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Resumo

Esta tese trata de estruturas de ordem superior, designacao genérica para todas as colegoes
de paréntesis ou produtos n-uplos que, no caso de n = 2, se reduzem aos usuais. Exemplos
destas estruturas incluem os 2-grupos e as nog¢oes com eles relacionadas de fibrados princi-
pais, isto é, gerbes ndo-Abelianos, e estruturas L.,. Estes dois exemplos importantes sao
os objetos centrais dos dois capitulos desta dissertacao.

No primeiro capitulo, apresentamos uma descrigao geral e precisa de gerbes com valores
em modulos cruzados arbitréarios e sobre stacks diferenciais arbitrarios. Para esta descricdo
usamos grupodides de Lie, ou seja, apenas geometria diferencial classica, considerando os
stacks diferenciais como sendo grupéides de Lie, médulo equivaléncia de Morita. Prova-
mos que a descricdo apresentada conduz a uma nocao que é equivalente as ja existentes,
comparando a nossa constru¢ao com a cohomologia ndo-Abeliana. Mais exatamente, intro-
duzimos a nocao chave de extensao de grupdide de Lie com valores num médulo cruzado,
relacionamo-la com 1-cociclos ndo-Abelianos de Dedecker e provamos, em seguida, que a
equivaléncia de Morita se traduz em cobordos, abrindo assim o caminho para uma defini¢cdo
geral de gerbes com valores num médulo cruzado sobre um stack diferencial.

No segundo capitulo, desenvolvemos a teoria de formas de Nijenhuis em algebras Lo.
Comecamos por apresentar uma defini¢do de parénteses de Richardson-Nijenhuis para for-
mas simétricas graduadas a valores vetoriais, num espaco vetorial graduado. Para este
parénteses, as estruturas L sdo simplesmente elementos de tipo Poisson. Dada uma &lge-
bra Leo, uma forma a valores vetoriais, de grau zero, que deforma um elemento de Poisson
num outro elemento de Poisson, diz-se uma forma fraca de Nijenhuis. Aqui, a deformacao
consiste em tomar o parénteses da forma fraca de Nijenhuis com o elemento. As formas de
Nijenhuis N sao aquelas para as quais deformar duas vezes por N é o mesmo que deformar
uma vez por uma forma K, que é dita o quadrado de N. Neste contexto, obtemos uma
hierarquia infinita de algebras L.

De entre os exemplos de deformacoes de Nijenhuis, contam-se a aplicacao de Euler numa
algebra L, arbitraria, bem como os elementos de Poisson e de Maurer Cartan numa algebra
de Lie diferencial graduada.

Efetuamos a classificacdo das formas de Nijenhuis em 2-algebras de Lie com ancora nula.
Mostramos também que, sobre certas condicoes, existe uma correspondéncia biunivoca
entre as formas de Nijenhuis a valores vetoriais, na 2-algebra de Lie associada a um al-
gebroide de Courant, e as aplicagdoes de Nijenhuis C*°-lineares no mesmo algebroéide de
Courant. Apresentamos exemplos de formas de Nijenhuis a valores vetoriais nas n-dlgebras
de Lie associadas a variedades n-pléticas. Explicamos também como tensores de Nijenhuis
num algebréide de Lie podem ser vistos como formas de Nijenhuis numa certa algebra de
Gerstenhaber, considerada como &lgebra Lo,. Além disso, para esta tltima estrutura de
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algebra Lo, estruturas QN e estruturas de Poisson-Nijenhuis podem também ser vistas
como formas de Nijenhuis.



X
Abstract

The thesis is devoted to higher structures, which is a generic name for all those collections
of m-ary brackets or products reducing for n = 2 to the ordinary ones. Among examples of
those are 2-groups, and their related notions of principal bundles, i.e. non-Abelian gerbes,
and Lo-structures. These two major examples are the central objects of the two chapters
of the present work.

In the first chapter, we give a precise and general description of gerbes valued in arbi-
trary crossed module and over an arbitrary differential stack. We do it using only Lie
groupoids, hence ordinary differential geometry, by considering differential stacks as being
Lie groupoids up to Morita equivalence. We prove the coincidence with the existing notions
by comparing our construction with non-Abelian cohomology. More precisely, we introduce
the key notion of extension of Lie groupoids valued in a crossed-module. We relate it with
Dedecker’s non-Abelian 1-cocycles, and we then show that Morita equivalence amounts to
co-boundaries, paving the way for a general definition of gerbes valued in a crossed-module
over a differential stack.

In the second chapter, we develop the theory of Nijenhuis forms on L.,-algebras. First,
we recall a convenient notion of Richardson-Nijenhuis bracket on the graded symmetric
vector valued forms on a graded vector space, bracket for which L-algebras are simply
Poisson elements. Weak Nijenhuis vector valued forms for a given Loo-algebra are defined
to be forms of degree 0 deforming (i.e. taking bracket) that Poisson element into an other
Poisson element. Nijenhuis forms are those forms A for which deforming twice by N is
like deforming once by a form K called the square of N'. We obtain in this context an
infinite hierarchy of Ly.-algebras.

Among examples of such Nijenhuis deformations are the Euler map on an arbitrary Lee-
algebra or Poisson and Maurer Cartan elements on a differential graded Lie algebra. A
classification of Nijenhuis forms on anchor-free Lie 2-algebras can be completed. We also
show that there is, under adequate conditions, a one to one correspondence between the
Nijenhuis vector valued forms N with respect to the Lie 2-algebra associated to a Courant
algebroid and Nijenhuis C*°-linear maps on the Courant algebroid itself. We give examples
of Nijenhuis vector valued forms on the Lie n-algebras associated to n-plectic manifolds.
We also explain how Nijenhuis tensors on a Lie algebroid are indeed Nijenhuis forms of some
Gerstenhaber algebra, considered as an Lo.-algebra. For the latter Loo-algebra structure,
moreover, (QN-structures and Poisson-Nijenhuis structrures can also be seen as Nijenhuis
forms.






Introduction

Generalities on higher structures

There is no precise mathematical definition of what a "higher structure" is. The name
appears in the literature as soon as binary operations, e.g. Lie algebra brackets or Lie
group products, are being replaced by collections of n-ary operations, an n-ary operation
on a set S, for us, being simply a map from S x - --x S (n times) to S. To deserve the name
"higher Lie algebras" or "higher Lie groups", these operations are assumed, in general, to
satisfy some quadratic relations that reduce to Jacobi identity or associativity when the
only non-trivial operations are binary. In that manner, L.,-algebras are being defined.
As particular cases, when one only has 1-ary and 2-ary operations, we recover differential
graded Lie algebras and crossed-modules of groups. When all the k-ary operations for
k > n are trivial, we obtain, among others, Lie n-algebras and Lie n-groups, n € N. The
name higher structure is also used for gerbes, Abelian or not, because they can be seen as
being higher-principal bundles, i.e. principal bundles on higher groups, Lie 2-groups, for
our purpose.

Higher structures are objects of growing importance. For instance, Lo.-algebras, once
called strongly homotopy Lie algebras [43], introduced first by string theorists |77], gained
notoriety when Kontsevitch used L.,-morphisms to prove the existence of star-products
on Poisson manifolds [36]. In fact, the approach by Kontsevitch avoids Ls-algebras, but
Voronov [72]| using a very general construction, associates an Loo-algebra to a Poisson ele-
ment and an Abelian sub-algebra of a differential graded Lie algebra. Several authors have
shown that an L..-algebra encodes a Poisson structure in a neighborhood of a coisotropic
submanifold, provided that a linear transversal is given, see [17| and [16]. This makes
Loo-algebras a central tool for studying Poisson brackets, but there are more relations.
Roytenberg and Weinstein [66] have given a description of the so-called Courant algebroids,
i.e. the ambient space on which Dirac structures [20] live, in terms of Lie 2-algebras. In
the same vein, Rogers [62, 63] encodes n-plectic manifolds by Lie n-algebras and Fréiger,
Roger and Zambon [23] used this formalism to construct moment maps of those.

In the meantime, there has been a continuous interest into Abelian and non-Abelian gerbes.
Given a central extension of Lie groups K — K, Abelian gerbes first appeared as being
the obstruction of a K-principal bundle to come from a K-principal bundle [12], [31] and
[32]. Abelian gerbes where later on studied for themselves, for instance by Giraud [27]
Chatterjee [18]. Again, the origin of this attention comes partly from physics [24], [33]
and [76]. But there are also beautiful interpretations of those in terms of category, see
for instance Baez and Schreiber [6], or Breen and Messing [11]. With many variations
(see [61]), all these interpretations consist in seeing gerbes as being principal bundles but
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for a Lie 2-group (Lie 2-groups being more or less the same thing as crossed-modules,
see [26]) instead of for a Lie group. Since principal bundles admit connections and these
connections admit curvature, there has been a great interest for defining those on gerbes.
For the Abelian case, Brylinski [12|, Murray [56], Chatterjee [18] and Hitchin [33| give
approaches on the matter. The non-Abelian case was settled by Breen and Messing in the
pioneering paper [11]. Later on, a more physicist point of view was adopted [74], and a
Lie groupoid interpretation of these connections and curvatures were given in [45]. Also,
categorical interpretations were given [69].

A first glance at L. -algebras

As previously said, L,-algebras are collections of n-ary operations, assumed to satisfy
some quadratic relations that reduce to Jacobi identity, when only the binary operation is
not trivial. Let us explain briefly how such objects could appear. Let E be a vector space
of finite dimension. It is well-known that there is a one to one correspondence between

(i) Lie algebra brackets on F,

(ii) derivations of degree +1 squaring to zero of A*E* (with the understanding that
elements of A¥E* are of degree k, for all & > 0).

The correspondence consists in associating to a Lie bracket on E its Chevalley-Eilenberg
differential, i.e. the unique derivation of A®*E* whose restriction to A'E* ~ E* is the dual
of the bilinear bracket A°E — E. This is clearly injective, and the surjectivity comes from
the fact that every derivation of degree +1 of A®E* restricts to a map E* — A2E*, whose
dual map is a Lie bracket if and only if the derivation squares to zero.

Now, let ¥ = ®;czF; be a graded vector space whose components F; are of finite dimension
for all ¢+ € Z. The morphism above can be generalized to provide a map from graded Lie
algebra brackets on F to derivations of degree +1 squaring to zero of A®*E* by precisely
the same construction. But this map is not a one to one correspondence anymore, because
derivations of degree +1 of A®*E* do not need to restrict to maps A'E* ~ E* — A2E*
anymore (here, the degree of ay A -+ A ap € AFE* is defined to be aj + --- + aj, + k for
all oy € Ej -+, € E;k) Hence, when we are given a graded vector space, graded Lie
algebra brackets form a (in general strict) subset of the set of all derivations of degree +1
squaring to zero of A*E*. To obtain a one to one correspondence one has to consider a
collection of n-ary brackets:
I : \"E —- E

and to associate to it the unique derivation of A® E* whose restriction to E* is the map from
E* to ®p>0 A" E* mapping o to D(a) = ), Ix(a). By counting the degree, one checks
that [, has to map Eq, X --- X Ey, t0o Eg 4...4q,+n—2 S0 ensure the degree of D to be

+1. Such a collection of brackets shall be called an L-structure when the corresponding
derivation D squares to zero, which amounts to the relation:

Z Z (71)2(]_1)X(O’)l](ll(XO'(l)v aXa'(i))v' o 7Xa(n)) =0, (1)
i+j=n+1oeSh(i,j—1)

for all n > 1 and all Xy,---,X,, € E. Here, Sh(i,j — 1) stands for the set of (i,5 — 1)-
unshuffles and x(o) = €(0).sign(o), with sign(o) being the sign of the permutation while
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€(0) is the Koszul sign. Given a permutation o in the group of permutations of n elements,
the Koszul sign €(o) is defined as follows

XU(I) R ® Xg(n) =e(0) X1 ® @ Xp, (2)

for all Xy,---, X, € E, see [43]. The family of skew-symmetric vector valued forms (l;);i>1
is called an Lso-structure on the graded vector space F.

In this thesis, it shall be more convenient to work with symmetric brackets on E[1], with
E[1] being the graded vector space whose component of degree i — 1 is formed by elements
of E;, so that the previous signs do not match our future conventions, but are equivalent
to them. This may come a surprise, since skew-symmetric and symmetric objects are in
general considered as being totally different in nature. Symplectic geometry, for instance,
does not follow the same pattern as Riemanian geometry. However, in the world of graded
mathematics, they are in some sense not so different. For instance, a graded Lie algebra
structure is in general defined to be a graded skew-symmetric bilinear assignment |[.,.] :
Ex E — FE, satisfying the graded Jacobi identity. Here, by graded skew-symmetric bilinear
assignment, we mean

(X, Y] = (=M, x],

where |X| denotes the degree of X € E. But we can also see this bracket as a graded
symmetric map. For this purpose one has to consider E[1], and to define

(X, Y] = ()X, Y. (3)
A direct computation now gives
(X, Y] = () EITY, X,

that is to say, [.,.]" is a graded symmetric bilinear assignment on E[1].

This discussion, indeed, can be extended for Lo.-algebras, and it can be shown that there
is a one to one correspondence between L.-algebras structure as defined above and Loo-
algebras structures as defined next.

Definition 0.1.1. An L.-algebra is a graded vector space E together with a family of
symmetric vector valued forms (symmetric multi-linear maps) (1;)i>1 of degree +1, with
l; : @FE — E satisfying the following relation:

> > )Xoy > Xo@)s s Xawmy) =0 (4)

i+j=n+1oeSh(i,j—1)

for all n > 1 and all homogeneous X1, -, X, € E, where €(o) is the Koszul sign. The
family of symmetric vector valued forms (1;)i>1 (or sometimes the vector valued form p :=
> i>1li) is called an Loo-structure on the graded vector space E.

The correspondence between both definitions of Lo-structure is through the so-called
décalage map, which is a map from the space of multi-linear maps of degree 2 — k on a
graded vector space E to the space of multi-linear maps of degree +1 on E[1] given by

(X1, X) 1oy (1) DRIl R (X Xy, (5)
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A direct computation shows that [, is graded skew-symmetric on E if and only if I/, is
graded symmetric on E[1]. Also, when n = 2, we recover (3). Last, having an L..-algebra
in terms of graded skew-symmetric brackets (I;);>1 and applying the décalage map to the
brackets we get an Loc-algebra in terms of graded symmetric brackets (I});>1, that is,
equation (1) holds for the graded skew-symmetric brackets (/;);>1 if and only if equation
(4) holds for graded symmetric brackets (});>1.

A first glance at gerbes

Groups and groupoids, like their counterpart Lie algebras and Lie algebroids, are binary
products. In a groupoid for instance, the product of two elements may be defined or not,
but, when it is defined, it is a binary product. There exists a notion of n-groups with n-ary
products. The exact definition of those is beyond the scope of this thesis, but we can give
an intuition on those by describing some examples.

Let S be a set. By an oriented triangle on S, we mean an oriented triplet of elements
in S, i.e. an element in Tg := S3/ ~ where ~ identifies elements that differ by cyclic
permutation:

(Z7j7k) ~ (k727]) ~ (j7k7i)'

We invite the reader to see them as being oriented triangles.

We define a 3-ary product (.,.,.)3 on T3 as follows. It is not always defined: in fact it
is only defined when the three oriented triangles are the faces of a tetrahedron, and have
compatible orientations. The product then consists in applying to those the fourth face of
the tetrahedron, equipped with a compatible orientation. In equation

((igk) (k) (ilj))s — (kjl)

which can be geometrically understood as follows:
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Another, and more complicated 3-ary operation can be constructed out of a crossed-module
G 5 H. By an oriented triangle of a crossed-module G LN H, we mean a representative of
the quotient of the {(h1, ho, h3,g) € H® x G s.t. hihahg = p(g)} under the action of the
cyclic group with three elements acting by:

(h1, h2, h3,g) ~ (h2, ha, h1,h1(g)) ~ (h3, h1, ho, hi(ha(g)).

We call Tg_,g this quotient set. Again, we invite the reader to see those elements as
oriented triangles:

hi hs

ha

We define a 3-ary product (.,.,.)s on T3 as follows. It is not always defined: in fact it
is only defined when the three oriented triangle are the faces of a tetrahedron, and have
compatible orientations.

Explicitly, the product is given by:
((h1,ho, b3, g)(hy' hay hs, g') (hs b, byt g")s = (ha, by, he, o),
where ¢"”" is the unique element which can naturally construct so that
hahahe = p(g"").
Let us find this element. If we know that
hihahs = p(g) and hg 'hahs = p(g') and hs'hehi* = p(g").

then we have: )
p(hi(g")) = hi(hzhahe)hy

= hihahshg 'hahshs—1hg)hi?
= p(9)p(q')p(9")

i

= plgg'g")
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so that a natural choice for ¢ is ¢’ = hy'(gg'g"), or, equivalently:

gflhl(g///) — g/g//‘ (6)

Non-Abelian 1-cocycle, associated to a crossed-module, which are defined below, can be
interpreted as being morphisms for these 3-ary products. Let (U;);c; be an open cover on
a manifold M. To every points m € M, one can consider all the oriented triangles T,
with S;, being the subset of I made of al indices such that m belongs to U;. In some sense,
this is a bundle of set equipped with 3-ary product over M.

Assume that we are given, for all 7,5 € I maps h;; : U; N U; — H and maps g;ji :
UinU; NU;, — G. Let us see what it takes to impose that the map defined by

(i5k) = (hij, hjr, P, Gigke)
be a morphism for the 3-ary bracket.

P, : Tsm — TGHH

First, it has to takes values in Tg_, g which amounts to
hijhjikhi: = p(gijk)- (7)

But, second, we also need to have, for every tetrahedron in Tg, , i.e. for any quadruple of
indices ¢, j, kl such that m € Uy, the following relation;

(q)m(ijk)a q)m(ikl)v q)m(ll]))B = (I)m(k]l)

D,
—
J l
k
which is equivalent, in view of (6), to
Gijkgikl = hij(gjki)giji- (8)

The relations (7) and (8) precisely define non-Abelian 1-cocycles.
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Summary of the thesis

The first part of the thesis can be considered as an attempt to "stay classical", i.e. to
use simply Lie groupoids in order to investigate non-Abelian gerbes. Our claim is that
there is a definition of non-Abelian gerbes that uses only the notions of Lie groupoid
and crossed-modules of Lie groups, and that this definition make it possible to clarify the
notion of non-Abelian gerbe over a differential stack. The second part of the thesis is,
on the contrary, an attempt to think purely in terms of higher structures and to define
Nijenhuis forms on L,-algebras. Here, by Nijenhuis forms, we mean a generalization of the
notion of Nijenhuis (1 —1)-tensors on manifolds, i.e. (1—1)-tensors whose Nijenhuis torsion
vanish. On manifolds, Nijenhuis tensors are 1-ary operations on the Lie algebra of vector
fields. Since, when dealing with L..-algebras, one has to replace Lie algebra brackets by
collections of n-ary brackets for all integers n > 1, we also want to define Nijenhuis forms
that are collections of n-ary operations for all integers n > 1.

Non-Abelian gerbes with groupoids

Differential gerbes appeared from the very beginning as being classes in some "higher"
cohomology [27], e.g. non-Abelian gerbes correspond to non-Abelian 1-cohomology in the
sense of Dedecker [6, 11, 22|, and it is the form under which it appears in theoretical physics
[24, 76]. But differential gerbes can also be thought of as being a certain class of bundles
over a differential stack, and, to quote [8], "there is a dictionnary between differential
stacks and Lie groupoids". The purpose of first chapter thesis is to add one entry to that
dictionary, namely to define with great care in terms of Lie groupoids and for all crossed
modules G — H the notion of G — H-gerbes and to justify that definition by showing
the coincidence of the notion introduced with non-Abelian 1-cohomology.

There are, of course, several other manner to define non-Abelian gerbes, and to give prop-
erties of those. In a recent work [61]| these numerous definitions have been carefully enu-
merated and shown, in a rigorous manner, to coincide. More precisely, the authors of [61]
have merged four definitions of smooth I'-gerbes, with I" a strict 2-groups (notice that strict
2-groups are indeed in one to one correspondence with crossed modules):

1. smooth T'-valued 1-cocycles (for which they refer to [11], but which matches by
construction the definition in terms of non-Abelian cohomology in the sense of [22]
just mentionned), see also [4].

2. classifying maps valued in the realization BT of the simplicial tower of T,
3. bundle gerbes in the sense of 75|,

4. principal I'-bundles in the sense of Bartels [7], the idea being to generalize the notion
of principal bundle from Lie groups to Lie (strict) 2-groups.

But, as mentioned in [61], Example 3.8, there is in particular case of gerbes over manifolds
and of the crossed-module G — H a fifth equivalent definition which is in terms of Lie
groupoid extensions, a definition that avoids totally categorical language. We can restate
our purpose by saying that it consists in giving this fifth description in the general setting
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of arbitrary crossed-module (and not only G — Aut(G)). Also, we give a definition that
makes sense when the base space is not a manifold but an arbitrary differential stack.

Although the four approaches just mentioned can be remarkably effective in the sense that
the objects have short, simple and workable definitions, it always requires a deep familiarity
with category theory (or even toposes and higher categories) making them hardly accessible
for a mathematician not used to these technics. Our manner is maybe more difficult in
the sense that the objects are always defined as classes of -oids up to Morita equivalences,
which sometimes yield long definition, and forces us to check that properties are Morita
invariant, but it is certainly simpler in the sense that it uses the ordinary language of
differential geometry (manifolds, -oids, maybe Cech cocycles) from the beginning to the
end.

The present work is also in the continuation of [8] (where S-gerbes over a differential stack
are extensively studied using this Lie groupoid point of view),of [45] (where the case of non-
AbelianG — Aut(G)-gerbs over Lie groupoids is investigated, but the correspondence with
non-Abelian 1-cocycles is not dealt with very precisely. and of [10], (where the previous
construction is investigated in detail for G-gerbs and extended to connections). Our work
is definitively in the same line of those, but there are important differences that we now
outline. Abelian gerbes in the sense of [8] (resp. G-gerbes in the sense of [45]) corresponds
to the case where the crossed-modules in which the gerbe takes values is S' — pt (resp.
G — Aut(G)), so that our work generalizes both. Second, we made more precise the
notion of gerbes over an object (manifold, Lie groupoid, or differential stack). This means
that , unlike [45], we do not simply define gerbes as being G-extensions up to Morita
equivalence, and this is for two reasons:

1. first, as already stated, we wish to make precise over what object our gerbe is, which
means that we only allow ourself to take Lie groupoid extensions X — Y where the
"small" Lie groupoid Y is itself "over" a given object B (manifold or Lie groupoid or
differential stack). By "over", we mean that "Y" is obtained by taking a pull-back
of B. Also, Morita equivalence should be taken in such a way that the base manifold
or groupoid is not "changed". This last issue is easily understandable, and always
appear in differential geometry: the space of principal bundles over a manifold M, in
a similar fashion, is not obtained by considering all possible principal bundles P — M
modulo principle bundles isomorphisms, but modulo principal bundles isomorphisms
over the identity of M.

2. second, when taking an arbitrary crossed-module G — H, Lie groupoid extensions
are not enough. By spelling out the manifold case, and knowing that we wish to
have a correspondence with crossed-module valued non-Abelian 1-cocyle, we arrived
at the conclusion that we need to consider a Lie groupoid G-extension together with
a H-principal bundle. These two structures are not independent, and, having in mind
the manifold case again, one sees that we need this principle bundle to be equipped
with a principal bundle morphism taking values in the band of the Lie groupoid
extension, map on which still two constraints have to be imposed.

Chapter I is organized as follows. In section 1.3, we recall from [45] the notion of G-
extensions of Lie groupoids, i.e. a surjective submersion morphism of Lie groupoids over

the same base R % G, for which the kernel is a locally trivial bundle of groups with typical
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fiber G. We then recall, following [45], the notion of the band of the G-extension, which
is some principal bundle over the Lie groupoids R. We then define G — H-extensions,

namely G-extensions R g G endowed with some H-principal bundle which admits the
band as a quotient, see definition 1.3.5 for a more precise description.

We then recall the definition of Dedecker’s non-Abelian 1-cocyle (resp. non-Abelian 1-
coboundaries, non-Abelian 1-cohomology) on an open cover of a given manifold N and
describe a dictionary between these objects and G — H-extensions. More precisely, we
define, given an open cover of a manifold, a subclass of G — H-extensions called adapted
G — H-extensions of the Cech groupoid, and we show the following points, given an open
cover U on the manifold NV:

e Proposition 1.5.12, There is a one to one correspondence between:

(i) G — H-valued non-Abelian 1-cocycles w.r.t. U
(ii) adapted G — H-extensions of the Cech groupoid N[U/]

e Proposition 1.5.15, There is a one to one correspondence between:

(i) G — H-valued non-Abelian 1-coboundaries w.r.t. U

(i) isomorphisms of adapted G — H-extensions of the Cech groupoid N[U]

o Theorem 1.8.16, There is a one to one correspondence between:

(i) G — H-valued non-Abelian 1-cohomology w.r.t. U

(i) isomorphism classes of adapted G — H-extensions of the Cech groupoid N[U]
up to Morita equivalence over the identity.

(iii) (assuming the covering to be a good one) isomorphism classes of G — H-
extensions of the Cech groupoid N[U] up to isomorphisms over the identity of
NU].

The first purpose of section 1.4 is to overcome of the choice of an open cover and to reach
therefore G — H-valued non-Abelian 1-cohomology in its full generality. This requires to
define the notion of Morita equivalence of G — H-extensions, which, in turn, allows to
complete the previous isomorphisms to eventually obtain the one we are really interested
in:

e Theorem 1.4.11, There is a one to one correspondence between:

(i) G — H-valued non-Abelian 1-cohomology,

(i) G — H-extensions of a pull-back of the groupoid N = N up to Morita equiv-
alence over the identity of V.

The point of this last theorem gives a clear hint of what a G — H-gerbe over a given
Lie-groupoid B should be, namely the G — H-extensions of a pull-back of the groupoid
B up to Morita equivalence over the identity of B. We conclude by saying that Morita
equivalent Lie groupoids B and B’ have the same G — H-gerbe over them, making sense
therefore of the notion of G — H-gerbes over a differential stack.
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Deformations of L.-algebras by Nijenhuis forms

Unlike the first part of the thesis, the second part of the thesis is an attempt to think
purely in terms of higher structures in order to define Nijenhuis forms on L..-algebras.

Given a Lie algebra (g, [.,.]) and a linear endomorphism N of g, the deformed bracket of
[.,.] by N is, by definition, the bilinear map |[.,.]ny given by [X,Y ]y = [NX,Y]+[X, NY]|—
N([X,Y]). The Nijenhuis torsion of N [58] is defined by:

TN(X,Y):=[NX,NY] - N([X,Y]n) (9)

and N is said to be Nijenhuis if the Nijenhuis torsion of N vanishes, that is to say, IV is a
Lie algebra morphism from (g, [.,.]n) to (g,[.,.]). A simple computation shows that N is
Nijenhuis if, and only if,

Lo vy =[N, (10)

so that there are two interpretations of Nijenhuis endomorphisms:

1. An endomorphism N is Nijenhuis if N itself is a morphism from the modified bracket
to the initial one,

2. An endomorphism N is Nijenhuis if deforming twice by N the original bracket yields
the original bracket deformed by N2.

An important point is that if IV is Nijenhuis, then the deformed bracket [., ] is still a Lie
bracket.

If (g,[.,.]) is the Lie algebra of smooth vector fields on a manifold M, then TN(X,Y) =
[NX,NY] — N([X,Y]n) is a (2 — 1)-tensor called Nijenhuis torsion. This is certainly
the most famous appearance of this notion: this goes back to the Newlander-Nirenberg’s
theorem, which states that an almost complex structure comes from a complex structure
if and only if it is a Nijenhuis (1 — 1)-tensor [57]. In the seventies, Nijenhuis tensors
have been proved to appear naturally while studying integrable systems, more precisely
bi-Hamiltonian systems. The pioneering article by Franco [53] led to the notion of Poisson-
Nijenhuis structures [55] following notes by Magri and Morosi [54].

The notions of Nijenhuis tensors and Poisson-Nijenhuis manifolds were later understood in
a more algebraic setting by Kosmann-Schwarzbach and Magri [41]. These settings allowed
to define those notions for Lie algebroids, see Kosmann-Schwarzbach [37], Grabowski and
Urbanski [30] and Clemente-Gallardo and Nunes da Costa [19] for the more general case of
Dirac-Nijenhuis structures. In [14], Carifiena, Grabowski and Marmo extended Nijenhuis
tensors to general (binary) algebraic structures, while Carifiena, Grabowski, Marmo [15],
Kosman-Schwrzbach [40] and Antunes, Laurent-Gengoux and Nunes da Costa [2]| studied
Nijenhuis structures on Loday algebras and Courant algebroids. Through this generaliza-
tion, Poisson structures on Lie algebroids become particular cases of Nijenhuis tensors on
some Courant structure [3|, so that Poisson-Nijenhuis are pairs of compatible Nijenhuis
tensors [2].

Jump to n-ary. This is not easy: for binary operations, the vanishing of the torsion (9) can
be interpreted as meaning that N is a morphism from the deformed binary operation to the
initial one, as we said above. It does not seem reasonable (at least, examples make us believe
that it is not reasonable) to hope that such an interpretation can still be valid when working
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with collections of n-ary operations. By chance, the second interpretation of Nijenhuis
structures defined above can be generalized, with the help of a natural bracket that exists
on the vector space of multi-linear skew-symmetric (or symmetric) endomorphisms of a
graded vector space : the Schouten-Nijenhuis bracket.

The Schouten-Nijenhuis bracket [.,.]4, , defined on the exterior algebra I'(AT'M) = @i>0
(AT M) of multi-vector fields on a manifold M, was introduced by Schouten and Nijenhuis
who studied its properties in [68] and [59].

It becomes a remarkable tool in Poisson geometry when Lichnerowicz [48] proved that a
bivector field m on a manifold is Poisson if, and only if, the Schouten-Nijenhuis bracket of
7 with itself is zero, [7, 7], = 0.

The Schouten-Nijenhuis bracket of two vector fields on a manifold, is just the Lie bracket
of the vector fields. Moreover, assuming that P € T'(APTM) has degree p — 1, the pair
(I(ATM), [., .]sy) is a graded Lie algebra whhile the triple (I'(AT'M), A.[., ]y ) is a Ger-
stenhaber algebra.

It turns out that, roughly speaking, the role of I'(AT M) can be replaced by the space of
multi-sections of a Lie algebroid A and the extension, by derivation, of the Lie bracket on
I'(A) determines a bracket on I'(AA) which is also called the Schouten-Nijenhuis bracket
of the Lie algebroid.

But despite this powerful tool, it is not that trivial to generalize the characterization (10) of
Nijenhuis structures, because there is no clear definition of what the square of a collection
of n-ary operations is - unlike for 1-ary operation. In fact, the square for us will be basically
any (in general quadratic) expression in the n-ary operations that compose N and that
commutes with N.

The Richardson-Nijenhuis bracket of two symmetric vector valued forms, to be introduced
in Section 2.1, is essential in our definition of Nijenhuis form in this more general context.

Definition 0.1.2. Given a symmetric vector valued form p of degree 1 on a graded vector
space E, a vector valued form N of degree zero is called a Nijenhuis (vector valued) form,
with respect to p if there exists o vector valued form K of degree zero such that

W, IV, Wanlpy = K, pl gy and W, Klpn =0,
stands for the Richardson-Nijenhuis bracket.

where [, ] zx

This definition has to be justified. A fundamental result, [41] shows that when N is

Nijenhuis for a Lie algebra bracket [.,.] then for all integers n,m > 1, we have
[., .:INannl == [., .}Nn-‘—'m. (1].)
In particular, [.,.]y» is a Lie bracket for all integer n > 0, so that a whole hierarchy

of Lie algebra brackets can be constructed. We have been able to mimic these results,
but for these we have to translate them without using powers of N: (11) means that
[.,.]n...~ = [.,.]nr so that it can be restated as meaning that all the brackets [.,.]n .~
obtained by successive deformations are Lie brackets, and that IV is Nijenhuis for all of
them. Theorem 2.3.10 states that this remains true with our definition of Nijenhuis forms.
Also, we explain in Remark 2.3.3 why we could not replace N2 by the pre-Lie product that
helps defining the Richardson-Nijenhuis bracket, an idea that could seem natural at first.
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Of course, this definition has also to be proved to be non-empty, and to contain more than
just ordinary Nijenhuis endomorphisms on ordinary Lie algebras. By making it non-empty,
we also mean to find examples for which the Nijenhuis is not simply an endomorphism,
but the sum of an endomorphism with a bilinear map with a trilinear map and so on.

We now list the examples that we have so far. The first example is universal, in the sense
that every Loo-structure admits it: the Euler map S, that multiplies an element by its
degree. Of course, ordinary Nijenhuis tensors on ordinary graded Lie algebras are among
the most trivial examples. Poisson elements, and more generally, Maurer-Cartan elements
of differential graded Lie algebras are also examples, which are not purely made of vector
valued 1-forms, but which are the sum of a vector valued 1-form with a vector valued
0-form.

e Corollary 2.4.8, Let u =l be a symmetric graded Lie algebra structure on a graded
vector space F = @;czF; and m € Ey. Then w+ .5 is a Nijenhuis vector valued form,
with respect to p and with square 2w + .S if, and ounly if, 7 is a Poisson element.

o Corollaries 2.4.10 and 2.4.12, Let l1 412 be a symmetric DGLA structure on a graded
vector space E =FE_o@® F_1 and w € Ey. Then

1. 7+ S is a Nijenhuis vector valued form with respect to u, with square 2w + S
if, and only if, 7 is a Poisson element.

2. Idg+m is Nijenhuis vector valued form, with respect to p and with square itself
if, and only if, 7 is a Maurer-Cartan element of the DGLA (E, u),

Less trivial examples are given on the Lie n-algebras. On those, we can expect to have
Nijenhuis forms which are not purely vector valued 1-forms, but which are the sum of a
family of vector valued k-forms.

e Proposition 2.5.4, Let (E=E_,®---®E_1,u=11+ -+ 1l,41) be a Lie n-algebra.
Let Ni,--- , N; be a family of symmetric vector valued ki, - - - , ki-forms, respectively,
of degree zero on E, with % <k <--- <k <n+1 Then S+ 22:1 N; is a

Nijenhuis vector valued form with respect to u, with square S + 2 22:1 N;.

For Lie n-algebras, there is another class of examples that we have in mind: n-plectic
manifolds. It is shown that n-plectic manifolds give a Lie n-algebra structure that can be
deformed by a family of forms.

e Theorem 2.5.14, Let (n);>1 be a family of n-forms on an n-plectic manifold (M, w).
Let (E=FE_,® - -®E_1,;u =1+ 4 l,41) be the associated Lie n-algebra to

(M, w). For each 2 < i < n define the vector valued i-forms ?7{ as

Lxs, "'Lxﬁi’l’}j, if Bpek_q forall 1<k<yq
0, otherwise

%(ﬂla )BZ) = {

where xg3,,- -, X3, are the unique Hamiltonian vector fields associated to the Hamil-

tonian forms S, -, B; respectively. Then N := S+ 37>, T)f is a Nijenhuis
vector valued form with respect to the Lie n-algebra structure p = Iy + -+ + l41,
associated to the n-plectic manifold (M, w).
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The case of Lie 2-algebra is treated separately. Here, we have Nijenhuis forms which are
the sum of a vector valued 1-form with a vector valued 2-form.

o Theorem 2.5.20, Let 1w =11 + la + I3 be a Lie 2-algebra structure on a graded vector
space = F_o@® F_1 and a be a symmetric vector valued 2-form of degree 0. Then
S 4 « is a Nijenhuis vector valued form with respect to p with square of S + 2« if
and only if

a(lha(X,Y), Z) +cp. =0,

forall X,Y,Z € E_;.

Indeed, we can make sense of the deformations of such vector valued 2-forms. For strict Lie
algebra for instance, which is associated to a 3-cocycle on an ordinary Lie algebra, adding a
coboundary to this cocycle corresponds to deformation by a Nijenhuis form. Some classes
of Lie 2-algebras are shown in Proposition 2.5.25 to be obtained by a Nijenhuis deformation
of strict and trivial Lie 2-algebras.

e Proposition 2.5.25, Given a Lie 2-algebra structure [y 4+ lo + I3 on a graded vector
space E = E_o® E_1 such that [y vanishes on the elements of degree —3, there exists
a Nijenhuis transformation of the form S+ « with a a vector valued 2-form of degree
zero, such that the deformed bracket [S + «, 1 + lo + [3] is the direct sum of a strict
Lie 2-algebra with a trivial L.-algebra.

