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Highlights

e Model that consists on the time-space fractional Fokker-Planck equation with time dependent coeffi-
cients.

e Numerical method for the equation that takes in consideration:
(a) Time dependent coefficients;
(b) Regularity of the solution.
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Numerical solution of a time-space fractional Fokker Planck equation with
variable force field and diffusion

Luis Pinto™!, Ercilia Sousa®!*

“CMUC, Department of Mathematics, University of Coimbra, 8001-501 Coimbra, Portugal

Abstract

We present a numerical method to solve a time-space fractional Fokker-Planck equation) with a space-
time dependent force field F'(z,t), and diffusion d(z,t). When the problem being modelled includes time
dependent coefficients, the time fractional operator, that typically appears om thé right hand side of the
fractional equation, should not act on those coefficients and consequently the differential equation can not be
simplified using the standard technique of transferring the time fractional.operator to the left hand side of the
equation. We take this into account when deriving the numerical method. Discussions on the unconditional
stability and accuracy of the method are presented, including results that show the order of convergence
is affected by the regularity of solutions. The numerical experiments confirm that the convergence of the
method is second order in time and space for sufficiently regular selutions and they also illustrate how the
order of convergence can depend on the regularity of the solutions. In this case, the rate of convergence can
be improved by considering a non-uniform mesh.

Keywords: Fokker-Planck equation, time-dependent forcejfield and diffusion, fractional derivatives, finite
differences, Fourier analysis.

1. The model

Anomalous diffusion problems under the influence of an external force field V'(z) can be described by
the fractional Fokker-Planck equation/[17} 18]

U 2u "(2)u(z
ey = oD a4 MO 0

where d > 0 is the generalizedrdiffusion coefficient and the operator ODtlfo‘ with 0 < a < 1 is the fractional
Riemann-Liouville.derivative defined as

oDy, t) = 2 /0 (t — 5)°Lu(x, 5)ds, @)

where I'() is,the’Gamma function.

Theserequations describe the evolution in time of the probability density function of a subdiffusive
process\with sublinear in time mean square displacement. For a — 1, the standard Fokker-Planck equation
is recovered. The fractional operator introduces a convolution integral with a slowly decaying power-law

*Corresponding author
Email address: ecs@mat.uc.pt (Ercilia Sousa)
IResearch supported in part by CMUC — UID/MAT/00324,/2013, funded by the Portuguese Government through FCT/MEC
and co-funded by the European Regional Development Fund through the Partnership Agreement PT2020. Luis Pinto was also
supported by FCT scholarship SFRH/BPD/112687/2015.

Preprint submitted to Elsevier March 10, 2017



kernel, which is typical for memory effects in complex systems. The appearance of the fractional equation
corresponds to the trapping events in the underlying motion of the test particle characteristic of subdiffusive
dynamics [17]. In the general case of 0 < a < 1, initial conditions are strongly persistent due to the slow
decay of the sticking probability of not moving, that is, one observes characteristic cusps at the location of
a sharp initial probability condition, e.g., fo(x) = d(x — o) [18].

Equation (1) was first derived in [16] in the framework of continuous-time random walk with heavy-tailed
waiting times and since then this equation became the standard physical equation describing subdiffusive
dynamics. It can also appear written in a different form [17], such as,

—a 2u "z)u(z
o Du(x, t) — ﬁu(xﬂ) _ d%(xnﬁ) 4 W. 3)

This equation is obtained by applying the fractional operator ¢D&~! on both sides of (1) and noting that

—x

a— 9 e t a— —a
oDyt (&u(%t)) = oDju(z,t) — mu(x,O) and oDy (o Dy iz, 1)) = u(x,t).

Equation (3) can also be written using the Caputo fractional derivative/*This,derivative is defined as

1 t ou

C na - —
o Ditule )= 5a—05 | G

(z, s)(t —'s) " %ds.
Since
oDf [u(z,t) — u(,0)] =§ Difulz, 1)

equation (3) can be written in the simplified form

2 "(x)u(z,t
CDpu(r.t) = ety VU0 0
A considerable number of numerical methods have been developed for this equation with and without force
field as can be seen, for instance, in [1, 274,701, 25].

For the case of a time dependent external force, equation (1) has a slightly different form and it was first
derived in [20]. The derivation was based omthie generalized master equation with two balance conditions: the
probability conservation in a given state and under transition between different states. The main difference
from equation (1) lies in the fa¢t that thé time fractional operator does not act on the time-dependent force.
As a result the force is not_modified full-filling the physical requirement that the external time-dependent
force cannot be influenced by the environment.

In recent works thé-time fractional Fokker-Planck equation with space and time dependent force and
diffusion has been studied, such as, in [7, 13, 14], where physical and stochastic interpretations have been
analyzed. In [7,,24} this type of equation has been discussed using Langevin and continuous-time random
walk approaches, which clarified some of the issues addressed in [6] for time dependent coefficients. For a
space-time dependentAield the equation has the form

Moty = a (DI u(e,t) — L (Fla. 000D u(w, 1), 0<a<1 (5)
8t CC, = ax2 0 + u I, ax ZE, 0 t u l', s « .

A more(general equation with space time dependent force and diffusion is given by

ou 0? 1— 0 -
E(x,t) = @(d(x, t)oD;  “u(x,t)) — %(F(x,t)th “u(z,t)) + g(x,t), (6)
where d(z,t) > 0 and g(z,t) is a source term. Note that the fractional operator does not act in the time
dependent force and diffusion and consequently we can not return to an equation similar to (4).

In this work, we propose a numerical method for an equation that includes a time and space dependent
force, but additionally to the time fractional operator it also includes a space fractional operator. Let us
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define the left and right Riemann-Liouville fractional derivatives of order 1 < 8 < 2, —o0 < a < b < o0,
given respectively by

or L
T;;(x’t):m@/ u(,t)(z— &) Pds, (1<p<2) (7)
0° —-1)2 9* [°
s at) = p 2 [ ole -0 s (1< p <) 0
The spatial fractional operator is given by
o8 ol
Vﬁu:paTZ+qa(_7;‘)B, ptqg=1 1<pB<2 9)

The more general equation we study in this work can finally be written as

%oty = VO(d(, DI~ u(z,1)) -

ot 0 (F(z,t)o Dy~ ulz, 1)) 9(z,1). (10)

oz
2. The numerical method

In this section we present the numerical method. We first start,by describing the discretisation in time
that includes a discretisation of the time fractional operator. Then we discuss the discretization in space,
that includes a discretisation of the spatial fractional operator.

