the tables for the case k=1 and
replace k,=0,7 in the main equation, and the second way is to use a linear interpolation of
the C; and C; values;
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e Still regarding end conditions, a note concerning the applicability of C factors is attached
to the tables, imposing that these are to be applied for k,=ky=1. This aspect is clearly
contradicting and is disregarded for the purpose of this study;

e When necessary, a linear interpolation considering the discrete values from tables is
carried out.

3.2.3 Galéa

C factors proposed by Galéa are presented with Eq. (15), see Annex A.4. For its analysis the

authors has proposed 8 charts, Figure A.2 to Figure A.5, or equivalent § tables, Table A.8 to

Table A.15, to obtain the solution for C; and C, for 2 different combinations between end

moments and transversal loads (Galéa, 2002) (ECCS, 2006), comprising:

e Simply supported beams with the combinations between end moments and uniformly
distributed load, Figure A.2 and Figure A.3 or Table A.8 to Table A.11;

e Simply supported beams with the combination between end moments and point load
applied at mid-span, Figure A.4 and Figure A.5 or Table A.12 to Table A.15.

For computing the C factors, the values from the referred tables are considered and results are

linearly interpolated whenever necessary. This is considered as the discrete values that are

obtained from the table are exact in comparison to the values to be obtained from the charts.

In addition, since the original expression is not available, programming of C factors from the

tables is more convenient.

3.2.4 Andrade et al.

C factors proposed by Andrade et al. are presented with Eq. (15), see Annex A.S5. For its
analysis the authors have proposed 4 tables to obtain the solution for the three C factors to
cantilevers for 2 different load cases (ECCS, 2006) (Andrade, et al., 2006):

e Cantilevers with uniformly distributed load, Table A.16 and Table A.17;

e Cantilevers with point load applied at the tip, Table A.18 and Table A.19.

3.2.5 Lindner

This solution proposed by Lindner uses a k factor in alternative to C factors and is presented
with Eq. (22), see Annex A.6. For its analysis the author has proposed 5 charts, Figure A.6, to
obtain the k value to overhanging beams for 3 different loading cases (ECCS, 2006):
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e Overhanging beam with uniformly distributed load only in the suspended part, Figure A.6
a) and b);

e Overhanging beam with a point load applied at the tip, Figure A.6 ¢) and d);

e Overhanging beam with an end moment applied at the tip, Figure A.6 e).

As can be easily seen in Figure A.6, an inconsistency is noticed in the presentation of charts c)

and e), which, for distinct cases, give exactly the same results. Since no information is given

in ECCS (2006) regarding the source of such charts, both cases are considered here, also with

the aim to detect to which case they correspond. In order to compute the procedure, an

approximated equation for each chart is previously obtained. Each line of the charts is divided

in 20 parts, resulting in 21 points per line. With these 21 points, and by the least squares

method, the polynomial regression function with best relation between lowest degree and

accuracy is obtained for each line, as seen in the Figure 3.2 for chart a).

k 7

0 005 01 015 02 025 03 035 04 045
Xe

——Points - Linear ——Degree6 —— Degree3 —— Degree 2

Figure 3.2 — Polynomial test of the chart a).

As easily observed, all the polynomial equations have a good accuracy, however the
polynomial equation of degree two can lead to some visible unsafe values, thus in order to
simplified the final formula polynomial equation of degree three is adopted. These results are
similar in all charts. Since there are 4 lines in each chart and they are dependent of only one
variable, Li/L,, the final equation of each chart it is obtained by polynomial equation of three
degree involving the 4 previous polynomial equations. This leads to an equation of k per
charts. Thus, combining Eq. (22) and Eq. (15) with these equations it is possible to obtain an
equation of C; to each chart, which leads to:
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Where L is the length of the suspended part; L; is the length of the simply supported beam
part; and the variables A to R in the Table 3.5.

Table 3.5 — Variables A to R.

Charts a) b) ¢) and e) d)
A -48454 | -105887 | -17620 -46620
B 89122 158109 34528 78577
C -56143 -83409 -22402 -38579
D 71178 92075 44501 50899
E 122315 | -324386 64456 213569
F -131256 | 722686 | -104028 | -197780
H -43814 | -855949 21975 -184331
I -78308 702707 | -107516 | 306196
J -171344 | 1088135 | -131793 | -1051420
K 89282 | -2088732 | 237474 | 1219393
M 194212 | 2036119 | -77253 219713
N 285820 | -1509090 | 355558 | -679840
(0} -31633 | -1869003 | 74928 597563
P 268191 | 3272871 | -159640 | -439532
Q -365161 | -2549774 | 50611 -591853
R -304128 | 1636538 | -386419 | 754651

Note that the difference between the chart a) and b) or ¢) and d) is the load position relatively
to the shear center; in this sense it would be logic to use C; and C, factors. This was indeed
done, however it is not presented here: firstly, C; factors were calibrated for cases b) and d),
therefore isolating the position of the load relatively to the shear center of the cross section;
secondly, C, factors were calibrated for cases a) and c), with reference to cases b) and d),
respectively, thus making it possible to isolate the loading position in the C, factors. This
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approach has the advantage of being consistent with the 3-factor formula (apart from the
mono-symmetry of the cross section, represented by Cs; — not considered here). However, it 1s
not presented here for the following reason: (1) it led to a non-practical equation of C,, for
which more attention needs to be paid to simplifying it; (ii) to associate this broader C, factor
with the 3-factor formula, it is assumed that it is validated to any position of load relatively to
the shear center. This was also noted here and will definitely be considered in a further step of
this study; (ii1) the main objective of this study is to compare different alternatives for
calculation of the critical moment — for this reason, and for the time being, factors C; were
calibrated specifically for cases a) and c), thus allowing for programming of the referred
charts.

3.2.6 Trahair

The solution proposed by Trahair uses a an, factor, which can be considered as a C; factor,

and is presented with Eq. (24), see Annex A.7. For its analysis the author has proposed one

Table, for simple supported beams with the most current loading cases, Table A.20; an

upgrade to the formula in order to include the load location relatively to the shear center,

Table A.22; and 4 specific formulae for cantilevers with 2 differences loading cases, Table

A.24, thus in a summarized way it is covered: (Trahair, 1993):

e Simply supported beams with end moments;

e Simply supported beams with various transverse loading cases;

e Simply supported beams with the combination between end moments and uniformly
distributed load or point load applied at the mid-span;

e (Cantilevers with uniformly distributed load;

e Cantilevers with point load applied at the tip.

As above mentioned, in the 1993 book by Trahair (Trahair, 1993) a huge number of

formulations for other various cases is presented. However, here only the formulations related

to the cases presented in Tables 3.3 and 3.4 are studied, and also presented in Annex A.7.

Some of these formulations are very limited or restrictive, and therefore some considerations

are made:

e Since the expressions presented in Table A.21 are only for 3 of the 10 cases analyzed here,
these expressions are disregarded and thus it is only analyzed double symmetric cross
sections.

e Since the mono symmetric cross sections are disregarded, the corresponding expression
presented in Table A.22 is also not considered. As seen in this table, for this type of cross
sections with loads not applied at the shear center it is only possible to analyze one case,
which gives further support to the previous consideration.
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e As one can see in Table A.23, the proposal for restrictions at the supports is only
applicable to load and section conditions of the basic case, which it is very restrictive. This
table is therefore also disregarded.

As a final note, it is important to state that the same book makes a huge number of references

to papers with more solutions than the ones mentioned above — also most likely including a

non-practical number of new different and independent equations. These papers are not

considered for the purpose of this study.

3.2.7 Serna et al.

C factors proposed by Serna et al. are presented with Eq. (15) with C, and Cs equal to zero
(Serna, et al., 2006). The procedure to calculate the C, factor is described in Annex A.8. This
solution is based in the moment diagram geometry which gives the possibility to cover a huge
number of cases. On the other hand, the solution only covers double symmetric cross sections
with loads applied at the shear center. Relatively to the support conditions, only rotations and
warping free or fixed at the same time in each support are allowed. If the support conditions
are different between supports the authors has values for C; factor, thought they do not say
which value to use for the length factors in the main formula. Nevertheless, it is the only
solution that allows one support totally fixed (both warping and weak axis rotation) and the
other support with fork conditions. Given these two previous considerations, the possibility to
consider supports with different conditions is disregarded here.

3.3 Final Remarks

As discussed in section 3.1, almost all expressions are equivalent or simplification of the Eq.
(15). There are however 2 exceptions: the Lindner formula and the sets of formulae by
Trahair. The first exception can be easily converted in a C factors format as showed in section
3.2.5. Relatively to the second exception, the Eq. (24) for simply supported beams with basic
load cases is equivalent to Eq. (15) as already seen; the problem are the complex and different
formulations for loads not applied at shear center and cantilevers. However, as seen in section
3.2.6, these formulations do not permit more solutions than the already existent in C factor
format proposed by others authors becoming an accuracy matter. Considering this, Eq. (15)
seems to be the most practical and complete expression.

Relatively to the C factors values and to the different solutions for those factors, its accuracy
is tested and compared in Chapter 4 by a wide parametric study.
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4 PARAMETRIC STUDY

4.1 Numerical Model

All results in this study are compared to numeric results with very good accuracy, in order to
better understand the accuracy level given by each analyzed solution. The software used is
LTBeam (Galéa, 2010), based in Finite Element Method. This software was developed by
Centre Technique Industriel de la Construction Métallique (CTICM) in the frame of a
European research project supported by the European Coal and Steel Community (ECSC) to
deal specifically with elastic lateral torsional buckling of steel and composite beams. This
software essentially computes an accurate value of the lowest eigenvalue, p., and thus the
critical moment value, M, of a beam with various possible cross sections; restrictions or load
cases.

In its validation report (Galéa, 2002) 65 test were performed between LTBeam and ANSYS
V5.6 (ANSYS) leading to differences lower than 1% for most of the cases. The description of
these and other validation tests are given in the mentioned document. The program allows for
the use of a discretization with 50 to 300 elements. For all cases 200 elements are used
following the author’s recommendation for cantilevers, the most sensitive case to loading and
restrain conditions, with a precision of 1 10™ and 70 as maximum number of interactions.

To compute the analyses, the same values of cross section proprieties and element conditions
are used in numerical model and in C factor value definition.

4.2 Parametric Study

In Table 4.1 the variables and ranges analyzed in this study for all cases of the Tables 3.3 and
3.4 are concisely presented. These ranges are the base ranges used in the study, for the study
of the range limitation relatively to parameter yr by 0,9 or 0,5, both mono symmetric cross
sections are added.
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Table 4.1 — Parametric Study.

Variable Range
E [GPa] 210
G [GPa] 81
L [m] {5;10}
Ky {5;10}
k, {5;0,7;10}
v [-1;-0,95;...0,95;1]
d [%] [0;0,05;...0,45;0,5]
hyoaa [%0] [0;0,05...0,95;1]
[-20;-10;-8;-6;-4;-3,75;-3,25;-2;-1,9;
# ..31,9;2:2,25;2.75;3,25;4;6;8;20]
Double Symmetric IPE {100;200;300;400;500}
HEB
Mono Symmetric - ¢ h =300 [-1;-0,8;...;0,8;1]
h=1500
Li/L, [0;0,125;...; 0,875;1]
N° Cases 10
N° of Tests 107034

Other important note is that the Lindner solution is very restrictive about the slenderness;
therefore the L range is changed. Thus, for the same double symmetric cross sections, all the

possible hypotheses are analyzed and are presented in Table 4.2.

Table 4.2 — Lindner — Parameter L Study.

L [m] 1 2 3 4 5 6 7 8
Profile | IPEI00 IPE200 IPE200 IP300  IP300  IPE400 IPE400 IPE500
HEB100 HEB200 IPE300 IPE400 IPE400 IPES00 IPES00 HEB500

IPE400  IPE5S00 IPES00 HEB300 HEB400

IPE200 HEB300 HEB300 HEB400 HEBS500

HEB300 HEB400 HEB400 HEBS500
HEB400 HEB500 HEB500
HEB500

Finally, the parametric study compromises more than 100.000 tests involving the 10 cases. As
previously seen, each solution has distinct limitations of cross sections types, loading types or
restrictions at the supports. In this sense, firstly all solutions are analyzed separately, and then
they are compared between them in the ranges of variables that they have in common.
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4.3 Methodology

For better interpretation of the results, the ten cases presented in Tables 3.3 and 3.4 are

divided in double symmetric and mono-symmetric cross sections. For these groups two types

of analysis are performed:

e QGraphical analysis: Using normalized values according to the Eq. (32). This scale is chosen
only for visualization purposes in order to be able to view different cross section (which
present different levels of Mc;) in a same scale range.

i

M Author 1
Results from expressions: = ==
Mpl,y JAuthor
) (32)
M LTBeam 1
Results from LTBeam: d ==
L Mpl,y ALTBeam

e Statistical analysis: Statistical evaluation concerning the ratio MAYHOT/MLTBeam o1 the
analyzed solution. In these table the CoV column is the coefficient of variation given by
the ratio between the standard deviation and the mean; and the <0,9 and >1,03 columns are
percentage of cases that exceed more than 10% of conservatism and more than 3% of
unconservatism relatively to the LTBeam values, all tables are presented in Annex B.

This chapter first presents the results for each solution, in section 4.5, and then the possible

comparisons between them, section 4.5.

4.4 Results

As above referred, all solutions have C values for distinct limitations and it is impossible to
compare all variables between them. In addition, in few of them it is necessary to analyze
some considerations made in their procedure and some variables only included in each one. In
this sense, in this section each solution is separately discussed, in order to exclude some
variables or procedure with worst results; give an overview about all; and analyze
incomparable variables. The statistical analysis of all solutions and variables is presented in
Annex B, and all tables mentioned with A or B numerations are from annexes.

4.41 Balaz and Kolekova

In this solution all variables of all cases are analyzed here. As it seen in Tables 3.3 and 3.4
this is very complete and it only has not C values for Case 8.
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4411 Case1

Figure 4.1 presents the graphical analysis of the Case 1 for double and mono symmetric cross
sections and Table 4.3 presents a summary of the Table B.1. Relatively to the double
symmetric cross sections, see a), the C values obtain very good results relatively to LTBeam,
with a CoV value of 1,948% and only 0,6% of the results above the 3% unsafe mark with a
maximum value of 1,036 (0,6% above the 3% unsafe mark). In Table B.1, it is possible to see
that these unsafe results have y as a member of [0;0,5[ with k, equal to 0,7, essentially when
the restriction is on the right side, 0,7R.

1/)Balaz & Kolekova 1/)BaldZz & Kolekova
42 2,6
3,7
2,2
32
1,8
2,7
2,2 L4
1,7
1
1,2
0,6
0,7
0,2 0,2
02 07 12 17 22 27 32 37 42 0,2 0,6 1 1,4 1,8 22 2,6
1/ LTBeam 1/3LTBeam
a) Double symmetric cross sections. b) Mono symmetric cross sections.

Figure 4.1 — Balaz and Kolekova — Case 1.

Relatively to mono symmetric cross sections, see b), the C values obtain worst results,
presenting a CoV value approximately of 7,817 with 20,8% of the results above the 3%
unsafe mark, and a maximum value 55,6% above the LTBeam results. In Table B.1, it is
possible to see that most of the unsafe tests are in sections with yrnear to the limits of its
range, [-0,9;0,9], and increase following the variation of y = 1 to -1. Since the analytical
expressions are based in the basic case with yy= 0 and y = 1 these results would be expected.
Note that for all section with y¢between -0,9 and 0,9 the solution only propose one or two Cs
value, on the other hand, for T-sections, yrequal to 1 or -1, there are specific values, and this
is why there is a decrease of unsafe results for 0,9 to 1 and for -0,9 to -1.

Table 4.3 — Balaz and Kolekova — Case 1.

Balaz & Kolekova n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Case] __DoubleSymmetric 3280 0998 0019 1,948 0944 1,036 00 0,6
ase Mono Symmetric 8528 1,003 0,078 7,817 0571 1,556 6,1 20,8
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4.41.2 Case 2

Figure 4.2 presents the graphical analysis of the Case 2 for double and mono symmetric cross
sections and Table 4.4 presents a summary of the Table B.2. For double symmetric cross
sections, see a), the C values obtain a CoV value of 1,03% and only 0,9% of the results above
the 3% mark with a maximum value of 1,044 (1,4% above the 3% mark) which are good
results. As can be seen in Table B.2 and in green in a) the unsafe results are in sub-set of k=1
and k,=0,5.

1 /IBaléi & Kolekova 1 /XBaléi & Kolekova
3,7 2,4
kw kz kw kz

32 11 2,1 11

s 105 105
2,8 ° 0,5 1 1,8 ° 0,5 1

° 0,5 0,5 ° 0,5 0,5
b3 | T +3% s | T +3%

-10% -10%

1.9 1,2
1,4 0,9
0,5 & 03
0,5 0,9 1,4 1,9 2,3 2,8 3,2 3,7 0,3 0,6 0,9 1,2 1,5 1,8 2,1 2,4
1 /XLTBeam 1 /XLTBeam
a) Double symmetric cross sections. b) Mono symmetric cross sections.

Figure 4.2 — Balaz and Kolekova — Case 2.

For mono symmetric cross sections, see b), the C values have better results comparatively to
the previously case, presenting a CoV value of 2,76% with 3,8% of the results above the 3%
unsafe mark, and a maximum value 11,6% above the LTBeam results. As previously, the
results are worst for yr near to the limits of its range, [-0,9;0,9], and for ky=1 and k,=0,5 as
happens for double symmetric cross sections. Table B.3 presents the results for the 3 wyr
values (of the parametric study) nearest of the range limits, in order to understand the
distribution of the accuracy in this range. In this table, it is possible to see that there is a gap
between yr = -0,8 with only 6,8% unsafe results with maximum value of 1,074 (7% above the
LTBeam) and y¢ = -0,9 with 19% unsafe results with maximum value of 1,116 (11,6 % above
LTBeam).

Table 4.4 — Balaz and Kolekova — Case 2.

Balaz & Kolekova n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Cacey _ DoubleSymmetric 1680 0998 0010 1030 0972 104 00 0.9
ase Mono Symmetric 4368 0,994 0,027 2,760 0,827 1,116 1.0 38
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4.41.3 Case 3

Figure 4.3 presents the graphical analysis of the Case 3 for double and mono symmetric cross
sections and Table 4.5 presents a summary of the Table B.4. In an overview of this case, these
C values obtain very similar results relatively to the previous case, possibly because the
moment diagram shape is similar between these cases. For double symmetric sections, see a),
the C values obtain a CoV value of 0,733% and has no unsafe testes or conservative testes,
which are very good results.

1/).BalaZz & Kolekova 1/ BaliZ & Kolekova
4,0 2,6 —
36 kw  kz kw kz &C;;;
1 1 2.2 1 1 0880

32 e 1 05 o 1 05 §7es

o 05 1 o 05 1
2,8 e 05 05 1,8 ° 05 05

--------- +3% wemeenes 43%
24 -10% L4 -10%
2,0
1,6 1,0
1,2
‘ 0,6
-y
0.8
0,4 0,2
04 08 12 16 20 24 28 32 36 40 0,2 0,6 1,0 1.4 1.8 2,2 2,6
I/XLTBeam I/ILTBeam
a) Double symmetric cross sections. b) Mono symmetric cross sections.

Figure 4.3 — Balaz and Kolekova — Case 3.

On the other hand, for mono symmetric cross sections, the C values obtain a CoV value of
4,283% with 11,8% of the results above the 3% unsafe mark, and a maximum value 13,8%
above the LTBeam results. All unsafe results have yras a member of [-0,9;-0;6] or [0,6;0,9].
As previously, in Table B.5 this sub-sets are divided, and it is possible to see the huge gap
between the percentage of unsafe results with vy equal to 0,9 or -0,9 (26,8% and 74,4%
respectively) and with y¢ equal to 0,8 or -0,8 (17,9% and 20,8% respectively). And note that,
for yrequal to 0,6 or -0,6 the percentage of unsafe tests is 2,4% and 7,1%, which is very low
comparing with yr= -0,9 results. For this table, the maximum values varies between 11,9%
(vr = -0,9) and 3,6% (yr = -0,6) above the LTBeam results. As a final note, the T-section
obtains approximately 30% of tests below the 10% conservative mark.

Table 4.5 — Balaz and Kolekova — Case 3.

Balaz & Kolekova n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Cae 3 Double Symmetric 1680 0997 0007 0,733 0,978 1,009 0,0 0,0
ase Mono Symmetric 4368 0,994 0,043 4283 0811 1,138 53 11,8
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441.4 Case4

Figure 4.4 presents the graphical analysis of the Case 4 for double and mono symmetric cross
sections and Table 4.6 presents a summary of the Table B.6. For double symmetric cross
sections, see a), the C values obtain a CoV value of 2,216% and 8,8% of the results above the
3% unsafe mark with a maximum value 12,7% above the LTBeam results. As one can see in
Table B.6 and in green and purple in the chart a), these unsafe results are in k,= 0,5 sub-sets
and for h; as a member of [0;0,5[ (load applied in the bottom and tension part of the cross
section). Coincidentally these 2 sub-sets combined lead to highest critical moment values, and

thus the Af tpeam SUb-set with lower value has almost all unsafe results.

1 /IBaléi & Kolekova 1 /xBaléi & Kolekova
3,6 2,2
kw kz kw kz
32 11 1,9 11
o 1 05 o 1 05
28 o 05 1 17 o 05 1
e 05 05 °o 05 05
24 | e +3% el +3%

-10% -10%

2,0
1,1
1,6
0.8
1,2 y ' ’ '
0,6 v v
08 — ]
04 1 — 03
04 08 12 16 20 24 28 32 3¢ 0306 08 LLoLe L7 L9 22
1/ LTBeam 1/2LTBeam
a) Double symmetric cross sections. b) Mono symmetric cross sections.

Figure 4.4 — Balaz and Kolekova — Case 4.

For mono symmetric cross sections, see b), the C values obtain a CoV value of 4,213% with
12,2% of the results above the 3% unsafe mark, and a maximum value 19% above the
LTBeam results. The results are worst for the same variables and ranges of the double
symmetric cross sections, however now there is also the yr parameter. The analysis of this
parameter is presented in Table B.7, and the results are similar to the previous cases. Note that
the percentage of unsafe results decrease 10% for positives yr values and 3% for negatives
values. For T-sections, the C values obtain approximately 20% of results below the 10%
conservative mark, and no unsafe tests.

Table 4.6 — Balaz and Kolekova — Case 4.

Balaz & Kolekova n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Caceq _ DoubleSymmetric 1680 1002 0022 2216 0963 1127 00 8.8
ase Mono Symmetric 4368 0,995 0,042 4213 0826 1190 35 122
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4.41.5 Case5

Figure 4.5 presents the graphical analysis of the Case 5 for double and mono symmetric cross
sections and Table 4.7 presents a summary of the Table B.§8. For double symmetric cross
sections, see a), the C values obtain a CoV value of 1,518% and had no unsafe tests or
conservative tests, which are very good results.

1 /XBalﬁi & Kolekova 1 /XBaléi & Kolekova
6,2 L 34
kW kZ kW kZ
5.4 11 29 11
o 105 o 1 05
4,6 o 0,5 05 éfé )4 o 05 05
3.8 .
1,9
3,0
1,4

2,2

>

f T T
14 jIIHIHHHIIIIIIIIt 0,9 ,/ \
0,6 0,4
06 14 22 30 38 46 54 62 04 0.9 1.4 1.9 2.4 2,9 3.4
I/XLTBeam I/ILTBeam
a) Double symmetric cross sections. b) Mono symmetric cross sections.

Figure 4.5 — Balaz and Kolekova — Case 5.

For mono symmetric cross sections, see b), the C values obtain a CoV value of 13,447%, with
22% of the results above the 3% unsafe mark and 19,1% below the 10% conservative mark.
With a maximum value 19,8% above the LTBeam results and a minimum value 66,3% below.
Almost all unsafe results, as seen in Table B.8, haves yras a member of [-0,5;0[; on the other
hand, all conservative results correspond to T-section.

Table 4.7 — Balaz and Kolekova — Case 5.

Balaz & Kolekova n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Double Symmetric 1260 0,996 0,015 1,518 0,944 1,019 0,0 0,0

CaseS ) jono Symmetric 2268 0963 0,130 13,447 0337 L198 190 220

Given the huge difference between the results of double and mono symmetrical cross
sections, the variable yr is analyzed in a more detailed way in the Table B.9. Firstly it is
important to mention that this solution only have C values for vy equal to 1 or -1 and for
values between -0,5 to 0,5, as can be seen in Table A.2. As nothing is said in this table and for
an overview of the problem, the interpolation between these values is analyzed separately of
the analysis above in order to get a solution for y as a member of [-0,9;-0,5[ and ]0,5;0.9], as
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can be seen in the first part of Table B.9. This interpolation gives bad results, with
percentages of unsafe values over 70%, in this sense, these interpolations are disregarded. In
the second part of this table, a more detailed analysis of the limits proposed by the solution 1s
presented. Beyond the same conclusions given in the previous cases, it is possible to see that
for y¢=-0,5 the C values obtain 83,3% unsafe results with a maximum value 19,8% above
LTBeam results.

4.41.6 Case6

Figure 4.6 presents the graphical analysis of the Case 6 for double and mono symmetric cross
sections and Table 4.8 presents a summary of the Table B.10. For double symmetric cross
sections, see a), the C values obtain a CoV value of 1,598% and only 0,2% of the results
above the 3% mark with a maximum value approximately 3% above the LTBeam results.

1/)Baliz & Kolekova 1/)Baliz & Kolekova
47 2,7
kw kz kw kz .8
4,0 (. 2,4 11
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13 05 0,5 © 05 05 ;
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2,6 1,5
1,9 b2
0,9 l
1,2 . N
0.6 ] : [
0,5 & 0,3 4
0,5 1,2 1,9 2,6 33 4,0 47 03 06 09 12 15 18 21 24 27
I/XLTBeam I/XLTBeam
a) Double symmetric cross sections. b) Mono symmetric cross sections.

Figure 4.6 — Balaz and Kolekova — Case 6.

For mono symmetric cross sections, see b), the C values obtain a CoV value of 12,911% with
29,2% of the results above the 3% unsafe mark and 18,7% below the 10% conservative mark.
With a maximum value 41% above the LTBeam results, and a minimum value 53% below the
LTBeam results. A similar analysis as the presented in the previously case is performed with
similar results, as can be seen in Table B.11

Table 4.8 — Balaz and Kolekova — Case 6.