The next example is Courant algebroids. There are already quite a lot of works on Nijenhuis
structures on Courant algebroids, as already said. We have been able to show that these
Nijenhuis tensors give examples of Nijenhuis tensors on the Lie 2-algebra associated with,
in Proposition 2.6.16. Then, we have stated several results showing that, in some sense,
there is no hope to get more examples than those already known, at least if we impose
the (reasonable) condition that the Nijenhuis tensors have to be C°°(M)-linear. Indeed,
Corollary 2.6.18 classifies (almost) entirely Nijenhuis tensors on the Lie 2-algebra associated
to a Courant structure. More precisely,

e let (E,0,p,(,)) be a Courant algebroid with associated symmetric Lie 2-algebra p =
l1 + 12 + I3, on the graded vector space V =C>*(M)PTI'(E).

1. Proposition 2.6.16, Let N : I'(E) — I'(E) be a Nijenhuis (1—1)-tensor satisfying

N + N* = A,
N2 4 (N2)* =41,

with A, being Casimir functions. Define A/ and K as

N|1’*(E) =N and N|C00(M) = /\Icoo(M),

2
K:|F(E) :N2 :)\N—

)\
7 S=1d and Klge(ar) = Ylew ()

Then N is a Nijenhuis vector valued 1-form with respect to p, with square K.

2. Corollary 2.6.20, There is one to one correspondence between:
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(i) quadruples (N, K, \,v) with N, K being (1 — 1)-tensors and A, being
Casimir functions satisfying the following conditions:
oNN _ (K
NK — KN =0,
N+ N* = )\Idp(E),
(il) Nijenhuis vector valued forms N with respect to u, with square K such

that the deformed brackets [N, u],, is a pre-Lie 2-algebras associated to
pre-Courant structures with the same scalar product.

In the last section, we investigate several cases around Lie algebroids, that we see as being
graded Lie algebras by considering their Schouten-Nijenhuis bracket. We then show that
the following objects give examples of Nijenhuis forms (or at least weak Nijenhuis or co-
boundary Nijenhuis forms) on this graded Lie algebras:Nijenhuis tensors on Lie algebroids,
QN-structures, Poisson-Nijenhuis structures and II€-structures.

Proposition 2.7.4, For every Nijenhuis tensor field N on a Lie algebroid (A4, [.,.], p),
the extension of N by derivation, IV, is a Nijenhuis vector valued 1-form with respect
to the multiplicative GLA-structure Z[Q'"]N on the graded vector space I'(AA)[2], with
square (N?2).

Corollary 2.7.8, Let (A,[.,.],p) be a Lie algebroid, with the associated de Rham

differential d4 and with the associated multiplicative GLA structure l[2’"] on the

graded vector space I'(AA). Let (N, «) be an QN-structure on the Lie algebroid A,
]

then N + « is a Nijenhuis vector valued form, with respect l[2 , with square N2 +a,,.
Proposition 2.7.14, Let (N, 7) be a Poisson-Nijenhuis structure on a Lie algebroid
(A,[.,.],p), then the derivation N is a weak-Nijenhuis tensor for the L.-structure
w = l[l"']’7r + l[z'"] (on the graded vector space I'(A4)[2]), associated to the Poisson
structure m which is given by

TPy = [, Pl and N(P.Q) = (-1 [P

SN SN °

Proposition 2.7.17, Let (A,[.,.], p) be a Lie algebroid , 7 € T'(A%2A) be a bi-vector
and N :T'(A) — I'(A) be a (1 — 1)-tensor field such that

Nn# = r# N*.

Then N +7 is a co-boundary Nijenhuis form, with respect to the multiplicative GLA-

structure l[2'"] with square N2, if and only if (N, ) is a Poisson-Nijenhuis structure
on the Lie algebroid (A4, [.,.], p).

Proposition 2.7.18, Let (m,w) be a IIQ2-structure on a Lie algebroid (A4, [.,.], p). Then,

N = w+ 7 is a co-boundary Nijenhuis form, with respect to the multiplicative GLA-
(-]

structure l5” with square N, where N = 7 o wb.



Chapter 1

Non-Abelian gerbes as Lie groupoid
extensions

The purpose of this section is to give a definition of non-Abelian gerbes purely with the help
of Lie groupoids. We refer to the introduction for the motivations. We start by reviewing
several notions related to Lie groupoids, culminating in the definition of the object called
differential stacks.

1.1 Definitions and notations

Notations related to open covers on manifolds. For U = (U;);cr an open cover on a manifold
N, we use the shorthand U;; = U;NUj for all 4, j € I, and introduce the convenient notation

Uil---in = Ui1 Nn---N Uin

for all n € N and all 71,...,%, € I. We warn the reader that U;; is not equal to Uj; for
i # j, and, more generally, U;, ;. is not equal U; (for o € ¥, a permutation, and
i1, ... ,1p distinct).

o(1)+lo(n)

An extremely common notation in the literature dealing with gerbes is to denote by z; (resp.
Tij, Tijk) an element x € M that happens to belong to some open subset U; (resp. Usj, Usji),
when it is seen as an element in U; (resp. Ujj, Uyji). We extend this convention for all kind
of objects: for instance, for a function A whose domain of definition is Hil,...,z’nel Ui, i
we write A;, . 4, for its restriction to U;, s, .

Lie groupoids : notations and basic facts. Given M, N, P smooth manifolds and f: M —
P, g: N — P smooth maps, we define the fibered product to be the closed subset of M x N
made of all pairs (m,n) with f(m) = g(n), we denote it by M xfp, N in general, and
sometimes by M xp N when there is no risk of confusion. The following is extremely
classical:

Lemma 1.1.1. /9] Let M, N, P be smooth manifolds. If at least one of the smooth maps
f:M — P org: N — P is a surjective submersion, then the set M Xy p, N is a smooth
manifold.



2 CHAPTER 1. NON-ABELIAN GERBES AS LIE GROUPOID EXTENSIONS

We refer to [51] for the definition of Lie groupoids, but we wish to clarify some notations.
When introducing a Lie groupoid, we shall in general simply mention the names of the
manifolds of objects and the manifolds of arrows, using the notation I' = M. Indeed, the
source, target and unit maps for all Lie groupoids I' = M shall be denoted by the same
letters s,t and e respectively. In general, the product shall be either denoted by the fat dot
e or simply skipped, and the inverse by the exponent —1. However, at some point, we shall
have to consider pairs of manifolds that admit several different Lie groupoid structures,
that, fortunately, have the same source, target and unit maps. We will then introduce a
notation for the product (and inverse) that will distinguish them. Last, our convention is
that the product z e 2’ of two elements z, 2’ in a Lie groupoid is defined when t(z) = s(z').

A left-action of Lie groupoid B == By on a manifold X with respect to a surjective sub-
mersion p : X — By is a map
B XtVBO’p X — X,

(denoted by (b,x) — b - x) such that p(b-z) = s(b) and subject to the following axioms,
analogous to those of group actions:

b-(a-z)=(ba)-z and ¢(p(x)) - = = =z,

for all admissible a,b € B and z € X. We shall often say action for left-action for the sake
of simplicity. Since we may have to deal with situations where there are more than one
Lie groupoid or more than one manifold involved, it will be convenient to write an action
by b ep x x, mentioning therefore in the notation itself which groupoid acts and which
manifold is acted upon.

1.2 Differential stacks

The purpose of this section is to define differential stacks with the help of Lie groupoids,
in the spirit of [8]. To ensure a self-contained exposition, we recall all the steps of this
construction, following [44] as a guideline. For dealing with gerbes, we shall need to define
Morita equivalence with the help of pull-back Lie groupoids, which goes with some technical
difficulties. For this purpose, we recall successively:

1. the notion of Lie groupoid pull-back,

2. the notion of Lie groupoid Morita equivalence, as defined with the help of pull-back
Lie groupoids.

From this, we shall define differential stacks as being Lie groupoids up to Morita equiva-
lence.

We start with the notion of pull-back Lie groupoid. Notice first that, for a given manifold
B, Lie groupoids that admit B as the unit manifold form a category, with morphisms being
Lie groupoid morphisms over the identity of B. Similarly, topological groupoids that admit
B as the unit manifold form a category.

Definition 1.2.1. [51] Let p: M — B be a smooth map. The assignments below define a
functor from the category of Lie groupoids over B to the category of topological groupoids
over M:
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1. (On objects) Let G = B be a Lie groupoid over a manifold B. Then the set G[p, M| :=
M %, BsG xt.BpM (sometimes simply denoted by G[p|)is endowed with a topological
groupoid structure over M given as follows: the source and target s,t : G[p, M| — M
are the projections on the first and the third components respectively, the unit map
is giwen for all x € M by x — (x,e o p(x),z), where € is the unit map of the Lie
groupoid G = B. Last, the multiplication and the inverse are given by:

1

(2,7, y) ® (y,7,2) = (z,y e, 2) and (z,v,y) ' = (y,7v 1, 2).

for all x,y,z € M and v, € G.

2. (On arrows) Let ¢ : G — G' be a Lie groupoid homomorphism over the identity
of B. We set ¢[p, M] to be (n,r,n') — (n,¢(r),n') for all (n,r,n’) € Glp, M| =
M %, BsG xt.Bp M. By construction, ¢[p, M| is a Lie groupoid homomorphism over
the identity of M from G[p, M| to G'[p, M].

The topological groupoid Glp, M| = M is called the pull-back of G = B with respect to
p: M — B, or simply the pull-back groupoid when there is no risk of confusion.

Indeed, the previous functor takes values in the category of Lie groupoids when p is a
surjective submersion. More generally [21]:

Lemma 1.2.2. Let G = B be a Lie groupoid, M be a manifold and p : M — B a
smooth map. Then G[p, M| admils a structure of Lie groupoid on the manifold M if the
map ¢ : M Xp,ps G — B given by (m,y) — t(v), for all (m,v) € M xppsG, is a
surjective submersion (in which case p is called a generalized surjective submersion for the
Lie groupoid G = B).

Proof. Lemma 1.1.1 applied to ¢ : M x,, g sG — B and p: M — B implies that (M X, s
G) x¢,Bp M is a manifold. It is routine to check that (M X, B sG) Xt Bp M, together with
the structure maps defined in definition 1.2.1 is a Lie groupoid. O

We can now define Morita equivalence. In fact, we define two different types of Morita
equivalence, at this point, later on, we shall show that they coincide, in the sense that the
equivalence relation they define on Lie groupoids, coincide.

Definition 1.2.3. A weak (resp. strong) Morita equivalence between two Lie groupoids
G = M and G = M’ is a triple (M",p,p") where M" is a manifold, p : M" — M
and q : M" — M' are generalized surjective submersions (resp. surjective submersions),
together with an isomorphism between the pull-back Lie groupoid G[p, M"] = M" and the
pull-back Lie groupoid G'[p', M"| = M".

In terms of commutative diagram, Morita equivalence of Lie groupoid can be visualized as
follows

N
NN

M M’

g[p7 M”] ~ g[p/7 M”}
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If there exists a Morita equivalence between two Lie groupoids, then they are said to be
Mortita equivalent.

Example 1.2.4. Any pair of isomorphic Lie groupoids are Morita equivalent. [

Example 1.2.5. Every pull-back G[p, M| = M’ of a given Lie groupoid § = M via a
surjective submersion p : M’ — M is Morita equivalent to the Lie groupoid G = M, itself.
which can be seen in the following diagram:

g /
PN

p

Glp, M

’LdM/

Glp, M']

where Qb(mllv Y5 ml2) : (mla (mlv Y m2) m2) O

Let us briefly recall the notion of Cech groupioid. Given a smooth manifold M and an
open cover {U;} we set the disjoint union [ [, U; to be objects. Let U;; stands for U; N Uj,
for every pair of indices (7, 7). We use the notation x;j for an element x € U;; and see Uj;
as a subset of M. We set the disjoint union ]_[ U;j to be the morphisms and we set the
source and target as embeddings

s, t: Hi,j Uij — ]_L Ui

s(xij) = wi, t(wij) = x5

and we define the multiplication to be z;jx;, = w, where x;; € Ujj,xj, € Ujp are
considering as the same element x € M. The identity over an element x; € U; is z;;. These
dates define a Lie groupoid ]_[ U;; = 11, Ui which is called Cech groupioid.

Example 1.2.6. Given a smooth manifold M and an open cover {U;}, the Cech groupoid
Hi,j Ui;j = 11, U; is the pull-back the Lie groupoid Lie groupoid M = M via the trivial
submersion p(x;;) = x and hence Morita equivalent to the Lie groupoid M = M. The
pair Lie groupoid M x M = M is strong Morita equivalent to a point. More generally,
P x,np P = P is strong Morita equivalent to the trivial groupoid M = M for every
surjective submersion ¢ : P — M. [

Proposition 1.2.7. /8, 44] Two Lie groupoids are weak Morita equivalent if and only if
they are strong Morita equivalent.

To state the next proposition, we need to make a small abuse of vocabulary. Strictly
speaking, equivalence relations are defined on sets, not on classes. But of course, it can be
made sense of equivalence relations on a class: it is just defined to be a category admitting
the objects of the class as objects, and having one and only one invertible arrow relating
any two objects of the class that we wish ta make equivlent. This allows to make sense of
the next proposition:

Proposition 1.2.8. Morita equivalence induces equivalence relation on the class of all Lie
groupoids.
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By a differential stack, we mean a equivalence class of this equivalence relation on the class
of all Lie groupoids:

Definition 1.2.9. [8] A differential stack is a Morita equivalence class of Lie groupoids.

Morita equivalence preserve many properties of Lie groupoids. For instance, it can be
shown that for every pair (I' = M,I” = M) of Morita equivalent Lie groupoids:

2dim(M) — dim(T") = 2dim(M’) — dim(T"),

which allows to define the dimension of a stack as being the this number, computed with the
help of any representative of the differential stack. Beyond this example is a general idea.
In order to define something on differential stacks, one defines it first on Lie groupoids,
then we show that it is Morita invariant. More precisely, if some set R(T") is associated to
Lie groupoids, if a Morita equivalence M between I" and T" induces a map f(M) : R(T") —
R(I) in such a way that f(id) = id and f(M o M’) = f(M) o f(M), then we say that
the construction goes to the quotient at the differential stack level.

1.2.1 Cech cohomology and non-Abelian cohomology

The purpose of this section is to introduce non-Abelian 1-cocycle, and to justify this notion
by recalling first what Cech 2-cocycles are (since, unfortunately for the terminology, Cech
2-cocycles are non-Abelian 1-cocycles), then we shall introduce twisted Cech 2-cocycles,
which is also a non-trivial example of non-Abelian 1-cocycle. Then we will introduce
Abelian 1-cocycles.

For the Cech cohomology valued in a multiplicative Abelian group, 2-cocycles are given by
families a : C*°([; ; yes Uijk, A) such that

Qijk + ikl — @51 — ajk; =0

Let us now say a word on twisted Cech cocycles. Assume A is an additive Abelian group,
and assume that we are given a H-principal bundle P — M, with H a group acting on
A by Lie group morphisms of A, an action that we shall denote with the help of the
shorthand (h,a) — h(a) for all h € H,a € A. Given an open cover (U;);e; of M and
a cocycle h;; : U;j — H defining the principal bundle P — M and computed out of
sections o; : U; — P of P — M, a complex can be obtained as follows: chains are, as
previously, maps (or continuous maps, or smooth maps, depending on the context) from
]_[11% (Ui,..i, to A, and the differential is given by

(dw)ig,....i, = higis (Wiy...,in) + Z(_l)iw)ﬁc
i=1

with zAk =140,...y0k—1,%%+1,---,in. Equivalently, this can be understood as being the Cech
complex valued in A on P — M associated to the cover p~!(U;) are obtained restricting
ourself to H-equivariant maps, maps that we identify with their pull-back through o; : U; —
P. In particular, 2-cocycles in this complex are given by families a : COO(]_[i’j’kel Uijk, A)
such that

Aijk + Qakl — Gkt = hij(ajpr)
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where we recall that h;jhji = hy

For non-Abelian groups, Cech cohomology does not make sense, and defining it formally
similar formulas is not relevant, for it would not square to zero. However, it is possible,
sometimes, to have Cech-like cocycles even when for non-Abelian groups. For instance,
1-cocycles still make sense, when defined as maps from U;; — G satistying

AijAjk = Aik

Identifying cocycles if and only if ri)\ijr;l = )\gj with r; : U; — G, we get a notion of
cohomology, whose classes precisely describe G principal bundles.

More, generally, 1-cocyles can be taken valued in a crossed-module. A crossed module of
Lie groups (consult, for instance, [6]) is a quadruple (G, H, p, 7), where p : G — H and
7 H — Aut(G) are Lie group homomorphisms satisfying the next conditions, for all
g.geGheH

L. p(h(g)) = hp(g)h ™"

2. p(g)(g') =eg's™!

with the understanding that h(g), for every h € H,g € G is a short hand for j(h)(g).
Notice that here we consider that the action of H on G to be a left-action, which is not the
usual convention, but is necessary to recover the formulas of the G — Aut(G) case as they
are stated in [45, 10]. In order to avoid an easily done confusion between elements in G
and in H, we shall denote by bold letters, g, g’ elements of G, and in ordinary letters h, h/
elements in H. Also, bold letters shall be used for G-valued functions. Last, it is customary
to denote a cross-module by G 5 H, forgetting to make explicit the morphism j.

Example 1.2.10. A — 1 with A Abelian. O

Example 1.2.11. A — H with A Abelian and H a Lie group that acts on A by group
automorphisms. [

Example 1.2.12. 1 —+ H with H an arbitrary Lie group. [
Example 1.2.13. G — Aut(G) with G an arbitrary Lie group. Theorem : For G a Lie
group, Aut(G) is a Lie group. O

Remark 1.2.14. Cross-Modules of Lie groups induces crossed modules of Lie algebras.
O

We now recall from [22] the notion of non-Abelian 1-cocycles valued in an arbitrary crossed
module G — H.

Definition 1.2.15. Let G 2 H be a crossed module, and U = (U;);c1 an open covering of
a manifold N. A non-Abelian 1-cocycle w.r.t. U with values in G — H is a pair (\,g) €
Co(U; jer Uij, H) x C*(1, j ke Uijks G) required to satisfy the following conditions:

P(&ijk) Nik = NijAjk
8ijkiki = Nij(&;kl)&ist (1.1)
8iik = €
for all possible indices (here \ij (resp.giji) stands for the restriction of X (resp. g ) to U;;
(resp.Uiji, ).
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Remark 1.2.16. Note that the first of the relations (1.1), when i = j, implies A\;; = e.
Note that we have used the notation e for the nutral elements of both Lie groupoids G
and H. O

Example 1.2.17. From the crossed-module of example 1.2.10, a Non-Abelian 1-cocycle
amounts to a Cech 2-cocycle. [

Example 1.2.18. From the crossed-module of example 1.2.11, a Non-Abelian 1-cocycle
amounts to a twisted Cech 2-cocycle. A — H with A Abelian and H a Lie group that acts
on A by group automorphisms. [

Example 1.2.19. From the crossed-module of examp 1.2.12, a Non-Abelian 1-cocycle
amounts to a H-valued 1-cocycle. [

It follows from the crossed module axioms that p(G) is a distinguished subgroup of H, so
that the quotient H/p(G) is a group. Every non-Abelian 1-cocycles induces an H/p(G)-
principal bundle over the base manifold M which we called the band of the non-Abelian
1-cocycle.

Remark 1.2.20. When p is injective. Then the second relation follows from the first one.
Moreover the first relation implies that the second one holds up to an element in the kernel
of p. O

1.3 Lie groupoids G — H-extensions

Let G — H be a crossed-module of finite dimensional Lie groups. The purpose of this
section is to give a complete description, purely in terms of Lie groupoids, of G — H-gerbes
over a given stack, and to check that, when the stack in question is simply a manifold IV,
our notion gives back an already known description [11, 6, 22| in terms of non-Abelian
cohomology.

1.3.1 Definition of Lie groupoids G — H-extensions

In [10]-[45] gerbes are described as Lie groupoids extensions (up to Morita equivalence of
those). But this description mainly covers the case of the so-called G-gerbes, i.e. gerbes
valued in the crossed module G — Aut(G). In order to describe, in purely Lie groupoid
terms, G — H-gerbes, one needs to go further and to work with G-extensions endowed
with some H-principal bundle structure (up to Morita equivalence of those).

We first wish to introduce Lie groupoid extensions.

Definition 1.3.1. [/5] A Lie groupoid extension is a triple (R,G, ), denoted by R %5¢
or simply by R — G, when there is no risk of confusion, where R = M and G = M are
Lie groupoids over the (same) manifold M and the map ¢ : R — G is a groupoid morphism
over the identity of M such that ¢ is a surjective submersion.

The kernel of a Lie groupoid extension R £ Gis, by definition, the inverse image through
o of the unit manifold of G, i.e. the set

K={reR:p(r) ceM)}.
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Since ¢ is a surjective submersion, the kernel is a submanifold of R. Also, since ¢ is a
groupoid homomorphism over the identity of M, K is indeed a bundle of Lie groups (i.e.
it is a Lie groupoid whose source and target maps coincide). Notice that K is normal in
R in the sense that 7! ep k e r € K for all admissible k € K,r € R. The previous
assignment defines indeed a Lie groupoid action of R on K — M, action that we shall
denote by er i .

Definition 1.3.2. [/5] Let G be a Lie group. A Lie groupoid extension R % G is called a
Lie groupoid G-extension if its kernel K is locally trivial with typical fiber G,i.e. if every
point x € M (M being the base manifold of both R and G) admits a neighborhood U such
that Ky = o~ (e(U)) is isomorphic to G x U.

To a Lie groupoid G-extension R % G, we now associate an Aut(G)-principal bundle over
the groupoid R = M, called the band of the extension. We first recall the notion of
H-principal bundle over a Lie groupoid. See [46] for instance.

Definition 1.3.3. Let H be o Lie group, and R = M a Lie groupoid. A principal H-
bundle over R = M is an usual (right) principal H-bundle P = M together with a (left)
action of the Lie groupoid R = M on P 5 M such that the R and the H actions commute,
i.e. denoting the action of the Lie groupoid R = M and the action of Lie group H on
P 5 M, both by the same notation -, then (y-p)-h = ~v-(p-h), for all admissible
yeER,pe P heH.

We also define morphisms between two principal bundles w.r.t.different groups over differ-
ent Lie groupoids, as follow.

Definition 1.3.4. A morphism from a principal H-bundle P 5 M over a Lie groupoid
R = M to a principal H -bundle P’ 5 M’ over a Lie groupoid R' = M’ is triple a
(P, ¥, ), where ® : R — R’ is an morphism of Lie groupoids W : P — P’ is diffeomorphism
and and 7: H — H' be a Lie group morphism, such that:

U(y er,.p p-h) =(y) egp ¥(p) - 3(h)

Jor all pair (v,p) € R Xt px P and all h € H. When R = M and R’ = M’ are identically
the same Lie groupoid and the map ® is the identity map, then the morphism (®,V, ) is
called ¢ morphism over the identity of R = M, and we simply denote it by the pair (¥, )).

The band [27, 11] is in general defined for the gerbe itself, but [45] introduced a notion
of band for Lie groupoid G-extensions that boils down to the band of the gerbe. By
construction, it is the set of all Lie group morphisms from G to some fiber of its kernel.
More precisely, let G be a Lie group and R — G be a G-extension, we set

Band(R — G) := H isom(G, Kp,). (1.2)
meM

to be the set of all possible Lie group isomorphisms from G to some fiber K. Recall from
|45] that

1. Band(R — G) admits a natural manifold structure, for which the projection on M
is a smooth surjective submersion. We let Band,,,(R — G) stands for the fiber over
a point m € M.



1.3. LIE GROUPOIDS G — H-EXTENSIONS 9

2. Aut(G) acts (on the right) freely and transitively on the fibers of Band(R — G) as
follows: by, « p := by, 0 p, for p € Aut(G), by, € Band,,(R — G).

All these items together imply that Band(R — G) = M, where 7 is the obvious projection,
is a (right) Aut(G)-principal bundle over the base manifold M. Moreover, Band(R — G)
is an Aut(G)-principal bundle over the Lie groupoid R = M, when it is equipped with
the left action of R = M on Band(R — G) 5 M defined by setting r ®R . Band bm to be
the Lie group morphism from G to K, given by

g = by (g)r ™, (1.3)

for all r € R with t(r) = m, by, € isom(G, K,,)

We now have all the tools required for defining the type of extension whose (to be defined
in section 1.4) quotients shall define G — H-gerbes.

Definition 1.3.5. Let G 2 H be a crossed module, with action map 7: H — Aut(G), and
G = M a Lie groupoid. A G — H-extension of G = M 1is a triple (R — G, P — M, x),
where:

1. R — G is a Lie groupoid G-extension,
2. P — M is an H-principal bundle over the Lie groupoid R = M,

3. (x,7) s a morphism over the identity of R = M (see definition 1.3.4) from the
H-principal bundle P — M to the Aut(G)-principal bundle Band(R — G),

such that, for allp € P,g € G:

p-plg) = x()(9) er.p P (1.4)

(recall that x(p) belongs to Band,,(R — G) = Isom(G, K(,), so that x(p)(g) is an

element in K,y C R: it makes therefore sense to lel it acl on p € P).

It shall be convenient to draw the following diagram in order to represent G — H-
extensions. Below, it shall be understood that an arrow of the type R — — 2P means
that the groupoid R acts on P.

Let G — H be a crossed module, by an isomorphism between two G — H-extensions of a
Lie groupoid G = M, namely (R -G = M,P — M, x) and (R' = G = M, P’ — M,x'),
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we mean an isomorphism (®, ¥, idg) of principal bundles over Lie groupoids (see definition
1.3.4) such that the following diagram commutes:

P _r, P

|x | (1.5)

Band(R — G) —2— Band(R' — G)

where ®(n)(g) = ®(n(g)), for n € Band(R — G), g € G. For such an isomorphism we use
the notation (®, V) instead of (®, ¥, idg).

Example 1.3.6. Given a Cech 2-cocycle, we have a Lie groupoid extension of the Cech
groupoid defined as a 1 — H-extension of the Cech groupoid. [

Example 1.3.7. When the crossed module is simply {1} — H, then G — H-extensions
are nothing than H-principal bundles over Lie groupoids, and isomorphisms of G — H-
extensions amount to isomorphisms of those. [

Example 1.3.8. For every G-extension R — G = M, the quadruple
(R = G, Band(R — G) — M,1dpani(r—g)) (1.6)

is a G — Aut(G)-extension. Conversely, when the crossed module G — H is G —
Aut(G), then, for every G — H-extension (R — G, P — M,x) , then (x, [dau(q)) is
an isomorphism of principal bundles over the identity of R == M. In conclusion, the
assignment of (1.6) induces a one to one correspondence between G — Aut(G)-extensions
and G-extensions. This correspondence is an equivalence of categories, for isomorphisms of
G — Aut(G)-extension amount to isomorphisms of the corresponding G-extension. [

These examples lead to the guess that non-Abelian 1-cocycle should induce crossed-modules
extension. This is the content of the next section.

1.3.2 The manifold case: G — H-valued non-abelian cocycles as G — H-
extensions over Lie groupoid

Throughout the present section, we shall fix an open covering U = (U;);cs of a manifold N.

Our purpose is to show that G — H-extensions of the Cech groupoid N|[U] correspond to
G — H-valued non-Abelian 1-cohomology, computed with respect to U. We first recall
the notion of non-Abelian 1-cocycles [22; 11], as introduced by Dedecker. Then, we show
that these are in one to one correspondence with (a certain set of) G — H-extensions of
the Cech groupoid N|[U]. Proving that G — H-coboundaries correspond to isomorphisms
of these extensions shall then yield to the desired conclusion.

Definition 1.3.9. An adapted Lie groupoid G — H-extension of the Cech groupoid N [U]
is a G — H-exstension (R > N[U],P — [Lic; Ui, x) on which we impose the following
constraints:

1. R is the space G X Hije[ Uij and ¢ is the projection onto the second component;



1.3. LIE GROUPOIDS G — H-EXTENSIONS 11

2. P is the space [1,.; U; x H, equipped with the trivial right H-action (x;,h) - h' =
(x5, hR') for all h,h' € H,x € Uy;

3. The map x : P — Band(R 2 N[U)) maps (zi,h) € P to the element of the band
over x; given by g — (h(g),xy) for all g € G,h € H,z € U;;

4. the Lie groupoid product e of R satisfies the relation (g, zi) or (¢, zij) = (99, xij)
for allz € Usj,9,9' € G,i,j € 1.

Items 1 and 4 ofythe definition imply that the kernel of an adapted Lie groupoid G — H-
extension of the Cech groupoid N[U] is the trivial bundle of group: K = Gx[[,;c; Ui ~ Gx
[1; ¢7 Ui so that the band Band(R — N[U]) is canonically isomorphic to Aut(G) x[[;c; Us.

Given manifold N, an open covering U = (U;);es of a manifold N and a crossed module
G — H, adapted Lie groupoid G — H-extensions of the same Cech groupoid N|[U] may
only differ by two things: the Lie groupoid product on R = G x [] U;;j and the action

1,j€1
OfR:GXH IUijonP::HieIUiXG'

i€
Notation 1.3.10. For U an open covering of N, we shall denote adapted Lie groupoid
G — H-extensions of N[U| as triples (U,e,x), where U refers to the open covering, e
refers to the multiplication of the Lie groupoid R := G X Hi,jEI Uij and x refers to the
action of R := G x ][, ;c; U on the principal bundle P :=[[;c, Ui x G.

Remark 1.3.11. For an adapted extension (U, e,x), the action of an element (g, z;;) in

the kernel of R % N[U] on an admissible element (x;,h) € P is given by (z;, p(g)h). We
prove it as follows. First notice that

(xiyh) - plg) = (zi,hp(g)) by definition 1.3.9, item 2
= (i, ho(g)h™'h) (1.7)
= (x4, p(h(g))h) by axioms of crossed module.

On the other hand:

(ziyh)-plg) = x(x4,h)(g) * (x;,h) by (1.4) in definition 1.3.5

= (h(g),xi;i) x (x;,h) by definition 1.3.9, item 3. (18)

The result follows by substituting h(g) by ¢ in the previous relations. [

We now prove the desired correspondence which generalizes [10|(recall that 7 : H —
Aut(G) is part of the crossed module structure, see section 1.2.1).

Proposition 1.3.12. Let U = (U;);er be an open covering of a manifold N, and G — H
a crossed modules of Lie groups.

1. Let (U, o, %) be an adapted Lie groupoid G — H-extension of Cech groupoid NU].
We define (A, g) € C*(I1; jer Vijs H) xC®(11; ; ke s Vijk, G) gluing together the family
of maps Nij : Ujj — H and g;ji. : Usjr, — G defined by

{ (e,z5) * (zj,e) = (wi,Nij)  Vi,j €I,V € Ui (1.9)

(e,zij) @ (e, i) = (8ijk>xik) Vi,j,k € IVx € Uyjy,.

Then (\g) is a non-Abelian 1-cocycle.
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2. Given a non-Abelian 1-cocycle (N, g), we define:

(a) a Lie groupoid structure @ on R = G x [, ;c; Us; by:
{ (g.2i5) @ (¢, zjw) = (9Xis(9)8ish. i) (1.10)
(g:xi)™" = (N5 (97 'gi0) i)

forall g,¢' € G,i,j € I,x € Uy;, where \ij(g') stands for j(Xi;)(g'),
(b) a map ¢ : R — N[U] given by (g, ;) — 45, for all g € G,i,j € I,z € Uy,

(c) a structure of H-principal bundle x on P :=[],.; U; x H over the Lie groupoid
R = ;e Ui given by

(9, wij) * (x5, h) = (i, p(9) Aizh), (L.11)

forallge G,he H,i,j € I,z € Uy,
(d) a map x : P — Band(R — N[U]) by (zi, h) — (9(h), ;).

Then (U, e,x) is an adapted Lie groupoid G — H-extension of the Cech groupoid
NU]

3. the procedures in items 1 and 2 are inverse to each other.

The proof will go through a lemma.

Lemma 1.3.13. Let (U, e,%) be an adapted Lie groupoid G — H-extension of the Cech
groupoid N[U|. Define the maps \ij : Ujj — H and g;ji, : Ujjr — G as in (1.9). Then the
following relation holds for all i,j € I,g € G and x € Uy;:

(e,zi5) ® (9, 255) = (Nij(9), wij)
Proof. First observe that,

x((e,zi5) % (zj,€))(g) = x(xi, Nij)(g) by (1.9), i.e. definition of Ay
= (Nij(g9), i) Dby definition 1.3.9 item 3,

forall 7,5 € I,g € G and x € U;;. On the other hand,

x((e, ziz) * (25, €))(9)
= ((e,zsj) ®R.Band X(xj,€)) (g) X is a morphism of ppal bundles over grpds
= (e i) ® (g,xjj) ® (e,xi;)~" by def of eg pana i-e. (1.3)

for all i,5 € I,g € G and = € U;;. Multiplying on the right of both sides of the last two
relations by (e, z;;) and using item 4 in definition 1.3.9 yield the desired relation. O

Proof. (of proposition 1.3.12).1) We first prove that the maps defined in item 1 form a
non-Abelian 1-cocycle. The relation g;; = e is obtained by putting ¢ = j in the second
relation of (1.9). By definition of groupoid action, we have

((e;wij) o (e,mjx)) * (xk, €) = (e, 2i5) x ((e, zjx) * (zk, €)) (L.12)
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for all indices i, j, k and all x € U;j;. The LHS of (1.12) gives:

LHS of (1.12) = (8ijk, Tik) * (T, €) by (1.9), i.e. def. of g;j

= ((gijk,xii) ® (e,xix)) * (xg,e) by def. 1.3.9, item 4

= (ijk, i) * ((e,xix)) * (xg,€) by axioms of groupoid action
= (gijk, x“) * (.TZ‘, )\zk) by (1.9), i.e. def. of )\ik

= (@i, p(8ijk)Nik) by remark 1.3.11

while the RHS of (1.12) gives:

RHS of (1.12) = (e, xij) % (xj, N\jr) by (1.9), i.e. def. of Aji
= (e,x45) * (wj, e)Ajr by def. 1.3.9, item 2,
= (l‘z, ij ) by def. of )\ij
= (wy, /\zg)\gk) by (1.9), i.e. def. 1.3.9, item 2

Comparing these relations, we obtain the first condition of (1.1). To show that the families
(Xij)ijer and (8ijk)ijker satisfy the second condition of (1.1), we write the associativity
condition of the Lie groupoid multiplication of R as follows:

((e;zi5) o (e,x51)) @ (e, x11) = (e, 245) ® ((e,xj;) ® (€, 211)) (1.13)
for all indices ¢, j,k,l € I and x € U;j;. The LHS of (1.13) amounts to:

LHS of (1.13) = (8ijk,Tir) ® (e, 1) by (1.9), i.e. definition of g,
= ((gijk,xii) ® (e, xik)) ® (e,x5) by definition 1.3.9, item 4
= (8ijk: i) ® ((e;zi) ® (e,x1)) (by associativity of the gpd product)
(
(
1

gijk, -Tzz) (gzkl7 le) by (19), i.e. definition of g
8iikSiki> Til) by definition 1.3.9, item 4,

while the RHS of (1.13) gives

RHS of (1.13) = (e, ;) ® (k1 xj1) by (1.9), i.e. definition of g
= (e, ;) ® (gjri,xj;) ® (e, 251) by definition 1.3.9, item 4
= (Nij(gjm), xij) ® (e, 51) by lemma 1.3.13
= (Nij(gjr), wi;) ® (e,z55) ® (e,x5) by definition 1.3.9, item 4
= (Nij(gjr), xis) ® (8iji, Tar) by (1.9), i.e. definition of g;;;
= (Nij(gjr)giji, za) by definition 1.3.9, item 4

Comparing these relations, we obtain the second condition of (1.1), which completes the
proof of the first item.

