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Abstract: The neutral axis depth is considered the best parameter for quantifying the
moment redistribution in continuous concrete beams, as exemplified in various design
codes worldwide. It is therefore important to well understand the variation of neutral
axis depth against moment redistribution. This paper describes a theoretical
investigation into the neutral axis depth and moment redistribution in concrete beams
reinforced with fibre reinforced polymer (FRP) and steel bars. A finite element model
has been developed. The model predictions are in favourable agreement with
experimental results. Three types of reinforcement are considered, namely, glass fibre,
carbon fibre and steel. Various levels of reinforcement ratio are used for a parametric
evaluation. The results indicate that FRP reinforced concrete continuous beams
exhibit significantly different response characteristics regarding the moment
redistribution and variation of neutral axis depth from those of steel reinforced ones.
In addition, it is found that the code recommendations are generally unsafe for
calculating the permissible moment redistribution in FRP reinforced concrete beams,
but the neglect of redistribution in such beams may be overconservative.
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1. Introduction

The bending moments in a continuous beam would be redistributed when any of
the constituent materials enters into its inelastic range. The ability of a continuous
reinforced concrete beam to redistribute moments is highly dependent on the
rotational capacity of critical sections [1,2]. In accordance with various codes-adopted
worldwide, a linear analysis with permissible redistribution of moments can be used
by designers to exploit the ductility of reinforced concrete elements. In general, for
practical purposes, very few parameters can be considered in code equations for
calculating the amount of moment redistribution. The neutral axis depth is the most
common parameter adopted in design codes worldwide (e.g., the Canadian [3],
European [4] and British [5] codes), since this parameter can well reflect the plastic
rotation capacity of a reinforced concrete section. Therefore, a good understanding of
the variation of neutral axis depth against moment redistribution is essential for
rational design of continuous reinforced concrete beams.

The employment of fibre reinforced polymer (FRP) for reinforcing concrete
elements has become popular owing to its attractive advantages such as high strength,
excellent corrosion resistance and low weight [6]. In comparison with conventional
steel reinforcement, FRP reinforcement has generally a lower axial stiffness, hence
causing larger member deformations. In addition, differently from steel reinforcement
with obvious ductile characteristics, FRP reinforcement displays linear-elastic
behaviour up to its rupture without yielding, hence giving rise to concerns about the

rotational and moment redistribution capacities of FRP reinforced concrete members.



Over past years, extensive theoretical and experimental research has been performed
to examine the behaviour of simply-supported FRP reinforced concrete members, in
particular, the deflection behaviour and flexural ductility [7-11]. Some researchers
have devoted their works to continuous FRP reinforced concrete members. References
[12] and [13] presented a set of experimental investigations on flexural behaviour of
continuous concrete beams reinforced with GFRP and CFRP bars. El-Mogy et al. [14]
tested four two-span continuous specimens, including two GFRP, one CFRP and one
steel reinforced concrete beams. Santos et al. [15] conducted an experimental and
numerical study of ductility and moment redistribution in continuous GFRP
reinforced concrete T-shaped beams. Kara and Ashour [16] assessed redistribution of
moments in FRP reinforced concrete:beams by comparing the actual moments at
ultimate with the corresponding elastic values. More recently, Mahroug et al. [17,18]
reported test results of a series of BFRP and CFRP reinforced concrete continuous
slabs.

The above literature review indicates that only few contributions are currently
available for understanding the behaviour of continuous concrete members reinforced
with ERP bars. In particular, the behaviour regarding the moment redistribution and
variation of neutral axis depth has not yet been fully understood. This paper presents a
numerical investigation on the moment redistribution, as well as the variation of the
neutral axis depth, in two-span continuous FRP and steel reinforced concrete beams.
Various reinforcement ratios are used. The results of FRP reinforced concrete beams

are compared with those of steel ones. A comparative study is also performed on



several design codes where the neutral axis depth is adopted in the calculation of the

permissible moment redistribution.