Balaz & Kolekova n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Case 6 Double Symmetric 1260 0,999 0,016 1,598 0,961 1,030 0,0 0,2
ase Mono Symmetric 2268 0972 0,126 12911 0470 1410 18,7 292
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4.41.7 Case7

For this case, firstly, the consideration made in section 3.2.1 for cases with the uniformly
distributed load acting at a distance from the shear center is analyzed. In which it was decided
to use C,=0,5 as it is done in DIN 18800 (DIN, 1990). This consideration leads to bad results
as seen in Figure 4.7 a) and in Table B.13. For loads applied at top flange the CoV values is
20,551% with 48% of the results above the 3% unsafe mark and 7,5% below the 10%
conservative mark, and a maximum value 150% the LTBeam results. And for loads applied at
the bottom flange the CoV value is 14,684% with 25,6% of the results above the 3% unsafe
mark and 21,5% below the 10% conservative mark, and a minimum value 60% below the
LTBeam results. Since this consideration obtains very bad results, for the analysis of the C
values all loads are applied at shear center, disregarding the C, values.
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a) C,=0,5 b) Loads applied at shear center.

Figure 4.7 — Balaz and Kolekova — Case 7.

Thus, Figure 4.7 b) presents the graphical analysis of the Case 7 for double symmetric cross
sections with the loads applied at shear center and Table 4.9 presents a summary of the Table
B.12. For this case the C values obtain a CoV value of 4,034% and 12,6% of the results above
the 3% unsafe mark and 3,5% of the tests below the 10% conservative mark. With a
maximum value approximately 24% above the LTBeam results and a minimum value 21,1%
below. Almost all of the unsafe results haves y as a member of ]0,5;1].

Table 4.9 — Balaz and Kolekova — Case 7.

Balaz & Kolekova n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Case7 C,=0 5220 1,003 0,040 4,034 0,789 1,241 3,5 12,6
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4.41.8 Case?9

For this case, firstly, a comparison between non-linear interpolations with linear
interpolations is performed. The considerations about the use of non-linear interpolation are
already discussed in section 3.2.1. However, since the use of this type of interpolations in
tables with 3 variables is not practical and it is the opposite behind the philosophy of these
analytical expressions this comparison is performed. This analysis is presented in Table B.15
and as can be seen, for double symmetrical cross sections, the difference is insignificant, the
CoV value decrease about 1%. On other hand, for mono symmetric cross sections, the CoV
value increases about 1% but with half of unsafe results. Although it is not a significant
improvement, the non-linear interpolation is adopted for the case analysis.
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a) Double symmetric cross sections. b) Mono symmetric cross sections.

Figure 4.8 — Balaz and Kolekova — Case 9.

Figure 4.8 presents the graphical analysis of the Case 9 for double and mono symmetric cross
sections and Table 4.10 presents a summary of the Table B.14. For double symmetric cross
section, see a), the C value obtains a CoV value of 9,314% and 28,3% of the results above the
3% unsafe mark with a maximum value 30,2% above the LTBeam results. As seen in Table
B.14 and in green in a), all unsafe results are tests with the load applied at the top flange.

Table 4.10 — Balaz and Kolekova — Case 9 — Non-linear.

Balaz & Kolekova n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Double Symmetric 60 1,045 0,097 9,314 0,960 1,302 0,0 28,3

Case9 Mono Symmetric 108 1,034 0,115 11,131 0445 1310 1,9 278
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For mono symmetric cross sections, see b), the C values obtains a CoV value of 11,131% and
27,8% of the results above the 3% unsafe mark with a maximum value 31% above the
LTBeam results. The results are worst for the same type of tests, with the load applied at the
top flange.

4419 Case 10

For the same reason, as it was done in the previous case, a comparison between non-linear
interpolations with linear interpolations is performed, and the results are very similar. This
analysis 1s present in Table B.17, for double symmetrical cross section the CoV value
decreases about 3%. On the other hand, for mono symmetrical cross section the CoV value
increases 1% but with half of unsafe results. In the same way, the non-linear interpolation is
adopted for the case analysis.
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a) Double symmetric cross sections. b) Mono symmetric cross sections.
Figure 4.9 — Balaz and Kolekova — Case 10.

Figure 4.9 presents the graphical analysis of the Case 9 for double and mono symmetric cross
sections and Table 4.11 presents a summary of the Table B.16. For double symmetric cross
sections, see a), the C values obtain a CoV value of 10,691% and 33,3% of the results above
the 3% unsafe mark with a maximum value 29,7% above the LTBeam results. As one can see
in Table B.16 and in green in a), all unsafe results are tests with the load applied at the top
flange. For mono symmetric cross sections, see b), the C values obtain a CoV value of
13,691% and 28,7% of the results above the 3% unsafe mark with a maximum value 42,4%
above the LTBeam results. And the results are worst for the same type of tests.
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Table 4.11 — Balaz and Kolekova — Case 10 — Non-linear.

Balaz & Kolekova n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Double Symmetric 60 1,047 0,112 10,691 0,929 1,297 0,0 33,3

Case 10 = fono Symmetric 108 1,035 0142 13,691 0348 1424 19 287

4.4.2 ECCS - Basis Load Cases

In this solution all variable of all cases are analyzed here. As it seen in Tables 3.3 and 3.4 this
only has C values for 4 cases.

4.4.21 Case1

For this case, a preliminary analysis is performed in order to choose a way to take in account
the k,=0,7 tests as discussed in section 3.2.2. In that section, it is presented two possible ways:
use the C factors values of the tables for case k=1 and only replace k,=0,7 in the main
equation, or use a linear interpolation between the C factors. The comparative analysis
between these two methods is presented in Table B.19, and as can be seen, there is not a
significant difference between them. However, in order to decide which method to use, it is
given preference to the method with lower CoV value, since this method may be more
consistent. Figure 4.10 presents the graphical analysis of the Case 1 for double symmetric
cross sections and Table 4.12 presents a summary of the Table B.18.
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02 07 12 1,7 22 27 32 37 42 02 07 12 17 22 27 32 37 42
1/ALTBeam Without kz=0,7 1/ L TBeam

a) All tests. b) Without k,=0,7.

Figure 4.10 — ECCS — Case 1 — Double symmetric cross sections.
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In a) and b), the results are presented differentiating the k, by colors. In a), it is easily noticed
that the results for k,=0,7L (in purple) are too conservative, with 73,5% of the tests below the
10% conservative mark. The opposite is noticed for k,=0,7R (in blue), with the results too
unconservative with 75,5% of the test above the 3% unsafe mark. In these sense, for the C
values analysis, the tests with different boundary conditions, k,=0,7, are disregarded. Thus,
for double symmetric cross sections without k, = 0,7 tests, the C values obtain a CoV value of
3,445% with only 0,1% of the results above the 3% mark and 16,2% below the 10%
conservative mark. The maximum value is 3,2% above the LTBeam results and the minimum
value is 13,5% below the LTBeam results. As seen in Table B.18, the number of conservative
results increase following the variation of y = 1 to -1, leading to the sub-set with y as a
member of [-1;-0,5] with 26,6% conservative tests.

Table 4.12 — ECCS — Basis Load Cases — Case 1 — Without k,=0,7.

ECCS - Basis Load Cases n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Case 1 Double Symmetric 1640 0,934 0,032 3,445 0,865 1,032 16,2 0,1
ase

Mono Symmetric 3608 0,957 0,079 8,214 0,752 1,381 17,8 10,0

Figure 4.11 presents the graphical analysis of the Case 1 for mono symmetric cross sections.
For this type of cross sections, as seen in a) and b), the k,=0,7 tests obtain the same problem
already seen for double symmetric cross sections, with k,=0,7L (in purple) too conservative,
with 59,6% of the tests below the 10% conservative mark. And k,=0,7R (in blue), too
unconservative with 73,5% of the test above the 3% unsafe mark. In the same way, for the C
values analysis, the tests with different boundary conditions, k,=0,7, are disregarded.
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a) All tests. b) Without k,=0,7.

Figure 4.11 — ECCS — Case 1 — Mono symmetric cross sections.
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Thus, for mono symmetric cross sections without k, = 0,7 tests, the C values obtain a CoV
value of 8,214% with 10% of the results above the 3% unsafe mark and 17,8% below the 10%
conservative mark. The maximum value is 3,81% above the LTBeam results and the
minimum value is 24,8% below the LTBeam results. The number of conservative results
increase following the variation of y = 1 to -1 and yr=-0,9 to 0,9, and the unsafe results have
yras a member of [-0,9;-0,6] and [0,6;0,9] and increase following the variation of y =1 to -1.

4.4.2.2 Case 2

Figure 4.12 presents the graphical analysis of the Case 2 for double and mono symmetric
cross sections and Table 4.13 presents a summary of the Table B.20. For double symmetric
cross sections, seen a), the C values obtain very good results relatively to LTBeam, with a
CoV value of 1,486% and only 0,2% of the results above the 3% unsafe mark with a
maximum value of 1,031 (0,1% above the 3% unsafe mark). The unsafe results are in k,=0,5

sub-set.
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a) Double symmetric cross sections. b) Mono symmetric cross sections.

Figure 4.12 — ECCS — Basis Load Cases — Case 2.

Relatively to mono symmetric cross sections, seen b), the C values obtain a CoV value of
2,780% with 11,1% of the results above the 3% unsafe mark, and a maximum value 12,2%
above the LTBeam results. These unsafe results, are essentially in the k,=0,5 sub-set and have
the yr as a member of [-0,9;-0,6]. This y¢range is detailed in Table B.21, and one can see that
there is a huge difference between the values of the range. For y¢= -0,8, the unsafe results are
half those obtained for y¢=-0,9. And [-0,9;-0,6] have no conservative or unsafe result.
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Table 4.13 — ECCS — Basis Load Cases — Case 2.

ECCS —Basis Load Cases n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Cacey _ DoubleSymmetric 540 0993 0015 1486 0949 1031 00 0,2

B T Mono Symmetric 1848 0,996 0,028 2,780 0935 1,122 0,0 11,1
4423 Case3

Figure 4.13 presents the graphical analysis of the Case 3 for double and mono symmetric
cross sections and Table 4.14 presents a summary of the Table B.22. For double symmetric
cross sections, see a), the C values obtain a CoV value of 1,770% and has no unsafe or
conservative tests, which are very good results.
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a) Double symmetric cross sections. b) Mono symmetric cross sections.

Figure 4.13 — ECCS — Basis Load Cases — Case 3.

For mono symmetric cross sections, see b), the C values obtain a CoV value of 2,997% with
13,7% of the results above the 3% unsafe mark, and a maximum value 13,8% above the
LTBeam results. These unsafe results have yr as a member of [-0,9;-0,6] and [0,6;0,9]. These
ranges are detailed in Table B.23, and it is possible to see that they follow the same
conclusions of the previous cases, however it is important to note the huge gap between y¢=-
0,9 with 74,4% of the unsafe results and y;=-0,8 with only 20,8%.

Table 4.14 — ECCS — Basis Load Cases — Case 3.

ECCS - Basis Load Cases n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Caces _ DoubleSymmetric 840 0,990 0018 1770 0931 1017 00 0.0
ase Mono Symmetric 1848 1,000 0,030 2997 0,925 1,138 0.0 13.7
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4424 Case4

Figure 4.14 presents the graphical analysis of the Case 4 for double and mono symmetric
cross sections and Table 4.15 presents a summary of the Table B.24. For double symmetric
cross sections, see a), the C values obtain a CoV value of 2,122% and 13% of the results
above the 3% mark with a maximum value 10,7% above the 3% unsafe mark. The unsafe
values are in k,=0,5 sub-set as can be easily seen in the blue in Figure 4.14 a).
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a) Double symmetric cross sections. b) Mono symmetric cross sections.

Figure 4.14 — ECCS — Basis Load Cases — Case 4.

For mono symmetric cross sections, see a), the C values obtain a CoV value of 3,397% and
22.2% of the results above the 3% unsafe mark with a maximum 16% above the LTBeam
results. The unsafe values are in k,=0,5 sub-set and the number increase following the
variation of y¢= 0,9 to -0,9. In whish the y¢=-0,9 sub-set has 61,3% unsafe results, see Table
B.25.

Table 4.15 — ECCS — Basis Load Cases — Case 4.

ECCS —Basis Load Cases n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Case 4 Double Symmetric 840 1,009 0,021 2,122 0,960 1,107 0,0 13,0
ase

Mono Symmetric 1848 1,015 0,034 3,397 0,942 1,160 0,0 22,2

4.4.3 Galéa

In this solution all variable of all cases are analyzed here. As seen in Tables 3.3 and 3.4 this
only has not C values for Case 4 and cantilevers cases.
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4.4.3.1 Case1and 2

Figure 4.15 presents the graphical analysis of Case 1 and 2 for double symmetric cross
sections and Tables 4.16 and 4.17 presents a summary of the Table B.26 for these cases

respectively.
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Figure 4.15 — Galéa — Case 1 and 2.

For to the Case 1, the C values obtain a CoV value of 3,032% and 0,6% of the results below
the 10% conservative mark with a minimum value 0,2% below the 10% conservative mark

which are very good results. This low number of unsafe tests have the y as a member of [-
1;0,5], see Table B.26.

Table 4.16 — Galéa — Case 1.

Galéa n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Casel  Double Symmetric 820 0,973 0,029 3,032 0,898 1,001 0,6 0,0

For Case 2, the C values obtain a CoV value of 0,203% and has no unsafe tests or
conservative tests, which are very good results.

Table 4.17 — Galéa — Case 2.

Galéa n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Case2  Double Symmetric 420 1,000 0,002 0,203 0,995 1,003 0,0 0,0
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4.4.3.2 Case3and 5

Figure 4.16 presents the graphical analysis of Case 3 and 5 for double symmetric cross
sections and Tables 4.18 and 4.19 presents a summary of the Table B.26 for these cases

respectively.
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Figure 4.16 — Galéa — Case 3 and 5.

For Case 3, the C values obtain a CoV value of 2,014% and 4% of the results above the 3%
unsafe mark with a maximum value 4,5% above the LTBeam results. This unsafe tests, as can
be seen in Table B.26 and in blue in the Figure 4.16 a), have the load applied at the in the
bottom and tension part of the cross section.

Table 4.18 — Galéa — Case 3.

Galéa n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Case4  Double Symmetric 420 0,994 0,020 2,014 0,943 1,045 0,0 4,0

For Case 5, the C values obtain a CoV value of 0,482% and has no unsafe tests or
conservative tests, which are very good results.

Table 4.19 — Galéa — Case 5.

Galéa n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Case5  Double Symmetric 420 0,995 0,005 0,482 0,983 1,004 0,0 0,0
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4.4.3.3 Case6and?7

Figure 4.17 presents the graphical analysis of Case 6 and 7 for double symmetric cross
sections. Table 4.20 presents a summary of the Table B.26 for Case 6.

Table 4.20 — Galéa — Case 6.

Galéa n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Case 6 Double Symmetric 420 0,987 0,053 5,400 0,876 1,112 6,0 20,5

For this case, the C values obtain a CoV value of 5,4% with 20,5% of the results above the
3% unsafe mark and 6% of the results below the 10% conservative mark. With a maximum
value 11,2% above the LTBeam results and a minimum value 12,4% below.
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Figure 4.17 — Galéa — Case 6 and 7.

The unsafe tests, as can be seen in Table B.26 and in blue in the Figure 4.17 a), have the load
applied at the bottom and tension part of the cross section, with h;as a member of [0;0,5[ sub-
set with 43% unsafe results. On the other hand, the conservative tests, in green in the Figure
4.17 a), have the load applied at the top and compression part of the cross section, with hl as a
member of ]0,5;1] sub-set with 12,5% conservative results. Table 4.21 presents a summary of
the Table B.27 for Case 7.

Table 4.21 — Galéa — Case 7.

Galéa n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Case7 Double Symmetric 31860 0,990 0,023 2,305 0,773 1,113 1,3 0,7
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For this case, the C values obtain a CoV value of 2,305% with 0,7% of the results above the
3% unsafe mark and 1,3% of the result below the 10% conservative mark. With a maximum
value 11,3% above the LTBeam results and a minimum value 22,7% below. The unsafe and
conservative tests have p as a member of [-2;0[, as seen in blue in the Figure 4.17 b).

4.4.3.4 Case 8

Figure 4.18 presents the graphical analysis of the Case 8 for double symmetric cross sections
and Table 4.22 presents a summary of the Table B.28.
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Figure 4.18 — Galéa — Case 8.

The C values obtain a CoV value of 4,640% with 8,1% of the results above the 3% unsafe
mark and 1,9% of the result below the 10% conservative mark. With a maximum 55,8%
above the LTBeam results and a minimum value 20,6% below. The unsafe and conservative
tests, have essentially pu as a member of ]-00;0[, as can be seen in blue in the figure a).

Table 4.22 — Galéa — Case 8.

Galéa n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Case7 Double Symmetric 31860 0,992 0,046 4,640 0,794 1,558 1,9 8,1

4.4.4 Andrade et al.

In this solution all variables of all cases are analyzed here. As seen in Tables 3.3 and 3.4 this
has only C values for cantilevers cases.
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4441 Case?9

Figure 4.19 presents the graphical analysis of the Case 9 for double and mono symmetric
cross sections and Table 4.23 presents a summary of the Table B.29. For double symmetric
cross sections, see a), the C values obtain very good results, with a CoV value of 0,971% and
has no unsafe tests or conservative tests.

1/)Andrade et al. 1/)Andrade et al.
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I/XLTBeam I/XLTBeam
a) Double symmetric cross sections. b) Mono symmetric cross sections.

Figure 4.19 — Andrade et al. — Case 9.

For mono symmetric cross sections, the C values obtain a CoV of 1,49 with 6,9% of the

results above the 3% unsafe mark with a maximum value 11,8% above the LTBeam results.

In Table B.29 and Table B.30, it is possible to see that all of the unsafe tests are in sections

with yenear to the limits of its range, [-0,8;0,8] and with loads not applied at shear center.
Table 4.23 — Andrade et al. — Case 9.

Andrade et al. n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Double Symmetric 120 1,001 0,010 0971 0,969 1,018 0.0 0.0
Cased — im0 Symmetric 216 1,007 0,015 1490 0,968 1,118 0,0 6.9

4.4.4.2 Case 10

Figure 4.20 presents the graphical analysis of the Case 10 for double and mono symmetric
cross sections and Table 4.24 presents a summary of the Table B.31. For double symmetric
cross sections, see a), the C values obtain a CoV value of 1,091% and has no unsafe tests or
conservative tests, which are very good results.
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45 25
hl
1
o 0,5
35 - o 2,0
--------- +3%
-10%
25 1,5
1,5 &Ooéé) 1,0
0,5 0,5
0,5 1,5 2,5 35 45 0.5 1,0 1,5 2,0 2,5
1/3.LTBeam 1 /XLTBeam
a) Double symmetric cross sections. b) Mono symmetric cross sections.

Figure 4.20 — Andrade et al. — Case 10.

For mono symmetric cross sections, see b), the C values obtain a CoV value of 1,670% of
with 7,9% of the results above the 3% unsafe mark with a maximum value 13,2% above the
LTBeam results. In Table B.30 and Table B.31, it is possible to see that all of the unsafe tests
are in sections with yynear to the limits of its range, [-0,8;0,8] and with loads not applied at
shear center, as in the previous case.

Table 4.24 — Andrade et al. — Case 10.

Andrade et al. n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Cace 1o _DoubleSymmetric 120 1,003 0011 1,091 0963 1018 00 0,0
ase Mono Symmetric 216 1,009 0017 1,670 0974 1132 00 7.9
4.4.5 Lindner

In this solution all variable of all cases are analyzed here. As seen in Tables 3.3 and 3.4 this
only has values for cantilevers cases. As it was said in section 3.2.5, the values are computed
by 2 ways: the first one is the use of k values by direct linear interpolation between points of
the charts, and the second one is the use of C; values computed by the Eq. (31).

4.4.51 Case?9

Figure 4.21 presents the graphical analysis of the Case 9 for double symmetric cross sections
by the 2 calculation ways and Table 4.25 presents a summary of the Table B.33. As seen in
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these tables and as would be expected, for the curves values of the solution charts both ways
have the same results. However, since the Eq. (31) was obtained by a non-linear interpolation,
the C; method has a slight improvement in values between the curves.

1 /XLindner k - Inter. 1 /XLindner C1 - Form.
40 40
hi hi /
3,5 o Top Flange 3,5 o Top Flange y
° Shear Center i ° Shear Center
30 [ +3% : 30 | e +3%
-10% -10%
2,5 : 2,5
2,0 2,0
1,5 1,5
1,0 il 1,0 1
0,5 0,5
0,5 1,0 1,5 2,0 2,5 3,0 3,5 4,0 0,5 1,0 1,5 2,0 2,5 3,0 3,5 4,0
1 /XLTBeam 1 /XLTBeam
a) k - Interpolation. b) C; —Eq (31).

Figure 4.21 — Lindner — Case 9.

For the two calculation ways, the charts obtain a CoV value approximately of 1,6% with 14%
of the results above the 3% unsafe mark and a maximum value 7% above the LTBeam results.
Almost all of these unsafe results are based in values between curves for tests with the load
applied at the top flange and in HEB profiles. Note that, the HEB profiles have less
slenderness relatively to the IPE profiles.

Table 4.25 — Lindner — Case 9.

Lindner n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Case Interpolation 612 1,012 0016 1,606 0976 1,074 0,0 14,7
ase Formula 612 1,012 0,017 1,656 0975 1,077 0,0 132

4.4.5.2 Case 10

Figure 4.22 presents the graphical analysis of the Case 10 for double symmetric sections by
the 2 calculation ways and Table 4.26 presents a summary of the Table B.34. As can be easily
seen in these tables, the results are very similar to the previous case. Note that in this case the
differences between the calculation methods results are bigger. The Eq. (31) is more accurate
for almost all values intervals between curves, thought for values between ]0,5;1[ the linear
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interpolation is better. And in this case the profile and the h; parameter have not a so evident
influence in the unsafe tests numbers.

1 /XLindner Kk - Inter. 1 /XLindner C1- Form.
5,6 5,6
hl hl
4.8 . Top Flange 4.8 . Top Flange
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--------- +3%
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08 © 0.8
0.8 1,6 2,4 3,2 4,0 438 5,6 0.8 1,6 2,4 32 4,0 438 5,6
1 /XLTBeam 1 /XLTBeam
a) k - Interpolation. b) C; - Expression.

Figure 4.22 — Lindner — Case 10.

For the 2 calculation ways, the charts obtain a CoV value of 1,9% with 30% of the results
above the 3% unsafe mark and a maximum value 8,5% above the LTBeam results.

Table 4.26 — Lindner — Case 10.

Andrade et al. n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Interpolation 612 1016 0020 1970 0985 1089 00 240
Case9 Formula 612 1.022 0017 1710 0991 1086 00 342

4.4.5.3 Additional Case

As discussed in section 3.2.5 this case of an overhanging beam with a load moment at the tip,
it is analyzed in order to make sure that this is the case with the inconsistent chart in the
ECCS publication (ECCS, 2006), which can be easily concluded in Figure 4.23. Since this
case is not considered by any solution, it is disregarded from the study.
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Figure 4.23 — Lindner — Additional case.

4.4.6 Trahair

In this solution all variables (taking to account what was discussed in section 3.2.6) are
analyzed here. As seen in Tables 3.3 and 3.4 this is the only one with all cases, however only
for double symmetrical cross sections and with the limitations presented in these tables.

4.4.6.1 Case1and?2

Figure 4.24 presents the graphical analysis of Case 1 and 2 for double symmetric cross
sections and Tables 4.27 and 4.28 presents a summary of the Table B.35 both cases
respectively. For Case 1, the expression obtain a CoV value of 3,412% and 6,2% of the results
below the 10% conservative mark with a minimum value 12,5% below the LTBeam results.

Table 4.27 — Galéa — Case 1.

Trahair n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Casel  Double Symmetric 820 0,963 0,033 3,412 0,875 1,015 6,2 0,0

As seen in Table B.35 and in blue in Figure 4.24 a), all the conservative results have y as a
member of [-1;-0,5].
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Figure 4.24 — Trahair — Case 1 and 2.

For Case 2, the formulations obtain a CoV value of 0,203% and has no unsafe tests or
conservative tests, which are very good results.

Table 4.28 — Galéa — Case 2.

Trahair n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Case2  Double Symmetric 420 1,000 0,002 0,203 0,995 1,003 0,0 0,0
4.4.6.2 Case 3

For this case, the possibility to combine the variable d from the Table A.20 with the
formulation of the Table A.22 is first analyzed, in order to take into account tests with the
load not applied at the shear center and a nonzero value of the parameter d. As easily seen in
Figure 4.25 a) and the Table B.37, this consideration obtains bad results, with too
conservative results when the load is applied at the top flange and d as a member of
[0,25;0,5[, in green in a), and too unconservative with the load applied at the bottom flange
and d as a member of ]0;0,5[, in blue in a). Note that, d is the distance between the mid-span
and the load position along the beam, however, in order to use normalized values, d, is
represented as the ratio between the real value of d and the total length of the beam in the
analysis. In this sense, these combinations are disregarded from the analysis and the parameter
h;is only analyzed for loads applied at the mid-span of the beams.
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Figure 4.25 — Trahair — Case 3.

Thus, Figure 4.25 b) presents the graphical analysis of the Case 3 for double symmetric cross
sections and Table 4.29 presents a summary of the Table B.35 for this case.

Table 4.29 — Trahair — Case 3.

Trahair n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Case3  Double Symmetric 600 0,995 0,010 1,035 0,963 1,020 0,0 0,0

The formulations obtain a CoV value of 1,035% and has no unsafe tests or conservative tests,
which are very good results.

4.4.6.3 Case4

A similar comparison between the parameter d and the parameter h; is performed. As easily
seen in Figure 4.26 a) and the Table B.37, these combinations obtain bad results. In this sense,
they are disregarded from the analysis and the parameter h; is only analyzed for loads applied
at 0,25L of the mid-span. Thus, Figure 4.26 b) presents the graphical analysis of the Case 4
for double symmetric cross sections and Table 4.30 presents a summary of the Table B.35 for
this case.

Table 4.30 — Trahair — Case 4.

Trahair n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Case4  Double Symmetric 580 1,044 0,013 1,269 1,003 1,068 0,0 87,6
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The formulations obtains a CoV value of 1,269% and 87,2% of the results above the 3%
unsafe mark, however, with a maximum value only 6,8% above the LTBeam results. Note
that, there is not an influential variable to the worst results.
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Figure 4.26 — Trahair — Case 4.
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4464 Case5

For this case the application of the formulation of the Table A.22 is also analyzed and the
results of that are presented in Figure 4.27 a) and in Table B.37.
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Figure 4.27 — Trahair — Case 5.
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As possible to see in a), the results are too conservatives when the load is applied at the
bottom part of the cross section (blue), and they are too unconservative when the load is
applied at top part (green). In this sense, this formulation is disregarded and all tests have the
loads applied at the shear center. Thus, Figure 4.27 b) presents the graphical analysis of the
Case 5 for double symmetric cross sections and Table 4.31 presents a summary of the Table
B.36 for this case.