2 We need to check that the multiplication e defined in (1.10) is a Lie groupoid multi-
plication. We first prove the associativity. Let i,j,k € I,z € U and g,¢',¢" € G.
Then

(9,2ij) ® (¢, l’gk) (9", x1))

(g,wq)/- (¢’ )\]k( "8kt 1) by (1.10), i.e. def. of e
= (g)ij(9'\jk(9")&jk1)8ij1> Tar) by (1.10), i.e. def. ofe
= (g)w'j(g/))\ ()\jk<j£7”)))\Jij(gjkl)gijl,xil) by crossed-modules axioms
= (9/\ij(9/)(P(gzyk))\zk(g”)))\ij(gjkl)gijl,:Uu) by (1.1) in definition 1.2.15
= (gNij(d)gijrNik(d’ )gi;}g)\ij(gjkl)giﬂ,xil) by crossed module axioms
= (9Mij(9)gijrAik(9") k1, Tar) by (1.1) in definition 1.2.15
= (9\ij(9)8ijk> Tir) ® (9", 211) by (1.10), i.e. def. of e
= ((9,7i5) (9", xjx)) ® (9", 1) by (1.10), i.e. def. of e.
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It is routine to check that the henceforth defined multiplication admits the source (resp.
target) map s, (resp.t) : R — [[;c; Us given by (g, ;) — x; (resp x;), admits the map
€:]1,e; Ui = R given by x; — (e,x;;) as an unit map, and admits an inverse given as in
(1.10). Altogether, these structural maps endow R with a structure of Lie groupoid, and
eventually turn R —> [;c; Uij into a Lie groupoid G-extension. It is also routine to check
that (1.11) gives a structure of principal H-bundle over the Lie groupoid R = [[,;c; U;. In
order to check that
iel

is a G — H-extension, we are left with the task of showing that (x,7) is a morphism of
principal-bundles over the identity of R. One condition is obvious:

X((@i, h) - 1) = (@i, hh') = (3(h1), 2i) = (3(h)3(W), i) = (3(h), 2:)3(R') = x(xi, h)g(R')

while the following proves that p- p(g) = x(p)(g) xp for all p € P, g € G, hence proves the
claim:

X (i, h) - 1')(g) * (i, h)

= ()(h)(9), wii) * (i, h) by def. of x

= ( ( ) mzz) (:L'“h,)

= (@i, p(h(g))Aiih) by (1.11)

= (zi,hp(g)h~'h) by crossed module axiom
= (@, h) - p(9).

Now items 1-3 of definition 1.3.9 hold by construction and item 4 holds because g;;; is
assumed, in definition 1.2.15, to be equal to the neutral element e of G. This completes
the proof of the second item.

3) Next, we prove that items 1 and 2 in the proposition yield constructions which are
inverse one to the other. For this purpose, we first notice that (1.10) and (1.11) hold for
any adapted Lie groupoid G — H-extension, hence the construction of item 2 is injective.
Assume that we are given a G — H-valued non-Abelian 1-cocycle (Aij, 8ijk )i jker, then
applying the procedure in item 2 we obtain an adapted Lie groupoid G — H-extension, to
which we apply the construction in item 1 to yield a G — H-valued non-Abelian 1-cocycle
()\’J,gwk) ijker- We need to show that these two non-Abelian 1-cocycles are equal. For
this, observe that, by construction in item 2, we have (z;, ;) = (e, ;) * (v, e) while
it follows from item 1 that (e, x;;) * (zj,€) = (x4, p(e)Nije). These two relations together
prove that A;; = X; for all 4,j € I. A similar argument proves that g;;x = g;;;, hence
the claim. This implies that if two adapted Lie groupoid G — H-extensions of the Cech
groupoid have the same G — H-valued non-Abelian 1-cocycles associated with, they are
equal. This proves the claim. O

Having made explicit a one to one correspondence between adapted G — H-extensions
and non-Abelian 1-cocycles, we now prove that, under this correspondence, isomorphisms
of adapted G — H-extensions correspond to non-Abelian coboundaries, a notion that we
now introduce, following [11] and[22].
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Definition 1.3.14. Let U = (U;)ier be an open covering of a manifold N and G —
H a crossed module of Lie groups. A G — H-valued 1-coboundary is a pair (r,v) €
C(U; jer Uij, H) x C(1; j ey Uijk: G). We say that a G — H-valued 1-coboundary
(r,v) relates two non-Abelian 1-cocycles (N, g) and (N, g’) if

Ny o= p(vig)ridiry ! (%)
/ / (1.14)
8iikVik = Aj(Vik)vijri(@ijr)  (x*)

Jor all possible indices. We recall that r;,v;; stand for the restriction of non-Abelian 1-

coboundary (r,v) to the intersection Uij.

The next proposition relates coboundaries and isomorphisms of adapted extensions which
generalizes the results of [10] to arbitrary crossed-modules.

Proposition 1.3.15. Let (U, e,x) and (U,o',*") be two adapted Lie groupoid G — H-
extensions of N[U]. Let (A, g) and (N,g') be the G — H-valued non-Abelian 1-cocycles
w.r.t. U associated with the adapted Lie groupoid (U, e, %) and (U, e *"), respectively, (as in
proposition 1.3.12). Then the following construction defines a one to one correspondence
between the set of isomorphisms of Lie groupoid G — H-extensions of N|{U] from (U, e, x)
to (U, e *'), and the set of G — H-valued 1-coboundaries relating (\,g) and (N, g'):

1. Given an isomorphism (Pr,®p) of adapted Lie groupoid G — H-extensions of N[U]
between (U, e, x) and (U, o', *"), we define r; : Uy — H and v;j : Uj; = G by:

(ziri) = @plzie) (1.15)

(vij »zi) = Pr(e zy)

2. Given a G — H-valued 1-coboundary (r,v) such that relates the non-Abelian 1-
cocycles (\,g) and (N,g'), define an isomorphism of g — H-extensions (Pr,Pp)
between the corresponding adapted Lie groupoid G-extensions (U, e, x) and (U, o' *)
as follows

Pr(g,zij) = (ri(g)v;,mij) Joralli,jel,xeUj,ge€G. (1.16)

and an isomorphism between P and P’ by:

Op(xi, h) = (4,1;h), forallie I, x € U;,h € H. (1.17)

Proof. 1) First we prove that by following the construction in item 1, for a given isomor-
phism of Lie groupoid G — H-extensions (P, Pp,idy) between adapted Lie groupoid
G — H-extensions (4, e,x) and (U, o', *’), we obtain a G — H-valued 1-coboundary. For
this we need to prove that the pair (r,v) obtained as in (1.15) satisfy relations (1.14).
We first prove the first of those relations, by exploiting the fact that (P, Pp,idy) is a
morphism of principal bundles over Lie groupoids, which amounts to:

Dp((e,mij) * (xj,€)) = Pr((e,xij)) * Pp((z,e)), foralli,jel,zeU;  (1.18)
The LHS of (1.18) is given by

CI’p((e, .I‘Z'j) * (.%'j, 6)) = @p(xz-, )\L]) by (1.9), i.e. definition of )\ij
= ®p(xj,e)-Nij Pp being a H-ppal bundle morphism
= (xi,7i) - Nij by (1.15), i.e. definition of r;
= (x4, miNj) by definition 1.3.9, item 2.
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The RHS of (1.18) is given by

Pr(e,xij) x Pp(z;,e)

(vi_jl,xij) ~ (xj,75) by (1.15), i.e. def. of Vi_j1 and r;
= ((vi;',mii) o (e,355)) ¥ (vj,€) -r; by def. 1.3.9 item 2 and 4
= (v;{,x“) * (i, Nij) - 7 by (1.9), i.e. def. of \};
= (v;jl, zii) X (i, A7) by def. 1.3.9 item 2

(i, p(vi; )N75) by (1.11)

Comparing the LHS and RHS of (1.18) yields

1

ridig = p(vi; Ny & N = p(vig)ridigr;

which is the first relation of (1.14). Before proving the second relation of (1.14), we need
to explore the consequences of the commutativity of the diagram displayed in (1.5). It
follows from item 3 in definition 1.3.9 that x((x;,e)) is the element in the band given
by x((z5,¢€))(g) = (g, z::), so that ®r(x((z;,¢))) is by definition the element of the band
given by g — ®r((g,x:i)). Now, ®p((z,e)) = (ri,e) by (1.15), i.e. definition of r;, so
that x'(®p((xi,e))) is the element of the band given by g — (r:(g), zi), by item (3) of
definition of adapted extensions again. The commutativity of diagram (1.5) can therefore
be expressed by meaning that the next relation holds for all g € G:

Pr(g, zii) = (ri(9), Tii). (1.19)

Exploiting the assumption that & is a Lie groupoid morphism, we can derive a more
general formula as follows

(9, i) ® (e, xi5)) by definition 1.3.9 item 4

g,%ii) ® ®r(e,z;j) Pr being a Lie groupoid morphism

ri\g ,.7}“') o @R(e,xij) by (119) (120)
~L.x;) by (1.15) definition of v,

ri(g vi_jl,acij) by definition 1.3.9 item 4.

Pr(g, i) = ‘I’RE

Il
i
=

—~~
=
~
~~ I/~
K
— — —
8
<
S
~—
[ ]
~
—~
<
<
<
8
<
<

Now, we derive the second of the relations (1.14) by comparing the left and right hand
sides of a relation following from the assumption that &% be a Lie groupoid morphism:

Dr((e, zij) @ (e, 251)) = Pr((e, 25)) o Pr((e, zjk)), (1.21)
a computation that goes as follows:

Pr((e, i) ® (e, z)1))
= Or(gijk, Tik) by (1.9), i.e. definition of g
= (ri(gik) vy zir) by (1.20),

while the RHS of (1.21) is:

dr((e, xij)) o' Pr((e, k)
= (v i) o (Vi @) by (1.15), i.e. def. of v;; and vji

- (Vi_jl/\gj(vj_;)g;jk,xik) by (1.10).
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Comparing the LHS and the RHS of (1.21) leads to

ri(@igk) Vi = Vi M (Vi )8k € 8vik = N (Vi) viiri(8in),
which is precisely the second relation of (1.14), and completes the proof of the first item.
2) Second we prove that, given a G — H-valued 1-coboundary, by following the construc-
tion in item 2, we get an isomorphism of adapted Lie groupoid G — H-extensions. In

order to show that the triple (P, ®p,Ids) with ®r,®p as in (1.16) and (1.17), is an
isomorphism of G — H-extensions, we need to check that

(a) ®r : R — R’ is a morphism of Lie groupoids,
(b) ®p: P — P’ is a morphism of principal bundles over Lie groupoids,
(c) the following diagram commutes:

[0}
P r P!

| ‘|

Band((R,e) — N[U]) _oR, Band((R,e') — N[U])

with @ being defined as in (1.5)

We first check that condition (a) holds, i.e that ®x(r er') = Pr(r) e P (r') for arbitrary
clements of the form r = (g, 2;;) € R and ' = (¢, z,;) € R. On the one hand:

Pr((g,xij) @ (¢ xjk)) = Pr(gNij(9')8ijk, Tik) by (1.10) in prop. 1.3.12
= (ri(gNij(9")gijk) vy s zir) by (1.16), i.e. definition of ®g,

while on the other hand:

PR ((g,%i5)) o Pr(9', k)
= (v ) ® (5(g)v ) by (116), Le. def. of O

Of course, @ is a Lie groupoid isomorphism if and only if both sides of the previous
relations are equal for all g, ¢’ € G, i.e. if and only if

Ti(g/\ij(g,)gijk)v;kl = Ti(g)v;jl)‘;j (rj(g,)vﬁgl)g;jk (1.22)
which reduces, multiplying both sides by r;(g~!), to require that, for all ¢’ € G:
ri(Nij(9)gijr) Vi, = V;jl/\gj(rj(Q/)V;kl)ggjk
or, equivalently:
ri(Nig (9")ri(gin) Vi = Vi Ny (ri(9)vigviy N (Vi 8l
1

By the second relation in (1.14), 7i(gijk) vy, = viglkgj(vjfkl)ggjk, so that, eventually, ®x is
a Lie groupoid isomorphism if and only if for all ¢’ € G

ri(Xij(g') = vi; N (ri(g)vis (1.23)



18 CHAPTER 1. NON-ABELIAN GERBES AS LIE GROUPOID EXTENSIONS

By axiom of crossed module the RHS of (1.23) is equal to p(v;jl))\;j (rj(g")) so that even-
tually ®% is a Lie groupoid isomorphism if and only if

rioXij (¢') = p(vi;') o Xijor; (¢); Ve € G,
an equation which is obtained by applying 7 : H — Aut(G) to the first relation in (1.14),
and is therefore true, here o refers to the composition low of Aut(G), Hence, & is a Lie
groupoid isomorphism.

We wish now to check that condition (b) holds, i.e that ®p(r x p) = ®r(r) x’ ®p(p) for
arbitrary elements r = (g,2;;) € R and p = (z;,h) € P. On the one hand, we compute:

®p((g,2ij) * (x5, h))
= ®p(xi, p(g)Nijh) by (1.10) in prop. 1.3.12 (1.24)
= (@i, mp(g)Nijh) by (1.17), i.e. definition of ®p,

while on the other hand, we compute:

Or (g, zig) ' ©p(z;, h))
= (rilg)v;;" wij) ¥ (wj,75h) by (1.16-1.17), i.e. def. of dg and Pp (1.25)
= (mi,p(ri(g)v;jl))\gjrjh) by (1.10) in prop. 1.3.12

Equations (1.24) and (1.24), together with p(n(g)vi_jl))\gjrjh = rip(9)Aijh (an immediate
consequence of (1.14)), imply that:

Dp((g,2ij) * (h, x7)) = Pr(g, zi5) ¥ Pp(h, x;))

which completes the proof of (b). Condition (c) is a direct computation.

Last, we have to check that both constructions in item 1 and item 2 are inverse one to the
other. It is easy to see that, applying the construction of item 2 and then the construction
of item 1 to a G — H-valued coboundary (r;, v;;), one obtains (r;, v;;) again. Moreover,
two (Pg, Pp), (P, P’p) isomorphisms of G — H-extensions which correspond to the same
coboundary (r;,v;j) need to be equal. This follows from (1.20), which clearly implies that
O = &/, and from (1.15), which implies that ®p and ®ps coincide on every element in P
of the form (z;, e), and are therefore equal since principal bundle morphisms that coincide
on some global section coincide globally. This completes the proof. O

Let U = (U;)ier be an open covering of a manifold N, and G — H be a crossed module
of Lie groups. It follows from proposition 1.3.15 that coboundaries define an equivalence
relation on the set of G — H-valued 1-cocycles w.r.t. Y. The quotient set obtained by
this equivalence relation is called G — H-valued 1-cohomology w.r.t. U and denoted by
HY(G — H).

The next corollary follows from propositions 1.3.12 and 1.3.15.

Corollary 1.3.16. Let U = (U;)icr be an open covering of a manifold N, and G — H
be a crossed module of Lie groups. There is a one to one correspondence between the set

HY (G — H) and the set of all adapted Lie groupoid G — H-extensions of N[U] up to
isomorphisms (of Lie groupoids G = H-extensions of N[U]).

The notion of adapted extension may appear to be somewhat arbitrary. We wish to
convince the reader that it is not, by showing the next proposition.
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Proposition 1.3.17. Let U = (U;)icr be an open covering of a manifold N such that Us;
18 a contractible open set for alli,j € I, and let G — H be a crossed module of Lie groups.
Then every Lie groupoid G — H-extension of the Cech groupoid N[U] is isomorphic (as
a Lie groupoid G — H-extension of the Cech groupoid N[U]) to an adapted Lie groupoid
G — H-extension N[U].

Proof. Let (R 4 N[U], P — Tl;c; Ui, x) be a Lie groupoid G — H-extension of N[U].
Since [, Ui is a disjoint union of contractible sets (since U; is by assumption contractible
for all 7,5 € I, so is U; = Uy;), there exists a global section o of the H-principal bundle
P — Hie[ Us;.

Since x : P — Band(R AN [U]) is by assumption a morphism of principal bundles over
the identity of [[;c; U;, the map & := x o ¢ is a global section of the Aut(G)-principal

bundle Band(R 2 N[U]). In turn, a global section of the band amounts to a global
trivialization of the kernel X' — [[,.; Ui, by considering the group bundle isomorphism
7 Gx][;c; Ui ~ K given by (g, x;) — &(x;)(g). Since, by construction, &(z;) belongs to
Band,, = Isom(G, K,), it is clear that 7k is, as expected, a group bundle isomorphism
over the identity of [[;c; Us.

Now, the surjective submersion ¢ : R — Hi,je] U;j restricts to a surjective submersion
from R\K to [], 2; Uij, and the fibers of this submersion are acted upon transitively and
freely by K. Using 7k, we endow

R\K — H Uij
i,j€I 8.t.i#j

with a structure of G-principal bundle as follows: the outcome of the action of g € G on
r € R\K is defined to be 7x(g,s(r)) eg 7. Every principal bundle over a disjoint union
of contractible open sets is trivial, which means, in this case, that there is a global section
o1 : Hi;&j Uij — R\K Then we define TR\K * G X Hi7éj Uij — R\K by

(9,2i5) = Ti (g, %;) or 01(wi5)

for all 4,5 € 1,1 # j. By construction 7\ g is a group bundle morphism over the identity
of [1;,; Uij. Gluing 7x and 7r\x, we get a map (over the identity of [[; ;o; Ui;) that we
denote by 7: G x [[; je; Uiy — R, namely:
(g9, zi) == i (g, %), Vi € [
and
T(gaxij) = TR\K(Q?‘TZ]>’VZ>] € I with ¢ 7& ]
The section o of P — Hiel U; also induces a map Up : ]_LEI U; x H ~ P given by:

((Bi, h) — O’(.%Z) - h. (1.26)

With the help of this pair of maps Vp and 7, the structure of G — H-extensions on
(R 2 N[U], P — [1;e; Ui, x) is transported and induces a structure of G — H-extension

on (G x [, jer Uij 2 NULLTT, UixH = [1;c; Ui, X')- Explicitly the induced Lie groupoid
structure on G x [, ;e Uij = [1;; Ui is given by:

(g, i) @ (¢, i) == 7 (7(g,2i5) o= T(9', 751)),



20 CHAPTER 1. NON-ABELIAN GERBES AS LIE GROUPOID EXTENSIONS

for all g,¢' € G,14,j,k € I,z € Uy, the induced action of Lie groupoid G x Hz‘,jel Uij =
[Lic; Ui on [1,c; Ui x H is given by:

(g, wij) * (x5, h) == Up! (7(g, zi5) or,p Vp (x5, h)),

for all g,€ G,h € H,i,j € I,z € U;;, and the induced principal bundle structure on
[ic; Ui x H — [, Ui over the Lie groupoid G x [[; jc; Uij = [1; je; Uij is given by:

(l’i, h) . h/ = <$i7 hh/),

for all h,h' € H,i € I,x € U;, Last we define X' : [[,c; Ui x H — Band(G x [, ;c; Uij =
Hi,je] Uij) by
for all he H,i € I, x € U;, We claim that:

1. The extension Exty := (G % [; j; Uij = [ jer Uijs i Ui x H = [ Ui X) 18
a Lie groupoid G — H-extension.

2. The Lie groupoid G — H-extension Fxts is isomorphic to the Lie groupoid G — H-
extension Ezt) := (R — Hz‘,jel Uij, P = 111 Ui, X)-

3. The Lie groupoid FExty is an adapted Lie groupoid G — H-extension.

These claims complete the proof of the proposition. For the proof of claim 1), it is enough
to check that (z;,h) - p(g) = X'(zi, h)(g) * (x;,h) for all x € N,i € I,h € H,g € G, which
goes as follows:

X (i, 1) (g) * (i, h)
= (h(g), i) * (i, h) by def of x’
= U (r(h(g), zii) er.p Up(zi,h)) by def of %

P

= U l(xoo(xi)(h(g)) er,p o(x;)-h) by def of 7 and def of Up (1.27)
1:? :
P

I
<
=
2
&
=
S
[ ]
2
B
2
&
=

X is morphism of ppal bundles
Yo(x) - h-plg)) since Fxty is a G — H-extension
by def of Ut

[l
E
>
)
—~~
K
=

= (xi,h) - plg)

For the proof of claim 2), since ¥p and 7 are clearly morphisms of principal bundles and
Lie groupoids respectively, it is enough to prove that the following diagram commutes:

N
[lie; Ui xH = P

| |

Band(G X Hi,je[ Uij E—— Hi,jel Uij) L> Band(T\’, I Hi,jEI Uij)

In turn, the commutativity of this diagram follows from:

(Tox'(zi,h))(9)
= 7(x(xs,h)(9)) by def of 7
= 7(h(g), i) by def of

= (xoo(x))(h(g)) bydefofr
= xoo(z)oj(h)(g)
= x(o(z:) - h)(g) since x is a morphism of ppal bundles

= xoWUp(x;,h)(g) by def of Up,
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foralliel,z; e Uj,he H g € G.
Last we need to prove claim 3). For this it is enough to check that axiom 2 in Definition
1.3.9 holds. Note that the other axioms in Definition 1.3.9 hold by construction of x and

o,
(g, i) ® (g/vxij) = (99'7%';‘) (1.28)
forall z € N,i,j € I,g9,¢' € G. This goes as follows:

LHS of (1.28)

= 7'_1(7'(9a$ii) o= 7(9', 2ij)) by def of e
= 7 N xoo(xi)(g) er x 0 o (wi)(g') er o1(zi;)) by def of 7
= 77 (xo o( )(99") er o1(xi5)) x o o(z;) is a morphism of groups
= 7 (7(g9, zi5)) by def of 7

— RHS of (1.28)

so that condition (1.4) in definition (1.3.5) is satisfied. The other conditions are satisfied
by construction. O

We can now state the conclusion of this section, which follows immediately from proposition
1.3.17 and corollary 1.3.16.

Theorem 1.3.18. Let U = (U;)icr be an open covering of a manifold N such that Uy is
a contractible open set for all i,j € I, and G — H a crossed module of Lie groups. There
s a one to one correspondence between

(i) the set H),(G — H),

(i) adapted Lie groupoid G — H-extensions of N|U] up to isomorphisms of Lie groupoid
G — H-extensions of N[U],

(i7i) Lie groupoid G — H-extensions of N[U] up to isomorphisms of Lie groupoid G — H-
extensions of N[U].

Proof. The correspondence between (i) and (ii) was already stated in corollary 1.3.16. The
correspondence between (iii) and (ii) comes from proposition 1.3.17 which states that every
Lie groupoid G — H-extension of N[U/] is isomorphic to an adapted one. Of course, a given
extension can be isomorphic (as Lie groupoid G — H-extensions of N[U]) to two different
adapted G — H-extensions N[U], but both adapted extensions are then isomorphic (as
Lie groupoid G — H-extensions of N[U]), so that the assignment from (iii) to (ii) is well-
defined and is one to one by construction. This concludes the proof of the theorem:. O

1.4 Morita equivalence of G — H-gerbes

Let G — H be a crossed-module. We intend in this section to define, purely in terms of Lie
groupoids, the notion of G LN H-gerbes over a given Lie groupoid B = By, having in mind
the case where B = By is the trivial Lie groupoid NV = N associated to a manifold N.

In view of the preceding section, it is reasonable to consider all the G — H-extensions of
all the possible pull-back of B = By with respect to surjective submersions. For instance,
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when B = By is of the form N = N, with N a manifold, this includes all the G — H-
extensions of the Cech groupoids associated to an arbitrary open cover of N (because the
Cech groupoid NU] = [1;e; Ui is the pull-back groupoid of N = N with respect to the
natural inclusion maps ¢ : [[;c;U; — N). But of course, we shall later have to take a
quotient of that class. We do it by identifying two G — H-extensions which are Morita
equivalent in some sense described below.

1.4.1 Definition of Morita equivalences of G — H-extensions and G — H-
gerbes

Let us first define what the pull-back of a G — H-extension is.

Given a Lie groupoid extension R LA G = M and a surjective submersion p : M’ — M,
the functor of definition 1.2.1 applied to R % G yields a Lie groupoid extension

Rip] 22 Gip, M.

It is routine to check that R[p] Rl Glp, M] = M’ is again a Lie groupoid extension.
This construction still goes through under the weaker assumption that p is a generalized
surjective submersion for the Lie groupoid G = M. Notice that p is a generalized surjec-
tive submersion for the Lie groupoid G = M if and only if it is a generalized surjective
submersion for the Lie groupoid R = M, so that we could say that this construction still
goes through under the weaker assumption that p be a generalized surjective submersion
for the Lie groupoid R = M. For all such maps p : M’ — M, we call the Lie groupoid

extension R[p] M Glp, M| = M’ the pull-back of the Lie groupoid extension R 4 G= M
with respect to p.

Having defined the pull-back of Lie groupoid extensions, we wish to define the pull-back
of Lie groupoids G — H-extensions. This shall require to go through some technical con-
siderations about the pull-back of the kernel and the band of a Lie groupoid G-extension.

There is a clear notion of pull-back for group bundles (resp. principal bundles): to say it
in one word, given P = M a group bundle (resp. principal bundle), and p: M’ — M a
smooth map, then the fibered product P X ar, M’ endows a natural structure of group
bundle (resp. principal bundle). To a Lie groupoid extension, we have associated in
section 1.3.1 a bundle of group, called the kernel, and, provided that the extension is a
G-extension, we have also constructed an Aut(G)-principal bundle, called the band. The
next proposition claims that these two constructions behave well with respect to pull-back.

Proposition 1.4.1. Let M, M’ be smooth manifolds, p : M' — M be a surjective sub-
mersion, and R 2 G = M a Lie groupoid extension over the base manifold M .Then:

1. there is a canonical isomorphism between the kernel of Lie groupoid extension R|p] M

Glp, M| = N and the pull-back of the kernel K of the Lie groupoid extension R LA
G = M by the surjective submersion p,

2. the pull-back of a Lie groupoid G-extension by a surjective submersion is a Lie
groupoid G-eztension,
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3. in the case of a G-extension, there is a canonical isomorphism between the band of

Rp] M Glp, M| = M' and the pull-back of the band of R 4 G = M byp.

The same holds true when p is a generalized surjective submersion.

Proof. The kernel of the pull-back of the Lie groupoid extension R[p] M Glp, M| = M,
denoted by K|p], is, as a set, given by {(n,k,n)|ln € M’ k € K,(n)}, where K — M is

the kernel of the Lie groupoid extension R f) G = M. As a bundle of group, K|[p] can be
identified, therefore, with M’ x5, K. This proves the first item.

In particular, the fiber K{[pl, of the kernel K[p] over a given point n € M’ is isomorphic
to K, and, more generally, if K is locally trivial with typical fiber G, so is its pull-back
K|p|. This means precisely that the pull-back of a Lie groupoid G-extension is again a Lie
groupoid G-extension. This proves the second item.

The identification between K[p| and the kernel K’ of R[p] d Glp, M] = M’ induces
an identification between the set of all Lie group automorphisms from G to K], and

Band,,,) (R 2 G) for all m € M'. All together, these identifications yield an identification
Band(R]p] il Glp, M]) and M’ x py Band(R 4 G). This proves the last item. O

We are now able to define clearly the notion of pull-back of a G — H-extension (R —
G,P— M,x). Let p: M" — M be a (maybe generalized) surjective submersion. According

to the second item in proposition 1.4.1, the pull-back extension R[p] il Glp, M| is again a
G-extension. Moreover, p*P = P x; M’ — M’ is an H-principal bundle over M’, which
is acted upon by R[p] = M’ as follows:

(n,r,n') e (x,n') = (rewz n),

for all n,n’ € M’ 2 € P,r € R subject to the constraints p(n) = s(r),t(r) = p(n’) = p(x).
The map x[p] : P xpr M — Band(R — G) xy M’ defined by (p,n) — (x(p),n), com-

posed with the canonical isomorphism between Band(R — G) Xy M’ and Band(R|[p] ald

Glp, M]) of item 3 in proposition 1.4.1, satisfies all the requirements needed to guarantee

that (R[p] ! Glp, M],p*P — M', x[p]) is a G — H-extension.

Definition 1.4.2. Let (R g G,P — M,x) be a Lie groupoid G — H-extension. Let
p: M — M be a (generalized) surjective submersion. We call the Lie groupoid G — H-
extension defined in the lines above the pull-back of the Lie groupoid G — H-extension
(R 4 G,P — M,x) with respect to p and we denote it by (R[p] il Glp, M], Plp] —
M{pl, x[p))-

Indeed, we need a notion which is slightly more subtle. Recall that our purpose is to define
gerbes as being the quotient of a sub-class of all G — H-extensions by some relation. We
can now be more precise, and define, given a Lie groupoid B = By, a G — H-extension

over B = By to be a quadruple (¢, R LA Blq], P — M, x) where:

1. g: M — By is a surjective submersion,
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2. (R % Blq],P — M, x) in a G — H-extension of the pull-back groupoid Blgq] = M
of B = By with respect to q.

We define the pull-back of those.

Definition 1.4.3. The pull-back of a Lie groupoid G — H-extension (q, R LA Blq], P —
M, x) over the Lie groupoid B = By w.r.t the surjective submersion p : M' — M s the

Lie groupoid G — H-extension (qop,Y (@] Blqop],p*P — M’ x[p]) over the Lie groupoid
B = Bo.

Remark 1.4.4. The previous definition used implicitly the existence of a natural isomor-
phism Blg][p] ~ Blq o p]:

Blq][p] <= Blg o p]

Indeed, the pull-back of the G — H-extension (R LA Blq], P — M, x) with respect to p is
a priori a G — H-extension of B[g][p]. But in view of the isomorphism B[q][p] ~ B[q o p],

it can be considered as a G — H-extension of B[qo p|, and (g op, R[p] (?—[Z;} Blgop],p*P —
M, x[p]) is a G — H-extension over B = By. [

We can now define the notion of Morita equivalence that we are interested in.

Definition 1.4.5. A Morita equivalence between two Lie groupoid G — H-extensions

(¢, R LA Blq],P — M,x) and (¢, R A B[{],P — M,x) over B = By is a triple
(M p,p") where M" is a manifold, p : M" — M and q : M" — M' are surjective
submersions, such that:

1. the following diagram commutes:

M//
/ x
M’ M
B

gop=4¢oyp,
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2. the pull-back of the Lie groupoid G — H-extension (R % Blg],P — M, x) with
respect to p is isomorphic to the pull-back of the Lie groupoid G — H-extension
(R 4 B[], P — M',X") with respect to p' (notice that both pull-back Lie groupoid
G — H-extensions are G — H-extensions of Blq o p'] = Blg o p]).

In terms of commutative diagram, Morita equivalence of Lie groupoid G — H-extensions
over B = By can be visualized as follows

P R i RI) P
W
P R Blgop] ~ Blg op] R P

=
=

<
.=
’Q\

Example 1.4.6. A pair (¢, R LA Blq],P — M,x) and (¢, R’ LA Blq],P" — M,x) of
G — H-extensions over B =% By which are isomorphic over the identity of B[q] are Morita
equivalent. [

Example 1.4.7. Every Lie groupoid G — H-extension over a Lie groupoid is Morita
equivalent to its pull-back with respect to a (generalized) surjective submersion. [

We can not say, strictly speaking, that Morita equivalence of G — H-extensions over a
given Lie groupoid B == By is an equivalence relation because G — H-extensions over
B = By do not form a set. However, the axioms of equivalence relations remain satisfied,
as shown in the next proposition

Proposition 1.4.8. Let B = By be a Lie groupoid.

1. A G — H-extension over B = Bg s always Morita equivalent to itself.

2. Let Exty, Exty be G — H-extensions over B = By. Exti is Morita equivalent to
Exty if and only if Exts is Morita equivalent to Ext.

3. Let Exty, Exto, Exts be G — H-extensions over B = By. If Exty is Morita equiva-
lent to Exty and Exty 1s Morita equivalent to Exts, then Exty i1s Morita equivalent
to Exts.

Proof. Only the third item merits some justification. If M, together with the surjective
submersions p,q give a Morita equivalence between Ext; and Exts, while M’ together
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with the surjective submersions p’, ¢’ give a Morita equivalence between FExto and Euxts,
then we introduce M” := M X4,y M’ and equip it with the surjective submersions
(m,m') = p(m) and (m,m’') — ¢'(m') onto M7 and M3 respectively, where, in the previ-
ous, M;,1 =1,2,3 is the base manifold of the G — H-extension Fxt;. A cumbersome but
easy computation shows that the pull-back of Ext; and Exts to M” are isomorphic Lie
groupoid G — H-extensions. O

This proposition allows one to give, at last, the following definition.

Definition 1.4.9. A G — H-gerbe over B = By is a Morita equivalence class of Lie
groupoid G — H-extensions over B = By.

To justify this definition, we shall in subsection 1.4.2 show that, when the Lie groupoid
B = By is simply a manifold Lie groupoid B = By, G — H-gerbe are precisely the same
thing as G — H-valued non-Abelian 1-cohomology.

1.4.2 The manifold case: G — H-gerbes as non-Abelian 1-cohomology

The notion of G — H non-Abelian 1-cohomology w.r.t. a given open covering was in-
troduced in section 1.3.2 . As usual, G — H non-Abelian 1-cohomology is obtained by
inductive limits of those. More precisely, we proceed as follows. By a refinement of an open
cover U = (U;)ier, we mean a pair (V, o) made of an open cover V = (V}),c together with
amap o : J — I such that V; C Uy(; for all j € J. Notice that o induces a map, again de-
noted by o, from Hk,leJ Vit to Hi,jEI Uij (resp. Hk,l,meJ Vitm t0 Hi,j,ke] Uiji), obtained by
mapping Tx € Vi 0 Tok)o) € Us(k)o) (using the notations of section 1.1). By the pull-
back of a non-Abelian 1-cocycle (A, g) € C*([I, je; Vij, H) x C(I1; j ke Vijk, G) w.r.t.
U, we mean the pair of functions (0*A,0%g) in C*(I1; ;c; Vij, H) x C*(I1;  kes Vi G)-
Notice that, by construction, (c*\);; = /\a(i)g(j)‘vij and (07g) 1, = g”(i)"(]’)"(’“)‘\/ﬁk for all
i keJ.

Lemma 1.4.10. Let (V,0) be a refinement of U. The pull-back of a G — H-valued non-
Abelian 1-cocycle w.r.t. U is a G — H-valued non-Abelian 1-cocycle w.r.t V. Moreover,

two G — H-valued non-Abelian 1-cocycles that differ by a coboundary have pull-back that
differ by a coboundary again.

We now identify two G — H-valued non-Abelian 1-cocycles (A, g) and (N, g’), defined on
covering U and U’ of N respectively, if there exists a common refinement of both U and U’
such that the pull-back to that refinement of (), g) and (X', g’) differ by a coboundary. We
denote by H'(G — H) the set henceforth obtained and we call this set the G — H-valued
non-Abelian 1-cohomology on N. In general, H'(G — H) has no group structure.

We can now state the main result of this section.

Theorem 1.4.11. Let N be a manifold. There is a one to one correspondence between:

1. G — H-valued non-Abelian 1-cohomology on N,

2. G — H gerbes over N = N.
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The proof of the theorem requires two lemmas. For the first one, recall from proposition
1.3.12 that, given an open covering U of N, there is a one to one correspondence between
non-Abelian 1-cocycles and adapted extensions of the Cech groupoid N[U].

Lemma 1.4.12. Let (V,0) be a refinement of U and (N, g) be a non-Abelian 1-cocycle
w.r.t. U. Then the adapted Lie groupoid G — H-extension associated to the pull-back of
the non-Abelian 1-cocycle (A, g) is isomorphic (as a G — H-extension) to the pull-back of
the adapted Lie groupoid G — H-extension associated to (N, g). This can be expressed as
the commutativity (up to a a canonical isomorphism) of the diagram:

corresp. of
non.Ab. 1-cocycle_ Prop- 1.3.12  adapted ext. of
w.r itV N[V]
pull—back pull—back

corresp. of

non.Ab. 1-cocycle_Prop- 1.3.12  adapted ext. of
w.rtU NU|

Proof. Let (U,e,x) (resp. (V, ', %)) be the adapted Lie groupoid G — H-extension as-
sociated to the G — H-valued non-Abelian 1-cocycle (A, g) (resp. (X, g), the pull-back
of (\,g) wrt. o). Let o stand for the map [[;.;V; — [Lic; Ui (vesp. [ ey Via —
[1; jes Uij)- The pull-back Lie groupoid (G x []; ;c; Uij)[o] is isomorphic to G x [, ;c; Vij
through the isomorphism defined for all ¢, 5 € J,x € V;j,9 € G by

V(2i, (9, To(i)o (), T5) = (95 i),
and the map
¢/(33i> (xa(i% h)) = (miv h)

is an isomorphism between the pull-back of [],.; U; x H through o and HjeJ V; x H. We
leave it to reader to prove that (¢,v’,idy) is an isomorphism of Lie groupoid G — H-
extensions. O

The next lemma shall also have its importance. The reader can replace the Lie groupoid
B = By by N = N for the sake of simplicity, since we shall only use the lemma in that
case.

