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Resumo

O uso de equacoes diferenciais hiperbélicas de segunda ordem, na
modelacdo de problemas difusivos, tem-se revelado dtil em muitos ramos
da ciéncia como a fisica, quimica, biologia e financas. A conducéo de calor, a
difusdo de massa e a dinamica dos fluidos sdo alguns exemplos pertencentes
a vasta gama de temas abrangidos por este tipo de equacdes hiperbélicas.
Contudo, a inclusdo de um potencial ndo tem sido estudada de forma
exaustiva, apesar da sua grande releviancia em aplicacoes praticas como, por
exemplo, a distribuicéo da concentracdo de massa em problemas de difuséo.

O objetivo principal desta tese consiste em desenvolver e estudar métodos
numéricos para problemas hiperbdlicos de segunda ordem que tomam em
consideracio a presenca de um potencial. Em particular, pretende-se estu-
dar como a variacdo do coeficiente de relaxamento temporal e o potencial
afetam o comportamento da solucdo, nomeadamente quando se consideram
tempos longos. Para isso, iremos comecar por analisar diferentes métodos
numéricos para o caso unidimensional, tais como um método de diferencas
finitas do tipo Crank-Nicolson e um algoritmo baseado na transformada de
Laplace combinado com diferentes estratégias de discretizacdo espacial.
Todos os algoritmos considerados sdo estudados quanto a sua consisténcia
e estabilidade e sdo apresentados exemplos numéricos que, para além de
ilustrar os resultados teéricos obtidos, comparam a sua eficiéncia. Entre as
simula¢oes numéricas realizadas, é de destacar uma aplicacéo interessante
que modela a dindmica de uma particula Browniana na presenca de um
potencial periédico simétrico.

A investigacdo realizada revela as vantagens e desvantagens inerentes as
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diferentes formulacées. Em particular, quando ha interesse no comporta-
mento da solucdo para tempos longos, os métodos baseados na transfor-
mada de Laplace, a qual é combinada com métodos de diferencas finitas ou a
formulacao de volumes finitos, mostraram ser mais eficazes que o método de
Crank-Nicolson. Contudo, dependendo da discretizacdo espacial usada em
problemas que contenham condic6es iniciais descontinuas, por vezes surgem
oscilagbes numéricas em alguns testes numéricos. Para suprimir essa
lacuna, procurou-se uma abordagem alternativa e usou-se a técnica de
linearizacdo seccionada na discretizacdo espacial que, combinada com a
transformada de Laplace, se revelou o método mais eficaz para os problemas
considerados no caso unidimensional.

Os métodos usados no caso unidimensional sdo generalizados para o caso
bidimensional. Contudo, o0 método que se revelou mais eficaz, pela sua
natureza particular, ndo pode ser considerado. Como forma de melhorar a
eficiéncia computacional do algoritmo de Crank-Nicolson desenvolvemos um
método implicito de direcdo alternada. Esta abordagem, apesar de classica
para métodos de diferencas finitas, € uma inovacao no contexto dos proble-
mas hiperbdélicos com derivadas parciais de primeira e segunda ordem, tanto
no espacgo como no tempo. Os resultados teéricos desenvolvidos na anélise
deste método constituem um importante contributo desta tese e mostram o
grande potencial do algoritmo no tratamento numérico do problema que nos

propusemos estudar.



Abstract

The use of second order hyperbolic differential equations in modeling
diffusive problems, has shown to be useful in many branches of science such
as physics, chemistry, biology and finance. The heat conduction, the mass
diffusion and the fluid dynamics are some of the examples belonging to a
wide range of subjects covered by these hyperbolic equations. However, the
incorporation of a potential field has not been studied exhaustively, despite
its great relevance in practical applications such as, for instance, the mass
concentration distribution of diffusion problems.

The main purpose of this thesis is to develop and study numerical
methods for second order hyperbolic problems that take into account the
presence of a potential field. In particular, we intend to study how the coeffi-
cient of variation of the relaxation time and the potential affect the solution
behavior, namely when long times are considered. To accomplish this, we
will start to analyze different numerical methods for the one dimensional
case such as, a finite difference method of Crank-Nicolson type and an algo-
rithm based on Laplace transform combined with distinct spatial discretiza-
tion strategies. Consistency and stability are studied for all the considered
algorithms and numerical examples are presented to illustrate the theoreti-
cal results and, in addition, to compare their efficiency. Among the numerical
simulations performed, we highlight an interesting application that models
the dynamics of a Brownian particle in the presence of a symmetric periodic
potential.