Table 4.31 — Trahair — Case 5.

Trahair n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Case5  Double Symmetric 20 0,931 0,003 0,367 0,927 0,938 0,0 0,0

The formulations obtain a CoV value of 0,367% and has no unsafe tests or conservative tests,
which are very good results.

4.4.6.5 Case 6

A similar analysis is performed for this case, testing the formulation of the Table A.22. The
results are presented in the Figure 4.28 a) and in Table B.37. As can be seen in a), the results
are too conservatives when the load is applied at the bottom part of the cross section (blue),
and they are too unconservative when the load is applied at top part (green). In this sense, this
formulation is disregarded and all tests have the loads applied at the shear center.
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a) hyanalysis b) hi=0,5

Figure 4.28 — Trahair — Case 6.

Jodo Luis Pinelo Esteves Canha 52



Comparison Between Analytical Expressions for PARAMETRIC STUDY
Determination of Elastic Critical Moment of Steel Beams

Thus, Figure 4.28 b) presents the graphical analysis of the Case 6 for double symmetric cross
sections and Table 4.32 presents a summary of the Table B.36 for this case.

Table 4.32 — Trahair — Case 6.

Trahair n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Case 6  Double Symmetric 20 0,999 0,007 0,736 0,991 1,014 0,0 0,0

The formulations obtain a CoV value of 0,736% and has no unsafe tests or conservative tests,
which are very good results.

4.4.6.6 Case7

As in the previous cases, the formulation of the Table A.22 is firstly analyzed. As possible to
see in Figure 4.29 a), this formula has bad results in this case. Thus, it is disregarded from the
case analysis. Figure 4.29 b) presents the graphical analysis of the Case 7 for double
symmetric cross sections and Table 4.33 presents a summary of the Table B.38 for this case.
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Figure 4.29 — Trahair — Case 7.

The formulation obtains a CoV value of 1,561% and only 0,7% of the results above the 3%
unsafe mark with a maximum value 3,5% above the LTBeam results, which are good results.

Table 4.33 — Trahair — Case 7.

Trahair n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Case7  Double Symmetric 700 1,000 0,016 1,561 0,927 1,035 0,0 0,7
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4.4.6.7 Case 8

The formulation of the Table A.22 is firstly analyzed in this case, and as can be easily seen in
Figure 4.30 a), this formula has bad results in this case. Thus, it is disregarded from the case
analysis.
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Figure 4.30 — Trahair — Case 8.

Figure 4.34 b) presents the graphical analysis of the Case 8 for double symmetric cross
sections and Table 4.34 presents a summary of the Table B.38 for this case.

Table 4.34 — Trahair — Case 8.

Trahair n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Case8  Double Symmetric 520 1,000 0,014 1,431 0,981 1,036 0,0 3,5

The solution obtains a CoV value of 1,431% and 3,5% of the results above the 3% unsafe
mark with a maximum value 3,6% above the LTBeam results, which are good results.

4.4.6.8 Case?9

Figure 4.31 presents the graphical analysis of the Case 9 for double symmetric cross sections
and Table 4.35 presents a summary of the Table B.39 for this case. The formulations obtains a
CoV value of 6,814% and 40% of the results above the 3% unsafe mark with a maximum
value 33,8% above the LTBeam results.
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Figure 4.31 — Trahair — Case 9.

The worst unsafe results, as easily seen in Figure 4.35 (in purple in a), and in green in b)) and
in the Table.35 are tests with the load applied at the top flange and the rotation about z
restricted, k=0,5.

Table 4.35 — Trahair — Case 9.

Trahair n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Case9  Double Symmetric 120 1,039 0,071 6,814 0,966 1,338 0,0 40,0

4.4.6.9 Case 10

Figure 4.32 presents the graphical analysis of the Case 10 for double symmetric cross sections
and Table 4.36 presents a summary of the Table B.39 for this case. The formulations obtain a
CoV value of 7,637% with 11,7% of the results above the 3% unsafe mark 10,0% below the
10% conservative mark. The maximum value is 22,3% the LTBeam results and the minimum
value 1s 15% below the LTBeam results.

Table 4.36 — Trahair — Case 10.

Trahair n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Case 10 Double Symmetric 120 0,964 0,074 7,637 0,850 1,223 10,0 11,7
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Figure 4.32 — Trahair — Case 10.

All unsafe tests have the load applied at the top flange, in green in b), and with k,=0,5, in
purple in a). On the other hand, all conservative tests have the load applied at the shear center,
in purple in b), and with k=1, in blue in a)

4.4.7 Serna etal.

In this solution all variables (taking to account what was discussed in section 3.2.7) are
analyzed here. As seen in Tables 3.3 and 3.4, this only has not C values for Case 8.

4471 Case1and?2

Figure 4.33 presents the graphical analysis of Case 1 and 2 for double symmetric cross
sections and Tables 4.37 and 4.38 present a summary of the Table B.40 for both cases
respectively. For Case 1, the C values obtain a CoV value of 3,203% and 3,8% of the results
below the 10% conservative mark with a minimum value 11% below the 10% conservative
mark which are good results.

Table 4.37 — Serna et al. — Case 1.

Serna et al. n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Casel  Double Symmetric 820 0,973 0,031 3,203 0,890 1,026 3,8 0,0
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This low number of conservative tests have the y as a member of [-1;-0,5], as seen in blue in
Figure 4.33 a) and in Table B.40.
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Figure 4.33 — Serna et al. — Case 1 and 2.

For Case 2, the C values obtain a CoV value of 2,585% and 50% of the results above the 3%
unsafe mark with a maximum value 5,6% above the LTBeam results.

Table 4.38 — Serna et al. — Case 2.

Serna et al. n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Case2  Double Symmetric 40 1,020 0,026 2,585 0,993 1,056 0,0 50,0

The unsafe testes have ky=k,=0,5, as it is possible to see in blue in Figure 4.33 b) and in Table
B.40.

4.4.7.2 Case 3 and 4

Figure 4.34 presents the graphical analysis of Case 3 and 4 for double symmetric cross
sections and Table 4.39 and 4.40 presents a summary of the Table B.40 both cases
respectively. For Case 3, the C values obtain a CoV value of 3,326% and 9,1% of the results
above the 3% unsafe mark with a maximum value 5,5% above the LTBeam results.

Table 4.39 — Serna et al. — Case 3.

Serna et al. n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Case3  Double Symmetric 220 0,988 0,033 3,326 0,915 1,055 0,0 9,1
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All the unsafe tests have ky=k,=1 and d as a member of ]0;0,25] as is possible to see in purple
in Figure 4.34 a) and in Table B.40.
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Figure 4.34 — Serna et al. — Case 3 and 4.

For Case 4, the C values obtain a CoV value of 2,378% and 14% of the results above the 3%
unsafe mark with a maximum value 5,3% above the LTBeam results.

Table 4.40 — Serna et al. — Case 4.

Serna et al. n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Case4  Double Symmetric 200 1,002 0,024 2,378 0,962 1,053 0,0 14,0

Almost all of the unsafe tests have ky=k,=0,5 and d as a member of ]0;0,25] as it is possible
to see in purple in Figure 4.34 b) and in Table B.40.

4.4.7.3 Case 5and 6

Figure 4.35 presents the graphical analysis of Case 5 and 6 for double symmetric cross
sections and Table 4.41 and 4.42 presents a summary of the Table B.41 for both cases
respectively. For Case 5, the C values obtain a CoV value of 2,759% and has no unsafe tests
or conservative tests, which are very good results.

Table 4.41 — Serna et al. — Case 5.

Serna et al. n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Case5  Double Symmetric 40 0,940 0,026 2,759 0,918 1,024 0,0 0,0
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Figure 4.35 — Serna et al. — Case 5 and 6.

For Case 6, the C values obtain a CoV value of 6,579% and 50% of the results below the 10%
conservative mark with a minimum value 19,9% below the LTBeam results. All the
conservative tests have k,=k,=1, as easily seen in green in Figure 4.35 b) and in Table B.41.

Table 4.42 — Serna et al. — Case 6.

Serna et al. n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

Case5  Double Symmetric 40 0,861 0,057 6,579 0,801 0,965 50,0 0,0

4474 Case7

Figure 4.36 presents the graphical analysis of the Case 7 for double symmetric cross sections
and Table 4.43 presents a summary of the Table B.42 for this case. The C values obtain a
CoV value of 5,366% with 8% of the results below the 10% conservative mark and 0,8% of
the results above the 3% unsafe mark. The minimum value is 33,4% below the LTBeam
results and the maximum value is 4,7% above the LTBeam results. All conservative tests as p
as a member of [-2;0] as seen in blue in a), and all unsafe tests has y as a member of [-1;0].

Table 4.43 — Serna et al. — Case 7.

Trahair n Mean  St.Dev. CoV% Min. Max. <0,9% >1,03%

Case7 Double Symmetric 10620 0,979 0,053 5,366 0,666 1,047 8,0 0,8
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Figure 4.36 — Serna et al. — Case 7.

4.4.7.5 Case 8

Figure 4.37 presents the graphical analysis of the Case 8 for double symmetric cross sections
and Table 4.44 presents a summary of the Table B.42 for this case.
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Figure 4.37 — Serna et al. — Case 8.
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The C values obtain a CoV value of 6,365% with 21,7% of the results below the 10%
conservative mark and 0,1% of the results above the 3% unsafe mark. The minimum value is
30,9% below the LTBeam results and the maximum value is 4,2% above the LTBeam results.
All conservative tests as p as a member of [-00;0] as seen in blue and grey in a).

Table 4.44 — Serna et al. — Case 8.

Trahair n Mean St. Dev. CoV% Min. Max. <0,9% >1,03%

Case 8 Double Symmetric 10620 0,922 0,059 6,365 0,691 1,042 21,7 0,1

4.5 Comparison

As easily seen in Tables 3.3 and 3.4, since all solution present values for different possible
conditions and have distinct limitations among them, it is impossible to say directly which
solution is better or worst. However, it is possible to compare for each case the variables
ranges that are common to all solutions or sets of solution.

4,51 Case1

For Case 1, the comparable variables and solutions involved are described in Table 4.45. As
seen, two different comparisons can be made.

Table 4.45 — Comparisons — Case 1.

Serna et al.
Trahair
Galéa
ECCS ECCS
Balaz & Kolekova Balaz & Kolekova

Ky 1 1
Kk, {0,5; 1} 1
Case 1 v -0.9:0.9] 0

v [1:1] 1]

Comparison 1

e Comparison 1

Comparison 2

A summary of the statistical analysis to the comparison 1, for double and mono symmetric
cross sections between Baldz and Kolekova and ECCS is given in Table 4.46. For double
symmetric cross sections, Baldz and Kolekova obtain better results with no unsafe and
conservative tests.
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Table 4.46 — Comparison 1.

Comparison 1 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

© Balaz & Kolekova 1640 0,988 0017 1,728 0,944 1,009 00 0,0

Double Symmetric ECCS 1640 0,934 0,032 3,445 0,865 1,032 162 0,1
"~ Balaz & Kolekova 3608 1,014 0069 6,832 0,791 1,467 29 234

Mono Symmetric ECCS 3608 0,957 0,079 8214 0,752 1,381 178 10,0

Relatively to mono symmetric cross sections both solutions present bad results, with Balaz
and Kolekova with a lower CoV value and lower conservative results. However, as already
seen, these bad results can be opposed by a bigger limitation on the yrparameter, or possibly
creating more Cs values for smaller ranges of yr.

e Comparison 2
A summary of the statistical analysis to the comparison 2, for double symmetric cross
sections between Baldz and Kolekova, ECCS, Galéa, Trahair and Serna et al. is given in
Table 4.47.

Table 4.47 — Comparison 2.

Comparison 2 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Balaz & Kolekova 820 0,997 0,010 1,044 0,960 1,009 0,0 0,0
ECCS 820 0,937 0,030 3,217 0,865 1,004 13,2 0,0
Double Symmetric Galéa 820 0,973 0,029 3,032 0,898 1,001 0,6 0,0
Trahair 820 0,963 0,033 3,412 0,875 1,015 6,2 0,0
Serna et al. 820 0,973 0,031 3,203 0,890 1,026 3,8 0,0

As possible to see, Balaz and Kolekova obtain better results with lower CoV value and no
unsafe and conservative tests.

45.2 Case?2

For Case 2, the comparable variables and solutions involved are described in Table 4.48. As
seen, four different comparisons can be made.

Table 4.48 — Comparisons — Case 2.

Serna et al.
Trahair Trahair
Galéa Galéa
ECCS ECCS Serna et al. ECCS
Baliaz & Kolekova Balaz & Kolekova Balaz & Kolekova Balaz & Kolekova
K. 1 1 ) 1
Case 2 k, {0,5; 1} 1 10,51} 1
Wi [-0,9; 0,9] 0 0 0
YA 100% 100% 0 0
Comparison 3 Comparison 4 Comparison 5 Comparison 6
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e Comparison 3
A summary of the statistical analysis to the comparison 3, for double and mono symmetric
cross sections between BaldZ and Kolekova and ECCS is given in Table 4.49.

Table 4.49 — Comparison 3.

Comparison 3 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

~ Baliz & Kolekova 840 0999 0011 1,116 0972 1,044 00 18

Double Symmetric ECCS 840 0993 0,015 1,48 0949 1,031 0,0 02
 Balaz & Kolekova 1848 1,002 0017 1,688 0962 1,116 00 57

Mono Symmetric ECCS 1848 0,996 0,028 2,780 0,935 1,122 00 11,1

For double symmetric cross sections, Balaz and Kolekova obtain better CoV value, and ECCS
obtains lower number of unsafe results. However, the maximum value of Balaz and Kolekova
is 4,4% the LTBeam results and the maximum value of ECCS is 3,1%, which means that
there is not a big difference between them. For mono symmetric cross section, Baldz and
Kolekova obtain better results, with a lower CoV value and lower unsafe results.

e Comparison 4
A summary of the statistical analysis to the comparison 4, for double and mono symmetric
cross sections between Baldz and Kolekova, ECCS, Galéa and Trahair is given in Table 4.50.

Table 4.50 — Comparison 4.

Comparison 4 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
BalaZ & Kolekova 420 1,000 0,001 0,083 0998 1,002 00 0.0
R ECCS 420 0,991 0,003 0,253 0,984 0,996 0,0 0,0
Double Symmetric Galéa $20 0997 0002 0161 0993 1,000 00 0.0
Trahair 420 1000 0002 0203 0995 1003 00 0.0

All solutions obtain very good results with very low CoV values and no unsafe or
conservative tests. Note that Balaz and Kolekova present the lowest CoV value.

e Comparison 5
A summary of the statistical analysis to the comparison 5, for double symmetric cross
sections between BaldZ and Kolekova and Serna et al. is given in Table 4.51.

Table 4.51 — Comparison 5.

Comparison 5 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Double S "~ BaliZz & Kolekova 40 0,998 0,003 0331 0,990 1,000 00 00
ouble Symmetric Serna ef al. 40 1,020 0026 2585 0993 1.056 0.0 50,0

As possible to see, Balaz and Kolekova obtain better results with lower CoV value and no
unsafe and conservative tests.
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e Comparison 6
A summary of the statistical analysis to the comparison 6, for double symmetric cross
sections between Baldz and Kolekova, ECCS, Galéa, Trahair and Serna et al. is given in
Table 4.52.

Table 4.52 — Comparison 6.

Comparison 6 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Balaz & Kolekova 20 1,000 0,001 0,050 0,999 1,000 0,0 0,0
ECCS 20 0,991 0,001 0,134 0,990 0,994 0,0 0,0
Double Symmetric Galéa 20 0,997 0,001 0,134 0,996 1,000 0,0 0,0
Trahair 20 1,000 0,001 0,134 0,998 1,002 0,0 0,0
Serna et al. 20 0,994 0,001 0,134 0,993 0,997 0,0 0,0

All solutions obtain very good results, with very low CoV values, and no unsafe or
conservative tests. Note that, BalaZ and Kolekova present perfect results, with the values
almost equal to the LTBeam results.

453 Case3

For Case 3, the comparable variables and solutions involved are described in Table 4.53. As
seen, five different comparisons can be made.

Table 4.53 — Comparisons — Case 3.

Serna et al.

Trahair Trahair
Galéa Galéa
ECCS ECCS Serna et al. ECCS Serna et al.
Balaz « Kolekova Balaz & Kolekova Balaz « Kolekova Balaz & Kolekova Trahair
K. 1 1 (0.5 1) 1 1
k, {0,5; 1} 1 ” 1 1
Case 3
v [-0,9;09] 0 0 0 0
Zy 100% 100% 0 0 0

Comparison7  Comparison8  Comparison9 Comparison 10 Comparison 11

e Comparison 7

A summary of the statistical analysis to the comparison 7, for double and mono symmetric
cross sections between Baldz and Kolekova and ECCS is given in Table 4.54. For double
symmetric cross sections, both solutionss present very good results with no unsafe or
conservative tests. Note that Balaz and Kolekova obtain better CoV value of 0,596%.
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Table 4.54 — Comparison 7.

Comparison 7 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%

© Balaz & Kolekova 840 0,997 0006 0,596 0,984 1,008 00 0,0

Double Symmetric ECCS 840 0990 0,018 1,770 0931 1,017 00 0,0
" Balaz & Kolekova 1848 1,008 0,026 2,554 0961 1,108 00 1638

Mono Symmetric ECCS 1848 1,000 0,030 2997 00925 1,138 0,0 13,7

Relatively to mono symmetric cross sections both solutions presents unsafe results, with
Balaz and Kolekova with a lower CoV value and ECCS with lower unsafe results. However,
as already seen, these bad results can be opposed by a bigger limitation on the yrparameter, or
possibly creating more Cs values for smaller ranges of yr.

e Comparison 8
A summary of the statistical analysis to the comparison 8, for double symmetric cross
sections between Balaz and Kolekova, ECCS, Galéa and Trahair is given in Table 4.55.

Table 4.55 — Comparison 8.

Comparison 8 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Balaz & Kolekova 420 1,000 0,004 0413 00993 1,008 0,0 0,0

. ECCS 420 0,995 0,009 0862 0972 1,017 00 00

Double Symmetric Galéa 420 0,994 0,020 2,014 0,943 1,045 00 40
Trahair 420 0,995 0,008 0817 0,980 1,010 00 0,0

All solutions obtain very good results, with very low CoV values, and only Galéa obtains
unsafe results. Note that BalaZ and Kolekova present the lowest CoV value.

e Comparison 9
A summary of the statistical analysis to the comparison 9, for double symmetric cross
sections between Balaz and Kolekova and Serna ef al. is given in Table 4.56.

Table 4.56 — Comparison 9.

Comparison 9 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Balai & Kolekova 40 0,998 0,004 0,419 0,987 1,001 0,0 0,0

Serna et al. 40 0944 0,026 2,765 0,915 0,983 0,0 0,0

Double Symmetric

Both solutions obtain very good results. Balaz and Kolekova obtain the lowest CoV value of
0,419%.

e Comparison 10
Table 4.57 gives a summary of the statistical analysis to the comparison 10, for double
symmetric cross sections between Balaz and Kolekova, ECCS, Galéa, Trahair and Serna et al.
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Table 4.57 — Comparison 10.

Comparison 9 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Balaz & Kolekova 20 0,999 0,001 0,130 0,997 1,000 0,0 0,0
ECCS 20 0,994 0,003 0,346 0,991 1,001 0,0 0,0
Double Symmetric Galéa 20 0,993 0,003 0,346 0,989 0,999 0,0 0,0
Trahair 20 0,994 0,003 0,346 0,991 1,001 0,0 0,0

Serna et al. 20 0,919 0,003 0,346 09150925 0,0 0,0

All solutions obtain very good results with very lower CoV values and no unsafe or
conservative tests. Note that Balaz and Kolekova present the lowest CoV value.

e Comparison 11
A summary of the statistical analysis to the comparison 11, for double symmetric cross
sections between Trahair and Serna et al. is given in Table 4.58.

Table 4.58 — Comparison 11.

Comparison 11 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Trahair 200 0,996 0,013 1,351 0,963 1,020 0,0 0,0

Serna et al. 200 0,990 0,034 3,422 0,915 1,055 0,0 10,0

Double Symmetric

As possible to see, Trahair obtain better results with lower CoV value and no conservative
tests.

454 Cased

For Case 4, the comparable variables and solutions involved are described in Table 4.59. As
seen, five different comparisons can be made.

Table 4.59 — Comparisons — Case 4.

Serna et al.

Trahair Trahair
ECCS ECCS Serna et al. ECCS Serna et al.
Balaz s Kolekova Balaz « Kolekova Balaz &« Kolekova Balaz & Kolekova Trahair
K. 1 1 (0.5 1) 1 1
kz : 1 s 1
Case 4 HUSH | |
Y [-0,9; 0,9] 0 0 0 0
Zy 100% 100% 0 0 0

Comparison 12 Comparison 13 Comparison 14 Comparison 15 Comparison 16
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e Comparison 12
A summary of the statistical analysis to the comparison 12, for double and mono symmetric
cross sections between BaldZ and Kolekova and ECCS is given in Table 4.60.

Table 4.60 — Comparison 12.

Comparison 12 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
 Balaz & Kolekova 840 1,005 0027 2,715 0963 1,127 00 125

Double Symmetric ECCS 840 1,009 0,021 2,122 0,960 1,107 00 13,0
"~ BaldZ & Kolekova 1848 1,011 0,034 3408 0,959 1,190 00 17,0

Mono Symmetric ECCS 1848 1,015 0034 3397 0942 1,160 0,0 222

Both solutions have very similar results, presenting for double and mono symmetric cross
sections approximately 13% and 20% of unsafe results respectively. As seen in 4.4.1.4 and
4.4.2.4 the problem is in tests with k,=0,5.

e Comparison 13
A summary of the statistical analysis to the comparison 13, for double symmetric cross
sections between BaldZ and Kolekova, ECCS and Trahair is given in Table 4.61.

Table 4.61 — Comparison 13.

Comparison 13 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Balai & Kolekova 420 1,001 0,005 0,522 0,995 1,019 0,0 0,0
Double Symmetric ECCS 420 1,002 0,002 0,231 1,000 1,010 0,0 0,0
Trahair 420 1,048 0,007 0,633 1,038 1,068 0,0 100,0

Note that, unlike the previous comparison, in this one there are only cases with k,=1, and
Balaz and Kolekova and ECCS obtain very good results, with ECCS with lower CoV value.
And Trahair have all tests above the 3% mark.

e Comparison 14
A summary of the statistical analysis to the comparison 14, for double symmetric cross
sections between BaldZ and Kolekova, and Serna et al. is given in Table 4.62.

Table 4.62 — Comparison 14.

Comparison 14 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Baliz & Kolekova 40 0,999 0,003 0,323 0,990 1,001 0,0 0,0

Serna et al. 40 1,003 0,041 4,117 0,962 1,053 0,0 50,0

Double Symmetric

As possible to see, Balaz and Kolekova obtain better results with lower CoV value and no
conservative tests.
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e Comparison 15
A summary of the statistical analysis to the comparison 15, for double symmetric cross
sections between Balaz and Kolekova, ECCS, Trahair and Serna ef al. is given in Table 4.63.

Table 4.63 — Comparison 15.

Comparison 15 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Balaz & Kolekova 20 1,000 0,000 0,024 0,999 1,000 0,0 0,0
ECCS 20 1,001 0,001 0,052 1,000 1,002 0,0 0,0

Double Symmetric

Trahair 20 1,046 0,001 0,052 1,046 1,047 0,0 100,0
Serna et al. 20 0962 0,000 0,052 0,962 0,963 0,0 0,0

As possible to see, all solutions obtain very good results. However, Balaz and Kolekova
obtain lowest CoV value and no conservative tests. Note that, the maximum value obtained by
Trahair is only 4,7% above the LTBeam results.

e Comparison 16
A summary of the statistical analysis to the comparison 16, for double symmetric cross
sections between Trahair and Serna et al. is given in Table 4.64.

Table 4.64 — Comparison 16.

Comparison 16 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Trahair 180 1,035 0,018 1,777 1,003 1,060 0,0 60,0

Serna et al. 180 0,997 0,020 2,040 0,962 1,034 0,0 4,4

Double Symmetric

Both solutions have unsafe results, however, Serna et al. obtain a lower number of these cases
and with a maximum value only 3,4% above the LTBeam results.

45.5 Caseb5

For Case 5, the comparable variables and solutions involved are described in Table 4.65. As
seen, three different comparisons can be made.

Table 4.65 — Comparisons — Case 5.

Serna et al.
Trahair
Galéa Serna et al. Galéa
Baliaz & Kolekova Balaz & Kolekova Balaz & Kolekova

K. 1 1 ]

Case 5 k, 105 1} I 01
2 [-0,9; 0,9] 0 0
Zy 100% 100% 0

Comparison 17 Comparison 18 Comparison 19
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e Comparison 17
A summary of the statistical analysis to the comparison 17, for double symmetric cross
sections between BaldZ and Kolekova and Galéa is given in Table 4.66.

Table 4.66 — Comparison 17.

Comparison 17 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Balaz & Kolekova 420 1,001 0,004 0424 0,996 1,013 0,0 0,0

Galéa 420 0,995 0,005 0,482 0,983 1,004 0,0 0,0

Double Symmetric

As one can note, both solutions obtain very good results with very lower CoV values and no
unsafe or conservative tests.

e Comparison 18
A summary of the statistical analysis to the comparison 18, for double symmetric cross
sections between Balaz and Kolekova and Serna ef al. is given in Table 4.67.

Table 4.67 — Comparison 18.

Comparison 18 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Balaz & Kolekova 40 0,992 0,017 1,705 0,949 1,008 0,0 0,0
Serna et al. 40 0,940 0,026 2,759 0,918 1,024 0,0 0,0

Double Symmetric

Both solutions obtain very good results with no unsafe or conservative tests. However, Balaz
and Kolekova obtain lower CoV value.

e Comparison 19
A summary of the statistical analysis to the comparison 19, for double symmetric cross
sections between Balaz and Kolekova, Galéa, Trahair and Serna ef al. is given in Table 4.68.

Table 4.68 — Comparison 19.

Comparison 19 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Balaz & Kolekova 20 0,997 0,002 0,156 0,996 1,000 00 0,0

, Galéa 20 0,992 0,004 0367 00988 0999 00 0,0

Double Symmetric Trahair 20 0,931 0003 0367 0927 0938 0,0 0,0
Serna ef al. 20 0,922 0,003 0367 00918 0,929 00 0,0

All solutions obtain very good results with very low CoV values and no unsafe or
conservative tests. Note that Balaz and Kolekova present the lowest CoV value.