2. Nonlinear model
2.1. Material models

The stress-strain relationship for concrete in uniaxial compression is modelled
using a curve recommended in Eurocode 2 [4], as shown in Fig. 1(a); the curve
equation is expressed as follows:
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where n=¢ /¢,; o0, and & are the concrete stress and strain, respectively;
fo.=Ff.+8,in MPa; f, is the concrete cylinder compressive strength, in MPa;
£.,(%0)=0.7f>"; k=1.05E¢€,/ [, ;and E.=22(f, /10)**, in GPa. The concrete
is assumed to be crushed when its strain reaches the specified ultimate compressive
strain. In order to facilitate the numerical modelling, the present analysis assumes that
the concrete in compression is linear elastic at initial loading until the elastic stress
and strain meet the curve equation indicated by Eq. (1). The concrete in tension is
assumed to be linear elastic prior to cracking, followed by linear tension-stiffening
behaviour as shown in Fig. 1(b).

The FRP reinforcement is linear elastic up to rupture as shown in Fig. 1(c). The
stress-strain behaviour for steel reinforcement in both tension and compression is

simulated using a bilinear elastic-hardening law as shown in Fig. 1(d); the modulus

for the strain-hardening portion is taken as 1.5% of the steel modulus of elasticity.



2.2. Numerical method

The present study is carried out by using a numerical method which has been
developed to simulate the inelastic response of continuous reinforced concrete beams
over the complete loading process up to failure [19]. The analysis assumes that a
plane section remains plane after deformations, that the reinforcement perfectly bonds
with the surrounding concrete and that the geometric nonlinearity is negligible. It
should be noted that bond of FRP reinforcement is less effective than that of
traditional steel reinforcement. The bond-slip effect for FRP reinforcement may have
some influence on the ultimate load and rotation capacity. A more accurate analysis of
FRP-reinforced beams should be based on a reasonable bond-slip law for FRP
reinforcement [20,21]. For the present study, however, the approximation of perfect
bond between FRP reinforcement and concrete is acceptable, since the development
of both the neutral axis depth-and moment redistribution for FRP-reinforced concrete
beams tends to stabilize after reaching a level far below the ultimate load and rotation
capacity, as will-be indicated later. The proposed numerical method is based on the
moment versus curvature relationship pre-generated through the analysis of cross
sections. For establishing the moment-curvature relationship of a cross section, the
section is divided into concrete and reinforcement layers to include different material
properties across the depth of the section. The complete moment-curvature
relationship is generated by incrementally varying the prescribed curvature starting
from zero and by considering strain compatibility and force equilibriums. The failure

of the section is assumed to take place when the compressive concrete or tensile



reinforcement attains its ultimate strain. The typical moment-curvature diagrams for
FRP and steel reinforced concrete sections are shown schematically in Fig. 2(a) and
(b), respectively. Over the entire loading range, the diagram for the FRP reinforced
concrete section consists of two branches with transition due to concrete cracking,
while the diagram for the steel reinforced concrete section is composed . of three
different portions with two turning points caused by concrete cracking and steel
yielding, respectively. In the case of unloading, the analysis assumes that the moment
decreases linearly with the curvature, with a slope equal to the elastic bending
stiffness, as shown in Fig. 2.

The finite element (FE) method is developed utilizing the Timoshenko beam
theory, which assumes that a plane section, normal to the centroidal axis before
bending, remains plane but is no longer normal to the centroidal axis after bending
due to the effects of shear deformations. The beam is divided into a number of
two-node beam elements. Each node has two degrees of freedom: transverse
displacement‘w and rotation 6. The transverse displacement and rotation within each
element are approximated by linear interpolation. The element nodal displacement
vector can be written as u’ = {wy, 01, wa, 6,}", and denote by P the nodal load vector
corresponding to u‘. By applying the principle of virtual work, the following
equilibrium equations can be determined for a single element [19]:

P =(K;+K)u (2)
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where K, represents the bending stiffness matrix and K represents the shear
stiffness matrix, evaluated using the one-point Gauss quadrature rule; EI is the
bending stiffness which is obtained from the pre-generated moment-curvature
relationship; GA is the shear stiffness; & is the shear correction factor, taken as 1.2 for
a rectangular section; [ is the length of the beam element.