The research carried out reveals the advantages and disadvantages

inherent in the different formulations. In particular, when there is an

il
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interest in the behavior of solution for long times, the methods based on
the Laplace transform, which is combined with finite difference methods
or finite volume formulations, show to be more effective than the Crank-
Nicolson method. However, depending on the spatial discretization used in
problems that contain discontinuous initial conditions, sometimes numeri-
cal oscillations arise in numerical tests. To suppress this shortcoming, we
seek an alternative approach and used the piecewise linearized technique
in the spatial discretization which, combined with the Laplace transform,
turns out to be the most effective method for the problems considered in one
dimensional case.

The numerical methods applied in the one dimensional case are
generalized in two dimensions. However, the most effective method, due to
its specific nature, can not be considered. In order to improve the computa-
tional efficiency of the Crank-Nicolson algorithm, we develop an alternating
direction implicit method. This approach, although classical for the finite
difference methods, is an innovation in the context of hyperbolic problems,
with partial derivatives of first and second order, in both space and time. The
theoretical results developed in the analysis of the method are an important
contribution of this thesis and show the great potential of the algorithm in

the numerical treatment of the problem we proposed to study.
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Preface

The research developed in this work has the purpose to bring some new
features and contributions in the study of diffusion problems. It is organized
in five chapters and we describe below a short summary of each chapter.

Despite the large number of numerical methods implemented to solve
diffusion problems, only a few partial differential equations of hyperbolic
type incorporate a potential field. In Chapter 1 we derive our model problem,
which includes a potential field. Some fundamental concepts are defined to
support the theoretical analysis performed in the remaining chapters. Also,
a literature review is included, where the numerical approaches developed
and most commonly used in recent years for similar problems are described.

Chapters 2 and 3 are concerned with the one dimensional problem. In
Chapter 2 we present numerical solutions for the one dimensional second
order hyperbolic equation. We apply the Crank-Nicolson method based on
first order discretization in time and second order discretizations in space.
The need to obtain results for very long times led us to seek other numerical
methods presented in Chapter 3. They consist of first applying the Laplace
transform to remove the time dependent terms in the governing equation.
Three distinct schemes are considered for the spatial discretization: a finite
difference scheme, a finite volume formulation and a piecewise linearized
method. At last, the approximate solution is obtained by a numerical
inverse Laplace transform. The inverse Laplace transform algorithm used
in this work is based on a continued fraction approach described in the first
section of Chapter 3. In order to compare the computational efficiency, per-

formance and convergence of these three schemes, some numerical results

vil
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are obtained which provide interesting conclusions about all the methods.
They are also compared with the Crank-Nicolson method described in the
previous chapter. In addition to the numerical schemes implementation, a
theoretical analysis of such schemes is carried out. We devote the last section
of Chapter 3 to the numerical solution of the governing equation involving a
symmetric periodic potential.

The numerical methods applied in previous chapters are extended in
Chapter 4 for two spatial dimensions. These methods do not support the
computational effort needed to return the final solution, for a large number
of discretization points, due to the huge size of the systems obtained. Hence,
to overcome the difficulty of solving such systems with direct solutions, an
alternating direction implicit method is derived. The results obtained in
the end of Chapter 4 show the great efficiency and good performance of the
method.

Chapter 5 contains the main conclusions and comments of this work.

Also, we point out some possible ways to follow in future research.



Chapter 1

A second order hyperbolic

equation

Partial differential equations describing diffusive processes constitute the
basis of many models in several fields such as [18, 41, 44, 49, 72, 85, 87,
90, 95]. In this chapter we essentially model the problem that underpins
the work of the remaining chapters. In Section 1.1 we derive a second
order hyperbolic equation that describes a diffusion process in the presence
of a potential field. The variation of the parameters involved in the equation
of our study makes it more embracing, since it allows the application to a
wider range of diffusion problems. Among all the problems considered, we
focus our attention on the example studied in [4] which includes a periodic
potential field. To perform the theoretical analysis of the numerical methods
we define some fundamental concepts in Section 1.2.

Section 1.3 is a literature review where we present several studies for
similar equations, mainly in one and two dimensions. Many authors have
been proposed distinct numerical solutions for the resolution of such models
and we emphasize the particular techniques developed in each method.

In the end of the chapter, Section 1.4, we include the original contribution
of this thesis in the development of numerical methods to solve hyperbolic

diffusion problems.