Lemma 1.4.13. Let (¢, R LA Blq],P — M, x) be a Lie groupoid G — H-extension over
B = By. Let 7 : M' — M be a map such that q o T is a surjective submersion. Then:

1. 7 is a generalized surjective submersion for both Lie groupoids R = M and Blq] =
M,

2. (qoT,R|7] e BlgoT]|, 7P — M', x[7]) is a Lie groupoid G — H-extension,

3. this Lie groupoid G — H-extension is Morita equivalent (over the identity of B =
By) to (¢, R % Blgl, P — M, ).
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Proof. We wish to show that the map & : M’ x; ars Blg] — M given by (b, m) — t(b) for all
b € Blg],m € M is a surjective submersion. Let m € M, take m’ € (qo7)~!(g(m)) (which
is non-empty by assumption). Now since ¢t~!(g(m)) is not empty so (m/, (r(m/),b,m))
projects on m by &, where b € t~1(q(m)). This proves the surjectivity. To check that & is in-
deed a submersion, we have to think in terms of infinitesimal paths. Let (m/, (7(m/),b,m))
be a point in M’ x; ars Blg|, and m € M such that £(m/, (7(m/),b,m)) = m. Let m(e) be
a path in M starting from m. Since the target map (of Lie groupoid B =2 By) is always a
surjective submersion there exists a path b(€) in B starting at b such that ¢(b(€)) = g(m/(e))
(for all € small enough). Since g o 7 is a surjective submersion by assumption, there exists
also a path m/(e) in M’ starting at m’ such that qo7(m’(¢)) = s(b(¢)) for € small enough.
By construction, the path (m/(¢), 7(m/(€),b(e), m(¢€))) is a path in M’ X, s Blg] — M
which starts at (m/, (7(m’), b, m)) and projects by £ onto m(e), which completes the proof
of the first item.

In view of the proof of lemma 1.2.2, all the algebraic axioms of Lie groupoid G — H-

extensions are satisfied by (R[7] 4 Blgor]|, 7P — M',7*x). Lemma 1.1.1 implies that
the sets involved are manifolds. This completes the proof of the second item.

For the last item, the manifold that we shall consider to construct an explicit Morita
equivalence is:
T=M x;mi R

equipped with the surjective submersions ¢}, : T — M’ and qp : T — M given by the
projection on the first component and the target of the second component respectively. By
construction, the following diagram commutes:

This implies that R[7][gar] =~ R[T o qarr] = R[gas] and also
Papo P~ (o oqy)*P = pyP.

It is routine to check that this pair of isomorphisms form an isomorphism of Lie groupoid
G — H-extensions between the pull-back of (goT, R[0] 2 BlgoT],0*P — M',7*x,) w.r.t.
g and the pull-back of (¢, R LA Blq],P — M’ x,) w.r.t. qu-

O
We now prove theorem 1.4.11.

Proof. According to the first item of proposition 1.3.12, to an arbitrary G — H-valued
non-Abelian 1-cocycle (A, g) with respect to an arbitrary open cover U corresponds an
adapted Lie groupoid G — H-extension (which is by construction a Lie groupoid G — H-
extension above the Lie groupoid N = N).
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This assignment goes to the quotient to yield an assignment from G — H-valued non-
Abelian 1-cohomology on N to G — H-gerbes over N = N. This follows from the fact
that the adapted Lie groupoid G — H-extensions associated to a G — H-valued non-
Abelian 1-cocycle and a pull-back of it are Morita equivalent over the identity of N = N
by Lemma 1.4.12. Also, by proposition 1.3.15, the adapted extensions associated to two
G — H-valued non-Abelian 1-cocycles that differ by a coboundary are isomorphic, hence
Morita equivalent over the identity of N = N by example 1.4.6. Hence, the adapted
Lie groupoid G — H-extensions associated to two G — H-valued non-Abelian 1-cocycles
that define the same element in cohomology are Morita equivalent over the identity of
N = N, yielding a well-defined map from G — H-valued non-Abelian 1-cohomology on
N to G — H-gerbes over N = N, that we denote by =.

We first check that = is surjective. Let (¢, R 2 Nlq],P — M, x) be an arbitrary Lie
groupoid G — H-extension over N =% N. There exists an open cover U = (U;);er of N
such that ¢ : M — N admits local sections o; : U; — M for all ¢ € I, which, altogether,

define a map o : [[,c;U; — M. By lemma 1.4.13, (¢, R 2 Nlql, P — M, ) is Morita
equivalent over the identity of N = N to its pull-back with respect to o. The pull-
back being a Lie groupoid G — H-extension of the Cech groupoid is, by proposition
1.3.17, isomorphic (hence Morita equivalent by example 1.2.4) to an adapted one. Hence

(¢, R LA Nlq],P — M, ) is Morita equivalent to an adapted Lie groupoid G — H-
extension, which, by proposition 1.3.12, comes from some non-Abelian 1-cocycle. This
proves that the assignment = is surjective.

We then check that = in injective. The proof is based on the following general property of
open covers. Assume that there is a commutative diagram as follows:

with p and p’ surjective submersions (above, the symbol ¢ stands for all the canonical
inclusions, and (U;)ier and (Vj);jes are open covers of the manifold N). Then there is a
common refinement (Wy)rex of (Ui)ier and (Vj)jes and a map 7 : [[,cx Wi — M’ such
that the following diagram commutes:

[rex Wi (1.29)
/ 5\
Hie] Ui HjGJ Vj

N
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where, again, we use the symbol ¢ to denote all the canonical inclusions.

Assume now two G — H-valued non-Abelian 1-cocycles, defined w.r.t. open covers (U;);er
and (V});es respectively, have adapted Lie groupoid G — H-extensions Fztl and Ext2
(which are hence over the Lie groupoid N = N) associated with which are Morita equiva-
lent. By the very definition of Morita equivalence of G — H-extensions, this implies that
there exists a manifold M’ together with surjective submersions p : M’ — [[;.; U; and
p M — HjeJ Vj such that top = vop’ and such that the pull-backs Extl[p] and Ext2[p']
of both extensions to M’ are isomorphic. According to the discussion above, there exists a
common refinement [ [, - - Wi, of both open covers and a map 7 : [, o x Wi — M’ such that
the diagram (1.29) commutes. According to lemma 1.4.13, the pull-back of the adapted
extension Extl on [, Wy is isomorphic to the pull-back of Ext1[p] by o. Similarly, the
pull-back of the adapted extension Ext2 on [[; ., Wi is isomorphic to the pull-back of
Ext2[p] by o. Since Extl[p] and Ezt2[p] are isomoprhic, this implies that the pull-back of
Extl and Ext2 to [ [, Wy are isomorphic. According to Lemma 1.4.12, this means that
the pull-back of both cocycles to (W )rex have corresponding adapted extensions that are
isomorphic. By proposition 1.3.15, it means that their pull-back to (Wy)rex differ by a
coboundary, i.e. that both cocycles define the same class in cohomology. This proves the
injectivity of Z. O

1.4.3 G — H-gerbes over differentiable stacks

Recall that a Morita equivalence between two Lie groupoids B = By and B’ = By is a
quadruple M = (T, f, g, ®), with T a manifold, f, g surjective submersions from 7" to By
and to BY respectively, and ® a Lie groupoid isomorphism over the identity of T' between
B[f] = T and B’[g] = T. (Alternatively, Morita equivalence may be defined with the help
of the notion of bi-modules, a description which happens to be equivalent to the previous
one, see [8].) Morita equivalent Lie groupoids often share similar properties, in particular
which regards to cohomology. The next theorem shows that they also have the same gerbes
over them.

Theorem 1.4.14. A Morita equivalence between two groupoids B = By and B’ =X B)
mnduces a one to one correspondence between:

1. G — H-gerbes over B = By,
2. G — H-gerbes over B’ = B).

Proof. Let M = (T, f,g,®) be a Morita equivalence between the Lie groupoids B = B
and B’ =2 B, i.e. f:T — By and g : T — Bj are surjective submersions and ® : B[f] —
B'[g] is an isomorphism of Lie groupoids between the the pull-back groupoids B[f] = T
and B'l[g] = T. We intend to assign to an arbitrary Lie groupoid G — H-extension

Ext := (¢, X LA Blq],P — M, x) over B = By a Lie groupoid G — H-extension over
B" = Bj. To start with, we consider the set M’ := M x, p, s T. One checks easily that
M’ is a manifold such that the projections «, 8 onto the first and second components are
surjective submersions, and as well as the maps goa : M’ — By and ¢ := go : M’ — By,.
Then we consider the pull-back of Ext by «, namely

(R[] 28! Blgoal,a*P = M, y[a)).
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We claim that there exists an isomorphism @ : Blgo «] — B'[g o ], so that

@oﬁﬂqqéfﬁwywoﬂLMP—+Mﬂxmp

is a Lie groupoid G — H-extension over B’ = B{. TFor all ((mi,t1),b,(ma,t2)) €
M' X goa.By,s B Xt,By,goa M', we have the relations

f(t1) = q(ma), f(t2) = q(m2), s(b) = g o a(mi,t1) = q(m1),t(b) = q o a(ma, t2) = q(m2)

which impliy that f(t1) = s(b), f(t2) = t(b), hence that (¢1,b,t2) € B[f]. This allows us to
set

(I)/((mla tl)a bv (m25 t?)) = ((mla tl)a b,) (mZa t2))
where b’ € B is given by ®(t1,b,t2) = (t1,V,t2). By construction, ((mq,t1),b’, (ma,t)) is
in B'[go B3], and it is routine to check that ® is an isomorphism of Lie groupoids.

We have therefore assigned a Lie groupoid G — H-extension over B’ =% B( to a Lie
groupoid G — H-extension over B =% By, as intended. In picture:

R P Rle] a*P R[a] o P
| A
Blq] ) Blgoa] £ B'lgo ]
M B M M B’
N =N
By B,

O‘(mﬂ n) =m, q/(m7 n) - g(n)

The same construction could be done to assign a G — H-extension over B’ =2 B to
a G — H-extension over B =% By. Since the roles of B =% By and B’ =% B{, can be
exchanged, in order to check that both assignments induce a one to one correspondence
between the corresponding gerbes, it is necessary and sufficient to check that:

(i) Morita equivalent Lie groupoid G — H-extensions over the Lie groupoid B = By are
mapped to Morita equivalent Lie groupoid G — H-extensions over the Lie groupoid
B’ =2 By, by the first assignment,

(ii) applying the first assignment, then the second one to a Lie groupoid G — H-
extension Ezt over B = By yields a G — H-extension which is Morita equivalent
to Ext.

Let us check these two points. The second one is an immediate consequence of example
1.4.7, since a Lie groupoid G — H-extension over B = By is always Morita equivalent
to its pull-back. The first one is more involved. Let Exti, Fxts be two Lie groupoid
G — H-extensions over B = By, namely, to fix notations
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and let
O¢z * .
Ext; = (go 3, Rila] o%ifel B'lgo B],a*P — M/, x;[a]) , i =1,2.
be the associated Lie groupoid G — H-extensions over B’ =% B{, constructed as above.

Assume now that Ezt; , i = 1,2. are Morita equivalent. This means, first, that there is a
commutative diagram of surjective submersions:

/\
\/

This implies that the following is also a commutative diagram of surjective submersions:

MXBO

\/

where M/ := M; xp, T and the fibred product M xp, T are considered w.r.t. the maps
qropi(=qop2): M — Byand f: T — By.

To show that both pull-back of Ext, w.rt. (p;,idy) with ¢ = 1,2 are isomorphic as
G — H-extensions, it suffices to show that R;[a o (p;,idr)] == M/ with i = 1,2 are
isomorphic Lie groupoids. But this is a consequence of the existence of isomorphism
between R;[p;] = M;,i = 1,2 which is in turn a consequence of the assumption of
(M, p1,p2, @) being a Morita equivalence between Extq, Exto.

O

Let us denote by F'(M) the correspondence between G — H-gerbes associated to a given
Morita equivalence M. It is easy to check that, given M; and Mo composable Morita
equivalences, the relation F (M) o F(Ms) = F (M1 o M) holds when the composition
M o My of Morita equivalences, is defined as in [8]. According to [8], Lie groupoids up
to Morita equivalences are one possible description of differential stacks, so that theorem
1.4.14 makes sense of the notion of G — H-gerbes valued in a differential stack.



Chapter 2

Nijenhuis forms on L.-algebras

This chapter is devoted to the equivalent of Nijenhuis tensors on L.-algebras. We refer to
the Introduction, section 0.1, for a discussion motivating this concept. The way we shall
handle this problem requires to re-interpret Loo-structures in terms of Poisson elements
for the Richardson-Nijenhuis bracket, a notion that we now study.

2.1 Richardson-Nijenhuis bracket and L.-structures.

The purpose of this section is to introduce the Richardson-Nijenhuis bracket on arbitrary
graded vector spaces, and to give some of its properties. The Richardson-Nijenhuis bracket
of vector-valued forms on a vector space was introduced in [60]. Then, it was extended
for vector-valued forms on a manifold and was used, for instance, in [35] which will be the
most important reference in this section.

2.1.1 Graded symmetric spaces

We first recall and fix notations for symmetric algebras on graded vector spaces. Let E be
a graded vector space over a field K = R or C, that is a vector space of the form

@iczli.

For a given ¢ € Z, the vector space E; is called the component of degree i, elements of E;
are called homogeneous elements of degree i, and elements in the union U;cz E; are called
the homogeneous elements. Notice that only zero can be homogeneous of two different
degrees, which allows to denote by |X| the degree of a non-zero homogeneous element X
a convention that we will often use in an implicit manner. Given a graded vector space
E = ®;czF; and an integer p, one may shift all the degrees by p to get a new grading on
the vector space E. We use the notation E[p] for the graded vector space E after shifting
the degrees by p, that is the graded vector space whose component of degree i, is E; .

We denote by ®F the tensor algebra of F, with product given by concatenation. The
symmetric space of E, denoted by S(FE), is by definition, the quotient space of the tensor
algebra @ F by the two-sided idea 1 I C ®F generated by elements of the type X ® Y —
(—1)XIMy ® X, with X and Y arbitrary homogeneous elements in E. For a given k > 0,

33
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Sk(E) is the image of ®*E through the quotient map ®F + ®—IE = S(E). Of course, the
decomposition
S(E) = @r=05"(E)

holds and S°(E) is simply the field K. Moreover, when all the components in the graded
space E are of finite dimension, the dual of S¥(E) is isomorphic to S*(E*), for all k > 0.
In this case, there is a one to one correspondence between

1. graded symmetric k-linear maps on the graded vector space F,
2. linear maps from the space S*(E) to E,

3. SH(E*)® E.

Elements of the space S¥(E*)® E are called symmetric vector valued k-forms. Notice that
SY(E*) ® E, the space of vector valued zero-forms, is isomorphic to the space E.

Having the decomposition S(E) = @x>0S*(E), every element in S(E) is the sum of finitely
many elements in S¥(E), k > 0. We absolutely need to consider also infinite sums, which
is often referred to, in the literature, as taking the completion of S(F). By a formal sum,
we mean a sequence ¢ : N|J{0} — S(E) mapping an integer k to an element aj, € S¥(FE):
we shall, by a slight abuse of notation, denote by Y peoar such an element. We denote
the set of all formal sums by S(E). The algebra structure on S(E) extends in an unique
manner to S(E). For two formal sums a = Y5> ay, and b = 3.3 by, we define a + b
to be > 27 (ar + bx), while the product of a and b is the infinite sum » 7 ¢, with
ck = Z?:o a; - bg—; (with - being the product of S(E)).

When all the components in the graded space E are of finite dimension, there is a one to
one correspondence between

1. collections indexed by k£ > 0 of graded symmetric k-linear maps on the graded vector
space F,

2. collections indexed by k > 0 of linear maps from S*(E) to E,

3. S(E*) ® E.

Elements of the space S’(E*) ® E are called symmetric vector valued forms and shall be
written as infinite sums > ;5 K; with K; € SYE*)® E. For all m > 0, S¥>™(E*)® E
denotes the space of all symmetric vector valued k-forms, with £ > m.

2.1.2 Richardson-Nijenhuis bracket

We first define the insertion operator, following [35] as the guideline, but with different
sign conventions.

Definition 2.1.1. Let F be a graded vector space, E = ®;czF;. The insertion operator of
a symmetric vector valued k-form K is denoted by tx and is an operator

ik S(E"Y®E — S(E)® E
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defined by:

LKL(Xl,...,XkJrl,l) = Z E(J)L(K(Xa(l)v"'7Xa(k))7"'7Xa(k+l—1))7 (21)
oeSh(k,l—1)

forall L€ SYE*)® E, 1 >0 and X1,--- Xp41_1 € E, where e(o) is the Koszul sign.

If L is an element in S°(E*) ® E ~ E, then (2.1) should be understood as meaning that
tg L = 0, for all vector valued forms K and

LK (X, Xipo1) = K(L, Xy, o, X)), (2.2)

for all vector valued k-form K.

We shall extend the previous definition of the insertion operator, allowing L and K to be
symmetric vector valued forms, as follows

LK 4 Kot Kat..(L1 + Lo+ La+...) = g, L1+ Lo+ ...
Figo L+ iy Lo+ ..
+... (2.3)
+ur, L1+, Lo+ ..
+...

with K;, L; € SYE*)®E,i > 0. The Equation (2.3) above makes sense since, for all m > 0,
the component in S™(E*) ® E of the right hand side is only a finite sum.

The insertion operator 1L can also be defined using an expression similar to (2.1) but
where L is now an element in S'(E*), i.e. a linear form on S'(E). This procedure extends
to infinite sums, and one obtains for every K € S(E*) ® E a linear operator on S(E™*).

Lemma 2.1.2. The insertion operator tic - S(E*) — S(E*), with K € S(E*)®E, is equal
to zero if and only if K = 0.

Insertion operation allows us to define the Richardson-Nijenhuis bracket.

Definition 2.1.3. Given a symmetric vector valued k-form K € SK¥(E*) ® E and a sym-
metric vector valued I-form L € S'(E*)® E, the Richardson-Nijenhuis bracket of K and L
is the symmetric vector valued (k+ 1 — 1)-form [K, L] defined as

RN’

(K, L]\ =txL — (-1)XF K,

where K is the degree of K as a graded map, that is K(X1,--- ,Xy) € Ey,. g, forall
X; e b;.

For an element X € E, X = |X]|, that is, the degree of a vector valued 0-form, as a graded
map, is just its degree as an element of E. In [47], the authors defined a multi-graded
Richardson-Nijenhuis bracket, in a graded vector space, but with a different approach of
ours.

Theorem 2.1.4. The space S'(E*) ® E, equipped with the Richardson-Nijenhuis bracket,
is a graded Lie algebra.
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Proof. The space S(E*) of symmetric forms on F, is a graded algebra, where the product is
concatenation and the grading is defined as follows. For every k > 0, and every symmetric
k-form o € S¥(E*), & is the degree of a as a graded map, that is a(Xy,---,Xy) €

Eit..ihia, for all X; € E;. Now let S¥ denotes the space of all symmetric forms of degree
k. Then

S(E*) = @05 (E*).

Let Der(E) be the space of graded derivations on S(E*). We consider the graded commu-
tator of two derivations D; and Ds given by

[Dl, DQ} = Dl o D2 — (—1)D_1D2D2 o) Dl,
where for a graded derivation D, D stands for degree of D. By definition,
D(a) € SPHe(E),

for all « € S(E*). It is known that the space of all graded derivations on a graded vector
space E, together with the graded commutator, is a graded Lie algebra. Let K be a vector
valued k-form, L be a vector valued [-form and w be a 1-form on the graded vector space
E. 1t is clear from Definition 2.1.1 that ¢x and ¢y are derivations of degree K and L
respectively, of the space S(E*). Therefore we have

([excs ep]w) (X, -+ Xigi-1)

= ((xoer — (D)X 0ug)w) (X, Xppio1)

= Yoesnthi-1) €O Lw(E(Xoay, -+ Xow), 5 Xo(hyi-1))
—(=DFE Y csnp—1) (o )LKW( ( a(l)a"' Xoy) s Xo(hri—1))
> ceshki-1) €(0)w(L(K(Xqq) Xok)s s Xo(ks1-1))
—(=D)" Y s esnr) f(U)W( ( (Xcr(l)""v Xoy) s Xo(hri—1)))-

On the other hand

(epre,z) e W) (X155 Xpi—1)
= w([Kv L]R,N(le;" 7Xk'+l—1))
= WigL— (=1)FpK) (X, Xkyio1)
= w(X 7ESh(k1-1) () L(K(Xs1), s Xo(k)s s Xo(hti=1)))
(=¥ (ZaeSh(lk 1 €@K (L(Xo1ys - Xo@)s s Xo(ha1-1))))-

Computations above show that

UKLy = [trc, L] (24)
on 1-forms. Since derivations are completely determined on 1-forms, (2.4) holds on the
space of forms. Equation (2.4) together with Lemma 2.1.2 show that the Richardson-
Nijenhuis bracket is a graded Lie bracket such that the insertion operator is a Lie morphism
from the graded Lie algebra of vector valued forms (S(E*) ® E, |, Jy) to the graded Lie
algebra of derivations on forms (Der(E), [.,.]). O

The following, which we use in a slightly implicit manner, in the sequel, is a direct conse-
quence of definitions together with Theorem 2.1.4.

Corollary 2.1.5. The space 5’21(E*) ® E is a sub-graded Lie algebra of the graded Lie
algebra (S(E*) @ E,[., ], ). Also, vector valued 0-forms, that is, elements of SYUE*)Y®E,
form an abelian sub-graded Lie algebra of the graded Lie algebra (S(E*) ® E, |., ]

RN)'
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Note that for a symmetric vector valued k-form K, K(Xi,...,X) can be recovered by
taking successive Richardson-Nijenhuis brackets with Xi,..., X, seen as vector valued
0-forms, a point of view that may be useful in computations.

Proposition 2.1.6. For a vector valued k-form K € S¥(E*) ® E we have:

K(Xl,'°' ,Xk) = [Xku 7[X27 [leK]RN]

RN"']RN

forall X1,--- , X, € F.

Proof. The proof can be done using induction and follows from the fact that for a vector
valued k-form K

[XbK]RN(XQv” : 7Xk) = K(X17X27' o 7Xk:)

as a consequence of (2.2), for all Xy, Xo,--- , X} € E. O

We will use the following easy lemma several times:

Lemma 2.1.7. Let L be a vector valued form of odd degree and K be a vector valued form
of any degree such that [L,L],, =0, then

(L, [K, L]RN]RN = [[L7K]RN’ L]RN = 0. (2.5)
Proof. The proof only uses the Jacobi identity for the Richardson-Nijenhuis bracket and

it goes as follows

[L’ [Kv L]RN]RN = [[L K] aLJRJy + (*1)RL[Ka [L7L]RN]RN

?TJRN?
= (_1) bt (K+L)[Lv [Ku L}RN]R,N
T2
= (_1)L [Lv [Ka L]RN]RN‘
Therefore, if L is an odd number, then [L, [K, L],y ]an = [Ls Kl uns Ll gy = 0. O

2.1.3 Characterization of L. -structures in terms of Richardson-Nijenhuis
bracket

In the Introduction we gave the definition of an L.-algebra as a graded vector space
together with a collection of graded symmetric multi-linear maps of degree 1, satisfying a
certain graded Jacobi identity (see Definition 0.1.1). In this section we will give a criterion
that determines whether a vector valued form is an Lo-structure on a given graded vector
space. First let us recall the definition of what is called a curved Lyo-algebra.

Definition 2.1.8. A curved Loo-algebra is a graded vector space E together with o family
of symmetric vector valued forms (1;);>0 such that

1. l;=1foralli>0,

2. li(lo) = 0,
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3. The graded Jacobi identity holds for the family (1;)i>o0, i.e.,

ln+1(l07X17"' 7Xn)+ Z Z e(U)lj(li(Xa(l)f" 7X0'(i))7"' 7X0'(n)) =0;
i+j=n+1oeSh(i,j—1)
(2.6)
for alln > 1 and all X1, -, X,,, where €(o) is the Koszul sign.

The vector valued O-form ly of degree 1, which is in fact an element in Eq, is called the
curvature of the curved Loo-algebra.

Remark 2.1.9. When in a curved Loo-algebra lg = 0, we get the notion of L..-algebra.
O

Remark 2.1.10. Equation (4) in Definition 0.1.1 (the definition of Ly-algebra) is equiv-
alent to the following
Z Llilj = 0,

itj=n+1
foralln>1. O
The following statement appears, in a more or less implicit form, in [65].
Theorem 2.1.11. Let E = @®;czE; be a graded vector space, (I;)i>1 : @'E — E be a family

of symmetric vector valued forms on E and p = Zi21 l;.

1. If the symmetric vector valued forms (l;)i>1 define an Loo-structure on E, then
[M7/"L}RN = 0

2. If for each i > 1, the degree of l; is +1 and [u,p],y = 0, then (E,(l;)i>1) is an
Lo-algebra.

Proof. First observe that if [; = 1 for all i > 1, then
[ )y = Z( Z (i il rw ) = 22( Z u;lj)- (2.7)
n>1 i+j=n+1 n>1 i+j=n-+1

1. Assgme that the symmetric vector valued forms (l;);>1 define an Loo-structure on E.
Then, [; = 1 for all i > 1 and ) u,l; =0, for all n > 1. Thus, Equation (2.7)
implies that [, p] 5y = 0.

2. Assume that [; = 1 for all 4 > 1 and [y, 4], = 0. Then Equation (2.7) implies that
Ditjent1 tily =0, for all n > 1, which means that (E, (I;);>) is an Loo-algebra.

i+j=n+1

O

The same statement remains true for curved Lo-algebras.
Theorem 2.1.12. Let E = ®;czE; be a graded vector space, (I;)i>0 : @'E — E be a family

of symmetric vector valued forms on E and p = Zizo l;.

1. If the symmetric vector valued forms (1;);>o define a curved Loo-structure on E, then
[k, Wl gy = 0

2. If for each i > 0, the degree of l; is +1 and [, p] .y = 0, then (E, (I;)i>0) is a curved
Loo-algebra.
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2.2 Multiplicative L.-structures

In this section we introduce the concept of multiplicative Loo-structures and classify all
multiplicative Loo-structures on I'(AA)[2], for A — M an arbitrary vector bundle over a
manifold M.

2.2.1 Richardson-Nijenhuis bracket on multi-derivations

There is an important sub-graded Lie algebra of (S(E*) ® E, [.,.|zyx), when E itself is
equipped with a graded commutative associative algebra structure on F[2], denoted by A,
that is, a bilinear operation such that for all X € F;,Y € E;, Z € E},

e XY € Eiyjyo,
o (XANY)NZ=XNYNAZ),

e XAY =(—D)XIMy A X,

where | X|=i+2and |Y| =7+ 2.

Definition 2.2.1. Let FE be a graded vector space equipped with an associative graded
commutative algebra structure, that is a graded symmetric bilinear map N of degree zero
which is associative. An element D € SYE*)®E is called a multi-derivation vector valued
d-form, if

D(Xla"' 7Xi717Y/\Zin+1v"' aXd)
(_1)\Z\(IXiH|+---+|XdI)DQ(1, e Xl Y X, X)) AN Z (2.8)
+(—)MIIX X WD)y A D(X, - X1, Z, Xig1, -+ 5 Xa),

for all X1,--- ,Xyq,Y,Z € E, where D is degree of D as a graded map.

Remark 2.2.2. Graded commutativity of the product A implies that the Equation (2.8)
is equivalent to

D(Xy, -, Xq-1, Y NZ)

= DXy, X1, VA Z+ (-D)YIZID(Xy, -, X4_1,Z) A Y. (2.9)

O

The space of all multi-derivations is denoted by MultiDer(E). Elements of SY(E*) ® E
are simply called derivations. By definition, E C MultiDer(E) and we have the following:

Proposition 2.2.3. MultiDer(E) is a sub-graded Lie algebra of (S(E*) ® E, [., ]

RN)'
We will use the following lemmas in the proof of Proposition 2.2.3.

Lemma 2.2.4. Let Dy and D2 be two derivations. Then [Dy, Ds] 18 also a derivation.

RN
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Proof. We use the fact that the space of derivations of an associative graded commutative
algebra, equipped with the graded commutator bracket, is a graded Lie algebra. We have

[DlaDQ]RN = Dyo Dli—i(_l)Dilljzpl o Dy
= —(=1)"1P2[Dy, Do),

where [.,.] is the graded commutator on the space of derivations of the graded associative

commutative algebra (E, A). This proves that [Dy, Dg|,, is a derivation.

O]

Lemma 2.2.5. If D € SYE*) ® E is a multi-derivation vector valued form, then for all
X € E, [X, D], is a multi-derivation vector valued (d — 1)-form.

Proof. 1t is a direct consequence of
(X, D]y (X1, Xg—2, Y NZ)=D(X, X1, , Xgq2,Y NZ),

for all elements Y, Z, X1, -+, X4 o € E which comes from the definition of Richardson-
Nijenhuis bracket. 0

Proof. (of Proposition 2.2.3) Let D, D' be two multi-derivation vector valued d- and d'-
forms respectively. We show that [D, D], is a multi-derivation vector valued (d+d' —1)-
form. We use the induction on the number n = d + d’ — 1. Lemmas 2.2.4 and 2.2.5 prove
the case n = 1. Assume by induction that [D, D’],, is a multi-derivation vector valued
(d+d' —1)-form and let D; and Dy be two multi-derivation vector valued dy- and dy-forms
respectively, such that d; +ds — 1 = n + 1. Using Proposition 2.1.6 we have

[Dla DQ]RN (Xla w s Xy dy—2s Y/\Z) = [Y/\Z> [Xd1+d2—2> B [Xla [D17D2]RN]RN e ']RN]RJ\H
(2.10)
for all Xy, -, X4,4d,—2,Y,Z € E. Using Jacobi identity for the vector valued forms
D1, Dy and X7, Equation (2.10) can be rewritten as
[DlaDQ]RN(Xla T 7Xd1+d2—27y A Z)
= [Y N Z>_[X:d1+d2—2> B HX1> Dl}RJ\NDZ]RN o ']RN]RN (2.11)

+(_1)D1X1 [Y NZ, [Xd1+d2—27 T [Dl’ [Xb D2]RN]RN o

']RN]RN'

By Lemma 2.2.5, [ X1, D1],,, and [X1, Dg],, are multi-derivation vector valued (d; —1)- and
(da—1)-forms respectively, and hence using the assumption of induction, [ X1, D1],y, D2 ay

and [D1, [X1, D2],y]py are multi-derivation vector valued n-forms. Therefore

[DhDQ]RN(Xl?"' 7Xd1+d2—27Y/\Z)

= [[leDl]R_N’DﬂRN(XQW" de1+d2—2aY/\Z)
+(_1)D1X1 [Dlv [Xl?DQ]RN}RN(X27'” aXd1+d2—2>Y/\Z)

= [[le Dl]RN’ D2]RN (X27 T 7Xd1+d2*27 Y) NZ
+(—1)|Y||?|[[X17D1}RN7Dz]RN(Xz, o Xdidde—2, Z)NY (2.12)
+(_1)Df)? [Dlv [Xl?DQ]RN}RN(X27 T JXd1+d2—27Y) NZ
+(_1)D1X1(_1)|YHZ|[D1’ [Xl, DQ]RN]RN(X2’ T 7Xd1+d2*27 Z) NY

= [D17D2]RN(X1? T aXd1+d2—27Y) NZ
+(_1)|YHZ|[D17 D2]RN (Xlﬂ e 7Xd1+d2*27 Z) NY.

This completes the induction and hence the proof of proposition. O
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2.2.2 Examples around Lie algebroids

We start by introducing the notion of multiplicative Loo-algebra.

Definition 2.2.6. An Loo-structure p = Y .o, l; on a graded vector space E equipped
with a graded commutative product A\ : E; X E; — Fiy; is called multiplicative if all the
maulti-linear brackets l; are multi-derivations.

The notion of multiplicative Loo-algebra will offer us an opportunity to review the notions
of Lie algebroid, pre-Lie algebroid, Lie bialgebroid, and quasi-Lie bialgebroid, then we
interpret those in terms of Lo-structures.

A pre-Lie algebroid structure on a vector bundle A — M over a manifold M, is a pair
(p,[.,.]) with p: A — T'M a vector bundle morphism over the identity of M, called anchor
map, and [.,.] a skew-symmetric bilinear endomorphism of I'(A) subject to the so-called
Leibniz identity:

(X, Y] = [IX, Y]+ (p(X) )Y,
for all X,Y € I'(A) and all f € C°°(M). When, moreover, [.,.] is a Lie algebra bracket,
the pair ([.,.], p) is called a Lie algebroid structure on A — M.

Let ([.,.], p) be a pre-Lie algebroid structure on a vector bundle A — M. Set E; :=
[(AHLA) and E = ®;>_1E; , where E_1 = I'(A°A) = C®°(M). The Schouten-Nijenhuis
bracket on E is defined as follows:

— ~

X, Y], = q (—1)"™MX, YX; A Y (2.13)

i=1 j=1

and ,
X Sy = 21X FX; (2.14)

=1

foral X = X4 A ANX, € Ep1,Y =Y1A---ANY, € Ej1,p,q > 1, and f € C®(M),
where X; stands for X1 A--- A X;—1 A Xijp1 A -+ - X, From Equations 2.13 and 2.14, we
obtain the following well known properties of the Schouten-Nijenhuis bracket on E:

(X, flgy = p(X)f

]
[X’Y]SN = [X,Y]
[P.Ql,, = —(-DP[Q,P], (2.15)
[PjQ A R]SN - [P’ Q]SN ANR+ (_l)qT [P7 R]SN N Q,

for all P € T(APTLA),Q € T(ANTTA), R € T(A"™A) and f € C®(M). Tt follows from
these properties that the Schouten-Nijenhuis bracket is a graded skew symmetric bracket
of degree zero on £ = @®;>_1E;. From the above relations, one sees that the Schouten-
Nijenhuis bracket entirely encodes the initial pre-Lie algebroid structure (p,[.,.]) on A —
M. Also, it is known that a pre-Lie algebroid structure (p, [.,.]) is a Lie algebroid structure
on the vector bundle A — M, if and only if [.,.]  is a graded Lie algebra bracket on
E =T(ANA)[1]. It is also classic that a pre-Lie algebroid (A, [.,.], p) is entirely determined
by its "de Rham"-like or "Chevalley-Eilenberg"-like differential, that is, the derivation d*
of T'(AA*) given by:

k
PHw(Xo,e. o, X)) = S (—1p(X)w(X) + > () Pw((X, X1, Xoy),  (2.16)
i=0 0<i<j<k
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for all Xo,..., X € I'(A),w € T(AFA*), where X; and )/(Z\] stand for
X,y X1, Xig1, 0, Xgpoand - Xy, -0, X1, X, X, X, 0, X

respectively. Notice that in the above expression, we have implicitly identified elements
of T'(AFA*) with skew-symmetric k-linear maps from T'(4) x --- x T'(4) to C*°(M). The
"Chevalley-Eilenberg"-like differential d* squares to zero, if and only if, (4, [.,.], p) is Lie
algebroid.

The discussion above leads to the conclusion that there are two ways to see Lie algebroids
as Loo-structures: the first one will make it an Loo-structure on I'(AA), and the second
one will make it an Loo-structure on I'(AA*). More precisely:

Proposition 2.2.7. Let A — M be a vector bundle and A* — M its dual. There is a one
to one correspondence between:

(1) pre-Lie algebroid structures (p,[.,.]) on A — M,
(11) binary multi-derivations of T'(ANA)[2] of degree 1,

(111) unary multi-derivations of I'(ANA*)[2] of degree 1.
The one to one correspondence above restricts to a one to one correspondence between.:

(i") Lie algebroid structures (p,[.,.]) on A — M,
(it') multiplicative Loo-structures on T'(AA)[2] given by a binary bracket,

(iti') multiplicative Loo-structures on I'(AA*)[2] given by a unary bracket.

Proof. Let ([.,.], p) be a pre-Lie algebroid structure on the vector bundle A — M. Then,
the Schouten-Nijenhuis bracket |[., .]SN is a graded skew-symmetric bracket of degree zero
on I'(AA)[1]. Therefore the bilinear map

[

157 D(AA)[2] x T(AA)[2] — D(AA)[2]

defined as

(X, Y) = (-1)XI[x, Y] (2.17)

SN’

with X € I‘(/\'X‘HA), is a graded symmetric vector valued 2-form of degree 1. Hence,
the forth equation in (2.15) shows that lg"] is a binary multi-derivation of I'(AA)[2]. This
shows the correspondence from (i) to (é¢) in the proposition. Moreover, if (p,[.,.]) is a
Lie algebroid structure on the vector bundle A — M, then l;"] is, in addition, a graded
symmetric Lie algebra bracket and hence a multiplicative Loo-structure on I'(AA)[2]. This
shows the restricted correspondence from (i') to (i) in the proposition.

