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SPACES OF GENERALIZED SMOOTHNESS IN THE CRITICAL CASE: OPTIMAL
EMBEDDINGS, CONTINUITY ENVELOPES AND APPROXIMATION NUMBERS

SUSANA D. MOURA, JULIO S. NEVES, AND CORNELIA SCHNEIDER,

ABsTrRACT. We study necessary and sufficient conditions for embeddings of Besov spaces of generalized
smoothness B;}ZN (R™) into generalized Holder spaces Aﬁé;l(R") when s(N771) > 0 and 771 € £,
where 7 = o N~™/P. A borderline situation, corresponding to the limiting situation in the classical
case, is included and give new results. In particular, we characterize optimal embeddings for B-spaces.

As immediate applications of our results we obtain continuity envelopes and give upper and lower
estimates for approximation numbers for the related embeddings.

We also consider the analogous results for the Triebel-Lizorkin spaces of generalized smoothness
Fri R™).

1. INTRODUCTION

Spaces of generalized smoothness have been studied by several authors, including different approaches.
We follow the general Fourier-analytical approach as presented in [FLO6]. There one can find more details
and some history on these spaces.

The reason for the revived interest in the study of Besov and Triebel-Lizorkin spaces of generalized
smoothness B ;IN (R"™) and F ;IN (R™) is its connection with applications for pseudo-differential operators
(as generators of sub-Markovian semi-groups), cf. [FL06].

The aim of this paper is to complete the study of [HMO08] by extending the results obtained in [MNS11]
and [MNPO09] to Besov and Triebel-Lizorkin spaces of generalized smoothness BZ:N (R™) and FZ;™N (R™),
where a borderline situation, corresponding to the limiting situation in the classical case, is considered
and gives new results. We also give examples which yield results that are not covered by the previous
references. Moreover, we obtain new estimates for approximation numbers.

In the present paper (cf. Theorem 3.2 below), we give necessary and sufficient conditions for embed-
dings of BZ;N(R™) into generalized Holder spaces A (R™) when s(NT—1) >0 and 771 € {y, where
T=0N""/? je., we show that

By N(R") — ALD(R™), (1.1)
if, and only if,
1

7

1
M N;l dt i oo ,
sap (S0 [ e F](XA) <
M20 \ =0/ N;i5 k=M

(with the usual modification if r = oo and/or ¢ = o), provided that 0 < p < 00, 0 < ¢ < r < o0,
o = {0j}jen, and N = {N,}en, are admissible sequences, the latter satisfying N, > 1, and p € L,
(see Section 3 for precise definitions).
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Furthermore, (cf. Corollary 3.4), when ¢ > 1 and r € [g, 00, the embedding (1.1) with p = Ay,

’
a_

Agr(t) = (A(tfl)t”/p) (/Ot (A(sl)s"/”>q/ds> o . te(0,N5Y,

s
where A is an admissible function such that A(z) ~ oj, z € [N;,N;11], j € Ny, with equiva-
lence constants independent of j, is sharp with respect to the parameter u, that is, the target space
A’;C()T(]R") in (1.1) and the space Aég}(')(R") (i.e., the target space in (1.1) with u = X,-) satisfy
AXn ) (R7) s AEOL(R™). The embedding with r = g and 1 = Agy = Agq is optimal (i.e., it is the best
possible embedding among all the embeddings considered in (1.1)). The case 0 < ¢ < 1 is considered in
Remark 3.5.

We also consider the analogous results for the Triebel-Lizorkin spaces of generalized smoothness
FZ.N(R™) (cf. Theorem 3.6, Corollary 3.8 and Remark 3.9 below).

Concerning applications, we compute continuity envelopes Ec(X) = (SCX (t),ué() (cf. Definition 4.1
below), which are closely related with sharp embeddings, where Eé((t) = Sup||fx|<1 M, t > 0,
together with some fine index ué( ; here w(f,t) stands for the modulus of continuity.

In Proposition 4.4, under the same assumptions of Theorem 3.2, we show, in particular, that

eN Aol
2y~ 2= e 0,6

where .

t —q ry

Agoo (t) 1= (/ (A(y—l)yn/p) a dy) . te(ONSY,  if 1<g<oo,

0 Yy

and
Agoo(t) := sup (A(y_l))_1 y_"/p, te (O,Ngl], if 0<g<1.

y€(0,t)

These results generalize those previously obtained in [MNP09, Proposition 3.2]. Additionally, if
s(7) > 0, we recover results from [HMO8| regarding continuity envelopes. In [HMOS§] it was proved that
in such a case the fine index of the continuity envelope is ¢ for B-spaces, and in this case the continuity
envelope yields the optimal embedding. The new results in this paper, regarding continuity envelopes,
correspond to the situation when, additionally, s(7) < 0.

Under some additional assumptions, we obtain in Theorem 4.5, that €c (Bg bN ) = <M, oo) ,

t
which extends [MNP09, Theorems 3.4 (i) and 3.5 (i)].

In terms of F-spaces the results are similar, with the usual replacement of ¢ by p.

As for approximation numbers, Theorem 4.7 provides upper and lower bounds for approximation
numbers of the embedding of the spaces BZ:N (U) and FZ,N (U), where N = (27);¢n,, into C(U).

The paper is organized as follows. Section 2 contains notation, definitions, preliminary assertions and
auxiliary results. In Section 3 we state our main results, providing necessary and sufficient conditions for
the embeddings to hold, and derive optimal weights and sharp embedding assertions. Finally, Section 4
contains some interesting applications concerning continuity envelopes and estimates for approximation
numbers.

2. PRELIMINARIES

For a real number a, let ay := max(a,0) and let [a] denote its integer part. For p € (0, 00|, the
number p’ is defined by 1/p’ := (1 — 1/p)+ with the convention that 1/co = 0. By ¢, ¢1, ¢, etc. we
denote positive constants independent of appropriate quantities. For two non-negative expressions (i.e.
functions or functionals) A, B, the symbol A < B (or A 2 B) means that A < ¢B (or ¢ A > B). If
A < Band A 2 B, we write A ~ B and say that A and B are equivalent. If not otherwise indicated,
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log is always taken with respect to base 2. Given two quasi-Banach spaces X and Y, we write X — Y
if X C Y and the natural embedding is bounded. Furthermore, L,(R"), with 0 < p < oo, is the usual
Lebesgue space, with respect to the Lebesgue measure, endowed with the usual quasi-norm ||- | L,(R™)]|.
The space of all scalar-valued (real or complex), bounded and continuous functions on R™ is denoted by
Cp(R™), which is equipped with the L. (R™)-norm.

With the exception of the last section, we consider here only function spaces defined on R"; so for
convenience we shall usually omit the “R™” from their notation.

2.1. Admissible sequences and admissible functions. In this subsection we explain the class of
sequences we shall be interested in and some related basic results.

A sequence v = (7;)jen, of positive real numbers is said to be admissible if there exist two positive
constants dg and d; such that

dov; < i1 < diyy, J € No. (2.1)

Clearly, for admissible sequences v and 7, y7 := (7;7;)
too.
For an admissible sequence v = (7;);jen, , let

jen, and Y= (7])jen, , 7 € R, are admissible,

.o Vitk _ Vi+k .
v = inf =—— and ;1= sup —-—, 7 € Np. 2.2
k20 Y ¥ k>0 Vk (22)
Then clearly ol < Yj+k < W7, for any j,k € No. In particular, % and 7; are the best possible

constants dog and d; in (2.1), respectively. The lower and upper Boyd indices of the sequence v are
defined, respectively, by

log7y. log7
s(y) := lim = and 5() := lim ﬁ

j—o0 j j—o0 7

(2.3)

The above definition is well posed: the sequence (log7; ) en is sub-additive and hence the right-hand side
limit in (2.3) exists, it is finite (since 7 is an admissible sequence) and it coincides with inf;~olog7;/J.
The corresponding assertions for the lower counterpart s(v) can be read off observing that log Y =

—log(y~1);. Moreover, s(v) = —5(v~!) and 5(y) = —s(y71).

Remark 2.1. The Boyd index 35(-y) of an admissible sequence = describes the asymptotic behaviour of
the 7,’s and provides more information than simply 7, and, what is more, is stable under the equivalence
of sequences: if v ~ 7, then S(v) = S(7) as one readily verifies. In general, we have for admissible
sequences v, T that

s(y)=rs(y), r>0, S(yr) <s(y)+35(7), (2.4)
and
s(y")=rs(v), r>0,  s(y1)>s(vy) +s(7). (2.5)

Observe that, given € > 0, there are two positive constants ¢; = c¢1(¢) and ca = ca2(g) such that

e 269 < 1, <7; < e oM+l j € Np. (2.6)

From (2.6) it follows that if s(y) > 0, then v~ € ¢, for arbitrary u € (0,00]. Conversely, 5(y) < 0
implies v~ ! ¢ s, that is, v~ does not belong to any £,, 0 < u < oo.
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Examples 2.2. We consider some examples of admissible sequences.
(i) The sequence v = (7v;)jeN,,

75 =29 (14 )" (1 +log(1 + j))°

with arbitrary fixed real numbers s, b and c is a standard example of an admissible sequence with
s(y) =5(v) =s.