2 A second order hyperbolic equation

1.1 Model problem

The hyperbolic equation of diffusive nature that we are going to study,
can be derived from the Kramers equation [23, 24, 34, 80], which describes
the Brownian motion in a potential, given by

of pdf avof a 2f
ot + mdx dx dp 7610(pf) +kaT78p2’ (1.1)

where 2 is the space variable, ¢ is the time, V() is the potential field, v is a
friction parameter, m is the mass, f(x,p,t) is the probability density function
for the position component x and momentum component p of a Brownian
particle, kp is the Boltzmann’s constant and 7' is the temperature of the

fluid. We also assume the boundary conditions are

. . of
pggloof(mapat) - pEI:II:IOO 8_]?(:1:7]9’ t) = 0.

We start to take moments of p over equation (1.1). This procedure consists
of multiplying the equation by various powers of p and then integrating over
p. Taking the zeroth moment of momentum p we get

400 af +o00 P af +o0 dV@f
Lowae [ o[ Ga®

—+o00 8 —+o00 82]0
—/OO va—p(pf)der/ mkrBTva—dep-

—00

The number density of particles at position z is given by

+o00
/ @ p,t)dp=u(z,1).

— 00

Therefore, we can write the first term as

o [t ou
a/ fdp—a(l'at)-

—00

Defining the current density by

+o0
i = [ " Liwpod

the second term becomes
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Also, for the third term we have
T dv of av [T of av .o
/oo %a—pdp—% 7ooa—pp—a[f]foo—0-

The first term of the second member is

/:o’ya%(pf)dpzv(/jfder/jpg—j;dp)-

Integrating by parts we obtain

v</_:ofdp+[fp]f§—/_jfdp) 0.

The last term of the equation is
T 9 (of af1te
kT — | = | dp = mkpT~ | = =0
e 7/_oo op (019) P 7{31?}_00
and, therefore, the zeroth moment equation becomes

ou dj
— — =0. 1.2
ot (z,1) + O (z,t) =0 (1.2)

Taking the first moment of equation (1.1) we can write

+00 af +oop2af +oo gy af
[ovms [ e [ Gra

+00 o +o0 a2f
=/ vp%(pf) dp+/ mlﬂsTvpa—p2 dp. (1.3)

—00 — 00

The first term leads to

o +oo o +oop (9j
a/_oo pfdp—ma/_oo Efdp_ma(xat)’

a +oo .2
/ P ¢ dp.
m

0z J o

The second term is

In order to obtain an equation for wu (z,¢), Das introduced in [23] the
approximation
[, p,t) ~ u(z,t) ¢(p),
where ¢(p) is the Maxwellian distribution function for one component of

momentum for a particle [11], that is,

1 7%
= _ mapd
o(p) armKpT
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On the other hand,

+oo p2 +oo 2
- d QmK T
/Oo —o(p)dp = / ‘/2meBT6 8T dp
1 +oo p
= KgT “oipT (P dp.
m 27TmKBTm B /OO be ? ( mKBT> b

Integrating by parts results in

\/f p? +o0 +oo p?
—\/ ————KpgT {pew] —/ e 2mEBT dp | .
27TmKBT —00 —00
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With the change of variable
_ 1
7=\ omkgT"

and using the standard integral
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Therefore, the second term of equation (1.3) is
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then

Integrating by parts the third term gives
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The first term of the second member of equation (1.3) is
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After integrating by parts, this is the same as
+o0o

+oo
7/ pfdp+7[fp2}+§—7/ 2pf dp

—00 —00

+o0 +oo P
2—7/ pfdpz—mv/ Efdpz—mw’(w,t)-

—00 — 00

The last term of equation (1.3) is

+o00 82 9 +o0 +ooa
s [~ - (B[

= —mkpTy[f]' = 0.