2.1. Time discretisation

We denote the integral involved in the definitiontef the time fractional derivative (2) as

1 t
Tz, t) = a/ (t — s)* tu(z, s)ds, (11)
L)y
that is,
0
oD u(z,t) = =—T%(x, t).
ot
We consider the time diseretization’0 = tg < t1 < to < --- < t,, = T and denote At,, = t, — t,_1 the
non-uniform time step. Thesmaximum step is denoted by At = maxAt,.
n

Integrating equation”(20) over I,, = (tn—1,tn), as done in [12, 26], we obtain

u(z, ty) =(r,tpn_1) = / Vs (d(x,t)aatlau(x,t)) dt — /In % (F(m,t)gtl'au(x,t)> dt

n

Jr/I g(x,t)dt. (12)

n

In each interval”],, we approximate the function d(z,t) and F'(z,t) by

d(z,t,) + d(z,tp—1)
2 )

Fn+1/2($) — F(xatn) +F(x,tn—1)
9 .

dn+1/2($) _



We get,

Q

0
w(zx,t,) —u(x, t,_ VA (a2 ()T (e, b)) dt
@) ~uletor) [ SV (T )

0 0 n+1/2 «
| it (P22 @)z, ) dH/zn g(x, t)dt,

= V° (d”“/?(x)zau(x,tn)) v (d”+1/2(x)zau(x,tn_1))
d

- (Fn“/?(x)zau(x,tn)) + % (F"+1/2(x>zau(x,tn,1))

Jr/I g(x,t)dt.

n

Regarding time discretisation it remains to discuss how we approximate Z%u(z,t,). In jwhat follows, for
clarity, we omit the z and denote Z%u(t,) := Z%u(x,t,). We consider thesnonstiniform time step ¢, =
tn—1 + At,, n > 0. To compute the integral (11) we can approximate thie function u by a linear spline
S™(1), that is, a piecewise linear interpolation, whose nodes and knots, are chosén at ty, k < n, that is,
by doing in a non-uniform mesh a similar approach done for uniform(meshes in [3, 21, 23]. Therefore, an
approximation to (11) becomes

L an A e, (13)

where the spline S™(7) interpolates {u(x,t,), k¥ < n} in the interval [0,t,] and is of the form

n

S™(r) = Yul@its)sk(r), (14)

k=0

with s,(7), in each interval [ty_1,tky1], for 1 < k< n— 1, given by

T — tk,1
— 1 <7<t
tk — tk—l’ k—1 > >~ Uk
] t —
Sk(T)— LT’ th <7 < tpi1
te+1 — Tk
0 otherwise.

For k = 0 in the intefval)|0, f1}’and for & = n in the interval [t,,_1,%,], sp(7) is of the form respectively

t1 — T —tpn—
LT ty<T<t Lt <<ty
ti—ty " tn — tn_1
so(7) = sn(t)=¢ " "
0 otherwise, 0 otherwise.

Therefore an approximation to Z¢, that we denote by I%, is given by

n

1

I tn = N 7t n,k» Z 1, 15
u(ty) T2+ a) kzzou(x k)ng, T (15)
where the ay, ;; are defined by
by — t1)'TY — (£, —tg)' T
ano = (1—|—O¢)(tn _to)a + ( 1) At( 0) , (16)
1
pn = AL (17)



and for 1 <k <n—1, with n > 2,

Atgyr(tn — tr—1)"™* = (At 4+ Aty 1) (b — t3) ' 7 4+ Aty (ty — trgr)' ™

a =
ok At At

We assume ag,o = 0.
Note that for « = 1 we get

an,0 = Ath Qp,k = Atk + Athrla Qp,n = Atn

and the formula (15) matches the trapezian rule to approximate the integral for o = 1, thag. is given by

t
I'u(z,t) = / u(zx, s)ds.
0
We have so far the approximation

w(,t) — u(@, tyy) ~ VP (dn+1/2(z)1au(z, tn)) v (d"H/?(a:)Iau(z, tn_l))

d n+1/2 o d n+1/2 o
i (@ )+ 1 (A ) + [ o
We can re-write that as
1 n
_ ~ - 6] n+1/2
u(x, ty) —u(z,th—1) ~ F@ta) kzzoan,kv (d (m)u(x,%))
1 = 1 " d
- B B dn+1/2 t A Bl Fn+1/2 t
T2t a) kzzoan 1.8V ( ()u(s, k)) T2+ a) kZ:Oan,kdx ( (z)u(x, k))
1 = d
—_ 1 — (B2 t / t)dt.
T2 ta) kzzoa" Lk g ( (z)u(z, ’“)) + ,ng(x’ )
When o = 1, since I'(3) = 2 and
ank — an-1% =0, fork=0,...n—2

Apn<1 — Apn—1,n—1 = Atn
A, = Aty

the numerical method becomes

(e, ty) =z, th—1) =~ (Atnvﬁ (d"+1/2(x)u(a:,tn)) + At,V”? (d"+1/2(x)u($7tn,1)))

1
2
—% <Atn;i (F”+1/2(x)u(m,tn)> + Atn% (F"“/?(x)u(x,tnl))) + /1 gz, t)dt.

n

This method is similar to a Crank-Nicolson discretisation if we approximate the integral of the source term
by

[ staitidt = 5o(o.ta) + (0. ta).

In

In the next section we discuss the spatial discretization.



2.2. The spatial discretization

We assume the domain is the real line, and that additionally to the initial condition

u(z,0) =up(z), z€R

we have
lim wu(z,t) =0.

|z|—o00

We consider a uniform mesh, z;,j € Z, where ;41 = x; + Az. We approximate the fractional derivatives
by the method discussed in [21, 22] for a uniform mesh. This approximation is obtained by approximating
the integral involved in the definition of the fractional derivatives through a linear spline in orderito obtain a
second order approximation for the fractional operator similarly to what has been described in the previous
section in relation to the approximation of the time fractional integral. Additionally, the second order
derivative outside the integral is approximated by a central second order approximation.

