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Resumo

Estuda-se o comportamento de um universo como fluido perfeito, onde a energia negra é

associada ao efeito macroscópico de variações conformais do tensor da métrica. Modela-se

a evolução do factor de escala, da temperatura e da densidade com o tempo, num universo

composto por radiação, energia negra, matéria negra e matéria bariónica, usando Maple.

Analisam-se os principais eventos da história térmica e a transição entre eras dominadas

por diferentes entidades.
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Abstract

The behaviour of a perfect fluid universe is studied, where dark energy is associated to

the macroscopic effect of conformal variations of the metric tensor. The evolution of the

scale factor, temperature and density over time in a universe comprised of radiation, dark

energy, dark matter and baryonic matter is modelled using Maple. The main events of the

thermal history and the transition between different entity-dominated eras are analysed.
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I thank my parents and Lúıs for all their care and support in the academic journey. I am

grateful to my aunt, Palmira, for the financial support which made my stay in Coimbra

possible.

I want to thank Melo, Borlido and Tiago for their patience and valuable suggestions. I
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Chapter 1

Introduction

Not too long ago, we lived with no clue that our birthplace was an evolving 14 billion

years old process. We now call its beginning the Big Bang and we send machines to space

to grasp what our eyes can not see but our intellect demands to know: how did it unfold

in the fascinating scenery we witness today?

In the attempt to embrace all the complexity we can appreciate, many individuals dis-

closed fundamental keys that helped to understand how the universe works, where it came

from and where it is going to. Our present estimation is that approximately 95% of the

universe is constituted by dark energy and dark matter, entities we do not have much

certainties about.

From the ground constructed by so many researchers over the years and from the specu-

lations of other many on the unsolved mysteries of the cosmos, we can approximate our

universe with various models that reproduce with more or less precision the observational

data we were able to collect so far.

In the last century, modern cosmology became a subject on its own. It began with the

formulation of general relativity by Albert Einstein in 1915. This theory allowed gravity

to be seen as a geometrical modification of the space-time continuum according on its

matter and energy content. In 1929, the law of Edwin Hubble, connecting the redshift of

galaxies with the expansion of the universe, made us realize the cosmos is not static. This

gives sense to Alexander Friedmann’s solution to Einstein’s equations for a homogeneous

and isotropic universe, which was time-dependent. The term that Einstein introduced in

order for his field equations to yield a static solution, the cosmological constant, had no

more reason to be and was then dropped.

Georges Lemâıtre proposed the hypothesis that later turned into the Big Bang theory for

the origin of the universe and which is widely accepted today. The technological resources

particle physics enjoys presently make it possible to probe energies that mimic the ones

present in the early stages of the universe, enabling our study of this subject.

Jan Oort in 1932 and Fritz Zwicky in 1933 postulated a new type of matter, dark mat-

1



CHAPTER 1. INTRODUCTION 2

ter, to explain the orbital velocities of stars in galaxies, which could not be reached only

accounting the visible, or baryonic, matter. The particles that may comprise it are being

sought after, believed to interact weakly with normal matter. Among the many candidates

proposed [1–4], one of the most popular approaches considers them to be non-relativistic,

the so-called cold dark matter, while other works prefer to focus on lighter and faster

possibilities.

Near the end of the twentieth century, the astronomical observations on the redshift of

supernovae [5, 6] showed that the universe was expanding at an accelerated rate, which

justified the introduction of an entity with negative pressure to account for it, the dark

energy. This revived the cosmological constant in a different context, now bearing re-

sponsibility for the accelerated expansion of the universe by acting as a repulsive gravity.

Astrophysics is trying to figure out the origin and nature of the cosmological constant [7],

for example, as a result of vacuum fluctuations or of quantum fluctuations of the met-

ric [8, 9]. There are also Quintessence models of dark energy, which use a scalar field

instead of a cosmological constant [10].

The standard cosmological picture is then based on the observational evidence that the

universe is highly homogeneous, isotropic and flat, composed by approximately 72% of

dark energy, 23% of dark matter and 5% of baryonic matter [11], which is known as the

ΛCDM model. Other hypotheses consider the dark components as a missing part of grav-

itation and thus base themselves on modified gravity models.

Joining the cosmological model with the Big Bang, the pertinent question of how the

universe evolved can be studied. We can still not fully trace the universe back to its be-

ginning, but it is possible to write its history in detail in some epochs and extrapolate it

in others [12]. On the other hand, this means there is still plenty of room to imaginatively

speculate about major events of the cosmic history and on the nature of its dark compo-

nents [13].

In this work we approximate the universe with a perfect fluid comprised of radiation,

baryonic matter, dark energy and dark matter as the ΛCDM model claims. We consider

it particularly important to take quantum effects on gravity into account, which provide

an explanation for dark energy [9]. We will study the thermal evolution of this kind of

universe over time, as outlined next.

In the second chapter, we shortly introduce the basics of general relativity that will be

useful to our analysis.

In chapter 3, we present the standard cosmological model. In the first part we derive the

relevant expressions to write the thermal history of the universe as we know it. In order

to understand what components our model of the universe will include, the last section

of this chapter is devoted to state the theoretical foundations of the hot Big Bang theory,

its limitations and the necessity of including dark matter and dark energy in the standard
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model.

Next, we go beyond standard cosmology in chapter 4 and, by using a scalar field to

introduce conformal variations of the metric in the classical metric tensor, we consider

quantum fluctuations, significant at the Planck scale. We then derive the mathematical

expressions that enable us to comprehend the consequences that this modification repre-

sents in Einstein’s equations, showing that it can be translated into a term of the form of

a cosmological constant. This term will be our source of dark energy.

In chapter 5, with the help of thermodynamics, we present the main features of the thermal

history of the universe after inflation. While processes like baryogenesis and nucleosyn-

thesis are only quickly reviewed, we spend more time with the events that we will be able

to observe in our simulation, such as the transitions during which different particle species

and entities decouple from the equilibrium with radiation.

Chapter 6 is dedicated to explain how the simulation of temperature and density of the

universe was performed, as can be seen in appendix A in more detail, and to show the

results of this analysis.

The last chapter is dedicated to the conclusions and comments about the results.
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Chapter 2

General Relativity

The foundation of general relativity is the Principle of equivalence, stated by Albert

Einstein as the impossibility to distinguish between a (non-rotating) free falling system

subject to a gravitational field and a linearly accelerated system in an inertial frame [14].

This guarantees that it is always possible to find a coordinate system where gravitation

can be locally eliminated – all observers are equivalent.

To cope with the equivalence principle, the equations of physics should be formulated in

such a way that they remain invariant under a coordinate transformation. This is achieved

in a tensorial theory – Principle of general covariance [15].

The generalization of the special theory of relativity to include gravitation, in order to

describe the geodesic equations by a metric connection, leads to a curved metric. The

metric takes now the role of the potentials in the former theory and second partial dif-

ferential equations in the form of tensors are sought to describe the new theory. When

the variation of the gravitational field is substantial, in a non-local regime, a vector V λ

parallel transported along a geodesics on a closed infinitesimal path will be subject to a

change δV λ, which depends on the metric and can be represented by the Riemann curva-

ture tensor [16].

To write the curvature tensor, let us begin by distinguishing between covariant and con-

travariant vectors (tensors of order 1).

A contravariant vector transforms as follows under a change of coordinates [15]

V
′α =

∂x
′α

∂xβ
V β (2.1)

and a covariant vector transforms according to

V ′α =
∂xβ

∂x′α
Vβ. (2.2)

The covariant derivative of a vector V λ can be written as

∇νV λ = ∂νV
λ + ΓλµνV

µ, (2.3)

5



CHAPTER 2. GENERAL RELATIVITY 6

where Γλµν represents the Christoffel symbol. For notational simplicity, we introduce

∇νV λ ≡ V λ
;ν . (2.4)

The Christoffel symbol is a scalar object, also called affine connection and can be written

in terms of the metric as follows [15]

Γλµν =
1

2
gλτ

(
∂gτµ
∂xν

+
∂gτν
∂xµ

− ∂gµν
∂xτ

)
(2.5)

where, for the sake of notational simplicity we introduce

∂gαβ
∂xδ

≡ gαβ,δ. (2.6)

It is important to refer that in any coordinate system the following identity holds, [16]

Γλµν ≡ Γλνµ. (2.7)

The Riemann curvature tensor can then be written in the following form [15]

Rλµνρ = Γλµρ,ν − Γλµν,ρ + ΓλσνΓσρµ − ΓλσρΓ
σ
µν . (2.8)

The Riemann tensor becomes covariant with the following transformation

Rσµνρ = gσλR
λ
µνρ (2.9)

and it possesses some very interesting properties [17]:

• Symmetry

Rσµνρ = Rνρσµ (2.10)

• Antisymmetry

Rσµνρ = −Rµσνρ = −Rσµρν = Rµσρν (2.11)

• Cyclicity

Rσµνρ +Rσρµν +Rσνρµ = 0 (2.12)

• Bianchi identities

Rσµνρ;λ +Rσµλρ;ν +Rσµρλ;ν = 0 (2.13)

Being Rλµνρ the curvature tensor, when it vanishes, the space is flat.

Realizing Rλµνρ is a tensor and involves second order partial differentiation of the metric

tensor, it is a suitable candidate to appear in the equations we are seeking to describe

gravity. Even more suitable would be a contraction of this tensor into a second-order one,

which we can do as follows

Rµρ = gσνRσµνρ = Rνµνρ, (2.14)
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where Rµρ is the Ricci tensor, which is symmetric.

The Ricci tensor can be further contracted to originate the Ricci scalar or curvature

scalar

R = gµρRµρ. (2.15)

Using the Ricci tensor and the curvature scalar, we can define the Einstein tensor [15]

Gµν ≡ Rµν −
1

2
gµνR, (2.16)

which is also symmetric and whose covariant derivative vanishes from the Bianchi identities

∇νGµν ≡ 0. (2.17)

This tensor is appropriate to describe the curvature of space-time.

We seek now a way to describe the source of the gravitational field, which is found

by turning our attention to special relativity, where a continuous distribution of matter

is represented by an energy-momentum tensor Tµν . It expresses the flux of the four-

momentum pµ across a surface of constant xν . Its form changes according to the matter

distribution considered and its components have different physical meanings [16]:

• T 00 – energy density

• T i0 – pi momentum density

• T 0i – energy flux across xi surface

If we consider a dust distribution, the energy-momentum tensor will take the form

Tµν = ρuµuν , (2.18)

where ρ represents the mass-energy density and uα = dxα/dτ a unit timelike vector field

that represents the 4-velocity [18].

If we consider a perfect fluid, the energy-momentum tensor will take the form [19]

Tµν =

(
ρ+

P

c2

)
uµuν − Pgµν , (2.19)

where P represents the pressure of the fluid. It is worth mentioning that (2.19) is a

diagonal tensor.

The conservation laws of energy and momentum make the divergence of this tensor vanish

in special relativity

∂νT
µν = 0. (2.20)

The following generalization allows to adapt the conservation of Tµν to general relativity

[15]

∇νTµν = 0. (2.21)
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(2.17) and (2.21) suggest the Einstein tensor and the energy-momentum tensor to be

proportional

Gµν = κTµν , (2.22)

where κ is a constant called the coupling constant given by

κ =
8πG

c4
. (2.23)

In this way we just obtained the Einstein field equations [15–17]

Gµν =
8πG

c4
Tµν . (2.24)

The implications of this law of gravitation pertain to consider gravitation as a modification

– a bending – of the space-time continuum described on the left hand side of the equation,

caused by a matter field source, present on the right hand side of the equation.

At the time when Einstein’s equations were formulated, the universe was pictured as a

static and homogeneous entity, which lead Einstein to find closed static solutions to his

field equations. In order to achieve this, an extra term, consistent with the field equations,

was needed. Taking into account

∇νgµν = 0, (2.25)

a linear term in gµν can be added to (2.24), yielding

Gµν =
8πG

c4
Tµν + Λgµν , (2.26)

where Λgµν is the cosmological term that enables the equations to describe a static universe

and Λ is a constant, called the cosmological constant.

At the present moment, there is enough evidence to state that the universe is not static

but subject to (accelerated) expansion. It is still useful to introduce the cosmological term

in the field equations because it can be interpreted as the energy density of the vacuum,

an entity which might have played an important role in the early universe. It can be also

related with the presence of dark energy in the universe, a hypothesis we shall discuss in

further chapters. [13]

Henceforward, we will work with c = 1 units.



Chapter 3

Standard Cosmology Model

The standard model for cosmology stipulates that the universe originated from a hot dense

state 13.7 × 109 years ago; at this time expansion and cooling down started. This model

is based on the observational evidence that galaxies are moving away from each other,

that the cosmic microwave background radiation (CMBR), as well as the largest known

structures of the Universe, are homogeneous and isotropic.

The Cosmological principle tells us all positions in the universe are essentially equiv-

alent. The assumption that the universe presents the same aspect from every point at

each epoch, except for local irregularities, is a cornerstone of cosmology. If the universe is,

in average and not in detail, homogeneous and isotropic, it can be considered spherically

symmetric about us, as well as about any other point, since it is assumed we do not occupy

a privileged position [15,17].

3.1 Robertson-Walker Metric

From the cosmological principle, we can define a time coordinate that decreases mono-

tonically as the universe evolves as a clock. Considering such a time coordinate and the

isotropy of the universe, the metric must take a form of the kind [19]

dτ2 = dt2 −Q2(t)[f2(r)dr2 + g2(r)dψ2], (3.1)

where f(r) and g(r) are arbitrary and Q(t) is the scale factor. Due to spherical symmetry,

we can decompose dψ2 = dθ2 + sin2θdφ.

The most general metric it is possible to build in spherical coordinates for this space

considers f2 = 1
1−kr2 and g2 = r2. It is called the Friedmann-Lemâıtre-Robertson-Walker

(FLRW) metric

ds2 = dt2 −Q(t)2

[
dr2

1− kr2
+ r2(dθ2 + sin2 θdφ2)

]
, (3.2)

9
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where k represents the curvature of the space.

The space curvature constant k is responsible for the geometry of the space:

• k < 0, a negative curvature describes an open universe (hyperbolic);

• k = 0, a zero curvature describes a flat universe;

• k > 0, a positive curvature describes a closed universe (spherical).

The metric tensor will be, in this case

gµν =


1 0 0 0

0 − Q(t)2

1−kr2 0 0

0 0 −Q(t)2r2 0

0 0 0 −Q(t)2r2 sin2 θ

 . (3.3)

3.2 Friedmann’s Equation

The field equations (2.24), when conjugated with the Robertson-Walker metric and the

energy-momentum tensor for a perfect fluid (2.19), yield two independent equations

R00 −
1

2
g00R− Λg00 = 8πGT00, (3.4)

Rii −
1

2
giiR− Λgii = 8πGTii. (3.5)

The energy-momentum tensor, in co-moving coordinates in which ui = (1, 0, 0, 0), will be

T00 = ρ (3.6)

Tii = −giiP. (3.7)

For our metric, the non-vanishing Christoffel symbols will yield the following Ricci tensors

R00 = −3
Q̈

Q
, (3.8)

Rii = −gii

(
Q̈

Q
+ 2

Q̇2 + k

Q2

)
. (3.9)

This allows us to write the curvature scalar

R = gttRtt + grrRrr + gφφRφφ + gθθRθθ (3.10)

= −3
Q̈

Q
− 3

(
Q̈

Q
+ 2

Q̇2 + k

Q2

)
(3.11)

= −6

(
Q̈

Q
+
Q̇2 + k

Q2

)
. (3.12)
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Then, the time component of the field equation yields

3
Q̇2 + k

Q2
− Λ = 8πGρ, (3.13)

which is called the Friedmann equation and describes how the density and curvature of

the universe are connected to its velocity of expansion.

And the ii-th component yields

2
Q̈

Q
+
Q̇2 + k

Q2
− Λ = −8πGP. (3.14)

Inserting (3.13) in (3.14) and rearranging, results in

Q̈

Q
=

Λ

3
− 4πG

3
(ρ+ 3P ), (3.15)

which is called the equation of acceleration. Together with (3.13), it forms the Friedmann-

Lemâıtre equations.