(ii) Let @ : (0, 1] — R be a slowly varying function (or equivalent to a slowly varying one) in the sense
of [BGT89|. Then, for s € R the sequence v = (2% ®(277))en, is an admissible sequence. Also here
we have s(v) =3(y) =s.

(iii) In view of Proposition 1.9.7 of [Bri02|, the case v = (2% ¥(279));en,, where now ¥ is an
admissible function in the sense of [ET98] (i.e., a positive monotone function defined on (0, 1] such that
U(27%) ~ ¥(2779), j € Np), can be regarded as a special case of (ii).

(iv) Take s; > 0. Consider the following recursively defined sequence:

jo=0, j1=1, Jjoo=2jou1—ja—2 and jop1 =2, LeN.
The sequence v = (7;);en,, defined by

23 2 if joo < J < jarta
Vi = . o ¢ € No,
951(J—J2e4+1)9 3 j2e if jors1 < < joeto,

is an example of an admissible sequence with s(v) = 0, 5(v) = % . Moreover, sequence oscillates between
(jTl)jGNo and (2371 )jGNo ) i'e'a

51 is1 .

i Su s, jeN,

and there exist infinitely many j and j” such that v, = j'%1 and vy = 2" The case s; = 2 has
been treated in [FLO06, Leo98].
(v) Take so > 0 and s; > 0. Consider the sequence (j)ken, from the previous example. The sequence

Y= (%‘)jeNm
27
du .
Yj i= exp < £(u) ) , J =0,
1 u

where
50 if 272¢ < g < 2j2/z+1’
f(u) = . ) { € Ny,
So + s1 if 272641 < gy < 292642,

is an example of an admissible sequence with s(v) = so and 5(v) = so + 3s1 (we refer to [KLSS06,
Example 4.13]). The case sp = 0 and s; = 2 has been treated in [FL06,Leo98|.

Remark 2.3. The Examples 2.2 (i)-(iii), above, have in common the fact that their upper and lower
Boyd indices coincide. However, this is not in general the case. Example 2.2 (iv), due to [KLSS06],
shows that an admissible sequence has not necessarily a fixed main order and their upper and lower
Boyd indices do not coincide. Moreover, one can easily see that there is an admissible sequence v with
s(v) = aand 3() = b, for any —oco < a < b < oo, that is, with prescribed upper and lower Boyd indices.

The following Lemma provides a substitute of [MNS11, Lemma 2.8].



SPACES OF GENERALIZED SMOOTHNESS IN THE CRITICAL CASE 5

Lemma 2.4. Let v = (v;);en, be an admissible sequence and let 0 < u < oo.
(i) If s(v) >0, then

2=

k
Zﬁ ~ Y, k €Ny (2.7)
=0

(with the usual modification if u = 00).
(ii) If s(v) <0, then

gl

S|~ keNg (2.8)
j=k

(with the usual modification if u = 00).

Proof. We present the proof for u € (0, 00), since the case u = oo follows by obvious modifications.
(i) Let k € Ng. For 0 < j < k, we have

Tk
Vit S —-
Tr—j v
This and (2.6), together with the fact that s(v) > 0, yield

u u

k k
S| S | Do2remmatTu] < ke N,
j=0 j=0

by choosing ¢ € (0, s(y)). The rest is clear.
(i) Let k € No. For j > k,
— 5
>
ik V&
This and (2.6), together with the fact that 5(v) < 0, yield

STy S | D2k < ke N,
=k j=k

gl=

by choosing ¢ € (0, —5(v)). The reverse estimate is clear. O

The functions we are going to introduce now will be central for the estimates which will be presented
later. In this context we also refer to [CF06, Section 2.2].

Definition 2.5. A function A : (0,00) — (0,00) will be called admissible if it is continuous and if for
any b > 0 it satisfies

A(bz) ~ A(z)  for any z > 0.
Example 2.6. Let (N;);en, be a sequence of positive numbers such that N; > 1. Let (0;),en, be an
admissible sequence. Then the function A : (0,00) — (0, c0) defined by

j11—0; (0j41—0;)N; . .
0o, if z € (O,NQ)

is admissible and satisfies A(N;) = o; for any j € Ng. Moreover, A(z) ~ o; for z € [N;, N;j11], j € Ny,
with equivalence constants independent of j.

The next proposition provides a very useful discretization method, which coincides partially with
[MNS11, Proposition 2.7] and generalizes [MNP09, Proposition 2.5].
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Proposition 2.7. Let 0 < u < oo, o and N be admissible sequences, the latter satisfying N; > 1.
Furthermore, let A be an admissible function such that A(z) ~ A(N;) = o; for z € [N;, N;j11], j € No.
Put = e N~ "/? gnd assume =1 € £,,. Then for k € Ny, we have

t —u dy % e %
([ ()™ )~ (Sr) o e,
0 Y =k
with equivalence constants independent of k € Ny. In the case u = oo the usual modification with

supremum is required.

Proof. Let u € (0,00). For k € Ny and t € [Nk+1,N ] taking advantage of the hypotheses on o, IV,
and A, we obtain

i,rjfu — i <O_JNJ—7L/P) - g i (O_JN]—H/P) v
ji=k ji=k j=k+1

< 3 () [ (s ty)
< [ () %

< [ (stem) ™ e i /NN (At t) "

~ <0J n/p) 27'7“.

=k

When u = oo, the proof is analogous to the previous case. O

2.2. Function spaces of generalized smoothness. Let N = (Nj) en, be an admissible sequence
with V; > 1 (recall (2.2)). In particular IN is a so-called strongly increasing sequence (cf. [FLO6, Def.
2.2.1]) which guarantees the existence of a number [y € Ny such that

Ny > 2N; for any k,j suchthat k2>j+1. (2.9)

It should be noted that the sequence N = (N;);en, plays the same role as the sequence (27);en, in
the classical construction of the spaces B, and F}; . This will be clear from the following considerations.
For a fixed sequence IN as above we deﬁne the assomated covering QY = (QN )jen, of R™ by
QY ={L R 1 ¢ < Ny}, =0, D0 — 1,
and
N:{geRn:Nj—lo < €] SNj+lo}7 J = lo,
with Iy according to (2.9).
Definition 2.8. For a fived admissible sequence N with N, > 1, and for the associated covering
oy = (Qf])jeNO of R, a system N = (ijv)jeNo will be called a (generalized) partition of unity
subordinate to QN if:
(i) oN €O and ¢N(E€) >0 if £€R™ forany j€ Ny
(ii) supp o C QN for any j € No;
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(iii) for any o € N there exists a constant ¢, > 0 such that for any j € Ny
DN (€)] < ca (L+[E7)71V2 for any € € R™;

(iv) there exists a constant ¢, > 0 such that
[ee]
0<ng§v(§):c¢<oo for any € € R".
§=0

Before turning to the definition of the spaces of generalized smoothness let us recall that S denotes
the Schwartz space of all complex-valued rapidly decreasing infinitely differentiable functions on R"™
equipped with the usual topology and by &’ we denote its topological dual, the space of all tempered
distributions on R™. For ¢ € S and f € S’ we will use the notation ¢(D)f = F~}(¢Ff), where F and
F~1 stand, respectively, for the Fourier and inverse Fourier transform. Furthermore, if 0 < p < oo and
0 < ¢ < o0, then L, and ¢, have the standard meaning and, if (f;);en, is a sequence of complex-valued
Lebesgue measurable functions on R™, then

e | ol i= (15 1 Loll?)

=0
and

I sem | el = || (2 1501) ™ 11

with the appropriate modification if ¢ = oo.

Definition 2.9. Let N = (N;)en, be an admissible sequence with N, > 1 and oV be a system of
functions as in Definition 2.8. Let 0 < ¢ < 00 and o = (0;);en, be an admissible sequence.
(i) Let 0 < p < oo. The Besov space of generalized smoothness BZ‘;’qN is the set of all tempered
distributions f such that the quasi-norm

1£1 BE N | += 1I(o5 @7 (D) f)jens | £o(Lyp)ll
is finite.
(ii) Let 0 < p < oo. The Triebel-Lizorkin space of generalized smoothness FE;]N is the set of all
tempered distributions f such that the quasi-norm

1F 1 EZN 1= (o5 o7 (D)F())gem | Lo(Lo)l

is finite.