4.5.6 Case 6

For Case 6, the comparable variables and solutions involved are described in Table 4.69. As
seen, three different comparisons can be made.
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Table 4.69 — Comparisons — Case 6.

Serna et al.
Trahair
Galéa Serna et al. Galéa
Balaz & Kolekova Balaz & Kolekova Balaz & Kolekova
k. 1 1
Case 6 k, 10,5, 1} I 0210
A [-0,9; 0,9] 0 0
Z, 100% 100% 0
Comparison 20 Comparison 21 Comparison 22

e Comparison 20
A summary of the statistical analysis to the comparison 20, for double symmetric cross
sections between BaldZ and Kolekova and Galéa is given in Table 4.70.

Table 4.70 — Comparison 20.

Comparison 20 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Balai & Kolekova 420 1,000 0,014 1,351 0,977 1,025 0,0 0,0

Galéa 420 0987 0,053 5400 0,876 1,112 6,0 20,5

Double Symmetric

As seen, Balaz and Kolekova present very good results with better CoV value and with no
unsafe or conservative tests.

e Comparison 21
A summary of the statistical analysis to the comparison 21, for double symmetric cross
sections between BaldZ and Kolekova and Serna et al. is given in Table 4.71.

Table 4.71 — Comparison 21.

Comparison 21 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Balaz & Kolekova 40 0,994 0,013 1,266 0,963 1,007 0,0 0,0
Serna et al. 40 0,861 0,057 6,579 0,801 0,965 50,0 0,0

Double Symmetric

As one can see, Baldz and Kolekova present very good results with better CoV value and with
no conservative tests.

e Comparison 22

A summary of the statistical analysis to the comparison 22, for double symmetric cross
sections between BaldZ and Kolekova, Galéa, Trahair and Serna ef al. is given in Table 4.72.
Almost all solutions obtain very good results with very lower CoV values and no unsafe or
conservative tests. Note that Balaz and Kolekova present the lowest CoV value.
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Table 4.72 — Comparison 22.

Comparison 22 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Balaz & Kolekova 20 0,997 0,003 0319 0,993 1,00 00 0,0

Galéa 20 0,983 0007 0736 00976 0,998 00 0,0

Double Symmetric Trahair 20 0,999 0,007 0,736 0,991 1,014 00 00
Serna ef al. 20 0,807 0,006 0,736 0,801 0,819 100,0 0,0

45.7 Case?7

For Case 7, the comparable variables and solutions involved are described in Table 4.73. As
seen, three different comparisons can be made.

Table 4.73 — Comparison — Case 7.

Trahair
Serna et al. Serna et al.
Galéa Galéa Galéa
Serna et al. BalazZ e Kolekova BalazZ e Kolekova
k. 1 1 1
k, 1 1 1
A 0 0 0
Case7 —Y [-1:1] [-1;1] {<0;11}
M/M >0 <0 >() <13
M >0 <0 <0 <0
Z, 0 0 0

Comparison 23  Comparison 24 Comparison 25

e Comparison 23
A summary of the statistical analysis to the comparison 23, for double symmetric cross
sections between Galéa and Serna et al. is given in Table 4.74.

Table 4.74 — Comparison 23.

Comparison 23 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Dbl _ Galéa 10620 0987 0026 2653 0.773 1,040 24 0.1
ouble Symmetric Serna ef al. 10620 0,979 0,053 5366 0,666 1,047 80 0.8

Both solutions present unsafe and conservative values. However, Galéa obtains lowest CoV
value and lowest unsafe and conservative results number.
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e Comparison 24
A summary of the statistical analysis to the comparison 24, for double symmetric cross
sections between Baldaz and Kolekova, Galéa and Serna ef al. is given in Table 4.75.

Table 4.75 — Comparison 24.

Comparison 24 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Balaz & Kolekova 5220 1,003 0,040 4,034 0,789 1,241 3,5 12,6
Galéa 5220 0,981 0,033 3412 0,773 1,040 438 0,3
Serna et al. 5220 0,961 0,069 7,206 0,666 1,047 16,0 0,6

Double Symmetric

All solutions present unsafe and conservative results. However, Galéa obtains lowest CoV

value and lowest unsafe results number.

e Comparison 25

A summary of the statistical analysis to the comparison 25, for double symmetric cross
sections between Balaz and Kolekova, Galéa, Trahair and Serna et al. is given in Table 4.76.

Table 4.76 — Comparison 25.

Comparison 25

n Mean St.Dev. CoV%

Min. Max. <0,9% >1,03%

Balaz & Kolekova 700 1,016 0015 1,513 00987 1,047 00 20,1
, Galéa 700 0,994 0,004 0442 098 1,013 00 0,0

Double Symmetric Trahair 700 1,000 0016 1,561 0927 1,035 0,0 07
Serna et al. 700 0,990 0,018 1,857 00918 1,012 00 0,0

Galéa and Serna et al. do not obtain unsafe or conservative values, and Galéa presents the

lowest CoV value.

45.8 Case 8

For Case 8, the comparable variables and solutions involved are described in Table 4.77. As

can be seen, two different comparisons can be made.

Table 4.77 — Comparisons — Case 8.

Serna et al.
Serna et al. Trahair
Galéa Galéa
Ky 1 1
Kk, 1 1
\\J3 0 0
-0 >0 <0 <-1,33
=1 <-2
M >0 <0 <0
Z 0 0

Comparison 26

Comparison 27
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e Comparison 26
A summary of the statistical analysis to the comparison 26, for double symmetric cross
sections between Galéa and Serna et al. is given in Table 4.78.

Table 4.78 — Comparison 26.

Comparison 26 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Galéa 10620 0,984 0,024 2468 0,814 1,040 2,3 0,0

Serna et al. 10620 0,922 0,059 6,365 0,691 1,042 21,7 0,1

Double Symmetric

Galéa has the lowest CoV value and lowest unsafe and conservative results number.

e Comparison 27
A summary of the statistical analysis to the comparison 27, for double symmetric cross
sections between Galéa, Trahair and Serna ef al. is given in Table 4.79.

Table 4.79 — Comparison 27.

Comparison 27 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Galéa 520 0,988 0,006 0,626 0,973 1,001 0,0 0,0
Double Symmetric Trahair 520 1,000 0,014 1,431 0,981 1,036 0,0 3,5
Serna et al. 520 0,886 0,026 2,968 0,801 0,923 64,2 0,0

Galéa 1s the only one, without unsafe and conservative cases, and has the lowest CoV value.

459 Case9

For Case 9, the comparable variables and solutions involved are described in Table 4.80. As
can be seen, two different comparisons can be made.

Table 4.80 — Comparisons — Case 9.

Trahair
Andrade et al. Trahair
Balaz & Kolekova Andrade et al.
Ky 0,5 1
Case 9 A [-0,8; 0,8] 0
yA {Top; Center; Bottom} {Top; Center; Bottom}
Comparison 28 Comparison 29

e Comparison 28
A summary of the statistical analysis to the comparison 28, for double and mono symmetric
cross sections between Balaz and Kolekova, Andrade et al. and Trahair is given in Table 4.81.
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For double symmetric cross section, Andrade et al. obtain the lowest CoV value, and is the
only one without unsafe or conservative results. For mono symmetrical cross section,
Andrade et al. have the better results, with the lowest CoV value and the lowest unsafe results
number.

Table 4.81 — Comparison 28.

Comparison 28 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Balaz & Kolekova 60 1,045 0,097 9,314 0,960 1,302 0,0 28,3

Double Symmetric Andrade et al. 60 1,003 0,007 0,713 0,982 1,013 0,0 0,0
Trahair 60 1,045 0,097 9312 0,966 1,338 0,0 25,0
Balaz & Kolekova 108 1,034 0,115 11,131 0,445 1,310 1,9 27,8
Andrade et al. 108 1,006 0,012 1,152 0,979 1,044 0,0 5,6

Mono Symmetric

e Comparison 29
A summary of the statistical analysis to the comparison 29, for double and mono symmetric
cross sections between Andrade et a/l. and Trahair is given in Table 4.82.

Table 4.82 — Comparison 29.

Comparison 29 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Andrade et al. 60 1,000 0,012 1,170 0,969 1,018 0,0 0,0

Trahair 60 1,032 0,024 2,278 0,982 1,084 0,0 55,0

Double Symmetric

Andrade e/ at. have the better results with the lowest CoV value and no unsafe results
number.

4.5.10 Case 10

For Case 10, the comparable variables and solutions involved are described in Table 4.83. As
seen, two different comparisons can be made.

Table 4.83 - Comparison 29.

Trahair
Andrade et al. Trahair
Balaz & Kolekova Andrade et al.
K,y 0,5 1
Case 10 A [-0,8; 0,8] 0
Z, {Top; Center; Bottom} {Top; Center; Bottom}
Comparison 30 Comparison 31

e Comparison 30
A summary of the statistical analysis to the comparison 30, for double and mono symmetric
cross sections between Balaz and Kolekova, Andrade ef al. and Trahair is given in Table 4.84.
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For double symmetric cross section, Andrade et al. obtain the lowest CoV value, and is the
only one without unsafe or conservative results. For mono symmetrical cross section,
Andrade et al. have the better results, with the lowest CoV value and the lowest unsafe results
number.

Table 4.84 — Comparison 30.

Comparison 30 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Balaz & Kolekova 60 1,047 0,112 10,691 0,929 1,297 0,0 33,3

Double Symmetric Andrade et al. 60 1,005 0,006 0,589 0,993 1,014 0,0 0,0
Trahair 60 1,006 0,080 7,985 0,940 1,223 0,0 23,3
Andrade et al. 108 1,037 0,120 11,610 0,698 1,421 0,9 27,8
Balaz & Kolekova 108 1,117 0,156 13,970 0,916 1,578 0,0 60,2

Mono Symmetric

e Comparison 31
A summary of the statistical analysis to the comparison 31, for double and mono symmetric
cross sections between Andrade et a/l. and Trahair is given in Table 4.85.

Table 4.85 — Comparison 31.

Comparison 31 n Mean St.Dev. CoV% Min. Max. <0,9% >1,03%
Andrade ef al. 60 1,000 0,014 1,393 0,963 1,018 0,0 0,0
Trahair 60 0,921 0,029 3,097 0,850 0,975 20,0 0,0

Double Symmetric

Andrade el at. have the better results with the lowest CoV value and no unsafe cases.

4.6 Final Remarks

Since there are different limitations between the analyzed solutions, it is not simple to define
the most accurate solution. In order to get an overview of all the accuracy of the solutions the
Tables 4.86 and 4.87 are presented. The values in these tables include all possible variables in
each solution, so it is not an exact comparison table; however it is possible to take some
conclusion. In the row with the number of tests involved for each solution it is possible to
understand the limitations of each one. The safest solutions according to this parametric study
are marked with a check. Note that, since the C values used for mono symmetric cross section
give worst results, this type of cross section is presented in a different table.

For each variable the most accurate C values are described along this Chapter. The assembly
of'these C factors with the best accuracy is left for Future Research, as described in Chapter 5.
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Table 4.86 — Overview for double symmetric cross section.

113(2:)11 zkﬁirl;’i ECCS Galéa Al:tlf;.de Lindner  Trahair Se(;l:f
Case 1 v v
>1,3[%] 0,6% - -

0,6 - - 6,2% 3,8%

n’ tests 3280 1640 820 0 820 820
Case 2 v v v v
>1,3[%] 0,9% 0,2% - -
<0,9%] - -] |
n° tests 1680 840 420 0 420 40
Case 3 v v
>1,3[%] 4,0% - -
<0,9[%] - -
n° tests 1680 840 420 0 600 220
Case 4 v
>1,3[%] 8,8% 13,0% - - - 14,0%
i S R S 7
n° tests 1680 840 0 0 580 200
Case 5 v v
>1,3[%] - -
<0,9[%] - -
n° tests 1260 0 420 0
Case 6 v v
>1,3[%] 0,2% - 20,5% - - | |
<0,9[%] ﬁ - 6,5% - -
n° tests 1260 0 0 0 0
Case 7 v
>1,3[%] _ - 0,7% - -
<0,9[%] 3,5% - 1,3% - -
n’ tests 5520 0 31860 0 0 700 10620
Case 8 v v
>1,3[%] - - 8,1% - - 3,5% i
<0,9[%] - - 1,9% - -
n’ tests 0 0 31860 0 0 520 10620
Case 9 v
>1,3[%] - - -
<0,9[%] - - -
n° tests 60 0 0 120 612 120 0
Case 10 v
>1,3[%] - - 11,7% -
<0,9[%] - - 10,0% -
n° tests 0 0 120 612 120 0
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Table 4.87 — Overview for mono symmetric cross section.

Balaz an('l ECCS Galéa Andrade Lindner Trahair Serna
Kolekova etal. et al.

Case 1
>1,3[%] -
<0,9[%] -
n° tests 8528 3608 0 0

Case 2
>1,3[%] -
<0,9[%] -
n° tests 0

Case 3
>1,3[%] -
<0,9[%] -
n° tests 0

Case 4
>1,3[%] -
<0,9[%] -
n° tests 0

Case 5
>1,3[%] -
<0,9[%] -
n° tests 2268 0 0 0

Case 6
>1,3[%] - - -
<0,9[%] - - -

n° tests 2268 0 0 0

Case 7
>1,3[%] - - -
<0,9[%] - - -

n° tests 5220 0 0 0

Case 8
>1,3[%] - - - -
<0,9[%] - - - -
n° tests 0 0 0 0

Case 9 v

_>131%] [2780 ] - - 6.9
<0,9[%] 19 - - O - - -

n° tests 108 0 0 216 0 0 0

Case 10 v
_>131%] 87 - : 7.9 : : :
<0,9[%] 1,9 - - - - -

n° tests 180 0 0 216 0 0 0

10 -
17,8 -
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5 CONCLUSION AND FUTURE RESEARCH

5.1 Conclusion

In this thesis, a wide comparison between the most common and accepted solutions and
numerical models for the determination of the elastic critical moment of I-section steel beams
was carried out. Based on the observed results, it is notorious that all solutions have a good
approximation to the numerical results. It can also be noted that the higher the difference from
the basic case, the higher the error is. One can verify this by the high number of inaccurate
results obtained by some solution for mono symmetric cross section and for tests with
rotations about z axis restricted. Nevertheless, in structural design, the rotation about z axis
and warping are usually considered free, once the real behavior of connections is unknown.
Therefore, considering the basic case of beams with fork conditions and double symmetric
cross section, it was seen that all solutions lead to a very good and equivalent level of safety.

5.2 Future Research

In order to obtain a consistent, thorough, practical and accurate standardized procedure based

on these solutions; some goals have to be accomplished in further research.

e C(larification with the authors of the correct procedure for some of issues/inconsistencies
found in some solutions as discussed in section 3.2 of this thesis;

e Standardization of all solutions in a practical and simplified C factors format allowing the
use of only one main 3-factor formula;

e Application and validation of a new solution based in all C factors values that obtain the
best accuracy in this study;

e (alibration of some C values with numerical models in order to adjust some evident errors
detected in this study. As well as, definition of better ranges or C values for mono
symmetric cross sections, as discussed along the Chapter 5.

e Application and validation of possible combinations between the more accurate C;, C, and
Cs values of different solutions, in order to increase the number of possible solutions, with
more mono symmetric cross sections cases and load positions relatively to the shear center.

Jodo Luis Pinelo Esteves Canha 78



Comparison Between Analytical Expressions for CONCLUSION
Determination of Elastic Critical Moment of Steel Beams

e Finally, calibration of some practical expressions of the C factors, in order to improve the
computation process.

5.3 Original Contributions

This study i1s part of the goals of the supervisor’s activity within the ECCS Technical
Committee 8 — Stability, TC8, where the need to validate existing expressions for
determination of the elastic critical moment of steel beams has been discussed. With the aim
to give answer to this question, this work was presented and discussed in a TC8 meeting:

Simdes da Silva, L., Canha, J., and Marques, L. “Comparison between C factors for
determination of the elastic critical moment of steel beams”, Technical Committee 8,
ECCS, Document TC8-2013-06-009, Stuttgart, Germany, June 21%,2013;

In addition, the following conference proceeding resulted from the work presented:

Canha, J., Marques, L., and Simodes da Silva, L. "Andalise comparativa de métodos
simplificados de calculo do momento critico". IX Congresso em Constru¢do Metalica e
Mista e o I Congresso Luso-Brasileiro de Contrugcdo Metalica Suscentavel, Porto, Portugal,
24-25 October (2013) (accepted for publication)

Finally, a journal paper will be including this study as well as some of the described Future
Research goals.
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ANNEX A - C Factors

In this Annex is presented all the solutions for C factors values considered in the study. The
main formulae are presented in the Chapter 3, thus they are not presented here.

A.1 — General Formulae

e Parameter vy

IfC - Ift

1/) =
T L + Iy

(A.1)

Where Ig. and Iy are the second moment of area of the compression flange and tension flange
about the minor axis of the section respectively.

e Parameter K

_ 7 |ELLh?
K== Zm (A.2)
L. 4GI;
e Torsion Parameter K
_7 |Elw (A.3)
L. |Gl '
e Dimensionless distance of load from centroid ¢
2z, K
E=—— (A4)
h, T
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A.2 — Balaz and Kolekova

e End Moment Loading

Table A.1 — Values of factors C; and Cs corresponding to various end moment ratio y, values
of buckling length factor k, and cross-section parameters yrand ky (kw=1).

Loading and Bending Moment ) . Values of factors
Support Diagram v | k, C Cs
Conditions Cro | Cia [wr=-1]-09<y<0] 0<y;<09 [ys=1
1 |1,000]1,000 1,000
=1 0,7L | 1,016/ 1,100 1,025 1,000
\ | ! o,7R [1,016] 1,100 1,025 1,000
0,5 |1,000]1,127 1,019
1 |1,139]1,141 1,000
W =+3/4 0,7L | 1,210{1,313 1,050 | 1,000
T | Y750 7R [ 1,109] 1,201 1,000
0,5 |1,139/1,285 1,017
1 |1,312]1,320] 1,150 | 1,000
W=+172 0,7L | 1,480 1,616 1,160 | 1,000
ey | % [07R 12131317 1,000
0,5 | 1,310/ 1,482] 1,150 1,000
1 [1,522[1,551] 1,290 1,000
W =+1/4 0,7L | 1,853[2,059| 1,600 1,260 1,000
o | "0,7R [1329] 1,467 1,000
0,5 |1,516/1,730| 1,350 1,000
M yM 1 |1,770]1,847| 1,470 1,000
( ) W=0 0,7L | 2,331]2,683] 2,000 1420 | 1,000
o | 0 [o7r]1,453]1,592 1,000
0,5 |1,753[2,027| 1,500 1,000
1 [2,047(2207| 1,65 1,000 0,850
W=-1/4 0,7L | 2,827(3,322| 2,40 1,550 0,850 | -0,30
e ™™o r[1582]1,748] 138 | 0,850 0,700 | 0,20
0,5 |2,004]2,341] 1,75 1,000 0,650 0,25
W1 1 |2,331]2,591] 1,85 1,000 13- 12y | -0,70
0.5 | O7L [3.078]3,399] 2,70 1,450 1-12y; | -1,15
gﬁ “To R |1,711[1,897] 1,45 0,780 0,9 —0,75y; | -0,53
0,5 |2,230[2,579] 2,00 0,950 0,75—y; | -0,85
W= 1 [2,547(2,852| 2,00 1,000 0,55 —y; | -1,45
075 7L [2:592]2.770[ 2,00 0,850 0,23 - 0,9y; | -1,55
gﬁ 0,7R [ 1,8292,027] 1,55 0,700 0,68 — vy |-1,07
0,5 |2,352]2,606| 2,00 0,850 0,35 —y; | -1,45
=1 1 |[2,555(2,733| 2,00 —vr 2,00
L lo7L]1.921]2,103] 1.5 0,380 0,580 | -1,55
% 0,7R [1,921(2,103| 1,55 0,580 -0,380 -1,55
0,5 |2,223[2,390] 1,88 | 0,125-0,7y; | -0,125—0,7y;| -1,88

'1) Cl = CI,O + (Cl,l - Cl,O)kwt SCI,I’ (C1 = Cl,() fOr kWt = 0, Cl = C1’1 fOI‘ kWt 2 1)
) 0,7L = Left end fixed, 0,7R = Right End Fixed
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e Transverse Loading

Table A.2 — Values of factors C;, C; and C; corresponding to various transverse loading cases,

values of buckling length factors ky, k, and ky, cross section mono symmetry factor yrand

torsion parameter K.

Loading Bl“Cklillllg Values of factors
engt
Suz:;)irt fact%rs " G G
Conditions | k, | k, | ky | Cio | Cip [ wr=-1 [-0,9<y; <0,9| yy=1 |y =-1|-09<y;<0,9 | y;=1
1 1 1 (1,127]1,132] 0,33 0,459 0,50 | 0,93 0,525 0,38
1 1 1 10,5(1,128|1,231| 0,33 0,391 0,50 | 0,93 0,806 0,38
- > | 1 (105] 1 10947|0,997( 0,25 0,407 0,40 | 0,84 0,478 0,44
o 1 0,5/0,5(0,947|0,970| 0,25 0,310 0,40 | 0,84 0,674 0,44
F 1 1 1 (1,348]1,363| 0,52 0,553 0,42 | 1,00 0,411 0,31
1 1 10,5(1,349|1,452( 0,52 0,580 0,42 | 1,00 0,666 0,31
- — | 1105 1 {1,030(1,087| 0,40 0,449 0,42 | 0,80 0,338 0,31
o 1105(0,5]1,031|1,067| 0,40 0,437 0,42 | 0,80 0,516 0,31
! . l F 1 1 1 |1,038/1,040| 0,33 0,431 0,39 | 0,93 0,562 0,39
! ! 1 1 10,5(1,039|1,148| 0,33 0,292 0,39 | 0,93 0,878 0,39
i | 17105 110,922{0960( 0,28 0,404 0,30 | 0,88 0,539 0,50
e 1 10,5/0,5(0,922|0,945| 0,28 0,237 0,30 | 0,88 0,772 0,50
Cio| Cop |Wr=-1 05y <05 yy=1|y=-1| -0,5<ys<0,5 | yy=1
q]05]| 1 1 (2,576]2,608| 1,00 1,562 0,15 1,00 -0,859 -1,99
0,5/05| 1 |1,490|1,515| 0,56 0,900 0,08 | 0,61 -0,516 -1,20
10,51 0,5 0,5 | 1,494] 1,746| 0,56 0,825 0,08 | 0,61 0,002712 -1,20
F 0,5 1 1 [1,683]1,726| 1,20 1,388 0,07 | 1,15 -0,716 -1,35
! 0,5/05| 1 [0,936|0,955| 0,69 0,763 0,03 | 0,064 -0,406 -0,76
&74 0,510,5/0,5({0,937|1,057| 0,69 0,843 0,03 | 0,064 -0,0679 -0,76
D€ =Cio+(Ciy-Cro)ky <Cyy, (C; = Cpg forky, = 0,C; = Cyy forky,, >1)
2) Parameter ¢ refers to the middle of the span.
3) Values of critical moments M, refer to the cross section, where M,y is located.
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Determination of Elastic Critical Moment of Steel Beams

e Cantilever loaded by concentrated tip load F

Table A.3 — Relative non-dimensional critical moment ., for cantilever loaded by
concentrated tip load F (k=ky=2).

Values of non-dimensional critical moment

Loadingand |\ =k | k=G = &
Support Conditions =5 ) ®) 3 é‘ﬂ—él 1 3 y
0,107 | 0,156 | 0,194 | 0,245 | 0,316 | 0,416 | 0,759
2 0,123 | 0,211 | 0,302 | 0,463 | 0,759 | 1,312 | 4,024
0 0 0,128 | 0,254 | 0,478 | 1,280 | 3,178 | 5,590 | 10,730
-2 0,129 | 0,258 | 0,508 | 1,619 | 3,894 | 6,500 | 11,860
-4 0,129 | 0,258 | 0,511 | 1,686 | 4,055 | 6,740 | 12,240
0,151 | 0,202 | 0,240 | 0,293 | 0,367 | 0,475 | 0,899
2 0,195 | 0,297 | 0,393 | 0,560 | 0,876 | 1,528 | 5,360
0,5 0 0,261 | 0,495 | 0,844 | 1,815 | 3,766 | 6,170 | 11,295
%) 0,329 | 0,674 | 1,174 | 2,423 | 4,642 | 7,235 | 12,595
-4 0,364 | 0,723 | 1,235 | 2,529 | 4,843 | 7,540 | 13,100
' F 4 0,198 | 0,257 | 0,301 | 0,360 | 0,445 | 0,573 | 1,123
2 0,268 | 0,391 | 0,502 | 0,691 | 1,052 | 1,838 | 6,345
| 1 0 0,401 | 0,750 | 1,243 | 2,431 | 4,456 | 6,840 | 11,920
2 0,629 | 1,326 | 2,115 | 3,529 | 5,635 | 8,115 | 13,365

e 4 0,777 | 1,474 | 2,264 | 3,719 | 5915 | 8,505 | 13,960

0,335 | 0,428 | 0,496 | 0,588 | 0,719 | 0,916 | 1,795

2 0,461 | 0,657 | 0,829 | 1,111 | 1,630 | 2,698 | 7,815
2 0 0,725 | 1,321 | 2,079 | 3,611 | 5,845 | 8,270 | 13,285
2 1,398 | 3,003 | 4,258 | 5,865 | 7,845 | 10,100 | 15,040

-4 2,119 | 3,584 | 4,760 | 6,360 | 8,385 | 10,715 | 15,825

0,845 | 1,069 | 1,230 | 1,443 | 1,739 | 2,168 | 3,866

2 1,159 | 1,614 | 1,992 | 2,569 | 3,498 | 5,035 | 10,345
4 0 1,801 | 3,019 | 4,231 | 6,100 | 8,495 | 11,060 | 16,165
-2 3,375 | 6,225 | 8,035 | 9,950 | 11,975]| 14,110 | 18,680
-4 5,530 | 8,130 | 9,660 | 11,375 |13,285]| 15,365 | 19,925

a) Forzj= 0, z,= 0 and kyo< 8: p_ = 1,27 + 1,14k + 0,017k,

b) For zj= 0, -4 < &, <4 and ky <4, . may be calculated also from C factors, where the following
approximate values of the factors C; and C, should be used for the cantilever under tip load F:

C,=2,56+4,675k,, - 2,62k,,,> + 0,5k, ifk, <2
C,=5,55, ifky >2
C, = 1,255 + 1,566k, - 0,931k,,” + 0,245k, - 0,024k, if{ =0

C,= 0,192 + 0,585k, - 0,054k, - (0,032 + 0,102k, - 0,013k, * )¢, if§, <0
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams

e Cantilever loaded by uniformly distributed load q

Table A.4 — Relative non-dimensional critical moment p, for cantilever loaded by uniformly
distributed load q (k~k=2).