Rearranging (3.13) into

Q̇2 + k =
Q2

3
(8πGρ+ Λ), (3.16)

taking its time derivative

2Q̈Q̇ =
2Q̇Q

3
(8πGρ+ Λ) +Q2 8πGρ̇

3
, (3.17)

simplifying and inserting (3.15) in it, yields

−4πG(ρ+ 3P )

3
+

Λ

3
=

(
8πGρ

3
+

Λ

3

)
+

4πGρ̇

3

Q

Q̇

ρ̇ = −3
Q̇

Q
(ρ+ P ), (3.18)

which describes the energy-mass conservation. If we computed Tµν;ν = 0, we would achieve

this same conservation equation [15]. This equation can be written independently for each

component of the universe as long as there is no significant conversion between the various

components, as

ρ̇i = −3
Q̇

Q
(ρi + Pi). (3.19)

3.3 Parameters of an Expanding Universe

3.3.1 Hubble’s Law

To determine the expansion rate of the universe, we begin by defining the Hubble param-

eter [12,19]

H ≡ Q̇(t)

Q(t)
. (3.20)
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Its present value (t = t0) is called the Hubble constant, H0, and is 70.4 ± 2.5 km s−1

Mpc−1 [11]. It is used in Hubble’s law

−→v = H0
−→r , (3.21)

which expresses the observational evidence, discovered by Edwin Hubble, that the reces-

sion velocity of a galaxy is proportional to the distance from that galaxy to Earth – an

object moves the faster away from Earth the more distant it is. In this moment it was

realized the universe is expanding!

3.3.2 Critical Density

In the Friedmann equation (3.13), we can absorb the cosmological constant writing it as

a component of the energy density

ρΛ =
Λ

8πG
. (3.22)

If the Hubble parameter and (3.22) is inserted in (3.13), this yields

3

(
H2 +

k

Q(t)2

)
= 8πGρ̃, (3.23)

where

ρ̃ = ρ+ ρΛ. (3.24)

(3.23) can be rearranged into [12]

k

Q(t)2H2
=

ρ̃
3H2

8πG

− 1 ≡ Ω− 1, (3.25)

where we define the density parameter Ω as the ratio

Ω =
ρ̃

ρc
. (3.26)

Here, ρc denotes the critical density

ρc =
3H2

8πG
, (3.27)

which, for a given expansion rate, represents the density that will result in k = 0 (making

the comoving part of the metric look Euclidean) [19]. If a universe presents a density

above this critical value, Ω > 1 =⇒ k > 0, it will be spatially closed, while a universe

with a lower critical value will have Ω < 1 =⇒ k < 0 and be spatially open, as seen in

§3.1.
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3.3.3 Density Parameter

We can define different density parameters for different universe entities, namely

Ωmat =
ρmat
ρc

(3.28)

Ωr =
ρr
ρc

(3.29)

ΩΛ =
ρΛ

ρc
(3.30)

the density parameter for matter, radiation and cosmological constant, respectively. We

can further distinguish between the density of baryonic matter and cold dark matter

writing Ωmat = Ωb + Ωc and absorb the curvature term of the Friedmann equation into

the energy density as we did for the cosmological constant

Ωk =
ρk
ρc
, ρk = − k

(QH)2
. (3.31)

3.3.4 Equations of State

In the following treatment, it is useful to introduce an equation of state to describe the

way energy density changes with pressure [12]

ω =
P

ρ
, (3.32)

which will have a different value according to the type of entity considered. Introducing

H, Ω and ω in the energy conservation equation (3.19), we can rewrite it as

Ω̇ = −3HΩ(1 + ω). (3.33)

When ω is independent of time, an assumption we will make throughout this work, the

density will evolve with the expansion rate by (3.19). Integrating this equation, results in

ρi ∝ Q−3(1+ωi), (3.34)

where the constant of proportionality can be found by assuming this equation is valid at

any epoch. Then, it is also valid in the present moment (t0). If we choose the following

conditions to apply Q(t0) = Q0 = 1

Q̇(t0) = Q̇0 = 1
(3.35)

then (3.34) will yield

ρ0 = AQ
−3(1+ω)
0 =⇒ A = ρ0. (3.36)
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Let us now write the equations of state for each of the components present in the

universe.

Non-relativistic matter interacts only gravitationally, behaving as dust, which means pres-

sure does not give any contribution in this case

Pmat = 0. (3.37)

This makes it possible to write for a matter-dominated universe (a universe where the

energy density of matter is so high in comparison with the energy density of other com-

ponents that we can neglect them)

ωmat = 0. (3.38)

On the other hand, for radiation we know

Pr =
1

3
ρr, (3.39)

from black-body radiation considerations. This yields

ωr =
1

3
. (3.40)

Another contribution to the universe is the cosmological constant, accounting for the

accelerated expansion of the universe. It can be interpreted as the energy-density of the

vacuum or dark energy. From the Friedmann equations and the energy-momentum tensor,

Λ is characterized by

PΛ = −ρΛ, (3.41)

which results in

ωΛ = −1. (3.42)

This allows us to write

ρmat =
ρmat(t0)

Q(t)3
(3.43)

ρr =
ρr(t0)

Q(t)4
(3.44)

ρΛ = ρΛ(t0) =
Λ

8πG
(3.45)

for the energy density of matter, radiation and dark energy, respectively.
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3.4 Cosmological Dynamics

3.4.1 Equations of Motion

We shall now derive the equations of motion of the universe from the Friedmann equation,

which can be written in a more convenient form for now

Q̇(t) =

√
8πGρ̃

3
Q(t)2 − k, (3.46)

where Λ is once again included as part of the total energy density ρ̃.

In the first part of this section let us consider a flat universe, k = 0. This assumption is

consistent with the latest measurements of the curvature of the universe [11,20] and with

the fact that it corresponds to a negligible term in the early universe [12]. By this means,

it is possible to analytically find the evolution of the scale factor with time, considering

different entities of the universe.

For a (non-relativistic) matter-dominated universe, (3.43) holds, yielding

Q̇(t) =

√
8πGρmat(t0)

3Q(t)
. (3.47)

For a radiation-dominated universe, with the help of (3.44), we write

Q̇(t) =

√
8πGρr(t0)

3Q(t)2
. (3.48)

For a dark energy-dominated universe, using (3.45), results

Q̇(t) =

√
8πGρΛ(t0)Q(t)2

3
. (3.49)

Integrating the previous expressions in time, we obtain the equations of motion

Q(t) =


[6πGρmat(t0)]

1
3 t

2
3 for matter-dominated (3.50)(

32πGρr(t0)

3

) 1
4

t
1
2 for radiation-dominated (3.51)

Q0e

√
Λ
3
t

for dark energy-dominated (3.52)

The case of a flat, matter-dominated universe governed by (3.50) is known as Einstein-

DeSitter model.

For a ”general” universe – a universe in a regime where none of the entities is dominant

– the only simplification of the Friedmann equation consists in inserting relations (3.43),

(3.44), (3.45) and dividing them by ρc

Q̇(t) =
√

(Ωb + Ωc + Ωr + ΩΛ)Q(t)2 + Ωk (3.53)

=

√
Ωr(t0)

Q(t)2
+

Ωb(t0) + Ωc(t0)

Q(t)
+ Ωk(t0) + ΩΛQ(t)2. (3.54)
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3.4.2 Density Parameter

The Friedmann equation expressing the conservation of mass (3.19) allows us to write for

each component of a general universe, taking into account (3.43), (3.44) and (3.45),

Ω̇b + Ω̇c = −3
Ωb(t0) + Ωc(t0)

Q(t)3

√
Ωr(t0)

Q(t)4
+

Ωb(t0) + Ωc(t0)

Q(t)3
+

Ωk(t0)

Q(t)2
+ ΩΛ for matter

Ω̇r = −4
Ωr(t0)

Q(t)4

√
Ωr(t0)

Q(t)4
+

Ωb(t0) + Ωc(t0)

Q(t)3
+

Ωk(t0)

Q(t)2
+ ΩΛ for radiation

ΩΛ = ΩΛ(t0) for dark-energy

3.4.3 Temperature

From the energy density of the black-body radiation,

ρrad ∝ T 4, (3.55)

where T represents the temperature of the body. For the case of radiation, (3.44) holds,

meaning

T ∝ Q−1. (3.56)

The proportionality factor of this relation can be calculated as in (3.36), resulting in

Tr =
Tr(t0)

Q(t)
, (3.57)

where Tr(t0) represents the present temperature of radiation.

3.5 Foundations and Overview

3.5.1 Big Bang Theory

To enable nucleosynthesis, the hypothesis of a dense, hot universe in early times is needed.

It cooled down as it expanded and as a direct consequence, a relic background radiation

of approximately 2.7 K is measurable [21]. Extrapolating the present expansion backward

in time, the universe would have began in an infinitely dense and hot singularity, which

is known as the Big Bang [22]. A hot Big Bang is inferred from our previous analysis

by realizing that in (3.57), as Q(t) → 0, T → ∞. General relativity breaks down at this

point and only after the Planck time can we track what happened in the universe, from

particle physics and thermodynamics considerations. Prior to it, quantum fluctuations

assume a paramount importance and, presently, no theory combines quantum mechanics

consistently with general relativity.

Although suitable to predict the observed abundance of light elements and the CMBR,

the Big Bang model poses a number of pertinent problems, which justify the need of a

complementary theory. The best one to date is inflationary cosmology.



CHAPTER 3. STANDARD COSMOLOGY MODEL 17

3.5.2 The Inflationary Model

As pointed out, the universe is highly homogeneous and isotropic and no matter how

distant from each other photons are today, they share a uniform temperature depicted

by the CMBR. This is even so in parts of the universe that did not have causal contact

with each other and the Big Bang model offers no explanation on why this is possible.

This is called the horizon problem. At the same time, the anisotropies in the background

radiation which give rise to the large scale structures are also not explained. Another

unanswered question is why the universe is flat – referred to as the flatness problem. In

the list of unsolved questions figure also gravitinos and monopoles – topological defects

arising from symmetry breaking in particle theories – predicted by the hot Big Bang, but

not observed until now [22,23].

Inflation proposes a brief period of exponential (or quasi-exponential) growth for early

times, instead of the power expansion, described in (3.50) and (3.51), that we observe

afterwards. It resorts to a scalar field that has a large energy density and decreases very

slowly at early times, making expansion obey an exponential law. Past a certain point in

the expansion, this field decreases faster, becoming small and letting the universe enter a

power law expansion. This hypothesis does not imply a large energy density of the field

had to appear throughout the whole universe at the same time, but only in a small region,

which after inflating would easily comprise almost all the volume of the universe [24].

The consequence is a huge expansion in a short period of time, which allows a small causal

region in thermal contact in the past to be blown up and account for the homogeneity of

everything we see so far. It transforms the particles existing before inflation in such an

insignificant fraction of the universe that its density essentially reaches zero. An exponen-

tial expansion decreases curvature, solving the flatness problem and the inhomogeneities

observed in today’s universe can be a product of microscopic quantum fluctuations that

were stretched out by inflation. Only fluctuations at the end of the inflation era can be

seen today, since at early inflationary stages quantum fluctuations were stretched to such

large distances that we can not observe them [24].

3.5.3 ΛCDM Model

The ΛCDM model is the incorporation of dark energy, as a cosmological constant Λ, and

dark matter in our theory in order for standard cosmology to match astrophysical obser-

vational evidence. The term ”dark” refers to a non-absorbing and non-luminous entity.

Galaxies, stars, globular clusters and other luminous objects move faster than it is grav-

itationally predicted accounting for all visible objects. In the Milky Way, as well as in

other galaxies studied, instead of a velocity law decreasing with r−1/2, the velocity re-
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mains approximately constant with the change of the radius. The existence of a dark halo

of matter can solve this paradox and this is where dark matter, which can also explain

gravitational lensing effects, can lend us a hand. It is not yet known what dark matter

is formed of, but there are several particle candidates, as well as experiments to detect

them directly or indirectly. Since dark matter needs to fill certain requirements that can

be inferred from observation, e.g. through galaxy clusters velocity dispersion and X-ray

measurement, it was possible to get many constraints on its nature [25]. We shall discuss

more about it later, in §5.9.

A requirement of dark matter is that it must interact weakly with typical matter, i. e.

baryons, in order to explain why we never did observe it. CDM stands for Cold Dark Mat-

ter and refers to non-relativistic matter, since evidence points to a particle which is heavy

enough to clump together and to explain the discrepancy between the total mass which

exerts gravitational influence and the observed mass of baryonic matter in the universe.

Measurements of type Ia Supernovae redshift tell us the universe is undergoing accel-

erated expansion and that the presence of a positive cosmological constant can be the key

to explain how [5,6]. It can also help finding the missing energy component in the compo-

sition of the universe. If the universe is flat, we see from (3.25) the energy density needs

to equal the critical density, which measurements show does not happen. The missing

component, although accounting for 2/3 of the critical density, must not have interfered

with structure formation, which constrains it to be distributed smoothly over the universe

and have an energy density evolution with Q slower than that of matter. From (3.34) we

see this last condition implies ω < 0 which is equivalent to a negative pressure.

In quantum field theory, the covariant form for the vacuum energy can only take the form

of a cosmological constant

T vacµν = ρvacgµν , (3.58)

where ρvac describes the energy density of a perfect fluid with isotropic pressure pvac =

−ρvac [26]. Then, vacuum energy would be the perfect candidate to dark energy, yielded

it not a contribution up to 120 orders of magnitude more than the present critical den-

sity [27,28]. This unavoidable discrepancy is known as the cosmological constant problem.

There are other candidates, namely the quintessence field [10].

The proposal in this work is to identify dark energy with a cosmological constant arising

from conformal variations of the metric tensor. We will spend the next chapter under-

standing how fluctuations of the metric can turn out in the form of a cosmological constant

and chapter 6 modelling a universe where these fluctuations are present in the dark energy

component.



Chapter 4

Beyond the Standard

Cosmological Model

4.1 Fluctuations of the Metric

At the Planck scale, gravity and quantum mechanics can not be seen as independent. The

space-time is coarse grained at this scale, requiring a quantum metric tensor. If a scalar

field ϕ is introduced to account for the quantum fluctuations of the metric tensor around

its classical value, the resulting metric will be a quantum variable.

The simplest way of generalizing the metric to include quantum effects is through confor-

mal variations of the metric. The advantage of using conformal variations is that causality

is obeyed, since the light cone structure remains intact. These fluctuations can be written

as follows [8, 9]

gµν = (1 + ϕ)2ḡµν (4.1)

= Φ2ḡµν , (4.2)

where ḡµν represents the usual metric tensor, here called classical, about which the fluc-

tuations occur. The fluctuation average of this background metric is < ϕ >=< ϕ,µ >= 0,

centering the generalized metric around its classical value and yielding no drift of ϕ in

space-time.

The derivative of the generalized metric is now

gµν,ρ = 2Φϕ,ρḡµν + Φ2ḡµν,ρ. (4.3)

In the same fashion, the inverse of the metric tensor is

gµν = Φ−2ḡµν . (4.4)

19
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4.2 Modified Einstein Equations

As we have seen in (2.26), Einstein’s equation with a cosmological constant Λ̄ has the

following form

Ḡµν − Λ̄gµν = 8πGTµν ⇔ R̄µν −
1

2
gµνR̄− Λ̄gµν = 8πGTµν . (4.5)

How will variations about the metric tensor influence it?

4.2.1 Curvature Tensor with Fluctuations

A new Ricci tensor arises if it is considered that fluctuations around the metric do exist.

Let us begin with the usual Ricci tensor

Rµν = Rρµρν = −Rρµνρ, (4.6)

which can be written in terms of affine connections as

Rλµνρ = Γλµρ,ν − Γλµν,ρ + ΓλσνΓσρµ − ΓλσρΓ
σ
µν . (4.7)

Using (2.5) and (4.3), this can be written in terms of the classical metric tensor

Γλµν =
1

2
ḡλτ (ḡτµ,ν + ḡτν,µ − ḡµν,τ )

+
1

2
Φ−2ḡλτ (2Φϕ,ν ḡτµ + 2Φϕ,µḡτν − 2Φϕ,τ ḡµν) . (4.8)

The first term of (4.8) can immediately be identified as the classical affine connection.

Knowing ḡρσϕ,σ ḡµν = ϕ,ρḡµν and provided ḡµν is diagonal

Γλµν = Γ̄λµν + Φ−1
(
ϕ,νδ

λ
µ + ϕ,µδ

λ
ν − ϕ,λḡµν

)
. (4.9)

The derivative of the affine connection yields

Γλµν,ρ = Γ̄λµν,ρ + Φ−2(−ϕ,ρϕ,νδλµ − ϕ,ρϕ,µδλν + ϕ,ρϕ
,λḡµν)

+Φ−1(ϕ,ν,ρδ
λ
µ + ϕ,µ,ρδ

λ
ν − ϕ,λḡµν,ρ). (4.10)

Now the first two terms of the Riemann tensor can be computed

Γρµρ,ν − Γρµν,ρ = Γ̄ρµρ,ν − Γ̄ρµν,ρ + Φ−2
(
−δρρϕ,νϕ,µ + ϕ,νϕ

,ρḡµρ + δρνϕ,ρϕ,µ − ϕ,ρϕ,ρḡµν
)

+Φ−1
(
δρρϕ,µ,ν − ϕ,ρ,ν ḡµρ − ϕ,ρḡµρ,ν − δρνϕ,µ,ρ + ϕ,ρ,ρḡµν + ϕ,ρḡµν,ρ

)
(4.11)

= Γ̄ρµρ,ν − Γ̄ρµν,ρ − Φ−2 (2ϕ,νϕ,µ + ϕ,ρϕ
,ρḡµν)

+Φ−1
(
3ϕ,µ,ν + ϕ,ρ,ρḡµν − ϕ,ρḡµρ,ν + ϕ,ρḡµν,ρ − ϕ,ρ,ν ḡµρ

)
, (4.12)
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where the properties gαβ = gβα and gαβ,δg
βγ = −gαβgβγ,δ were used.