Remark 2.10. We refer to [FLO6] for some historical references on the subject and a systematic study of
these spaces, including a characterization by local means and atomic decomposition. If o = (27) jENo»
with s a real number, and N = (27),ep,, then the spaces By ’qN and F;;ZN coincide with the usual
Besov or Triebel-Lizorkin spaces Bj , and Fj , respectively. If we let o = (2*7W(277));en,, where ¥
is an admissible function in the sense of [ET98,ET99] (see Example 2.2(iii)), the corresponding Besov
space coincides with the space Bf,i}lp) introduced by EDMUNDS and TRIEBEL in [ET98, ET99] and also
considered by MOURA in [MouOla,Mou01b|. Similarly for the F-counterpart.

In what follows we present some embedding results for spaces of generalized smoothness. The following
proposition may be found in [CF06, Theorem 3.7]:

Proposition 2.11. Let 0 < p1 < py <00, 0 < q1,q2 < 00, and o,T be admissible sequences,

N = (Nj)jen, admissible with N, > 1. Let ¢* be given by

1 11
. ( _ > _ (2.10)
q Q2 91/
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If
Ly NG )
o TN Pt 2l € e, (2.11)
then
N N
Blgl;(h - B;'z,th' (2'12)

We refer to [CL06, Lemma 1] for the following generalization of the Franke-Jawerth-embedding (see
[Fra86, Jaw77] for the classical situation):

Proposition 2.12. Let 0 <p; <p <p2 <00, 0< q< 00, o and N be admissible sequences, the latter
satisfying N, > 1. Let o’ and o” be the (clearly admissible) sequences defined, respectively, by

1 1 1 1
’ n(--—= ” n(X -1
o = N"Gi"v g and o= N"» rg.

Then

’

B° N

a'",N
p1,u B

o,N
— Y ey
FP:(I p2,v

if, and only if, 0 <u < p < v < 0.
For each f € Cp, w(f,-) stands for the modulus of continuity of f and it is defined by

w(f,t) == sup sup [Apf(z)| = sup [[Apf|Loo(R")[], ¢>0,
|h|<t zE€Rn |h|<t

with Ay f(z) .= f(z + h) — f(z), z,h € R™.
Regarding the embeddings into Cp, we have the following result.

Proposition 2.13. Let 0 < p,q < 0o, o and IN be admissible sequences, the latter satisfying N, > 1.
(i) Then
B;’)"qN — Cg if, and only if, o *N"/P ¢ Ly
(ii) If p < oo, then
FZ(}N — Cp if, and only if, o *N"/P ¢ Ly
We refer to [CF06, Corollary 3.10 & Remark 3.11] and to [CL06, Proposition 4.4] concerning part (i)

and part (ii), respectively, of the proposition above.
Let r € (0,00] and let £, be the class of all continuous functions A : (0,1] — (0, co) such that

</o1 (A(t))cb - (2.13)

</01 (A(t:))rdtt)l < (2.14)

(with the usual modification if r = c0).

and

Definition 2.14. Let 0 <r < oo, u € L. The generalized Holder space Aéﬂg} consists of all functions
f € Cp for which the quasi-norm

s = il + ([ (252) ‘f) 2.15)

is finite (with the usual modification if r = 00).
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One can replace the integral fol in (2.15) by foe for € > 0 and obtain an equivalent quasi-norm.
Standard arguments show that the space A’f.éz is complete, cf. [NevOlb, Theorem 3.1.4]. Conditions
(2.13) and (2.14) are natural. In fact, if (2.13) does not hold, then Aé.‘.ﬁ} coincides with Cp. If (2.14)
n()

does not hold, then the space A contains only constant functions. If » = oo, we can assume without

loss of generality in the definition of A’&S} that all the elements u of £, are continuous increasing functions
on the interval (0, 1] such that lim+ w(t) =0 (ct. [GNO10]).
t—0

The space Aé.‘é;lo, cf. [Nev0la, Proposition 3.5], coincides with the space C%#() defined by

1C0 | = sup £+ sup DO o
zER? z,y€R", 0<|z—y|<1 p(lz —yl)
If u(t) =t, t € (0,1], then Aé‘..ﬁ?,o coincides with the space of the Lipschitz functions, which is denoted by
Lip'. If u(t) = t*, a € (0, 1], then the space Aﬁél coincides with the space C%®7" introduced in [AF03].
Furthermore, if yi(t) = t|logt|?, 3 > 1 (with 8 > 0 if r = 00), the space Aé‘..ﬁ} coincides with the space
Lip(o})’;ﬁ ) of generalized Lipschitz functions presented and studied in [EH99], [EH00|, and [Har00].

2.3. Hardy inequalities. In the sequel, discrete weighted Hardy inequalities will be indispensable for
our proofs. There is a vast amount of literature concerning this topic. We merely rely on results as
can be found in [Gol98, pp. 17-20], adapted to our situation. In this context we refer as well to [Ben91,
Theorem 1.5] and [OK90].

Let 0 < ¢,r < o0 and (b )neny, (dn)nen, be non-negative sequences. Consider the inequalities

1

%) 7 r r %)
Z ( akdk> bi | S (Z a%) for all non-negative sequences (an)nen, (2.16)
0 n=0

k=

Q=

and

|

r

o0 [e.°] oo
Z Zakdk bi ] S (Z a%) for all non-negative sequences (an)nen, (2.17)
j=0 \k=j n=0

Q=

(with the usual modification if r = oo or ¢ = 00).

Theorem 2.15. (i) Let 0 < ¢ <r < oo. Then, (2.16) is satisfied if, and only if,
1
0o "

N 7
sup by (Z d,g/> < 0 (2.18)
N k=0

N>0 \ &
J_

and, furthermore, (2.17) is satisfied if, and only if,

1
N ™

sup bj (Z dg) < 00 (2.19)
0 k=N

N>0 \ T
=

1
o

(with the usual modification if r = co or ¢ = 00 or ¢ = 0).
(ii) Let 0 <7 < g < oo. Then, (2.16) is satisfied if, and only if,

w

N P
by (Z d,j’) <0 (2.20)
k=0

2 (2

N=0 \j=N



10 SUSANA D. MOURA, JULIO S. NEVES, AND CORNELIA SCHNEIDER

and, furthermore, (2.17) is satisfied if, and only if,

S

u
q

Qe

> (2

N=0 \j=0

by (Z d,§'> <o
k=N

_1
T

with the usual modification if ¢ = o0), where L :=
u

Q=

3. MAIN RESULTS

(2.21)

The following Proposition generalizes [MNS11, Proposition 3.1] and will play a key role for proving
necessity in the main theorem below. For related assertions, but different, see [Tri0l, pp. 220-221],

and [CHO05, Proposition 2.4].

Proposition 3.1. Let 0 < p,q < oo and let o and N be admissible sequences, the latter satisfying

N; > 1. Consider

h(y) == e~ /A=) if lyl<1 and h(y):=0 if |yl >1.

Let L+ 1€ Ny. Given L € Ny and 6 € (0,1], define

L
he,L(y) == h(y) — Z psi hD (67 1y —1-9)),
=0

where the coefficients ps; are uniquely determined by imposing that hs r, shall obey the following set of

conditions:
/ykh&[/(w dy=0, k=0,---,L.
R
Given L = —1 complement (3.1) by hs_1 = h (then (3.1) is empty). Let now

¢s.0(x) == hsr(z1) [] M(am), == (2;)]—, €R™

m=2
For a fited L + 1 € Ny with
log N 1 log oy
L>-1 _ =1 -
g g (IOgN1 min(1,p) ) logN;’

and b = (b;)jen, a sequence of non-negative numbers in Ly, let f be given by
fo(z) = ij Uj_l Nf/p ¢s5,.(Njzx), ze€R"™
j=0

i) Then fb € BN and
(i) P.q
”fb |Ep,11 H S 1 Hb |£(1||

for some ¢1 > 0 independent of b.
(ii) Moreover, it holds

’, N, ! - n
L_lk) > C2 NkijUj_le /p, k € Ng,
Nk —r :
]_
and
w(fbvNil) i — n/p+1
Niflk > c3 ijO'j 1Nj/p , keNp,
k j=0

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)
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for some ca,c3 > 0 depending only on the function ¢s.p,.