The structure equilibrium equations are assembled in the global coordinate system
from the contributions of all the elements. A load or displacement control incremental
method in combination with: the Newton-Raphson iterative scheme is employed to
solve the nonlinear equilibrium equations. The iterative scheme for each increment
can be summarized as follows: (1) form the element stiffness matrices and assemble
them into the total stiffness matrix for the structure; (2) solve equilibrium equations
for current displacement increments, and add these increments to the previous nodal
displacements to obtain the current nodal displacements; (3) determine the element
curvature and shear strain using the strain-displacement equations in the local
coordinate system; (4) determine the bending moment and update the bending
stiffness based on the pre-generated moment-curvature relationship, and compute the

shear force from the shear strain; (5) determine the element end forces and then



assemble them into the internal resisting forces; (6) determine the unbalanced loads,
and repeat the above steps until convergence is achieved. During the solution process,
when one of the elements reaches its ultimate curvature capacity, the beam fails and
the analysis is therefore finished. More details about the numerical procedure of the
proposed analysis can be seen in Lou et al. [19].
2.3. Comparison with experimental results

In order to validate the proposed nonlinear model, five of the continuous
reinforced concrete beams tested in Coimbra have been analysed. These beams were
V1-0.7, V1-1.4, V1-2.9, V1-3.8 and V1-5.0. All the beams had a rectangular section
(120220 mm) and the same length of 6.0 m, with two equal spans to which two
concentrated loads were applied. The main variable for the beams was the tensile
reinforcement area over the centre support region: 157 (V1-0.7), 314 (V1-1.4), 628
(V1-2.9), 804 (V1-3.8) and 1030 mm? (V1-5.0). More details about the specimens can
be found elsewhere [22,23]. Fig. 3 shows a comparison between the computational
and experimental results regarding the development of centre and end support
reactions with'the applied load for the test beams. It can be observed that the proposed
analysis reproduces the experimental results very well throughout the loading process

up to failure.

3. Numerical study
A two-span continuous reinforced concrete rectangular beam, as shown Fig. 4, is

used for the present investigation. Each span is subjected to a concentrated load at



midspan. Three types of reinforcement are selected, namely, GFRP, CFRP and steel
reinforcement. The ultimate strength, ultimate strain and elastic modulus for GFRP
are 620 MPa, 1.49% and 41.6 GPa, respectively; those for CFRP are 1450 MPa, 1.09%
and 133 GPa, respectively; the yield strength and elastic modulus for steel are 530
MPa and 200 GPa, respectively. The amounts of reinforcement are as follows: A5 =
1000-5000 mm* (p., = 0.61%-3.03%); A,/An (or p.,/p.,) = 2/3; Az = 600 mm’
(p,; =0.36%), where A1 (p,,), A (p,,) and A3 ( p,,) are the tensile reinforcement
areas (ratios) over the positive and negative moment regions and the compressive
reinforcement area (ratio), respectively. The concrete strength f; is 60 MPa.
3.1. Neutral axis depth

Fig. 5 illustrates the development of neutral axis depths at the midspan and centre
support with the applied load for the beams with different types of reinforcement ( p,,
= 1.82%). The position of the neutral axis at a section prior to cracking remains
unchanged, locating at the centroidal axis of the transformed section (the
reinforcement area is transformed into the equivalent area of concrete). Since the
amount of tensile reinforcement at midspan is higher than that at the centre support,
the initial neutral axis depth at midspan is higher than that at the centre support. In
addition, depending on the level of the modulus of elasticity, GFRP reinforcement
develops the lowest initial neutral axis depth at midspan or centre support, while steel
reinforcement registers the highest one. After a section is loaded to be cracked, the
neutral axis depth at the section decreases rapidly at first and tends to stabilize with

the stabilization of the crack evolution. For FRP reinforcement, the stabilizing



behaviour continues up to the ultimate failure of the beams. For steel reinforcement,
on the other hand, the yielding of tensile steel in the section leads to a quick decrease
in the neutral axis depth. This phenomenon is particularly obvious for the midspan
section, attributed to that this section is heavily reinforced and also to that this section
yields behind the centre support section.