The approximations for the left and right fractional derivatives, defined in (7) and (8) are in this way

given by the formulas
R N TCIR))
AzP AzP
respectively, where the discrete operators are defined by

5fu(xj,t) = ﬁ Z Qmu(xj—mat)v

m=-—1

1 o0
SPu(zj,t) = =5 Z mU(Zjpm, ).

m=—1
The coefficients ¢, are defined as
bmfl _Qbm"l‘berl, m > 1

gm = —2bo by m =0
bOa m = _17

where ) ) )
(403 —2m3 B 4 (m - 1378, m>1

by =

1; m = 0.

Hence, we define the discrete operator’0°u, that approximates V7u, as
§Pu(x;,t) = pélﬁu(mj,t) + qoPu(x;,t).
When 8 = 2 this operater is the central second order operator

Su(wy,t) = u(xjs1,t) — 2u(zj, t) +u(w;_q,t).

(19)

(20)

(21)

To approximate the first order derivative, included in equation (10), we use the central approximation,

that is,
Aou(.’tjﬂf) = u(xj+17t) — U($j,1,t).

Létaus denote UJ' the approximation function of u(z;,t,). We get the following numerical method

1 n
yr_yrt—- -~
J J 2+ a)Azf kZ:o

and” (djT2UF)

n

n—1
1 1
- - B 7}+1/2 Ky 4
raraae 2 (00 ey e

=0
1 n—1 )
n+1/277k
T 2o (U8 + gt
k=0 n

7

(an—i-l/QUJ@)



where

d;_l+1/2 — dn+1/2(l'j> FJ@+1/2 — F”+1/2(l‘j).

Or more specifically

_ 1 n 0 00 )
ur—-urt = . 2 B Els
O S p e [p 2 e 3 a0

m=—1 m=—1

n—1 oo )
- 1 E E 1/2U n+1/27k
L2+a)l'(4-5) a’ k:Oa o [p Imj—m “j-m T4 Z 4mCirm Yt

m=—1 m=—1
1 . n+1/271k +1/277k
—WZM [Fjﬂ Ui — Fj Uj—l]
k=0
n—1
1 nt1/25 1k nt1/25 1k /
N | FEPUE L R U.,} 1y, 25
TRt a)2ar I;a 1”“[ N e e Ing(% ) (25)

This approximation can be also applied to the problem defined in an interval Q2 = (a,b) and where we
have u(z,t) = 0 for « ¢ . In this case we can consider the discretization spaceas
_b-a
- AN

The infinite sums involved in the numerical method can be written as*finite sums and the numerical method
becomes

z; =a+ jAx, Ax

n ] N—j
1 J
n _ yrn—1 _ n+1/277k n+1/2 k
U T e ara - pas kzzoanvk [p D iU 0 D and U

m=—1 m=—1

1 = J n1/2 1k pey n+1/2; 1k
T2+ a)(d— B)Azd D anik lp PN US4 D amdi U,
k=0

m=-=1 m=—1

1 = n+ 12,k +1/25 0k
T2+ )24z ’;Ja”’k {Fj+l Ui 7 i Ujfl}
1 n—1

+F(2+a)2Aw kZ:Oa‘" 1’k[ I+l Tl j—1 Yja|+ . g(zj,t)

Additionally, to implément the numerical method, a finite computational domain needs to be considered.
The matricial form is/given by

I<a; /BHYU' = (I+a1,,B")U"+G, (26)
n—1
(IAa,,B"U" = TU"'+> (ani — an14)B"U*+G", n>1, (27)
k=0
where U istthe initial vector U° = [UD, ..., U} _]", that is, U] := ug(x;); the matrix B", n > 1 is such
that
B" = B} + B},

where B} := (B}'); ; is the full (N —1) x (N — 1) matrix associated with the fractional diffusion operator,
that is,

(BD)jjim = plemdiinl? /T2 + a4~ B)A?), m=—j+1,...,-2, (28)
(BMjgem = 0a—mdii ]+ qamdif)/?) /(D@2 + )4 = B)A2), m=-1,0,1, (29)
(BY)jjam = aamdiiy?/CQ2+ )04~ B)ALP), m=2,... ,N—j+1. (30)
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The matrix BY := (BY); ; associated with the force field is a tridiagonal (N —1) x (N — 1) matrix given
by,

(B") :_Lllm (B”).,:O (Bn) :Lllm
2/5,5+1 2A:cF(2+Oz)’ 23,3 ) 2/5,5—1 2Azf(2+a)'

The vector G™ contains the values of the integral of the source term in I,,. The integral of the source term
is computed using a quadrature rule that can be the trapezium formula or, in the case of a discontinuity at
the initial point t = ¢y, the middle point rule.

The non-locality character of fractional derivatives in time and space leads to a numetrical method
with increasing storage requirements and computational costs when compared with numerical methods for
differential equations with integer order derivatives. The increase of storage requirements‘is directly related
to the time fractional derivative where all the previous time levels need to be considered at each time.
Regarding the fractional space derivatives, they lead to dense matrices, although”the coefficients of the
approximations of the fractional derivatives, which are the entries of those matrices; converges towards zero
very quickly for all 3. To solve the linear systems (26)—(27) a direct method can,beused=For one dimensional
problems this numerical approach presents no significant difficulties regarding the eemputational costs or
storage requirements. However, for a higher dimensional setting these aspects will require more attention.

3. Convergence analysis

In this section we discuss properties related to the convergenee of the numerical method, namely, con-
sistency of the approximations of the fractional operators and stability"properties of the numerical method.
We start with consistency and will focus our attention in‘héwthe.regularity of the solution in relation to
time affects the consistency of the time fractional operator.

3.1. Accuracy of the numerical method

The local truncation error for the numerical methed (25), for the particular case, « = 1 and 8 = 2, is
know to be second order, that is, O(At? + Az?)pwhen the solution is C*(IR) in space and C?(0,7') in time,
that is, v € C*?(IR x (0,7))).