Multiplying this expression by Φ−2ḡµν to simplify the fluctuation-dependent part, the last

two terms yield

−Φ−2 (2ϕ,νϕ,µ + ϕ,ρϕ
,ρḡµν) + Φ−1

(
3ϕ,µ,ν + ϕ,ρ,ρḡµν − ϕ,ρḡµρ,ν + ϕ,ρḡµν,ρ − ϕ,ρ,ν ḡµρ

)
= −2Φ−4ϕ,µϕ,µ + 3Φ−3ϕ,µ,ν ḡ

µν − 4Φ−4ϕ,µϕ
,µ + 4Φ−3ϕ,µ,µ − Φ−3ϕ,ρḡµν ḡµν,ρ

−Φ−3ϕ,µ,µ (4.13)

It is now useful to derive the following relation

(ḡµνϕ,µ),ν = ḡµν,ν ϕ,µ + ḡµνϕ,µ,ν (4.14)

= ḡµρḡ
µν
,ν ϕ

,ρ + ḡµνϕ,µ,ν (4.15)

= −ḡµρ,ν ḡµνϕ,ρ + ḡµνϕ,µ,ν . (4.16)

Using (4.16), (4.13) results in

−2Φ−4ϕ,µϕ,µ + 3Φ−3ϕ,µ,ν ḡ
µν − 4Φ−4ϕ,µϕ

,µ + 4Φ−3ϕ,µ,µ − Φ−3ϕ,ρḡµν ḡµν,ρ − Φ−3ϕ,µ,µ

= −6Φ−4ϕ,µϕ,µ + 6Φ−3ϕ,µ,µ + 2Φ−3ḡµν ḡµρ,νϕ
,ρ + Φ−3ḡµν ḡµν,ρϕ

,ρ. (4.17)

The next step is to compute the last two terms of the Riemann curvature tensor

ΓρσνΓσρµ − ΓρσρΓ
σ
µν = Γ̄ρσνΓ̄σρµ − Γ̄ρσρΓ̄

σ
µν

+Γ̄ρσνΦ−1
(
δσρϕ,µ + δσµϕ,ρ − ϕ,σ ḡρµ

)
+ Φ−1 (δρσϕ,ν + δρνϕ,σ − ϕ,ρḡσν) Γ̄σρµ

−Γ̄ρσρΦ
−1
(
δσνϕ,µ + δσµϕ,ν − ϕ,σ ḡνµ

)
− Φ−1

(
δρσϕ,ρ + δρρϕ,σ − ϕ,ρḡσρ

)
Γ̄σµν

+Φ−2 (δρσϕ,ν + δρνϕ,σ − ϕ,ρḡσν)
(
δρσϕ,ρ + δρρϕ,σ − ϕ,ρḡσρ

)
−Φ−2

(
δσρϕ,µ + δσµϕ,ρ − ϕ,σ ḡρµ

) (
δσνϕ,µ + δσµϕ,ν − ϕ,σ ḡνµ

)
, (4.18)

which after some computation, playing with the fact that δαα = 4 in our metric and

ϕ,β ḡαβ = ϕ,α, results in

ΓρσνΓσρµ − ΓρσρΓ
σ
µν = Γ̄ρσνΓ̄σρµ − Γ̄ρσρΓ̄

σ
µν + Φ−1(−2Γ̄σµνϕ,σ − Γ̄ρσνϕ

,σ ḡρµ

−Γ̄ρσµϕ
,σ ḡρν + Γ̄ρσρϕ

,σ ḡνµ) + Φ−2 (−2ϕ,µϕ,ν + 2ϕ,σϕ
,σ ḡµν) (4.19)

As before, multiplying it by Φ−2ḡµν for the sake of simplicity, one gets

Φ−2ḡµν
(
ΓρσνΓσρµ − ΓρσρΓ

σ
µν

)
= Φ−2ḡµν

(
Γ̄ρσνΓ̄σρµ − Γ̄ρσρΓ̄

σ
µν

)
(4.20)

−2Φ−3ḡµνΓ̄σµνϕ,σ

+2Φ−3Γ̄ρσρϕ
,σ + 6Φ−4ϕ,νϕ,ν
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Writing the affine connections not purely classical in terms of the metric

Φ−2ḡµν
(
ΓρσνΓσρµ − ΓρσρΓ

σ
µν

)
= Φ−2ḡµν

(
Γ̄ρσνΓ̄σρµ − Γ̄ρσρΓ̄

σ
µν

)
−2Φ−3ḡµν ḡστ (ḡτµ,ν + ḡτν,µ − ḡµν,τ )ϕ,σ

+2Φ−3ḡρτ (ḡτσ,ρ + ḡτρ,σ − ḡρσ,τ )ϕ,σ + 6Φ−4ϕ,νϕ,ν

= Φ−2ḡµν
(
Γ̄ρσνΓ̄σρµ − Γ̄ρσρΓ̄

σ
µν

)
−2Φ−3ḡµν ḡµρ,νϕ

,ρ + 2Φ−3ḡµν ḡµν,ρϕ
,ρ

+6Φ−4ϕ,νϕ,ν . (4.21)

Finally, Ricci’s tensor becomes

Rµν = −
(
Γ̄ρµρ,ν − Γ̄ρµν,ρ + Γ̄ρσνΓ̄σρσ − Γ̄ρσρΓ̄

σ
µρ

)
−
(
−6Φ−4ϕ,µϕ,µ + 6Φ−3ϕ,µ,µ + 2Φ−3ḡµν ḡµρ,νϕ

,ρ + Φ−3ḡµν ḡµν,ρϕ
,ρ
)

−
(
−2Φ−3ḡµν ḡµρ,νϕ

,ρ + 2Φ−3ḡµν ḡµν,ρϕ
,ρ + 6Φ−4ϕ,νϕ,ν

)
(4.22)

= R̄µν −
(
6Φ−3ϕ,µ,µ + 3Φ−3ḡµν ḡµν,ρϕ

,ρ
)
. (4.23)

In this fashion, we obtain for the curvature scalar

R = gµνRµν = Φ−2R̄− Φ−3
(
3ḡµν ḡµν,ρϕ

,ρ + 6ϕ,µ,µ
)
. (4.24)

From

ϕ;µ
;µ = ϕ,µ,µ + Γ̄µνµϕ

,ν , (4.25)

adding and subtracting 3Φ−3ḡµτ ḡτµ,νϕ
,ν to (4.24), we can rearrange it into

R = Φ−2R̄− Φ−3
[
3ḡµτ (ḡτν,µ + ḡτµ,ν − ḡνµ,τ )ϕ,ν + 6ϕ,µ,µ

]
(4.26)

= Φ−2R̄− 6Φ−3
(
ϕ,µ,µ + Γ̄µνµϕ

,ν
)

(4.27)

= Φ−2R̄− 6Φ−3ϕ;µ
;µ (4.28)

=
R̄

Φ2
− 6�ϕ

Φ3
, (4.29)

where � represents the D’Alembert operator.

4.2.2 Einstein Equations with Fluctuations from a Variational Principle

One way of deducing Einstein’s equations is from the principle of least action. The action

principle is based on the assumption that the action remains stationary for small variations

of some dynamical variable. We are interested in a stationary action with respect to

arbitrary variations of the metric tensor

δS = 0. (4.30)

This is the starting point to deduce Einstein’s equations with fluctuations from a varia-

tional principle. The action can be found integrating the Lagrangian density over space
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and time.

In this regard, the following relations are worth mentioning

√
−g =

√
−det(gλµ) = Φ4√−ḡ, (4.31)

δ
√
−g =

δg

2
√
−g

= −1

2

√
−ggλµδgλµ. (4.32)

The action due to the gravitational field can be expressed as follows [15,17]

Sg =
1

16πG

∫
d4x
√
−g(R+ 2Λ̄), (4.33)

where G is the gravitational constant, R the Ricci scalar and Λ̄ the cosmological constant.

It can be divided into a R-dependent and a Λ̄-dependent part

Sg = SR + SΛ̄. (4.34)

The action due to the cosmological constant is

SΛ̄ =
2Λ̄

16πG

∫
d4xΦ4√−ḡ. (4.35)

The variation of the action for this term yields

δSΛ̄ =
2Λ̄

16πG

(∫
d4xΦ4δ

√
−ḡ +

∫
d4x4Φ3δϕ

√
−ḡ
)

(4.36)

=
2Λ̄

16πG

∫
d4x
√
−ḡ
(
−Φ4

2
ḡλµδḡ

λµ + 4Φ3δϕ

)
, (4.37)

which can be simplified into

δSΛ̄ =
1

16πG

∫
d4x
√
−ḡ
(
−Λ̄Φ4ḡλµδḡ

λµ + 8Λ̄Φ3δϕ
)
. (4.38)

From (4.31) and (4.28), we can write

SR =
1

16πG

∫
d4x
√
−ḡ
(

Φ2R̄λµḡ
λµ − 6Φḡλµϕ;λµ

)
(4.39)

=
1

16πG

∫
d4x
√
−ḡ
(

Φ2R̄+ 6ḡλµϕ,λϕ,µ

)
(4.40)

We can proceed computing its variation

δSR =
1

16πG

∫
d4x
√
−ḡ
[
− Φ2

2
ḡλµδḡ

λµR̄νρḡ
νρ + 2ΦδϕR̄λµḡ

λµ + Φ2δR̄λµḡ
λµ + Φ2R̄λµδḡ

λµ

−
(

3ḡλµδḡ
λµḡνρϕ,νϕ,ρ − 6δḡλµϕ,λϕ,µ − 6ḡλµδϕ,λϕ,µ − 6ḡλµϕ,λδϕ,µ

) ]
(4.41)

Analysing the terms of (4.41):

• Palatini’s identity [15] states that

δR̄λµ =
(
δΓ̄νλµ

)
;µ
−
(
δΓ̄νλµ

)
;ν

(4.42)
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• Φ2ḡλµ = gλµ, which implies

√
−ggλµδR̄λµ =

(√
−ggλµδΓ̄νλµ

)
;µ
−
(√
−ggλµδΓ̄νλµ

)
;ν

(4.43)

These are surface terms, meaning their integral will vanish.

• Collecting the terms with δḡλµ dependency

1

16πG

∫
d4x
√
−ḡδḡλµ

[
Φ2

(
R̄λµ −

1

2
ḡλµR̄

)
− 3ḡλµϕ

,ρϕ,ρ + 6ϕ,λϕ,µ

]
(4.44)

• Collecting the δϕ-dependent terms

1

16πG

∫
d4x
√
−ḡ
[
6ḡλµ (δϕ,µϕ,λ + ϕ,µδϕ,λ) + ḡλµ2ΦδϕR̄λµ

]
(4.45)

Using ḡλµϕ,λ = ϕ,µ = ϕ;µ we can write∫
d4x
√
−ḡϕ,µδϕ,µ = −

∫
d4x

(√
−ḡϕ;µ

)
,µ
δϕ (4.46)

= −
∫
d4xδϕ

√
−ḡϕ;µ

;µ. (4.47)

Which allows us to rewrite the terms in δϕ as follows

1

16πG

∫
d4x
√
−ḡδϕ

[
2ΦR̄− 12ϕ;µ

;µ

]
. (4.48)

The last two terms of (4.44) can also be rewritten as

1

16πG

∫
d4x
√
−ḡδḡλµ

(
3Φḡλµϕ

;ρ
;ρ − 6Φϕ;λµ

)
. (4.49)

Let us now write the variation of the action corresponding to the matter part [15,17]

δSm =
1

2

∫
d4x
√
−gδgρσT ρσ. (4.50)

Since δgρσ = −gλρgµσδgλµ,

δSm = −1

2

∫
d4x
√
−gδgλµTλµ. (4.51)

From (4.31) and δgλµ = Φ−2δḡλµ − 2Φ−3δϕḡλµ, the variation of Sm is

δSm = −
∫
d4x
√
−ḡ
(

Φ2

2
δḡλµTλµ − ΦḡλµTλµ

)
. (4.52)

Remembering (4.30)

δSg + δSm = 0 =⇒ δSg = −δSm (4.53)

This way, we can write two equations, gathering in one the δg-dependency of Sg and Sm

and in another the δϕ-dependency, respectively, as
Φ2

(
R̄λµ −

1

2
ḡλµR̄

)
− Λ̄Φ4ḡλµ +

3

2
Φϕ;ρ

;ρḡλµ = 8πGΦ2Tλµ

2ΦR̄− 12ϕ;µ
;µ + 8Λ̄Φ3 = −16πGΦḡλµTλµ

(4.54)
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Then, the second equation can be written as

ϕ;µ
;µ =

Φ

6
R̄+

2

3
Λ̄Φ3 +

4

3
πGΦḡλµTλµ. (4.55)

Inserting (4.55) in the δḡλµ-part of the system 4.54

Φ2

(
R̄λµ −

1

2
ḡλµR̄

)
− Λ̄Φ4ḡλµ

+
3

2
Φ

(
Φ

6
R̄+

2

3
Λ̄Φ3 +

4

3
πGΦTλµḡ

λµ

)
ḡλµ = 8πGΦ2Tλµ, (4.56)

will yield

R̄λµ −
1

2
ḡλµR̄− ḡλµ

(
−1

4
R̄− 2πGTλµḡ

λµ

)
= 8πGTλµ. (4.57)

If we identify the term in brackets with a new cosmological constant, which has its origin

from considering quantum fluctuations around the metric tensor, Einstein’s equations

takes the following form

R̄λµ −
1

2
ḡλµR̄− ḡλµΛ = 8πGTλµ, (4.58)

with

Λ = −1

4

(
R̄+ 8πGTλµḡ

λµ
)
. (4.59)

This means (4.58) give us back Einstein’s equation with a cosmological constant, as in

(2.26). Note, however, that the cosmological constant Λ̄ which was initially put into the

action by hand disappears from the result [29], but is replaced by a cosmological constant

which stems from the fluctuations.

It is possible to show [9] that the magnitude of Λ is consistent with the observational values

attributed to dark energy. Thus, the accelerated expansion that dark energy accounts for

in standard cosmology can be seen as a consequence of considering quantum fluctuations

present at Planck scale.

4.3 Λ in Perfect Fluid Model

How constant is indeed the cosmological constant we derived for the universe modelled as

a perfect fluid?

From §3.2 we can rewrite (4.59), inserting on it (3.12) and using (3.3), (3.6) and (3.7). We

then obtain

Λ =
3

2

(
Q̈

Q
+
Q̇2 + k

Q2

)
− 2πG(ρ− 3P ). (4.60)

The equation of motion that results from (4.58) with the cosmological constant (4.59) is

Q̈

Q
=
Q̇2 + k

Q2
− 4πG(ρ+ P ). (4.61)
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Hence we can compute Λ by inserting (4.61) in (4.60)

Λ =
3

2

(
Q̇2 + k

Q2
− 4πG(ρ+ P ) +

Q̇2 + k

Q2

)
− 2πG(ρ− 3P ) (4.62)

= 3
Q̇2 + k

Q2
− 8πGρ. (4.63)

Let us now take its time derivative

Λ̇ = 6
Q̈Q̇Q2 − Q̇Q(Q̇2 + k)

Q4
− 8πGρ̇ (4.64)

Inserting (3.19) and (4.61) in (4.64)

Λ̇ = 6
Q̇

Q

(
Q̇2 + k

Q2
− 4πG(ρ+ P )− Q̇2 + k

Q2

)
− 8πGρ̇ (4.65)

= −24πG
Q̇

Q
(ρ+ P ) + 24πG

Q̇

Q
(ρ+ P ) (4.66)

= 0, (4.67)

being clear the cosmological constant remains a constant in our model.



Chapter 5

Thermal History of the Universe

In this chapter we will present the most relevant features of the thermal evolution of the

universe to understand its history in terms of the cosmological model discussed before.

5.1 Very Early Universe

From the previous chapters, we suspect that Q(t) reached zero at some finite time t = 0 in

the past. Letting t0 be the present moment, it also denotes the age of universe. Until the

Planck time, at t ∼ 10−43 seconds, gravity can not be considered as a classical background.

Since the physical processes involved at such early time (attempted to be accounted for by

quantum gravity, supersymmetry and grand unification theories – GUTs – among others)

are yet to be understood, we are going to jump forward to the end of inflation.