Loading and Values of non-dimensional critical moment
sge kwkwt = kwtO kz = Cgo kzé = é'(}
Support Conditions %= G ) 3 3 -'0—1 1 3 "
4 0,113 | 0,173 | 0,225 | 0,304 | 0,431 | 0,643 | 1,718
2 0,126 | 0,225 | 0,340 | 0,583 | 1,165 | 2,718 | 13,270
0 0 0,132 | 0,263 | 0,516 | 2,054 | 6,945 | 12,925 | 25,320
-2 0,134 | 0,268 | 0,537 | 3,463 | 10,490 | 17,260 | 30,365
-4 0,134 | 0,270 | 0,541 | 4,273 | 12,715 20,135 | 34,005
4 0,213 | 0,290 | 0,352 | 0,443 | 0,586 | 0,823 | 2,046
2 0,273 | 0,421 | 0,570 | 0,854 | 1,505 | 3,229 | 14,365
0,5 0 0,371 | 0,718 | 1,287 | 3,332 | 8,210 | 14,125 | 26,440
-2 0,518 | 1,217 | 2,418 | 6,010 | 12,165 18,685 | 31,610
q -4 0,654 | 1,494 | 2,950 | 7,460 | 14,570 | 21,675 | 35,320
4 0,336 | 0,441 | 0,522 | 0,636 | 0,806 | 1,080 | 2,483
2 0,449 | 0,663 | 0,865 | 1,224 | 1,977 | 3,873 | 15,575
1 0 0,664 | 1,263 | 2,172 | 4,762 | 9,715 | 15,530 | 27,735
-2 1,109 | 2,731 | 4,810 | 8,695 | 14,250 | 20,425 | 33,075
N -4 1,623 | 3,558 | 6,025 | 10,635 | 16,880 | 23,555 | 36,875
4 0,646 | 0,829 | 0,965 | 1,152 | 1,421 | 1,839 | 3,865
2 0,885 | 1,268 | 1,611 | 2,185 | 3,282 | 5,700 | 18,040
2 0 1,383 | 2,550 | 4,103 | 7,505 | 12,770 18,570 | 30,570
-2 2,724 | 6,460 | 9,620 | 13,735 | 18,755 | 24,365 | 36,365
-4 4,678 | 8,635 | 11,960 | 16,445 | 21,880 | 27,850 | 40,400
4 1,710 | 2,168 | 2,500 | 2,944 | 3,565 | 4,478 | 8,260
2 2,344 | 3,279 | 4,066 | 5,285 | 7,295 | 10,745 | 23,150
4 0 3,651 | 6,210 | 8,845 | 13,070 | 18,630 | 24,625 | 36,645
-2 7,010 | 13,555 17,850 | 22,460 | 27,375 | 32,575 | 43,690
-4 12,270 | 18,705 | 22,590 | 26,980 | 31,840 | 37,090 | 48,390
a) For 7= 0, z,= 0 and kyo < 8: p_, = 2,04 + 2,68k, + 0,021k "
b) For zj= 0, -4 < &, <4 and ky <4, . may be calculated also from C factors, where the following
approximate values of the factors C; and C, should be used for the cantilever under tip load F:
C,=4,11+ 11,2k, - 5,65k,,> + 0,975k, ifk, <2
C, =12, ifky, >2
C, = 1,661 + 1,068k, - 0,609k,,” + 0,153k, - 0,014k,,", if {, =0
C, = 0,535 + 0,426k, - 0,029k,,” - (0,061 + 0,074k, - 0,085k, "), if {, <0
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams

e Combined loading of end moments and transverse load

M q M
»

I ™ M
( ) @ Mo QJIM
@ Mer

Figure A.1 — Loading case.

Considerations:

1 1+ (1—vy)2M?
My==-ql2>0 -1<y<1 M;<0 M.=M,+ M + — (A5
0= g4 v 0 F=MoT™ 16 M, (A-5)

Table A.5 — Values of factor C; (kyt = 0.235; y; Mo/M) (k=ky=1).

MM
0 [-0,25[-0,5[-0,75] -1 [-1,25]-1,5]-1,75] -2 [-10 | -o
1 [1,00] 1,28 [1,75] 2,67 |4,36] 4,61 |2,59] 1,69 | 1,24
0,9 [1,06] 1,37 [1,93] 3,03 [4,70] 4,14 [2,36| 1,58 [ 1,23
0,8 |1,11] 1,46 [2,11] 3,40 |5,05] 3,66 | 2,14 1,47 [ 1,22
0,7 [1,17] 1,56 |2,29] 3,77 [5,31] 3,19 [1,92| 1,36 | 1,21
0,6 [1,24] 1,68 [2,52] 4,11 [5,07] 2,78 [1,75| 1,26 | 1,21
05 |1,32] 1,82 (2,77 4,34 |4,54] 2,48 | 1,63| 1,22 | 1,20
0,4 [1,39] 1,95 [3,01] 4,65 [4,01] 2,18 [ 1,49 1,18 [ 1,19
0,3 [1,48] 2,11 [3,26] 4,77 [3,34] 1,98 [1,39| 1,20 | 1,19
0,2 [1,58]2,27 (3,49 4,64 |2,84] 1,80 | 1,30] 1,20 | 1,19
0,1 [1,68]2,44 (3,73 4,26 [2,47] 1,64 [1,23| 1,19 | 1,18
v [ 0,0 [1,79] 2,61 [3,83] 3,74 [2,23] 1,53 [ 1,20] 1,19 | 1,18]1,16| 1,13
20,1|1,90] 2,79 [3,99] 3,26 [1,96] 1,39 [ 1,18 1,18 | 1,17
0,2[2,03]2,96 (3,97 2,76 [ 1,79] 1,29 [ 1,19 1,18 | 1,17
0,3[2,15 3,11 [3,75] 2,38 [ 1,63] 1,23 [1,19] 1,18 | 1,17
0,4|2,28] 3,28 [3,29] 2,10 [1,49] 1,21 [1,19] 1,18 [ 1,17
0,5(2,40] 3,27 [2,84] 1,02 [1,40| 1,21 | 1,19 1,17 | 1,17
0,6(2,54] 3,18 [2,47/ 1,70 [ 1,30| 1,20 | 1,19 1,17 | 1,16
20,7|2,65] 2,93 [2,19] 1,56 [1,25| 1,21 |1,19] 1,17 1,16
0,8(2,65/ 2,83 [1,99] 1,49 [1,25] 1,21 |1,19] 1,17 | 1,16
0,9(2,64] 2,77 [1,81] 1,43 [1,26] 1,21 [ 1,19] 1,17 | 1,16
a1 (2,62 2,71 [1,63] 1,36 [1,26] 1,22 [1,19] 1,17 | 1,16

G
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for

Determination of Elastic Critical Moment of Steel Beams

ANNEX

A.3 — ECCS - Basis Load Cases

e End Moment Loading

Table A.6 — Values of factors C; and Cs corresponding to various end moment ratio y, values

of buckling length factor k, and cross-section parameters yrand ky (kw=1).

Loading and Bending Values of factors
Support Moment v |k C;
Conditions Diagram G
v <0 wi>0
W= 1 1,000 1,000
1
[ 0,5 1,050 1,019
W =+3/4 1 |1,140 1,000
— 0,75
s 0,5 1,190 1,017
W=+ 1 1,310 1,000
—_ 0,5
0,5 (1,370 1,000
—+1/4 1 1,520 1,000
M wM f»\wﬁ,‘ 0,25
( ) — 0,5 | 1,600 1,000
Ww=0 1 1,770 1,000
- 0
ol T 0,5 | 1,860 1,000
W=-1/4 1 2,060 1,000 0,850
- -0,25
- 0,5 (2,150 1,000 0,650
W=-112 1 2,350 1,000 1,312y
S — 0,5
——= 0,5 2,420 0,950 0,77 - ¢
W 1 (2,600( 1,000 0,55 - yr
D -0,75
— 0,5 2,450 0,850 0,35 - y¢
v 1 (2,600 - -t
- -1
0,5 (2,450 0,125 - 0,7y | -0,125 - 0,7y

In this table the factor C, should be divide by 1,05, when

_TE
"k, L

EL, <1,0 but C,>1
Gl; — 1=

Joao Luis Pinelo Esteves Canha
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams

e Transverse Loading

Table A.7 — Values of factors C;, C; and C; corresponding to various transverse loading cases,
values of buckling length factor k,, cross section mono symmetry and torsion parameter K

(ky=1).
Loading and Values of factors
Support k,
Conditions G & (&

1 1,0 | 1,120 | 0,450 | 0,525

o 0,510,970 | 0,360 | 0,478

1,0 | 1,350 | 0,590 | 0,411

~= > 0,5 | 1,050 | 0,480 | 0,338

1,0 | 1,040 | 0,420 | 0,562

S 0,5 | 0,950 | 0,310 | 0,539

A.4 — Galéa

For combined loads cases this solution have C; and C, values by chart or by tables. (k,=ky=1)

Ration of the moment due to transverse load to the maximum moment p

M q wM
qL
=1 (A.6)
F
M M
1 v FL

( y .*> W= (A.7)

The sign convention for p is defined as positive if M and the transverse load bend the beam in
the same direction, and negative in the other situation.
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams

e Combination between end moments and uniformly distributed load q (by charts)
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Figure A.2 — C,; for end moments with uniformly distributed load q.
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams
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Figure A.3 — C, for end moments with uniformly distributed load q.
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams

e Combination between end moments and concentrated load F (by charts)
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Figure A.4 — C,; for end moments with concentrated load F.
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams
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ANNEX

for

Between Analytical Expressions
Determination of Elastic Critical Moment of Steel Beams

Comparison

e Combination between end moments and uniformly distributed load q (by table)

Table A.8 — C; for end moments with uniformly distributed load q (> 0).
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ANNEX

Between Analytical Expressions for

Determination of Elastic Critical Moment of Steel Beams

Comparison

Table A.9 — C,; for end moments with uniformly distributed load q (1 <0)
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ANNEX

Between Analytical Expressions for

Determination of Elastic Critical Moment of Steel Beams

Comparison

Table A.10 — C; for end moments with uniformly distributed load q (1 > 0).
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ANNEX

Between Analytical Expressions for

Determination of Elastic Critical Moment of Steel Beams

Comparison

Table A.11 — C; for end moments with uniformly distributed load q (n < 0).
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ANNEX

for

Between Analytical Expressions
Determination of Elastic Critical Moment of Steel Beams

Comparison

e Combination between end moments and concentrated load F (by tables)

Table A.12 — C, for end moments with concentrated load F (pn > 0).
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ANNEX

Between Analytical Expressions for

Determination of Elastic Critical Moment of Steel Beams

Comparison

Table A.13 — C, for end moments with concentrated load F (i < 0).
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ANNEX

Between Analytical Expressions for

Determination of Elastic Critical Moment of Steel Beams

Comparison

Table A.14 — C, for end moments with concentrated load F (i > 0).
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ANNEX

Between Analytical Expressions for

Determination of Elastic Critical Moment of Steel Beams

Comparison

Table A.15 — C, for end moments with concentrated load F (n < 0).
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams

A.5 — Andrade et al.

In the main formula the length factors k, and k, are equal to 2 and 1 respectively in both

cases. The solution is limited to the range 0,1 < K <2,5.

e Cantilever with warping prevented at the fixed end

Table A.16 — Values of C; and C, for cantilevers with warping prevent at the fixed end.

Values of factors
Loading c C,
! Top flange loading Bottom flange loading
F 2,462 2,383K _ — _ >
1 — + — 0,380 +2,092K — 0,318K 0,512+ 0,370K —0,033K
VI+K VI+K
q 3,962 5,531K _ _ _ s
— + — 1,130+ 1,539K — 0,176K 1,049 + 0,234K + 0,020K
Vi+R VI+K

Table A.17 — Values of Cs for cantilevers with warping prevent at the fixed end.

. Values of Factors
Loading C
3

1,520 — 1,342y, — 0,0100* — 0,424y +
+ (0,162 + 2,419y, + 0,875y, + 0,400y *)K +
+ (0,148 — 0,623y, — 0,216y 2 + 0,141y })K’

1,808 — 0,944y + 0,299y, — 0,061y +
+ (0,060 + 1,235y, — 0,574y 2 — 0,337y )K +
+ (0,128 — 0,409y, + 0,047y 2 + 0,237y )K’
1,966 — 0,792y, + 0,139y — 0,341y > +
+ (0,061 + 0,549y, + 0,077y - 0,206y,>)K +
=2
+ (0,064 — 0,135y, — 0,050y 2 + 0,058y *)K
2,441 — 1,589y, + 0,176y,> — 0,658y,* +
+ (0,412 + 2,442y, + 0,635y, + 0,261y,> )K +
=2

+ (0,273 — 0,601y, — 0,140y 2 + 0,205y *)K

Top flange loading

7 Shear center loading

Bottom flange loading

Top flange loading

2,609 — 1,801y, + 0,552y2 + 0,461y, +
+(-0,445 + 2,251y, — 0,620y 2 — 0,1443y 2 )K +
+ (0,244 — 0,701y, — 0,044y ? + 0,611y 3)K’

Shear center loading

2,793 — 1,235y, + 0,428\|/f2 - 0:630\|/f3 T
+ (-0,495 + 1,008y, — 0,134y,” — 0,095y, )K +
+ (0,194 — 0,263y, — 0,003y 2 + 0,060y ) K’

Bottom flange loading

Vs is limited to the range -0,8 <y <0,8.
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Determination of Elastic Critical Moment of Steel Beams

e Cantilever with warping free at the fixed end

Table A.18 — Values of C; and C; for cantilevers with warping free at the fixed end.

Values of factors
Loading C C,
! Top flange loading Bottom flange loading

|F 2,437 0,613K  0,105K? _ _, _ o
1 — + = — | 0,409 + 1,444K + 0,070K™ | 0,529 + 0,234K + 0,149K

VI V1+K V14K
q 3,840 1,496K  0,247K _ — _ s
= — — | 0,987+ 1,420K + 0,165K" | 1,028 + 0,388K + 0,150K

VI+E V1+K V14K

Table A.19 — Values of C; for cantilevers with warping free at the fixed end.

Values of Factors

Loading C
3
1,732 — 0,648y, — 0,062y 2 + 0,059y’ +
T‘l’P gf‘“ge (0,066 + 1,539y, + 0,520y, — 0,032y, ) K +
oading _
(0,446 + 0,221y, — 0,037y, + 0,066y )K"
F 2,021 + 0,361y, + 0,176y — 0,655y +

T Shear center (0,242 + 0,120y, — 0,426y + 0,891y )K +
loading (0,337 + 0,052y, — 0,198y,* — 0,099%3)1_(2

2,156 — 0,055y, + 0,101y,2 — 0,079y, +
Bottom fla“ge (0,435 + 0,168y, — 0,083y 2 + 0,077y )K +
loading (0,238 — 0,022y, — 0,011y — 0,030y} )K*

2,669 — 0,815y, + 0,071y 2 — 0,066y, +
T‘l’fag::‘ge (0,113 + 1,812y, + 0,359y, + 0,007y })K +
& (0,499 + 0,289y, + 0,043y,> + 0,081\4/3)1_(2

3,036 + 0,310y, + 0,306y,> — 0,888y,> +
Shear center (0,066 + 0,036y, — 0,585y 2 + 1,180y )K +
foading (0,462 + 0,098y, — 0,227y 2 — 0,123y })K’

3,277 — 0,350y, + 0,348y,2 — 0,263y, +
B"tl“’“;fla“ge (0,190 + 0,348y, — 0,195y 2 — 1,137y )K +

oading —
(0,395 + 0,071y, — 0,009y,2 + 0,009y *)K’

¢ is limited to the range -0,8 <y <0,8.
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Comparison Between Analytical Expressions ANNEX
Determination of Elastic Critical Moment of Steel Beams
A.6 - Lindner
¢ Single beam with cantilever
8,0 25,0 L/t
704 LiLs 0.0
' 0,0 20,0 -
6,0 0,25
0,25
5.0 1 K 05 15,0 - / e
4,0 10 10
k 304 ' 10,0 /
2,0 er, - T ] f’FM P R PR N j:
YU :Lw Lttt ety 50 - =4’” A'l"" ZF,=U
wTan T L T L SR R Pl PR
0,0 T T T T T T T T 0,0 T T T T T T T T
0,00 005 0,10 0,15 0,20 0,25 0,30 0,35 040 045 0,00 0,05 0,10 0,15 0,20 0,25 0,30 0,35 0,40 0,45
Xt Xt
a) Distributed load at flange b) Distributed load at shear center
4,5 - 12,0 - L oo
4,0 1 ’
55 10,0 028
3,0 1 8,0 05
25 / "
' 6.0 1
k 2,0 1 '
1,5 4,0 1
1,0 1 oy ’ Jj"
2,0 1 L L
0.5 A . | , 2k
0,0 —— 0,0 —
0,00 0,05 010 0,15 0,20 025 0,30 035 040 045 0,00 0,05 0,10 0,15 0,20 0,25 0,30 0,35 0,40 0,45
Xt xt

¢) Point load at top flange

d) Point load at shear center

4,5
4,0 1
3,5 1
3,0 1
2,5 1
k 2,0
1,5 1
1,0 4
0,5 1
0,0 T T

0,00 0,05 0,10 0,15 0,20 0,25 0,30 035 040 045

e) End moment at tip of cantilever

Figure A.6 — Values of k for single double symmetric beams with cantilever.
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Analytical

Expressions  for

Determination of Elastic Critical Moment of Steel Beams

ANNEX

A.7 — Trahair

e Simply supported beams

Table A.20 — Values of a,, for doubly symmetric beams with loads at shear center (k,=ky=1).

Loading and Support . )
Conditions Bending Moment Diagram O Range
M., M
( >B Vﬁl 1775+ 1:05[3—"_073325275 -ISBSI
| IF
2d 2d
' ' 5 1,0+0,35(1-7) 0<—=<1
d._d
¥ : 2
2d
v - < —<
o) 1,35+0,4(L) O_L <1
A
F B3PL 1,35+0,15B 0<B<0,89
l ) 16 A
&)
“ -1,2+3,0B8 0,89<B<1
BPL ' F  PBPL
8 ( ’ ) 8 B o) ~d 1,35+0,36B 0<p<l
pPL’ 1,13 +0,108 0<p<0,7
q ] /é
) ©
« -1,25+3,58 0,7<p<1
BPL BPL? Ié\ A 1,13+0,128 0<p=<0,75
12C > 12 o
R > -2,38 + 4,88 0,75<B<1
Jodo Luis Pinelo Esteves Canha A-24



Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams

e Mono symmetric beam

Table A.21 — Critical moment for mono symmetric beams with loads at shear center

(kzzszl)-
Mono Symmetric
Loading an.d- Support Formulation
Conditions
— 2 —
i I I _ KB; k2B,
End Moments Me, =y~ ElrGL, |1+ 4 ( ) 1= (ﬁ) Sk + : By +f2 ‘By
L Iz IZ hm hm
By\ (L+p)"
fi=1+3 (E BT
M(, )BM P ﬁ) (By) @ +ﬁ)“
=
[+ (k) ('”))
n=
, 04anfiB;: \°  04anfiB;
— basic mIsfy mBy
Transverse Loads My = amMey \/ 1+ (2 Mpasic /Ncr,z) * 2Mpasic /N, ,
F m? 1
v k=573
q 2 1
h=%72
Where B; is given by
2 2
02 +2z)-dAt+z = fy = -2z (A.8)
A y
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Determination of Elastic Critical Moment of Steel Beams

e Load out of shear center

Table A.22 — Critical moment for doubly and mono symmetric beams with loads out of shear
center (k~kw=1).

Load Position

Loadi dS t
oading an. : uppor Formulation
Conditions
Double Symmetric
l F
04a,,z 2 04a,,z
_ basi ] m4a ) m~a
‘ F ’ F Mcr B amMm?SlC T (McbraSic/Ncr,z) i M?#SiC/NCT,Z
v v
q
Mono Symmetric i
y Mg, = @ M2 {JT+y7 +v}
F
! . 0,4a,,(z, — z5) + f3,/2
withy = hasi
MC?“ISLC /NCT,Z
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e Restrictions at the supports

Table A.23 — Critical moment for doubly and mono symmetric beams with loads out shear
center and subjected to uniform bending moment.

M M
. . 4 «
Restrictions at the supports ( )
Main Formul M, =y |61 Er (14—l
ain Formula = — —_—
T kL T T KRG
Rotations about axis z restricted a.L
4+ EZI
Warping free ki, =k, = TZL andky =1
4 + =%
Rotations about axis z restricted El,
Rotations about axis z free a. L
4+ E‘}’
Warping restricted ky,=1landk, = TWL and ky =1
4+ =~
Rotations about axis x restricted EL,
. . . h 2
Rotations about axis z restricted a. + Azm L
a,L v 4
VA
4+ E 4+ i
Warping restricted ki = —al and k, = 5 and ky =1
4 + == 2t
El, 2 (aw +—7 )L
Rotations about axis x restricted 4+ El
w
Rotations about axis z free a.L
Sxl
. Gl
Warping free ki =landk, = 1andky = 19 T 45BN ol
’ ’ W) X
Rotations about axis x restricted ( GI TL2 Gy

o, is the stiffness of the bending restriction about z
o, is the stiffness of warping restrains
oy is the stiffness of the bending restriction about x
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e Cantilevers

Table A.24 — Critical moment for doubly symmetric cantilevers.

Cantilevers
F

Warping restricted ]

Rotations about axis z restricted i
,/EI GIT JELGI; 1,2(e—0,1)
M, = +4(K —2) 1+
w/1 + 1,44¢2 L J1+1,44(e—0,1)2
Warping restricted

Rotations about axis z restricted

JELGI; 1,4(¢ - 0.1)

Mg, =275 ——|1+ ]+10(1<—2)

ELGI 1,3(e = 0,1
Y T [1+ ( ) ]

J1+1,96( — 0.1)2 L J1+1,69(e—0,1)2
F
Warping free
Rotations about axis z restricted ( |
JELGI 1,5(e— 0.1 JELGI 3(e—0,3
M, =63""T|1+ ( ) ]+1,5(K—2) z T[1+ ( )
L J1+2,25(s—0.1)2 L 1+4+9(e—0,3)?

Warping free C

Rotations about axis z restricted »

JELGI 1,8(c— 0.3 JELGI 2,8(c — 0,4
MCT=15—T[1+ (€-0%) ]+4(K—2) T[1+ (e-04) ]
L J1 L J1

¥ 3,24(c — 0.3)2 ¥ 7,84(c— 0,4)2
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A.8 — Serna et al.

For a general moment diagram, the coefficient C is obtained by

1-vk) 17 (1-vk
jx/EA1+l—( 5 )Az +—( 5 )Az (A9)

4y

Cl ==

Where k depends on the lateral bending and warping conditions coefficient k; and k. Free
lateral bending and warping at the left end is represented by k;=1, prevented support
conditions at the left end by k; = 0,5; k; is the corresponding support conditions coefficient for
the right end. On the other hand the length factors in the main formula k, and k, are equal to 1
for free lateral bending and free warping and 0,5 for prevented lateral bending and prevented
warping.

k = Jkk, (A.10)

And A and A; are given by

Mpai® + i My% + ayMy? + asMs? + ayM,? + agMs?

A = 5 (A.11)
AQ+4+a;+a,+as;+a,+as)Mya.
M, + 2M, + 3M, + 2M, + M
, = 1 2 3 4 5 (A12)
9Mmax
Where
(1 -ky) sk 5<1+1) (A13)
a, = — A, = o0o——= A, = —_— -— .
k,>

Mnax 1s the maximum moment, and M, M2, M3, M4 and M5 are the values of the moment at
different sections of the beam as indicated in Figure A.7, each of them with the corresponding
sign.

L4 , L4 , L4 | L4 |

=

Ms
Mi M2 M3 M

Mmax

Figure A.7 — Moment diagram and moment values.
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ANNEX B - Statistical Analysis

In this Annex is presented the complete tables of the statistical analysis.