For the fractional time integral we have the following result.

Theorem 1. [3/(Order of accuracy of the.approzimation for the time fractional integral): Let u € C?(0,t,).
Then there is a constant C,, that depends only on o such that

[ZoUu(t) L T@u(t,)| < Co sup |u”(t)[t>AL2.
tE(0,t)

The next result concerns the approximation of the spacial left fractional Riemann-Liouville operator.

Theorem 2. [22] (Order ofydccuracy of the approximation for the left fractional derivative): Let u €
CM(R) and suchathat@w'®(x) = 0, for x < a, being a a real constant. We have that

OPu §%u
@(%‘) - AlTsﬁ(wj) = e1(w;) + e2(xy),

where
le1(2))| < C1Az? ea(a))] < CoAz?,
and Ci\and’ Cy are independent of Ax.

A similar result is valid for the right fractional Riemann-Liouville derivative. The previous result can
also be proved by assuming that u is a function with sufficiently many continuous derivatives that vanish at
infinity in an appropriate manner, see [21].

If the regularity of the function decreases then the order of accuracy diminishes. We will study this
aspect, in particular, for the time discretization, similarly to what has been done in [23] for a weakly
singular kernel. We have the following result.



Theorem 3. Let u € C1[0,t,] N C?(0,t,) satisfying u = O(t*T1) ast — 0F. Then, there is a constant C,,
that depends only on o such that

|Z%u(t,) — T%u(t,)| < CotE AT,
Proof: Let u € C?(t_1,tx). For & € [ty_1,t]
1
|sk(§) —u(§)] < §|U//(§k)\At%> te—1 < & < tg.

We have

and

tr 1
() M (e 7
tp—1

Tou(tn) — I°u(tn)] < @I; /

Therefore, using the mean integral value theorem, for 1y € (tp—_1,tr) and -A¢'= maxy Aty,

1 h
e e < 2 a—1 _ \a—1
|Z%u(tn) — I%u(ty)| (o) [ \ AZO(ALS ™ )ty — 7)) N dr

+At22|u”(77k)|2r\ta> / k (tnﬂ“dT]

k=2 te—1
< CLto AL

Additionally we have the followingesult, which proof follows the same steps of the previous proof.

Theorem 4. Let u € C°(0,t,] N€C?(0;t,) 'satisfying u = O(t*) ast — 0F. Then, there is a constant C,,
that depends only on o such that

|Z%u(t,) — I%u(ty, )] < Cuto At®.
These results will be confirmed by the numerical experiments in the section titled numerical results.

3.2. Fourier decomposition’ of the error

For simplicity in this section we assume the source term g(z,t) = 0. Our aim is to prove that the
numerical methoduis-tinconditionally stable for all 0 < a <1 and 1 < 8 < 2.

When & =1 and 8 = 2 we have the following method

1
n n—1 _ 2/ m+1/27mm 2/ m+1/27rm—1
7 (] GaCAARE O R S )
1 n n _
—gAtn (Ao(Fj +1/2Uj,_z) + Ao(F] +1/2UJ@ 1)> .

This method is equivalent to a Crank-Nicolson discretization in time and central differences in space for
the first and second order derivatives. It is known to be a second order accurate numerical method and
unconditionally stable [10].

For the particular case, « = 1, 1 < 8 < 2 and the fractional operator (9) with p = 1,¢ = 0, where the
force field F(x,t) = 0 and d(x,t) constant, the numerical method is also unconditionally stable, see [22].

10



In order to derive stability conditions for a more general case we apply the von Neumann analysis or
Fourier analysis. Fourier analysis assumes that we have a solution defined in the whole real line. It is also
applied to problems defined in finite domains with periodic boundary conditions since the solution is seen
as a periodic function in IR.

If u}} is the exact solution u(z;,t,), let

e = U" —

J J J (31)

be the error at time level n in mesh point j. Considering the numerical method (24) and inserting equation
(31) into that equation leads to

n—1

1 - 1
n_en-l____° Blgntt/2ehy & B(MI/M
GG 2+ a)Azs Z @0 (dﬂ 63) 2+ OL)ALI}B Z an-14TNG; 69)

1 i 1 .
T2+ a)2Ax Z“"’“AO( o k) N (2 + a)2Az & Z“" 10 ( — §> (32)

Assuming a uniform mesh in space and time, the force field and the diffusion only dependent on time, we
get

n4<1
1 an, ndn+1/2 ﬂ dn+1/2 5 k
ej —¢€; T2+ a)As? it F(2—|—O¢)A.’Kﬂ kzo(a k= An_1k) €]
a?L,nFn+1/2 N Fn+1/2 n—1

—— Npell - —————— _ _ A k
T2+a)2dz "7 " T2+0)2Az kzo(a”’k an—1.6)Bo¢;

We can re-write this method as

e _ G, nd n+1/2 5ﬂ n_|_ G, nFnJrl/? A
T T2+ a)Az8 L2+ a)2Az
qnt1/2 ™l Frntl/2 n—1
n—1
=€ TaZ NALS n, 6 n, A ;
% TTR4 aAe ﬁzc k07e] 2+a2A:cZC kBoc]
with ¢y 1 = ankx — ap—1,5- We hayé
o = Atk +DHY —3(n -k +3n—k -1 — (n -k —2)'1],
1<k<n-2,
Chn—1 = Apmpm+1 — An—-1,n—1
= At*(QU™ - 3),
Cp, 0= "0n,0 — Gn-1,0

= A1+ a)(n® — (n—1)%) =n' T 4 2(n — DT — (n = 2)1T9], n > 2.
We can simplify thenotation of the constants ¢, j by writing

. AtadnJrl/Q 5 n Atoan+1/2
I TRt aad? 9 T TR+ a2he

e

dn—i—l/QAtoc n F7L+1/2Ato< n
_ ,n—1 B n—l n—l
=e. — el = —————— Age”! 33
€; +1"(2+a)Axﬂ l:1cz €; T2+ a)2Az ;Cl 0€; s (33)
where, for n > 2,

c1 = 21+a *3,
a = (+De -3t L3 -t -1 -2) 1=2,...,n—1,
cn = (1+a)(n®—(n—1)% —n"T*£2(n - 1) - (n—2)1T* (34)
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Remarks: For the case k = 0 and n = 1, the sum of the constants ¢; in (33) is equal to a s* =
Ank — Qn—1k = 1,0 — ap,0 = At*[(1 + a)n® —n'T*] = a. Note also that as we change n, the ¢;’s need to be
redefined according to (34).