The inflationary period, mentioned in §3.5.2, will leave us with a universe that is highly

flat, homogeneous and wiped clean from particles. Then, all the particles we observe today

must have been created afterwards. The inflaton, the particle associated with the field

that gave birth to inflation, becomes highly unstable when its energy density decreases

enough for the exponential expansion to stop, decaying into other particles and fields suc-

cessively [22, 23]. This decay will compensate the sudden drop in temperature that the

universe experienced during inflation due to the sudden increase in volume, in a process

called reheating.

Is it estimated that inflation ended at t ∼ 10−34 s, with T ∼ 1027 K [12]. Several phase

transitions take place as the universe begins to cool down again. The GUT transition,

happening around the end of inflation, consists of a symmetry breaking via Higgs mecha-

nism that causes the gauge group of particle physics to degenerate from the grand-unified

gauge group G to the standard model SU(3) ⊗ SU(2) ⊗ U(1) [19]. At T ≈ 300 GeV

≈ 1015 K, the SU(2) ⊗ U(1) is broken by the Higgs mechanism and the electroweak

transition takes place, yielding two different interactions – the electromagnetic and the

27
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weak interaction [19].

Due to the high temperature of this early universe, particles moved at speeds close to

the speed of light, which means that the contribution to the energy of a particle from

its momentum plays a major role and relativistic effects must be considered. Relativistic

particles can be approximately treated as radiation and in this case they will contribute

to the energy density of radiation, thus evolving as (3.44). When the temperature falls

below the rest mass of a given particle species, it becomes non-relativistic and the energy

available is not enough to create pairs of particle-antiparticle of this type. The particles

then annihilate with their antiparticles without further production of pairs.

The early universe can be pictured as a plasma of relativistic particles interacting – let us

say, colliding – with each other. We can quantify these interactions defining the interac-

tion rate per particle as [12]

Γ ≡ nσv, (5.1)

where n represents the number density of target particles, σ the cross section of the

interaction and v the relative velocity.

The thermal plasma is expected to follow (3.57) and to decrease its temperature with the

scale factor. Then, the rate change of the temperature will be

Ṫ

T
= −Q̇

Q
= H. (5.2)

If the interaction rate of a particle is sufficient to accompany the change in temperature

of the universe, i.e.

Γ > H, (5.3)

the particle will remain in thermal equilibrium. For temperatures as high as at the end

of inflation, all particles were indeed in thermal equilibrium. The universe was therefore

radiation-dominated.

However, Γ < H is not sufficient to determine whether a species is out of equilibrium or

not. A non-interacting massless species which was once in equilibrium will continue being

relativistic and follow (3.57).

To understand the behaviour of the different particles, we need to have a look at the

thermodynamics at stake.

5.2 Particles in Thermal Equilibrium

A relativistic perfect gas of particles (in units of ~ = c = kB = 1) has the following number

density [12]

n =
g

(2π)3

∫
f(−→p )d3p, (5.4)
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where g denotes the number of internal degrees of freedom, −→p the momentum and f(−→p )

is the phase space distribution function of a species in kinetic equilibrium given by

f(−→p ) =
(
e
E−µ
T ± 1

)−1
, (5.5)

with µ representing the chemical potential of the species. +1 is used in the case of a

Fermi-Dirac distribution and −1 is used for Bose-Einstein distributions.

To get the energy density of this gas, the integrand of (5.4) must simply be multiplied by

the energy E(−→p ),

ρ =
g

(2π)3

∫
E(−→p )f(−→p )d3p. (5.6)

From the kinetic theory, the pressure of the gas can be obtained from P = npv/3 [19].

The particle velocity is related to its momentum by v = p
E =⇒ P = n p2

3E . Thus,

P =
g

(2π)3

∫
p2

3E(−→p )
f(−→p )d3p. (5.7)

A gas with these characteristics is consistent with the perfect fluid considered in the

previous chapters.

5.2.1 On the Chemical Potential

For the purpose of this work, simplifying the chemical potential µ that appears in the

distribution function (5.5) is important to evaluate the thermodynamic integrals presented

above. Based on conservations laws, we can make the following considerations [17]:

• µγ = 0, since photons can be emitted or absorbed in any number in a given reaction;

• µa = µā, because particle-antiparticle pairs annihilate into photons;

• µe− − µνe = µµ− − µνµ = µτ− − µντ = µn − µp, considering the conversion of

electrons and muons into their associated neutrinos by colliding with each other and

with nucleons.

This leaves us with five independent chemical potentials, which can be determined by the

density of charge, the baryon density number, the electron-lepton density number, the

muon-lepton density number and the τ -lepton density number NQ, NB, NE , NM and Nτ

(all ∝ Q−3), respectively.

We know that 〈NQ〉 ≈ 0, since the universe must be electrically neutral.

Considering that NB ' np + nn − np̄ − nn̄ is more than 9 orders less than nγ [25], we can

also approximate it to zero.

For NE ' ne−+nνe−ne+−nν̄e , NM ' nµ−+nνµ−nµ+−nν̄µ and Nτ ' nτ−+nντ−nτ+−nν̄τ ,

it is a reasonable guess that the magnitude of of these density numbers will also be much

less than nγ , since NB � nγ [17]. In this way, NQ = NB = NE = NM = Nτ = 0 and

µi = 0 is a good approximation.
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5.2.2 On the Energy Density

Let us single out the energy density. Using the fact that p =
√
E2 −m2, we can write

(5.6) as

ρ =
g

2π2

∫ ∞
m

√
E2 −m2

e
E−µ
T ± 1

E2dE. (5.8)

Taking the relativistic limit of T � m for negligible chemical potentials (T � µ), the

energy density results in

ρ =


π2

30
gT 4 for bosons

7

8

π2

30
gT 4 for fermions

(5.9)

We can rewrite it as

ρ =
π2

30

(∑
B

gB +
7

8

∑
F

gF

)
T 4, (5.10)

where gB and gF are the number of degrees of freedom of each species of bosons and

fermions, respectively. Defining N(T ) as the effective number of degrees of freedom present

at a given temperature T , the relativistic energy density assumes the form of [21]

ρ =
π2

30
N(T )T 4. (5.11)

For the particles of the standard model, we can count the degrees of freedom of each

species to obtain N(T ) for the initial relativistic soup and for subsequent times. This is

done by taking into account that a species decouples from equilibrium when its rest mass is

higher than the temperature, the point at which it stops contributing to N(T ). Presently

(Tr(t0) = 2.725 K [30]), only photons remain thermalized. We can then compute N(T (t0))

as the sum of their degrees of freedom, gγ = 2 (2 transverse polarizations).

As the temperature drops when time passes, different particles drop out of equilibrium and

annihilate with their antiparticles when their mass threshold is reached by the tempera-

ture of the universe, reducing the number of degrees of freedom present. Table 5.1 gives

the values of N(T ) as standard model particles are annihilated, dropping from the thermal

equilibrium. Alternatively, we can visualise the inverse process: as the temperature rises

when we travel backwards in time, new particles are created when their mass threshold is

reached by the temperature of the universe, unfolding new degrees of freedom.

Among these particles and their respective antiparticles, we find quarks (up, down, charm,

strange, bottom and top), leptons (electrons, muons, τ and neutrinos) and bosons (pions,

gluons, W±, Z0, photons and Higgs).

For temperatures above the electron mass, photons, neutrinos, electrons and positrons

are thermalized. Electrons posses ge± = 4 (2 spin states, particle+antiparticle), as well as

muons and τ particles.
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Table 5.1: Effective degrees of freedom values as the temperature rises above the rest mass

of standard model particles and other transitions that change N(T ) (adapted from [21] 1).

4NMaj(T ) 4NDir(T )

T New particles 4Nr(T ) 4Nν(T ) 4Nr(T ) 4Nν(T )

T < me γ’s 8
21

8
42

me < T < TDν e± 22 22

TDν < T < mµ ν’s 43 64

mµ < T < mπ µ± 57 78

mπ < T < Tc π’s 69 90

Tc < T < ms u, ū, d, d̄ + gluons −π’s 205 226

ms < T < mc s and s̄ 247 268

mc < T < mτ c and c̄ 289 310

mτ < T < mb τ± 303 324

mb < T < mW,Z b and b̄ 345 366

mW,Z < T < mH W± and Z0 381 402

mH < T < mt H0 385 406

T < mt t and t̄ 427 448

Neutrinos may have gMaj
ν = 6 (2 spin states, 3 families) if we consider them Majorana

fermions or gDirν = 12 (2 spin states, 3 families, particle+antiparticle) if they are considered

Dirac fermions. The first hypothesis suggests that the neutrino is its own antiparticle. Pro-

vided that the data on massive neutrinos is not enough to determine whether this happens

or not, several particle physics treatments (such as [25]) take neutrinos to be Majorana

particles. But since neutrinos might as well be Dirac particles, and have antiparticles in

their own right as any other known fermion, we will not discard this possibility.

Neutrinos drop from equilibrium in a different way than the other particle species. In-

stead of reaching a mass threshold, neutrinos decouple at a temperature TDν because their

interaction rate with radiation is too low for equilibrium to be maintained, as we will see

in §5.4. This means that no annihilation occurs when TDν is reached and consequently

the extra heat that the universe gains when particle species decouple and annihilate will

not be available this time [31]. The degrees of freedom of neutrinos, as the ones of other

particle species, become separated from the degrees of freedom of radiation when they

1The difference between [21] and our analysis is that in [21] neutrinos are considered to be Majorana

particles and to remain in thermal equilibrium with photons even after e± decouple from radiation. In

our approach both Majorana and Dirac neutrinos are accounted and we explicitly separate the number of

degrees of freedom of neutrinos into Nν(T ) after they decouple from radiation.
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decouple, but neutrinos remain sharing the temperature of radiation until the next anni-

hilation occurs, which will happen between electrons and positrons. In this way, between

TDν and me, we consider Nr(T ) + Nν(T ). After the temperature crosses me, radiation

and neutrinos will have different temperatures and if before we could consider the degrees

of freedom of neutrinos in the total N(T ) of (5.11) when writing the density of radiation,

afterwards they will no more be comprised in the radiation density. Their degrees of free-

dom will enter the density of neutrinos, a component which is now separated from the

radiation density.

Until pions decouple, their degrees of freedom gπ = 3 (3 charges) also contribute to N(T ).

Tc is the temperature below which quarks lose their asymptotic freedom, becoming con-

fined. This is called the quantum chromodynamics (QCD) phase transition, when

the interaction between quarks and gluons becomes important. Quarks then form hadrons,

which can be divided into mesons and baryons. Each quark species has gq = 12 (2 spins,

3 colors, particle+antiparticle) and the gluons render gg = 16 (8 types, 2 helicities).

The electroweak gauge bosons W± and Z0 have g = 3 (2 transverse polarizations, 1 lon-

gitudinal polarization) and the Higgs boson adds one more degree of freedom gH = 1 to

the initial soup.

In this way, the relativistic energy density will decrease with time not only in the fashion

of (3.44), but also due to the decrease of the effective number of degrees of freedom in

(5.11). When a particle species goes out of equilibrium, the heat released from the an-

nihilation with its antiparticle slightly reheats the universe. The leftover particles that

become non-relativistic will enter the matter energy density contribution.

From (5.11) and (3.27), we can compute the present density parameter of radiation,

using

Ωγ(t0) =
ργ(t0)

ρc(t0)
=
π2

30
N(Tr(t0))Tr(t0)4 8πG

3H2
0

. (5.12)

Knowing that Tr(t0) = 2.725 K and N(Tr(t0)) = 2, inserting the value of the other

constants in this last expression, we obtain

Ωγ(t0) ' 4.986× 10−5. (5.13)

5.2.3 On the Entropy

The second law of thermodynamics for a system of volume V = Q3 in equilibrium, where

the chemical potential is negligible, is [32]

dE = TdS − PdV. (5.14)

Considering that ρ = E/V , (5.14) can be written as

TdS = d(ρV ) + PdV. (5.15)
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The conservation of energy (3.19) can be expressed as

ρ̇ = − V̇
V

(ρ+ P ). (5.16)

If we substitute it in (5.15) dividing by dt, it yields

T
dS

dt
=
dρ

dt
V +

dV

dt
ρ+ P

dV

dt

= −dV
dt

(ρ+ P ) + (ρ+ P )
dV

dt
=⇒ dS

dt
= 0. (5.17)

This shows us that, when there is no change in the particle number, the total entropy in

a comoving volume is conserved (sQ3 = constant).

The entropy density can be defined as

s =
S

V
, (5.18)

which inserted in (5.15) will yield

T (sdV + V ds) = dρV + (ρ+ P )dV, (5.19)

that in turn can be rearranged into

dρ− Tds = (Ts− ρ− P )
dV

V
. (5.20)

In this expression ρ, P and s are intensive quantities (they are independent of the size

of the system), which allows them to be written as functions of the temperature. This

means that the first term will be proportional to dT . On the other hand, the second term

is proportional to dV , an extensive quantity, which implies that the coefficients of dT and

of dV must vanish separately. In the case of a volume change at constant temperature

(dT = 0), the coefficient of dV should yield zero. Thus, the following relation for the

entropy density holds

s =
ρ+ P

T
. (5.21)

Since the universe possesses many orders of magnitude more photons than baryons, ρ and

P in this expression can be approximated to the case of a system of relativistic particles

using (5.10) and (3.39), then yielding

s =
2π2

45
g∗sT

3, (5.22)

where [12]

g∗s =
∑
B

gB

(
TB
T

)3

+
7

8

∑
F

gF

(
TF
T

)3

. (5.23)
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5.3 Baryogenesis

In order for the observable universe to be as we know it, matter was privileged over

antimatter. From our planet and solar system to the data collected on galaxy clusters,

there is an observed asymmetry between particles and antiparticles and this asymmetry

is almost absolute. Cosmic rays show that the ratio between antiprotons and protons is

about 10−4 and it is estimated that these antiprotons are secondary, caused by collisions

between the cosmic rays and the intergalactic medium [12]. How is the present absence of

antimatter explained?

Nucleons (and antinucleons) were produced when quarks lost their asymptotic freedom,

becoming confined after the QCD phase transition. At this temperature, baryons can

already be considered nonrelativistic. The nucleons began annihilating with antinucleons

immediately, however there was an excess of particles over antiparticles that remained

after annihilation. This fact implies that some mechanism generated this excess between

the end of inflation (any previous asymmetry would have been diluted at the end inflation

due to the large entropy production associated with reheating) and the epoch of baryon-

antibaryon annihilation. Presently we observe almost no antimatter, but in the early

universe, when the density number of quarks and antiquarks was of the order of the

density number of photons, the asymmetry was [12]

nq − nq̄
nq

' 3× 10−8, (5.24)

very tiny. Hence, the mechanism at play at that point caused only a slight deviation

between the number of quarks and antiquarks.

The ingredients necessary for the creation of the asymmetry are called Sakharov conditions

for baryogenesis and comprise [33]:

• B (baryon number) violation;

• C (charge conjugation) and CP (charge conjugation and parity) violation;

• Loss of thermal equilibrium.

B violation produces an excess of both baryons and antibaryons, while C and CP viola-

tion change the net baryon number. GUTs and non-perturbative sectors of the Standard

Model may accommodate both ingredients. The process that generates the baryon asym-

metry is required to occur away from equilibrium, because this way the inverse reaction of

producing baryons in excess cannot take place, allowing the excess of baryons to remain

non compensated. Non-equilibrium conditions are found in an expanding universe.

It is not certain how these conditions contribute to the observed asymmetry, but the most

relevant baryogenesis theories are [13]:
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• A B − L(lepton number) 6= 0 GUT-scale process;

• Electroweak violation during the phase transition;

• Lepton asymmetry that by electroweak violation (B + L) is converted to baryon

asymmetry.

The first hypothesis includes the scenario of a massive particle (such as a superheavy GUT

gauge of Higgs boson) decaying. It has the advantage of preventing the asymmetry to be

washed away by B + L violation, but implies a reheating temperature higher than most

inflation models reach (T � 105 GeV). There is also a mechanism that involves the decay

of flat directions in supersymmetric models, known as the Affleck-Dine mechanism [25].

The second hypothesis states the possibility of generating the asymmetry at the elec-

troweak scale (e.g. by using the non-perturbative interactions of sphalerons). This could

be probed in an accelerator, but would require new CP violation methods at TeV energies

along with a phase transition disfavoured by the actual Higgs boson mass [25].

In the third hypothesis, the Majorana neutrino mass would provide the lepton number

violation needed (for example by the decay of a superheavy right-handed neutrino) to gen-

erate a lepton asymmetry, which is transmuted into a baryon asymmetry at the electroweak

scale. This mechanism is called lepto-baryogenesis and would imply the annihilation catas-

trophe did not take place thanks to neutrinos having mass! [13]

After baryogenesis and the decoupling of electrons from equilibrium, nucleons began to

form light atoms in a much better understood process that we will shortly overview after-

wards.