The correspondence from (i) to (iii) is obtained by associating to a pre-Lie algebroid
(A, [.,.], p), its "Chevalley-Eilenberg"-like differential d4. While the correspondence from
(iii) to (i) holds because, as we already mentioned, from d4 we may define the pre-Lie
algebroid structure (p, [.,.]). The anchor is obtained by p(X)f = d4 f(X) with X € F and
f € C>®(M) and the bracket is directly obtained from (2.16). The restricted correspon-
dence between (') and (4i7’) in the proposition follows from the fact that the "Chevalley-
Eilenberg"-like differential squares to zero, if and only if, (A, [.,.], p) is Lie algebroid.
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Let us now look at the converse correspondence. Given a binary multi-derivation Il on
I'(AA)[2], of degree 1, Equation (2.17) defines a skew-symmetric bracket [.,.]_  of degree
zero, on I'(AA)[1]. For sections X,Y € I'(A4), set [X,Y] = [X,Y],,; then [.,.] is a skew
symmetric bilinear bracket on I'(A). Now, if f,g € C*°(M) and X € I'(A) we have, since
lo is a multi-derivation,

12(X7 fg) = l2(X7 f)g+ le(ng)

which means that l2(X,.)[ce(ar) is a derivation on C*°(M). So, there exists a map p :
I'(A) — I'(T M) such that

(X, fl=p(X)f, forall X eT'(A) and f € C>®(M).
Moreover, p is C*°-linear:

p(hX)f = [hX, f]szv = h[X, f}SN = hp(X)f,

forall f,h € C*°(M) and X € I'(A). Hence there exists a vector bundle morphism, denoted
by the same letter, p: A — T'M. Finally, because l5 is a multi-derivation, the condition

(X, [Y] = fIX, Y]+ p(X)[Y

holds for all X,Y € I'(A) and f € C*(M), so that pair (p,[.,.]) is a pre-Lie algebroid
structure on A — M. This shows the correspondence from (i) to (). For the correspon-
dence from (4i') to ('), it is enough to notice that if [l2, l2],, = 0 holds, then the bracket
[.,.] on T'(A) satisfies the Jacobi identity. O

We recall the following:

Definition 2.2.8. A pair (A, A*) of vector bundles over manifold M, in duality, is said to
be a Lie bialgebroid if A and A* are both equipped with Lie algebroid structures (pa, |., .]A)
and (pa=, [, .]A ) respectively, satisfying

V[P, Q2, = [d* P,Q14, + ()P [PaY Q4 (2.18)

SN

for all P € T(APA),Q € T'(AN1A), where | .]?N stands for the Schouten-Nijenhuis bracket

on T'(ANA) corresponding to the bracket |., .]A, and A" stands for the de Rham differential
of A*.

In view of (2.17), (2.18) amounts to:
A P.Q) = ~I (@ PLQ) + (-1 M a(P.aY Q).

which is equivalent to
[l%.’]vdA Jan = 0.

Since, in view of Proposition 2.2.7, there is a one to one correspondence between Lie
algebroid structures on A and binary multi-derivations Iy with [l2,l2],, = 0 and a one to
one correspondence between Lie algebroid structures on A* and unary multi-derivations [y
with [l1,01],y = 0, we arrive at the following conclusion (which is already well-known, but
stated in terms in Differential Graded Lie Algebras):
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Proposition 2.2.9. Let A — M be a vector bundle, there is a one to one correspondence
between:

(i) Lie bialgebroid structures on A,

(1) multiplicative Loo-structures on T'(AA)[2] which are the sum of an unary and a binary
multi-derivations.

In fact, this result has been extended by Roytenberg [65] to the case of quasi-Lie bialge-
broids. First, let us recall what a quasi-Lie bialgebroid is.

Definition 2.2.10. Let (A, A*) be a pair of vector bundles over M in duality, such that A
is equipped with a pre-Lie algebroid structure (pa, [., .]A) and (A*, pa=, [., .]A*) is a Lie alge-
broid. Let d4 and A4 be the associated de Rham pre-differential and de Rham differential
respectively, and w € T(A3A*) be a d*-closed 3-form. We say that the triple (A, A*,w)
forms a quasi-Lie bialgebroid when

AT [P.QIf, = AV P.QI, + (V)P [P.AT QIS (2.19)

SN’

(—1PH[P[Q RIA LA, + e+ AV w(P,Q, R) + w(d*" P,Q, R)
+(~1)w(P.aT'Q, R) + (~1)*iw(P,Q,d4" R) = 0

for all P e T(NPA),Q € T'(A?A) and R € T'(A"A), where

(2.20)

p7q77‘
W(P,Q,R) = Y (~1)HHRHIG (P, Qj, Ri) P A Qj A Ry,
ij k=1

withﬁizpl/\---/\Pi_l/\BH/\---/\Pp, etc, p>1,g>1 and r > 0.

Notice that a quasi-Lie bialgebroid (A, A*,w) with w = 0 is a Lie bialgebroid.

Remark 2.2.11. The previous definition is not exactly the one given by Roytenberg in
[66] and [65], but they are equivalent. Roytenberg’s definition includes

(X, Y4 2 + cp. =dV w(X,Y, Z2) + w(d? XY, Z) —w(X,dVY, Z) + w(X,Y,dV 2)
(2.21)
and
palX, YA = [pa(X), pa(Y)] + parw(X,Y), (2.22)

with X,Y,Z € T'(A), while in Definition 2.2.10 these two are encoded in Equation (2.20).
Starting with Equation (2.20) and taking P = X,Q = Y,R = Z, with X,Y,Z € T'(A4),
we get Equation (2.21). Then taking P = X,Q = Y,R = f, with X,Y € I'(4) and
feC®(M), gives

XY S8 + LA XTI TE, + A I YIAE, = —w(X, Y,ah ),
which implies
PaA)P(Y)f = pa)pa(X)f = pa(X,YDf = e jw(X,Y).

Hence
pa([X, Y1) = [pa(X), pa(Y)] + par (w(X,Y)),
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where w(X,Y) = txayw. Using the fact that [.,.] is a multi-derivation with respect to
A, it is easy to see that from Equation (2.21) we get Equation (2.20), with p,q,r > 1. Tt
is also clear that from Equation (2.22) we get Equation (2.20), with p =¢ =1 and r = 0.
O

Proposition 2.2.12. Let A — M be a vector bundle, there is a one to one correspondence
between:

(i) quasi-Lie bialgebroid structures on A,

(11) multiplicative Loo-structures on T'(ANA)[2] which are the sum of unary, binary and
3-ary multi-derivations.

Proof. Let (A, A*,w) be a quasi-Lie bialgebroid and set E; := T'(A**2A) and E = @;>_2F;.
Let 1) := d4",15(P,Q) := (—1)P[P, Q]?zw with P € E, and I3 := %g. First notice that
(A*, pas, [ .}A*) is a Lie algebroid, if and only if, d4" squares to zero which is equivalent to
(11, l1] oy = 0. Equation (2.19) is equivalent to [l1,l2],, = 0, Equation (2.20) is equivalent
to [l2,12] oy + 213, 11] xy = 0. We prove that w is d4-closed, if and only if, [l,l3],, = 0. Tt
follows from definitions that

dAw - [127 l3]RN‘E_1 ><E_1 ><E_1><E_1-

This proves that if [l2,l3],y = 0, w is dA-closed. Conversely assume that w is d4-closed.
Assume by induction (on n = p + ¢+ r + s) that [l2, 3], (P, Q, R,S) = 0, where P €
E,,Q € E;,,R € E, and S € E5. Since both [y and [3 are multi-derivations, [l2,l3],,
is a multi-derivation. Therefore [l2,l3] (P A X, Q, R, S) = [l2,13] .y (P,Q AN X, R, S) =
l2, 3] oy (P, Q, RANX,S) = [l2,l3] jn (P, Q, R, SN X) =0 for all X € E_;. This proves that
l2, 3] jn (P, Q, R, S) = 0when, P € E,,Q € E;,R € E, and S € E; and p+q+r+s = n+1.
This completes the induction. Notice that by definition of w and I3 we have [l3,13] ., =0,
since w takes value in C*° (M) and w vanishes on F_5 x E_1 x E_1. We conclude that the
triple (A, A*,w) forms a quasi-Lie bialgebroid, if and only if, [l1 + 1l + 13,11 + o + 3],y =
0. O

2.3 Nijenhuis vector valued forms

Having an Lo.-structure on a graded vector space, that is, by Theorem 2.1.11, a symmetric
vector valued form p = Y22 1; with [; = 1 and [i, 1],y = 0, one may deform the structure
u by a given symmetric vector valued form N yielding the vector valued form ,uN =
IV, 1] - In this section we define a Nijenhuis vector valued form with respect to a given
vector valued form g and deformation of p by a Nijenhuis vector valued form. Then
we show that deforming an L..-structure by a Nijenhuis vector valued form, one gets an
Lo-structure.

2.3.1 Definition and properties

We start by fixing some notations.
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Definition 2.3.1. Let E be a graded vector space and pu be a symmetric vector valued form
on E of degree 1. A vector valued form N of degree zero is called

1. weak Nijenhuis vector valued form with respect to p (or simply weak Nijenhuis with
respect to u, when there is no risk of confusion), if

[u, [N, IV, H]RN} RN] — 0, (2.23)

RN

2. Nigenhuis vector valued form with respect to p (or simply Nijenhuis with respect to pu,
when there is no risk of confusion), if there exists a vector valued form K of degree
0, such that

NN, ] =K, and VK], =0 (2.24)

Such a K is called a square of N'. If N contains an element of the underlying graded
vector space, that is, N has a component which is a vector valued zero form, then N
18 called Nijenhuis vector valued form with curvature.

The following is an immediate consequence of Definition 2.3.1.

Proposition 2.3.2. Let i be a (curved) Loo-structure on a graded vector space E and N
be a vector valued form on E. If N is a Nijenhuis vector valued form with respect to u,
then N is a weak Nijenhuis vector valued form with respect to .

Proof. Let N be a Nijenhuis vector valued form with respect to a (curved) Loo-structure
w with square . By the Lemma 2.1.7 we get

[k, [, 1] o] e = 0. (2.25)
This implies that
[Ma [Na [Nv M]RN]RN]RN =0,

which completes the proof.

O

Remark 2.3.3. It would be of course tempting to choose K = ixr, having in mind what
happens for manifolds, and the fact that iy N' = N? for vector valued 1-forms. However,
it is not what examples show to be a reasonable definition.

Also, it is easy to see that if A is a vector valued 2-form we do not have
(NN, Ny =0,

which says o'V is not a good candidate for the square, except maybe for vector valued
1-forms. O

The properties of the Richardson-Nijenhuis bracket allow one to write the following defi-
nition.
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Definition 2.3.4. Given a symmetric vector valued form p of degree 1 and a symmetric
vector valued form N of degree 0 on a graded vector space, we call [N, u],, the deformed
bracket of u by N and denote it by ,uN. More generally, ,uN """ N (with k copies of N')
stands for

[Na ce [N7N]RN]RN
(with k copies of N).

Proposition 2.3.5. Let (E,u) be a (curved) Loo-algebra and N be a symmetric vector
valued form on E. Then N is weak Nijenhuis with respect to p if and only if ,uN 1S G
(curved) Lo-algebra.

Proof. Using the Jacobi identity for u, N and [NV, ., we get

RN

[M7 [N’ [N’ IU’]RN]RN]RN = HM?MRN’ [M?MRN]RN + [N7 [/’(’7 [N7 /‘L}RN]RN]RN (226)

and hence Lemma 2.1.7 implies that

(1, NN, /‘L]RN}RN]RN = [[M?N]RN7 [M?N]RN]RN‘ (2.27)

Since p is of degree 1, the degree of [N, u],, is 1, if and only if, the degree of N is zero.
Therefore, (2.27) means that N is weak Nijenhuis with respect to p if and only if [NV, u]
is a (curved) Loo-algebra. O

Corollary 2.3.6. Let (E, ) be a (curved) Loo-algebra and N be a vector valued form on
E. If N is Nijenhuis with respect to u, then ,uN is a (curved) Loo-algebra.

Nijenhuis tensors, in the classical case, allow to construct hierarchies of compatible struc-
tures. With some restrictions, the same phenomena shall appear here.

Definition 2.3.7. Two Lo -structures p1 and po on a graded vector space are said to be
compatible, if they commute with respect to the Richardson Nijenhuis bracket.

Example 2.3.8. Given a weak Nijenhuis vector valued form A with respect to an Loo-
structure p, p and gV are compatible. O

Proposition 2.3.9. Given two Lo -structures py and ps on a graded vector space E, the
following conditions are equivalent:

1. w1 and pe are compatible,
2. apy + bus is an Loo-structure on E, for all a,b € R.
Proof. This is a direct consequence of the following
[aps + bz, apn + bua] = a*[pn, ] gy + 2ablpn, p2) gy + b [pt2, 2] gy -

O

Weak Nijenhuis vector valued forms do not, in general, give hierarchies in any sense.
However, Nijenhuis vector valued forms do.
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Theorem 2.3.10. Let N be a Nijenhuis vector valued form with respect to a (curved)
Loo-structure p with square KC, then :

1. For all integers k > 1, pNoN (with k copies of N') is a (curved) Loo-structure
denoted by g and N is Nijenhuis of square K with respect to .

2. For all integers k,1 > 1, pg and p; are compatible.

Proof. 1) Assume, by induction, that N is Nijenhuis with respect to uj with square K.
Then we have

[Na [Nv /"Lk]RN]RN = [’Cvuk]RN’

that implies
[Nv [N> [N’ luk']RN]RN]RN = [N’ [IC7/'M<3]RN]RN' (228)

Applying the Jacobi identity on the right hand side of (2.28) and using the fact that N/
and K commute with respect to the Richardson-Nijenhuis bracket, we get

[Na [Nv Mk+1]RN]RN = [’CuukJrl]RN'

This means that N is Nijenhuis with respect to pg.1, with square K.

2) Let k and [ be two positive integers with & > [. If k = [, then 1) together with
Theorem 2.1.11 implies that ug and p; commute with respect to the Richardson-Nijenhuis
bracket. For the case k > [, assume by induction that i commutes with p, for all integers
k >mn > 1. Then by the Jacobi identity

[kt1s ) gy = [N k] s 1) e = IV s 1) pn e = Ty N 112 oL v (2.29)

while both terms in the right hand side of (2.29) vanish by assumption of induction. This
completes the induction and shows that up and p; commute for all £ and [. O

Assume that A is Nijenhuis with respect to u with square . Then, for every non-negative
integer k, we have [IC, ux] = pgro. This implies that

[k, [IC, [, Mk]RN]RN]RN = (1, ,Uk+4]RN =0, (2.30)

which means that K is weak Nijenhuis with respect to ui. However K may not be a
Nijenhuis with respect to pg. This contrasts with Nijenhuis tensors on manifolds and on
Lie algebras, where it is true that N being Nijenhuis implies that N? is Nijenhuis.

2.3.2 Generalities on Nijenhuis forms on L. -algebras

Let pt =), ln be an L-structure on a graded vector space E = ®;czE;. This implies
that [y is a map of degree +1 squaring to zero defining therefore a cohomology denoted by
H*(p).

Since [l2,l1] 5y = 0, it is classical that I goes to the quotient to yield a symmetric bilinear
map lp : H*(p) ® H*(p) — H*(1). The relation (l2, 2] nn + 2[l3,11] ;5 = O implies that I3,
which is not a Lie bracket on F, induces a Lie bracket on H*(u).

Now, there is a well-known notion of Nijenhuis tensor on a Lie algebra, see Subsection
0.1. It is natural to see whether a Nijenhuis vector valued form on an L..-algebra will
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give a Nijenhuis tensor on the cohomology of H*(u). The answer is negative in general
due to the fact that, in full generality, a Nijenhuis form does not induce anything at the
cohomological level. Indeed, the only thing that can be proved is the following:

Lemma 2.3.11. Let N' = Y, ., Ni be a Nijenhuis vector valued form with respect to
an Loo-structure p = Y <1 lp, on a graded vector space E = ®;czE;, with square K =
Y i>1 Kk Then -

2N111 Ny = I3 (N} — Ky) + (N? + K1)l

Proof. The relation above is simply obtained by considering the vector valued 1-form com-

ponent in NN = < O

This relation only proves that N1l; /N7 maps [;-closed elements in Ey into exact elements in
Ej11. However, in many examples we shall consider in the sequel, we have [y N1+ N1l1 = Ay
and [y K1+ K113 = Ny, for some constants A, \' (i.e. N7 and K7 are quasi chain maps) or the

same kind of relations with different signs. This implies that N; defines an endomorphism
H*(Np) of degree 0 of H*(u), and the following holds true:

Proposition 2.3.12. Let N = Zkzl Ny, be a Nijenhuis vector valued form with respect to
an Leo-structure p = Zn21 lp, on a graded vector space E, with N1 and K1 being quasi-
chain maps. Then the induced maps H*(Ny), H*(Ky) : H* (1) — H*(p) satisfy:

[H*(N), [H*(N1), bo] = [H*(K1), o]

RN]RN RN

where l~2 is the induced Lie bracket on the cohomology level H* ().

Lemma 2.3.13. If Ny is a quasi chain map, then for oll X,Y € Ker(ly)

1. [N, L] (X) =0,
2. [Ny, L] pn (X, Y) =0.
Proof. The first item follows only from the definitions of Richardson-Nijenhuis bracket and

quasi chain map, while for the second item we also need to use the fact that if X,Y €
Ker(ly), then [l1,12],, = 0 implies that {1l2(X,Y) = 0. O

Proof. (of Proposition 2.3.12)
Let X,Y € E, with [;(X) = [1(Y) = 0. Then, using the graded Jacobi identity of the
Richardson-Nijenhuis bracket for 1, l2, N7 and using the fact that [I1,l2],, = 0, we get

[llﬂ [N17l2]RN]RN(X7Y) = [[ll?Nl]RN7l2]RN(X7Y)

or
X, Y) + 1IN (X LY — (I (X,Y))
= ZQ([N17Z1]RNX7 Y) + l2(X7 [Nl?ll]RNY) - [Nl?ll]RN(lz(X7Y))'

This and Lemma 2.3.13 imply that
L(IY(X,Y)) =0,

which means that lév ! induces a map on the cohomology level H*(1). As a consequence,
the following diagram commutes :
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de forming Ni.N
1,4V1 231
l2 N1,Ni ly (2:31)
quotient quotient
l2 eforming ~H*(Ny),H*(N1) B lNl’Nl
H*(Nyp),H*(N1) 2 2

and

=y .

Iy (2.32)

Let MQ/’N denote the sum of components which are vector valued 2-forms, appearing in
[LN N Then

NN
Ha = [N17 [N17 ZQ]RN]RN + [va [N27 ll]RN]RN + [NQ’ [Nlﬂ ll]RN]RN' (2.33)
Applying the Jacobi identity for [Ny, [Na, 1] ;5] nn 10t (2.33) gives
/1«/2\["/\/’ = léVth + HNla NQ]RN? ll]RN + 2[N27 [Nh ll]RN]RN‘ (2.34)
If we apply (2.34) to (I1)-closed elements X,Y", using Lemma 2.3.13, we get:

iy NXY) = XY
- ll[N17N2]RN(X?Y) + [Nl?Nz]RN(ll(X)7Y) + [N17N2]RN(X7 ll(Y))
=+ 2[N1?l1]RNN2(X7 Y) + NZ([va ll}RNX7Y) + NQ(Xv [va ll]RNY)
INH(X,Y) = [Ny, NoJon (X, Y) 4 20 Ny No (X, Y) — 2N11 No(X, Y)
= L"M(XY)
— U[N1, No| o0 (X, Y) + 41 N1 No(X,Y) — 20 No (X, Y).
(2.35)
On the other hand, the sum of components which are vector valued 2-forms appearing in
pX, will be denoted by ,u’2C and is of the type

I e (2.36)
If we apply (2.36) to (11)-closed elements X,Y we get:
N (X, Y) = 59X, Y) + 1 Ko (X, Y). (2.37)

Now since A is Nijenhuis with respect to pu with square K, we have /LN N = . This
together with (2.35) and (2.37) imply that

lNl,Nl o fH*(Kl)
2 -2 :

Since diagram (2.31) commutes, we get

~H*(N1),H*(N1)  ~H*(K1)
l =l .

2 (2.38)
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In general, the sum of two Nijenhuis vector valued forms with respect to a vector valued
form p on a graded vector space F, is not a Nijenhus vector valued form with respect to
. But if two Nijenhuis vector valued forms, with respect to a vector valued form g on a
graded space, are compatible in the sense of next definition, then their sum is going to be
Nijenhuis.

Definition 2.3.14. Let p be a vector valued form on a graded vector space E and Ny, N
be Nijenhuis vector valued forms, with squares K1, Ko, respectively, with respect to . We
say that the Nijenhuis forms N1, Na are compatible if:

Ny N |+ [Ne N, | =0

RN RN

and

N1, Ko +[N2,/C1]RN =0.

RN

More generally, given an n-tuple of Nijenhuis vector valued forms N;, with respect to a
vector valued form p, with squares K;, we say that the N; s are compatible if they are
pairwise compatible.

Proposition 2.3.15. Let u be a vector valued form on a graded vector space E. For every
n-tuple of compatible Nijenhuis vector valued forms N; with respect to u, of squares K; and
every constants ai, - ,an, » rq a;Nj is a Nijenhuis vector valued form with respect to p,

of square >_1_ a?KC;.

1=1"
Proof. The statement is a direct consequence of the following computations:

(i N (S Nl |
S W, ]S (A

+ [Nj, [M,M]RN} >
iy RN
= Tiya? [N Wi, |

RN]RN

RN

and

[Zn: ailNi, Zn: ailC;
i=1 i=1

i ) i AL
i=1 b=l
]

RN

2.4 Nijenhuis forms on GLA and DGLA

2.4.1 The Euler map

The Euler map, the map that simply counts the degree, is always a Nijenhuis vector valued
1-form, with respect to any vector valued form of degree 1 (or with respect to any vector
valued form which is the sum of vector valued forms of degrees 1), with square itself.
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Lemma 2.4.1. Let E = ®;czF; be a graded vector space. Let S : E — E be the Euler
map, that is S(X) = —|X|X, for all homogeneous elements X € E of degree |X|. Then,
for every symmetric vector valued form o, we have

[S, 0],y =aa.

Proof. First notice that the degree of S as a graded map is zero. Assume that a is a
symmetric vector valued k-form, then

[S’a]RN(X17... 7Xk)
= (s —aS) (X1, -+, Xp)
a(SXl,X2,~-- ,Xk) + - —I—Oz(Xl,,“- ,kal,SX]J — Sa<X1,~-- ,Xk)
—(1 X[+ X)X, X)) + ([ X 4o+ [ X[+ @) e Xy, -, X)
= (j(Oé(Xl,"' ,Xk)

O]

The next proposition is the first example of Nijenhuis vector valued form and will be used
to construct more examples.

Proposition 2.4.2. Let E = ®;czF; be a graded vector space and S : E — E be the
Euler map introduced in the Lemma 2.4.1. Let u be a vector valued form of degree 1 on
the graded vector space E = @;czE;, that is all the components of u are of degree 1. Then
S is Nijenhuis with respect to p with square itself.

Proof. Let =72, 1;. Applying Lemma 2.4.1 to each l;,1 < i < oo, and taking the sum
we get:

(S Wl pn = 2[57 ey = Zli = H-
i=1 i=1
Therefore
[Sa [S, M]RN}RN = [Sa M]RN‘
Since S = 0, Lemma 2.4.1 implies that [S, 5], = 0 and this completes the proof. O

Of course, the result can be enlarged as follows for every p-cocycle, that is, a vector valued
form 7 such that [, 7],y = 0.

Example 2.4.3. Let = ). 1; be a vector valued form of degree +1 on a graded vector
space. Then for every element a of degree 0 in S(E*) ® E with [p, 0],y =0, S+ a is
Nijenhuis with respect to p, with square S. O

2.4.2 Lie algebra, GLA and DGLA

Recall that a symmetric graded Lie algebra (symmetric GLA) is a Z-graded vector space
E = ®FE; endowed with a binary graded symmetric bracket u = [.,.] of degree 1, satisfying
the graded Jacobi identity i.e.

X[, 2)) = (C)PHNIX, Y] 2]+ (<) (KDY [, Z)), (2.39)
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for all X,Y,Z € E. Such a symmetric GLA will be denoted by (E = ®;ezEi, [.,.]). We
will sometimes use the notation ls for the bracket [.,.] and we will say that [.,.] (or l2) is
a GLA structure on the graded vector space E. Note that when the graded vector space
is concentrated on degree —1, that is, all the vector spaces F; are zero, except F_1, then
(2.39) is the usual Jacobi identity and we get a Lie algebra with symmetric bracket. We
would like to remark that (2.39) can be written as

wl(X,Y), 2) + (1) W p(u(X, 2),Y) + (1)K (u(y, 2), X) =0, (240)

forall X,Y,Z € E, or

(it 4 ) (X,Y, 2) = Sl il (X,Y, 2) = 0. (2.41)
This means that a symmetric graded Lie algebra is simply an Loo-algebra such that all
the multi-brackets are zero except the binary one. And a Lie algebra is an Lo.-algebra
concentrated in degree —1, that is an Loo-algebra on a graded vector space concentrated on
degree —1 for which all the brackets are zero except the binary bracket. As we mentioned
in the Introduction, applying the décalage isomorphism to a symmetric GLA, we get the
notion of a (GLA) graded Lie algebra.

Recall from [41] that a Nijenhuis tensor on a graded Lie algebra (E,p = [.,.]) is a (1,1)-
tensor N : ' — FE such that the Nijenhuis torsion of u is identically zero, that is

T,N(X,Y) = p(NX,NY) = N(u(NX,Y) + u(X,NY) = N(u(X,Y))) =0, (2.42)

for all X,Y € E. For a binary bracket p = [.,.] the deformed bracket by N is denoted by
.,.]y and is given by [X, Y]y = [NX, Y]+ [X, NY]| — N[X,Y]. It has been shown in [41]
that if N is Nijenhuis on a Lie algebra (£, [.,.]), then (£, [.,.]y) is also a Lie algebra and
N is a morphism of Lie algebras. Also it has been shown that N is Nijenhuis if and only if
deforming the original bracket of the Lie algebra twice by IV is equivalent with deforming
it once by N2 that is ([X,Y]ny)n = [X,Y]y2. This can be stated using the notion of
Richardson-Nijenhuis bracket on the space of vector valued forms on a graded vector space
E, as follows:

[N, [N7N]RN]RN = [NQvM]RN' (2.43)

Nijenhuis structures in this usual and traditional sense are of course Nijenhuis structures
in our sense also.

Proposition 2.4.4. Let [.,.] be a graded skew-symmetric Lie algebra structure on a graded
vector space g = ®g;. Assume that [.,.]" is the correspondent symmetric bracket by the use
of décalage isomorphism on the graded vector space E = ®&F;, with E; := g;41. Then N 1is
a Nijenhuis (1 —1)-tensor on the graded skew-symmetric Lie algebra (g, [.,.]) if and only if
it is a Nijenhuis vector valued 1-form with respect to the symmetric bracket p = [.,.]" seen
as symmetric vector valued 2-form, with square N2.

A symmetric differential graded Lie algebra (symmetric DGLA) is an Leo-algebra (E =
BiczEi, p =" ;21 1;), with all the brackets, except l; and lp, being zero. In other words, a
symmetric DGLA is a symmetric GLA (®;ezE, [.,.]) endowed with a differential d, that
is, a linear map d : ®F; — ®F; of degree 1 squaring to zero, satisfying the compatibility
condition

d[X, Y]+ [d(X), Y]+ (-)XI[x,d(v)] = 0, (2.44)
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for all X,Y € E. Such a symmetric DGLA will be denoted by (E = &;ezFi, d,].,.]).
Sometimes we will use the notation {; for the differential d and the notation Iy for the
bracket [.,.] and we will say that g = l; + l3 is a DGLA structure on the graded vector
space ' = ®;czF; or simply on the graded vector space E.

Definition 2.4.5. A curved symmetric DGLA 1is a Z-graded vector space B = ®;czl;
together with an element C € Eq, a linear map d : E — E of degree 1 and a bilinear map
[.,.] : Ex E— E of degree 1 such that:

1. [.,.] is a graded symmetric Lie bracket,
2. d(C) =0,
3. [C,X]+d?’X =0, for all X € E,

4. d[X, Y]+ [dX, Y]+ (-DX[X,dY] =0, for all X,Y € E.

Such a curved symmetric DGLA will be denoted by (E = ®;ezFi, C,d,][.,.]). Sometimes,
we will use the notation ly for the linear map d and the notation ly for the bracket [.,.] and
we will say that u = C + 11 + Iy is a curved DGLA structure on the graded vector space
E = ®iczE; or simply on the graded vector space E.

A Maurer Cartan element in a symmetric DGLA (E,d,[.,.]) is an element e € Ey such

that .
d(e) — 5[67 e] =0. (2.45)

A Maurer Cartan element in a symmetric curved DGLA (E, C,d,[.,.]) is an element e € Ey

such that .
(d(e) —lp) — 5[6’ e] =0. (2.46)
Remark 2.4.6. In literature the Maurer Cartan element for a skew-symmetric Loo-algebra

(E = ®iezEi, p= Zz‘zl l;) is defined to be an element e € E; such that
1
> slile,--e) =0. (2.47)
=

Of course after using the décalage isomorphism we get the following formula for the sym-
metric Loo-algebra ((E = @iezFi)[1], p =2 ;51 1))

Z(_1)i51 ll’-(e, o Le) =0, (2.48)

it
i>1

where e is an element in (E[1])o = E;. O

A Poisson element in a (curved) Loc-algebra (E,u =) ;5ql;) is an element 7 € Ejp, such
that la(m, ) = 0.

The next propositions provide examples of Nijenhuis vector valued forms on symmetric
graded and symmetric differential graded Lie algebras.
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Proposition 2.4.7. Let = lo+ 12 be a curved symmetric graded Lie algebra structure on
a graded vector space B = ®;czF; and m € Ey. Then m + S is a Nijenhuis vector valued
form with curvature, with respect to u and with square 2w+ S if, and only if, ™ is a Poisson
element.

Proof. The proof is a direct consequence of the following computations:

[7T+S,lo—|—l2]RN :lz(ﬂ',.)—l—lo—f—lg,

[T+ S, [m+ S lo+ Llaylan = lo(m,m) + 1o+ 20(m,.) + 12
= lo(m,m) + 2+ S, 1o + l2] oy
and
[T+ 8,21+ S| n =2[m, 7| zn + (7, S] oy + 2[5, 7oy + [, S gy =0.
Notice that
[WvS]RN = [Sa 7T]RN =0,
since m € FEy. ]

Corollary 2.4.8. Let u = ls be a symmetric graded Lie algebra structure on a graded
vector space E = @;czF; and m € Ey. Then

1. m+ S is a Nijenhuis vector valued form with curvature, with respect to p and with
square 2w + S if, and only if, ™ is a Poisson element.

2. Assuming 1. is satisfied, the deformed structure [m + S,l2|,y is @ DGLA structure
on E, with the same binary bracket lo = [.,.] and |} =d = [m,.].

Proof. 1. 1t is a direct consequence of Proposition 2.4.7 by setting lp = 0.
2. Let X, Y € E. Applying the graded Jacobi identity in the symmetric graded Lie algebra
(E,ls =1.,.]), for the vectors m, X, Y we get

HT(',X],Y] + (_1)|XHY‘H7T7Y]7X] + HX, Y]77T] =0,

or

d[X, Y] + [dX, Y]+ (-)XI[x,dy] = 0.
This proves that lo = [.,.] and [; =d = [r, .| is a DGLA structure on E. O

Proposition 2.4.9. Let p = C + 11 + lo be a curved symmetric DGLA structure on a
graded vector space E = ®;czF; and m € Ey. Then m 4+ S is a Nijenhuis vector valued
form (with curvature ™ € Ey) with respect to p and with square 2w + S if, and only if, 7 is
a Poisson element.

Proof. The proof is a direct consequence of the following computations:

14+ 8,C+ 1l + 1oz = C+l(n) + (la(m,.) +11) + I,

[W+S7[W+S7C+l1+l2]RN}RN = [7T—|-S,C+l1—i—lg—i—ll(ﬂ')—l—lg(ﬂ',.)]RN
= O+l + 1+ 20 (m) + 2l2(m,.) + a7, )
= 20+ 5,C+ 1+, +la(m,m)
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and
[7T + 5,27 + S] [7r W] [7r7S]RN + Q[Sa ﬂ-]RN + [57 S]RN -

O]

Corollary 2.4.10. Let Iy + Iy be a symmetric DGLA structure on a graded vector space
FE =&z F; and wm € Ey. Then

1. 7+ S is a Nijenhuis vector valued form (with curvature m € Ey) with respect to u
and with square 2w 4+ S if, and only if, ™ is a Poisson element.

2. Assuming 1. is satisfied, the deformed structure ly(m) + (Ia(w,.) +11) + 12 is a curved
DGLA.

Proof. 1. Tt follows from Proposition 2.4.9 by setting C' = 0.
2. First notice that [;(7m) € E;. We need to prove: (see Definition 2.4.5)

a) lg is a graded symmetric Lie bracket,

)
b) (L +la(m, )l () = 0,
)
)

(
(
(c) la(li(m), X) + (ln + la(mr, .))*(X) = 0,
(d) Lla(X,Y) + lo(m, 12(X,Y)) + lo(11(X) + lo(7, X),Y)
+ (D)X (X, L (Y) + (7, Y)) = 0,

for all X,Y € E.
(a) follows from definition of symmetric DGLA.
Let us prove (b). Since u =l + I3 is a symmetric DGLA structure on E, we have

B(r)=0 (2.49)
and
ll(lg(ﬂ',ﬂ'))-f-2l2(l1(ﬂ'),7r) =0, (250)

where the last Equation follows from Equation (2.44) by setting X =Y =7 and [.,.] =
la,d = l1. Using the assumption that 7 is a Poisson element, from Equation (2.50) we get

lo(ly(m), ) = 0. (2.51)
Equations (2.49) and (2.51) imply that

(ly +la(m, ) (L (7)) = 0, (2.52)

which proves (b).
To prove (c) observe that since (E, u =11 4 l2) is a symmetric DGLA, we have

3(X) = 0,
L(lo(X,Y), Z) + 12(12(Y, Z), X) + 1o (Io( Z, Xl), Y) = 0, (2.53)
L(L(X),Y)+ (—D)Xy(X, (V) + hi2(X,Y) = 0,

for all X, Y € E. On the other hand, using the fact that lo(m, 7) = 0, we get by the Jacobi
identity
la(m,la(m, X)) = 0. (2.54)
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Setting Y = 7, in the third equation in (2.53) and using Equation (2.54) we get
La(l1 (), X) + B (X) + L (la(m, X)) + la(7, 11 (X)) + bao(m, o (7, X)) = 0,

which is equivalent to (c).
For (d) set Z = 7 in the second equation in (2.53) and add with the last equation in (2.53).
Then,

Wa(X,Y) + lo(m, 12(X,Y)) + Lo (L (X) + lao(m, X), Y) + (=) Xly (X, (V) + 1a(7,Y)) = 0,
which is equivalent to (d). O

Proposition 2.4.11. Let p = C + 1y + Iy be a curved symmetric DGLA structure on a
graded vector space E = @iz By and m € FEy. Then Idg + 7 is a Nijenhuis vector valued
form with curvature w, with respect to p and with square itself if, and only if, m is a
Maurer-Cartan element of the curved DGLA (E, ).