The neutral axis depth versus curvature behaviour for the beams is shown in Fig. 6.
Before cracking, the neutral axis does not move and the variation of the curvature is
negligible. After cracking, the movement of the neutral axis with increasing curvature
is very fast in the beginning and gradually slows down. For steel reinforcement, a
quick movement resumes after yielding of the reinforcement. The movement of the
neutral axis depth for different types of reinforcement depends on the elastic modulus
and ductile characteristic of the reinforcement. When compared to FRP reinforcement,
steel reinforcement mobilizes a slower movement of the neutral axis depth before
steel yielding but registers a much faster variation after steel yielding.

Fig. 7 shows the variation of the normalized neutral axis depth, c,/d (c, is the
neutral axis depth at ultimate and d is the effective depth of a section), with the
reinforcement ratio for midspan and centre support sections of FRP and steel
reinforced concrete beams. It is seen that, for a given type of reinforcement, the value
of c,/d increases with the increase of the reinforcement ratio. Also, the midspan
section registers higher value of c,/d than the centre support section, while the
difference between the c,/d values for the midspan and centre support tends to enlarge

as the reinforcement ratio increases, particularly notable for steel reinforcement. Due



to higher axial stiffness, CFRP reinforcement mobilizes higher value of ¢,/d for a
critical section when compared to GFRP reinforcement, particularly at a high
reinforcement ratio. At the lowest reinforcement ratio of 0.61%, the difference
between the c,/d values for steel and GFRP reinforcement is insignificant while steel
reinforcement mobilizes obviously lower value of c,/d than CFRP reinforcement. As
the reinforcement ratio increases, the increase in neutral axis depth for steel
reinforcement tends to be faster than that for FRP reinforcement, especially at the
midspan section.
3.2. Moment redistribution

Fig. 8(a), (b) and (c) show the development of applied moments at midspan M,
and centre support M,, as well as the evolution of the moment ratio M;,/M,, for
GFRP, CFRP and steel reinforced concrete beams ( p,, = 1.82%), respectively. The
applied moment shown in the graphs is contributed by the applied load, not including
the moment due to'self-weight of the beam. The elastic moment ratio (Mo/Mp1)ela,
which is calculated assuming the materials are linear elastic and therefore remains
constant during the loading process, is also displayed in the graphs. The values of
(My2/Mi)e1n for GFRP, CFRP and steel reinforced concrete beams are 1.17, 1.15 and
1.14, respectively. The slight difference between the values is attributed to the
different moduli of elasticity for different types of reinforcement. It can be observed
in the graphs that, at initial loading, the moments increase linearly with the applied
load and, accordingly, the actual moment ratio is equal to the elastic one, indicating

that there is no moment redistribution in this elastic stage. When a first crack appears
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at the centre support, the moments begin to be redistributed from the centre support
towards the midspan, resulting in a faster growth of the midspan moment and
correspondingly a slower growth of the centre support moment. As a consequence, the
actual moment ratio begins to diminish. After stabilizing of the crack evolution, the
development of moments and the value of the moment ratio also stabilize. For FRP
reinforcement this phenomenon lasts up to the ultimate failure, as illustrated in Fig.
8(a) and (b). For steel reinforcement, on the other hand, the yielding of the centre
support reinforcement causes an accentuation of moment redistribution away from the
centre support. As a result, the centre support moment grows much slower while the
midspan moment increases much quicker, leading to-a quick decrease in the moment
ratio, as can be seen in Fig. 8(c).

The redistribution of moments may be quantified by: f=1-(M /M), where f
is the degree of moment redistribution; M and M, are the actual and elastic moments
at a certain load level, respectively. Fig. 9 demonstrates the variation of the degree of
moment redistribution with the applied load for the beams with different types of
reinforcement. For FRP reinforcement, the entire response consists of three different
stages with two turning points corresponding to the onset of cracking (at the centre
support) and the stabilization of crack development, respectively. In the first stage, the
moment redistribution does not yet take place and, therefore, the degree of moment
redistribution is equal to zero; in the second stage, the redistribution of moments
(positive at the centre support but negative at midspan) quickly increases, with almost

a linear manner with the applied load; in the third stage, the degree of moment



redistribution tends to stabilize. For steel reinforcement, on the other hand, the steel
yielding (at the centre support) leads to an additional stage, in which the degree of
moment redistribution increases very quickly.