In table 5.1, the degrees of freedom of baryons are not contemplated. The moment when

quarks become confined corresponds to the emergence of a new component in the energy

density – the baryonic energy density – that behaves according to (3.43). These particles

will continue to share the temperature law of radiation (until the universe stops being

radiation-dominated), provided the number of baryons is so small compared to the species

in equilibrium that the collisions with them thermalize the baryons. The asymmetry be-

tween the masses of the proton and the neutron will originate more protons than neutrons

as the temperature drops. The neutron to proton ratio will freeze at roughly 1/6 [25].

5.4 Neutrino Decoupling

As we can see from table 5.1, neutrinos separate from radiation after most of the other

species do. The interactions that maintained neutrinos in equilibrium in the early universe

were weak interactions of the kind of ν̄ν ↔ e+e− and νe ↔ νe. Its cross section may be

written as σ ' G2
FT

2, where GF corresponds to the Fermi coupling constant. Due to

the very small mass of neutrinos (mν < 2 eV [25]), they can be taken as massless in our
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analysis, and then it is possible to use the relation n ' T 3 for a massless species [12].

From (5.1), we have an estimate of the interaction rate. While the universe was radiation-

dominated, interactions mediated by a massless gauge boson would yield H ∼ T 2/mPl,

where mPl corresponds to the Planck mass. We already saw that a species needs its

interaction rate to be larger than the expansion rate to remain in equilibrium, thus [12]

Γ

H
'
G2
FT

5mPl

T 2
'
(

T

1MeV

)3

. (5.25)

This means that, for temperatures below 1 MeV ∼ 1010 K, the interaction rate is less

than the expansion rate and neutrinos will decouple around this point. Before decoupling,

neutrinos shared the radiation temperature law (3.57); after decoupling, they follow their

own temperature law that will be no different from (3.57), since they are an almost mass-

less species just like photons and neutrinos were sharing their temperature with radiation

until they dropped from equilibrium. Neutrinos before and after decoupling have exactly

the same phase space distribution function (5.5).

When the temperature drops below the equivalent mass of the electron (me = 511 keV),

there occurs e±-pair annihilation, which produces radiation that will contribute to the

radiation temperature at that time. The entropy of the e±-pairs (with ge± = 4) is trans-

ferred to the photons (with gγ = 2) and, by looking at (5.23), the total internal degrees of

freedom for T > me will be g∗s = 11/2. For T < me, only the internal degrees of freedom

of photons contribute to (5.23), yielding now g∗s = 2.

g∗s(QT )3 is a constant for particles in thermal equilibrium, as described in section §5.2.3.

This implies that, after the e±-pair annihilation, (QT )3 must be larger than before to

compensate the decrease in degrees of freedom. We then have

gbefore∗s (QT )3
before = gafter∗s (QT )3

after (5.26)

⇔ 11

2
(QTν)3 = 2(QTγ)3 (5.27)

⇔ Tγ
Tν

=

(
11

4

) 1
3

. (5.28)

By this expression, we can see that neutrinos render a different cosmic radiation back-

ground than photons due to the entropy transfer that occurred at the e±-pair annihilation,

shortly after neutrino decoupled. The temperature of the neutrinos from this point on,

given by (3.57), has to consider (5.28), yielding

Tν =

(
4

11

) 1
3 Tr(t0)

Q(t)
. (5.29)

Similarly to what we did in §5.2.2 for photons, we can now compute the present energy

density of neutrinos using

Ων(t0) =
ρν(t0)

ρc(t0)
=
π2

30
N(Tν(t0))Tν(t0)4 8πG

3H2
0

, (5.30)
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where

Tν(t0) =

(
4

11

) 1
3 Tr(t0)

Q(t0)
' 1.945 K. (5.31)

From table 5.1, neutrinos see their own number of degrees of freedom for times subsequent

to e±-pair annihilation. Then, for Majorana neutrinos we have N(Tν(t0)) = 21/4 and for

Dirac neutrinos we have N(Tν(t0)) = 42/4. Inserting it, and the remaining constants, in

(5.30), we obtain

Ων(t0) '

3.40× 10−5, Majorana

6.79× 10−5, Dirac
(5.32)

5.5 Radiation Density

After understanding that the radiation component of our universe underwent several de-

couplings for the different particle species, we can study what happened to the density

of radiation over time. We know how it relates to the scale factor by (3.44) and to the

radiation temperature by (5.11), which in its turn relates to the scale factor by (3.57).

This makes us identify

ρr,N (t0) =
π2

30
N(T )Tr,N (t0)4, (5.33)

where ρr,N (t0) and Tr,N (t0) are not constant over time. The value of ρr,N (t0) changes

every time the degrees of freedom decrease. The parameter Tr,N (t0) is also not constant

over time as the photons created in the annihilation of a decoupled species increase its

value, due to conservation of entropy, every time the effective number of degrees of freedom

decreases from Nb to Na.

Let us see how the change occurs. In the last section we saw how the entropy transfer

works at neutrino decoupling. For any decoupling (5.26) holds, allowing us to write

Nb(QTb)
3 = Na(QTa)

3 =⇒ Ta =

(
Nb

Na

) 1
3

Tb. (5.34)

Thus, for the relation between the density before and after the decoupling of a species, in

terms of the density parameter, we have

Ωa

Ωb
=
Na

Nb

(
Ta
Tb

)4

=⇒ Ωa =

(
Nb

Na

) 1
3

Ωb. (5.35)

This enables us to write the proportionality constant between the density parameter of

radiation and the temperature

Ωr(t) = Ωr(tx)T (t)4, Ωr(tx) =

(
Nb

Na

4

11

) 1
3

Ωγ(t0) +

(
Nb

Na

) 1
3

Ων(t0), (5.36)

that holds between a certain particle threshold and the next threshold at tx. By knowing

the present density parameter of photons (5.12) and neutrinos (5.30) and using the effective

number of degrees of freedom of table 5.1, we can bring these constants together in table

5.2.
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Table 5.2: Proportionality constant between the density parameter of radiation and the

temperature for each interval where the effective degrees of freedom remain constant,

computed using (5.36).

Ωr(tx) T New particles ΩMaj
r (×10−5) ΩDir

r (×10−5)

Ωr(t0) T < me γ’s 8.38 11.78

Ωr(te) me < T < TDν e± 6.96 10.35

Ωr(te) TDν < T < mµ ν’s 6.96 10.35

Ωr(tµ) mµ < T < mπ µ± 6.33 9.69

Ωr(tπ) mπ < T < Tc π’s 5.94 9.24

Ωr(tTc) Tc < T < ms u, ū, d, d̄ + gluons −π’s 4.13 6.80

Ωr(ts) ms < T < mc s and s̄ 3.88 6.42

Ωr(tc) mc < T < mτ c and c̄ 3.69 6.12

Ωr(tτ ) mτ < T < mb τ± 3.63 6.03

Ωr(tb) mb < T < mW,Z b and b̄ 3.47 5.79

Ωr(tW,Z) mW,Z < T < mH W± and Z0 3.36 5.61

Ωr(tH) mH < T < mt H0 3.35 5.59

Ωr(tt) T < mt t and t̄ 3.24 5.41

5.6 Matter-Radiation Equality

The matter energy density, whose baryonic component originated at baryogenesis, has a

dependence ρmat ∝ Q−3, as in (3.43), while the radiation energy density, comprised of

photons and neutrinos, follows (3.44), with ρr ∝ Q−4. It is easy to see that at some point

in time both energy densities intersect and this phenomenon is called matter-radiation

equality. It marks the entrance in the matter-dominated era of the universe.

5.7 Recombination and Nucleosynthesis

After the temperature drops below T ∼ 109 K (corresponding to an age t ∼ 1 s), nucleons

begin to merge into heavier nuclei and form an ionized gas of hydrogen and helium. The

temperature continues to drop until electrons cool enough for the ionized plasma to be

able to capture them, forming atoms. The density of free electrons then becomes less

and less and radiation decouples from matter when the interaction rate is not enough to
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maintain the thermal contact

Γγ ' H (5.37)

neσT ' H, (5.38)

where ne is the number density of free electrons and σT is the Thomson cross-section [12].

The universe becomes transparent, with photons travelling freely in all directions. The

last scattering of photons with electrons is the origin of the CMBR, that today yields a

temperature of T = 2.725 K [30] in all directions. This value is recovered from the relation

(3.57) knowing the temperature and the scale factor at the recombination time.

As we did in section §3.4.3 for the radiation temperature, we can obtain the temperature

law for matter, now that its history is separated from radiation. Let us call the temperature

at which matter decouples from radiation TD at a time tD, with the respective scale factor

QD.

In the nonrelativistic limit (m� T ), the particle number is given by [12]

n = g

(
mT

2π

) 3
2

e−
m−µ
T , (5.39)

where m represents the mass of the particles that form matter. We know that the particle

number must scale with Q(t) as

n =
N

Q(t)3
. (5.40)

For this condition to be met, we need to have a µ behaving as [12]

µ(t) = m+ (µD −m)
T (t)

TD
, (5.41)

in order for the exponent of (5.39) to be constant and T (t) behaving as

T (t) ∝ 1

Q(t)2
. (5.42)

Another way to understand why the temperature law of matter has this form without

requirements on the particle number is to picture that, after the decoupling, the universe

continues to expand, which causes the momentum of the particles to redshift as

p(t)Q(t) = pDQD ⇔ p(t) = pD
QD
Q(t)

. (5.43)

Squaring this expression and dividing by twice the mass of the particles considered, we

obtain the kinetic energy

p(t)2

2m
=
p2
D

2m

(
QD
Q(t)

)2

=⇒ EK(t) = EK(tD)

(
QD
Q(t)

)2

. (5.44)

The distribution function at pD will be

f =
d3n

dp3
= f

(
p
Q

QD
, tD

)
=

[
exp

(
EK(tD)

TD

)
± 1

]−1

. (5.45)
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Inserting (5.44) in it, results

f =

[
exp

(
EK(t)Q(t)2

Q2
DTD

)
± 1

]−1

. (5.46)

We know f needs to correspond to
(
e
E
T ± 1

)−1
, thus the temperature T will have the

following form

T (t) = TD

(
QD
Q(t)

)2

, (5.47)

which can be written as

T (t) =
Tmat(t0)

Q(t)2
, (5.48)

where Tmat(t0) = TDQ
2
D can be easily determined.

As pointed out in §5.3, the ratio of neutrons to protons will freeze-out. This ratio is

given by n/p = e−Q/T , where Q represents the difference between the mass of neutrons

and protons (1.293 MeV/c2). When the conversion rate between these two species

Γn↔p ∼ G2
FT

5, (5.49)

mediated by weak interactions, falls faster than the Hubble expansion rateH ∼
√
N(T )GT 2,

they stop being in equilibrium. The neutron-proton fraction becomes fixed at that time,

corresponding to a temperature Tfr ∼ 109 K and thus to e−Q/Tfr ' 1/6. After the freeze-

out, neutrons are free to decay via β−, causing the neutron fraction to drop to n/p ' 1/7

by the time nuclear reactions begin [25].

The nucleosynthesis chain begins with the formation of deuterium, whose production

is delayed due to the high number density of photons. This means we need to wait for

nγ to decrease and only when the temperature of the universe is well below the binding

energy of D can nuclei begin to form without being immediately dissociated by photons.

At the end of the three first minutes of the universe, the lightest elements, namely D, 3He,

4He and 7Li, were already synthesized. Nucleosynthesis successfully explains the observed

abundances of these light elements in the universe. The element production in stars is not

sufficient to explain the amount of deuterium and 4He observed, but the nucleosynthesis

produces them in the primordial abundance that is necessary [12]. This process further

allows us to impose important constraints on the baryon density parameter. The density

of nucleons at nucleosynthesis is lower than required for heavier nuclei to form, meaning

that all the other elements are products of star fusion. It is the nucleosynthesis that allows

the structure formation that will take place after this point in the thermal history. The

physics involved in the Big Bang nucleosynthesis is well understood in terms of the Stan-

dard Model, thus consisting in the oldest well established feature of the early universe [25].
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5.8 Dark Energy-Dominated Era

The present values of the different density parameters are depicted in table 5.3. We notice

Table 5.3: Density parameters obtained for a ΛCDM model (Ωcdm(t0), Ωb(t0), ΩΛ and Ωk

from [11]; Ωγ(t0) from (5.13); ΩMaj
ν (t0) and ΩDir

ν (t0) from (5.32)).

Parameter Symbol Value

Cold dark matter density Ωcdm(t0) 0.229 ± 0.0015

Baryon density Ωb(t0) 0.0458 ± 0.0016

Cosmological constant ΩΛ 0.725 ± 0.0016

Curvature parameter Ωk -1.10 ± 0.14

Photon density Ωγ(t0) 4.986× 10−5

Majorana neutrino density ΩMaj
ν (t0) 3.40× 10−5

Dirac neutrino density ΩDir
ν (t0) 6.79× 10−5

that dark energy comprises 72.5% of the total density, which means that at some point

in the matter-dominated era, the dark energy component became more important than

the matter contribution and the universe shifted to a dark energy-dominated era. This

is the era we are currently experiencing and provided that the dark energy density is a

constant, as we saw in §3.3.4 , and that the other density components will only decrease

with expansion, the fate of the universe is to remain dominated by dark energy in the

future.

5.9 Dark Matter

Dark matter, as summarized before, has many candidate particles that may form it. They

can be mainly divided into WIMPs (Weakly Interacting Massive Particles) – non-baryonic

subatomic particles – and MACHOs (Massive Astrophysical Compact Halo Objects) –

large dark matter objects, made of baryonic matter, such as brown dwarf stars or black

holes [34].

It is believed that MACHOs can not be the main constituent of dark matter as they

account only for a small percentage of the mass of our galaxy [35]. We shall thus focus on

non-baryonic matter candidates in this work.

5.9.1 WIMPs

WIMPs have a small mass compared to MACHOs, which requires a large amount of par-

ticles to account for the missing matter, implying that a large number of these particles is



CHAPTER 5. THERMAL HISTORY OF THE UNIVERSE 42

passing through baryonic matter without being noticed by us. The gravitational attrac-

tion between WIMPs and ordinary matter can be the key to explain why matter clumped

into galaxies if it was evenly distributed before [34]. This requires their mass to be large

in comparison to other subatomic particles.

Light WIMPs, the hot dark matter, would be close to relativistic particles, which do not

present the necessary free-streaming for clumping to occur, thus making the warm and

cold dark matter hypothesis more appealing. Interacting weakly with matter is a charac-

teristic of both WIMPs and neutrinos, but the first ones need to be considerably heavier.

We find particles just like that in supersymmetric theories (SUSY). Supersymmetric ex-

tensions of the standard model of particle physics predict WIMPs with mass range 10-1000

GeV [36], which led the sensitivity of detection experiments to be optimized to these scales.

However, light WIMPs (1-10 GeV) are also pertinent as signals reported from some exper-

iments are localized in this range [33, 37]. To complete the picture, there are also model

independent analyses that point to CDM particles with masses in the keV range [1] and

quantum warm dark matter (WDM) fermionic models obtain masses at the same scale [2].

Fermionic WDM treated quantum mechanically gives physical galactic properties totally

compatible with observations [38].

There are plenty of experiments that try to detect dark matter particles and that until

now were able to pose some upper and lower constraints on its mass, for example by

observing the annihilation of dark matter in dwarf spheroidal galaxies and taking into ac-

count its present relic abundance [39,40], by using detectors such as cryogenic germanium

detectors [41] or by observing the momentum distribution of dark matter in the galactic

halo [42].

5.9.2 Dark Matter Candidates

Possible WDM candidates are the sterile neutrinos, right-handed heavy neutrinos that

interact through mixing with neutrinos from the Standard Model (and gravitationally) [3].

Their existence is searched for in Ly-α forests and its mass is estimated to be in the keV

range [43].

Axions, light bosons with masses between 100-1000 keV proposed to explain the strong

interaction CP violation [44], could also behave as CDM if their existence is proved. One

way to detect them would be through weak coupling with electromagnetism [45].

The minimal supersymmetric standard model (MSSM) predicts CDM in a natural way,

where the lightest supersymmetric particle (LSP) may be the most suited candidate for

dark matter and would be observable as a relic density. The lightest neutralino, probably

the LSP, has a parameter space compatible with the density parameter of CDM. Lower

and upper bounds on its mass give mχ̃ > 43 GeV [46] and mχ̃ < 1.8 TeV [47], respectively.

The next-to-lightest supersymmetric particle is the gravitino, an also prominent candidate
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given its parameter space [4].

5.9.3 Neutralino

By now we must be ready to agree that there is a lot of speculation about the nature of

dark matter and many plausible hypotheses. In order to approach the thermal evolution

of this component, we need to focus on some candidate and we will choose the neutralino

hypothesis.