B.1 — Balaz and Kolekova

e Casel
Table B.1 — Balaz and Kolekova — Case 1.
Case 1 BalaZ and Kolekova n Mean StDev CoV% Min. Max. <0,9% >1,03
Var. All 3280 0,998 0,019 1,948 0944 1,036 0,0 0,6
1 820 0997 0010 1,044 0960 1,009 0,0 0,0
0,5 820 0980 0018 1,841 0944 1,008 0,0 0,0
k, 0,7L 820 1,001 0,020 2,047 0945 1,031 0,0 0,4
0,7R 820 1,014 0008 0,773 0995 1,036 0,0 22
[0,5;1] 380 1,005 0014 1361 0969 1,029 0,0 0,0
Double [0;0,5] 800 1,003 0017 1,671 0960 1,036 0,0 26
Symmetric v 1-0,5;0] 300 0992 0021 2,157 0,945 1,024 0,0 0,0
[-15-0,5] 880 0991 0020 2,062 0944 1,029 0,0 0,0
10;0,5[ 873 0,995 0023 2294 0946 1,035 0,0 1,5
L TBeam [0,5;1] 1676 0,996 0,019 1954 0944 1,036 0,0 0,5
[1300] 731 1,004 0012 1237 0960 1,029 0,0 0,0
IPE 1640 0,998 0,019 1941 0944 1,036 0,0 0,5
Profile HEB 1640 0,998 0,020 1956 0946 1,035 0,0 0,8
Var. All 8528 1,003 0078 7817 0,571 1,556 6,1 20,8
1 2132 0,995 0,062 6190 0625 1,556 53 12,7
K 0,5 2132 1,010 0,091 9,008 0,571 1467 6,2 27,9
z 0,7L 2132 0,997 0,086 8588 0583 1415 8,0 18,7
0,7R 2132 1,008 0,071 7,012 0641 1415 5.0 24,0
[0,5;1] 2288 1,010 0017 1,721 0951 1,088 0,0 9.9
[0;0,5] 2080 1,010 0,033 3287 0,88 1,148 0,6 20,8
v 1-0,5;0] 2080 0,982 0,097 9874 0571 1556 12,2 223
[-1;-0,5] 2288 1,008 0,113 11,193 0625 1415 11,3 31,0
Sy?:;‘:t’ric s 10;1] 3356 0,987 0073 7442 0571 1,556 7.5 15,6
x [1;1,5] 3302 1,000 0082 8,127 0625 1415 5.8 23,3
[1,5:00] 1870 1,019 0,076 7409 0,767 1,390 43 25,7
1 656 0967 0050 5,193 0,808 1,147 9,0 9.9
[-0,9;-0,6] 1968 1,056 0,079 7475 0925 1415 0,0 49,1
1-0,650[ 1312 0,993 0,026 2,617 0910 1,066 0,0 47
W 0 656 0999 0017 1,662 0944 1,027 0,0 0,0
10;0,6] 1312 0982 0,045 4585 0,726 1,081 53 6.8
[0,6;0,9] 1968 1,000 0,082 8,095 0736 1,467 8,1 28,5
1 656 0925 0,126 13,645 0,571 1,556 35,7 49
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Comparison Between Analytical Expressions for ANNEX
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e Case?2
Table B.2 — Balaz and Kolekova — Case 2.
Case 2 Balaz and Kolekova n Mean St.Dev  CoV% Min. Max. <0,9% >1,03%
Var. All 1680 0998 0010 1030 0972 1,044 0,0 0,9
k=1 420 1,000 0001 0,083 0,998 1,002 0,0 0,0
ky=1 K,=0,5 420 0999 0016 1,576 0972 1,044 0,0 36
iy k=1 420 0,995 0,003 0255 0973 1,008 0,0 0,0
w kz=0,5 420 0,998 0,006 0632 099 1,015 0,0 0,0
10,5:1] 800 0994 0008 0,824 0972 1,008 0,0 0,0
Double h, 0,5 80 0997 0007 0,688 0977 1,006 0,0 0,0
Symmetric [0;05] 800 1002 0011 1099 0973 1,04 00 1,9
10;0,5[ 237 1,004 0009 0940 098 1,044 0,0 38
L TBeam [0,5:1] 839 0,999 0,010 1,010 0,973 1,042 0,0 0,7
[1300] 604 0,995 0,010 0969 0972 1,024 0,0 0,0
Profile IPE 840 0997 0010 1,010 0972 1,042 0,0 0,7
HEB 840 0998 0010 1,049 0973 1,044 0,0 L1
Var. All 4368 0,994 0,027 2,760 0,827 1,116 1,0 38
k=1 k=1 1092 0997 0022 2244 0,893 1,048 0,6 1,9
k,=0,5 1092 0992 0030 3013 0879 1,116 0,8 77
k=05 k=1 1092 0994 0029 2922 0,827 1,066 11 38
k,=0,5 1092 0993 0028 2,776 0,860 1,061 1,6 1.8
N [0,5:1] 2288 0990 0,025 2574 0827 1,066 13 14
[0;0,5] 2288 0997 0029 2873 0879 1,116 0,7 5.9
10;1] 1287 0996 0028 2,786 0,847 1,066 1,5 4,0
Syrl(::t)ric AU s 1364 0996 0,024 2377 0827 L115 0,7 3,1
1,50 1717 0990 0,030 2981 0879 L1116 1,0 42
-1 336 0945 0,027 2880 0879 1,006 48 0,0
[0,9;0,6] 1008 1006 0,021 2060 0961 1,116 0,0 9.6
1-0,6;0][ 672 1,000 0010 1005 0973 1,037 0,0 1,3
Vi 0 336 1,000 0008 0849 0972 1,038 0,0 1,2
10:0,6] 672 0,999 0,009 0,893 0969 1,043 0,0 1,0
[0,6;09] 1008 1,004 0016 1584 0962 1,066 0,0 49
1 336 0945 0,029 3,092 0827 099 8,6 0,0

Table B.3 — Balaz and Kolekova — Case 2 — y¢ limits analysis.

Case 2 Balaz and Kolekova n Mean St.Dev  CoV% Min. Max. <0,9% >1,03%

-0,9 336 1,009 0,027 2,687 0,961 1,116 0,0 19,0

-0,8 336 1,006 0,019 1,876 0,966 1,074 0,0 6,8

Mono -0,6 336 1,004 0,014 1,355 0,975 1,049 0,0 3,0
Symmetric e 0,6 336 1,001 0,011 1,107 0,967 1,046 0,0 1,2
0,8 336 1,003 0,014 1,385 0,965 1,040 0,0 0,9

0,9 336 1,007 0,021 2,042 0,962 1,066 0,0 12,5
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e Case3
Table B.4 — Balaz and Kolekova — Case 3.
Case 3 Balaz and Kolekova n Mean St.Dev  CoV% Min. Max. <0,9% >1,03%
Var. All 1680 0997 0007 0733 0,978 1,009 0,0 0,0
k=1 420 1,000 0004 0413 0993 1,008 0,0 0,0
ky=1 Kk,=0,5 420 0995 0,007 0654 00984 1,006 0,0 0,0
k=05 k=1 420 099 0,010 1,041 0978 1,009 0,0 0,0
w kz=0,5 420 0,997 0,006 0588 00984 1,005 0,0 0,0
10,5:1] 800 0999 0007 0,710 0978 1,009 0,0 0,0
Double h, 0,5 80 0996 0,007 0674 0978 1,005 0,0 0,0
Symmetric [0;05] 800 0995 0007 0,704 0978 1,005 00 0,0
1050,5[ 293 1,000 0004 0368 0985 1,007 0,0 0,0
L TBeam [0,5:1] 830 0,997 0,007 0,715 0,978 1,009 0,0 0,0
[1300] 557 0,995 0,008 0815 0978 1,009 0,0 0,0
Profile IPE 840 0997 0,007 0,722 0978 1,009 0,0 0,0
HEB 840 0997 0007 0,742 0978 1,009 0,0 0,0
Var. All 4368 0,994 0,043 4283 0811 1,138 53 11,8
k=1 k=1 1092 0998 0042 4232 0811 1,09 40 15,3
k,=0,5 1092 0991 0042 4227 0812 1,108 3.2 13,2
k=05 k=1 1092 0995 0047 4712 0,838 1,138 8,2 12,4
k,=0,5 1092 0995 0039 3901 0846 1,063 58 6,2
N [0,5;1] 2288 0996 0037 3,702 0,838 1,088 3,1 10,3
[0;0,5] 2288 0993 0047 4783 0811 1,138 7.3 13,2
10;1] 1484 0994 0041 4,144 0838 1,138 47 9,2
Syrl(::t)ric AU s 1533 0995 0,036 3,598 0,839 1,103 44 7.6
1,50 1351 0995 0051 5076 0811 1,108 6,9 19,3
-1 336 0915 0,041 4505 0811 0991 36,6 0,0
[0,9;0,6] 1008 1025 0,024 2337 0968 1,108 0,0 332
1-0,650] 672 1,003 0007 0652 0982 1,021 0,0 0,0
Vi 0 336 0,999 0,004 0429 0984 1,007 0,0 0,0
10;0,6] 672 0,997 0,008 0752 0974 1015 0,0 0,0
[0,6;09] 1008 1,009 0028 2729 0961 1,138 0,0 17,8
1 336 0910 0,026 2,900 0838 0,965 32,1 0,0

Table B.5 — Balaz and Kolekova — Case 3 — y¢ limits analysis.

Case 3 Balaz and Kolekova n Mean St.Dev  CoV% Min. Max. <0,9% >1,03%

-0,9 168 1,042 0,032 3,037 0,959 1,119 0,0 74,4
-0,8 168 1,014 0,027 2,652 0,940 1,069 0,0 20,8
Mono -0,6 168 0,994 0,023 2,274 0,930 1,036 0,0 2,4
Symmetric e 0,6 168 0,997 0,021 2,121 0,945 1,059 0,0 7,1
0,8 168 1,008 0,027 2,663 0,961 1,098 0,0 17,9
0,9 168 1,017 0,034 3,323 0,966 1,138 0,0 26,8
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e Cased
Table B.6 — Balaz and Kolekova — Case 4.
Case 4 Balaz and Kolekova n Mean St.Dev  CoV% Min. Max. <0,9% >1,03%

Var. All 1680 1,002 0022 2216 0963 1,127 0,0 8,8

k=1 420 1,00l 0,005 0522 0995 1,019 0,0 0,0

ky=1 k,=0,5 420 1,009 0,038 3,759 0963 1,127 0,0 25,0

k=05 k=1 420 0,996 0,013 1290 0969 1,014 0,0 0,0

w kz=0,5 420 1,003 0,016 1,637 0983 1,055 0,0 10,0

10,5;1] 800 0991 0,010 1,005 0963 1,009 0,0 0,0

Double hy 0,5 80 0,997 0,007 0,700 0975 1,008 0,0 0,0
Symmetric [0;0,5] 800 1,014 0026 2531 0969 1,127 00 18,4
1050,5[ 221 1,013 0,029 288 0981 1,127 0,0 19,5

aLTBeam 1o 5:1] 830 1,004 0,023 2261 0,963 1,123 0,0 9,9

[1300] 629 0997 0,016 1,634 0964 1,091 0,0 35

Profile IPE 840 1,002 0,022 2,148 0964 1,123 0,0 8,1

HEB 840 1,003 0,023 2280 0963 1,127 0,0 94
Var. All 4368 0,995 0,042 4,213 0,826 1,190 3.5 12,2

k=1 k,~1 1092 0,995 0,029 2,955 0,877 1,065 0,8 2.7
k,=0,5 1092 1,002 0,055 5,497 0,844 1,190 2,9 26,0

k,=05 k=1 1092 0,990 0,037 3,738 0,826 1,088 4,2 4,9
k,=0,5 1092 0,994 0,041 4,144 0,857 1,091 5,9 15,2

h, [0,5;1] 2288 0,984 0,034 3,406 0,826 1,091 4,1 3,1
[0;0,5] 2288 1,005 0,046 4,608 0,844 1,190 3.1 20.5
Mono L TBeam 1051 1163 1,007 0,051 5,034 0,830 1,190 4,6 24,0
Symmetric [515] 1336 1,001 0036 3554 0826 1151 18 124
[1,5;500] 1869 0,984 0,037 3,760 0,844 1,150 4,0 4,8

-1 336 0,927 0,031 3,363 0.844 0,994 19.9 0.0
[-0,9;-0,6] 1008 1,000 0,027 2,736 0957 1,151 0,0 11,2

1-0,6;0[ 672 1,002 0,022 2,176 0961 1,108 0.0 8.3
| 0 336 1,005 0,023 2,334 0964 1,123 0,0 11,0

1050,6[ 672 1,009 0,026 2,547 0964 1,151 0,0 12,5
[0,6;09] 1008 1,021 0,031 3,073 0,964 1,190 0,0 24,2
1 336 0921 0,033 3606 0826 1,019 250 0,0

Table B.7 — Balaz and Kolekova — Case 4 — y¢ limits analysis.

Case 4 Balaz and Kolekova n Mean St.Dev  CoV% Min. Max. <0,9% >1,03%

-0,9 336 1,001 0,033 3,253 0,957 1,151 0,0 14,6

-0,8 336 0,999 0,026 2,610 0,959 1,109 0,0 11,6

Mono -0,6 336 1,000 0,023 2,257 0,961 1,086 0,0 74
Symmetric e 0,6 336 1,015 0,029 2,809 0,965 1,168 0,0 14,6
0,8 336 1,021 0,031 3,008 0,965 1,182 0,0 22,0

0,9 336 1,028 0,033 3,259 0,964 1,190 0,0 36,0
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e Cases
Table B.8 — Balaz and Kolekova — Case 5.
Case 5 Balaz and Kolekova n Mean St.Dev  CoV% Min. Max. <0,9% >1,03%
Var. All 1260 0996 0,015 1,518 0944 1,019 0,0 0,0
k=1 420 1,001 0,004 0,424 0,996 1,013 0,0 0,0
ky=1 k,=0,5 420 0,998 0,007 0,707 0,990 1,019 0,0 0,0
ky=0,5 kz=0,5 420 0,990 0,023 2375 0944 1,016 0,0 0,0
10,5;1] 600 0,998 0,014 1,428 0,950 1,019 0,0 0,0
Double hy 0,5 60 0,993 0,014 1,403 0,949 1,008 0,0 0,0
Symmetric [0;0,5] 600 0,994 0,016 1,593 0,944 1,016 0,0 0,0
10;0,5( 436 0,999 0,013 1302 0945 1,016 0,0 0,0
pLTBeam g 5.1 610 0,995 0,016 1,605 0944 1,019 0,0 0,0
[1300] 214 0,993 0,016 1,581 0950 1,018 0,0 0,0
IPE 630 0,995 0,015 1,522 0,944 1,019 0,0 0,0
Profile HEB 630 0,997 0,015 1,510 0945 1,019 0,0 0,0
Var. All 2268 0963 0,130 13,447 0337 1,198 19,1 22,0
k=1 k=1 756 0,972 0,105 10,815 0,640 1,198 18,8 23,0
k=0,5 756 0,980 0,114 11,631 0611 1,193 19,0 32,4
ky=0,5 k,~0,5 756 0,937 0,159 16,964 0337 1,112 19,4 10,7
b [0,5;1] 1188 0969 0,107 11,021 0362 1,114 16,2 15,8
! [0;0,5] 1188 0957 0,149 15559 0,337 1,198 22,2 28,3
Mono 10;1] 1104 1,010 0,082 8111 0484 1,198 3,0 25,7
Symmetric  3""P™ [1;1,5] 818 0,937 0,150 15985 0,337 1,150 27,3 20,9
[1,5500] 346 0,875 0,138 15,763 0542 1,077 51,2 13,0
-1 252 0,833 0,079 9,544 0,685 0,985 74,6 0,0
1-0,5;0[ 756 1,044 0,040 3,821 0971 1,198 0,0 57,1
W 0 252 1,000 0,008 0,760 0,983 1,020 0,0 0,0
10:0,5] 756 1,006 0,026 2,556 0,974 1,166 0,0 9,0
1 252 0,688 0,138 20,106 0,337 0,931 97,2 0,0

Table B.9 — Balaz and Kolekova — Case 5 — y¢ limits analysis.

Case 5 Balaz and Kolekova n Mean St.Dev  CoV% Min. Max. <0,9% >1,03%

Var. All 3276 1,031 0257 24917 0269 3,752 19,6 48.4

[-0,9;-0,5] 756 LII0 0209 18,846 0,700 2,440 11,1 72,5

[-0,5;0] 756 1,044 0040 3,821 0971 1,198 0,0 57,1

0 252 1,000 0,008 0,760 0,983 1,020 0,0 0,0

1050,5] 756 1,006 0026 2556 0974 1,166 0,0 9,0

Mono 10,5;09] 756 1,156 0448 38,771 0269 3,52 16,5 70,9
Symmetric Wi 0,5 252 1,066 0048 4488 0971 1,198 0,0 83,3
0,4 252 1,048 0034 3226 0974 1,143 0,0 71,8

0,2 252 1,018 0014 1410 0,979 1,058 0,0 16,3

0,2 252 0,992 0,008 0802 0974 1,009 0,0 0,0

0,4 252 1,004 0019 1926 0974 1,086 0,0 9,1

0,5 252 1,020 0034 3323 0980 1,166 0,0 17,9
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e Case6
Table B.10 — Balaz and Kolekova — Case 6.
Case 6 Balaz and Kolekova n Mean St.Dev  CoV% Min. Max. <0,9% >1,03%
Var. All 1260 0999 0,016 1,598 0961 1,030 0,0 0,2
k=1 420 1,000 0,014 1,351 0,977 1,025 0,0 0,0
ky=1 k,=0,5 420 1,003 0,014 1,377 0,984 1,030 0,0 0,7
ky=0,5 kz=0,5 420 0,995 0,019 1,903 0,961 1,024 0,0 0,0
10,5;1] 600 1,000 0,015 1,485 0963 1,030 0,0 0,5
Double hy 0,5 60 0,995 0,010 1,047 0963 1,007 0,0 0,0
Symmetric [0;0,5] 600 0,991 0,012 1,186 0,961 1,028 0,0 0,0
10;0,5( 245 1,002 0,009 0,921 0966 1,028 0,0 0,0
pLTBeam g 5.1 630 0,999 0,016 1,636 0,962 1,030 0,0 03
[1300] 385 0,999 0,018 1,845 0961 1,030 0,0 0,3
IPE 630 0,999 0,016 1,586 0,961 1,030 0,0 0,2
Profile HEB 630 1000 0016 1,606 0962 1,030 0,0 0,3
Var. All 2268 0972 0,126 12911 0470 1,410 18,7 29,2
k=1 k=1 756 0,977 0,109 11,189 0618 1,246 18,4 30,7
k=0,5 756 0,988 0,119 12,063 0645 1410 19,0 35,1
ky=0,5 k,=0,5 756 0,953 0,143 15,038 0470 1,147 18,8 21,8
b [0,5;1] 1187 0980 0,102 10,374 0,480 1,108 15,5 27,3
! [0;0,5] 1188 0964 0,145 15,027 0,470 1,410 22,2 30,9
Mono 10:1] 687 1,029 0,074 7,169 0,553 1410 12 36,2
Symmetric  3""P™ [1;1,5] 902 0,961 0,137 14,281 0470 1,297 18,1 25,1
[1,5500] 679 0,930 0,130 14,022 0553 1,108 37,4 27,5
-1 252 0,839 0,087 10,379 0645 1,002 69,4 0,0
1-0,5;0[ 756 1,039 0,032 3,056 0,972 1,108 0,0 59,7
W 0 252 1,003 0,012 1211 0,979 1,028 0,0 0,0
10:0,5] 756 1,028 0,058 5678 0,978 1410 0,0 27,9
1 252 0,710 0,105 14,764 0470 0918 99,2 0,0

Table B.11 — Balaz and Kolekova — Case 6 — yy limits analysis.

Case 6 Balaz and Kolekova n Mean St.Dev  CoV% Min. Max. <0,9% >1,03%

Var. All 3276 1,088 0,263 24,185 0435 47307 6,8 53,3

[-0,9;-0,5] 756 1,104 0,172 15,553 0,609 1,731 13,1 77,8

[-0,5;0] 756 1,039 0032 3,056 0972 1,108 0,0 59,7

0 252 1,003 0012 1211 0979 1,028 0,0 0,0

1050,5] 756 1,028 0058 5678 0978 1,410 0,0 27,9

Mono 10,5;09] 756 1211 0493 40,695 0435 4307 16,3 65,5
Symmetric Wi 0,5 252 1,060 0031 2911 0973 1,108 0,0 83,3
0,4 252 1,042 0026 2524 0972 1,088 0,0 67,5

0,2 252 1,015 0019 1,894 0978 1,054 0,0 28,2

0,2 252 1,004 0019 1,880 0978 1,107 0,0 7.9

0,4 252 1,028 0052 5069 0979 1281 0,0 31,7

0,5 252 1052 0078 7389 0,980 1,410 0,0 44,0
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams

e Case7
Table B.12 — Balaz and Kolekova — Case 7.
Case 7 BalaZ and Kolekova n Mean St.Dev  CoV% Min. Max. <0,9% >1,03%
Var. All 5220 1,003 0,040 4,034 0,780 1,241 3,5 12,6
[-1;0] 1800 0989 0,058 5,840 0,789 1,241 7.8 12,9
My/M [-2;-1] 1800 1,005 0,030 3,004 0,812 1,069 24 15,8
n [-4;-2] 900 1,018 0,010 0,980 0,996 1,046 0,0 10,8
[-o05-4[ 720 1,017 0,012 1,210 0,992 1,043 0,0 6,1
10,5;1] 1160 1,008 0,043 4,246 0,812 1,069 53 27,5
Double [050,5] 1740 1,000 0,045 4,462 0,789 1,065 5.4 12,0
Symmetric v [-0,5;0] 1740 0998 0,035 3,483 0,808 1,060 3,0 6,0
[-1;-0,5] 1160 1,008 0,040 3,966 0,892 1,241 0,5 7.5
10;0,5] 632 0,961 0,066 6,919 0,789 1,182 21,2 10,0
j L TBeam [0,5:1] 2756 1,005 0,035 3,482 0,816 1,240 1,8 12,1
[1300] 1832 1,015 0,023 2,285 0,921 1,241 0,0 14,3
Profile IPE 2610 1,004 0,040 3,991 0,789 1,241 3.4 13,0
HEB 2610 1,002 0,041 4,077 0,790 1,240 3,7 12,2

Table B.13 — Baldz and Kolekova — Case 7 — C, analysis.

Case 7 Balaz and Kolekova n Mean St.Dev  CoV% Min. Max. <0,9% >1,03%

Var. All 15660 1,020 0,163 15959 0409 2,583 10,8 28,7

Double 1 5220 1,089 0,224 20,551 0,665 2,583 7,5 48,0
Symmetric h, 0,5 5220 1,003 0,040 4,034 0789 1241 3,5 12,6
0 5220 0,969 0,142 14,684 0409 1,449 21,5 25,6
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams

e Case9

Table B.14 — Balaz and Kolekova — Case 9.

Case 9 Balaz and Kolekova n Mean St.Dev  CoV% Min. Max. <0,9% >1,03%

Var. All 60 1,045 0,097 9314 0960 1,302 0,0 28,3
1 20 1,150 0,105 9,172 1,015 1302 0,0 85,0
hy 0,5 20 1,009 0,011 1LI19 0991 1,023 0,0 0,0
0 20 0976 0,014 1425 0,960 1,000 0,0 0,0
S y?r‘l’r‘:ll;lt‘;ic 10;0,5] 7 0977 0,015 1,567 0961 0,994 0,0 0,0
j LTBeam [0,5:1] 26 1,055 0,107 10,183 0,960 1,302 0,0 34,6
[1500[ 27 1,053 0,094 8967 0966 1,296 0,0 29,6
IPE 30 1,043 0,094 9,050 0960 1,296 0,0 26,7
Profile HEB 30 1,047 0,102 9,717 0961 1,302 0,0 30,0
Var. All 108 1,034 0,115 11,131 0445 1310 1,9 27.8
1 36 1,116 0,172 15397 0445 1310 5,6 80,6
hy 0,5 36 1,002 0,005 0544 099 1,020 0,0 0,0
0 36 0983 0,017 1,737 0,958 1,032 0,0 2.8
10;1] 27 0992 0016 1,628 0960 1,023 0,0 0,0
Mono AR 5] 41 1,047 0,105 10,000 0,958 1,303 0,0 26,8
Symmetric [1,5500] 40 1,048 0,153 14,555 0445 1310 5,0 47,5
[-08;-04] 24 1,015 0,033 3274 0971 1,123 0,0 20,8
[-0,4;0] 24 1,039 0,081 7,778 0958 1216 0,0 33,3
Vs 0 12 1,053 0,107 10,162 0959 1,261 0,0 33,3
10;0,4] 24 1,048 0117 11,178 0917 1302 0,0 29,2
10,4;0,8] 24 1,023 0,184 17,976 0445 1310 8,3 25,0

Table B.15 — Baldz and Kolekova — Case 9 — Interpolation analysis.

Case9 Interpolation n Mean St.Dev  CoV% Min. Max. <0,9% >1,03%
Double Non-linear 60 1,045 0,097 9314 0960 1302 0,0 28,3
Symmetric Linear 60 1,034 0,108 10,422 0918 1,327 0,0 28,3
Mono Non-linear 108 1,034 0,115 11,131 0,445 1,310 1,9 27,8
Symmetric Linear 108 1,100 0,07 9,710 0918 1,346 0,0 73,1
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams

e Casel0

Table B.16 — Balaz and Kolekova — Case 10.

Case 9 Balaz and Kolekova n Mean St.Dev  CoV% Min. Max. <0,9% >1,03%

Var. All 60 1,047 0,112 10,691 0929 1,297 0,0 33,3
1 20 1,179 0,094 7941 1,031 1297 0,0 100,0
hy 0,5 20 1,012 0,012 1,191 0994 1,027 0,0 0,0
0 20 0950 0,021 2256 0,929 0,994 0,0 0,0
S y?r?rl:llzltiic 10;0,5] 16 1,015 0,129 12,713 0930 1,297 0,0 18,8
j LTBeam [0,5:1] 32 1,057 0,114 10,791 0,929 1296 0,0 34,4
[1500[ 12 1,063 0076 7,061 0971 1217 0,0 50,0
IPE 30 1,045 0,109 10,470 0929 1,296 0,0 33,3
Profile HEB 30 1,049 0,116 11,081 0930 1,297 0,0 33,3
Var. All 108 1,035 0,142 13,691 0348 1424 1,9 28,7
1 36 1,142 0205 17,917 0348 1424 5,6 80,6
hy 0,5 36 1,000 0,007 0,696 0990 1,022 0,0 0,0
0 36 0961 0,029 2995 0,925 1,037 0,0 5.6
10;1] 47 1,007 0,095 9478 0925 1356 0,0 14,9
Mono AR 5] 52 1,032 0,154 14896 0348 1421 3,8 34,6
Symmetric [1,5;00] 9 1,194 0,179 14993 0994 1424 0,0 66,7
[-0,8;-04] 24 1,007 0,039 3923 0937 1,076 0,0 25,0
[-0,4;0] 24 1,034 0,089 8649 0925 1,205 0,0 33,3
Vs 0 12 1,053 0,124 11,785 0929 1279 0,0 33,3
10;0.4] 24 1,053 0,145 13,775 0921 1363 0,0 29,2
10,4;0,8] 24 1,035 0232 22,447 0348 1,424 8,3 25,0
Table B.17 — Balaz and Kolekova — Case 10 — Interpolation analysis.
Case 10 Interpolation n Mean St.Dev  CoV% Min. Max. <0,9% >1,03%
Double Non-linear 60 1,047 0112 10,691 0929 1297 0,0 33,3
Symmetric Linear 60 1,063 0,145 13,648 0916 1,402 0,0 33,3
Mono Non-linear 108 1.035 0142 13691 0348 1424 19 28.7
Symmetric Linear 108 1,122 0,161 14,341 0916 1,578 0,0 62,0
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams

B.2 — ECCS - Basis Load Cases

e Casel
Table B.18 — ECCS — Basis Load Cases — Case 1.
Case 1 ECCS n Mean St.Dev  CoV% Min. Max. <0,9% >1,03%

All 3280 0956 0,148 15465 0618 1344 265 20,9

Without k,=0,7 1640 0934 0032 3445 0865 1,032 16,2 0,1

1 820 0937 0,030 3217 0865 1,004 13,2 0,0

K 0,5 820 0930 0,034 3616 0879 1,032 19,1 0,1

‘ 0,7L 820 0818 0,138 16910 0,618 1255 73,5 7.8

0,7R 820 1,139 0,113 9960 0927 1,344 0,0 75,5

Without k,=0,7

Double [0,5;1] 440 0,947 0031 3312 0885 1004 7,7 0,0
Symmetric [0;0,5] 400 0,937 0028 2966 0879 0,99 9.8 0,0
v 1-0,5;0] 400 0,924 0029 3,101 0875 1,006 20,5 0,0

[-1;-0,5] 440 0925 0034 3,662 0865 1,032 26,6 0,2

10;0,5] 449 0922 0030 3246 0865 1,026 25,4 0,0

3 TBeam [0,5:1] 827 0,932 0,033 3,553 0,865 1,029 17,7 0,0

[1300] 364 0951 0,025 2580 0894 1,032 14 0,3

Profile IPE 820 0933 0,032 3474 0865 1,032 17,4 0,1

HEB 820 0934 0,032 3418 0,865 1,029 14,9 0,0
All 7216 0975 0,140 14383 0581 1450 23,8 26,4

Without k,=0,7 3608 0957 0079 8214 0752 1381 17.8 10,0

1 1804 0942 0057 6056 0752 1,134 19,5 43

K 0,5 1804 0,972 0,093 9571 0830 1,381 16,1 15,7

“ 0,7L 1804 0,866 0,147 16,955 0,581 1,349 59,6 12,0

0,7R 1804 1,118 0,108 9,697 0,926 1450 0,0 73,5

Without k,=0,7

[0,5;1] 968 00955 0,027 2874 0885 1,006 48 0,0

[0;0,5] 880 0955 0,034 3607 088 1,111 4.8 2,7

Syﬁ‘:}‘;‘:ﬁc v 1-0,5;0] 880 0942 0,084 8873 0,759 1381 30,5 12,7
[-15-0,5] 968 0975 0121 12367 0752 1376 30,1 24,1

10;1] 1548 0,933 0062 6,638 0,759 1,381 27,7 4,0

e TP I 1295 0,967 009 9351 0,752 1376 16,4 15,1

[1,5500] 765 0988 0,073 7344 0910 1372 0,0 13,7

[-0,9;-0,6] 984 1,015 0088 8705 0870 1376 1,0 25,9

1-0,6;0[ 656 0935 0,033 3,551 0856 1,063 14,9 0,6

Ve 0 328 0922 0,032 3499 0870 1,025 31,7 0,0

10;0,6( 656 0918 0043 4642 0820 1,063 35,7 0,9

[0,6;09] 984 0952 0,08 9046 0,752 17381 19,8 9,9
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams

Table B.19 — ECCS — Basis Load Cases — Case 1 — k,= 0,7 Method.