The von Neumann analysis assumes that any finite mesh function, such as, the error e} will be decom-
posed into a Fourier series as
_ n _ij€pAx
= E Kpelsret
P

where k) is the amplitude of the p-th harmonic and the product {,Az is often called"the phase angle
¢ = A

Considering a single mode k"e%?, its time evolution is determined by the same nuimerical.scheme as the
error e7. The stability conditions will be satisfied if the amplitude of any error harmonic's” does not grow
in time [5, 8], that is, if the ratio

G(¢) = |s"T1 /K" <1, forall ¢.

If |G(¢)| > 1 for some ¢, then the solution grows to infinity and the moderis unstable. An arbitrary mode
can be singled out and stability requires that no harmonic should be allowed to increase in time without
bound. Hence inserting a representation of a single mode x™e”?.into a numerical scheme we obtain stability
conditions. By substituting e’ by K"e? we get

Atadn+1/2 N AtaFn+1/2

neii® _ n §Bii® Aneii®
A Py e R A T CWIN Y P
B dn+1/2Ata n Fr +1/2Ata n
n—1_ij¢p n=lsB yijo _ n—I
R 2+ o)Az Bzcl“ 0"e T2+ a)2Ar Zczfi Ape? (35)
et NG NG
Fn+1/2 a dn+1/2
Az o AzB’
Dividing (35) by "~ we get
K" Mio W FB__spio V0 A i
kRt I'2+a) 21(2 + )
Mg n Hn—l
— 1J ¢ §Betid _ A 36
e +I‘(2+a);qn"*1 e 2+a Z a——Aoe” (36)
We have
5Pelie” — p(gﬁ ij¢+q55 ijo
- Z Q€ (e70) + g Z 7% (£9)
(4 B m=—1 (4 ﬁ) m=—1
(40 Y amcostmd) +(@-pi 3 9 (37)
= ——— | (p+q) Q¢m COS(T Gm sin(m
F(4_B) m=—1 m=—1
and

Age? = 9! — e71%) = €192 sin(g). (38)
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Therefore from (36), (37) and (38) we get

m—fl m=—1
—_—2
21"(2 o) zsm(gb))
= 1+ 3 z”: a ,{n*l (p+q) Z qm cos(mao) + Z qm si(ma)
T2+ a)l(d— ) & Vi P o
T2+ a) ; 21 sin(¢). (39)
Let
1a
A = »+q) qm cos(m Qi 'sin(mo)
P2+ )04 - B) <( mzl o) mzzl
B v () (40)
7F(2+a)zsm .
We can write (39) in the simplified form
P < K;n—l
Wlu—):HAzpﬁj. (41)
=1

In what follows we present theoretical results for some particular cases.
Theorem 5. For a =1 and 1 < 8 < 2, the method«(24) is von Neumann unconditionally stable.

Proof: For a = 1, from equation (39) and for k" = Gk~ we get

G <1 T2+ Oglﬁﬂ(él 73) ((p +q) Z Gm cos(mo) + (¢ — p)i Z Um sin(mgb))

m=—1 m=—1
v 4
+ml Sln(¢)>
Hg
= 14+ + m COS(Mm msm m
*ml Sln(¢) (42)
Therefore, we have
o_lt4
1A

where A is defined by (40). If the real part of A is negative then |G| <1 for all ¢, since |1 + A| < |1 — A|.
The real part of A is negative since we have [22],

Z Gm cos(me) <0

m=—1

and therefore the method is unconditionally stable. [
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Lemma 6. The coefficients ¢; defined in (34) satisfy:

—-1<c <1, |cl+1|<|cl| and —1<¢ <0, 1>2 (43)
e+ Y ate,=—1+(1+a)(n—(n—1)% (44)
~1<> a<land lim » ¢=-1 (45)
n—oo
=1 =1

Proof: The second inequality of (43) can be proved by developing into a series the“fractional power
terms that appear in the constants ¢; and the other two inequalities are straightforward.
The equality (44) comes immediately after noting that

da=2-2""4 (n—2)"F —2(n— 1) 4 n

Lastly, equality (45) follows from (43), (44) and the fact that

lim (n® — (n—1)%) =0.

n—oo

O

Theorem 7. For 0 < a < a*, where a* = log(3)/log(2) — k=~ 0.585 and 1 < § < 2, the method (24) is
von Neumann unconditionally stable for the case of a freegforce, that is, F(x,t) = 0 and for a symmetric
fractional operator (9), that is, when p = q.

Proof: By assuming that x" = Gk" ! afor all ny [8, 25, from (39) we get a closed form for the
amplification factor G(¢). We have k™ = GK;” Rand'x"~t = G~k 1. Therefore

M(X
¢ (1 T2+ a)lﬁ“(4 - B <(p+ g Z Gm cos(me) + Z qm sin(meo >

m=—1 m=—1
v o
+ml Sln(gb))
= 1+ @ +al;B chG I+1 <p+q Z Gm cos(mo) + (q — p)i Z Gm sin(m¢)>
m=-—1 m=—1
1_‘(2% Z G~ isin(¢). (46)

=1

From equation (46) and for A defined by (40) we have

G(l-4) = 1+A) oG, (47)
=1
where the constants ¢; are defined by (34). If for all ¢ the parameter G that satisfies this equation is less

than one, then the method is unconditionally stable.
If we multiply by G"~! equation (47), we get

GM1-A4) = G"'+A) G, (48)
=1
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that is,

1+A01 n—1
1-A 1-A

The roots G* of the polynomial (49) verify [15]

G" (c2G™" 2 4 4 e 0G? + ¢ 1G + ) =0. (49)