Proof. First notice that

7+ 1dp, 1+ Ide, C + 11 + 2] pr ] oy
= [m+Idg,(lhi(m) — C) +la(m,.) + l2] uu
lo(m,m) + lo(m,.) = ly(m) + C + 1o
—C = 2((li(7) = O) = gla(m,m)) + la(w) + Ia(m, ) + 2
= —2((li(m) — C) = Lla(m, 7)) + [+ Idp, C + 11 + ] -

This together with the fact that [1 +Idg, 7+ Idg|,, = 0 imply that Idg + 7 is Nijenhuis
vector valued form with respect to u if, and only if, 7 is a Maurer-Cartan element of the
curved DGLA (E, p). O

Corollary 2.4.12. Let p =11+l a DGLA structure on a graded vector space E = @;cpE;
and m € Ey. Then

1. Idg + 7 is Nijenhuis vector valued form with curvature w, with respect to p and with
square itself if, and only if, ™ is a Maurer-Cartan element of the DGLA (E, u),

2. Assuming 1. is satisfied, the deformed structure is the curved symmetric DGLA
ll(’ﬂ') + lg(ﬂ, ) + 5.

Proof. 11is a direct consequence of Proposition 2.4.11. For item 2 we need to prove

(a) la(m, Ly (7)) =0,
(b) lg(ll(ﬂ'),X)+l2(7T,l2(7[',X)) :0,

(¢) lo(m, 12(X,Y)) + la(lz(m, X),Y) + (—1)XlIy(X, Iz(7, Y)) = 0.

Since pu = I1 + l2 is a DGLA structure on the graded vector space E, we get

Li(lo(m,m)) 4+ lo(ly(m), ) + lo(7, L1 (7)) = 0.
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This together with the fact that 7 is a Maurer-Cartan element, hence of degree zero, gives
(a). Since p =11 + 2 is a DGLA structure on the graded vector space E, we get

lo(la(m,m), Z) + lo(lo(m, Z), 7) + l2(l2(Z, 7), ) = 0,

for all Z € E or
1
ZQ(ZQ(”TvT‘—)v Z) + 2l2(l2(7r7 Z)v 7T) = 2(512“2(777)7 Z) + ZQ(Fa l2(7r7 Z))) =0,

for all Z € E. This together with the fact that 3lo(m,m) = I1(m), gives (b). While (c)
follows from the fact that
[l2’ ZQ]RN (X, Y, 77) =0,

for all X,Y € E. O

2.5 Lie n-algebras and n-plectic manifolds

Symmetric Lie n-algebras are particular cases of symmetric Loo-algebras. We give the
definition and shortly discuss about Nijenhuis form on Lie n-algebras. Then we will give
a certain class of Nijenhuis forms on Lie n-algebras associated to the so called n-plectic
manifolds, a notion that we recall.

2.5.1 Nijenhuis forms on Lie n-algebras

A Z-graded vector space E = ®;czF; is said to be concentrated in degrees py, - - - px, with
p1, .0k €4, it By, -+, E),, are the only non-zero components of E. Let us start with
the definition of symmetric Lie n-algebra.

Definition 2.5.1. A symmetric Lie n-algebra is a symmetric Loo-algebra whose underlying
graded vector space is concentrated on degrees —n,--- ,—1.

Remark 2.5.2. Note that by degree reasons, the only non-zero symmetric vector valued
forms (multi-brackets) are Iy, ,l,41. O

Proposition 2.5.3. Let (E=FE_, ®---®E_1, u =11 + -+ l,t1) be a Lie n-algebra.
Let "T% <k<n+1and N be any symmetric vector valued k-form of degree zero on E.
Then S + N is a Nijenhuis vector valued form with respect to p =11 + -+ + lpy1, with
square S + 2N and the deformed Lie n-algebra structure on E is of the form

b+l + (lk + [N7 ll}RN) +o (ln-i-l + [N7 ln*k+2]RN)'

Proof. By Remark 2.5.2, any vector valued (m + k — 1)-form, with m > n — k + 3, is
identically zero and any vector valued (2k + m — 2)-form, with m > 1 is identically zero,

because from the conditions ”T‘"S <k<n+1land m>1weget 2k+m—2 > n+2. Hence,

L. [N,ly]yy =0forallm>n—k+3and

2. [N,[N, ) ynlpy =0 for all m > 1.



2.5. LIE N-ALGEBRAS AND N-PLECTIC MANIFOLDS 29

These imply that

[S + N, U]RN = p+ [Nv ll]RN +oe [N> ln—k’-i-Z]RN (2'55)

and
[S + Na [S + Na /"L]RN]RN =p+ 2[N7 ll}RN +- Q[Na ln*k+2]RN' (2'56)

On the other hand using Lemma 2.4.1 we have
[S+ N,S+2N]|,y =1[5,5)ay +[S,N]pyy + [N, Ny =0. (2.57)

Equations (2.56) and (2.57) show that S+ N is a Nijenhuis vector valued form with respect
to =114+ lht1, with square S+ 2N. and Equation (2.55) shows that the deformed
Lie n-algebra by S + N is

i+ + 11+ (Il + [N, l]-]RN) + o+ (b1 + [N, ln—k+2]RN)‘
O]

Proposition 2.5.4. Let (E=E_,&---®FE_1,u=11+---+1,41) be a Lie n-algebra. Let
Ny, -+, N; be a family of symmetric vector valued ki, - - , ki-forms, respectively, of degree
zero on E, with "TH <k < ---<k<n+1l. Then S+ le‘:1 N; is a Nijenhuis vector

valued form with respect to u, with square S + 22221 N;. The deformed Lie n-algebra
structure s

[S + 22:1 Nia#} . = p+ [22:1 Niall} N +ooet [Zé:l Nia%—kzﬂh +
[Zi;ﬁl Ni, lnkl+3f et [Ei;ﬁl Ni, lnk11+2], +
RN. RN

+

+ {Z#u_l Ni, ln—kz+3:| +oF [Z#u_l Ni, ln—kl_1+2] +
RN RN

o

+ [N17ln_k2+3]RN + -+ [N17ln—k‘1+2]RN .

Proof. Let 1 < i,57 < l. By Remark 2.5.2, any vector valued (m + k; — 1)-form, with
m > n—k;+ 3, is identically zero and any vector valued (k; + kj+m— 2)-form, with m > 1
is identically zero, because from the conditions ”T*?’ <k<---<k<n+landm>1
we get k; + kj +m — 2 > n + 2. Hence,

1. [Ny, ly). . =0forallm >n—k; +3 and
RN

2. [Ni, [Nj,lm]RN} =0 for all m > 1.

RN

This implies that

[S + Zé:l Ni, /‘} pt [22:1 Ni, ll} +oeet [22:1 Ni, ln—kz+2} +
N R
[Zi;ﬁz N, lnkl+3TRN +---+ [Zi;ﬁl N, lnkl1+2TRN +
[Z#z,z—1 Ni’ln—kﬁs} +o [Zi#l_l Nialn—k171+2] +
RN RN
“ e _l’_
[Nty k3] o+ (N1 iy g2]

RN

+ 4+ + +
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and

!
S+Y N,
=1

l
S+2Ni,u] = u+2
=1

RN pn

i=1 =1

l l
YN u] = S+2ZN¢,;¢] .
RN RN

Note that it follows from the condition "TH <k <<k <n—+1and m > 1 that for
1 <4,j <1I, we have k; + kj — 1 > n+ 2. Hence, [N;, N;] ~=0forall 1 <4,j <I, which
implies that

RN

l l
S+ZNZ-,S+2ZNi] = 0.
=1 =1

RN

O]

Remark 2.5.5. In Proposition 2.5.4 one may replace each vector valued k;-form N; by
family of (infinite) symmetric vector valued k;-forms. [

2.5.2 Nijenhuis forms on n-plectic manifolds

In this subsection we construct Nijenhuis vector valued forms on a certain type of Lie n-
algebras, those which are determined by n-plectic manifolds. Let us recall some definitions
from [62].

Definition 2.5.6. An n-plectic manifold, is a manifold M equipped with a non-degenerate,
closed (n + 1)-form w and is denoted by (M, w).

An (n — 1)-form « on an n-plectic manifold (M,w) is called Hamiltonian form if there
exists a smooth vector field y, on M, called Hamiltonian vector field associated to «, such

that daw = —¢,,w. The space of all Hamiltonian forms on an n-plectic manifold (M,w) is
denoted by Q.1 (M).

For two Hamiltonian forms «, on an n-plectic manifold (M,w), we define a bracket
{., .} by
{a, B} := by tyyw. (2.58)

In fact the space of Hamiltonian forms is closed under the bracket {.,.}.

Proposition 2.5.7. Let a, B be Hamiltonian forms on an n-plectic manifold (M,w), with
associated Hamiltonian vector fields xq, xp respectively. Then {c, B} is a Hamiltonian
form with associated Hamiltonian vector field [xq, x5

Proof. see [62]. O

Following [62| we may associate to an n-plectic manifold (M, w) a symmetric Lie n-algebra.

Theorem 2.5.8. Let (M,w) be an n-plectic manifold. Set

Q. (M), i =1,
Sl artiM), i —n<i< =2
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and E = @;;_nEi, Let the collection {ly : E x --- x E — E ; with k copies of E,1 < k <

oo} of symmetric multi-linear maps be defined as

—Dllde, if « _
ll(a):{( 1) d? f gEla

0, if a€FE_q,
0, if a; & E_1 for some 0 <1<k,
le(on, -+ ag) = (—1)5“'1@(&1 “lya, W, ifa; € By forall  0<i<k and k is even,
k-1

(—1)?an1 Clye,w, o €Ey forall 0<i<k and k is odd,

for k > 2, where xq, 1s the unique Hamiltonian vector field associated to o;. Then
(E, (lk)k>1) is a symmetric Lie n-algebra.

Proof. In [62], an Ly-algebra is defined to be a graded vector space L equipped with a
collection Iy, : L®" & L of skew-symmetric maps, with [ = k — 2, satisfying a relation so
called graded Jacobi identity. However, by translations of degrees in the graded vector
space as L; — L_;, it is equivalent to say an L,-algebra is a graded vector space L
equipped with a collection {lj : e" L} of skew-symmetric maps, with [, = 2 — k,
satisfying a relation so called graded Jacobi identity. Now, after translating in degrees in
the graded vector space as L; — L_;, it is enough to shift the degrees of the graded vector
space in Theorem 3.14. in [62], by 1, and use the décalage isomorphism to get the desired
result. O

Remark 2.5.9. In Theorem 2.5.8, for all k # 2, [, is a map of degree 1 which guaranties
that it is well-defined because the outcome can never be a (n — 1)-form. While for the case
k=2, la(ar,a) = {a1,as} for all a1,y € E_1, where {.,.} is given by Equation (2.58)
and by Proposition 2.5.7 this bracket is again in E_1, so that Iy is a well-defined bilinear
map of degree 1. [

In the next proposition we give an example of a Nijenhuis vector valued form, with respect
to the Loo-algebra (Lie n-algebra) structure associated to a given n-plectic manifold, which
is the sum of a symmetric vector valued 1-form with a symmetric vector valued i-form,
with i =2,---  n.

Proposition 2.5.10. Let (M,w) be an n-plectic manifold with the associated symmetric
Lie n-algebra structure p =101+ - -+ lp41. For any n-form n on the manifold M, and any

i=2,...,n, define 1; to be the symmetric vector valued i-form of degree zero given by
~ bya s, if Bi€ E_1 forall 2<i<n,
Hi(Br,- -, B) = X X e (2.59)
0, otherwise,
where xg,, - ,Xg, are the Hamiltonian vector fields of B1,--- , Bn, respectively. Then

1. S+ n; is a Nijenhuis vector valued form with respect to u of square S + 2n;. The
deformed structure is

[S + ﬁiaﬂ]RN =p+ [m’ll]RN + [m’lﬂm\r'

2. Moreover, for every pairn,§ of n-forms on the manifold M and everyi,j € {2,...,n},
the Nijenhuis forms S +1n; and S + &; are compatible.
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Proof of Proposition 2.5.10 is based on the following lemma.

Lemma 2.5.11. For all 2 < i < n, and all homogeneous elements a1, -+ ,a; € E we have:

(1) i vanishes on ®2  F; and takes values in E_;,
(2) ni(lh(on), az, -+, ;) =0,

(3) [Mislm] g = 0; for all m > 3,

(4) 1> ] py = domi,

(5) [is o] o = =i

(6) [, ]yl pn =0,

(7) 1[0, lo] el o = 0.

Proof. (of the lemma) Item (1) holds by definition of 7;. Let oy € E_9 and l1(a1) be a
Hamiltonian form with the associated Hamiltonian vector field x;, (q,), then we have

by o = —d(li(a1)) = —d®a1 = 0.

Hence Xy, (,) = 0, since w is non-degenerate. This proves item (2). Since 7; takes value in
E_; and since ¢ > 2, definition of [, implies that

lm(,'t]vl(ah 7062‘),"' ,Oém+i_1> :07 (260)
for all m > 3 and oy, - ,®4m—1 € E. Since l,,, takes value in E_,11, we have
Ni(lm (o, -+ sam), -+ apgio1) = 0, (2.61)

for all m > 3 and ay, -+, myi—1 € E. Equations (2.60) and (2.61) imply item (3). From
item (2) and definition of 7; we get item (4). Since 7; takes value in E_; we have 1512 = 0,
hence [7;,l2] 5 = —t,Mi- The same argument as in the proof of item (1) shows that the
Hamiltonian vector field associated to a closed Hamiltonian form is zero. Hence

Ui gy (01 - 5 Q2i—1)
= fi(dmiar, - ), a2i1) (2.62)
= O’
for all aq,---,q9,._1 € E. Since i > 2, item (4) and the fact that 7; takes value in E_;
imply that
Ly, (1, 1] gy (@1, <+ @i1) = 0. (2.63)
Equations (2.62) and (2.63) imply item (6). Since 7; does not take value in F_q,
la(mi(aq, -+ ,5),i41) =0, for all aq,--- , ;41 € E. Hence, using item (5) we get
Li; i, l2] p = 0. (2.64)
A similar argument shows that
sl T = 0. (2.65)

Equations (2.64) and (2.65) give item (7).
O
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Proof. (of Proposition 2.5.10) Let n and ¢ be two n-forms on the manifold M and i,j > 2.
It follows from definitions of 7;, §; and item 1 in the Lemma 2.5.11 that both ¢5§; and
Lgﬁi vanish. This implies that

J

[S + 17,8 + &y = 0, (2.66)
for all 7,5 > 2. Let ¢ > 2. Item 3 in Lemma 2.5.11 implies that

(S + s pl g = 1+ [0 ] e + (735 L2] oy - (2.67)
Applying [S+1;, .|, to both sides of Equation (2.67) and using items 3,6, 7 in the Lemma

2.5.11 we get
[S—i_/ﬁ;?[s—’_ﬁv’l?u]}?N]RN = Iu+2[77;7l1]RN +2[7%7l2]RN'

Therefore, again by using item 3 in the Lemma 2.5.11 we have
1S+ i, [S + 7 1] p | iy = S+ 2005 il gy - (2.68)

Equation (2.66), with £~J = 7; together with Equation (2.68) prove item 1 in the proposition.
Now, item (2) follows directly from Equation (2.66). O

From Proposition 2.5.10 we immediately get the following result.

Theorem 2.5.12. Let n be an arbitrary n-form on an n-plectic manifold (M,w). Let
(E=E_,® - - ®FE_1,u=11+4" -+ 1lnt1) be the Lie n-algebra associated to (M,w). For
each 2 < i < n define the maps 1; as in (2.59). Then N := S+ " o 1 is a Nijenhuis vector
valued form with respect to the the Lie n-algebra structure =1y + -+ -+ 141, associated to
the n-plectic manifold (M, w), with square S+2% " ,n;. Moreover, the deformed structure
N, iy = SN, with IV being the component in the vector valued form [N, u],y
which is a vector valued i-form, is given by:

N Iy, fori=1,
! li-f—doﬁi—bbﬁé\_q, fOTiZQ.
A special case of the previous theorem is considered in the next proposition.

Proposition 2.5.13. Let (M,w) be an n-plectic manifold and « be a Hamiltonian form
on (M,w). For each 2 < i <n define the maps & as

~ yalyg *  lyg Wy i eEFE 1 forall 1 <k<i
ai(ﬁly"',ﬁi)—{x ACTEe [ Bk 1 f

0, otherwise
where Xa, Xg,>" " > Xg; are the unique Hamiltonian vector fields associated to the Hamilto-
nian forms «, B1,- -+, B; respectively. Then S+ > &; is a Nijenhuis vector valued form

with respect to the the Lie n-algebra structure p =11+ --+1,41, associated to the n-plectic
manifold (M,w).

Theorem 2.5.12 can be easily generalized if, instead of taking one n-form on the manifold
M, we take a family of n-forms on M.



64 CHAPTER 2. NIJENHUIS FORMS ON L..-ALGEBRAS

Theorem 2.5.14. Let (77);>1 be a family of n-forms on an n-plectic manifold (M, w). Let
(E=E_,® - @®E_1,u=11+ -+ lnt1) be the Lie n-algebra associated to (M,w). For

each 2 < i <n define the vector valued i-forms ng as

~ b el _nj’ if Bpbe€FE_1 forall1<k<i
ni(617 762) = X1 XPs .
0, otherwise

where x,,- -+ , X, are the unique Hamiltonian vector fields associated to the Hamiltonian

forms By, -, B; respectively. Then N := S + Zj>1 Yoy 775 1s a Nijenhuis vector valued
orm with respect to the the Lie n-algebra structure p = Ily + -+ + 41, associated to the

ith t to the the Lie n-algebra structure u = | Lt ated to th
n-plectic manifold (M,w).

2.5.3 Generalities on Lie 2-algebras and crossed modules

In this subsection we shall consider Lie 2-algebras, that is, graded vector spaces E which
are concentrated in degrees —1 and —2, equipped with Ly.-structures.

As we have already remarked, by degree reasons, a Lie 2-algebra structure on a graded
vector space £ = E_o@® E_1 has to be of the form [ +12+13, with [y, [, l3 being symmetric
vector valued 1-form, 2-form and 3-form, respectively, of degree +1.

We will discuss about Courant algebroids in Section 2.6. So, in view of that, it is convenient
to introduce the following notations for Lie 2-algebras. Assume that = l1+12+13is a Lie
2-algebra structure on a graded vector space £ = E_o @ E_j. Then, the binary bracket [,
has two parts:

1/2, : E,Q X E,1 — E,Q and l/2 : E,1 X E,1 — Efl.

We denote
LAY by ()
by X7Y2»
B(5.X) by (X)), (2:69)
(XYZ) by w(X,Y,Z),

forall X,Y,Z € E_1,f € E_5, with x : E_; — End(E_3). In general, to every vector
valued form p = Iy + ls + I3, with [; being a vector valued i-form, ¢ = 1,2, 3, on a graded
vector space F concentrated in degrees —2 and —1, one may correspond a quadruple
(0,X;[-, -] ,w) as in above. The following proposition shows how these kind of quadruples
are related to Lie 2-algebras.

Proposition 2.5.15. Let E = E_o ® E_1 be a graded vector space. For k = 1,2,3 let
I, € S¥(E*) ® E and denote

of = h(f),
(X,Y], = L(X,Y),
XX)f = hX,f),

w(X,Y,2) = (XY, 2),

fordl XY, Z € E_1 and f € E_o. Then p =11 + 1y + 13 is a Lie 2-algebra structure
on E if, and only if, for the quadruple (0,x,[.,.]y,w) the following relations hold for all
XY ZWeFE 1 and f,g€ E_o:
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(i) x(0f)g+ x(99)f =0

(1) [X,0f]2 = Ox(X)/,
(iii) x([X,Y]2)f + x(Y)x(X)f = x(Y)x(X)f + w(X,Y,0f) =0,
(i) [[X,Y]2, Z]a + c.p. = 0w (X, Y, Z),

(U) X(W)W(X’ Y) Z) - X(Z)W(X’ Y7 W) + X(Y)W(Xv Zv W) - X(X)W(K Zu W) =
—w([X,Y]2, Z, W) + w([X, Z]2, Y, W) — w([X,W]a,Y, Z)
_w([Y7Z]27X7 W) —I—W([K W]27X7 Z) —W([Z,W]Q,X,Y).

Proof. Let X,Y, Z, W € E_1 and f,g € E_5. Then, the result follows directly from the
followings: [l1,2]zn (f,9) = 0 is equivalent to (i). [l1,l2],y (X, f) = 0 is equivalent to (ii).
(2[l1, 3] o + 112, I2] o ) (XL Y, f) = 0 is equivalent to (iii). (2[l1, 3] 5n + 2, 2] 4a ) (X, Y, Z) =
0 is equivalent to (iv). [l2,l3] 44 (X,Y, Z, W) = 0 is equivalent to (v). Note that, for degree
reasons, all the missing cases, for example the case (2[l1,13],y + [l2,l2]zn ) (X, f, g) are
identically zero. O

In view of Proposition 2.5.15, we may denote a Lie 2-algebra structure p =11 +1lo+13 on a
graded vector space E = E_, @ E_, also, by a quadruple (0, x,[., ]y ,w) with x : E_; —
End(E_9) satisfying all the relations (i)-(iv) in Proposition 2.5.15.

Now, we consider some special cases of Lie 2-algebras.

A Lie 2-algebra (E = E_o®FE_1, = l1+12+13), with [s = I3 = 0 and [y invertible is called
trivial Lie 2-algebra. We may also consider the notions of string Lie algebras and crossed
module of Lie algebras as special cases of Lie 2-algebras. Before talking about string Lie
algebras let us introduce the notion of Chevalley-Eilenberg differential of a vector valued
form on a graded vector space E concentrated on degrees —2 and —1. Next lemma gives
a motivation for the definition of Chevalley-Eilenberg differential.

Lemma 2.5.16. Let (FE = E_o®FE_1, p = l1+1l2+13) be a Lie 2-algebra with corresponding
quadruple (9, X, [, ]y, w), in view of Proposition 2.5.15. Let n € S¥(E*) ® E be a vector
valued k-form of degree k — 2. Then,

k
[0 lo]one (X0, -5 X)) = D (=D)X(Xon(Xa) + Y (=)™ n([X;, X5), Xiy),  (2.70)
i=0 0<i<j<k
for all Xo,..., X € E_1 , where 5(\1 and )/(; stand for
Xla”' 7Xi—17Xi+17"' 7Xk and X17"' 7X’£—17Xi+17"' 7Xj—17Xj+17'” 7Xk

respectively.

Proof. For degree reasons 1 has to be of the formn: E_1 x---x E_1 — E_o, with k copies
of E_;. Hence, Equation (2.70) is a direct consequence of the definition of Richardson-
Nijenhuis bracket. O

Considering Lemma 2.5.16 and regarding to the Equation (2.16) we may define the Chevalley-
Eilenberg differential as follows:
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Definition 2.5.17. Let E = E_o ® E_1 be a graded vector space concentrated on degrees
—2 and —1, Si(E) C S¥(E*) ® E be the subspace of all symmelric vector valued k-forms
of degree k —2 and S*(E) := @p>15:(F). Let x : E_1 — End(E_3) be a representation of
vector spaces and [.,.| : E_1 x E_; — E_; be a graded symmelric bilinear map. Then the
Chevalley-Eilenberg differential dA°F : S*(E) — S*1(E) is defined by

k
d“Fn(Xo, ..., Xk) :=Z(—1)ix(Xi)n(Z-)+ > (1) (X, X5, Xig),  (2.71)
i=0 0<i<j<k

for all Xg,..., Xy € E_1 , where 5(\1 and )/(; stand for
X17"‘ 7X’i—17X’i+17"' 7Xk and Xl)"' 7X7;—17X’L+17"‘ 7Xj—1>Xj+17"' 7Xk

respectively.

In general, the operator d“F does not square to zero. However, according to Lemma 2.5.16

it can be written as

d“" = ['712]RN7
and using the graded Jacobi identity, we have that d“F squares to zero, if and only if,
[l2,12] ,y = 0. Here l2(X, f) = x(X) f and [o(X,Y) = [X,Y], for all X, Y € E_;, f € E_».

Now, let (E = E_o9@®E_1, = 11+l2+13) be a Lie 2-algebra with corresponding quadruple
(0,X; [-, ]y ,w), in view of Proposition 2.5.15. If {1 = 0, then for all X,Y,Z € E_4

0 = [la, lo] o (X, Y, Z) = 2([[X, Y2, Z]2 + c.p.)
which means that [.,.], is a Lie bracket on E_;. And for all X, Y € E_;,f € E_»

12, lo] o (XY, f) = X[X, Y]2(f) — x(Y)x(X)f +x(X)x(Y)f =0

which means that y is a representation of E_; on E_5. Also, the condition [l2,l3],y =0
means that w is a Chevalley-Eilenberg-closed 3-form of this Lie algebra E_; valued in E_s.
We call string Lie algebras this kind of Lie 2-algebras.

Next we want to explain how a crossed module of Lie algebras can be seen as a Lie 2-
algebra. Let us first, recall the definition of a crossed module of Lie algebras from [73]:

Definition 2.5.18. A crossed module of Lie algebras (g, [.,.]?) and (b, [.,.]") is a homo-
morphism O : g — b together with an action x of h on g by derivation, that is a linear map
X : b — Hom(g,g) such that

d(x(h)g) = [h,0(9)]"; for all g € g and all h € b (2.72)

and
X(0(91))g2 = [91,92]% for all g1,92 € g. (2.73)

Such a crossed module will be denoted by (g, b, 9, x). The next proposition shows how
one can see a crossed module as a Lie 2-algebra.

Proposition 2.5.19. Let (E = E_o® E_1, up = l1 + la + 13) be a Lie 2-algebra with
corresponding quadruple (0, X, [.,.]y,w), in view of Proposition 2.5.15. If I3 = 0, then
(E_2,E_1,0,X) is a crossed module of Lie algebras.
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Proof. Since (E = E_o @ E_1, p =11 + Iy + l3) is a Lie 2-algebra we have [lz,l2],, =0
which means that [., ], is a Lie bracket on E_;. The remaining condition, i.e., [l1, 2],y =0
allow us to define a crossed-module structure on E_o — E_; as follows: Define a bracket
[.,.Jon E_g as [f,g] := x(O(f))g for all f,g € E_5. From item (i) in Proposition 2.5.15 we

get [f,g] = —lg, f]. While applying [l1,l2],, to (9(f),g) we obtain
= 9(x(9f)g) (2.74)
= 0lf.4g],

for all f,g € E_5. On the other hand, for f,g,h € E_o we have:
0 = %20, (0f 0g,h)

— (0], D9), 1) + L(1a(0f, ), Bg) + la(1a(9g, )OS

= x(12(0f,09)h) + x(0g9)x(9f).h + x(0f)x(dg)h.
Hence,

x[0f,0glah = x(0f)x(9g)h — x(0g)x (9 f)h, (2.75)

for all f,g,h € E_5. Using (2.75) and (2.74), the Jacobi identity for the bracket [.,.] on
FE_5 can be proved as follows:

[[f,g9l,h] = xO(

I
=
=
==
=2
=
o

>

[l
==

[f: g, Al = [[f, gl h] + [g, [f, h]].

Therefore, (E_2, [.,.]) is a Lie algebra, d is a Lie algebra morphism and x is a representation
of E_y on E_y. Applying [l1,12],, to (X, f), for X € E_; and f € E_5, we get

Lhla(X, f)) = (X, L f)

or
O(x(X)f) = [X,0f]2.
Also by definition of [f, g] we have

x(0(f))g = [f.g).
Hence, (E_q, ,E_1, 0, x) is a crossed module. O

2.5.4 Nijenhuis forms on Lie 2-algebras

Proposition 2.5.3 of Subsection 2.5.1 provides the construction of Nijenhuis forms on Lie
n-algebras. However, for the case n=2, that proposition does not give the possibility of
having a Nijenhuis vector valued 2-form. We intend to give an example of Nijenhuis vector
valued form with respect to a Lie 2-algebra structure p on a graded vector space E_o® E_
which is not purely a 1-form, i.e. not just a collection of maps from FE; to E;. As we have
mentioned before, elements of degree 0 in S(E*)® E are necessarily of the form N +a with
N : F — FE alinear endomorphism preserving the degree and a : £ x E — E a symmetric
vector valued 2-form (or o : F_1 x E_1 — FE_5 a skew-symmetric E_s-valued 2-form on
E_5).
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Theorem 2.5.20. Let yp =11 +1s+13 be a Lie 2-algebra structure on a graded vector space
E=FE_>®FE_1 and a be a symmetric vector valued 2-form of degree 0. Then S+ « is a
Nigenhuis vector valued form with respect to p with square of S + 2« if and only if

allha(X,Y),Z)+cp. =0,

forall XY, Z € E_;.

Proof. By degree reason |o, [, l1] ;5] zy 15 Of the form
[O{, [a, ll]RN}RN T F 1 QFE_ 1QF_1 — FE_9

and

[, [, L] pn | pn (XY Z) = s li] gy (a(X,Y), Z) + ep. — af[a, ] (XL Y), Z) + cop.
= 20(li(a(X,Y)),Z)+cp
(2.76)
for all X,Y,Z € E_;. Again by degree reasons |o, [, l2] 5] py and [o, 3],y (4-forms of
degree +1) are identically zero. So

[S—i—oz [S—i—oz l1+lz+l3]RN]

= [S—i—a,h-ﬁ-lz-ﬁ-lg—l—[al] [a lg] }RN
= h+lb+iz+ 2[a’ ll]m\r 2[a l2]RN [ «, [Oz, ll]RN}RN (2~77)
= h+l+iz+ [204, ll]RN [204 ZQ]RN [ ) [a, ll]RN}RN
= [S + 20, + 12 + l3]RN [ [a ll] ]RN
On the other hand Lemma 2.4.1 implies that
[S +a,5+ QQ]RN = [Sa S]RN + [Sv a}RN + [aaa]RN = 0. (2'78)

Equations (2.76), (2.77) and (2.78) show that S+ « is a Nijenhuis vector valued form with
respect to pu with square S + 2q, if and only if,

alli(a(X,Y)),Z) +cp=0.
O

Corollary 2.5.21. Let (E,pn) be a string Lie algebra (see Subsection 2.5.8.) Then for
every vector valued 2-form o« of degree zero, S + « is a Nijenhuis vector valued form with
respect to .

In the following example we see an application of Theorem 2.5.20 to a trivial Lie 2-algebra.

Example 2.5.22. Let g be a vector space and [., .}g be a skew-symmetric bilinear map
ong Let Ey:={-1}xg, .o :={-2} xgandlet d: E.9 — E_; be given by
(=2,z) — (—1,z). Define a: E_; x E_1 — E_5 to be vector valued 2-form on the graded
vector space E = E_o@® E_; as ((—1,2),(—1,y)) — (=2,[z,ylg). Then S+ « is Nijenhuis
with respect to 0, if and only if, [.,.] g is a Lie bracket, which is a direct consequence of
Theorem 2.5.20. [

Let us see now what the deformed Lie 2-algebra structure looks like concretely. The
definitions of 9,y,[.,.] and w are intended to make the interpretation of the following
result clear:
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Proposition 2.5.23. Let i be a Lie 2 algebra structure on a graded vector space E_os@BFE_q,
corresponding to the quadruple (0,[.,.]5,X,w), in view of Proposition 2.5.15. Let o be a
symmetric vector valued 2-form of degree zero on E and let N = S + «. If the deformed
structure (N is associated to a quadruple (9',1],]5, X', w'), then

o) = 0p),
(X,Y], = [X,Y]a+0a(X,Y), (2.79)
X'(X)f = x(X)f —a(0(f), X),
V(XY Z) = w(X,Y,Z)+da(X,Y, Z),
foral XY, Z € E_1 and f € E_».
Proof. The statement follows from the following easy relations:
Lo [S+a,plpy =+ 2+ o, l]py) + (s + [, l2] ),
2. (ol (X)Y) =ha(X,Y); forall X, Y € E_4,
3. (ol pn (f, X) = —a(li(f), X) forall X € E_y, f € E_g,
4. [a,lg}RN = dCEa.
O

Indeed, in this case, the Nijenhuis transformations that we consider are invertible, it suffices
for this to consider the deformation by S — a. Combining Theorems 2.5.20 and 2.3.10 we
get the following proposition.

Proposition 2.5.24. Let p = [y + ls + I3 be a Lie 2-algebra structure on a graded vec-
tor space E = E_o & E_1. Let a be a wvector valued 2-form of degree zero such that
alia(X,Y), Z) +ep. =0, for all X,Y,Z € E_y. Let uy stands for the structure u af-
ter k times deformations, that is py, =[S+ o, [S + o, - | [S + o, ptlpn - Jan gy With k
copies of S 4+ a. Then S + « is a Nijenhuis vector valued form with respect to all the
terms of the hierarchy of successive deformations py, with square of S + 2a. Moreover,
[S —a,[S+a,pu]] = p.

As we have seen previously, Lie 2-algebras (E_o ® E_1, l1 + l2 +13) with [; = 0 are called
string Lie algebras. They are in one to one correspondence with Lie algebra structures
on g := FE_; together with a representation of the Lie algebra g on the vector space
V := F_5 and a Chevalley-Eilenberg 3-cocycle w for this representation, so that string Lie
algebras can be denoted as triples (g, V,w) with g a Lie algebra, V' a representation and
w a Chevalley-Eilenberg 3-cocycle. In this case, the deformation by S + « just amounts
to change the 3-cocycle w by w + d“Fa. So that, for string Lie algebras, adding up
a coboundary, i.e. changing (g,V,w) into (g,V,w + d“Fa) can be seen as a Nijenhuis
transformation by S + a.

Let us now investigate Lie 2-algebras structures for which y = 0. There may be quite a
few such Lie 2-algebras but, we are going to show that, after a Nijenhuis transformation
of the form S + «, such Lie 2-algebras will be decomposed as a direct sum of a string Lie
algebra with a trivial Lie 2-algebra.
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A Lie sub-2-algebra of a Lie 2-algebra (E = E_o @ E_1,u =11 + 12 +13) is a Lie 2-algebra
(E'=FE 0 FE |,/ =1+1,+1) with E' , C E_y and E’ | C E_; vector sub-spaces,

! / /
1=Ulr, Iy =b|pxp and I3 =13|pxpxE-

Proposition 2.5.25. Given a Lie 2-algebra structure l1 + Iy + I3 on a graded vector space
E = E_3 & E_1 and corresponding quadruple (0,[.,.]5,X,w), with x = 0, there exists a
Nigenhuis transformation of the form S + « with a a vector valued 2-form of degree zero,
such that the deformed bracket [S + o, 1y + ly + 3] is the direct sum of a strict 2-algebra
with o trivial Leo-algebra.

Proof. We set E' | :=1m(9), £, := Ker(d) and we choose two subspaces E' , C E_5 and
E*, C E_; such that the sums E', @ E*, = E_ and E' | & F*, = E_; are direct sums.
Since x = 0, by item (i) in Proposition 2.5.15, the bracket [.,.]2 vanishes on E!; so that
there exists a unique skew-symmetric bilinear map o : E_; x E_1 — E', such that

0a(X,Y) = —pryge ([X, Y1), forall X,Y € E_y, (2.80)

where Prpt stands for the projection on E! | with respect to E* ;. Note that a(X,Y) =0

if X or Y belong to E' |, therefore we have a(da(X,Y),Z) = 0, for all X,Y,Z € E_;.
Hence by Theorem 2.5.20 S + « is Nijenhuis of square S + 2a. We claim that, for the
deformed bracket I} + 15 + 15 = [S + a,l1 + lo + I35y, (B2 & E%,, 17 + 15 +15) and
(EY, ® E',, I} + 15 +1%) are Lie sub-2-algebras of (F = E_o® E_1,u = l; + l2 + l3), that
the first one is a string Lie algebra while the second one is a trivial Lie algebra, and that
their direct sum is isomorphic to (E_g @ E_y, 1] + 1, +15).

Let (9',[.,.],x',w') stands for the corresponding quadruple associated to the deformed
structure 1§ +15+15. From [l1,l3],y = 0 we get Ia(I1f, X) = 0, for all f € E_5. This means
that Iy vanishes on E' ;. Also, since a(X,Y) = 0if X or Y belongs to E* |, by Equation
(2.79), we have that x’ = 0 and [.,.]" = 0 and hence I} vanishes on E* ;. From [I1,l3],, =0
we get w(X,Y, Z) vanishes for all X € E' |, so by Equation (2.79) the restriction of I} to
E' | vanishes. Since the restriction of I; to E', is a bijection onto its image, the restriction
of I +1,+14 to E' | & E', is a Lie 2-sub-algebra and it is a trivial Lie 2-algebra.
Next we prove that (E®, @ E*,, 1] + 15 + 1) is a Lie sub-2-algebra with [} (E*®,) = 0 and
hence is a string Lie algebra. Let X,Y € E*,. Then by Equation (2.79) we have
B(X,Y) = [X, Y]z + 0a(X,Y) = [X,V]s — pre (X, V]a).
This implies that
I5(X,Y) e E%,. (2.81)

Let X,Y,Z € E®,. Then, we have I{(X) =1{(Y) =1{(Z) = 0. Hence, from (2[l}, 1],y +
[ll27lé]RN)(X7YJ Z) =0 we get

KiG(X,Y, Z) = B4(X,Y), 2). (2.82)
Using Relation (2.81), the right hand side of Equation (2.82) belongs to E?, while ac-
cording to the definition of E*, the left hand side of Equation (2.82) belongs to E'; and
since E_y = E' | ® E* is a direct sum, both sides of Equation (2.82) should be zero. This

implies that
I(X,Y,Z) € E*,. (2.83)

Relation (2.81) and Equation (2.83) show that (E*,®E? |, 1} +1,+1%) is a Lie 2-sub-algebra.
Also, By definition of E®,, we have I{(E®,) = 0. This completes the proof. O



2.5. LIE N-ALGEBRAS AND N-PLECTIC MANIFOLDS 71

Next, it is interesting to see that Lie algebras themselves can be seen as Nijenhuis forms.