Finally, the first moment equation becomes

07 ou av .
may (x,t) + KBT% (x,t) + s (x,t) = —m~yj (z,t). (1.4)
Defining the diffusion coefficient D = KT /m, (1.4) turns into the following
equation
. Ju 1 dv 105
t)y=—(D— t —_— t) | — —— t). 1.
ien=- (0t wor —Fuwo) -2 @n. A

The derivation of the zeroth moment equation (1.2) with respect to ¢ gives

0%u 0%j
e (z,t) + oz (z,t)=0
which implies that ) )
0%j _ O%u
The derivation of the first moment equation (1.5) with respect to = leads
us to
dj T 1 0 [dV 1 0%
From (1.2), (1.6) and (1.7) we have
ou 0%u 1 9 [dV 1 0%u
o (z,t) = —D@ (z,t) — e [%(x)u(:n,t)] + el (z,1)

which permit us to obtain equation

1 0%u ou d%u 1 0 [dV
5o (z,t) + e (x,t) = D@ (z,t) + {%(:f;)u (x,t)] . (1.8)

my Oz
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Quite recently, the instantaneous velocity of a Brownian particle has been
experimentally investigated [47, 54, 77], providing an additional motivation
for studying (1.8). There is also another paper [10] which models transport of
ions in insulating media through a hyperbolic diffusion equation of the type

(1.8). We can also write equation (1.8) as

0%u ou 0 d%u
QW (x,t) + N (x,t) = 5 (P(z)u(x,t)) + DW (z,t), (1.9)

where v is the mass concentration, § = 1/v €]0,1] is the parameter that
measures the propagation speed of the mass wave and can be regarded as

the relaxation time of the mass flux; function P is defined as

1 dV

P=——"
ey dr

where V(x) is the potential field. Note that for 6 = 0, equation (1.9) is the
classical parabolic convection diffusion equation.

The extension of equation (1.9) in two dimensions is the following
hyperbolic equation, which includes also diffusion and a potential field V' (z, y),

defined in a rectangular domain Q C R?,

0%u ou 0 0
0%u 0%u

with (z,y) € Q,¢t > 0and

(P7 Q) - _i (g_‘;(xvy)v aa_‘;(xay)> .

my

1.2 Fundamental concepts

In this section, we present some definitions that will be used in the re-
maining chapters of this thesis. We define consistency, stability and recall
the Lax equivalence theorem. The consistency role is to measure how well
a difference equation approximates the partial differential equation. On the

other hand, the main idea in analyzing the stability of a difference scheme
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is to bound the growth of errors caused by perturbations of the input data or
rounding errors introduced during the computation.

Following [81], let us consider a linear (initial-)boundary value problem
Lu=f (1.11)

defined on some domain D with boundary 0D, where L is a linear operator
L : U — F that has bounded inverse, £~! : F — U, with / and F
appropriate spaces, such as Banach spaces. In other words, we will assume
that (1.11) is uniquely solvable for every f € F and well-posed. In order to
approximately compute the solution u of (1.11) given the data f, we need to
specify a set of points DA C DUOD that is called the grid (or mesh). Note that
we are assuming that the given data can be initial and/or boundary condi-
tions. Let us define a linear normed space U of all discrete functions defined
on the grid DA and let ua be the restriction of the continuous solution u on
the grid.

Since neither the continuous exact solution not its restriction on the grid
are known, we need to consider a numerical method to compute wua
approximately. For that purpose, let us consider a finite difference scheme
obtained by replacing the continuous derivatives in £ by appropriate diffe-

rences, given by the system of equations
LAUA = fa (1.12)

with respect to the unknown function Ua € Ua. This method should be such
that the approximate solution Ua converges to the exact solution ua as the

grid is refined, according to the following definition.

Definition 1.2.1. Let ua be the restriction of the problem (1.11) on the grid
Da and U the approximate solution obtained by (1.12). The approximate

solution is convergent to the exact solution if and only if
”UA — UAHMA — 0, as A — 0, (1.13)
where || - ||y, represents a norm on Ua. If p > 0 is the largest integer such that

lua — Ualluy < cAP,



8 A second order hyperbolic equation

with c a constant independent of the grid parameter A, we say that the conver-
gence rate is O(AP) or that the global error up — U has order p with respect

to the grid parameter A in the chosen norm || - ||y,

Remark 1.2.1. Note that the way we define the convergence for finite-difference
schemes differs from the traditional definition in vector spaces. When A — 0
the number of nodes in the grid Da will increase, and so the dimension
of the space Un. To overcome this drawback, Ua shall be interpreted as a
sequence of spaces on increasing dimension parameterized by A and the limit
(1.13) as a limit of the sequence of norms in vector spaces that have increasing

dimensions.

The construction of a convergent scheme (1.12) is usually done in two
steps: first we obtain a scheme that is consistent with the problem; then we
must verify that the chosen scheme is stable. We will now define these two
concepts.

Let us start with consistency. To define this concept rigorously, we should
start by introducing a norm in the linear space Fa that contains the right
hand side fa of (1.12). Similarly to Ua, Fa should be interpreted as a

sequence of spaces of increasing dimension parameterized by A.