Fig. 10 shows the variation of the degree of moment redistribution at ultimate, /4, ,
with the reinforcement ratio. It is seen that the value of /3, tends to decrease with the
increase of the reinforcement ratio, except at low ratios of GFRP reinforcement ( p ,
< 1.21%). At a given reinforcement ratio, GFRP reinforcement generally mobilizes
higher redistribution at ultimate than CFRP reinforcement, particularly at high
reinforcement ratio levels. Steel reinforcement. develops significantly higher
redistribution at ultimate than FRP reinforcement, particularly at low reinforcement
ratio levels. It should be noted that the contribution of FRP reinforcement to moment
redistribution is highly dependent on the structural typology. The moment
redistribution behaviour of other typologies of members may be quite different from
that of reinforced concrete beams as examined in this study. For example, in

externally post-tensioned members, the moment redistribution by FRP tendons can be

considerable and comparable to that by steel tendons [24,25].

4. Evaluation of design codes
4.1. Relationship between moment redistribution and neutral axis depth according to
code recommendations

In many codes of practice, the moment at a critical section can be calculated by

elastic theory with allowable redistribution of moments. Most of the design codes



adopt the normalized neutral axis depth c,/d to calculate the degree of moment
redistribution, including the Canadian [3], European [4] and British [5] codes.
(1) Canadian code
According to the recommendation by Canadian Standards Association [3], the
negative moments at supports obtained by an elastic analysis can be increased or
reduced by at most (30-50c,/d) percent, with a maximum of 20%.
B, <3B0-50c,/d)% <20% 4)
(2) European code
In Europe, Eurocode 2 [4] indicates that a linear elastic analysis with limited
moment redistribution may be applicable, without explicit verification of the rotation
capacity, to continuous beams or slabs which are predominantly under flexure and
have a ratio of the lengths of adjacent spans ranging between 0.5 and 2. The
redistribution of momentsis determined by
B, < A-1.25[0.6+(0.0014/ &),/ d 5)
where A is a coefficient depending on the concrete strength; the value of 4 is 0.56
for normal-strength concrete and 0.46 for high-strength concrete. The maximum
redistribution is 30% for high and normal-ductility steel and 20% for low-ductility
steel. In this study, the maximum redistribution for FRP reinforcement is considered
to be 20%.
(3) British code
The British standard [5] indicates that the redistribution of the moments calculated

by an elastic analysis may be carried out provided that the neutral axis depth ¢, of the



cross section, where the design ultimate moment is to be reduced, is not higher than
(0-0.4)d, where ¢ is the ratio of the moment at the section after redistribution to the
moment calculated in terms of the theory of elasticity and the minimum of ¢ is 70%.
Accordingly, the degree of moment redistribution is calculated by
B, <(60-100c, / d)% <30% (6)

4.2. Comparison between numerical and code predictions

Fig. 11 shows the f,-c,/d relationships predicted by the FE analysis for the centre
support section of FRP and steel reinforced concrete beams as well as the
relationships in terms of various codes. It is seen that, according to the numerical
analysis, the S, value decreases as c,/d increases, except for the GFRP reinforced
concrete beam with c,/d not greater than 0.17. The decrease in the f, value with
increasing c,/d for steel reinforcement is faster than those for GFRP and CFRP
reinforcement, which are almost at the same rate. Also, for the FRP reinforced
concrete beams where c,/d is greater than 0.17, there is an approximately linear
relationship between the degree of moment redistribution and the neutral axis depth at
ultimate, regardless of the type of FRP reinforcement. At a given level of ¢,/d, the £,
value for steel reinforcement is much higher than that for FRP reinforcement,
especially at a low ¢,/d ratio.

Comparing the f,-c,/d curves by numerical and code predictions, it is observed
that the British code is nonconservative for all the analysed beams. The Canadian
code is conservative for steel reinforcement but nonconservative for FRP

reinforcement. For steel reinforcement, the European code is generally conservative



but may be overconservative at high values of c,/d; for FRP reinforcement, the
European code is conservative at high values of c,/d but nonconservative at low
values of ¢,/d.