Proof. We use the atomic decomposition theorem for By bN as stated in [FLO6, Theorem 4.4.3]. Since
the functions

aj(z) == aj_l N;-l/p ¢s.,(N;jz), zeR", jeN,

are (up to constants, independently of j) (o, p)ar, — N-atoms, for some fixed M € N with M > llggggl ,
Ny

the atomic decomposition theorem, cf. [FL06, Theorem 4.4.3]), yields that f° € BS ’qN and
17 1 BNl < el Ll (3.7)

for some positive constant ¢ (independent of b).
Let us now prove (ii). Let k& € Ny and let n € (0,1) be fixed. Then, putting temporarily ¢; =
[T, h(0), we obtain

fb(oaoa"' 70)_fb(_77Nk_1507"' 70):

=c1 Y bjo; ' NP (hs 1(0) = hs,L(—nN;N;Y))
j=0

=c1 Y bjor NP (h(0) — h(—nN;N;))
=0

>e1 Y bjor NP (R(0) — A(—nN;N;Y))
j=k

> 1 Y bjo; NP (h(0) = h(—n))
j=k

o0

1 Arn/p

> b0 N
=k

where the third step above holds true, since h(0) — h(—nN; N, ') > 0 for all j,k € Ng. The two last
inequalities above follow from the fact that h(0) — h(—nN; N, ') > h(0) — h(—n) > ¢ > 0 for all j > k.
Therefore,

w(fblegl) - —1 A/
N1 2 Ni ijgj NP,k € No.
k j=k

This proves (3.5). The proof of (3.6) is similar. We estimate

fb(OaOa"' 70)_fb(_77N71’07"' 70):

=1 Y bjoy NP (h(0) = h(—nN; N )

<
(=)

o

C2 bj O'j_l N;L/p+1 Nk_l hI(Zij)

<.
Il
<=}

bjoy P NJPEENC R (2),

Y
S

<
I
o
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for some zj ), € (—nN;N;*,0). For j <k, z;x € [-,0), and hence #'(z; ) > ¢ > 0 for some ¢ which is
independent of j and k, leading to

k
fb(ovov"' 70)_fb(_nNk_1a0a"' 70) >c ijo-'_lN;l/p+1Nlc_1'

Therefore,

O

The following theorem characterizes optimal embeddings of Besov spaces with generalized smoothness
BN into generalized Hélder spaces when s(N7~') > 0 and 77! € {y, where 7 = o N~"/?. In
particular, our results generalize those previously obtained in [MNS11, Theorem 3.2] and, if additionally
s(T) > 0, we recover results from [HMOS] regarding continuity envelopes, as we shall see in the next
section.

In this context we also refer to [GNOO07, Theorem 4] and [GNO10, Theorem 1.6, Corollary 1.7], where
the authors obtained similar embedding results for Bessel-potential-type spaces in the limiting case.
There, the technics were completely different from the ones considered here.

Theorem 3.2. Let 0 < p < 00, 0 < q,r < 00, 0 € L. Furthermore, let o and N be admissible
sequences, the latter satisfying N, > 1. Put T = a N "™/, Assume that

s(NTH >0 (3.8)
and
Thel,. (3.9)
(i) If 0<qg<r <o, then
By — AL, (3.10)
if, and only if,

1 1

M Njfl dt " i A
sup Z/ (u() " — 7! < o0 (3.11)

M0 \ 555N, t k=M

(with the usual modification if r = oo and/or ¢’ = o0).
(i) If 0<r < q< o0, then
By N < ALL) (3.12)

co,T)

if, and only if,

o] M N1 N;; 0 / ﬁ
> Z/N_ (/‘(t))_r% ' </ L (u) ?) : (Z Tk_q> <o (3.13)

M=0 \j=0"N;11

Qe
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and
0o 0o Nv—l % N—l
IR i . M e dt
SN[ o) vy (/ (@) t)
M=0 \j=M N Nirta
w .y L
M N ]“
.(Z(Nklrk)‘q> <oo (3.14)
k=0

(with the usual modification if ¢ = o), where % = % — %.
Proof. In the sequel we shall always assume that ¢ and r are finite, since the limiting situations (¢ = oo
and/or r = 00) are proven in the same way with the obvious modifications.

Step 1: In order to prove sufficiency in (i), assume that (3.11) holds. Let f € B;’C;f;]. Then, by

Proposition 2.13(i), B;fqv C Cp and we can thus make use of the following estimate which can be

found in [Mou07, formulas (4.4), (4.5), pp. 1196, 1197|, stating that for some fixed @ > 0 and for
|h| < N,

J oo
IARfLooll < €Y NuN7 IR PalLooll+ > (oK™ f)al Locll (3.15)
k=0 k=j+1
(the constant involved is independent of f). Using the fact that w(/f,-) is monotonically increasing,
together with (3.15), leads to

r

No' rw(fi )\ dt ; < N dt
b) - — w f, t) T M t bt -
(/ (50) < ;/stl(( r ()
1
> Nyt _dt
S DT RO
Jj=0 Nip
. o i
[e'e) J 00 T ™
S ZW(ZJVklel(wé"* JalLooll + > (R )aILool)
§=0 k=0 k=j+1
00 7 T % oo %) r %
S ZN]»’”mj<ZNk||<soéV*f>a|Loo||) + ij<z||<so?* >aLoo||>
j=0 k=0 j=0 k=j
=(I) =(I1)
(3.16)
Setting
bji=Nit'my7,  aw =l Pallecll,  and  di = Nyl (3.17)

an application of Theorem 2.15(i), to the first term of (3.16), and the equivalent characterization of our
function spaces via maximal function from [FL06, Theorem 4.3.4] yield

q

() < (Zqull(wz’V*f)alLoollq> ~IFIBZY N forall fe BLY. (3.18)
=0
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The first inequality above can be justified as follows. Condition (3.11) gives

N . dt
/N ) (n(t)™" 7 S STy for all M. (3.19)

M+1

Since s(INT~1) > 0, Lemma 2.4 (i) and Lemma 2.4 (ii), yield

1
0o " M q’
’ ’
—r q,_—q
sup E Nj m; E Ny 7,
k=0

M20 -\ j=m

T

~ sup ZN m; NMTA}1

M=20\ ;2
00 r
< sup Z NT Nyt
M20 \ ;T
SNy TuNuty S1<oo (3.20)

and thus (2.18) is satisfied. For the second term of (3.16), we put
l N —1
bj :==m], ak = Tk|[(0r * alLoolls and dip =1, . (3.21)

An application of Theorem 2.15(i) and the equivalent characterization of our function spaces via maximal
functions from [FL06, Theorem 4.3.4] give

1
U1 s (ZT"I |Loc||q> ~|fIBZEIl foral fe BLY, (3.22)

since, by (3.11),

7=0 k=M
1 1
1 T =
M Nj . dt e} Ly a
= sup g ) (u(t)) v g Ty < 00 (3.23)
M20\ =07 N [y

and (2.19) is satisfied. Now, (3.16), together with (3.18), (3.22) and Proposition 2.13(i), yields
BTN < AKC)

Since, by Proposition 2.11,

o,N T, N
prq BOOQ’

we have the desired embedding

BIN — A1)
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Step 2: Concerning sufficiency in (i) again we have (3.16). Let | := | — ¢. Applying (2.20), using
(3.17) we obtain for the first integral (I) the estimate (3.18), since
00 . j—l B da q B N;; <
(3o [ e ) (7 o) (L)
M=0 \j=M _;‘+1 Ny

is bounded by (3.14). For the second integral (II) in (3.16), an application of (2.21) yields (3.22), since
inserting (3.21) we obtain

{fj jzwj/NNﬂlw))”?Z(/NM((t )(Z ) ,

M=0 \j=0"";f1 k=M

which is bounded by (3.13).
Step 3: Concerning necessity in (i) and (ii), assume we have the embedding

BIN — A, 0<gr<c,

00,7

1
Not rw(f, )\ dt)
’ — | SIIABLY for all f € BS:N.
(/ (S50 ) shnsg foran g e g
In particular, for each non-negative sequence (an)nen,, using the function f* constructed in Proposition
3.1, we have
RN AN
ez ([ (250) ¢
0 (1) t
( N 1 <w 7, t)> dt>r
> S, (u(®)"

(W)T/Nil(u(t))‘rt“ldt> (3.24)

which means that

S=

vV

NkJrl

. 1
0o oo N;:1
—1 rar—1
2 (Z MeYoamt) [ ey et
k=0 j=k N1
. 1
o0 00 Nt dt "
1 _
~ (Z Sart] [ werr T (3.25)
: N~
k=0 \j=k k+1
where we used the fact that @ is equivalent to a monotonically decreasing function and the estimate

(3.5). Putting

Nt G
[ ff) , (3.26)
N,
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from (3.25) we obtain
llaléqll 2 Z Zajdj by, for all non-negative sequences (an)nen,, (3.27)
k=0 \j=k
which is the Hardy-type inequality (2.17). Now the necessary conditions (3.11) and (3.13) follow from
Theorem 2.15. If we apply the estimate (3.6) instead of (3.5) in (3.24), we obtain

r

T

= u —1 -7 N):l —r dt
laleal 2 (3 (Y am ' | 5 [ oy G (3.28)
k=0 \j=0 Nt
for all non-negative sequences (a,)nen,- Now setting
—1 —1 Nl:l —7r dt .
dj =T1; N, and by = N, N, (n(t)) IR (3.29)
Nira
we obtain
1
oo k T 1,
laléqll 2 Z Zajdj by, for all non-negative sequences (an)nen,, (3.30)

k=0 \j=0

which is the Hardy-type inequality (2.16). Theorem 2.15 now yields (3.14). This finally completes the
proof. O

Remark 3.3. (i) Note that if 5(7) < 0, then 771 ¢ ¢, for any u € (0,00] (cf. Remark 2.1). Therefore,
only the case 3(7) > 0 is allowed in the previous theorem. Moreover, by (2.5), if 5(7) < s(IN), then
(3.8) is satisfied.