Case 1 ECCS n  Mean StDev. CoV%  Min. Max. <09% >1,03%
k0, _Interpolation 1640 0978 0204 20867 0618 1344 368 416
= 1640 0967 0211 21,816 0,602 1366 388 393
K,=0,7
Sy?;’;‘;i‘;ic k071, _Interpolation 820 0818 038 16910 0618 1255 735 78
k=1 820 0809 0,152 18,814 0,602 1300 77,6 9,1
k—0.7r _Interpolation 820 1139  0.13 9.960 0927 1344 00 75.5
= 820 1125 0,127 11279 0902 1366 0,0 69.4
K07 _Interpolation 3608 0992 0180 18,175 0581 1450 298 428
e k=1 3608 0,980 0,187 19,042 0566 1,423 33,4 40,0
K,=0,7
Syrr(::e:ric k—07L, _Interpolation 1804 0866 0147 16955 0381 1349 596 120
k=1 1804 0857 0,160 18,718 0,566 1381 669 13,1
k—0.7R__Interpolation 1804 LIIE 0,108 9.697 0926 1450 0,0 73.5
k=1 1804 1,104 0,116 10,515 0906 1423 00 66,9
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams

e Case?2
Table B.20 — ECCS — Basic Load Cases — Case 2.
Case 2 ECCS n Mean StDev  CoV% Min. Max. <0,9% >1,03%
Var. All 840 0993 0015 1486 0949 1,031 0,0 0,2
1 420 0991 0003 0253 0984 0,99 0,0 0,0
k, 0,5 420 0995 0021 2,068 0949 1,031 0,0 0,5
10,5;1] 400 0,999 0,010 1,026 0980 1,031 0,0 0,5
hy 0,5 40 0,991 0011 1,107 0974 1,021 0,0 0,0
Syll)t(l)llllll;ltiic [0;05] 400 0987 0016 165 0949 1,025 00 0,0
1050,5( 84 0977 0017 1,762 0950 1,018 0,0 0,0
FLMBeam g 59| 425 0993 0015 1,516 0949 1,031 0,0 0,5
[1300] 331 0997 0,010 1,042 0973 1,025 0,0 0,0
IPE 420 0993 0015 1,466 0949 1,030 0,0 0,2
Profile HEB 420 0992 0015 1,506 0950 1,031 0,0 0,2
Var. All 1848 0996 0028 2,780 0935 1,122 0,0 11,1
1 k=1 924 0996 0011 1,126 0980 1,040 0,0 14
v k,=0,5 924 0995 0,038 3,769 0935 1,122 0,0 20,8
W [0,5;1] 968 1,000 0,023 2275 0937 1,069 0,0 11,6
! [050,5] 968 0991 0,031 3,138 0935 1,122 0,0 10,4
10;1] 411 0970 0,020 2,100 0935 1,030 0,0 02
Mono ~ sLTBeam 7.9 5] 619 0993 0,022 225 0948 1,122 0,0 52
Symmetric 150 818 1,011 0,024 2401 0982 1119 00 21,0
[0,9;-0,6] 504 1026 0024 2375 0975 1,122 0,0 39,3
]-0,6;0] 336 0998 0015 1481 00948 1,037 0,0 1,5
v 0 168 0988 0016 1,669 0942 1,035 0,0 0,6
10;0,6] 336 0981 0,016 1,680 0938 1,030 0,0 0,3
[0,6;09] 504 0976 0018 1853 0935 1,016 0,0 0,0
Table B.21 — ECCS — Basic Load Cases — Case 2 — y¢ limits analysis.
Case 2 Balaz and Kolekova n Mean StDev  CoV% Min. Max. <0,9% >1,03%
0,9 168 1,042 0027 2590 1011 1,122 0,0 57,7
0,8 168 1,026 0019 1842 095 1,046 0,0 26,2
Mono 0,6 168 1,011 0014 1400 0975 1,046 0,0 18,5
Symmetric v 0,6 168 0976 0017 1,705 0936 1015 0,0 0,0
0,8 168 0976 0018 1,836 0935 1,008 0,0 0,0
0,9 168 0977 0020 2014 0936 1016 0,0 0,0
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams

e Case3
Table B.22 — ECCS — Basic Load Cases — Case 3.
Case 3 ECCS n Mean StDev  CoV% Min. Max. <0,9% >1,03%
Var. All 840 0990 0018 1,770 0931 1,017 0,0 0,0
. 1 420 0995 0,009 0862 0972 1017 0,0 0,0
z 0,5 420 0985 0,022 2246 0931 1017 0,0 0,0
10,5;1] 400 0981 0,020 1997 0931 1,015 0,0 0,0
hy 0,5 40 098 0013 1274 0967 1,015 0,0 0,0
Syll)t(l)llllll;ltiic [0;05] 400 0999 0009 0904 0972 1,017 00 0,0
1050,5( 105 0987 0,021 2144 0940 1017 0,0 0,0
FUTBeam 10 5. 432 0988 0,019 1877 0931 1017 0,0 0,0
[1300] 303 0995 0,013 1,338 0941 1,017 0,0 0,0
IPE 420 0991 0,017 1,730 0,931 1017 0,0 0,0
Profile HEB 420 098 0,018 1,808 00931 1,017 0,0 0,0
Var. All 1848 1,000 0,030 2097 0925 1,138 0,0 13,7
1 = 924 1,008 0,024 2348 0969 1,138 0,0 15,8
v k,=0,5 924 0992 0,033 3369 0925 1,119 0,0 11,7
W [0,5;1] 968 0988 0,027 2759 0925 1,079 0,0 8,3
! [050,5] 968 1,012 0,027 2,657 0951 1,138 0,0 18,9
10;1] 515 1,003 0031 3,129 0931 1,138 0,0 13,6
Mono ~ sLtBeam 7.9 5] 677 0993 0,027 2,688 0925 1,119 0,0 8,0
Symmetric 150 656 1,006 0,031 3,043 0930 1117 00 19,8
[0,9;-0,6] 504 1017 0034 3321 0930 1,119 0,0 32,5
[-0,6;0] 336 0985 0020 2,048 0925 1,019 0,0 0,0
v 0 168 0983 0020 2025 0926 1,019 0,0 0,0
10;0,6] 336 0989 0,019 1,967 00929 1,040 0,0 0,9
[0,6;09] 504 1,007 0,029 2867 0945 1,138 0,0 17,3
Table B.23 — ECCS — Basic Load Cases — Case 3 — y¢ limits analysis.
Case3 ECCS n Mean St.Dev  CoV% Min. Max. <0,9% >1,03%
0,9 168 1,042 0032 3037 0959 L1119 0,0 744
0,8 168 1,014 0027 2652 0940 1,069 0,0 20,8
Mono 0,6 168 0994 0023 2274 0930 1,036 0,0 24
Symmetric Vi 0,6 168 0997 0021 2121 0945 1,059 0,0 71
0,8 168 1,008 0,027 2663 0961 1,098 0,0 17,9
0,9 168 1,017 0034 3323 0966 1,138 0,0 26,8
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e Cased
Table B.24 — ECCS — Basic Load Cases — Case 4.
Case 4 ECCS n Mean StDev  CoV% Min. Max. <0,9% >1,03%
Var. All 840 1,000 0,021 2,122 0960 1,107 0,0 13,0
1 420 1,002 0,002 0231 1,000 1,010 0,0 0,0
k, 0,5 420 1,016 0,029 2809 0960 1,107 0,0 26,0
10,5;1] 400 1017 0024 2331 1,000 1,107 0,0 20,3
hy 0,5 40 1,002 0,009 088 0990 1,028 0,0 0,0
Syll)lfllllll;ltiic [050,5] 400 1,002 0016 1,645 0960 1,042 0,0 7,0
10;0,5] 73 0,997 0027 2747 0961 1078 0,0 13,7
FLTBeam 10 5. q| 415 1011 0,024 2397 0960 1,107 0,0 15,4
[1300] 352 1,000 0015 1444 0987 1,087 0,0 9,9
IPE 420 1,009 0,021 2,049 0960 1,106 0,0 12,6
Profile HEB 420 1,009 0022 2,196 0961 1,107 0,0 13,3
Var. All 1848 1015 0,034 3397 0942 1,160 0,0 22,2
1 k=1 924 1,007 0,009 0907 00998 1,064 0,0 34
w k,=0,5 924 1,022 0047 4574 0942 1,160 0,0 41,1
W [0,5;1] 968 1,019 0036 3,560 0,943 1,121 0,0 27,3
! [050,5] 968 1,009 0031 3,120 0,942 1,160 0,0 16,5
10;1] 352 0,991 0029 2970 00942 1,094 0,0 8,8
Mono ~ sLtBeam 7.9 5] 635 1,010 0030 2957 0958 1,160 0,0 16,7
Symmetric 1,50 861 1,028 0,034 3274 0998 1156 00 31,8
[0,9;-0,6] 504 1,045 0036 3431 0996 1,160 0,0 53,4
1-0,6;0] 336 1,018 0028 2754 0961 L1117 0,0 23,8
v 0 168 1,007 0,028 2,756 0951 1116 0,0 13,7
10;0,6[ 336 0,998 0024 2355 0944 1,108 0,0 74
[0,6;09] 504 0996 0,021 2,087 0942 1,077 0,0 2.8
Table B.25 — ECCS — Basic Load Cases — Case 4 — y¢ limits analysis.
Case 4 ECCS n Mean St.Dev  CoV% Min. Max. <0,9% >1,03%
0,9 168 1059 0,040 3,748 1,012 1,160 0,0 61,3
0,8 168 1,045 0,033 3152 1,009 1118 0,0 55,4
Mono 0,6 168 1,032 0,029 2805 099 L1117 0,0 435
Symmetric Vi 0,6 168 0993 0,020 2019 0942 1,077 0,0 3,0
0.8 168 0995 0,020 2,021 0943 1,062 0,0 12
0,9 168 0999 0,022 2,187 0947 1,062 0,0 42
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams
B.3 — Galéa
e Caselto6
Table B.26 — Galéa — Case 1 to 6.
Double Galéa n Mean StDev CoV% Min. Max. <0,9% >1,03%
Symmetric
Var. All 820 0,973 0,029 3,032 0,898 1,001 0,6 0,0
[0,5;1] 220 0,999 0,002 0,153 0,994 1,001 0,0 0,0
[0;0,5] 200 0,988 0,010 0,996 0,960 1,000 0,0 0,0
v 1-0,5;0] 200 0,961 0,024 2,512 0,907 0,998 0,0 0,0
Case 1 [-1;-0,5] 220 0,944 0,028 2987 0,898 0,995 2.3 0,0
10;0,5[ 113 0,943 0,029 3,114 0,899 0,996 1,8 0,0
j L TBeam [0,5:1] 439 0,971 0,029 3,019 0,898 1,001 0,7 0,0
[1500] 268 0,988 0,017 1,690 0,932 1,001 0,0 0,0
Profile IPE 410 0,974 0,029 2,978 0,898 1,001 0,7 0,0
HEB 410 0,972 0,030 3,08 0,899 1,001 0,5 0,0
Var. All 420 1,000 0,002 0,203 0,995 1,003 0,0 0,0
10,5:1] 200 1,001 0,001 0,100 0,999 1,003 0,0 0,0
hy 0,5 20 1,000 0,001 0,134 0,998 1,002 0,0 0,0
[0;0,5] 200 0,999 0,002 0215 0,995 1,002 0,0 0,0
Case 2 10;0,5[ 19 0,996 0,001 0,074 0,995 0,997 0,0 0,0
3 LTBeam [0,5;1] 199 0,999 0,002 0,192 0,995 1,003 0,0 0,0
[1300] 202 1,001 0,001 0,148 0,997 1,003 0,0 0,0
Profile IPE 210 1,000 0,002 0,199 0,995 1,003 0,0 0,0
HEB 210 1,000 0,002 0,207 0,995 1,003 0,0 0,0
Var. All 420 0,994 0,020 2,014 0943 1,045 0,0 4,0
10,5;1] 200 0,978 0,014 1,467 0,943 0,999 0,0 0,0
h, 0,5 20 0,993 0,003 0,346 0,989 0,999 0,0 0,0
[0;0,5] 200 1,010 0,012 1,194 0,994 1,045 0,0 8,5
Case 3 10;0,5[ 35 1,014 0,019 1,861 0,980 1,045 0,0 25,7
j L TBeam [0,5;1] 202 0,991 0,022 2,195 0,943 1,044 0,0 4,0
[1500] 183 0,993 0,016 1,580 0,943 1,027 0,0 0,0
Profile IPE 210 0,994 0,019 1,932 0,943 1,044 0,0 3,8
HEB 210 0,994 0,021 2,008 0,943 1,045 0,0 43
Var. All 420 0,995 0,005 0,482 0,983 1,004 0,0 0,0
10,5;1] 200 0,996 0,003 0316 0,990 1,004 0,0 0,0
hy 0,5 20 0,992 0,004 0,367 0,988 0,999 0,0 0,0
[0;0,5] 200 0,993 0,006 0,559 0,983 1,003 0,0 0,0
Case5 1050,5] 110 0,992 0,005 0,514 0,983 1,003 0,0 0,0
aLTBeam 1o 5:1] 215 0,995 0,005 0,461 0,984 1,004 0,0 0,0
[1500] 95 0,997 0,003 0290 0,991 1,004 0,0 0,0
Profile IPE 210 0,995 0,005 0,471 0,983 1,004 0,0 0,0
HEB 210 0,995 0,005 0,494 0,984 1,004 0,0 0,0
Var. All 420 0,987 0,053 5400 0876 1,112 6,0 20,5
10,5:1] 200 0,944 0,033 3,548 0,876 0,997 12,5 0,0
hy 0,5 20 0,983 0,007 0,736 0,976 0,998 0,0 0,0
[0;0,5] 200 1,031 0,032 3,127 0,990 1,112 0,0 43,0
Case 6 1050,5] 53 1,041 0,050 4,843 0934 1,112 0,0 60,4
y L TBeam [0,5:1] 216 0,986 0,053 5,428 0,876 1,096 6,0 22,7
[1500] 151 0,971 0,041 4225 0,876 1,056 79 33
Profile IPE 210 0,987 0,055 5604 0,876 1,112 6,2 21,4
HEB 210 0,988 0,051 5202 0,876 1,111 5,7 19,5
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams

e Case7and8
Table B.27 — Galéa — Case 7.

Case 7 Galéa n Mean St.Dev  CoV% Min. Max. <0,9% >1,03%
Var. All 31860 0,990 0,023 2305 0,773 1,113 13 0,7
1430] 1620 0998 0004 0414 098 1017 0,0 0,0
12:4] 2700 0,997 0,003 0310 0,980 1,004 0,0 0,0
;2] 5400 0,996 0,005 0538 0956 1,005 0,0 0,0
MM 1051] 5400 0,988 0,018 1,808 0,893 1,004 0,2 0,0
0 1080 0973 0029 3,005 0903 1,001 0,0 0,0
" [F1;0] 5400 0971 0042 4295 0773 1113 73 1,9
[2;-1] 5400 0995 0,015 1468 0836 1,101 0,3 2,1
[42] 2700 0996 0,003 0298 00985 1,002 0,0 0,0
[-o;-4] 2160 0,997 0,004 0438 0968 1,013 0,0 0,0
Double 1051] 7030 0996 0,020 2,045 0799 1113 0,9 23
Symmetric [0:0,5] 10620 0,991 0,025 2476 0,773 1,102 2.2 0,5
v [0,5;0] 10620 0987 0024 2415 0,786 1,055 1.8 0,0
[-1;-0,5] 7080 0985 0,020 2,054 0893 1,013 0,2 0,0
1 10620 0,995 0014 1387 0903 1,102 0,0 0,8
h, 0,5 10620 0,987 0026 2,653 0,773 1,040 24 0,1
0 10620 0,988 0,025 2,561 0,786 1,113 1,6 11
10;05] 3143 0966 0048 4963 0773 1113 9.2 34
aLTBeam T Sq] 15242 0,989 0,020 2,034 0822 1,100 0,9 0,5
;o] 13475 0996 0,008 0,826 0928 1,041 0,0 02
Profile IPE 15930 0,990 0,022 2246 0,773 1,100 12 0,6
HEB 15930 0,990 0,023 2362 0,774 1,113 14 0,7

Table B.28 — Galéa — Case 8.

Case 8 Galéa n Mean St.Dev  CoV% Min. Max. <0,9% >1,03%
Var. All 31860 0,092 0,046 4,640 0,794 1,558 1.9 8,1
14;0] 1620 0997 0020 2,054 0932 1,087 0,0 7,0
12:4] 2700 0,995 0,005 0507 0973 1,012 0,0 0,0
1132 5400 0,996 0,010 0971 0,935 1,046 0,0 04
MM 10:1] 5400 0,990 0,022 2217 0872 1,066 0,8 16
0 1080 0973 0029 3,005 0903 1,001 0,0 0,0
" [F1;0] 5400 0980 0054 5509 0,794 1,339 6,6 8,4
[2;-1] 5400 1,004 0,085 8514 0870 1,558 34 22
[42] 2700 0993 0,037 3,716 0881 1,09 0,7 17,4
[<o;-4] 2160 0,992 0,028 2853 0921 1,065 0,0 11,0
Double 1051] 7030 1002 0,064 6346 0870 1,558 1.8 9.8
Symmetric [0:0,5] 10620 0,993 0,048 4814 0814 1467 2,7 9,2
v [0,50] 10620 0988 0036 3,629 0,794 1208 2,1 8,3
[-1;-0,5] 7080 0987 0,028 2805 0872 1,066 0,8 47
1 10620 0,981 0,030 3089 0870 1,066 1,7 13
h, 0,5 10620 0,984 0024 2468 0814 1,040 23 0,0
0 10620 1,012 0065 6439 0,794 1,558 1,7 22,9
10;05] 3755 1,009 0098 9,727 0,794 1,558 6,5 28,4
aLTBeam oS4 15657 0,989 0,039 3960 0819 1,434 1.8 7.8
;0] 12448 0991 0,022 2248 0870 1,150 0,6 22
Profile IPE 15930 0,992 0,044 4456 0,794 1,537 1.8 7.6
HEB 15930 0,992 0,048 4818 0,797 1,558 2,0 8,6
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams
B.4 — Andrade et al.
e Case9
Table B.29 — Andrade et al. — Case 9.
Case 9 Andrade et al. n Mean St.Dev  CoV% Min. Max. <0,9% >1,03%
Var. All 120 1,001 0,010 0,971 0,969 1,018 0,0 0,0
k 0,5 60 1,003 0,007 0,713 0,982 1,013 0,0 0,0
v 1 60 1,000 0,012 1,170 0,969 1,018 0,0 0,0
1 40 1,001 0,006 0,597 0,980 1,009 0,0 0,0
h 0,5 40 0,999 0,009 0,857 0,972 1,009 0,0 0,0
Syll)t(l)llllll;ltiic 0 40 1005 0013 1273 0969 1,018 0,0 0,0
1050,5] 10 1,008 0,008 0,770 0,997 1,016 0,0 0,0
y L TBeam [0,5:1] 54 1,004 0,007 0,656 0,986 1,018 0,0 0,0
[1300] 56 0,998 0,011 1,131 0,969 1,016 0,0 0,0
Profile IPE 60 1,000 0,010 0,969 0,969 1,016 0,0 0,0
HEB 60 1,002 0,010 0,972 0,971 1,018 0,0 0,0
Var. All 216 1,007 0,015 1,490 0,968 1,118 0,0 6,9
K 0,5 108 1,006 0,012 1,152 0,979 1,044 0,0 5,6
v 1 108 1,009 0,018 1,757 0,968 1,118 0,0 8,3
1 72 1,006 0,022 2,178 0,968 1,118 0,0 12,5
h, 0,5 72 1,003 0,007 0,665 0,985 1,018 0,0 0,0
0 72 1,013 0,010 0,986 0,995 1,044 0,0 8,3
Mono 10:1] 40 1,008 0018 1,756 0,968 1,044 0,0 15,0
Symmetric  3""°°™ T [1;1,5] 66 1,002 0010 098 0979 1,026 0,0 0,0
[1,5;00] 110 1,010 0,016 1,553 0,993 1,118 0,0 8,2
[-0,8;-0,4] 48 1,006 0018 1,751 0,968 1,044 0,0 12,5
[-0,4;0] 48 1,003 0,009 0,937 0,982 1,023 0,0 0,0
7 0 24 1,003 0,005 0,547 0,995 1,016 0,0 0,0
1050,4] 48 1,007 0,006 0,561 0,997 1,019 0,0 0,0
10,4;0,8] 48 1,016 0,022 2,129 0,993 1,118 0,0 18,8
Table B.30 — Andrade et al. — Case 9 — yr limits analysis.
Case 2 Andrade et al. n Mean St.Dev  CoV% Min. Max. <0,9% >1,03%
-0,8 24 1,009 0,020 1,959 0,968 1,044 0,0 25,0
Mono -0,6 24 1,003 0,015 1,481 0,979 1,028 0,0 0,0
Symmetric v 0,6 24 1,013 0,012 1,138 0,997 1,042 0,0 12,5
0,8 24 1,019 0,028 2,781 0,993 1,118 0,0 25,0
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams

e Casel0
Table B.31 — Andrade et al. — Case 10.
Case 10 Andrade et al. n Mean StDev  CoV% Min. Max. <0,9% >1,03%
Var. All 120 1,003 0,011 1,091 0963 1,018 0,0 0,0
K 0,5 60 1,005 0,006 0,589 0,993 1,014 0,0 0,0
W 1 60 1,000 0,014 1393 0963 1,018 0,0 0,0
1 40 1,001 0,009 0,891 0970 1,011 0,0 0,0
hy 0,5 40 1,001 0,011 1,060 0965 1,013 0,0 0,0
Sylr):l‘:]l;lteric 0 40 1,006 0,013 1252 0963 1,018 0,0 0,0
1050,5[ 24 1,007 0,007 0,682 099 1,018 0,0 0,0
pLTBeam g 5:1] 64 1,003 0,010 1,023 0966 1,017 0,0 0,0
[1500] 32 0,998 0,013 1325 0963 1,013 0,0 0,0
Profile IPE 60 1,002 0,011 1,105 0963 1,015 0,0 0,0
HEB 60 1,003 0,011 1,080 0,966 1,018 0,0 0,0
Var. All 216 1,000 0,017 1,670 0974 1,132 0,0 7.9
K 0,5 108 1,007 0,012 1,192 0981 1,063 0,0 6,5
" 1 108 1,011 0,020 2019 0974 1,132 0,0 93
1 72 1,008 0,023 2278 0974 1,132 0,0 11,1
hy 0,5 72 1,004 0,008 0,801 0981 1,025 0,0 0,0
0 72 1,016 0,014 1372 0,999 1,068 0,0 12,5
Mono 10;1] 75 1,000 0,012 1,190 0983 1,063 0,0 53
Symmetric  3""P™ [1;1,5] 100 1,009 0,014 1,385 0,981 1,070 0,0 7,0
[1,5300[ 41 1,010 0,028 2756 0,974 1,132 0,0 14,6
[-0,8;-04] 48 1,010 0,022 2,149 0,974 1,068 0,0 18,8
[-0,4;0( 48 1,004 0,009 0918 0,98 1,025 0,0 0,0
Wi 0 24 1,004 0,005 0,529 0,995 1,014 0,0 0,0
10;0,4] 48 1,008 0,006 0,607 0,99 1,022 0,0 0,0
10,4:0,8] 48 1,018 0,024 2364 0,99 1,132 0,0 16,7
Table B.32 — Andrade et al. — Case 10 —y¢ limits analysis.
Case 10 Andrade et al. n Mean StDev  CoV% Min. Max. <0,9% >1,03%
-0,8 24 1,016 0,025 2427 0974 1,068 0,0 29,2
Mono -0,6 24 1,003 0,016 1,628 0,981 1,034 0,0 8,3
Symmetric Vi 0,6 24 1,015 0,013 1300 0,999 1,047 0,0 12,5
0,8 24 1,020 0,032 3,095 0,996 1,132 0,0 20,8
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams
B.5 — Lindner
e (Case9
Table B.33 — Lindner — Case 9.
Case 9 Lindner n Mean StDev  CoV% Min. Max. <0,9% >1,03%
Al Interpolation 612 1,012 0,016 1,606 0,976 1,074 0,0 14,7
Formula 612 1,012 0,017 1,656 0,975 1,077 0,0 13,2
L,/L
0 Interpolation 68 1,002 0,013 1,277 0,989 1,048 0,0 29
Formula 68 1,002 0,013 1,298 0,989 1,050 0,0 2,9
10:0,5[ Interpolation 68 1,027 0,011 1,049 1,013 1,069 0,0 27,9
Formula 68 1,015 0,012 1,211 0,994 1,061 0,0 11,8
0,25 Interpolation 68 1,000 0,013 1,294 0,976 1,043 0,0 1,5
Formula 68 1,000 0,013 1,297 0,975 1,046 0,0 1,5
10,25:0.5[ Interpolation 68 1,012 0,014 1,356 0,995 1,065 0,0 10,3
Formula 68 1,005 0,015 1,444 0,984 1,062 0,0 8,8
05 Interpolation 68 1,008 0,014 1,359 0,996 1,064 0,0 8,8
i Formula 68 1,008 0,014 1,378 0,996 1,066 0,0 8,8
10,51 Interpolation 204 1,020 0,015 1,437 0,994 1,074 0,0 26,5
Formula 204 1,026 0,013 1,249 1,006 1,077 0,0 27,5
1 Interpolation 68 1,001 0,012 1,180 0,991 1,043 0,0 1,5
Formula 68 1,001 0,012 1,180 0,991 1,043 0,0 1,5
h,
Top Flange Interpolation 306 1,022 0,016 1,554 0,993 1,074 0,0 29,4
Formula 306 1,020 0,016 1,598 0,993 1,077 0,0 25,2
Shear Center Interpolation 306 1,003 0,010 1,007 0,976 1,026 0,0 0,0
Formula 306 1,004 0,013 1,267 0,975 1,043 0,0 1,3
;\‘LTBeam
10;0,6[ Interpolation 204 1,012 0,020 1,957 0,976 1,074 0,0 16,7
Formula 204 1,012 0,020 2,006 0,975 1,077 0,0 18,1
[0,6:0.9[ Interpolation 225 1,016 0,016 1,528 0,989 1,056 0,0 23,6
Formula 225 1,016 0,016 1,543 0,990 1,055 0,0 18,2
[0,9500] Interpolation 183 1,008 0,011 1,065 0,989 1,032 0,0 1,6
Formula 183 1,007 0,012 1,168 0,990 1,036 0,0 1,6
Profile
IPE Interpolation 288 1,007 0,011 1,131 0,983 1,044 0,0 2,4
Formula 288 1,007 0,012 1,225 0,984 1,046 0,0 2,4
HEB Interpolation 324 1,017 0,018 1,813 0,976 1,074 0,0 25,6
Formula 324 1,017 0,019 1,840 0,975 1,077 0,0 22,8
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams
e Casel0
Table B.34 — Lindner — Case 10.
Case 10 Lindner n Mean St.Dev  CoV% Min. Max. <0,9% >1,03%
All Interpolation 612 1,016 0,020 1,970 0,985 1,089 0,0 24,0
Formula 612 1,022 0,017 1,710 0,991 1,086 0,0 34,2
L,/L
0 Interpolation 68 1,006 0,011 1,077 0,997 1,052 0,0 2,9
Formula 68 1,007 0,011 1,082 0,997 1,053 0,0 2,9
10;0,5( Interpolation 68 1,052 0,009 0,858 1,035 1,089 0,0 100,0
Formula 68 1,034 0,009 0,899 1,019 1,073 0,0 73,5
025 Interpolation 68 1,004 0,009 0,922 0,990 1,040 0,0 1,5
Formula 68 1,004 0,009 0,939 0,991 1,044 0,0 1,5
10,25:0,5] Interpolation 68 1,024 0,012 1,176 1,012 1,080 0,0 27,9
Formula 68 1,015 0,012 1,179 1,003 1,072 0,0 8,8
0.5 Interpolation 68 1,020 0,012 1,151 1,007 1,078 0,0 16,2
Formula 68 1,020 0,012 1,176 1,007 1,080 0,0 17,6
10,5:1] Interpolation 204 1,012 0,020 1,994 0,985 1,080 0,0 22,1
Formula 204 1,036 0,012 1,205 1,010 1,086 0,0 67,2
1 Interpolation 68 1,006 0,008 0,829 0,992 1,040 0,0 1,5
Formula 68 1,006 0,008 0,829 0,992 1,040 0,0 1,5
hy
Interpolation 306 1,024 0,019 1,834 0,990 1,089 0,0 35,6
Top Flange
Formula 306 1,024 0,018 1,781 0,991 1,086 0,0 35,0
Interpolation 306 1,008 0,018 1,782 0,985 1,055 0,0 12,4
Shear Center
Formula 306 1,019 0,016 1,606 0,997 1,049 0,0 33,3
;\’LTBeam
10:0,6] Interpolation 255 1,019 0,023 2,270 0,985 1,089 0,0 29,8
Formula 255 1,024 0,019 1,816 0,997 1,086 0,0 41,2
0,6:0.9[ Interpolation 275 1,016 0,018 1,792 0,986 1,061 0,0 23,6
Formula 275 1,022 0,016 1,597 0,993 1,056 0,0 34,2
[0,9;00] Interpolation 82 1,010 0,013 1,262 0,985 1,044 0,0 7,3
Formula 82 1,013 0,014 1,428 0,991 1,049 0,0 12,2
Profile
IPE Interpolation 288 1,011 0,017 1,653 0,985 1,057 0,0 13,5
Formula 288 1,016 0,016 1,545 0,991 1,054 0,0 23,6
HEB Interpolation 324 1,021 0,021 2,102 0,985 1,089 0,0 33,3
Formula 324 1,026 0,018 1,723 0,997 1,086 0,0 43,5
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams
B.6 — Trahair
e Caselto6
Table B.35 — Trahair — Case 1 to 4.
Double . .
Symmetric Trahair n Mean St.Dev CoV% Min. Max. <0,9% >1,03%
Var. All 820 0963 0,033 3412 0875 1,015 6,2 0,0
[0,5:1] 220 0993 0,004 0391 0985 1,000 0,0 0,0
[0;0,5] 200 0,977 0,010 1,040 0,949 0,991 0,0 0,0
v 1-0,5;0] 200 0954 0,023 2367 0910 0,999 0,0 0,0
Case 1 [-1;-0,5] 220 0928 0,034 3630 0875 1,015 23,2 0,0
1050,5[ 113 0932 0,032 338 0875 0,988 18,6 0,0
3 TBeam [0,5;1] 439 0960 0,033 3459 0875 1,014 6.8 0,0
[1300] 268 0,980 0,019 1,985 0,905 1,015 0,0 0,0
Profile IPE 410 0964 0,032 3364 0875 1,015 5,6 0,0
HEB 410 0962 0,033 3461 0875 1,014 6,8 0,0
Var. All 420 1,000 0,002 0203 0,995 1,003 0,0 0,0
10,5;1] 200 1,001 0,000 0,100 0,999 1,003 0,0 0,0
hy 0,5 20 1,000 0,001 0,134 0,998 1,002 0,0 0,0
[0;0,5] 200 0,999 0,002 0215 0,995 1,002 0,0 0,0
Case 2 10;0,5[ 19 0,996 0,001 0,074 0,995 0,997 0,0 0,0
L TBeam [0,5:1] 199 0,999 0,002 0,192 0,995 1,003 0,0 0,0
[1500] 202 1,001 0,001 0,148 0,997 1,003 0,0 0,0
Profile IPE 210 1,000 0,002 0,199 0995 1,003 0,0 0,0
HEB 210 1,000 0,002 0207 0,995 1,003 0,0 0,0
Var. All 600 0,995 0,010 1,035 0,963 1,020 0,0 0,0
10,5;1] 200 1,002 0,005 0452 0,992 1,010 0,0 0,0
hy 0,5 200 0,996 0,013 1,351 0,963 1,020 0,0 0,0
[0;0,5] 200 0,989 0,005 0,525 0,980 1,000 0,0 0,0
[0,25;0,5[* 100 0,988 0,013 1276 0,963 1,015 0,0 0,0
Case 3 (h,=((1],5)* 10;0,25]* 100 0,999 0,010 1,033 0,977 1,020 0,0 0,0
0 420 0,996 0,000 0892 0980 1,019 0,0 0,0
1050,5[ 59 0,985 0,010 0970 0,963 1,008 0,0 0,0
L TBeam [0,5;1] 289 0,995 0,010 1,012 0963 1,017 0,0 0,0
[1500] 252 0,999 0,000 0881 0,973 1,020 0,0 0,0
Profile IPE 300 0,996 0,010 1,023 0,963 1,020 0,0 0,0
HEB 300 0,995 0,010 1,047 0,963 1,020 0,0 0,0
Var. All 580 1,044 0,013 1269 1,003 1,068 0,0 87,6
10,5;1] 200 1,043 0,002 0214 1,038 1,047 0,0 100,0
hy 0,5 180 1,035 0,018 1,777 1,003 1,060 0,0 60,0
[0;0,5] 200 1,054 0,005 0513 1,047 1,068 0,0 100,0
10,25;0,5[* 80 1,018 0,012 1,189 1,003 1,036 0,0 25,0
d 0,25 420 1,048 0,007 0,633 1,038 1,068 0,0 100,0
Cased =097 00 251 80 1,048 0,011 1,024 1,027 1,060 0,0 85,0
1050,5[ 11 1,060 0,012 1,08 1,028 1,068 0,0 90,9
JLTBeam [0,5:1] 271 1,045 0,013 1287 1,003 1,068 0,0 87,1
[1300] 318 1,043 0,013 1220 1,003 1,063 0,0 87,7
Profile IPE 290 1,044 0,013 1260 1,003 1,068 0,0 87,9
HEB 290 1,044 0,013 1,280 1,003 1,068 0,0 87,2
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams
Table B.36 — Trahair — Case 5 to 6.
Double . .
. Trahair n Mean St.Dev CoV% Min. Max. <0,9% >1,03%
Symmetric
Var. All 20 0931 0,003 0367 0927 0,938 0,0 0,0
10;0,5] 4 0928 0,00l 0,100 0,927 0,929 0,0 0,0
aLTBeam g 5.1 13 0,931 0,003 0,351 0927 0,937 0,0 0,0
Case S [1300[ 3 0,934 0003 0366 0931 0938 0,0 0,0
Profile IPE 10 0931 0,004 038 0927 0,938 0,0 0,0
HEB 10 0931 0,003 0368 0927 0,937 0,0 0,0
Var. All 20 0999 0,007 0,736 0991 1,014 0,0 0,0
10;0,5] 3 0992 0,000 0,032 0991 0,992 0,0 0,0
FLTBeam 10 5.1 10 0998 0,007 0,730 0991 1,013 0,0 0,0
Case 6 [1300] 7 1002 0,007 0,713 0995 1,014 0,0 0,0
IPE 10 0999 0,008 0,770 0991 1,014 0,0 0,0
Profile HEB 10 0998 0,007 0,739 0,991 1,013 0,0 0,0
Table B.37 — Trahair — Case 3 to 6 — h; analysis.
Trahair n Mean St.Dev CoV% Min. Max. <0,9% >1,03%
d€[025:05] 100 0878 0,099 11,248 0,637 1,016 49,0 0,0
h=1 d €1]0;0,25] 100 0,995 0029 2875 0913 1,028 0,0 0,0
d=0 20 1,008 0,001 0,085 1,007 1,010 0,0 0,0
de 02505 100 0990 0,015 1497 0963 1,020 0,0 0,0
Case3 h=0,5 d €10;025] 100 1,003 0,009 0943 098 1,020 0,0 0,0
d=0 20 0994 0,003 0346 0,991 1,001 0,0 0,0
de 02505 100 1,160 0113 9773 1,020 1,485 0,0 96,0
h=0 d €10;0,25] 100 1,029 0,034 3338 0995 1,135 0,0 36,0
d=0 20 0985 0,005 0,500 0,980 0,996 0,0 0,0
d € 10,25;0,5] 80 LLIl4 0060 5425 1,032 1276 0,0 100,0
h=1 d=0,25 20 1,061 0006 0525 1051 1,068 0,0 100,0
d €1]0;0.25] 80 1,032 0,017 1,692 0998 1,057 0,0 52,5
d € 10,25;0,5] 80 1,018 0,012 1,189 1,003 1,036 0,0 25,0
Cased  p 5 d=0,25 20 1,046 0,001 0,052 1,046 1,047 0,0 100,0
d €]0;0,25] 80 1,048 0,011 1,024 1,027 1,060 0,0 85,0
d € 10,25;0,5] 80 0944 0,063 6,659 0,794 1,029 25,0 0,0
h=0 d=0,25 20 1,041 0,002 0225 1,038 1,045 0,0 100,0
d €10;0,25] 80 1,068 0,011 1,076 1,044 1,089 0,0 100,0
10,5;1] 200 1,073 0,100 9280 0942 1312 0,0 56,5
Case 5 hy 0,5 20 0931 0,003 0367 0927 0,938 0,0 0,0
[0;0,5] 200 0819 0072 8773 0672 0933 85,0 0,0
10,5;1] 200 1205 0,143 11,874 1,022 1,567 0,0 96,5
Case 6 hy 0,5 20 0999 0,007 0,736 0991 1,014 0,0 0,0
[0;0,5] 200 0,845 0098 11,562 0642 1,006 66,0 0,0
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams

e Case7and8

Table B.38 — Trahair — Case 7 and 8.

Double . Trahair n Mean St.Dev  CoV% Min. Max. <0,9% >1,03%
Symmetric
Var. All 700 1,000 0016 1,561 0927 1035 00 0.7
1 300 0998 0021 2,130 0927 1,035 0,0 17
v 0 400 1,001 0009 0919 0968 1027 0,0 0,0
y=1
[-25-1] 220 0999 0012 1197 0968 1027 00 0.0
MM = 4.9 100 1004 0002 0238 0999 1008 00 0.0
" o034 80 1,003 0,002 0,168 1,000 1,007 00 0,0
=0
Case? [2;-1,5] 120 0,993 0,03‘3" 3283 0927 1,035 0,0 42
MM 100 0999 0,006 0562 0987 1,008 00 0,0
" o034 80 1,003 0,002 0,188 1000 1,008 00 0,0
1030,5] 34 0993 0028 2795 0927 1023 00 0,0
aLTBeam 1o 5:1] 375 0,998 0,016 1,635 0927 1,034 0,0 0,5
[1300] 291 1,002 0012 1,190 0931 1035 00 1,0
IPE 350 1,000 0016 1,563 0927 1,035 0,0 0.9
Profile. —ppg 350 1,000 0016 1,562 0927 1034 00 0.6
Var. All 50 1,000 0014 1431 0981 1036 00 35
1 200 1015 0010 1,028 0991 103 _ 00 9,0
v 0 320 0990 0006 0559 0981 1,001 0,0 0,0
y=1
MM [452] 120 1015 0012 LI8 0991 1,036 _ 00 13,3
" o034 80 1014 0007 0,734 1,000 1,031 0,0 25
y=0
Case 8 [2:-14] 140 0988 0,006 0584 0981 1,001 0,0 0,0
MOUM =430 100 0990 0,005 0,500 0982 1,000 00 0,0
K [=oo3-4 80 099 0004 038 098 1,001 0,0 0,0
10;0,5 75 099% 0013 1348 0081 1019 00 0.0
jLTBeam o501 242 0999 0014 1406 0981 1035 00 2,1
[1300] 203 1,003 0014 1418 098 1,036 0,0 6,4
IPE 260 1,000 0014 1437 0981 1036 00 338
Profile HEB 260 0,999 0,014 1427 0981 1,036 0,0 31
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams

e Case9and 10

Table B.39 — Trahair — Case 9 and 10.

Double

. Trahair n Mean StDev  CoV% Min. Max. <0,9% >1,03%
Symmetric
Var. All 120 1,039 0,071 6,814 0,966 1,338 0,0 40,0
K 0,5 60 1,045 0,097 9,312 0,966 1,338 0,0 25,0
“ 1 60 1,032 0,024 2,278 0,982 1,084 0,0 55,0
1 40 1,093 0,097 8,916 1,005 1,338 0,0 65,0
h; 0,5 40 1,009 0,019 1,922 0,976 1,039 0,0 20,0
Case9 1} 40 1,014 0,029 2,870 0,966 1,058 0,0 35,0
10;0,5] 10 0,983 0,011 1,079 0,969 1,000 0,0 0,0
ILmeam [0,5;1] 54 1,042 0,078 7,469 0,966 1,336 0,0 38,9
[1500[ 56 1,046 0,066 6,310 0,994 1,338 0,0 48,2
Profile IPE 60 1,037 0,068 6,532 0,966 1,338 0,0 40,0
HEB 60 1,040 0,074 7,136 0,969 1,336 0,0 40,0
Var. All 120 0,964 0,074 7,637 0,850 1,223 10,0 11,7
K 0.5 60 1,006 0,080 7,985 0,940 1,223 0,0 233
- 1 60 0,921 0,029 3,097 0,850 0,975 20,0 0.0
1 40 1,014 0,102 10,024 0915 1,223 0,0 35,0
hy 0.5 40 0,930 0,043 4,607 0,850 0,974 30,0 0,0
Case 10 0 40 0,947 0,017 1,845 0,920 0,975 0,0 0,0

10:0.5] 24 0971 0,090 9265 0,852 1215 16,7 12,5
autBeam 1051 64 0967 0,077 8009 0,850 1,223 9.4 12,5
[1:00] 320952 0049 5136 0889 1.115 63 9.4
IPE 60 0962 0072 7434 0,850 1223 83 11,7
HEB 60 0,966 0076 7.891 0852 1222 11,7 11,7

Profile
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams
B.7 — Serna et al.
e Caseland4
Table B.40 — Serna et al. — Case 1 and 6.
Double Serna et al. n Mean StDev CoV% Min. Max. <09% >1,03%
Symmetric
Var. All 820 0,973 0,031 3203 0,890 1,026 3,8 0,0
[0,5:1] 220 0,994 0,004 0,390 0,986 1,000 0,0 0,0
[0;0,5] 200 0,984 0,008 0,800 0,965 1,004 0,0 0,0
v 1-0,5;0] 200 0,980 0,023 2,306 0,934 1,026 0,0 0,0
Case 1 [-1;-0,5] 220 0,936 0,034 3,633 0,890 1,023 14,1 0,0
10;0,5[ 113 0,945 0,031 3322 0,890 0,989 15,0 0,0
jLTBeam  10.5:1] 439 0970 0,032 3280 0890 1,025 32 0,0
[1300] 268 0,989 0,017 1,769 0,914 1,026 0,0 0,0
Profile IPE 410 0,974 0,031 3,170 0,890 1,026 34 0,0
HEB 410 0972 0,031 3236 0,890 1,025 4,1 0,0
Var. All 40 1,020 0,026 2,585 0,993 1,056 0,0 50,0
lowekz 1 20 0,994 0,001 0,134 0,993 0,997 0,0 0,0
0,5 20 1,046 0,004 0,346 1,044 1,056 0,0 100,0
Case 2 i 10;0,5( 4 1,044 0,000 0,036 1,044 1,045 0,0 100,0
j.TBeam [0,5;1] 2 1,020 0,027 2,624 0,993 1,055 0,0 50,0
[1300] 14 1,014 0,027 2,644 0,993 1,056 0,0 35,7
Profile IPE 20 1,020 0,027 2,613 0,993 1,055 0,0 50,0
HEB 20 1,021 0,027 2,626 0,993 1,056 0,0 50,0
Var. All 220 0,988 0,033 3326 0915 1,055 0,0 9,1
Lew=kz 1 200 0,990 0,034 3422 0915 1,055 0,0 10,0
0,5 20 0,969 0,005 0,542 0,966 0,983 0,0 0,0
[0,25;0,5] 100 0,983 0,019 1,968 0,948 1,021 0,0 0,0
(ki " 10;0,25] 100 1,005 0,029 2,888 0,948 1,055 0,0 20,0
Case 3 0 20 0,919 0,003 0,346 0,915 0,925 0,0 0,0
10;0,5[ 30 0,978 0,029 2,933 0915 1,039 0,0 6,7
3 LTBeam [0,5;1] 109 0,987 0,033 3313 0915 1,052 0,0 92
[1500] 81 0,994 0,034 3402 0917 1,055 0,0 9,9
IPE 110 0,989 0,033 3337 0915 1,055 0,0 9,1
Profile HEB 110 0,988 0,033 3329 0915 1,054 0,0 9,1
Var. All 200 1,002 0,024 2378 0,962 1,053 0,0 14,0
1 180 0,997 0,020 2,040 0,962 1,034 0,0 4.4
kw=kz 0,5 20 1,043 0,004 0,353 1,041 1,053 0,0 100,0
10,25;0,5[ 80 0,992 0,008 0,763 0,980 1,000 0,0 0,0
(kil) 0,25 20 0,962 0,000 0,052 0,962 0,963 0,0 0,0
Case 4 10;0,25] 80 1,011 0,019 1,857 0,977 1,034 0,0 10,0
10;0,5[ 5 1,028 0,028 2,759 0,978 1,042 0,0 80,0
y LTBeam [0,5:1] 101 1,002 0,024 2,439 0,962 1,052 0,0 12,9
[1300] 9 1,000 0,022 2224 0,962 1,053 0,0 11,7
Profile IPE 100 1,002 0,024 2389 0,962 1,053 0,0 15,0
HEB 100 1,002 0,024 2379 0,962 1,052 0,0 13,0
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams

e Case5and6

Table B.41 — Serna ef al. — Case 5 and 6.

Double

. Serna et al. n Mean St.Dev CoV% Min. Max. <0,9% >1,03%
Symmetric
Var. All 40 0,940 0,026 2,759 0,918 1,024 0,0 0,0
ok 1 20 0,922 0,003 0,367 0,918 0,929 0,0 0,0
Wtz 0,5 20 0,959 0,025 2,617 0,941 1,024 0,0 0,0
Case 5 10;0,5] 15 0,940 0,016 1,712 0,918 0,980 0,0 0,0
y L TBeam [0,5:1] 20 0,938 0,027 2,847 0918 1,018 0,0 0,0
[1300] 5 0,955 0,044 4647 0,922 1,024 0,0 0,0
IPE 20 0,941 0,027 2,896 0,918 1,024 0,0 0,0
Profile — g 20 0940 0025 2685 0918 1018 00 0.0
Var. All 40 0,861 0,057 6,579 0,801 0,965 50,0 0,0
ok 1 20 0,807 0,006 0,736 0,801 0,819 100,0 0,0
W 0,5 20 0916 0,019 2,105 0,901 0,965 0,0 0,0
Case 6 i 10;0,5] 7 0,859 0,054 6,306 0,801 0,906 429 0,0
j L ABeam [0,5;1] 22 0,865 0,056 6,456 0,801 0961 455 0,0
[1300] 11 0,855 0,064 7,526 0,804 0,965 63,6 0,0
Profile IPE 20 0,862 0,058 6,720 0,801 0,965 50,0 0,0
HEB 20 0,861 0,057 6,608 0,801 0,961 50,0 0,0
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Comparison Between Analytical Expressions for ANNEX
Determination of Elastic Critical Moment of Steel Beams
e Case7and8
Table B.42 — Serna et al. — Case 7 and 8.
Double Galéa n Mean StDev CoV%  Min. Max. <09% >1,03%
Symmetric
Var. All 10620 0,979 0,053 5,366 0,666 1,047 8,0 0,8
14;00] 540 0,995 0,001 0,128 0,993 0,998 0,0 0,0
12;4] 900 0,995 0,002 0,188 0,993 1,005 0,0 0,0
1152] 1800 0,998 0,004 0,448 0,994 1,024 0,0 0,0
Mo/M 10;1] 1800 0,999 0,015 1,503 0,909 1,047 0,0 3,3
0 0 360 0,972 0,032 3,311 0,897 1,023 4.4 0,0
# [-1;0] 1800 0,916 0,083 9025 0666 1,047 36,6 1,7
[-2;-1] 1800 0,975 0,061 6,268 0,704 1,024 9,8 0,0
[-45-2] 900 0,997 0,003 0,263 0,993 1,008 0,0 0,0
Case 7 [-o05-4] 720 0,995 0,002 0,153 0,993 0,999 0,0 0,0
10,5;1] 2360 0,967 0,066 6,806 0,666 1,012 11,8 0,0
[0;0,5] 3540 0972 0,059 6,042 0,676 1010 10,0 0,0
v [-0,5;0] 3540 0,982 0,045 4,577 0,737 1,033 7,7 0,2
[-1:-0,5] 2360 0,995 0,028 2,791 0,865 1,047 2,2 3,5
10:0,5] 777 0,883 0,095 10,720 0,666 1,003 50,2 0,0
jLTBeam  10.5:1] 5677 0980 0,046 4708 0690 1,046 7.2 0,5
[1500] 4166 0,995 0,022 2,210 0,760 1,047 1,2 1,4
Profile IPE 5310 0,979 0,052 5,324 0,666 1,047 7,9 0,9
HEB 5310 0,978 0,053 5,407 0,666 1,046 8,2 0,8
Var. All 10620 0,922 0,059 6,365 0,691 1,042 21,7 0,1
14;0] 540 0,924 0,005 0,530 0,915 0,938 0,0 0,0
12:4] 900 0,934 0,007 0,776 0,918 0,952 0,0 0,0
1152] 1800 0,947 0,008 0,862 0,925 0,965 0,0 0,0
10;51] 1800 0,970 0,015 1,553 0,902 1,017 0,0 0,0
MyM 0 360 0,972 0,032 3311 0,897 1,023 4.4 0,0
" [-1;0] 1800 0916 0,075 8,189 0,707 1,042 35,6 0,6
[-2;-1] 1800 0,853 0,073 8,534 0,691 0,965 64,5 0,0
[-45-2] 900 0,897 0,023 2,522 0,821 0,936 49,3 0,0
Case 8 [-o05-4] 720 0,912 0,007 0,727 0,892 0,926 5,3 0,0
10,5;1] 2360 0,918 0,079 8,646 0,691 1,003 28,3 0,0
[0;0,5] 3540 0,915 0,067 7,297 0,691 1,042 30,4 0,1
v [-0,5;0] 3540 0,921 0,049 5,303 0,733 1,042 22,9 0,3
[-1;-0,5] 2360 0934 0,021 2223 0860 1,002 42 0,0
10;0,5] 1248 0,882 0,074 8,386 0,691 1,002 45,8 0,0
XLTB“"“ [0,5;1] 5473 0,921 0,059 6,412 0,691 1,040 21,7 0,1
[1500] 3899 0,936 0,045 4,815 0,713 1,042 13,9 0,1
Profile IPE 5310 0,922 0,059 6,353 0,691 1,042 21,5 0,1
HEB 5310 0,921 0,059 6,377 0,691 1,040 21,9 0,1
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