We start by noticing that any vector valued 2-form of degree zero on a graded vector space
E_o5 ® E_1 is of the form

—a(V,X), XY eF 4,
(X,Y) = { oY, X), i & (2.84)
, otherwise.
This together with the fact that o always takes value in E_», imply that
a(a(X,Y),Z)+cp.=0. (2.85)

Equations (2.84) and (2.85) mean that any symmetric vector valued 2-form « on an arbi-
trary graded vector space E_o® E_1 is a Lie algebra (not a graded Lie algebra). However,
there is also a way to get a Lie bracket on a graded vector space £ = F_o ® E_; from
a Nijenhuis form with respect to a Lie 2-algebra structure p = I; + lo + I3 on the vector
space E as follows:

Proposition 2.5.26. Let (E = E_o ® E_1, up = I3 + 1o + l3) be a Lie 2-algebra, with
corresponding quadruple (0,[.,.],x,w). Let a be a vector valued 2-form of degree zero.
Define a bilinear map & by

(6] ) XY ey,
(0%

(X,
d(X Y) o (8X Y XeFE s YeFE 4, (2 86)
T la(X,0Y) X eE_Y € E_y, '
(

a(0X,0Y) X,Y € E_,.

Then S + « is Nijenhuis vector valued 2-form with respect to u, with square S + 2« if, and
only if, (E,&) is a Lie algebra.

Proof. By definition, & is a skew-symmetric bilinear map on the vector space F and we

have
aa(X,Y),Z)+cp. = a(0a(X,Y),Z)+cp.,

a(a(f,Y), Z) +cp. = a(0a(df,Y),Z) +cp.,
for all X,Y,Z € E_; and f € E_5. Hence, Theorem 2.5.20 together with (2.87) imply

that & is a Lie bracket on the vector space F if, and only if, S+ « is a Nijenhuis form with
respect to u, with square S + 2a. ]

(2.87)

Last, we give a result involving weak Nijenhuis forms on a Lie 2-algebra.

Proposition 2.5.27. Let 0 : E_o — E_1 be a Lie 2-algebra structure on the graded vector
space E = E_o ® F_1, that is, a Lie 2-algebra structure pu =11 + ls + I3 with 1 = 0 and
lo =13=0, on E. Let a be a symmetric vector valued 2-form of degree zero on the graded
vector space E. If S + « is a weak Nijenhuis vector valued form with respect to O, then
FE_1 is a Lie algebra with a representation on E_o.

Proof. S + « is a weak Nijenhuis vector valued form with respect to 9 if, and only if,
S+ «, 0],y is an Lo-structure on the graded vector space E if, and only if,

HS + ava]RN7 [S + a’a]RN]RN =0
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if, and only if,
[[Oé, 8]RN7 [av a]RN}RN =0. (288)

Therefore, S + « is a weak Nijenhuis vector valued form with respect to 0 if, and only if,
0a(0a(X,Y),Z) 4+ cp.(X,Y,Z) =0 (2.89)

and
a(0a(X,Y),0f) + cp.(X,Y,0f) =0, (2.90)

forall X,Y,Z € E_;, f € E_5. Equation (2.89) means that [X,Y] := da(X,Y) defines a
Lie bracket on E_ since clearly it is skew-symmetric. While if we denote X - f := a(X, 9f),
then (2.90) can be rewritten as

which means that - : E_1 X E_9 — E_5 is a representation of F_;. O

Remark 2.5.28. A notion of Nijenhuis operator on a Lie 2-algebra independently ap-
peared in [49] while the present manuscript was about to be completed. This notion does
not match our notion, although there are some similarities, and it is certainly also interest-
ing. First, in [49], a Nijenhuis operator N is necessarily a vector valued 1-form. Second, the
deformed structure that they consider matches what we also called the deformed struc-
ture. In fact, their idea is to require that N itself has to be a Lie 2-algebra morphism
from the deformed structure to the original one, generalizing a property that holds true
for Lie algebra and it is also based on a quite natural generalization of the usual Nijenhuis
operator.

If NV = (Np, N1) is a Nijenhuis operator, in the sense of Definition 3.2. in [49], then the
following conditions hold:

VD] = VR,
IR R VN
W] = R,

which means that N is a Nijenhuis vector valued form, in our sense, with square N2. [

2.6 Courant structures

According to Roytenberg and Weinstein [50], a Lie 2-algebra can be associated to an
arbitrary Courant algebroid, Lie 2-algebra that encodes entirely the Courant structure in
question. Now, various authors, [15, 28, 40, 2, 4] have investigated Nijenhuis tensors on
Courant structures. We shall check that such Nijenhuis tensors give examples of Nijenhuis
vector valued forms on the corresponding Lie 2-algebra. But these Nijenhuis tensors are
always 1-forms, while, for degree reasons, the corresponding Lie 2-algebra may admit
Nijenhuis vector valued forms which are sum of vector valued 1-forms with vector valued
2-forms. Surprisingly, the Lie 2-algebra structures deformed by those will never be Lie
2-algebras constructed out of Courant structures, except in some degenerated cases, and
except, of course, if the Nijenhuis tensor is of the type studied in [15, 28, 40, 2, 4].
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2.6.1 Review of definitions

Let us recall some basic definitions. First, we recall the original definition of Courant
algebroids.

Definition 2.6.1. [50] A Courant algebroid is a vector bundle E — M equipped with a
non-degenerate inner product (.,.), a skew-symmetric bracket [.,.] : I'(E) x I'(E) — I'(E),
and a bundle map p : E — T M such that the following properties are satisfied:

1. For any X,Y,Z € T(E), J(X,Y, Z) = DT(X,Y, Z);
2. for any X,Y € T(E), p|X,Y] = [pX, pY];
3. for any X, Y € I'(E) and f € C®(M),
X, £¥] = JIX,Y] + (o(X) )Y = 5(X,V)Df;
4. poD =0, i.c., for any f,g € C®(M), (Df, Dg) = 0;
5. for any X,Y1,Ys € T(E),

pX)(Y1, ) = (X, Yi] + 3DX, Yi), ) + (¥, [X, Ya] + 3DUX,Ya)),

where J is the Jacobiator of the bracket [.,.] i.e.
J(X,Y,Z)=[X,Y], Z] + cp.,
T is the function on the base manifold M defined by:
T(X,Y,Z) = éqx, Y], 2) + cp., (2.91)
and D : C>®(M) — I'(E) is the map defined by
(Df, X) = p(X)/, (2.92)

forall XY, Z € T'(E), f € C®°(M). We will denote a Courant algebroid by (E,[.,.], p, (.,.))-

It is also common to define a Courant algebroid in terms of a non-skew-symmetric bracket
which is called Dorfman bracket. We also recall this definition.

Definition 2.6.2. [6/] A Courant algebroid consists of a vector bundle E — M, a bilinear
map o : I'(E) x I'(E) — I'(E), a bundle map p : E — TM and a non-degenerate inner
product satisfying the following axioms:

1. Xo(YoZ)=(XoY)oZ+Yo(XoZ),
2 p(X oY) = [p(X), o(V)]
5 X oY = [(XoY)+ (p(X)P)Y ,

4. XoX =1iD(X, X),
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5. p(X)NY,Z) = (X oY, Z) + (Y, X 0 Z);

forall XY, Z € T'(E), f € C>*(M), where D : C*(M) — I'(E) is given by (2.92).

Remark 2.6.3. It is shown in [64] that Definitions 2.6.1 and 2.6.2 are equivalent. The
relation between brackets is given by [X,Y] = (X oY —YoX) and X oY = [X,Y] +
$D(X,Y). Uchino has shown in [70] that some of the axioms in Definitions 2.6.1 and
2.6.2 follow from the other ones. Later, in the same vein Grabowski and Marmo [29]
have simplified Definition 2.6.2, while Kosmann-Schwarzbach [39] obtained the following
definition of Courant algebroid. [

Definition 2.6.4. A Courant algebroid is a vector bundle E — M together with a non-
degenerate inner product (.,.), a bundle map p : E — TM and a bilinear operator o :

['(E) xT'(E) — T'(E), such that the following azioms hold:
1. (T'(E),0) is a Leibniz algebra i.e X o(YoZ)=(XoY)oZ+Yo(XoZ),
2. p(X)(Y,Z) = (X oY, Z) +(Y,X 0 2),
3. p(X)NY,Z)=(X,YoZ)+(X,ZoY);
forall X,Y,Z € I'(E).
When item (1) does not hold, then the quadruple (E,o,p,(.,.)) is called a pre-Courant
algebroid([2]).

The next proposition is stated in [39], for Courant algebroids. Since the proof does not
use the fact of o being a Leibniz bracket, the result also holds for pre-Courant algebroids.

Proposition 2.6.5. For every pre-Courant algebroid (E,o,p,(.,.)) we have
XofY = f(X oY)+ (p(X) )Y, (2.93)
for all XY € T'(E), f € C>*(M).

Proof. Let X,Y € T'(E) and f € C*°(M). By the second item in Definition 2.6.4 we have
p(X)NfY,Z) = (X o fY,Z) + (fY, X 0 Z),
hence,
PO, 2) + (Y, Z)p(X)f = (X o Y, Z) + (Y, X 0 Z).

or

JUX oY, Z) + (Y, X 0 2)) + (Y. 2)p(X) [ = (X 0 fY, Z) + (Y, X 0 Z).

And using the non-degeneracy of the inner product (.,.), the desired result follows after
simplification. O

Note that for Courant algebroids, Equation (2.93) is exactly the third item of Definition
2.6.2.

Corollary 2.6.6. Let (E,o0,p,(.,.)) and (E,o' 0, (.,.)) be two pre-Courant algebroids. If
o=20, then p=p'.

Proof. Assume that (E,o,p,(.,.)) and (E,o,p/,(.,.)) are both pre-Courant algebroids. By
Proposition 2.6.5 we have

(p(X)NY = (/' (X)),
for all X,Y € (M), f € C°°(M), which implies that p = p'. O
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2.6.2 Nijenhuis tensors on Courant algebroids

We intend to define Nijenhuis deformation of Courant structures. Let (E,o,p,(.,.)) be a
Courant algebroid. For a given endomorphism N : I'(E) — I'(E), the deformed Dorfman
bracket by N is a bilinear operation defined as:

XoVY :=NXoY+XoNY -N(XoY),

for all X,Y € I'(E). The deformation of p by N is the map given by p™(X) = p(NX),
X € I'(E). The Nijenhuis torsion of N, with respect to the Dorfman bracket o, is defined
as:

T.,N(X,Y):=NXoNY — N(XNY),

for all X,Y € I'(E). A direct computation shows that

ToN = %(ON’N — ON2).

All endomorphisms N of I'(E) that will be considered here are C*°(M)-linear, that is to
say they are (1, 1)-tensors, that is smooth sections of endomorphisms of E.

According to [15], for every vector bundle E — M, if (I'(E),o) is a Leibniz algebra and
N :T(E) — I'(E) is any endomorphism whose Nijenhuis torsion vanishes, then the pair
(T(E),oN) is a Leibniz algebra. The difficulty, is that for a given Courant algebroid
(E,o0,p,{.,.)) and a given (1,1)-tensor N, (E,o", pN (.,.)) may fail to be a pre-Courant
algebroid, even if the Nijenhuis torsion of N vanishes. Indeed, from [15] we have the
following:

Theorem 2.6.7. If N is a (1,1)-tensor on a pre-Courant algebroid (E,o,p,{(.,.)), then
the quadruple (E,oN, pN,(.,.)) is a pre-Courant algebroid if, and only if,

Xo(N+N)Y =(N+N)XoY) and (N+N)(YoY)=((N+N)Y)oY (2.94)
for all X, Y € T'(E), where N* stands for the transpose of N, with respect to (.,.).

Remark 2.6.8. In fact, Theorem 2.6.7 is slightly different from Theorem 4 in [15], because
there, the authors start from a Courant algebroid. But the same proof is still valid for the
case of pre-Courant. [

A Casimir function or simply a Casimir on a Courant algebroid (E, o, p, (., .)) is a function
f € C>®(M) such that p(X)f =0 for all X € I'(E). It is easy to check that f is a Casimir
if, and only if, Df = 0. Also, if f is a Casimir, then condition 3 in Definition 2.6.2 implies
that f(X oY) = X o (fY), for all X,Y € I'(E). Moreover, f being Casimir, a simple
computation gives (fX)oY = f(X oY), for all X,Y € I'(F), so we have that for a
Casimir functions f,

(fX)oY =f(XoY)=Xo(fY) (2.95)

for every pair of sections X, Y € I'(E).

The next lemma is a slight generalization of a result in [15].

Lemma 2.6.9. Given a pre-Courant algebroid (E, o, p,(.,.)) and a map N : T'(E) — I'(E),
if N+ N* = Mdp(g), for some Casimir function A € C>*(M), then (E, oV pN () is a
pre-Courant algebroid.
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Proof. This lemma is a direct consequence of Theorem 2.6.7 together with (2.95). O

Theorem 2.6.10. Let (E,o,p,(.,.)) be a Courant algebroid and N : T'(E) — T'(E) be a
(1 — 1)-tensor whose Nijenhuis torsion vanishes, such that

N+ N* = Mdpg), (2.96)
with X being a Casimir function. Then (E, o™ pN (...)) is a Courant algebroid.
Proof. Note that (E,o) is a Leibniz algebra which implies that (E,o") is also a Leibniz

algebra since the Nijenhuis torsion of IV vanishes. This together with Lemma 2.6.9 prove
the theorem. O

Remark 2.6.11. For a (pre-)Courant algebroid (F, o, p, (.,.)), and a (1 —1)-tensor N with
N + N* = Mdr(g)y and A a Casimir function, we have

pM(X)f = p(NX)f = (NX,Df) = (X,N*Df) = (X, (=N + Aldp(g))Df),

for all X € T'(E),f € C>®(M). This means that the operator DV : C®(M) — T(E)
associated with the (pre-)Courant algebroid (E, o™, p™V, (.,.)), is given by

DY = (=N + Mdr(z)) o D. (2.97)
m

2.6.3 Courant algebroids as Lie 2-algebras and Nijenhuis forms

For a given vector bundle E — M, equipped with a skew-symmetric bilinear map [.,.] :
I'(E) x I'(F) — I'(E), a bundle map p : I'(F) — TM over the identity of M and a
symmetric bilinear form (.,.) define

1. A graded vector space as V = C>*(M) @ I'(E), where the elements of C*°(M) have
degree —2 and the elements of I'(E) have degree —1.

2. Syminetric vector valued forms on V by:

LLf = Df forall feC®(M),
L(X,Y) = [X,Y] forall X,Y eT(E),
L(X,f) = (X, Df) forall X € T(E),feC®(M),
13(X,Y,Z) = T(X,Y,Z) forall X,Y,ZeT(E),

where D : C*(M) — I'(E) is the operator associated to the quadruple (E,[.,.],p,(.,.))
defined as in (2.92), T is given by (2.91) and

(2.98)

l1 =0 on degree — 1,19 = 0 on degree — 4 and l3 = 0 on degree < —3.

By construction, [y, 1o and I3 are of degree +1 on the graded vector space V. Given a pre-

Courant algebroid (E,[.,.],p, (.,.)) and the symmetric vector valued forms i1,/ and I3 on
V =C>®(M)@®T(F) constructed as above, the pair (V = C®°(M)@OT(E),u =11 +1l2+13) is
called pre-Lie 2-algebra associated to the pre-Courant algebroid (E, [.,.],p, (.,.)). It makes

sense therefore to ask when p = [y + 1o 413 is a Lie 2-algebra structure on the graded vector
space V. An answer can be found in [66]:
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Proposition 2.6.12. [66] If (E,].,.],p,(.,.)) is Courant algebroid, then the pair (V,l; +
la +13), constructed in above, is a symmetric Lie 2-algebra.

We call this symmetric Lie 2-algebra the symmetric Lie 2-algebra associated to the Courant
algebroid (E,[.,.],p,(.,.)) or simply Lie 2-algebra associated to the Courant algebroid
(E,[.,.],p,(.,.)), when there is no risk of confusion.

Remark 2.6.13. In fact, the previous proposition is not exactly the result in [66], who
define Lie 2-algebras with graded skew-symmetric brackets, but it suffices to shift the
degrees by 1 and to apply the décalage isomorphism to the original Lie 2-algebra that
appears in [66] to get the one introduced here.  [J

Using (2.98) and Remark 2.6.3 to pass from the skew-symmetric bracket to the Dorfman
bracket, the binary bracket ls and 3-ary bracket [3 in (2.98) for a quadruple (F,o,p, (.,.))
are given by

L(X,Y) = L{(XoY-YoX) forall X,Y eI(E),

;5(X.Y, Z) H{((XoY —-YoX),Z)+cp. forall X,Y,Z e (E). (2.99)

Starting with a Nijenhuis tensor for a Courant algebroid we construct, in the next proposi-
tion, a Nijenhuis form for the Lie 2-algebra associated to the Courant algebroid, according
to Proposition 2.6.12. First we need the following lemma.

Lemma 2.6.14. Let (E,o,p,(.,.)) be a pre-Courant algebroid with the associated sym-
metric pre-Lie-2 algebra structure p = 11 + la + I3, on the graded wvector space V. =
C(M)@®T(FE). Let N :T(E) = T'(E) be a (1 —1)-tensor such that

with A being a Casimir function. Then, the pre-Lie 2-algebra structure associated to the
pre-Courant algebroid (E,oN, p™V, (.,.)) is [N, Iy + 1z + 3], with N defined as

RN

N|F(E) =N and N|C°°(M) = )‘IdCOO(M)

Proof. Let us denote the pre-Lie 2-algebra associated to the pre-Courant algebroid (£, o™V, pV, (., .))
by ¥ + 15 + 1. By (2.98), (2.99) and (2.97), we have, for all f € C>(M) and for all
XY, Z e(E):

Wf=DNf=ADf - NDf =l4(Nf) = Niu(f) = N, ]y (f), (2.101)
W(X,Y) = 2(XNY -YoNX)
= J(NXoY -YoNX+XoNY—-NYoX—-NXoY—-YoX))
= [(NX,Y)+13(X,NY) - Nih(X,Y)
[N712]RN<X7Y)7
(2.102)
(X, f) = 3(X,DNf)
= (X, (=N +X)Df)
= LX,N*Df)
= §<NX,Df> (2.103)
- ZQ(NX7f)+Al2(X?f)_)‘ZQ(va)
= LNX, )+ L(X,Nf)—-N(X, f)

Na ZQ]RN(X7 f)
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and

B(XY.2) = LX), 2) +ep(X,Y,2)

(NX Y)+1(X,NY) — NZQ(X Y)
o NX,Y) + (X, NY) + (N )

(VX ) 2) 4 (X, 3), 2) 4
p.(X,Y, Z)

( ZQ(NX Y),Z)+cp.(NX,Y,Z)
X,NY),Z)+cp.(X,NY,Z)
L(X,)Y),NZ)+cp.(X,Y,NZ)

)\<ZQ(X Y),Z)+cp.(X,Y,Z))

= lg(NX Y, Z) 4+ 13(X, NY, Z)+13(X, YNZ) ./\/’lg(X,}/,Z)

= [N7Z'3]RN(X7Y7Z)7

> cp(XYZ)

N

o~

2
2

N N N
/\N(\A N

NN e e o

S
5
f>€
=
S

+

D=

I+ +

(2.104)
where we used N + N* = Mdp(g) in (2.103) and (2.104). O

For the case of a Courant algebroid we have the following result.

Corollary 2.6.15. Let (E,o0,p,(.,.)) be a Courant algebroid with the associated symmetric
Lie-2 algebra structure pn = 1y + la + I3, on the graded vector space V.= C>*(M) & T'(E).
Let N :T(E) — I'(E) be a (1 — 1)-tensor such that

{N + N* = Ndp(p), (2105)

(T(E),oN) is a Leibniz algebra,

with X being o Casimir function. Then, the Lie 2-algebra structure associated to the Courant
algebroid (E,o™, pN (.,.)) is [N, 11 + Iz + 3], with N defined as in (2.107).

Proposition 2.6.16. Let (E,o0,p,(.,.)) be a Courant algebroid with the associated symmet-
ric Lie-2 algebra structure p = 1y + 1y + 13, on the graded vector space V.= C>®(M)®I'(E).
Let N : T'(E) — I'(E) be a (1 — 1)-tensor whose Nijenhuis torsion with respect to the
bracket o vanishes and satisfies the following conditions

S e (2.106)
N2+ (N?)* = yldp(g)
with X\, being Casimir functions. Define N and K as
Nl =N and Nleooary = Mdes (ary, (2.107)
— /\
Klrs) = N? = AN + ! Idrg) and Kleoo(ary = vldeos (ar).- (2.108)

Then N is a Nijenhuis vector valued 1-form with respect to p, with square KC.

Proof. Applying Corollary 2.6.15 for the Courant algebroid (F,o,p,(.,.)), the Nijenhuis
(1 — 1)-tensor N and the vector valued 1-form N, twice, we get

li\LN + léV7N + léV7N - [N7 [Na ll + l2 + l3}RN]RN’ (2109)

where liV’N + 1N 4+ 12N stands for the Lie 2-algebra structure associated to the Courant

algebroid (E, o™ pNN (). Applying again Corollary 2.6.15 for the Courant algebroid
(E,o,p,{.,.), the (1 — 1)-tensor N? and the vector valued 1-form K, we get
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IV I Y =K+ D+ 18], (2.110)

where lN lN2 + lN stands for the Lie 2-algebra structure associated to the Courant
algebroid (E oN g pN *.(,,.)). On the other hand, since the Nijenhuis torsion of N van-
ishes, the Courant algebroids (E,o™:N pN:N ()} and (E,oN*, pN* (.,.)) are the same.
Therefore (2.109) and (2.110) imply that

[N7 [Na hhi+la+ l3]RN]RN = [/C, h+la+ 13}1«31\1

An easy computation shows that [N, K], vanishes both on functions and on sections of
E. O

Since the Lie 2-algebra structure entirely encodes the Courant algebroid structure, there
was a hope that we could, given a Courant structure, find a Nijenhuis deformation by a
Nijenhuis tensor which is the sum of a vector valued 1-form and a vector valued 2-form
of the corresponding Lie 2-algebra structure, and prove, eventually, that the Lie 2-algebra
structure obtained by this procedure comes from a Courant structure. But this fails, at
least when the anchor is not identically zero, for the following reason. First, notice that
every C°°(M )-linear vector valued form of degree 0 on E_o ® E_;, where E_g := C*®(M)
and E_; :=T'(E), is the sum of a 2-form «, a (1 — 1)-tensor N and an endomorphism of
C°(M) of the form F +— AF for some smooth function A, hence we should denote them as
asum A+ N + a. We will use Definition 2.6.1 for Courant algebroid in the next theorem.

Theorem 2.6.17. Let (p,].,.],(.,.)) be a Courant structure on a vector bundle E — M
with the associated Lie 2-algebra structure 1y + lo + I3 on the graded vector space V =
E o® E 41, where E_9 :=C®(M) and E_y :==T(E). Let N =X+ N + « be a C*®(M)-
linear vector valued form of degree 0 on V. Assume also that p is not equal to zero on a
dense subset of the base manifold. If [N, 11 + 1z + 3], is the Lie 2-algebra associated to a
Courant structure, with the same scalar product, then

1. X is a Casimar,
2. a =0,

In this case, the Courant structure that [N, i +la+13] . s associated with, is ([., ]y, p™, (., ).

Proof. Let 1 = l; + Il + I3 and let us denote the component of i-form in [N, p],, by
IV, W]y, i =1,2. Then for all X,Y € T'(E), f € C>°(M) we have

Nty (F) = (Nl gy + [N, 0] o) ()
= L(Af) = NL(f)
= Au(f) + flu(X) = NL(f).

The first equation in (2.98) implies that if [N, pu],, is a Lie 2-algebra associated to a

Courant algebroid, then [N, u]}%N has to be a derivation, and this happens if and only if
l1(A) =0, and so we get

IV, wlzn (f) = (Mdpgy — NI (f). (2.111)
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On the other hand

[N7M]33N(X7 f) ([)\’ZQ]RN [N l2] [ 7l] N)( )
L(X,Af) = Ala(X, f) +1(NX, f) —Oé(X L(f)) (2.112)
MX, () = sMX L () + 5(NX L () — (X, L(f)

LNX L)) — o(X. 1 (f),

and the same computations for (f, X) instead of (X, f) gives

N 12, (7, ) = S (NX () — alla (), X) (2113)

Since [NV, pul% (X, f) = NV, pu]2 (f, X), from (2.112) and (2.113) we get (X, 11(f)) = 0,
forallXGF( ), feC®(M )So

N2 (X ) = SINX (). (2114)

For X,Y € I'(E), we have

[Nv HEN(X’Y) ([)\7l2]RN + [Na ZQ]RN + [Oé?lﬂRN)(X? Y)
l

2(NX,Y) + (X, NY) — Nlp(X,Y) + Lia(X,Y).

(2.115)

Third item in the Definition 2.6.1 implies that if [N, u]
a Courant algebroid, then we must have:

ry 18 a Lie 2-algebra associated to

N2, (X, 1Y) = PN 2, (X, Y) 4 2IN 2, (5, )Y — YN silh(F): (2116
But using (2.111), (2.114) and (2.115),

IV, )2 (X, fY)

L(NX,fY) +13(X,NfY) = Nly(X, fY) + ha(X, fY)

flo(NX,Y) +2l5(NX, f)Y — %(NX, Y (f)

Jl2(X,NY) +2l(X, f)NY — <X NY)l(f)

fNI(X,NY) —2l5(X, f)NY + LX,Y)NU(f)

flia(X,Y) + (X, V)l (f)

f2(NX,Y) +15(X,NY) = Niy(X,Y) + Lha(X,Y)) + 2,(NX, f)Y
X, (N + N9 (f) + X, YINL(f) + a(X, V)l (f)

(2.117)

1 N I o

and

FING 12 (XL Y) + 20N ]2 (X )Y = 3(XY) IV, il ()

— FUa(NX.Y) +I2(X, NY) = Nia(X, NY)+l1a(X, ) +2(NX, f).Y  (2.118)
1
1

(X,Y)(Mdpgy — N)L(f).

Now Equations (2.116), (2.117) and (2.118) show that

S (X (N 4 N* = M) V) () = (X, V)l ()

forall X, Y € T'(F) and all f € C>°(M). Since « is skew-symmetric and (., (N+N*—\Id).)
is symmetric on I'(F) x I'(E) and since the anchor is not zero everywhere, which implies
that [;(f) is not always zero, we have « = 0 and N + N* — \Id = 0. O
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Corollary 2.6.18. Let (E,o,p,(.,.)) be a Courant algebroid with anchor p being different
from 0 on a dense subset of E, with the associated Lie 2-algebra structure p on the graded
vector space C*°(M) @ I'(E). Then, there is a one to one correspondence between:

(i) quadruples (N, K, \,v) with N, K being (1 — 1)-tensors and \,~ being Casimir func-
tions satisfying the following conditions:

ONN _ K
NK — KN =0,

N+ N* = )\IdF(E),

(D(E),oN) and (T'(E),oX) are Leibniz algebras.

(1) Nijenhuis vector valued forms N with respect to p, with square K such that the
deformed brackets [N, pl,y and [K,pul,, are Lie 2-algebras associated to Courant
structures with the same scalar product.

Proof. Given a quadruple (N, K, A, ) satisfying conditions in item (i), we define vector
valued 1-forms N and K on the graded vector space C°(M)®T(E) as N(f) = \f,K(f) =
v N(X) = NX,K(X) = KX, for all X € I'(E), f € C®(M). We prove that A is
a Nijenhuis vector valued form with respect to u, with square K. First notice that us-
ing Corollary 2.6.6, the assumption o™V = of implies that (E,o™N pNN (. )) and
(E,of pK . (.,.)) determines the same pre-Courant algebroids, hence, they have the same
associated pre-Lie 2-algebras. On the other hand, using Lemma 2.6.14 twice, the pre-Lie
2-algebra associated to the pre-Courant algebroid (E, o™ pMN (1)) is [N, N, 1 pu]rn
and by using again Lemma 2.6.14, the pre-Lie 2-algebra associated to the pre-Courant
algebroid (E, o, p& (.,.)) is [K, u] - Hence,

WV, IV, lu’]RN]RN = [’Cvﬂ]m\l' (2.119)
Also, using the assumption NK — KN =0 we get
N,K].x =0. (2.120)

Equations 2.119 and 2.120 show that N is a Nijenhuis vector valued 1-form with respect
to p, with square K. By Corollary 2.6.15, [N, u],, is a Lie 2-algebra associated to the
Courant algebroid (F, o™, p, (.,.)) and [K, u] . is a Lie 2-algebra associated to the Courant
algebroid (E, o, p, (.,.)).

Conversely, assume that A is a Nijenhuis vector valued form with respect to pu, with square
K such that [N, ], and [K,p],, are Lie 2-algebras associated to Courant algebroids.
Then by Theorem 2.6.17 A is of the form A + N with N + N* = Aldrg)y and K is of
the form v + K with K + K* = ~yldpg). (Note that as we discussed in the proof of
Theorem 2.6.17, A, are multiples of identity on C*°(M) which we denote both, the map
and the coefficient, by the same \,~v.) Also, it implies that the Courant algebroid which
is associated to the Lie 2-algebra [N, p],  (respectively, [K,pul, ) is (E,oN,p", (,,.))
(respectively, (E, o p% (.,.)) ), which means that (I'(E),o") and (I'(E), oX) are Leibniz
algebras. And Since A is a Nijenhuis vector valued form with respect to p, with square
K, we have

W, N, HWanlan = K, 1l an (2.121)



82 CHAPTER 2. NIJENHUIS FORMS ON L..-ALGEBRAS

and
WV, K],.x =0. (2.122)

Applying both sides of Equation (2.121) on a pair of sections X,Y € I'(E) we get X oV
Y = X of Y which implies that oV = o, While Equation (2.122) implies that KN —
NK =0. ]

According to the proof of Proposition 2.6.5 in [64] the first properties in both Definitions
2.6.1 and 2.6.2 are equivalent. This implies that if (E, o, p, (.,.)) is a pre-Courant algebroid,
then the associated skew-symmetrized bracket [., .| satisfies the third property in Definition
2.6.1. Also, it comes from the definition of the map D, given in (2.92), associated to a pre-
Courant algebroid (FE,o,p,(.,.)) that it is a derivation. These two arguments are enough
to restate Theorem 2.6.17 as follow

Theorem 2.6.19. Let (o, p,(.,.)) be a Courant structure on a vector bundle E — M, with
the associated symmetric Lie 2-algebra structure Iy + lo + I3 on the graded vector space
V =FE_o®E_;, where E_g := C*(M) and E_y :==T'(E). Let N = X+ N+« be a
C>®(M)-linear vector valued form of degree 0 on V. Assume also that p is not equal to
zero on a dense subset of the base manifold. If NIy + lo + 3], = U} + 1, + 15, where
the vector valued forms 19,15, are obtained from a pre-Courant algebroid, with the same
scalar product, by the construction given in (2.98), then

1. X\ is a Casimir,
2. a=0,
3. N+ N* = Adr).

In this case, the Courant structure that [N, li+la+13) .\ is associated with, is ([., ], P, (-, ).

And this leads to the next result:

Corollary 2.6.20. Let (E,o,p,(.,.)) be a Courant algebroid with anchor p being different
from 0 on a dense subset of E, with the associated Lie 2-algebra structure p =11 + lo + 3
on the graded vector space C°(M) & I'(E). Then, there is a one to one correspondence
between:

(1) quadruples (N, K, \,v) with N, K being (1 — 1)-tensors and \,~ being Casimir func-
tions satisfying the following conditions:
oN.N _ K
NK — KN =0,
N + N* = Ndp g,

(2.123)

(11) Nijenhuis vector valued forms N with respect to u, with square K such that the
deformed bracket is of the form [N, u] . =14 +15+15 and 1}, 15,15 are constructed by
the procedure in (2.98) obtained from a pre-Courant algebroid, with the same scalar
product.
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Proof. Let N be a Nijenhuis vector valued form with respect to the Lie 2-algebra structure
p =11 + la + I3, with square K and assume that [N, u]  is obtained from a pre-Courant
algebroid. Let

RN

Nlry =N, Nleery = Mdeo(ary, Klrpy =K and  Kleso(ary = vIdeoo (ar)-

By Theorem 2.6.19, N + N* = Aldpg) and (FE, o pN (.,.)) is a pre-Courant alge-
broid( it is, in fact, the pre-Courant algebroid which [N, u] s obtained from!). Hence,
by Lemma 2.6.9, (E,o™N, pMN ()) is a pre-Courant algebroid. Now, Lemma 2.6.14

implies that [KC,p] = = [./\/' WV, ,u]RN] is obtained from the pre-Courant algebroid
) " YRN
(B, 0NN pNN (1)), by the construction given in (2.98). Therefore, by Theorem 2.6.19,
K+K* = vldpg). While, [N, K] = 0implies that NK—KN = 0 and [N, N, ,UJ]RN} =
RN

NN _ (K

[IC, u],, implies that o

Conversely, assume that we are given a quadruple (N, K, A, ) satisfying the properties
in (2.123). By Lemma 2.6.9, (E,o™,p",(.,.)) is a pre-Courant and by Lemma 2.6.14,
the pre-Lie 2-algebra structure associated to the pre-Courant algebroid (E,o™, o™, (.,.))
is [NV, ,u]RN. Similar arguments prove that the pre-Lie 2-algebra structure associated to

the pre-Courant algebroid (FE,o™NN pN:N (1)) is [N, W, ,U/]RN} and the pre-Lie 2-
RN

algebra structure associated to the pre-Courant algebroid (E, o, pf (.,.)) is [IC,;L]RN.
Now, the assumption o™V = of and Lemma 2.6.6 imply that (E,o™N oMV (. )) and

(E, 0% p& (.,.)) are the same pre-Courant algebroids, therefore, we have [/\/, Wou] . =
RN

[, p] - It follows from the assumption NK — KN = 0 that [N,K] = 0. Hence, N is
a Nijenhuis vector valued form with respect to the Lie 2-algebra structure p, with square
K. O

2.7 Lie algebroids

We saw in Subsection 2.2.2 that given a vector bundle A — M over a manifold M,
there is a one to one correspondence between multiplicative Loo-structures on the graded
vector space I'(AA)[2], with only binary brackets (GLA-structures whose Lie brackets are
derivations) and Lie algebroid structures on the vector bundle A — M. On the other
hand, in Subsection 2.4.2 we studied examples of Nijenhuis vector valued 1-forms (or at
most Nijenhuis vector valued forms which were the sum of 1-forms with 0-forms) with
respect to GLA-structures. In this section we study examples of Nijenhuis vector valued
forms which are the sum of vector valued 1-forms with vector valued 2-forms with respect
to multiplicative GLA-structures on the graded vector space I'(AA)[2]. Throughout this
section, (A, [.,.], p) stands for an arbitrary Lie algebroid over a manifold M.