Fig. 12(a), (b) and (c) display a comparison of the £, values obtained by various
codes with the results computed by the FE analysis for the GFRP, CFRP and steel
reinforced concrete beams, respectively. As far as the variation of f, with the
reinforcement ratio is concerned, all the codes can satisfactorily reflect the actual
trend predicted by the numerical analysis, although the European and British codes
exhibit a sharper slope. For GFRP reinforcement, -all the codes are nonconservative
over the whole range of reinforcement ratio, especially for the British code. For CFRP
reinforcement, the Canadian and British codes are nonconservative; the European
code is nonconservative for-p,, lower than about 1.14% but may be
overconservative at a high level of reinforcement ratio. For steel reinforcement, the
Canadian and European codes are conservative while the British code is
nonconservative.

Fig. 13(a), (b) and (c) illustrate the influence of the type of reinforcement on the
degree ‘of moment redistribution according to the predictions by the Canadian,
European and British codes, respectively. The results obtained by the FE analysis are
also included in the graphs for comparison purposes. It is seen that, according to the
code predictions, at a given reinforcement ratio GFRP reinforcement generally
mobilizes higher redistribution at ultimate than steel reinforcement. However, this is

incorrect because, based on the predictions by the FE analysis, the redistribution for



GFRP reinforcement is significantly lower than that for steel reinforcement. It can
also be observed that the codes substantially underestimate the actual difference
between the degrees of redistribution for CFRP and steel reinforcement. Therefore,
the current rules related to moment redistribution, which were initially proposed for
steel reinforcement, cannot be simply applied to FRP reinforcement. The: current
codes are generally unsafe in predicting the redistribution of moment at ultimate in
FRP reinforced concrete beams. On the other hand, it may be overconservative if the
redistribution of moments in these beams is neglected. For the FRP reinforced
concrete beams used in this study, the degrees of redistribution are between a
minimum of 8.07% and a maximum of 12.46%. The fit curve equation illustrated in
Fig. 11 may be used for calculating the degree of redistribution in FRP reinforced

concrete beams.

5. Conclusions
Based on'a numerical study conducted on two-span continuous FRP and steel

reinforced concrete beams, the following conclusions regarding the neutral axis depth

and moment redistribution can be drawn:

(1) For steel reinforced concrete beams, the yielding of reinforcement plays a very
important role in the evolution of neutral axis depth and moment redistribution.
Due to the lack of reinforcement yielding, FRP reinforced concrete continuous
beams exhibit quite different response characteristics compared to steel reinforced

ones.



(2) At a low reinforcement ratio, the neutral axis depths at ultimate for GFRP and
steel reinforcement are really close, but CFRP reinforcement mobilizes obviously
higher neutral axis depth compared to steel reinforcement. As the reinforced ratio
increases, the increase in neutral axis depth for steel reinforcement is faster than
that for FRP reinforcement.

(3) At a given reinforcement ratio, the moment redistribution at ultimate for steel
reinforcement is much higher than that for FRP reinforcement, especially at low
reinforcement ratios. Due to lower axial stiffness, GFRP reinforcement tends to
mobilize higher redistribution than CFRP reinforcement, particularly obvious at
high reinforcement ratios.

(4) In general, the current design codes, initially developed for steel reinforcement,
are not safe when used to predict the moment redistribution in FRP reinforced
concrete beams. On the other hand, the neglect of moment redistribution in
concrete beams reinforced with FRP bars may be overconservative, since the
degree of redistribution at ultimate in these beams can reach around 10%

according to the results of the present analysis.
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Fig. 1. Stress-strain diagrams of materials. (a) concrete in compression; (b) concrete
in tension; (¢) FRP reinforcement; (d) steel reinforcement.
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Fig. 2. Schematic moment-curvature diagrams of reinforced concrete sections. (a)
FRP reinforced concrete section; (b) steel reinforced concrete section.
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Fig. 5. Development of neutral axis depth with applied load for the beams with

different types of reinforcement (p,, = 1.82%).
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Fig. 10. Variation of the degree of redistribution at ultimate with reinforcement ratio.
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