The lightest neutralino χ̃0
1 results from linear combinations of the neutral bino, Wino and

Higgsinos states [48]

χ̃0
1 = Z11B̃

0 + Z12W̃
0
3 + Z13H̃

0
1 + Z14H̃

0
2 , (5.50)

where Z1j are the elements of a real orthogonal matrix that diagonalizes the neutralino

mass matrix. It will be a stable particle if R-parity is conserved. The LSP is a pure bino

in most of the parameter space constrained by MSSM and we will assume so here too.

5.9.4 Thermal Decoupling

For our WIMPs, the neutralinos, the process of going out of thermal equilibrium hypo-

thetically occurs as follows. When the temperature drops below the mass of the neutralino

Mχ̃, it interacts with fermions trough χ̃ + χ̃ ↔ F + F̄ and the number density of neu-

tralinos rapidly decreases. When the interaction rate of this reaction becomes comparable

to the expansion rate of the universe, it becomes difficult for a neutralino to find another

neutralino to annihilate with. It can be written as [48]

Γann(T ) = 〈vσann〉(T )nχ̃(T ) (5.51)

=
2

π

∑
F

(
GFM

2
W

M2
F̃

+M2
χ̃

)2 [
(b2F + c2

F )2m2
F +

4(b4F + c4
F )

M4
F̃

+M4
χ̃

(M2
F̃

+M2
χ̃)2

Mχ̃T
]
nχ̃(T ). (5.52)

In this expression vσann is expanded for small values of mF /Mχ̃ and of the velocity up to

second order. MW is the mass of the W boson, bF and cF are the left and right chiral

vertices and MF̃ is the mass of the sfermions (in this approach we assume that all sfermions

have the same mass). Defining xcd ≡Mχ̃/T , (5.52) can be solved iteratively yielding [48]

x
(0)
cd = ln

(
1.6× 10−4

mPl(M
4
F̃

+M4
χ̃)M3

χ̃

(M2
F̃

+M2
χ̃)2

)
, (5.53)

x
(1)
cd ≈ x

(0)
cd −

1

2
ln
(
x

(0)
cd

)
. (5.54)
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The parameter space of the MSSM typically gives a value around xcd ≈ 25. Thus, neu-

tralinos decouple chemically from the thermal plasma at a temperature

Tcd ≈
Mχ̃

25
, (5.55)

when their number becomes frozen and its relic abundance must correspond to the ob-

served value of Ωcdm.

Although dark matter is now a separate species, elastic scattering processes allow neu-

tralinos to remain in local thermal equilibrium (in the same way baryonic matter did until

the universe became matter-dominated). This local thermal equilibrium is expected to

be broken when this interaction does not accompany the expansion, Γel < H. But even

before WIMPs scatter for the last time, they fall out of equilibrium because the expansion

rate weakens their relaxation processes [49]. This is called the kinetic decoupling, which

can be determined from τr(Tkd) = H−1(Tkd), where the relaxation time τr corresponds to

the time one needs to wait until a neutralino that deviated from local equilibrium returns

to it. The relaxation time is related to the collision time τcoll = 1/Γel by the number of

elastic scatterings happening at thermal equilibrium

N(T ) =
pχ̃

∆pχ̃
, (5.56)

with pχ̃ the momentum of the neutralino for a given temperature and ∆pχ̃ the momen-

tum transfer occurring in an elastic scattering. The momentum transfer must be tiny in

comparison to the momentum of the particle, hence N(T ) is expected to be very large.

The Mandelstam variable t gives us (∆pχ̃)2 = 2E2 [48] and by the equipartition theorem

of energy, E = 3
2T . Thus,

τr(T ) ≈
√

2

3

Mχ̃

T
τcoll. (5.57)

Between the chemical and kinetic decoupling, the scattering processes keeping WIMPs

in equilibrium are χ̃ + F → χ̃ + F . After the QCD transition, the neutralino has only

leptons left to scatter (pions are neglected for the sake of simplicity and because usually

Tkd � mπ) and the interactions are now χ̃ + L → χ̃ + L. Knowing the elastic scattering

interaction rate, it is possible to obtain an expression to estimate the temperature of the

kinetic decoupling. According to [48], it is given by

Tkd =

(
1.2× 10−2 mPl

Mχ̃(M2
L̃
−M2

χ̃)2

)− 1
4

. (5.58)

The difference between the two decoupling temperatures is caused by the target density

difference that enters the interaction rate – at the chemical decoupling neutralinos stopped

annihilating with each other, while at kinetic decoupling neutralinos stopped scattering

with relativistic leptons, which had a much larger target density.



Chapter 6

Simulation and Results

In this chapter we will model the universe, considering it a perfect fluid, in terms of the

scale factor Q, the density parameter Ω and the temperature T , including dark energy

and dark matter, to understand its evolution in time.

6.1 Simulation Process

The expansion of a universe with the characteristics discussed in the previous chapters

can be described by the scale factor and both Ω and T can also be written in terms of

Q(t), computing (3.54). Since there is no analytical solution to this equation, we need to

recur to numerical methods. In order to do so, most of this work consisted in finding the

most appropriate way to simulate the variables we are interested in.

6.1.1 Parameters

As known conditions, we have the density parameters of each component of the universe

and the background radiation value, given by the observations of the 7-year Wilkinson

Microwave Anisotropy Probe (WMAP) [11] and Tr(t0) = 2.725 K [11,30], respectively.

We have calculated the present density parameters of photons and neutrinos and we use

these values to obtain the present density parameter of radiation

Ωr(t0) = Ωγ(t0) + Ων(t0), (6.1)

which yields two values, as seen in (5.32), depending on whether we consider Majorana

or Dirac neutrinos. When the density parameter constant (5.36) needs to account for

different points in time than t0, we use the values of table 5.2. When we are comparing

Majorana and Dirac neutrinos, we refer to ΩMaj
r (tx) and ΩDir

r (tx), respectively. For other

purposes, we assume Ωr(tx) = ΩMaj
r (tx), because, as will be shown later, the difference

between both neutrino types is small and, since the available data does not allow us

45
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to determine whether antineutrinos and neutrinos are the same or not, this is the most

common assumption. For the present density parameter of matter, we use

Ωmat(t0) = Ωb(t0) + Ωcdm(t0). (6.2)

All these values can be found in table 5.3. We choose the present scale factor to be Q0 = 1

and then the time t will be given in units of the Hubble time H−1
0 .

6.1.2 Method

The numerical treatment was performed in Maple 15 and is presented in appendix A. The

first approach was to solve the differential equation of Q̇(t) with respect to t, from the

present initial conditions to the past, provided we are more confident in the present values

than in values predicted for the past. The fact that errors accumulate significantly for

the early universe made us perform a variable change into a logarithmic approach, where

orders of magnitude changes, happening as we go back in time, were expected to render

softer errors. As this was not successful, a simulation from the past to the present was

attempted, as well as treating analytically the universe as radiation-dominated in the past

and change to a general universe near present times.

For the sake of coherence, after many trials and refinements, we preferred the numerical

solutions of the differential equation (3.54), from the past to the moment when electrons

drop from equilibrium with radiation and from that point until the present time (which

we will call Q2(t) in virtue of being separated into two parts). As we shall see in picture

(6.8), the particle annihilation thresholds do not present a very significant deviation from

the law T ∝ Q−1 except in the e± case, which makes it plausible to consider the only

point where the density parameter of radiation entering the differential equation should

be changed, according to table 5.2.

The other thresholds are probably small enough for the difference between Q(t) computed

with Ωb or with Ωa to be negligible. Nevertheless, we are interested in studying how small

this difference actually is, because we see that at Tc there is an important decrease in

degrees of freedom and that the cumulative effect may be important, as the difference

between Ωr(te) and Ωr(tt) is actually larger than the one between Ωr(t0) and Ωr(te) (the

scale factor computed this way will be called Q12(t), in virtue of combining the solutions

of twelve differential equations).

As initial conditions, extrapolations of the conditions at the end of inflation were consid-

ered.

The Fehlberg fourth-fifth order Runge-Kutta method was the numerical procedure used.

In this method, the step size h is automatically adjusted by comparing the solutions of

the Runge-Kutta method of order 4 and of order 5. If they match to a certain accuracy,

the step size is accepted and the procedure continues. If not, the step size is reduced until
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both solutions agree.

We will primarily obtain the temperature corresponding to a Q(t) computed with

Ωr(te), which is valid between the rest-mass thresholds of µ± and e±, but is also a good

approximation from the end of inflation until e±-pair annihilation. We call it T 1
r (t),

because it is computed considering only one region with the same scale factor and density

constant. From this we can determine at which time e± decoupled (as well as at which

time µ± decoupled) and obtain the initial conditions (on t and Q(t)) to integrate the

differential equation that will give us Q(t) from the e± decoupling until the present. For

the temperature we can write T 2
r (t), that is identical to T 1

r (t) until electrons drop from

the equilibrium and has a different value – a different scale factor and another density

constant afterwards.

In the same way, we can obtain the time at which µ± and the other particles decoupled

by the thresholds at T (t) and then integrate multiple differential equations to account for

the scale factor from one threshold to the other, where the corresponding constant for the

density parameter of radiation is inserted. This is how we write Q12(t), enabling us to

obtain T 12
r (t).

6.1.3 Temperature Treatment

As we noted in the last chapter, the temperature of the universe decreases with the ex-

pansion but decreases slightly less every time a relativistic species goes out of equilibrium

and annihilates with its antiparticle. The temperature of the relativistic plasma follows

(3.57), and it needs to account as well for the decrease in the effective number of degrees

of freedom of table 5.1. The particle masses used, necessary to compute N(T ), are shown

in table 6.1.

Radiation Temperature

The process of a species leaving equilibrium takes a certain time to occur – for every particle

to stop scattering with the species that remain thermalized, over the whole universe.

However, if we consider this process instantaneous, that is, when the temperature drops

below the rest mass of a certain species, its particles lose thermal contact with the other

relativistic species, then we are able to use a step function to mathematically model it. This

is the assumption we will make in order to describe the radiation temperature evolution.

Joining (3.44) and (5.10), we can write

ρr(t0)

Q(t)4
=
π2

30
N(T )T 4

r , (6.3)
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Table 6.1: Masses of standard model particles (from [21]).

Particle Symbol Mass (eV/c2)

Electron me 0.510998928× 106

Muon mµ 105.65837× 106

Pion mπ 139.5701× 106

QCD phase transition Tc 200× 106

Strange quark ms 483× 106

Charm quark mc 1.275× 109

τ mτ 1.77682× 109

Bottom quark mb 4.65× 109

W± and Z0 mW,Z 91.1876× 109

Higgs mH 126× 109

Top quark mt 173.5× 109

which can be rearranged into

Tr(t) =

(
30ρr(t0)

π2N(T )

) 1
4 1

Q(t)
. (6.4)

Using (3.29) and shifting the dependence of N from T to t through (3.57), it results in

Tr(t) =

(
90H2

0 ΩT
r (tx)

8π3GN(t)

) 1
4 1

Q(t)
. (6.5)

To write N(t) we need to analyse the situation. For values of Tr between two threshold

masses (in table 5.1), we require that it yield a specific number of effective degrees of

freedom, but since Tr already includes N(t) in its definition, we need to adapt it differently

according to each step that will be performed.

After the temperature drops below the rest mass of electrons, we need to account for the

effect of neutrino decoupling. Until that point we consider ΩT
r (tx) as the density parameter

of radiation, with both the photon and neutrino contributions, but for subsequent times the

photon contribution will be the only one entering (6.5), since the density of neutrinos is now

part of the separate temperature law of neutrinos. Then, we need to change the constant

of the density parameter that enters (6.5), from Ωγ(t0) + Ων(t0), as in the Ωr(tx) of table

5.2, to only Ωγ(t0) after the e±-pair annihilation. To distinguish the constant density that

enters the temperature law from the total radiation density parameter constant Ωr(tx),

that includes neutrinos, we use the superscript ”T”. We would like to begin by considering
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te to be the only point where ΩT
r (tx) changes significantly

ΩT
r (tx) =

Ωr(te), t < te

Ωγ(t0), t ≥ te
, (6.6)

while we have

Ωr(tx) =

Ωr(te), t < te

Ωr(t0), t ≥ te
. (6.7)

However, we still do not know the time te that corresponds to it, so firstly we consider

ΩT
r (tx) = Ωr(tx) = Ωr(te) for all times, until we determine the value of te.

We need as well to account for the degrees of freedom of neutrinos separately from that

moment on, such that N = Nγ .

Let us begin by taking neutrinos to be Majorana particles. For example, from the present

time until the temperature reaches the rest mass of the electron, for the effective number

of degrees of freedom we use the value of table 5.1 4N = 8 and for the density parameter

we use (5.13). Then, we have

T er (t) =

(
90H2

0 ΩT
r (tx)

8π3G8
4

) 1
4 1

Q(t)
= 8−

1
4 ξ, (6.8)

where we define

ξ ≡
(

90H2
0 ΩT

r (tx)4

8π3G

) 1
4 1

Q(t)
. (6.9)

In the temperature range between the mass of the electron and the mass of the muon

Ωr(tx) changes, as do the total number of effective degrees of freedom of radiation, that

included only photons until the temperature reaches me. From that point on, neutrinos,

electrons and positrons are in equilibrium with photons and we account for them by taking

4N = 4(Nγ + Ne± + Nν) = 43. Nν is already part of N between me and TDν despite it

being a decoupled species, because it shares the radiation temperature.

In this case, the temperature of radiation will yield

Tµr (t) = 43−
1
4 ξ. (6.10)

However, giving the steps a careful look (in the direction of decreasing temperatures), we

will find that when Tµr = me, T
e
r is still higher than me, which originates a region where

no value of Nr is specified. This situation is shown in figure 6.1 to help visualize it.

The physical process behind each step is the annihilation of particle-antiparticle pairs into

photons, which slightly reheats the universe that is cooling down as it expands. Instead of

picturing the reheating as occurring suddenly when the degrees of freedom of the thermal

plasma decrease, it seems more accurate to understand it as a slowing down of the cooling

process. Then, we will choose to reflect it in our model by letting the temperature of
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Figure 6.1: Radiation temperature around the decoupling of e±, in logarithmic scale, with

t in H−1
0 units and T in K, to illustrate what happens in the transition region where

Tµr (t) < me and T er (t) > me at the same time, in kB = c = 1 units.

the universe remain constant while it expands in the transition region. The length of this

region depends on the difference between the effective number of degrees of freedom that

were present before the transition and the ones that were made available afterwards.

In other words, when the temperature drops to the annihilation threshold T = Tx of

a certain species x (given by (6.4) with the value N = Nb before the threshold), the

effective number of degrees of freedom N(t) starts do decrease due to the disappearance

of that species, until it reaches the new value N = Na after the threshold. Meanwhile,

Q(t) increases from the initial value Qb at threshold until N(t) reaches the new value

Na, which defines the exit point Q = Qa. We assume the temperature to stay constant

(T = Tx) during this process, where the increase in the scale factor with time, from Qb

to Qa, compensates for the change of N(t). The value of Qa is obtained from (6.4) with

the new value N = Na and the requirement to still yield the same temperature T = Tx.

From this point on the temperature starts to drop again. Note that the energy necessary

to temporarily halt the decrease of the temperature due to expansion is supplied by the

annihilation processes.

In order to translate this mechanism to our program, the value of N(t) in these regions
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needs to be such that Tr will correspond to the rest-mass of the particles. We define it as

S(t) = ξ4



m−4
e , 43−

1
4 ξ < me

m−4
µ , 57−

1
4 ξ < mµ

m−4
π , 69−

1
4 ξ < mπ

T−4
c , 205−

1
4 ξ < Tc

m−4
s , 247−

1
4 ξ < ms

m−4
c , 289−

1
4 ξ < mc

m−4
τ , 303−

1
4 ξ < mτ

m−4
b , 345−

1
4 ξ < mb

m−4
W,Z , 381−

1
4 ξ < mW,Z

m−4
H , 385−

1
4 ξ < mH

m−4
t , 427−

1
4 ξ < mt

. (6.11)

Let us write the explicit form of N(t),

4N(t) =



8, 8−
1
4 ξ ≤ me

43, me < 43−
1
4 ξ ≤ mµ

57, mµ < 57−
1
4 ξ ≤ mπ

69, mπ < 69−
1
4 ξ ≤ Tc

205, Tc < 205−
1
4 ξ ≤ ms

247, ms < 247−
1
4 ξ ≤ mc

289, mc < 289−
1
4 ξ ≤ mτ

303, mτ < 303−
1
4 ξ ≤ mb

345, mb < 345−
1
4 ξ ≤ mW,Z

381, mW,Z < 381−
1
4 ξ ≤ mH

385, mH < 385−
1
4 ξ ≤ mt

427, mt < 427−
1
4 ξ

S(t), otherwise

. (6.12)

6.2 Scale Factor Q(t)

Knowing the constant density parameter we considered (Ωr(te)) is valid in the region

where temperature is higher than me, we are now in conditions to obtain the time at

which electrons drop from equilibrium, yielding te = 6.45 × 10−18 H−1
0 . This enables us
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to use (6.7) and thus, write (3.54) in the form

Q̇(t) =

√
Ωr(tx)

Q(t)2
+

Ωmat(t0)

Q(t)
+ Ωk(t0) + ΩΛQ(t)2, (6.13)

where Ωr(tx) is given by (6.7).