1+A61
1-A

|G*| < max{l,'

LA
1-A

For the case under discussion, that is, v® = 0 (free force case) and p = ¢ (symmetric-Spatial fractional
operator) there is no imaginary part in A defined by (40). Additionally, if ¢; = 2¥%—3 < 0 we have
14+ ¢ A >0, because A < 0. We have ¢; < 0 for all [ > 2, see Lemma 6, and therefore

" 1+4e;, A & 1 A &
;lc"l T 1-4 +1—A§cl_1—A+1—Azcl'

=1

1+ Acy
1-A

LA
1-4

n n
Since A <0 and Z ¢; is less than one in absolute value, then 1+ A Z ep<,1 — A. Therefore |G*| < 1. O
1=1 =1
In [9] stability results, in the Lo, norm, are proved under similar réstrictions for «, for a simpler case
with 8 = 2 and non-dependent time coeflicients.
Now we turn to the general case 0 < a < 1 and 1 < f&=2mTo, analyse if the numerical method is von
Neumann stable, we need to check if the roots of the polynomial

_1+A01 n—1 _ A
1-A 1-A

G" (G B+ - ¥4y 0G? + ¢ 1G+cy) =0 (50)

are in modulus less than one. The roots of this polynomial are the same as the eigenvalues of the companion
matrix [15],

1 +.Acq Acy AC»,L_1 Acn

1T=A 1-4 7 1-4 1-A
1 0 0 0
Cg = 0 1 0 0
0 0 1 0

Therefore, if the eigenvalues of the matrix Cg are all less or equal to one, for 0 < o <1 and 1 < 8 < 2,
the method (24) is unconditionally stable. The companion matrix Cg depends on p, ¢, o, 8, V%, p3, ¢ and we
have checked computationally that the eigenvalues of C are less than one for a big set of values, indicating
the method is unconditionally stable for 0 < @ <1 and 1 < 8 < 2. This is also confirmed by the numerical
tests in the nextisection. We illustrate in Figures 1(a) and 1(b) the eigenvalues of the matrix C¢q for fixed
values of fu3,v”, @, and a fixed ¢. Note that the value ¢ = 7 corresponds to the highest frequency
resolvable in the/mesh and that v® is similar to the Courant number. In Figures 1(a) and 1(b) we have
considered n = 20 and n = 200 respectively. If, for instance, we consider n = 500 we obtain a similar figure
to 1(b), with a more dense black region, since the number of eigenvalues increases.

4. Numerical results
We consider the one-dimensional fractional Fokker-Planck equation,
ug(z,t) — VP (d(x,t) oDf ~u(x,t)) + (F(x,t) oDf ~u(x,t))e = g(z,t), = € Qx (0,T],
for0<a<landl<pg<2.
15



0.8 0.8r 1
0.61 0.6r 1
04r 04F 1
0.2 021 1
g 0 E of :
-0.2 -0.2F .
-0.4 -0.4r1 1
-0.6 -0.61 1
-0.8 -0.81 1
—‘1 05 0 0i5 l
Re

Figure 1: Eigenvalues for the companion matrix Cg for p = 0.2 (¢ = 1 — p) and a_range of values for «, 5, v, ug‘, ¢, namely,
a=0.1,0.5,0.9, 8=1.1,1.5,1.9, v* = —2,—1,-0.25,0.25,1, 2, ,ug =0.25,0.5,1,2,'¢.==x, —7/2,7/2, 7. The red dots denote
the maximum value for each fixed value of «, 3, V%, B, ¢. The blue circle is thé unitary circle. (a) n = 20; (b) n = 200.

For the numerical simulations we assume 2 = (a, ) and a uniform mesh in space, that is, z; = a + jAz,
for j =0,...,N, with xny = b. In time, we consider the caseof a uniform mesh, and also an example with a
non-uniform mesh. For the non-uniform case we have ty.= t,_3+ At,, forn =0,..., M, with t; =T and
in the cases of a uniform mesh we denote the time step by A¢r The error is defined by,

1/2
N-1
2
OFIOT = MaX Az z; (U] = u(z;,tn)) ,
=

where UJ" is the numerical approximation of the exact solution u(zj,tn).

Problem 1. In this first examplé we have a diffusion parameter that depends on x and a force that
depends on x and t. We assumhe Q =\(0,2), T = 1, d(x,t) = z, F(z,t) = x + sin(¢), and the source term
g(z,t) and initial solution ug(x) are defined, such that, the exact solution of this problem is given by

u(z,t) = 2Tz (2 — z)t.
The problem can bé intérpreted as defined in the real line with
u(z,t) =0 x ¢ Q.

In this casg¢, the regtlarity of the solution is in space C3(IR) and in time is C?([0, T]), that is, C*2(IR x [0, T]).
It is shown that the order of convergence of the numerical method is second order accurate in space and
time imyTable T and Table 2 respectively. We also observe in Table 2 that the time steps we have considered
are significantly larger when compared with the space step and this is in agreement with the discussion in
Section '3 about the unconditional stability of the numerical method. This can also be verified in the next
example.

Problem 2. We assume = 2 and therefore we do not have a non-local operator in space, only in time.
We consider Q = (0,1), T =1, d(x,t) = w, F(x,t) = x 4 sin(t), and define the source term g(z,t) and
the initial condition wug(z), such that, the exact solution is given by

u(z,t) =t 2e”,

16



6 Ax=2/40 Ax=2/80 Rate
a=02 12 2.5514e-03 6.3422¢-04 2.0082
1.4 2.3981e-03  5.9864e-04 2.0021
1.6 2.3289e-03  5.8877e-04 1.9838
1.8  2.1534e-03  5.5150e-04  1.9652
2.0 1.5200e-03  3.7890e-04 2.0041

a=04 1.2 2.4934e-03 6.1983e-04 2.0082
1.4 2.3241e-03  5.8009e-04  2.0024
1.6 2.2499e-03  5.6870e-04 1.9841
1.8  2.0868e-03 5.3435e-04 1.9654
2.0 1.4869e-03 3.7061le-04  2.0043