(ii) By (3.8) and (3.9), we always have

N -1
By o Lip. (3.31)
In fact, by the previous theorem,
N -1
By." — Lip
if, and only if|
o \F
sup N 7. 9 < 0. 3.32
o () o

But (3.8) implies that N~ € ¢, for any u € (0,00] (cf. Remark 2.1). Hence, Nps7;," — oo as M — oo.
Therefore, (3.32) is not satisfied.

(iii) Regarding Examples 2.2 (ii), (iv), it is possible to consider examples that verify the conditions
of the previous theorem.

(iv) Let A be any admissible function such that A(z) ~ 0;, z € [N;, Nj41], j € No, with equivalence
constants independent of j. Note that, by Proposition 2.7, condition (3.11) is equivalent to the following

integral version,
No! dt - ” ' ds\ 7
up (/ (u(t))*t) ([ () " 2) " <o (339

2€(0,Ny ) »

(with the usual modification if r = 0o and/or ¢’ = o).
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(v) When 0 < g < 1, on exchanging suprema, we can rewrite (3.11) as

1

b dt
sup Z/ ()" " < oo (3.34)
k20 \ 5207/ N

and we can rewrite (3.33) as

sup (/SNO_l(u(t)) dt) (A(sil)s"/p)71<oo. (3.35)

s€(0,Ny 1) t

=

In terms of optimal weights we have the following result when 1 < ¢ < oco. For the case 0 < ¢ < 1,
see Remark 3.5 below.

Corollary 3.4. Let 1 < ¢ <00, 0< p,r <00, u € L,. Let o and N be admissible sequences, the latter
satisfying Ny > 1. Put T = oN~"? and assume that

s(NT™H) >0 (3.36)
and
T lel,.
Furthermore, let Ay € L, be defined by
’ 141
S ¢ ds\ 7T
Agr(t) == (A(rl)t”/z’) (/ (A(s*l)sn/p) 5) . te (0,N;Y, (3.37)
0 S

where A is an admissible function such that A(z) ~ A(N;) = o; for z € [Nj, Nj11], j € No. We consider
the embedding
o, N .
BZN — ALD). (3.38)
(i) If 1 <q<r <o, then (3.38) holds if, and only if,

1

Mo N —rar)”
(s i 00 i)
sup

M>0 <Z§WO N_1 (/\qr(t)) Tdf)

(with the usual modification if r = 00).
(ii)) If 0<r<gq<oo andq>1, then (3.38) holds if, and only if,

- u/q
M le -
o (SR o))

< o0 (3.39)

S=

gl=

Ny _,ds
1 u/r Nl (M(S)) ? < 00 (340)
— M Ny r
R (S R Oy )T
(with the usual modification if ¢ = 00), where L= % — %

(iii) Let r € [q,0]. Among the embeddings in (3. 38) that one with (1 = gy is sharp with respect to the
parameter (.
(iv) Among the embeddings in (3.38), that one with (1 = Agq and r =g, i.e.,

BTN < N, (3.41)

s optimal.
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Proof. Concerning (i), Theorem 3.2 shows that (3.38) holds if, and only if,
1 1
Moo dt)’ i )
sup (3 [ i) G 7] <o,
M20 \ 5=0 7/ Njjh t k=M

which is equivalent to
1 1
Ny de\ " > —q' ds\ 7
sup (/ (u(t)~" t) </ (A(sfl)s”/f’) 5) < . (3.42)
MG(O*NU_I) 0 S

Since
1

( / " ) ‘ff) i ( %Nl ()" ([ t (A<s—1>sn/p)q'is>;lf)

L F
~ ( / (A(t’l)t"/”)iq ‘f) for all s € (0,N;'], (3.43)
0

and as singularities of functions in question are only at 0, this means that (3.42) is equivalent to (3.39).
Turning towards (ii) the same argument used above shows that (3.13) is equivalent to (3.40). Now,
necessity follows from Theorem 3.2(ii). Let % = % — %. As for sufficiency, we observe that

u m L

A= /ONl_l(AN51Wdt>q.Wr-<LN51Wdt>qd% m

s /oN[)l (/%NOI (N(tt))_rdtf ' % (/0% (A(t‘l)t"/p)_ql(?);d% ’
5 ( / N (u@))?"it)g ( /0 e (A(tl)tn/py’it):’ /NNﬂlf o : G
M=0 M1 o

is bounded by (3.13). But now, since w(f, -) is increasing, [HS93, Proposition 2.1(ii)| implies
A ast).
This and (3.38) (with u = Agq and r = g, which follows from part (i)), yield
BEN s Adgel) s ARD) 0<r<g<oo, ¢>1. (3.45)

This completes the proof of (ii).

Let us now prove (iii). We need to show that the target space A&EZ in (3.38) and the space Aég;‘r(')
(that is, the target space in (3.38) with p = A,.) satisfy

Adar() s ARC), (3.46)
Indeed, since w(f,-) is increasing, this last embedding holds if
Nyt —r d
(12 Gty 4)
sup

“EON (X () )

S

< 00 (3.47)

|~
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(cf. [HS93, Proposition 2.1(i)], see also [GNO10, Theorem 3.6(i)]), which is equivalent to (3.39) and

completes the proof of (iii).
Turning our attention towards (iv), we need to show that the target space A@.‘é?« in (3.38) and the

space Aég?q(') (that is, the target space in (3.38) with = Ayq and r = q) satisfy
Adgal) s ARC) (3.48)

Since w(f,-) is increasing, this last embedding holds, for ¢ < r, if

1

(2% (&)’ (J25" ()~ 4t)

sup T o~ su -
AEONT (207 gyt 4) " SO ([ (0 (1) )

(cf. [HS93, Proposition 2.1(1)], see also [GNO10, Theorem 3.6(i)]), which is equivalent to (3.39). In the
case 1 < g we obtained (3.45) when proving (ii), which gives the desired embedding. O

3=

< 00 (3.49)

3=

Remark 3.5. Let 0 < ¢ < 1,0 < p,r < o0, u € L,. Let o and N be admissible sequences, the latter
satisfying N, > 1. Put 7 = ¢ N~"/? and assume that s(N7~1) > 0 and Tj_l — 0 as j — oo.
Let A be an admissible function such that A(z) ~ A(N;) = o0 for z € [N}, N; 1], j € No. Let H(t) :=

%f )A(sil) s"/P t € (0,N;'), and suppose that H is differentiable with H'(t) # 0, t € (0, Ny ).
se(0,t
Furthermore, let Ay € £, be defined by

11 1
-1 : - n " d - n " —
Agr(t) == Ap(t) =177 ( inf A(s™%)s “’) (dtséf%ft)A(s bs /p> , te (0,Ny']. (3.50)
Then, (3.43) holds, with the usual modification since ¢ = oco. Now, proceeding as in the proof
of Corollary 3.4, conditions (3.39), (3.40) remain the same and the sharp embeddings with respect to
parameter p, when 0 < ¢ < 1, are obtained by taking r > ¢ and p := Ay (t) = Ar. Moreover, we obtain
the optimal embedding by putting » = ¢ and p := Agq = Aq.

In terms of the Triebel-Lizorkin spaces our results read as follows.