Definition 1.2.2. The difference scheme (1.12) is said to be consistent with
the problem (1.11) if and only if for any sufficiently smooth u € U we have

|Lua — Laual|ry — 0, as A — 0, (1.14)
where || - | £, represents a norm on Fa and
Ta = Lupa — Laua
is called the local truncation error. If p > 0 is the largest integer such that
[Tallus < AP,

with ¢ a constant independent of the grid parameter A, we say that the
consistency rate is O(AP) or that scheme is accurate of order p with respect
to the grid parameter A in the chosen norm || - ||z, with respect to the given

problem.
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We now consider the definition of stability.

Definition 1.2.3. The finite-difference scheme (1.12) is called stable if there
is an Ag such that for any A < Ag and fa € Fa it is unique solvable and the

solution Un satisfies

|UAllun < cllfallza, (1.15)

with c a constant independent of the grid parameter A and of fa.

A similar definition of stability is the following: there is an A; such that
for any A < Ay, the inverse operators £Zl exist and are bounded uniformly,

that is,

IR < e,

where ||.|| is the norm in the space of linear operators £ : FA — Ua, with
c a constant independent of the grid parameter A.

According to the previous definition, stability is an intrinsic property of
the scheme. The formulation of this property does not involve any direct

relation to the original problem.

Remark 1.2.2. Note that, if we consider in the problem (1.11) homogeneous
Dirichlet boundary conditions, the term | fa|r, only involves the initial

condition.

The property of stability is formulated independently of either consis-
tency or convergence. The following theorem establishes a fundamental

relation between consistency, stability and convergence [81].

Theorem 1.2.1. [Lax Equivalence Theorem] A consistent finite difference
scheme (1.12) for the well-posed problem in (1.11) is convergent if and only if
it is stable. Moreover, the converging rate coincides with the consistency rate

of the scheme.
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1.3 Literature review

In this section we present some of the numerical methods developed in
recent years to solve linear second order hyperbolic equations, in one and
two dimensions, similar to equations (1.9) and (1.10).

Standard finite difference methods are known to be one of the first
techniques applied for solving these partial differential equations. They are
still used extensively in many practical computations due to their inherent
simplicity. Even though these methods are very effective for solving various
kinds of partial differential equations, the conditional stability of explicit
finite difference procedures and the need for a big computational effort in
implicit finite difference schemes to obtain an accurate numerical solution,
require further research. Therefore, new difference schemes are constantly
being presented, some of them featuring high order accuracy.

The design of higher order accurate finite difference methods for the
second order hyperbolic equations is challenging. When we employ higher
order standard schemes, which need a large number of mesh points near the
boundaries, some of the difficulties arise in treating the approximations of
the discrete points, requiring many times the introduction of fictitious points.
Therefore, the second order methods that do not require the use of fictitious
points are common methods to solve these equations [28, 67, 71]. Another
difficulty associated with the numerical methods of hyperbolic problems is
the observation of numerical oscillations that appear in the vicinity of sharp
discontinuities [14, 15, 82].

In what follows, we present an overview of the different approaches that

have been appearing recently.

1.3.1 One dimensional linear hyperbolic equation

We start to review some of the numerical methods presented in the
literature to solve problems involving equations similar to equation (1.9).
Among the numerical methods implemented to solve second order linear

hyperbolic equations, different strategies have been developed for the
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solution of the telegraph equation [25, 27, 29, 35, 39, 42, 59, 66, 68, 71, 76].

The telegraph equation does not include a potential field and it has an
additional reaction term or source term. This equation can represent a
damped wave equation and models many reaction-diffusion problems such
as, the electrical voltage, the propagation of electrical signals in a cable of
transmission line and wave phenomena, mentioned in [25, 68, 76] . Also,
the pulsate blood flow in arteries and the one dimensional random motion of
bugs along a hedge [25, 68], the propagation of acoustic waves in Darcy-type
porous media and the parallel flows of viscous Maxwell fluids [25, 68, 64] are
some of the phenomena governed by the telegraph equation.