a=06 12 2.4316e-03 6.0450e-04 2.0081
1.4 2.2426e-03  5.5975e-04  2.0023
1.6 2.1632e-03  5.4681e-04 1.9841
1.8 2.0129e-03  5.1552e-04 1.9651
2.0 1.4474e-03 3.6075e-04 ( 2.0044

a=08 12 23612e-03 5.8708¢e-04 "2.0079
1.4 2.1462e-03  5.3580e-04 2.0020
1.6 2.0626e-03  5.2155e-04  1.9836
1.8  1.9276e-03 4.9395e-04 1.9644
2.0 1.3992e-03p,, 3.4874e-04  2.0043

a=10 12 2.2723e:03 15.6519e-04 2.0074
1.4 2.0240e-03» 5.0555e-04  2.0013
1.6 1.9413e-03 4.9119e-04 1.9826
1.8.,.1.8264e-03  4.6846e-04  1.9630
2.0 1.3397e-03  3.3396e-04  2.0042

Table 1: Results concerning Problem 1¢ Convergence rate in space for different values of @ and g with A¢ = 1/800. The
solution is regular enough in space and therefore/we get second order convergence.

In Table 3 and Table 4 #7e observe’second order convergence in space and time respectively. The regularity
of the solutions is C°*2([031] x [0,77).

Problem 3. In this example we consider a problem with a solution with lower regularity than the
previous problefn. We agsume, Q = (0,2), T = 1, d(z,t) = @, F(x,t) = x + sin(t), and define g(x,t)
and ug(x), such that, the exact solution is given by

u(z,t) = 1422 (2 — )2,

We hayvena, fractional operator also in space and the problem can be interpreted as defined in the real line
with
u(z,t) =0 x ¢ Q.

In this case the regularity of the solution in time is C'*([0,T]). We observe, in Table 5, that the convergence
is approximately of order At®*!. This is in agreement with the discussion in Section 3.1 and in particular
with Theorem 3.

Problem 4. In this example we further reduce the regularity of the solution in time and we assume
B = 2. This example is also included in [12]. We consider Q = (0,7), T = 1, d(z,t) = 1, F(z,t) = x +sin(t),
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B At=1/10 At=1/20 Rate
a=02 12 2107303 b5.2759¢-04 1.9979
1.4 1.9439e-03 4.8647e-04 1.9985
1.6 1.7778¢-03 4.4470e-04 1.9991
1.8 1.6523¢-03 4.1333e-04 1.9991
2.0 1.5187¢-03 3.8038¢-04 1.9974

a=04 1.2 2.1073e-03 5.275%-04 1.9979
1.4 1.9439e-03 4.8647e-04 1.9985
1.6 1.7778e-03 4.4470e-04 1.9991
1.8 1.6523e-03 4.1333e-04 1.9991
2.0 1.5187e-03 3.8038e-04 1.9974

a=06 12 2.0842e-03 5.1786e-04 2.0089
1.4 1.9798e-03 4.9151e-04 2.0101
1.6 1.8761e-03 4.6536e-04 2.0113
1.8 1.8082e-03 4.4850e-04 2.0114
2.0 1.7278e-03 4.2896e-04 (2.0100

a=08 12 2.1725e-03 5.4257¢-04 2.0015
1.4 2.0760e-03 5.1799e-04  2.0028
1.6 1.9838e-03 4.9440e-04 2.0045
1.8 1.9284e-03 4.8030e-04 2.0054
2.0 1.8694e-03%,,4.6585e-04 2.0046

a=10 12 2.3783e03 1,5.9608e-04 1.9963
1.4 2:2814e-03y 5.7129e-04  1.9977
1.6 2.1895e-03 5.4760e-04 1.9994
1.8:,.2.1348€-03  5.3343e-04  2.0007
2.0 2.0936e-03 5.2321e-04 2.0005

Table 2: Results concerning Problem 1. @onvergence'rate in time for different values of a and 8 with Az = 2/800. The solution
is regular enough in time and therefore we get second order convergence.

a "Azr=1/10 Axz=1/20 Rate
0.2  6.5175e-04 1.6259e-04 2.0031
0.4 5.2336e-04 1.3062e-04 2.0025
0.6 4.0707e-04 1.0163e-04 2.0019
0.8 3.0495e-04 7.6154e-05 2.0016
1.0 2.1766e-04  5.4362e-05 2.0014

Table 3: Results concerning Problem 2. Convergence rate in space for different values of « and 8 = 2 with A¢ = 1/800. The
solution is regular enough in space and therefore we get second order convergence.

and definie g(x,t) and ug(z), such that, the exact solution of this problem is given by

w(a, t) = (1 4 mia)> sin(z).

In this example, we also include the results we obtain when a nonuniform mesh in time is considered, that
is, we assume t,, = (n/M )T, where v > 1. Note that for v = 1 we obtain a uniform mesh.

For this solution we see that u; = O(t*~!) as t — 0 and therefore it presents a singularity behavior. The
regularity of the solution is C°9([0, 7] x [0,T]). For a uniform mesh the order of convergence in time is
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a At=1/10 At=1/20 Rate
0.2 6.5734e-04 1.6444e-04 1.9991
0.4 6.1647e-04 1.5346e-04 2.0061
0.6 5.5681e-04 1.3844e-04 2.0079
0.8 5.0006e-04 1.2430e-04 2.0083
1.0 4.5011e-04 1.1194e-04 2.0076

Table 4: Results concerning Problem 2. Convergence rate in time for different values of a and 8 = 2 with Az = 1/200. The
solution is regular enough in time and therefore we get second order convergence.