Theorem 3.6. Let 0 < p < o0, 0 < ¢q,7r < 00, u € L,.. Furthermore, let o and N be admissible
sequences, the latter satisfying Ny > 1. Put 7 = o N~"/? and assume that

s(NT™1H) >0 (3.51)
and
Tl el,. (3.52)
() If 0<p<r<ooandp<rifr=oco, then
FoN s AR (3.53)

if, and only if,

su_p Z/ (u(t) <kZM Tk_p,> ' < 0o. (3.54)

(with the usual modification if r = co and/or p' = 00).
(ii) If 0 <7 <p<oo, then

FoN — ALC) (3.55)

oo,
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if, and only if,

gl=

0o M N{l P N]\}l 0o /
S X[ wen g (/ ) <u<t>>“f>.<k;w k) < o (@50

S

M=0 \j=0"N;+1 M+1
and
0o 0o N'fl % N71
N At ., v . dt
SN[ T F] N (/ ) t)
M=0 \j=M N Narga

: . VA 1.1
(with the usual modification if p" = oc), where - =

_1
rE
Proof. The proof is a consequence of Proposition 2.12 and Theorem 3.2. O
Remark 3.7. (i) In particular, it turns out that for the F-spaces our results are independent of the
parameter q.

(ii) By (3.51) and (3.52), we always have

o, N -1
E7N o Lip. (3.58)

(iii) Regarding condition (3.54), similar observations as the ones in Remark 3.3 (iv)-(v) can be made
with ¢ replaced by p.

The counterpart of Corollary 3.4 in terms of the Triebel-Lizorkin spaces is as follows.

Corollary 3.8. Let 1 <p<o0,0<q,r <00, u € L. Let o and N be admissible sequences, the latter
satisfying Ny > 1. Put T = oN~"? and assume that

s(NT™H) >0 (3.59)
and
T le fp/.
Furthermore, let Ay, € L, be defined by
p/ t /d L/4’1
- -p L
Apr () 1= (A(t_l)t"/p> ( / (A(s‘l)s"/p) 5) . te(0,N7Y, (3.60)
0 S

where A is an admissible function such that A(z) ~ A(N;) = o; for z € [Nj, Njt1], j € No. We consider
the embedding
o,N .
Fo.N — A (3.61)
(i) If 1<p<r<ooandl <p<rifr=o0, then (3.61) holds if, and only if,
1
Mo NG
(Zj=0 N}

+1

)4’

sup < 00 (3.62)

M=>0 Nt
(S Owrlo) )

(with the usual modification if r = 00).

1
v
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(ii) If 0<r<p<ooandp > 1, then (3.61) holds if, and only if,

M N;I )" dt v/
0 Zj:o lell('u( N

Na! _rds
: o [ e < (.69
= M N]f _T L
2 (St el )
where £ =1 _1
u T P

(ii) Let r € [p,o0]. Among the embeddings in (3.61), that one with p = Ay, is sharp with respect to
the parameter (.
(iv) Among the embeddings in (3.61), that one with p1 = Ay, and v = p, i.e.,

EZN — Aypr©), (3.64)
s optimal.

Remark 3.9. Let 0 <p < 1,0 < q,r <00, u € L,. Let o and IN be admissible sequences, the latter
satisfying N; > 1. Put 7 = oN~"/? and assume that s(NT71) > 0 and 7'j_1 — 0 as j — oo.
Let A be an admissible function such that A(z) ~ A(N;) = o0 for z € [N}, N;41], j € No. Let H(t) :=

iﬁ)f )A(sil)s"/”, t € (0,Ny'), and suppose that H is differentiable with H'(t) # 0, t € (0, Ny ).
se(0,t

Furthermore, let A, € £, be defined by

1_q 1
1 T d T
R : —1\.n/p v —1\.n/p -1
Apr(t) ==t <8€12)f7t) A(s™)s ) ( p selﬁ)f:t)A(s )s > , te (0,Ny ] (3.65)

Then, conditions (3.62), (3.63) remain the same and the sharp embeddings with respect to parameter
i, when 0 < p < 1, are obtained by taking r > p and p := A (¢f). Moreover, we obtain the optimal
embedding by putting r = p and p := A,p.

4. APPLICATIONS

4.1. Continuity envelopes for Ag”qN . The concept of continuity envelopes has been introduced by
HAROSKE in [Har02] and TRIEBEL in [Tri01]. Here we quote the basic definitions and results concerning
continuity envelopes. We refer to [Har07, Tri01] for heuristics, motivations and details on this subject.

Definition 4.1. Let X — Cpg be some function space on R™.
(i) Let X : (0,00) — [0,00) be defined by

EX(t) == sup w(f,t)

. t>0. (4.1)
Ifixii<yt

The continuity envelope function of X is the class [EE] of functions f : (0,e] — [0,00), for
some € > 0, such that f(-) ~ EX(-) in (0,e]. For convenience, we do not distinguish between
representative and equivalence class. Therefore, any representative function of the class will be
called as well continuity envelope function and sometimes we also denote a particular representative
by EX ().

(i) Assume X o Lip'. Let e € (0,1), H(t) := —logEX (L), t € (0,¢], and let uy be the associated
Borel measure. The number uy, 0 < u, < oo, is defined as the infimum of all numbers v,
0 < v < o0, such that

13

(/(fggg(?)) MH(dﬂ)l/v <c|fIX|| (4.2)
0
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(with the usual modification if v = 00) holds for some ¢ >0 and all f € X. The couple

is called continuity envelope for the function space X.

Remark 4.2. (i) Note that the function £&, defined by (4.1), is equivalent to some monotonically de-
creasing function; for a proof and further properties we refer to [Har07]. Concerning Definition 4.1(ii) we
shall assume that we can choose a continuous representative in the equivalence class [Eé( ], for convenience
denoted again by £X.

(ii) Note that H(t) = —logEX (t) is a (finite) real increasing function on (0,¢], which tends to —oco
when ¢ goes to 0. There is only a Borel measure (i.e., a measure defined on the Borel sets) ppy in
(0,¢] such that pg([a,b]) = H(b) — H(a), for all [a,b] C (0,¢]. Its restriction to each such [a,b] is the
Stieltjes-Borel measure associated with H |[a’b].

In the important case when H happens to be continuously differentiable in (0, €], we have pg(dt) =
H’dt, and for the functions we want to integrate we can calculate the integrals as improper Riemann
integrals.

(iii) Furthermore, (4.2) holds with v = oo in any case, but — depending upon the underlying function
space X — there might be some smaller vy such that (4.2) is still satisfied (and therefore also for all
v € [vg,00]), cf. [Har07, Remark 6.2].

As it will be useful in the sequel, we recall some properties of the continuity envelopes.

Proposition 4.3. (i) Let X; — Cg, i = 1,2, be some function spaces on R™. Then X, — Xo implies
that there is some positive constant ¢ such that for all t > 0,

5(t) < e €(0).

(i) We have X — Lip' if, and only if, EX is bounded.
(iii) Let X; — Cg, i = 1,2, be some function spaces on R™ with X1 — Xs. Assume for their continuity
envelope functions
ES) ~ EX2(t),  te€(0,¢),
for some € > 0. Then we get for the corresponding indices Uy, @ = 1,2, that

Uy, < u Xy
Let A € {B, F}. Regarding the study of continuity envelopes in the context of the spaces of generalized

smoothness Ag”qN , of interest are those spaces with

N N .1
A7 — Cp but ApY 4~ Lip.

Taking into consideration Proposition 2.13, and Remarks 3.3 (ii) and 3.7 (ii), we shall be concerned with
the investigation of the continuity envelopes of the spaces AZ‘;’qN with

s(NT™H) >0 and Tl e by, (4.3)

where 7 = o N~"/? setting u = ¢ if A= B and u = p if A = F, respectively.

In particular, our results generalize those previously obtained in [MNP09, Proposition 3.2] and, if
additionally s(7) > 0, we recover results from [HMOS] regarding continuity envelopes. The new results
in this paper, regarding continuity envelopes, correspond to consider the situation when (4.3) is satisfied
and s(71) <0.