2.7.1 Extensions by derivation

Let us first fix some notations.
Let N be a (1 — 1)-tensor on a Lie algebroid (A4, [.,.], p). By extension of N by derivation
on the graded vector space I'(AA)[2] we mean a linear map denoted by N which is defined
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as N(f) =0, for all f € C>*(M), and
p
N(P):=) PiA--AP A AN(P) AP A= APy,
=1

for all homogeneous multi-sections P = Py A--- AP, € I'(AA)[2]. It follows from definition
that for any (1 — 1)-tensor field N, on a Lie algebroid (A4, [.,.],p), the extension of N by
derivation is a multi-derivation on the graded vector space I'(AA)[2] hence a symmetric
vector valued 1-form on I'(AA)[2] and it is of degree zero. In general, for a k-form on
A,k € T(AFA*), the extension of k by derivation is a k-linear map denoted by & given by

P, Pk
E(Pla"' aPk:) = Z (_1)"{(P1,i13"' aPk:,ik)Pl,h/\"'/\Pk,ika
i1, ,ip=1
for all homogeneous multi-sections P; = P;1 A -+ A Py, € T'(APPA), with ¢ = 1,--- |k,

where 1 <i; <pj; forall 1 <j <k,

Pjvij = Pjvl AREREA Pjvij_l A P‘777*J+1 ARERRA Pjvpj € P(/\pjilA)
and
®=2p +3ps+-+ (k+1)pp+ir+-+ir+ 1

It follows from definition that the extension of a k-form by derivation is a multi-derivation
on the graded vector space I'(AA)[2] equipped with the graded commutative associative
product A and that it is a symmetric vector valued k-form of degree k — 2 on the graded
vector space I'(AA)[2]. The fact that every multi-derivation on the graded vector space
I'(AA)[2] is uniquely determined on the space of sections I'(A) implies the following lemma
which we will use it in the next subsection.

Lemma 2.7.1. Let (A,[.,.],p) be a Lie algebroid, a € T'(A*A*) be a k-form and B €
T(ALA*) be an I-form. Then,
l2,f],, =0

RN

Proof. The facts that « (respectively () is a vector valued k-form (respectively [-form) of
degree k — 2 (respectively [ — 2), ime that [g, ﬁ] - is a vector valued (k + [ — 1)-form
of degree k + [ — 4 on the graded vector space ['(AA) = @;>l'(A*A). Therefore, for all
[,k > 0 the restriction of [g, ﬁ] - to the space of sections is zero and hence we have

[g, @ I 0, because [Q, é] . is a multi-derivation and it is determined uniquely on the

space of sections. O
According to Proposition 2.2.7, for a given Lie algebroid (A, [.,.], p), the bracket lg'"} given
by

5(P,.Q) = (~1)P [P, Qlsy, P ET(APA),Q € T(AIA), (2.124)

defines a multiplicative GLA-structure on the graded vector space I'(AA)[2]. Note that

this is a one to one correspondence, meaning that if the bracket [.,.] is not Lie, then l2'"] is
not a multiplicative GLA-structure on the graded vector space I'(AA)[2]. Now let N be a
(1 — 1)-tensor field on a Lie algebroid (A4, [.,.],p). Then one can deform the bracket [.,.]
by N as

[X,Y]y = [NX,Y]+[X,NY] - N[X,Y],
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for all X, Y € T'(A). Using this bracket, of course we may consider Z[Q'"]N in the same way as
in Equation (2.124), where the Schouten-Nijenhuis bracket corresponding to the deformed
bracket [.,.]y is the unique extension by derivation, of the bracket [.,.], on the space of

In

sections, to the space of multi-sections. Note that the bracket lg is not necessarily a

multiplicative GLA-structure. On the other hand, since l[2' s a symmetric vector valued
2-form of degree 1 and N is a (symmetric) vector valued 1-form of degree zero, we may also

talk about the deformation of 1[2' 3 by N. The following lemma shows the relation between
the deformed multiplicative GLA-structure [ﬂ, 1[2‘"]} with 1[2'"]N.

RN

Lemma 2.7.2. Let N be a (1, 1)-tensor field on a Lie algebroid (A, |.,.], p). Then we have:

NG =i (2.125)

RN

Proof. The proof follows directly from the fact that the Schouten-Nijenhuis bracket on
I'(AA) associated to the bracket [.,.], is given by

[P,Ql,, =[NPQ],, +[PNQl, -NIPQl, .

for all P,@Q € T'(AA). (see [41].) O

We will need the following lemma for our next purpose.

Lemma 2.7.3. Let (A,[.,.],p) be a Lie algebroid, with the associated de Rham differential

d4, and associated multiplicative GLA-structure l[z'"} on the graded vector space T'(ANA)[2].
Then,

|:Q7 1[27}] — dAa’
RN
for all o € T(A"A¥).

Proof. We shall prove the statement for n = 2. A similar proof can be done for any n > 1.

First note that [g, l ["']} is a vector valued 3-form of degree 1 on the graded vector space
RN

I'(AA)[2]. This implies that the restriction of [g,l["']} on the sections I'(A) is of the
RN

form:

| 5] Irgayer(aycrcay : T(A) x T(A) x T(4) - C=(M)
RN

and it is zero on all other possible terms. On the other hand by Proposition 2.2.3,
[g, lg"q is a multi-derivation and hence its restriction to the sections I'(A) is a C*°(M )-
RN

linear map. Therefore [g, l["']} € I'(A3A*). Next, we show that
RN

[Q’ ZM} [y xr(ayxreay = da (2.126)
RN

and this together with the fact that [g, l[z' "]} is a multi-derivation will imply that
RN

[g, 1[2'"}] = dAa,
RN
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by the uniqueness of extension by derivation of d%a to the graded vector space T'(AA)[2].
But a direct computation shows that
o] (xX.Y.2) = [a(x.Y), 2],
RN

—ao([X,Y]. ,Z)+cp.,

N SN’

for all X,Y,Z € I'(A). Hence, Equation (2.15) together with the definition of d4 imply
that

[g, zgﬂ (XY.2) = p(Z)a(X.Y) ~a([X,Y],2) +ep. = do?(X, . 2)

O]

2.7.2 Nijenhuis forms on multiplicative GLA associated to Lie alge-
broids

Let (A,[.,.],p) be a Lie algebroid and N : I'(A) — I'(A) be a (1 — 1)-tensor field. Then,
similar to the case of Lie algebras, the Nijenhuis torsion of N with respect to the Lie
bracket [.,.] , denoted by T} jN, is defined similar to the Equation (2.42) and again a
direct computation shows that

TN Y) = (X, V] — X, V]ya),

for all X,Y € I'(4). A (1 — 1)-tensor field N on a Lie algebroid (4,[.,.],p) is said to
be Nijenhuis if the Nijenhuis torsion of N, with respect to the Lie algebroid bracket [.,.],
vanishes. As a consequence of Lemma 2.7.2, we have the following proposition:

Proposition 2.7.4. For every Nijenhuis tensor field N on a Lie algebroid (A,[.,.],p), the
extension of N by derivation, N, is a Nijenhuis vector valued 1-form with respect to the
multiplicative GLA-structure l[z'"] on the graded vector space T'(AA)[2], with square (N?).

Proof. Applying Lemma 2.7.2 twice, for the tensor field N and the bracket l["'], we get
[N, [ﬁ, 1[2'"]} } = Z[Q'"]N’N. While applying Lemma 2.7.2 for the tensor field N? and
RN

RN

the bracket l[2'"} we get [M, lg"q = 1[2'"]N2. Since N is a Nijenhuis (1 —1)-tensor field, we

RN

have l['"]N‘N = Z[Q"']N2 which implies that {N: [ﬂ, l%"q ] - [M, lg"]} . Also, (N?)
RN RN -
and N commute with respect to the Richardson—NijenhuisRb]\lrracket. 0

We have now all the tools to prove the next proposition where we obtain a Nijenhuis vector
valued form which is the sum of a vector valued 1-form with a vector valued 2-form.

Proposition 2.7.5. Let (A,[.,.],p) be a Lie algebroid, with de Rham differential d* and
associated multiplicative GLA-structure lé‘"}. Then, for every section a € T'(A2A%), S+«
1s a Nijenhuis vector valued form with respect to l["'], with square S + 2. The deformed

structure s l[z'"] + d4a.
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Proof. As a direct consequence of Lemma 2.7.3 we have
[S ta, l["'q =il + d4a. (2.127)
RN
Hence, Lemma 2.7.1 implies that

[s+a7 [S+g,z[2'"q } =1k 4 2444,
RN

RN

The fact that [S +a, S +2a] , = 0 follows immediately from Lemma 2.7.3. O

2.7.3 N, Poisson-Nijenhuis and II{2-structures on Lie algebroids

Next, for a given Lie algebroid (A4, [.,.], p), we give a Nijenhuis vector valued form which
is the sum of a vector valued 1-form with a vector valued 2-form, with respect to the
associated GLA-structure 1[2'"], by the help of a Nijenhuis (1 — 1)-tensor field N on A.

Proposition 2.7.6. Let (A,[.,.],p) be a Lie algebroid, with the associated de Rham dif-
ferential A and with the associated multiplicative GLA structure l[2'"} on the graded vec-

tor space T'(NA)[2], let N be a Nijenhuis (1 — 1)-tensor field on the Lie algebroid and

a € T(A2A*) be a 2-form such that an : T(A) x T(A) — T'(A) given by
ay(X,)Y)=a(NX,)Y)

is skew-symmetric and therefore a 2-form on A. Then,

1. [N,a] . =2a,, (unaffected by the condition of N being Nijenhuis)

o [N+a ] =dN+ata

RN

RN

3. [N+a, [M+g,l['“]} ] = [NJ zg"]} —2d4a, + 2 [N,d%a]
RN

RN RN

Proof. 1) First notice that for all X,Y € I'(A) we have

[N.o] (X,Y)=a(NX,Y)—a(NY,X) =20, (X,Y).

]RN
Since N and « are both derivations, by Lemma 2.2.4 [N, Q]RN is a derivation and hence it
is the unique extension of 2a,, by derivation.

2) It is a direct consequence of Lemma 2.7.2 together with Lemma 2.7.3.

3) Using item 2 and Lemma 2.7.2

[N+oz, [MJrg, 1[2'"}] ]
RNl pn
~ [xrad ot
RN
= YN dda) [g,l["'hv] + [, d%a]

RN RN RN



88 CHAPTER 2. NIJENHUIS FORMS ON L..-ALGEBRAS

But, using Lemma 2.7.2 and the graded Jacobi identity we have

[g, lg"]N} -g, [ﬂ, lg"]

RN L -RN:|RN

=l ], v fad] ]

= |20, 57+ [N.d%]

- RN

RN

RN

and by Lemma 2.7.1 [g, dAa] I 0. Hence, since N is Nijenhuis we get

NV + o, [N+ a5l = N2 =20y, 67| 42N, d4]

RN

RN
- [Nj,l["'q —2d%ay +2[N,d%]

RN

O]

Proposition 2.7.6 in fact, gives a Nijenhuis form on what so called QN-structure. Let us
first recall this notion:

Definition 2.7.7. Let (A,[.,.],p) be a Lie algebroid, with the associated de Rham dif-
ferential d4, N be a (1 — 1)-tensor field on A and o € T(A2A*) be a 2-form. Let
ay :T'(A) xT'(A) = I'(A) be a bilinear map, defined as

ay(X,Y) =a(NX,Y).

Then, the pair (N, ) is called an QN -structure on the Lie algebroid A if, o is skew-
symmetric (and therefore a 2-form on A) and o and o, are dA-closed.

Corollary 2.7.8. Let (A,[.,.], p) be a Lie algebroid, with the associated de Rham differen-
[-+]

tial d? and with the associated multiplicative GLA structure I on the graded vector space

I'(AA). Let (N,«) be an QN -structure on the Lie algebroid A, then N + « is a Nijenhuis
[+,

vector valued form, with respect to 15", with square N?+ay.

Proof. 1t follows from item 3 in Proposition 2.7.6, using the condition [OLN’ l[2-,~]} =0,
that RN
[N+a, N+ a, 1] ] = [N 4ay )
RN RN - RN
Hence, it is enough to check that
[N+, N ta,| =0
~ < RN
But,
E+Q7N72+O[Ni| - [ﬂaa]\r] +[Q7ﬁ] :2(a1\7)]\r—2a 2 :O
—d RN — d RN RN N
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We would like of course to include Poisson-Nijenhuis structures among our examples of
Nijenhuis structures on L.-algebras. Let us first, fix and recall some notations and notions.
Let (A,u = [.,.],p) be a Lie algebroid, 7 € T'(A%2A) be a bi-vector and N : T'(4) —
I'(A) be a (1 — 1)-tensor field. Let 7% : T'(A*) — I'(A) be the induced linear map
given by (3,77a) = w(a, ), N* : T(A*) — I'(A*) be the induced linear map given by
(N*a, X) = (a, NX), and 7, be the induced bi-vector defined by 7 (o, ) = (3, Nt#a) =
(N*B,n#a), for all a, 3 € T'(A*). A bracket {-,-}* can be defined on I'(A*), the space of
1-forms on the Lie algebroid (A, u = [.,.], p), as

{o, B} = Ef#aﬁ N 5:‘#604 B dA(W(a’ﬁ))’

for all a, 8 € I'(A*). It is well-known that if 7 is a Poisson bi-vector on the Lie algebroid
(A,p = [,.],p), that is [m, 7] = 0, then (I'(A*),{.,.}) is a Lie algebra and if this
is the case, then 77 is a Lie algebra morphism form the Lie algebra (I'(4*),{.,.}*) to
the Lie algebra (I'(A), ). For every Poisson structure 7 on a Lie algebroid A, the triple

(D(AA)[2], [ ], [, ], ) is a DGLA, so that the pair (17", 1) given by

l71r’[7}(P) _ [TI',P] and Z[Q'"](P, Q) e (_1)(17—1) [P, Q] (2.128)

SN’

where P € I'(APA),Q € T'(A1A) is an Loo-structure on the graded vector space I'(AA)[2],
which is clearly multiplicative. We call this Loo-structure the Loo-structure associated to
the Poisson structure m and the Lie algebroid A. We recall the notion of Poisson-Nijenhuis
structure:

Definition 2.7.9. Let (A, = [.,.], p) be a Lie algebroid, m € T(A?A) be a bi-vector and
N : T(A) — T'(A) be a (1 — 1)-tensor field. Then the pair (m,N) is called a Poisson-
Nigenhuis structure on the Lie algebroid (A,pu=1.,.],p) if

1. N is a Nijenhuis (1 — 1)-tensor with respect to the Lie bracket p,

2. 7 1is a Poisson bi-vector,

3. Nn# = g#N*,

4 ({Chﬁ}ﬁf)]\;* = {avﬁ}ﬁNi
Jor all a, B € T'(A*), where ({.,.}*) . is the deformation of the Lie bracket {-,-} by N*
and {., }’:N is the induced bracket by the pair (7, ™ = [.,.]y)-
Remark 2.7.10. It implies directly, from definitions that

ﬂﬁ = Nn#* = 7% N*

and hence, N(7) = ¢, m=2m,. O

Remark 2.7.11. Recall from [41] that if (7, V) is a Poisson-Nijenhuis structure on a Lie
algebroid (A, = [., ], p), then, the triples (4, u™ = [, ]y ,po N), (4*,{., M, pon?),
(A% (L Yo pon# o N*), (A% )8 po Nom# ) (A%, Y4, po ) are Lic alge-

broids such that all the triples (A%, ({., .}%)y«,po7# o N*), (A*,{.,.}ﬁN,poNow#),
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(A%, {., .}#N,powﬁ) are identically the same Lie algebroids. Moreover, identifying the

graded vector spaces I'(AA**) and T'(AA), the de Rham differential dé*.*‘}u) coincide with

. Hence, the relation d(A** v = 44" which itself is a con-

IR (o 3r )
sequence of discussion in above, implies that [r,.]. —[7,,.]. =0, where [.,.]. is the
SN SN SN

Schouten-Nijenhuis bracket with respect to the Lie bracket [.,.]y. O

the linear map [r,.]

Remark 2.7.12. Notice that the pair (lg"']’ﬂ,lg"]) introduced in (2.128) defines a Lie
bialgebroid, since it is a multiplicative Loo-structure on the graded vector space I'(A)[2].
O

Lemma 2.7.13. Let (w, N) be a Poisson-Nijenhuis structure on a Lie algebroid (A, [.,.], p).
Then,

—N|[rm Pl =[-7N,P]

SN SN SN’

NPT (P = [ N(P)

RN

for all P € T(ANA).

Proof. The first equality follows directly from the definition of Richardson-Nijenhuis bracket
and definition of lg"']’ﬂ. For the second equality, observe that for all P € I'(AA) we have

[77’ P};N = [ﬂ(ﬂ-)’P}SN + [Wvﬂ(P)]SN *M[W,P]SN,

for all P € T'(APA), where [., ]'SN stands for the Schouten-Nijenhuis bracket with respect
to the Lie bracket [.,.]5. Hence, using Remarks 2.7.10 and 2.7.11 we have

[W,K(P)]SN —K[TI',P]SN = [WaP];N - [ﬂ(ﬂ'),P]SN
- [ﬂvP]SN_2[7TNvP]SN
= (I Plly = [mw, Pl ) — [ Pl
= —[my. Pl -

O]

Proposition 2.7.14. Let (N,7) be a Poisson-Nijenhuis structure on a Lie algebroid
(A,[.,.],p), then the derivation N is a weak-Nijenhuis tensor for the Loo-structure as-
sociated to the Poisson structure .

In this case, the deformed structure [N, l[l"']’Tr + lg"}]RN s the Loo-structure associated to
the Poisson structure —my on the Lie algebroid (A,[.,.]y,p").

Proof. Lemmas 2.7.13 and 2.7.2 imply that

[ﬂ, lg‘,.},ﬂ +l£”']} _ _l[l-,-]mN +l[2'"]N.
RN
Hence,
|:N, [ﬂ, l[l.,.],rr 4 l[2,]} :| _ l[l.,.]JrN,N + l;"']N,N
RN RN
_ l[.,.],wNQ +l[.,.}N2

M

e e )

RN RN

(2.129)
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Denoting p = l[l"']’7r + l[2'"} and using the fact that m , is a Poisson bi-vector and hence

[

L(AA)[2],1,7 ™ + 1) is a symmetric DGLA, we have
1 2

_ 2 2 [7}771—
|:,ua [ﬂa [ﬂv M}RN:|RN:| . - |:M’ [N 7“] RN}RN |:IU” [M ! }RN:| RN
- sl i),
) RN RN
_ o[t ] (2.130)
RN.
- 9 l[l.,.},w’l[l.,-},ﬂ'Nz +9 |:l[ ) l[l ]7TN2:|
I RN RN
L RN

But
L I R R )
RN
= |me Pl ]+ e P (2.131)
- [l
= 0
Therefore, [u, {M [V, M]RN}RN} = 0 which means that NN is weak Nijenhuis vector

RN
valued form with respect to the symmetric DGLA structure y = l[l"']’7T + 1[2'"} on the graded
vector space I'(AA)[2].

O]

There is a second manner to see Poisson-Nijenhuis structures on a Lie algebroid as a
Nijenhuis form.

Proposition 2.7.15. Let (m,N) be a Poisson-Nijenhuis structure on a Lie algebroid
(A, [.,.],p). Then N+ is a weak Nijenhuis vector valued form with curvature, with respect
to the multiplicative DGLA-structure l[l"']’Tr +l[2'"] on the graded vector space I'(NA)[2], with
square N2.

Proof. Tt follows from Lemma 2.7.2 that
P I
RN
Lemma 2.7.13 imply that
N m ] =l ) = -
RN

Hence

[N+W{N+Fl +ﬂ] ]
q (2.132)

_ |:N+7T l[]ﬁN—i-l[ ]N l[]
RN
bbb bbb gy gl bl .
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But l[l"']’ﬂ(w) = [m, 7], =0, l[l”']’WN (m) = [my, 7], =0 and

N

l[l'"]77TN(P) + l[Q'"]N(W, P)=[m,,P|. —|[r,P] = —concomitant = 0,

!/
SN SN

for all P € T'(AA)[2], where [, ];N is the Schouten-Nijenhuis bracket associated to the Lie
bracket [.,.],. Hence, 2.132 can be rewritten as

[N +m, {M +m, l[l"'}’7r + l["'q ]
RN RN

_ [M+ . —lg"']’”N N Z[Q'"]N B z{"“} (2.133)
RN
l[.y'Lﬂ-N’N [-v]N,N

= 1 +l2

Similar computations as in (2.129), (2.130) and (2.131) show that [u, [ﬁ,[ﬂ,u] } }

RN
RN RN
0 which means that IV is weak Nijenhuis vector valued form with respect to the symmetric

DGLA structure p = l[l"']’7r + lg"} on the graded vector space I'(AA)[2]. O

We have already defined weak Nijenhuis structures. For the purpose of these last lines, we
shall introduce a notion that is stronger than weak Nijenhuis but weaker than Nijenhuis
admitting a square:

Definition 2.7.16. Let E be a graded vector space and u be a symmetric vector valued form
on E of degree 1. A wvector valued form N of degree zero is called co-boundary Nijenhuis
with respect to p if there exists a vector valued form KC of degree O such that

NN =, (2.134)
RN

Such a K is called a square of N'. If N contains an element of the underlying graded vector

space, that is, N has a component which is a vector valued zero form, then N is called

Nijenhuis vector valued form with curvature.

Of course, if K commutes with A/, this definition gives back the definition of Nijenhuis
with square K.

Proposition 2.7.17. Let (A,[.,.],p) be a Lie algebroid , m € T'(A2A) be a bi-vector and
N :T'(A) - T'(A) be a (1 —1)-tensor field such that

N7# = n# N*. (2.135)

Then N + m is a co-boundary Nijenhuis vector valued form with curvature, with respect
to the multiplicative GLA-structure l[z'"] on the graded vector space I'(AA)[2], with square
N2, if and only if (N, 7) is a Poisson-Nijenhuis structure on the Lie algebroid (A,[.,.], p).
The deformed structure [N, lg"}]RN is the Loo-structure (indeed a DGLA) associated to the
Poisson structure m on the Lie algebroid (A,].,.]y,po N).

Proof. Assume that (N, ) is a Poisson-Nijenhuis structure on the Lie algebroid (A4, [.,.], p).
Then
[ﬂ‘i‘ﬂ, Z[Q’]} = Z[Q'"]N _ l[l'v']aﬂ'

RN
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hence, by Remark 2.7.11 we get

[N+ m [N+, ] ] N e 1
RN RN [ }
l2~v~ N,N
RE S

RN
which means that N + 7 is a co-boundary Nijenhuis with respect to the multiplicative
GLA-structure Z[Q'"] on the graded vector space I'(AA)[2], with square N2.

Conversely, let N 4+ 7 be a co-boundary Nijenhuis with respect to the multiplicative GLA-
structure l[2'"} on the graded vector space I'(AA)[2], with square N2. Then

{Nﬂ, [N+, 7] ] = by ([N B i, .)> + b, m)
RN RN RN
=[]
RN
_ bl
- 2

implies that

ol glole
or
oIy =2 (2.136)
5 () = (2.137)
and

<[N, lg"q o+ 5 .)) (P) =0, (2.138)

for all P € I'(AA). Equation (2.137) means that 7 is a Poisson element, while Equation
(2.138) can be rewritten as

—[m N(P)],, + N P

- SN

—[m P].. =0

/
SN
or using (2.135)

Ny, P]

— [r, P 0, (2.139)

/ j—
SN SN T
where [.,.]’SN is the Schouten-Nijenhuis bracket with respect to the deformed bracket
.,.]y- Now, Equations (2.137), (2.139), (2.136) and (2.135) imply that (N, 7) is a Poisson-

Nijenhuis structure on the Lie algebroid (A4, [.,.], p). O

Last, we shall say a few words about the so-called IIQ2-structures. Recall that a II-
structure on a Lie algebroid (A, p,[.,.]) is a pair (m,w) where 7 € T'(A%2A) is a Poisson
element and w € T'(A2A4*) is a 2-form, with da = 0. Defining a 1 — 1 tensor N := 77 o w?,
it is known that (m, V) is always a Poisson-Nijenhuis structure while (N,w) is an QN-
structure.

Proposition 2.7.18. Let (m,w) be a IIQ-structure on a Lie algebroid (A,[.,.],p). Then,
N = w+ 7 is a co-boundary Nijenhuis form, with curvature, with respect to the multi-

]

plicative GLA-structure l[Q'" on the graded vector space I'(ANA)[2], with square N, where

1

N = 1# owb. The deformed structure is — i
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Proof. First, observe that

b7 () = v, Pl,, = =15 (x Py = = [m k1) (p)

SN
RN

for all P € T'(A2A) which means that

zﬁ“:—pﬂyhh

Hence
dw = 117,

W] =iy

RN

(2.140)

(2.141)

which proves the last the last claim (and proves that N is weak-Nijenhuis vector valued
form with respect to l[2'"], since lg'"]’ﬂ is an Loo-structure on I'(AA)[2]). Now (2.141) and

(2.140) imply that

{N, [N,zg’-]}m] = = [V

B "L I

= [w, [77, 1[2'7']}1”} .

L]

= {[%W]RW 2 }RN'

RN

This shows that N is a co-boundary Nijenhuis vector valued form with respect to the
GLA-structure l[Q'"}, on the graded vector space I'(AA)[2], with square [w, 7] . Now, a

direct computation shows that [7,w],, = N.

O]



Bibliography

1]

[13]
[14]

[15]

P. Antunes, Crochets de Poisson gradués et applications: structures compatibles et
généralisations des structures hyperkihlériennes, Thése de doctorat de I'Ecole Poly-
technique, March 2010.

P. Antunes, C. Laurent-Gengoux, J. M. Nunes da Costa, Hierarchies and compatibility
on Courant algebroids, Pac. J. Math. 261(1)(2013) 1-32.

P. Antunes, J. M. Nunes da Costa, Nijenhuis and compatible tensors on Lie and
Courant algebroids, J. Geom. Phys. 65(2013) 66-79.

P. Aschieri, L. Cantini, B. Jurco, Nonabelian Bundle Gerbes, their Differential Geom-
etry and Gauge Theory, Comm. Math. Phys. 254(2)(2005) 367-400.

[. Ayadi, S. Benayadi, Symmetric Novikov superalgebra, J. Math. Phys. 51(2010)
023501, 15 pages.

J. Baez, U. Schreiber, Higher gauge theory. Contemp. Math. 431(2007) 7-30.

T. Bartels, 2-Bundles and Higher Gauge Theory, Ph.D. thesis, University of California,
Riverside, 2004. arXiv:math /0410328

K. Behrend, P. Xu, Differentiable stacks and gerbes, J. Symplectic Geom. 9(2011)
285-341.

M. Berger, B. Gostiaux, Géométrie différentielle : variétés, courbes et surfaces, Presses
Universitaires de France (1987).

L. Breen, C. Laurent-Gengoux, Nonabelian differential gerbes on local coordinates,
private communication.

L. Breen, W. Messing, Differential geometry of gerbes, Adv. Math. 198(2005) 732-846.

J. L. Brylinsky, Loop spaces, characteristic classes and geometric quantization,
Progress in Mathematics 107 Birkhé&user (1993).

D. Carchedi, Sheaf Theory for Etale Geometric Stacks , arXiv:1011.6070

J.F Carinena, J. Grabowski, G. Marmo, Contraction: Nijenhuis and Saletan tensors
for general algebraic structures, J. Phys. A 34(2001)(18) 3769-3789.

J.F Carinena, J. Grabowski, G. Marmo, Courant algebroid and Lie bialgebroid con-
tractions, J. Phys. A 37(19)(2004) 5189-5202.

95



96 BIBLIOGRAPHY

[16] A.S. Cataneo, G. Felder, Relative formality theorem and quantization of coisotropic
submanifolds, Adv. Math. 208(2007) 521-548

[17] A.S. Cataneo, F. Schitz, Equivalences of higher derived brackets, J. Pure and Appl.
Algebra 212(2008) 2450-2460.

[18] D. Chatterjee, On the construction of abelian gerbes, Ph.D. thesis (Cambridge) 1998.

[19] J. Clemente-Gallardo, J. M. Nunes da Costa, Dirac-Nijenhuis structures, J. Phys. A:
Math. Gen. 37(2004) 7267-7296

[20] T. J. Courant, Dirac manifolds, Trans. Amer. Math. Soc. 319(1990) 631-661.

[21] M. Crainic, I. Moerdijk, Foliation Groupoids and Their Cyclic Homology, Adv. Math.
157(2000) 177-197.

[22] P. Dedecker, Sur la cohomologie non Abélienne. I. (French) Canad. J. Math. 12(1960)
231-251.

[23] Y. Frégier, C. L. Roger, M. Zambon, Homotopy moment maps. arXiv:1304.2051
[math.DG|

[24] K. Gawedzki, N. Reis, WZW branes and gerbes, Rev. Math. Phys. 14(2002) 1281-1334.
[25] E. Getzler, Higher derived bracket. arXiv:1010.5859v2

[26] G. Ginot, M. Stiénon, Groupoid extensions, principal 2-group bundles and character-
istic classes, arXiv:0801.1238.

[27] J. Giraud, Cohomologie non abélienne, Die Grundlehren der mathematischen Wis-
senschaften 179 Springer-Verlag 1971.

[28] J. Grabowski, Courant-Nijenhuis tensors and generalized geometries, In groups, geom-
etry and Physics, Mangr. Real. Acad. Ci. Exact. Fis.-Quim. Nat. Zaragoza 29, Acad.
Cienc. Exact. Fis. Quim. Nat. Zaragoza, Zaragoza (2006) 101-112.

[29] J. Grabowski, G. Marmo, The graded Jacobi algebras and (co)homology, J. Phys A
36(2003) 161-181.

[30] J. Grabowski, P. Urbanski, Lie algebroids and Poisson-Nijenhuis structures, Rep.
Math. Phys. 40(1997)(2) 195-208.

[31] A. Grothendieck, General Theory of Fiber Spaces, Report 4, University of Kansas,
Lawrence, Kansas 1955.

[32] A. Grothendieck, Le groupe de Brauer, Sem. Bourbaki 290 1964,/1965.

[33] N. Hitchin, Lectures on special Lagrangian submanifolds, Winter School on Mir-
ror Symmetry, Vector bundles and Lagrangian submanifolds (Cambridge, MA 1999)
AMS/IP Stud. Adv. Math. 23 151-182.

[34] H. Kajiwara, J. Stasheff, Homotopy algebras inspired by classical open-closed string
field theory, Comm. Math. Phys. 263(2006) 553-581.



BIBLIOGRAPHY 97

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

I. Kolar, P. W. Michor, J. Slovak, Natural Operations in Differential Geometry.
Springer-Verlag 1993.

M. Kontsevich, Deformation quantization of Poisson manifolds, Lett. Math. Phys.,
66(2003), 157-216.

Y. Kosmann-Schwarzbach, The Lie bialgebroid of a Poisson-Nijenhuis manifold, Lett.
Math. Phys. 38(1996) 421-428.

Y. Kosmann-Schwarzbach, Modular vector fields and Batalin-Vilkovisky algebras, in
Poisson Geomtry, J. Grabowski and P. Urbanski, eds., Banach Center Publ. 51(2000)
109-129.

Y. Kosmann-Schwarzbach, Quasi twisted and all that --- in Poisson geometry and
Lie algebroid theory, pp. 363-389 in The breath of symplectic and Poisson geometry,
J. Marsden and T. Ratiu eds., Prog. Math. 232, Birkhaiiser, Boston, MA, 2005.

Y. Kosmann-Schwarzbach, Nijenhuis structures on Courant algebroids, Bull. Braz.
Math. Soc. (N.S.) 42(2011)(4) 625-649.

Y. Kosmann-Schwarzabch, F. Magri, Poisson-Nijenhuis structures, Ann. Inst. Henri
Poincaré, Série A, 53(1990), 35-81.

Y. Kosmann-Schwarzbach, V. Rubtsov, Compatible structures on Lie algebroids and
Monge-Ampere operators, Acta Appl. Math. 109(1)(2010) 101-135.

T. Lada, J. Stasheff, Introduction to SH Lie Algebras for Physisists, Int. J. Theor.
Phys. 32(7)(1993) 1087-1103.

C. Laurent-Gengoux, Des groupoides de Lie a la géométrie de Poisson, Habilitation
Dissertation, Université de Poitiers (2009).

C. Laurent-Gengoux, M. Stiénon, P. Xu, Non-abelian differentiable gerbes, Adwv.
Math. 220(2009) 1357-1427.

C. Laurent-Gengoux, J.L. Tu, P. Xu, Chern-Weil map for principal bundles over
groupoids, Math. 7 255(2007) 451-491.

P.A.B. Lecomte, P.W. Michor, H.Schicketanz, The multigraded Nijenhuis-Richardson
algebra, its universal property and applications,J. Pure Appl. Algebra 77(1992)(1)
87-102.

A. Lichnerowicz, Les variétés de Poisson et leurs algébres de Lie associées, J. Diff.
Geom. 12(1977) 253-300.

Z. J. Liu, Y. Sheng, T. Zhang, Deformations of Lie 2-algebras, arXiv: 1306.6225.

Z. J. Liu, A. Weinstein, P. Xu, Manin triples for Lie for Lie bialgebroids, J. Diff.
Geom. 45(1997) 547-574.

K. Mackenzie, General theory of Lie groupoids and Lie algebroids, London Math-
ematical Society Lecture Note series, 213, Cambridge University Press, Cambridge
(2005).



98 BIBLIOGRAPHY

[52] K. Mackenzie P. Xu, Lie bialgebroids and Poisson groupoids, Duke Math. J. 73(1994)
415-452.

[53] F. Magri, A simple model of the integrable Hamiltonian equation, J. Math. Phys.
19(1978) 1156-1162.

[54] F. Magri, C. Morosi, A geometrical characterization of integrable Hamiltonian systems
through the theory of Poisson-Nijenhuis manifolds, Quaderno S 19(1984) Univ. of
Milan.

[55] F. Magri, C. Morosi, O. Ragnisco, Reduction techniques for infinite dimensional
Hamiltonian systems: some ideas and applications, Comm. Math. Phys 99(1)(1985)
115-140.

[56] M. K Murray, D. Stevenson, Bundle gerbes: stable isomorphisms and local theory, J.
London Math. Soc. 62(2)(2000) 925-937.

[57] A. Newlander, L.Nirenberg, Complex analytic coordinates in almost complex mani-
folds, Ann. of Math. Second serries. 65(1957) 391-404.

[58] A. Nijenhuis, X,,_; forming sets of eigenvectors, Indag. Math 13(1951) 202-212.

[59] A. Nijenhuis, Jacobi-type identities for bilinear differential concommitants of certain
tensor field 1., Indag. Math. 17 (1955) 390-403.

[60] A. Nijenhuis, R. Richardson, Deformation of Lie algebra structures, J. Math. Mech.
17(1967) 89-105.

[61] T. Nikolaus, K. Waldorf, Four Equivalent Versions of Non-Abelian Gerbes,
arXiv:1103.4815v2

[62] C. L. Rogers, Higher symplectic geometry, Ph.D. thesis (2011) arXiv:1106.4068.

[63] C. L. Rogers, Loo-algebras from multisymplectic geometry, Lett. Math. Phys.
100(2012) 29-50.

[64] D. Roytenberg, Courant algebroids, derived brakets and even symplectic supermani-
folds, Ph.D. thesis, UC Berkeley, 1999.

[65] D. Roytenberg, Quasi-Lie bialgebroids and twisted Poisson manifolds, Lett. Math.
Phys. 61(2002) 123-137.

[66] D. Roytenberg, A. Weinstein, Courant algebroids and strongly homotopy algebras,
Lett. Math. Phys. 46(1998) 81-93.

[67] F. Schéitz, Coisotropic submanifolds and the BFV-complex, Ph.D. Thesis, University
of Ziirich, 2009.

[68] J.A. Schouten, On the differential operators of the first order in tensor calculus, in:
Convegno Int. Geom. Diff. (Italia 1953) Ed. Cremonese (Roma, 1954) pp.1-7.

[69] U. Schreiber, K. Waldorf, Connections on non-abelian Gerbes and their Holonomy,
arXiv:0808.1923.



BIBLIOGRAPHY 99
[70] K. Uchino, Remarks on the definition of a Courant Algebroid, Lett. Math. Phys.
60(2002) 171-175.

[71] A. Vaintrob, Lie algebroids and homological vector fields, Uspekhi. Mat. Nauk.,
52(2)(1997) 161-162, translated in Russian math. Surv. 52(2)(1997) 428-429.

[72] Th. Voronov, Higher derived brackets and homotopy algebras, J. Pure and Appl.
Algebra 202(2005)(1-3) 133-153.

[73] F. Wagemann, On Lie algebra crossed modules. comm. algebra 34 (2006) 1699-1722.

[74] P. Aschieri, L. Cantini, B. Jur¢o, Non abellian bundle gerbes, their differential geom-
etry and gauge theory. Comm. Math. Phys., 254(2005) 367-400.

[75] K. Waldorf, Multiplicative Bundle Gerbes with Connection, Diff. Geom. Appl.
28(2010) 313-340.

[76] E. Witten, D-branes and K-theory, J. High Enery Phys. 12(1998) 19-44.

[77] B. Zwiebach, Closed string field theory: quantum action and the Batalin-Vilkovisky
master equation, Nuclear Phys. B 390(1)(1993) 33-152.