B At=1/10 At=1/20 Rate
a=02 12 7973402 3.5276e-02 1.1765
1.4 7.8981e-02 3.4822¢-02 1.1815
1.6 7.8515e-02 3.4563¢-02 1.1837
1.8 7.8275e-02 3.4431e-02 1.1848
2.0 7.8223¢-02 3.4397c-02 1.1853

a=04 12 3.5666e-02 1.4085e-02 ,1.3404
1.4  3.4561e-02 1.3641e-02 103411
1.6 3.3930e-02  1.3390e-02  1.3414
1.8 3.3608e-02 1.3261e=02 1.3417
2.0 3.3522e-02  1.3225e-02%1.3419

a=06 12 1.5247e-02 5.3238e-03 1.5180
1.4 1.4558e-02| "9:1283e-03 1.5052
1.6 1.4161e-02 \(5.0139¢-03 1.4979
1.8 1.3955e-02 74.9541e-03 1.4941
2.0 193896e-02° 4.9371e-03 1.4929

a=0.8 12 95.0490e-03 1.5836e-03 1.6728
1.4 4.8284e-03 1.4829e-03 1.7031
1.65,4.6975e-03  1.4564e-03 1.6895
1.87 4.6283e-03 1.4423e-03 1.6821
2.0 4.6077e-03 1.4385e-03 1.6795

oa=10 12 3.7635e-03 9.4709e-04 1.9905
1.4 2.7431e-03 6.9172e-04 1.9876
1.6 2.1755e-03 5.5022e-04 1.9833
1.8 1.8495e-03 4.6987e-04 1.9768
2.0 1.6716e-03 4.2669e-04 1.9700

Table 5: Results concerning Problem 3. Convergence rate in time for different values of o and 8 with Az = 2/800. The
solution is not regular enough in time and therefore we get approximately 1 4+ « order of convergence. This is in agreement
with Theorem 3.

approximately O(At®). This is according to the analysis done in Section 3.1 and in particular with Theorem
4. A non-uniform mesh improves the order of convergence as expected. In Table 6 and 7 we compare the
performance of a non-uniform mesh versus a uniform mesh. In Table 8 we consider a very small time step
to see that the method is second order convergent in space.

Problem 5. In order to observe the dynamical behavior of the fractional Fokker-Planck equation with
a time dependent force, we consider equation (10) without the source term, for p = ¢, and with the initial
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M a=0.25 Rate a = 0.50 Rate a=0.75 Rate
80  5.2235e-01 - 1.1051e-01 - 1.5103e-02 -
160 4.6086e-01 0.18071 8.2666e-02 0.41888 9.3432e-03 0.69288
320 4.0466e-01 0.18761 6.1090e-02 0.43634 5.7081e-03 0.71089
640 3.5374e-01 0.19404 4.4725e-02 0.44985 3.4851e-03 0.71184

Table 6: Results concerning Problem 4. Convergence rate in time for different values of o and 8 = 2 with Az = 7/5120 and
v = 1. Uniform time step. The solution is not regular enough in time. We have approximately a order convergence. This is in
agreement with Theorem 4.

M v=1.0 Rate y=a1=16 Rate v=2.0 Rate
80  4.4207e-02 - 1.0396e-02 - 4.4297e-03 -

160  3.0110e-02  0.55402 5.4931e-03 0.92039 1.9917e-03 ~1.1532
320 2.0242e-02 0.57294 2.8629¢-03 0.94015  8.8090e-04w, 1.1769
640 1.3478e-02  0.58671 1.4778e-03 0.95404 3.8482e404 | 1.1948

Table 7: Results concerning Problem 4. Convergence rate in time for « = 0.625 and 8 = 2 with, Az = 7/5120. Non-uniform
mesh. The convergent rate improves with a non-uniform time step.

Ax a=0.25 Rate a = 0.50 Rate a=0.75 Rate
w/4  3.5158e-01 - 3.6313e-01 - 3.6018e-01 -
/8  8.1629¢-02 2.1067 8.5220e-02 2.0912, 8.5007e-02 2.0831
w/16  1.9009e-02 2.1024 2.0671e-02 2.0436 “2.0875e-02 2.0258
w/32  4.5141e-03 2.0741 4.8261e-03"2.0987 5.1233e-03 2.0266

Table 8: Results concerning Problem 4. Convergence rate in space'for different values of a and 8 = 2 with M = 1000 and
~ = a~!. Non-uniform time space.

condition

u(z, 0= 12 exp <—(x_$°)2).
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We assume o = 0.1 and zg = 2.

We start to show, in Figure 24 the*dynamics of the Fokker-Planck equation (10) without a force field,
that is, for F'(z,t) = 0 with d(Z;t)"= 1/to visualize the effect of the diffusion. In this case, the solution
along time is still symmetri¢/inishape; in relation to = 2, as the initial solution. If we consider a force
field different from zero, the solution is greatly influenced by the presence of the force field, as we can see in
Figures 3 and 4.

In Figure 3, we shéw how the solution evolves in time for a force field, periodic in time, F'(x,t) = x+sin(t),
and d(z,t) = 1. Fromiléft toright we can observe the effect of changing « for a fixed 8. From top to bottom
the effect of changing [ for a fixed .

In Figure,4, the force is of the form F(z,t) = —2x + 322(1/(1 + 7)), related to the commonly named
metastable potential [19]. Similarly to the previous figure, from left to right we can observe the effect of
changing @ for a fixed 5 and from top to bottom the effect of changing S for a fixed a.

5. Final Remarks

A numerical method is presented for a Fokker-Planck equation with a force field and diffusion depending
on space and time. For the general case, 0 < o < 1 and 1 < § < 2, the stability is discussed through the
computation of the eigenvalues of a companion matrix showing the method is unconditionally stable. The
numerical method is second order convergent in space and time for sufficiently regular solutions. We present
numerical tests that show the rate of convergence is affected when less regular solutions are considered as
discussed theoretically in Section 3. In this case, we can improve the rate of convergence by considering a
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Figure 2: Time evolution of u(z,t) for F(z,t) = 0 with d(z,t) =\1: (a)a = 0.3, 3 =1.3; (b) « = 0.6, 8 = 1.3; (¢) a = 0.3,
B =16, (d) a=06, =16

non-uniform mesh. In the end, in order to reveal'the dynamics of the equation, we display the time evolution
of the solution u(z,t), for different time dependentyforce fields.

The numerical method presented here can be generalized for the velocity fractional Klein-Kramers equa-

tion, defined in the position-velocity*space, that is, z-v space, where a fractional operator is considered in
the open space v and in the = space different type of boundary conditions can be studied. However, the
theoretical analysis presents additional difficulties that will require a separated study.
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