At the end of inflation (and of reheating), it is estimated that the temperature of the

universe was of the order T ∼ 1027 K [12] and since at this point radiation-dominated

considerations hold, (3.57) will give us an estimation of Q(t) ∼ 10−27. From (3.51),

we obtain the corresponding time t ∼ 10−54H−1
0 ∼ 10−37 s. These are the ingredients

necessary to numerically integrate (3.54) until te. From that point to the present, we

use as initial condition Q(te). An overview of the behaviour of Q(t), whose integration is

performed separately in the two regions previously mentioned, is depicted in figure 6.2.

We can observe that for recent times the behaviour of Q(t) in logarithmic scale deviates

Figure 6.2: Scale factor over time for a general universe, integrated in two parts, Q2(t),

in logarithmic scale, with t in H−1
0 units.

from the apparently linear in the past. As we know, for the early universe Q(t) ∝
√
t

and this feature shows us that for later times it is important to consider that the universe

is composed of more than radiation. We will see later that the time when the universe

becomes matter-dominated corresponds to the point where the behaviour of the scale factor

curve changes. We can also see that at the value of the present epoch scale parameter

Q0 = 1, the age of the universe (in units H−1
0 ) is close to unity.

When Ωr(tx) changes, around t ∼ 10−17, the curve continues following the behaviour it

had in previous times. In the large range of times of figure 6.2, we would not observe any

divergence between integrating the differential equation with the same constant density
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Figure 6.3: Scale factor over time, where Q1(t) represents the scale factor integrated with

Ωr(tx) = Ωr(te) and Q2(t) represents the scale factor integrating the two seperate parts

of 6.7, in logarithmic scale, with t in H−1
0 units.

parameter of radiation for the whole universe (obtaining Q1(t)) or dividing it into two

parts as in (6.13) (obtaining Q2(t)), but if we zoom into the region around which electrons

decouple from radiation, we can see there is a small deviation between both approaches.

We depict it in figure 6.3.

6.2.1 From a Set of Two to a Set of Twelve Differential Equations

Our estimate is that the previous approach is approximately valid from the end of inflation

until te, making it possible to determine the points tx when Tr(t) reaches the rest-mass

of the species x, as it is done in table 6.2. The goal is now to numerically integrate a

differential equation Q̇(t) with the adequate value of Ωr(tx) for each interval.

We define the initial condition for the integration of each equation that holds from tx

until the next species decouples as the scale factor the previous integration yields at tx.

This means that, for instance, to obtain the scale factor between the decoupling of muons

and electrons, we use as initial condition that Q(tµ) in this case must correspond to the

value of the scale factor at time tµ integrated between the decoupling of pions and muons.

This way, we obtain a set of solutions for Q(t), where each integration uses a different
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Table 6.2: Times when the temperature of the universe reaches rest-mass of the particle

species, computed from (6.5) with (6.6) and (6.13) with (6.7).

Particle tx Time (H−1
0 )

Electron te 6.45× 10−18

Muon tµ 1.32× 10−22

Pion tπ 7.50× 10−23

QCD phase transition tTc 1.99× 10−23

Strange quark ts 3.305× 10−24

Charm quark tc 4.32× 10−25

τ tτ 2.00× 10−25

Bottom quark tb 2.93× 10−26

W± and Z0 tW,Z 7.15× 10−29

Higgs tH 3.55× 10−29

Top quark tt 1.869× 10−29

Ωr(tx) value

Ωr(tx) =



Ωr(tt), t < tt

Ωr(tH), tt ≤ t < tH

Ωr(tW,Z), tH ≤ t < tW,Z

Ωr(tb), tW,Z ≤ t < tb

Ωr(tτ ), tb ≤ t < tτ

Ωr(tc), tτ ≤ t < tc

Ωr(ts), tc ≤ t < ts

Ωr(tTc), ts ≤ t < tTc

Ωr(tπ), tTc ≤ t < tπ

Ωr(tµ), tπ ≤ t < tµ

Ωr(te), tµ ≤ t < te

Ωr(t0), t ≥ te

(6.14)

according to the time interval.

We can plot the scale factor over the range of particle annihilation, obtained from inserting

(6.14) on (6.13), as is shown in figure 6.4 and compare it with the scale factor obtained

by integrating (6.13) with (6.7). We observe only a very small deviation between both

curves for the earliest times, which tells us the approximation of Q2(t) is actually very

good considering we use only a set of two differential equations to obtain it, opposed to
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Figure 6.4: Scale factor over time, where Q2(t) represents the scale factor integrated with

Ωr(tx) given by (6.7) and Q12(t) represents the scale factor integrated with Ωr(tx) given

by 6.14, in logarithmic scale, with t in H−1
0 units.

the twelve differential equations needed to compute Q12(t).

6.2.2 Majorana versus Dirac Neutrinos

One last feature we want to investigate about the scale factor is how it modifies if we take

neutrinos as Dirac particles instead of Majorana, as we did until now. What happens is

we need to alter Ωr(tx), as we have seen in table 5.2, to its Dirac values. Doing it for

Q2(t), we obtain a different curve, that in figure 6.5 is plotted along with the Majorana

curve. In the range of the figure, we observe QMaj
2 (t) and QDir2 (t) have a small deviation

and are parallel.

6.3 Temperature History T (t)

6.3.1 Radiation Temperature

The change in the constant of the density parameter of radiation affects both the scale

factor and the density constant entering (6.5). Let us see the difference, relative to figure

6.1, that the use of a different constant density after the e±-pair annihilation has on the

temperature of radiation. In figure 6.6 we can see how relevant it is to use Ωγ(t0) (and

Ωr(t0) in (6.13)) after the annihilation between electrons and positrons, accounting for the

change in N(t) that happens at this event.

We can also see, in the range of particle annihilation, what the difference between
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Figure 6.5: Scale factor over the range of particle annihilation, where QMaj
2 (t) represents

the scale factor integrated taking the values of (6.7) as Majorana values and QDir2 (t) rep-

resents the scale factor integrated taking the values of (6.7) as Dirac values, in logarithmic

scale, with t in H−1
0 units.

Figure 6.6: Radiation temperature around the decoupling of e±, where T 1
r (t) represents

the temperature calculated with ΩT
r (tx) = Ωr(te) and T 2

r (t) represents the temperature

calculated with (6.6), in logarithmic scale, with t in H−1
0 units and T in K.
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computing the radiation temperature is with ΩT
r (tx) according to (6.7), and indirectly

with (6.13) according to (6.6), or computing it with

ΩT
r (tx) =



Ωr(tt), t < tt

Ωr(tH), tt ≤ t < tH

Ωr(tW,Z), tH ≤ t < tW,Z

Ωr(tb), tW,Z ≤ t < tb

Ωr(tτ ), tb ≤ t < tτ

Ωr(tc), tτ ≤ t < tc

Ωr(ts), tc ≤ t < ts

Ωr(tTc), ts ≤ t < tTc

Ωr(tπ), tTc ≤ t < tπ

Ωr(tµ), tπ ≤ t < tµ

Ωr(te), tµ ≤ t < te

Ωγ(t0), t ≥ te

, (6.15)

and indirectly according to (6.14). This is depicted in figure 6.7, where we observe no

difference between both curves. This is another indication that T 2
r (t) is accurate enough

for our purposes.

Figure 6.7: Radiation temperature over the particle annihilation, where T 2
r (t) represents

the temperature calculated with ΩT
r (tx) given by (6.6) and Q2(t), and T 12

r (t) represents

the temperature calculated with ΩT
r (tx) given by (6.15) and Q12(t), in logarithmic scale,

with t in H−1
0 units and T in K.
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Plotting the temperature over time, as it is done in figure 6.8, in the range where

particles are dropping from equilibrium with radiation, the steps performed by the tem-

perature due to the inclusion of (6.12) in (6.5) are almost all too tiny in comparison with

the electron drop, around t ∼ 10−17H−1
0 , to be perceived at this scale. But if we zoom

into the regions where the temperature equals the rest-mass of the other particle species,

the steps become noticeable, as is emphasized by figures 6.9, 6.10 and 6.11.

Figure 6.8: Radiation temperature in the range of particle annihilation for a general

universe, in logarithmic scale, with t in H−1
0 units and T in K.

Majorana versus Dirac Neutrinos

When we discussed the degrees of freedom of the different particles in §5.2.2, we saw that

neutrinos could be described as Majorana or Dirac fermions. The above temperature

expressions considered them Majorana particles.

We shall now see the implications of having Dirac neutrinos, which represent an increase

of (7/8)6 = 21/4 units in each N(t) step and a change from ΩT
r (tx) and Ωr(tx) to its Dirac
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Figure 6.9: Radiation temperature, in logarithmic scale, with t in H−1
0 units and T in K,

showing the threshold of annihilation of µ, π, hadrons and strange quark.

values. This results in

4NDir(t) =



8, 8−
1
4 ξ ≤ me

64, me < 64−
1
4 ξ ≤ mµ

78, mµ < 78−
1
4 ξ ≤ mπ

90, mπ < 90−
1
4 ξ ≤ Tc

226, Tc < 226−
1
4 ξ ≤ ms

268, ms < 268−
1
4 ξ ≤ mc

310, mc < 310−
1
4 ξ ≤ mτ

324, mτ < 324−
1
4 ξ ≤ mb

366, mb < 366−
1
4 ξ ≤ mW,Z

402, mW,Z < 402−
1
4 ξ ≤ mH

406, mH < 406−
1
4 ξ ≤ mt

448, mt < 448−
1
4 ξ

SDir(t), otherwise

, (6.16)
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Figure 6.10: Radiation temperature, in logarithmic scale, with t in H−1
0 units and T in

K, showing the threshold of annihilation of charm quark, τ particle and bottom quark.

with

SDir(t) = ξ4



m−4
e , 64−

1
4 ξ < me

m−4
µ , 78−

1
4 ξ < mµ

m−4
π , 90−

1
4 ξ < mπ

T−4
c , 226−

1
4 ξ < Tc

m−4
s , 268−

1
4 ξ < ms

m−4
c , 310−

1
4 ξ < mc

m−4
τ , 324−

1
4 ξ < mτ

m−4
b , 366−

1
4 ξ < mb

m−4
W,Z , 402−

1
4 ξ < mW,Z

m−4
H , 406−

1
4 ξ < mH

m−4
t , 448−

1
4 ξ < mt

. (6.17)

Hence, the temperature law will be written as

TDirr (t) =

(
90H2

0 ΩT
r (tx)

8π3GNDir(t)

) 1
4 1

Q(t)
, (6.18)

and we can plot it along with (6.5). In figure 6.12 we see that there is only a small
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Figure 6.11: Radiation temperature, in logarithmic scale, with t in H−1
0 units and T in

K, showing the threshold of annihilation of W and Z bosons, Higgs boson and top quark.

Figure 6.12: Radiation temperature considering neutrinos as Majorana fermions, TMaj
r (t),

and Dirac fermions TDirr (t) as functions of time in logarithmic scale, with t in H−1
0 units

and T in K.

difference between TMaj
r (t) and TDirr (t). For higher temperatures, the deviation between

both curves is smaller than for lower temperatures. Neutrinos do not enter the last drop
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in effective degrees of freedom, where the coefficients of NMaj
r (t) and NDir

r (t) become the

same and ΩT
r (tx) = Ωγ(t0) also does not depend on the kind of neutrinos we consider.

However, there is a difference between QMaj(t) and QDir(t) as we have seen in figure 6.5,

which results in the deviation between both curves one can observe for temperatures below

me.

Since the difference is not too significant, for the sake of simplicity, from here on, when

we talk about the temperature of radiation we are referring to the Majorana component.

6.3.2 Neutrino Temperature

It is at the last step of particle creation, when electrons separate from radiation, that

the neutrino temperature component deviates from that of radiation, as seen in §5.4 and

the expression (5.29), derived for the temperature law of neutrinos, holds after neutrinos

decouple. Neutrinos differ from photons in temperature because they have decoupled

shortly before electrons and positrons and do not ”see” the change in effective degrees of

freedom provoked by them. In this way, we will use the radiation temperature until t = te,

the point at which we need to alter N(t) to NMaj
ν and ΩT

r (tx) to ΩMaj
ν (t0). Thus, we can

write for Majorana neutrinos

TMaj
ν (t) =

(
90H2

0 ΩMaj
ν (t0)

8π3GNMaj
ν

) 1
4 1

Q(t)
, t ≥ te, (6.19)

while before they share the radiation temperature, (6.5).

Now let us take neutrinos as Dirac particles and rewrite their temperature as

TDirν (t) =

(
90H2

0 ΩDir
ν (t0)

8π3GNDir
ν (t)

) 1
4 1

QDir(t)
, t ≥ tDire , (6.20)

where tDire corresponds to the time when the rest-mass of the electron is reached by the

radiation temperature TDirr (t) when we consider Dirac neutrinos, which is different from

te in the case of Majorana neutrinos as we can see in figure 6.12, and yields the result

tDire = 5.29× 10−18 H−1
0 .

Plotting TMaj
r (t) and TMaj

ν (t) given by (6.19), as it is done in figure 6.13, we can see the

moment when neutrinos decoupled from radiation, around t ' 10−17H−1
0 . We observe

that having Ωr(te) and 4N = 43 in (6.5) is equivalent to having ΩMaj
ν (t0) and 4N = 21

in (6.19), because the temperature of radiation before me is reached coincides with the

temperature of neutrino when they become a separate species, at t = tTDν .

We can also use figure 6.13 to investigate the difference between the Majorana and the

Dirac neutrino temperatures by plotting TDirr (t) and TDirν (t) given by (6.20). We see the

decoupling of Dirac neutrinos is analogous to the decoupling of Majorana ones and we can
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Figure 6.13: Radiation and neutrino temperatures TMaj
r (t), TDirr (t), TMaj

ν (t) and TDirν (t)

as functions of time in logarithmic scale, with t in H−1
0 units and T in K, showing the

different behaviors due to Majorana and Dirac fermions.

clearly perceive the difference between TMaj
ν (t) and TDirν (t). This was expected since we

already observed in figure 6.12 the difference between the radiation temperature taking

neutrinos to be Majorana or Dirac fermions. As compared to TMaj
ν (t), TDirν (t) presents a

different number of effective degrees of freedom, scale factor and Ων(t0).

In figure 6.13, the Majorana and Dirac curves yield different temperature values, but

regardless of the type of neutrinos considered, the present temperature is 2.725 K for

radiation and 1.945 K for neutrinos. However, the value of the present time t0 will be

different in each case, because as we have seen in figure 6.5, QMaj(t) and QDir(t) yield

slightly different values and this difference will be reflected in a different value for the

present moment t0.

6.3.3 Matter Temperature

Matter, both baryonic and dark matter, decrease at a different rate after decoupling

from the thermal bath, according to (5.48) and (5.58), respectively. The background

temperature of matter is not observable presently, as happens with photons and is expected

to happen with neutrinos, because instead of forming a homogeneous background, matter

clustered, condensing into structures.
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Dark Matter

We can begin by looking at the decoupling temperature of dark matter, as it happens

prior to the baryonic matter separation from radiation. As examples of neutralino masses,

we will choose m1 = 10 GeV/c2, m2 = 100 GeV/c2 and m3 = 1 TeV/c2, to understand

how different dark matter particle masses affect the universe.

The chemical decoupling of dark matter, given by (5.55), occurred around Tcd(m1) '
4.6×1012 K, Tcd(m2) ' 4.6×1013 K and Tcd(m3) ' 4.6×1014 K for each mass considered.

For the kinetic decoupling, that we estimate occurs at (5.58), we need to also choose

the mass of sleptons. From literature [48], mL̃ = 200 GeV/c2 may be a good estima-

tion. Then, we will find that the kinetic decoupling of dark matter happened around

Tkd(m1) ' 2.1 × 1011 K, Tkd(m2) ' 3.2 × 1011 K and Tkd(m3) ' 3.3 × 1012 K. The dif-

ferent order of magnitude that the decoupling temperature for m3 renders, compared to

that of the particles with m1 and m2, may come from the fact that the slepton mass mL̃

matches less a neutralino mass as high as m3.