Proposition 4.4. Let 0 < p < 0o (p < 00 in the F-case), 0 < ¢ < 0o, o and N be admissible sequences,
the latter satisfying N, > 1. Assume further that (4.3) holds. Let A be any admissible function such that
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A(z) ~0j, z€[N;,Nj11], j € No, with equivalence constants independent of j, and let Ayoo defined in
(0, Ny '] be the optimal weights from Corollary 3.4 with r = oo, i.e.,

t ,u/ L
Auso (t) = (/ (A(y—l)y"/P) dy) if 1<u<oo, (4.4)
0 Yy
and
Moo () := sup (A(y™ ) "Ly™™P  if 0<u<l. (4.5)
y€(0,t)

Then, there exists € > 0 such that

g5 (1) ~ A%m te(0,¢], Y

where u=q if A= B and u=p if A= F, respectively.
Proof. Using Proposition 2.7 we observe that

1

w

M) ~ (Do) te NGNS, keN,. (4.7)
j=k

By Theorems 3.2(i) and 3.6(i), we have AZN — Aégfgo('), which implies for ¢ < min(N, ', 1),

sup S0 < rjam g

0<t<e Auoo(t) e
leading to
t - t
Considering only functions f € AZN with || f|AZ:N|| <1, taking the supremum yields

AT N Auoo (T
57 (1 s 2e=ll)

I F1ATN | for all ¢ € (0,¢].

p,q

for all ¢ € (0,¢],
giving the desired upper bound.
On the other hand, it is obvious that (4.2) holds for v = co and any X. This together with that fact

49N
that we only consider spaces AZ.N < Cp yields for ®(t) = tE ™ (t),

o,N P()
ATy = AL

which according to Theorem 3.2(i) and Theorem 3.6(i) holds only if

1
w’

o N —1 [e%¢) ,
sup sup <t€?”'q (t)) (Z T, " ) < 00.
] k=M

M=>0 te[NyL 1 Ny

Since ®(t) is monotonically increasing in ¢, using (4.7), we obtain
o, N -1
(Nl g8v (N )) < eOuo(NTE )™ forall M >0
M+1¢C M+1 = ClAuoo UV pr 41 2 U

A monotonicity argument finally gives the lower bound

ATN Agoo (T
£85 (1) 2 ut)

This completes the proof. O

t € (0,¢].
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Under the conditions of the previous theorem, if we additionally require s(7) > 0, then one can easily
verify that (4.6) is equivalent to [HMO8, eqs. (26), (27)]. Hence, in the previous theorem we recover
partially the results from [HMO8, Proposition 4.1] regarding continuity envelopes. In [HMOS§] it was
proved that in such a case the fine index of the continuity envelope is ¢ for B-spaces and p for F-spaces,
where the continuity envelope yields the optimal embedding.

Provided condition (4.8) (below) is satisfied, we have an instance of the phenomenon where the
continuity envelope does not yield the optimal embedding given by Theorem 3.2 and Corollary 3.4.
Similar observations were already made for Besov spaces of type B;(,i}q’) (which are covered by our
studies), we refer to [MNS11, Remark 3.4(iii)] for more details. A similar situation occurs as well for
Bessel-potential-type spaces in the limiting case, cf. [GNOO07, Theorem 4, Remark 5] and [GNO10,
Theorem 1.6, Corollary 1.7].

Theorem 4.5. Let 0 < p < oo ( p < 0o in the F-case), 0 < g < 0o, o and N be admissible sequences,
the latter satisfying N; > 1. Let u = q for B-spaces and uw = p for F-spaces, respectively. Assume that
(4.3) holds. Additionally, suppose that either

= 00, if u>1, (4.8)

or 7 = {7;}en, is monotonically non-decreasing and satisfies

v

hm TM ZT =00, for wvE [u,0), if 0<u<l. (4.9)

Then

o Auco(t)
e (AZM]]V) S < t 7OO>7
where \yoo 1s defined by (4.4) or by (4.5).

Proof. By virtue of Proposition 4.4, it only remains to prove that Upe.N = 00 and Upe.N = OO. Fur-
thermore, taking into account Propositions 2.12, 4.4 and Proposition 4 3, it is sufficient, to prove that
assertion for the Besov space case.
BG,N
Step 1: Let 1 < ¢ < co. By Proposition 4.4, take £- ™7 (t) := )‘q%(t), t € (0,¢], for some small € > 0.
Assume that for some v € [g, 00) there is a positive constant ¢(v) such that

1
v v

[ 2L v | <ew s8N (4.10)
o \teB ()

o, N
holds for all f € BY ;IN , where fi, is the Borel measure associated with —log 5(]:3 »4 in (0,¢]. Since

o, N
5?"“1 (+) is continuously differentiable in (0,¢] (see [CF06, Lemma 2.5] for a similar assertion), the
integral on the left hand side of (4.10) can be calculated as the improper Riemann integral

Bo’N

/E “’(f’,f) < 5CP:) " at. (4.11)
0o \tedi () 57 (1)
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By the definition of Ao (t), we have

_W_l ;L (A(t—l)tn/p)*q/

- = for te€(0,¢)
o, N Y ) )
e T\ Ty (AsTs )T
and from (4.8) it follows that there is 6 > 0 such that
Bo N !
(&) o
AW~ 0<t<S (4.12)

N0
Since fol in (2.15) can be replaced by [ and BZN — Cp, we see that (4.10) is equivalent to
BN — A0, (4.13)
for v € [q,00). Theorem 3.2 provides necessary conditions for this embedding. But (4.8) implies that

’ _”/‘1'
M oo -
> k=0 (Zj:k Tj q)
sup =00 (4.14)

M>0 o g\ TV
(T3 )
because, using I’'Hopital’s rule (since the numerator and the denominator tend to co),

1 _ ~v/dq’
N, t —1\y¢n/p) "9 ds dt @ —1yn/p) "7 ds
m fa: 0 <f0 (A(S )S p) s) t ~ lim f() (A(S 1)8 /p) ! CL‘ —

1 —v/q’ Py — " Y
o (fogﬁ (A(sfl)s”/p)_q/%ﬁ : O (A han/r)

which contradicts (3.11). Therefore, we have no embedding (4.13) and there is no v € [¢,00) such that
(4.10) holds. Hence, ugo.n = 00.

If ¢ = oo, we assume that there is v € (0, 00) such that (4.10) holds for all f € BN, Proceeding as
before, (4.14) would contradict (3.13). Thus, we also have in this situation that ugzo.~ = c0.

Step 2: Let 0 < ¢ < 1. Recall that, by Propositions 4.4 and 2.4 and the monotonicity of 7, we have
o, N Agoo(t 1 _ _
Ef"‘q (t) = =22 ® == sup (A(s™H)"tsTP ~ N, sup 7; L= Npr (4.15)
t L seo,t) >k

fort € [N,;rl17 N, Y, k € Ng. We remark that, due to the hypothesis (4.3),

s(T7'N) >0,
implies the existence of a natural number ky and a positive constant ¢; such that
1
T, N‘ k
log ) > ek jeNy, k> ko (4.16)
Tj Nj

As in Step 1, let us assume that for some v € g, 00) there is a positive constant ¢(v) such that

v v

[ 2L an | <t 151871 (417)
o \ &8 (1)
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holds for all f € BZ:N(R"). Let d € N such that Nd_,% < ¢ be fixed. Let b = (b)) en € ¢, be a sequence
of non-negative numbers and let f? be the corresponding function according to (3.3). Using (4.17), (3.4),

(3.5), (4.15), and (4.16), as well as the admissibility of N and 7, we obtain

v

Naig w(fl,t
ez ([ (A et
o \eel

v

v 1

e J_ko w b
- AZD

<]+1)k0 t SC P (t)

&=

o _
Jko) 1 -1 -1
R Z BIN Hoo N 1y Nk
j=d Jko EC ’ (N(g+1)k0)
o o v N 1
_ ) (G+Dko T(j+1)k
R Z Njko D berit | NG iy, a1, 108 (Nlo
j=d t=3jko dkoTjkq
P erko Z b, ! .
j=d L=jko
For fixed m € N with m > d, we get from (4.18),
N
ot 2 3 | 3 oo

t=3ko

m 00 v
-1
( Z bz Te )
K:mkg

e |=

Vv
flyg
?e

l=mko =
Then, choosing
1, for £ =mko,
bg =
0, for ¢+# mko

we arrive at

<l

P mko Z ko , for any m > d.

Note that, since 7 is an admissible sequence, it holds
Te S Tk forall ¢€{0,---,dko},

and
Tskot+t S Tsko forall seNy, £€{0,---,dko},

(4.18)

(4.19)

(4.20)

(4.21)
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with equivalence constants being independent of s and ¢ (depend only on 7, d and kg). By (4.20) and
(4.21), we have

kom dko—1 m—1ko(£+1) m
ZT}’ = Z T+ Z Z < ZTE()z, forall meN with m>d. (4.22)
§=0 j=0 t=d t=kot t=d
The hypothesis (4.9) implies, in particular, that
kom %
A T | 27| =
§=0

which, due to (4.22), yields

lim 7',;01” (Z ch’oe) = 00,
but this contradicts (4.19). Therefore, there is no v € [g, 00) such that (4.17) holds and hence u po.~ ) =
00.

4.2. Approximation numbers for A;’qN . As an immediate consequence of our results for continuity
envelopes, we obtain an upper estimate for approximation numbers.
The following result can be found in [CHO3].