These temperatures for the chemical and kinetic decoupling are located in the particle

annihilation range, as we can see from figure 6.8.

The kinetic decoupling represents the moment when dark matter becomes transparent to

radiation and begins following its own temperature law. In (5.48), TDM (t0) = Tkd(Mχ̄)Q2
kd,

which enables us to write for dark matter a step function, that will be identical to (6.5)

until neutralinos decouple kinetically and that follows (5.48) afterwards

TDM (t) =

ξ[4Nr(t)]
− 1

4 , t < tkd(Mχ̄)

Tkd(Mχ̄)Q2
kdQ(t)−2, t ≥ tkd(Mχ̄)

, (6.21)

(taking the case where neutrinos are considered Majorana particles).

We can see how dark matter temperature behaves around the region of decoupling in

figure 6.14, for the different masses chosen. Of course we should keep in mind that the

real process was not instantaneous, as this treatment suggests.

Another interesting exercise is to obtain the present dark matter relic temperature,

considering neutralinos. For the three masses we have taken, at t0 its temperature will

yield T (m1) ' 1.79 × 10−11 K, T (m2) ' 1.16 × 10−11 K and T (m3) ' 4.70 × 10−13

K. These temperatures are extremely low and come from the fact that, although dark

matter decoupled in our model in the range where other particles were decoupling from

the plasma, they followed a temperature law that decreased their temperature with a

factor ∝ Q(t)−2.

Baryonic Matter

Now let us focus on the baryonic component of matter, created around T = Tc ' 2.3×1012

K. It remained in thermal contact until decoupling; from that point on the baryonic matter
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Figure 6.14: Representation of neutralinos decoupling kinetically from radiation by plot-

ting Tr(t) (taken as T 12
r (t)) and TDM (t) over time in logarithmic scale, with t in H−1

0 units

and T in K.

temperature dropped faster than the radiation temperature, which means that it is lower

than the radiation temperature today. From the dependences of (3.57) and (5.48) on

the scale factor, we see that the matter temperature will grow faster than the radiation

temperature when time runs backwards. Thus, both curves will intersect at some point and

estimations indicate that this happens around the temperature TD ' 3000 K [25]. From

(5.47), when the radiation and baryonic matter temperatures intersect, we can write

Tr(t0)

QD
=
TDQ

2
D

Q2
D

=⇒ QD =
Tr(t0)

TD
' 9.083× 10−4. (6.22)

Inserting this now back in (5.47), we obtain Tmat(t0) = TDQ
2
D = T 2

r (t0)/TD ' 2.475×10−3

K. This is the present value of the temperature of matter, which is 3 orders of magnitude

less than the present radiation temperature. In figure 6.15 we depict the region where

it happens. This is the moment when baryons decouple from radiation, for tD ' 2.7 ×
10−5H−1

0 ' 373 thousand years at T = 3000 K.

Proceeding as in the case of dark matter, after determining the decoupling temperature

of baryonic matter, we can use a step function to help us describe the baryonic matter

temperature as follows

Tb(t) =

ξ[4N(t)]−
1
4 , t < tD

Tmat(t0)Q(t)−2, t ≥ tD
(6.23)
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Figure 6.15: Representation of the matter temperature Tmat(t) along with the radiation

temperature Tr(t) (taken as T 12
r (t)) over time in logarithmic scale, with t in H−1

0 units

and T in K, emphasizing the intersection of the curves.

6.4 Density Parameter History Ω(t)

The evolution of the universe in density terms is also worth studying as it changed from

radiation-dominated to matter-dominated and into dark energy-dominated. The density

parameter values of tables 5.3 and 5.2, along with the density expressions of section §3.3.4,

allow our simulation to include the density of different entities.

6.4.1 Radiation density

The radiation density parameter includes photons and neutrinos and is given by

Ωr(t) =
Ωr(tx)

Q(t)4
, (6.24)

where the values of Ωr(tx) are listed on table 5.2. In this section, we choose Ων(t0) =

ΩMaj
ν (t0). As we have seen, it is this Ωr(tx) that we use in the simulation, to integrate

(6.13), either in the form of (6.7) or (6.14).

In figure 6.16 we plot the radiation density parameter obtained using (6.7) and Q2(t) for

Ω2
r(t), and (6.14) and Q12(t) for Ω12

r (t), over the range of particle annihilation. One can

not distinguish both curves, which reinforces the validity of using Q2(t). Analogously to
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what happened in the radiation temperature case, the only annihilation threshold perceiv-

able at this scale is the electron decoupling.

Figure 6.16: Radiation density parameter in the range of particle annihilation for a general

universe, in logarithmic scale, with t in H−1
0 units, where Ω2

r(t) represents the density

parameter calculated with Ωr(tx) given by (6.7) and Q2(t), and Ω12
r (t) represents the

density parameter calculated with Ωr(tx) given by (6.14) and Q12(t).

Let us have a zoomed look, through figures 6.17, 6.18, 6.19 and 6.20. At the electron

threshold there is no difference between Ω2
r(t) and Ω12

r (t) because both curves were con-

structed in the same way at this range. From figure 6.16 we were already expecting not

to see a very significant deviation between the curves on the other thresholds.

In the transition where N(t) performs the biggest jump, at Tc, we observe that the be-

haviour of Ω12
r (t) is not so regular as the behaviour of Ω2

r(t). In each threshold both

densities agree but begin deviating as we go back in time, in the direction of increasing

densities until the next particle threshold is reached. There, the scale factor and the den-

sity parameter constant entering Ω12
r (t) perform a step, that results in Ω12

r (t) coinciding

with Ω2
r(t) again. This happens because we obtained the time at which each threshold

occurred according to Ω2
r(t), so it is now natural that its behaviour is guiding the Ω12

r (t)

curve.
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Figure 6.17: Radiation density parameter, where Ω2
r(t) represents the density parameter

calculated with Ωr(tx) given by (6.7) and Q2(t), and Ω12
r (t) represents the density param-

eter calculated with Ωr(tx) given by (6.14) and Q12(t), in logarithmic scale, with t in H−1
0

units, showing the threshold of annihilation of electrons.

Figure 6.18: Radiation density parameter, where Ω2
r(t) represents the density parameter

calculated with Ωr(tx) given by (6.7) and Q2(t), and Ω12
r (t) represents the density param-

eter calculated with Ωr(tx) given by (6.14) and Q12(t), in logarithmic scale, with t in H−1
0

units, showing the threshold of annihilation of µ, π, hadrons and strange quark.

6.4.2 Matter Density

Dark energy is constant in density over time, ΩΛ, while matter density is divided into the

dark matter and baryonic parts. We saw that the last one appears only after baryogenesis,
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Figure 6.19: Radiation density parameter, where Ω2
r(t) represents the density parameter

calculated with Ωr(tx) given by (6.7) and Q2(t), and Ω12
r (t) represents the density param-

eter calculated with Ωr(tx) given by (6.14) and Q12(t), in logarithmic scale, with t in H−1
0

units, showing the threshold of annihilation of charm quark, τ particle and bottom quark.

Figure 6.20: Radiation density parameter, where Ω2
r(t) represents the density parameter

calculated with Ωr(tx) given by (6.7) and Q2(t), and Ω12
r (t) represents the density param-

eter calculated with Ωr(tx) given by (6.14) and Q12(t), in logarithmic scale, with t in H−1
0

units, showing the threshold of annihilation of W and Z bosons, Higgs boson and top

quark.



CHAPTER 6. SIMULATION AND RESULTS 70

when part of the radiation density is transferred to the new-born baryons, summing up to

the dark matter density. This happens around the temperature Tc, which corresponds in

the simulation to a time tTc ' 1.99× 10−23H−1
0 . We can describe this process using again

a step function

Ωmat(t) =

Ωcdm(t0)Q(t)−3, t < tTc

[Ωcdm(t0) + Ωb(t0)]Q(t)−3, t ≥ tTc
(6.25)

We are now able to plot an overview of the behaviour of the density contributions

in a general universe, which is done in figure 6.21. In this broad range of densities, the

step performed by Ωmat(t) at Tc is too small to be perceived in the plot. It is possible

to clearly see the matter-radiation equality and to observe the dark energy component,

constant over time, gaining importance for later times. Choosing to plot the radiation

density parameter as Ω2
r(t) or Ω12

r (t) is irrelevant, as we saw by looking at figure 6.17.

Figure 6.21: Representation of the density parameters (where the density parameter of

radiation is taken as Ω12
r (t)) over time in logarithmic scale, with t in H−1

0 units, from the

beginning of the particle thresholds to the present time.

Figure 6.22 shows the density parameter of matter with time for the QCD phase

transition, to see the dimension of the change produced by the appearance of the baryonic

matter component. We can confirm it represents only a small increase in the matter

density.
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Figure 6.22: Representation of the density parameter of matter over time in logarithmic

scale, with t in H−1
0 units, around the quark-hadron confinement transition.

6.4.3 Matter-Radiation and Dark Energy-Matter Equalities

The decrease of the matter density with expansion will be less accentuated than for the

radiation density, leading to the matter-radiation equality. This is pictured in figure

6.23 and the intersection between the two components happens in the simulation at t '
1.6 × 10−6H−1

0 ' 22 thousand years, when the universe becomes matter-dominated. We

conclude the universe was already matter-dominated when baryonic matter decoupled

from radiation.

The point when dark energy becomes the dominant component of the universe is depicted

in figure 6.24, at t = 0.69H−1
0 , which corresponds to 9.6 Gyrs.

6.5 Age of the Universe

A question worth considering is how old the universe is, since its age is model dependent.

The time has been measured in Hubble time units and we defined the present moment t0

as the time when Q0 = 1. t = 0 corresponds to extrapolate to the time when Q = 0, in

other words, to the Big Bang, but we only work with values of Q and t posterior to the

end of inflation. Asking our program what value of t renders Q0 = 1, we will find two

answers, depending on whether we take neutrinos to be Majorana or Dirac particles.

We saw in figure 6.5 that the scale factor changes slightly according to the type of neutrinos
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Figure 6.23: Representation of the density parameters of matter and radiation (Ω12
r (t))

over time in logarithmic scale, with t in H−1
0 units, around the matter-radiation equality.

considered. This is reflected now in the age of the universe. Then, we obtain t0 ' 0.9983

H−1
0 for Majorana neutrinos, equivalent to 13.87 Gyrs and t0 ' 0.9981 H−1

0 for Dirac

neutrinos, equivalent to 13.86 Gyrs. This small difference comes from the fact that the

value of the present density of radiation, which enters Q̇(t), depends on the type of neutrino

we consider.

A universe with a dark energy component will be older than one comprised only of matter

and radiation. This happens because the expansion rate is accelerating in a model with

Λ [12].
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Figure 6.24: Representation of the density parameters (where the density parameter of

radiation is taken as Ω12
r (t)) over time in logarithmic scale, with t in H−1

0 units, around

the Λ-matter equality.
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Chapter 7

Conclusion

In this work, the quantum effects on gravitation at the Planck scale are accounted by

conformal fluctuations of the metric. We use a scalar field ϕ to model the fluctuations

around the classical value of the metric. Macroscopically, these fluctuations result in a

term equivalent to a cosmological constant in Einstein’s equations. This term will be

present in the equations of motion of the universe and we identify it with the dark energy

component, responsible for the observed accelerated expansion of the universe.

Our goal is to model the evolution of a universe with such dark energy. We consider a

perfect fluid universe and show that dark energy will be a constant term over time. We

also want to account the dark matter component, thus, from the sea of particle candidates,

we choose one where its decoupling has been quantitatively studied – neutralinos.

We then use standard particle physics, thermodynamics and statistics to write a program

in Maple that enables us to follow the behaviour of the scale factor, temperature and

density with time. We integrate numerically the equation of motion of our universe to

obtain the scale factor with respect to time. We separate the expansion of the universe in

time intervals according to the particle annihilation thresholds and integrate a set of two

or twelve differential equations depending on the context. We realize the approach where

we divide the expansion in two regions is accurate enough. Both are similar after electrons

and positrons decouple from radiation, which makes the events that happen afterwards

being totally independent of this choice. Although the universe seems to be approximately

flat and its present observational value is small, we included the curvature term in our

model, enabling it to accommodate any curvature value that turns out to be more precise.

This way, we are able to track the most relevant events in thermal history, from the end

of inflation to the present time, such as particle annihilation and dark matter, neutrino

and baryonic matter decoupling.

Studying the density, it is possible to observe the matter-radiation equality and the dark

energy-matter equality, thus seeing when the universe changed from radiation-dominated

to matter-dominated and, more recently, to dark energy-dominated. We notice that we
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live in a universe mainly comprised and dominated by constituents we have very little

knowledge about. The fact that we plotted the quantities in logarithmic scale, where

what matters most are order of magnitude changes, makes us have a different perspective

on the time passing, compared to a linear scale.

For the radiation temperature, we obtain an expression that can be used to determine the

temperature value at each moment and that we believe is a good approximation since the

present background temperature is reproduced and it accounts for the entropy changes

that happened in the early universe while particles dropped out of thermal equilibrium.

There is no observable difference between the radiation temperature computed using a

set of two differential equations and density constants or with twelve, accounting for all

particle thresholds. But it is important to make the distinction between the region before

electrons decouple and afterwards.

It would be more realistic to use a smooth function to model the decoupling of particle

species from the thermal bath than as we have done, using step functions. The tem-

perature of other components would also benefit from an improved function to make the

transition in the region where they stop sharing the radiation temperature and begin fol-

lowing a different one.

We conclude that considering neutrinos as Majorana or Dirac fermions, which have a dif-

ferent number of degrees of freedom, affects the present density parameter of neutrinos,

which has consequences for the scale factor of the universe. With regard to radiation, the

temperature also depends on the type of neutrino considered, as well as the age of the

universe.

Based on our analysis, it is not possible to deduce if neutrinos are Majorana or Dirac

fermions. If Ων(t0) could be observationally measured, we would be able to compare it

with our predictions and, if the measurement was accurate enough, see if it was closer

to the density parameter obtained for Majorana or for Dirac neutrinos. The difference

between the age of the universe that both neutrino types render is too small compared to

its present observational error margin.

Since we have no idea about the present temperature of dark matter, we can not com-

ment much on these results. For now, we cannot probe whether the model we used, with

neutralinos comprising all cold dark matter, is a good approximation to the observable

universe or not. Having such a low present dark matter temperature (in the order of

10−11 K) can still be consistent with studies that point to a temperature in the order of

103 K [40]. We computed the average temperature in the universe and it is believed dark

matter clustered into structures, which means matter-rich regions are expected to present

much higher values than the temperature of empty regions.

The same can be argued for baryonic matter, where we obtained an overall present tem-

perature of Tmat(t0) ' 2.475 × 10−3 K. But the case of baryonic matter is substantially
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different because we know the mass of neutrons and protons and we also have good es-

timations on their abundances. Predictions about the time of recombination point to an

age of the universe of a few hundred thousand years [25]. We obtained tD ' 373 thousand

years for the decoupling between matter and radiation, which we take as evidence that the

model we consider can make good predictions of the main events of standard cosmology.

In the density parameter plots, as well as in the scale factor one, the logarithmic scale

yields linear curves over time while the universe is radiation-dominated. After it becomes

matter-dominated, the importance of the other components of the universe, whose den-

sity parameter enters the Friedmann equation, makes the curve bend in a way closer to a

matter-dominated universe. The presence of Λ, as it is a constant term, does not show up

in the behaviour of the curves, but it alters the present time t0, consequently influencing

the age of the universe. It will be the dominating entity in the future, as it already is

presently. In the radiation density, we can notice the small effect that the particle anni-

hilation originates, a result from the decrease in degrees of freedom that radiation suffers

over time.

The age of the universe is greater for a model that includes dark energy (in a significant

abundance) than for a matter or radiation-dominated model, because the expansion rate

is accelerating [12]. It is also highly dependent on the Hubble constant. We obtained the

values tMaj
0 ' 13.87 Gyrs and tDir0 ' 13.86 Gyrs, consistent with the error margins of

recent measurements (13.77± 0.13 Gyrs [11]).

Despite approximating the chemical potentials to zero in §5.2.1 being quite reasonable,

our simulation could improve by an approach where they are accounted. The simulation

would also benefit from more precise estimations of the end of the inflation.

Summarizing this work, we realize how much we can predict from standard cosmology

by looking at all the consistent information we can get on the history of the universe.

The numerical analyses were performed in Maple [50]. We also realize that to write a

complete thermal history version we need far more ingredients than we currently have at

our disposal.

Hence we conclude that insights on the processes involved in the Planck scale universe or

a successful GUT are crucial to understand the subsequent stages of the world we are in.

Fortunately, we live in exciting times regarding scientific discoveries and there is no doubt

that we, the result of such a complex and majestic process with almost 14 billion years,

will try as hard as possible to understand our own evolution.
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Appendix A

Maple Simulation
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