Proposition 4.6. Let X be some Banach space of functions defined on the unit ball U in R™ with
X(U) — C(U), where C(U) is the space of bounded continuous functions defined on U. Then there is
some ¢ > 0 such that for all k € N
ap(id: X(U) — C(U)) < ck™ Y™ X (k™™), (4.23)
where the k-th approximation number ay, of id : X (U) — C(U) is defined by
ap(id : X(U) — C(U)) :==mf {|lid = L|| : L € L(X(U),C(U)), rankL < k},
with rankL as the dimension of the range of L.

We return to the function spaces studied above. Note that there cannot be a compact embedding
between spaces on R™; the counterpart for spaces Ag”qN (R™) follows immediately from the well-known
fact for spaces A5 (R") and A € {B,F}. Let U be the unit ball in R™; we deal with spaces AZ:N (U)
now defined by restriction from their R™-counterparts. One immediately verifies that Theorem 4.5 can
be transferred to spaces on domains without any difficulty, i.e., we have for the local continuity envelopes
€ (A7 (U)) = & (A7 N (R)).

In the following theorem we give upper and lower bounds for approximation numbers of the embedding
of the spaces AZ:N(U), where N = (27)en,, into C(U).

When N = (27)en,, we denote the spaces AT N by A7 .

Theorem 4.7. Let 2 < p < 00,0 < q <00, N = (2j)jeN(), and o be an admissible sequence. Put
T=0N""? and let u = q for B-spaces and u = p for F-spaces, respectively. Assume that
T el and 5(7) < min{1, s(7) + 1}. (4.24)

Then there are positive numbers cq, co such that, for all k € N,

1
7

ant < a(id: A7, (U) — CU) < e (D7 (4.25)
7=l
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(with the usual modification if u' = co0), where | € Ny is such that
k= e 27D 9=l (4.26)

Proof. Step 1: We start establishing the results for B-spaces. Note that for the upper estimate we only
need (4.3), which is verified if (4.24) is satisfied. The restrictions p > 2 and 5(7) < min{1, s(7)+ 1} are
due to the lower estimate.

By our initial assumption (4.26) we have k=Y ~ 27! Since 77! € 4y, by Proposition 2.13,
B (U) < C(U). Moreover, as s(N7~') > 0, combining (4.23) with Propositions 4.4 and 2.7 im-
mediately leads to the upper estimates. The difficulty with 0 < p,q <1, when the spaces By q(U) are
not Banach spaces and hence Proposition 4.6 cannot be applied directly, can easily be surmounted by
a continuous embedding argument, By~ <— B:,ri’ where p < 1 <1, 05 = Tj2j”( %), J € Np, and
G = max(q,1), cf. Proposition 2.11. The rest follows in view of the multiplicativity of approximation
numbers.

It remains to verify the lower bound. We proceed similar as in [HMO04, Proposition 4.4] and make
use of the special lift property, cf. [FL0O6, Theorem 3.1.9], together with related results for the classical
spaces when o = (0;)jen, = (27);en,. Note that =1 € £, implies (1) > 0 (cf. Remark 3.3 (i)). Let
w € (3(7),min{1, s(7) + 1}), define

1_
P

K= (:u/j)jENo = (Tj_12j#)j€No7
and let o denote the sequence with all terms equal to 1, i.e., Bgc[too = B, .- Then we have
B2, (U) — C(U) = BZ, ,,(U) = B (V). (4.27)

In order for the last embedding in (4.27) to hold we have to assume that pu~! € £, cf. Proposition 2.11.
But this is true since

s(p) > s(m71) +p=—3(1) + >0, (4.28)
implying p~! € £, for any u € (0, 00]. By the multiplicativity of approximation numbers,
asi (id . BS (U) — Bgoj;(U)) < a (id: B, (U) — C(U)) a (id L OU) — Bgoj;(U)> .
It is thus sufficient to show that
ann (id . B (U) — ng;(U)) > k4, (4.29)
for 2 < p < o0, and
a, (id . OU) — Bgoj;o(U)) < ook, (4.30)

in order to verify the estimate from below. In view of [FL06, Theorem 3.1.9] we can simplify (4.29) by
dak (id : By, (U) — B (U )) ~ g (id : B&"(U) — ngy;‘ﬁ(U))
= ax (d: BRP(U) — B () > erh™F,

the rest being a consequence of the well-known result [ET96, Theorem 3.3.4, p.119], see also [Har07,
p-202]. Note that [FL06, Theorem 3.1.9] works on R™ originally, but due to [Lop09, Theorem 5.3.15],
there is a linear extension operator, such that by usual extension-restriction procedures we can apply it
to our situation, too. Concerning (4.30), C(U) — Bg:’oo(U) leads to

a, (id . OU) — Bgof;o(U)) < cay (id . BL (U) — Bgof;o(U)) .
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Another application of [FL06, Theorem 3.1.9], C(U) — Bg:oo(U), (4.23), Proposition 4.4 with u = oo
(note that s(p) > 0 by (4.28) and s(Np~1!) > 0) provide
ai (id: BL oo (U) — Bl (1)) <1 ap (id: Bl (U) — BZL o (0))
S Co Qf <1d : Bgopo(U) — C(U))
)
~ ZQ—Q*W ~ 27l
j=l
~ kTn. (4.31)

This yields (4.30) and finishes the proof for B-spaces.
Step 2: Concerning the results for F-spaces, we assume 7! € £,. Let 0 < p; < p and define

3=

<oy kR ED (1

o = Nn(ﬁ_%)o: Then /
Bg],p(U) s F;:q(U) — C(U)
and hence

ap(id: BY (U) — C(U)) S a(id: FZ,(U) — C(U)).

P1,p
Since 7/ = o/ N #1 = Nn(ﬁii)aNfﬁ = 7, using the results obtained in Step 1, we get
ap(id: FZ,(U) = CU)) z " (4.32)

1

On the other hand, let p < ps < co and define o” = Nn(é_g)o: Then F7 (U) — B;g:p(U). Since

o~ !N% €/l and (¢") !N = NP o INT = o~ INF, it holds Bg' (U) = C(U). And for
the approximation numbers we get

1 1
7 7
o] P P

ap(id: F2 (U) — OU)) Sax(id: BZ (U) = C(U)) < Z(T;/)*”' = (Y7 . @33
j=l

J=l

since 7/ = ¢/ N~ 72 = ¢ N~ 7 = 7 in the last step. Now (4.32) and (4.33) yield the desired lower and
upper estimates, respectively. This finally completes the proof. O

Remark 4.8. (i) The loss of sharpness of our applied tools is not very surprising, see [Har01l, 6.4].
However, if 0 < v < 1, thus v’ = oo, then assuming that 7 = {7;};en, is monotonically non-decreasing
leads to
-1 _ -1
sup T, =T,
J=l,...;00
showing the sharpness of the estimates in (4.25).

(il) If & = (277 ¥(277))jen,, ¥ a slowly varying function, and N = (27);en,, we recover the spaces
AP where A € {B,F}, studied in [MNS11]. In terms of these spaces our results now read as
follows. Let 2 < p < oo (with p < co in the F-case), 0 < ¢ < 0o. Assume ((\Il(2fj))’1)jeN € s, where
u=qif A= B and u=p if A = F, respectively. Then there are positive numbers ¢, ¢y such that, for

all k e N,

1
u’

e (kYT < ai(id : AQ/P(U) — C(U)) < e i (w29~ (4.34)
=1

(usual modification if u' = c0). In particular, this result improves [MNP09, Proposition 3.8].
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(iii) Note that the restriction p > 2 is due to the lower estimates, similarly to [HMO04, Proposition 4.4],
where it was proved that

azk (id . BEY(U) — C(U)) ~ETEPR(R(RR)Y, keN, (4.35)

assuming that 2 < p < 00, 0 < ¢ < 00, s € R with % <s< % + 1, and ¥ a slowly varying function.

Concerning estimates of approximation numbers for spaces BI(,,SJZW) (U) in the super-limiting case when

s =% + 1 we refer to [CHO5, Proposition 4.9].

(iv) Regarding estimates for approximation numbers of embeddings of the spaces A;bN (U) into C(U),
with general admissible sequences IN, satisfying N; > 1, one can make use of the previous theorem and
the standardization procedure [CL06, Theorem 1], that is,

By N (U) = By, (U)

p,q

where for all j € Ny,
ﬁj = Ok(j)> with k(j) = min{k €Ng: 21—t < Nk+ln}v

with [y satisfying (2.9).
(v) In view of what has been done in [HMO04, Corollary 4.9] one can even expect that our results on
approximation numbers yield rough estimates for entropy numbers. But this will be done elsewhere.
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