Let us now describe some of the approaches known to find a numeri-
cal solution for the telegraph equation. To solve an initial boundary value
problem involving a damped wave equation that models heat conduction, a
finite difference scheme was constructed in [65]. It consists of applying the
standard centered difference approximation to the second order derivative
in time while the first order time derivative is approximated by a combina-
tion of forward Euler and centered difference quotients. For the second order

spatial derivative a Dufort-Frankel approximation was considered, that is,

O*u ur, —Urtt+uph i1

@(wat) ~ A2 )

where the mesh points are given by z; = iAz, i = 0,..., N, with Az = 1/N,
N is a positive integer, ¢, = nAt¢ with At being the time increment and U
denotes the approximate solution to wu(z;,t,). The numerical method has
accuracy of order O(At + Ax?). A von Neumann stability analysis was
carried out to conclude this scheme is conditionally stable. The method
involves three levels in time and depends on the parameter 6. We note that
the authors developed an earlier scheme [64] that only required two levels,
t, and t, 11, because they assumed 6§ < At which caused the loss of one time
level and the method became independent of the parameter 6.

To solve the telegraph equation we can find in [39] the alternating group
explicit method, which is second order accurate in time and space and also

conditionally stable. First, a three level implicit formula was constructed by
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using centered differences to approximate the first order and second order
derivatives in time and, for the second order spatial derivative, centered
differences combined with a weighting factor were considered. Secondly, the
implicit equations derived from the finite difference discretization were split
into explicit equations using an intermediate time level.

Another implicit three level difference scheme of order O(At? + Ax?) was
implemented in [66] and, in this case, we obtain an unconditionally stable
difference scheme by a von Neumann stability analysis. To accomplish this,
two terms were added to the final discrete equation, which did not affect the
second order accuracy of the scheme. Then, the Gauss-elimination method
was used to solve the resulting linear system of equations. In [67] the same
author developed a similar numerical method for the telegraph equation,
with the same properties, but for some variable coefficients in the diffusive
and reactive terms.

A quite different method was applied in [42] for the telegraph equation
with a source term. A semi-discretization technique was implemented,
where the second order derivative in space was approximated by centered
differences. The matrix form of the difference scheme obtained involves an
exponential function in ¢. The need to approximate this exponential function
led the author to use Padé approximations of order [1,1] and [2,2] to get
the numerical solution. The Padé approximation of order [m,n] consists of
approximating a given function f by the rational function

ap + a1z + asx® + - + apa™
1+ bix + box? + -+ + bpa™

R(z) = (1.16)

that satisfies f(0) = R(0), f'(0) = R'(0), ..., f)(0) = R™)(0). Two
explicit difference schemes were obtained with different accuracy orders of
O(At3 4 Az?) and O(At® + Ax?), associated with the approximations of order
[1,1] and [2,2], respectively. The unconditional stability was concluded in
both methods by analyzing the eigenvalues of the matrices.

An alternative numerical method introduced in [29] to solve the one
dimensional hyperbolic telegraph equation involves a collocation method.

After the discretization of time derivatives with finite differences, the
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collocation method was considered by using thin plate splines radial basis
functions: assuming there are a total of N — 2 interpolation points, u(z,t,)

can be approximated by

N—2
Nio(ry) + Ay_17 + Ay, (1.17)
7j=1

where the radial basis function is defined by ¢(r;) = r;‘ log(r;) with
x = (r1,%2,...,2N) and r; = ||z — z;|| the Euclidean norm. To determine the
interpolation coefficients (A, A2, ..., An) the collocation method was used by
applying (1.17) at every point z;, : = 1,2,..., N — 2. The method was then

completed by joining the additional conditions

N—-2 N-—-2
Z A = Z Nz =0
j=1 j=1

and was written in a matrix form in order to use the LU factorization. The
scheme works similarly to the finite difference methods, although it is a
meshless method. A mesh free method does not require a mesh to discretize
the domain of the problem under consideration, that is, the approximate
solution is constructed entirely based on a set of scattered nodes. Later
on, this technique of employing the collocation method and approximating
directly the solution using thin plate splines radial basis functions was
extended by the authors in [30], in the two dimensional telegraph equation
with variable diffusive and reactive coefficients.

In [27] a method that has Chebyshev cardinal functions is presented for
the solution of telegraph equation. The Chebyshev cardinal functions of
order N in [—1, 1] are defined by

Py (t)
Pl (8) (= t5)
where Py 1(t) = cos ((IN + 1) arccos(t)), and ¢; are the zeros of Pyi(t). The

Cy(t) = i=1,2,...,N+1,

method used the shifted Chebyshev cardinal functions on interval [0, 1] after
a change of variable. Then, function u (z,t) was expanded in terms of double

Chebyshev cardinal functions on interval [0, 1] x [0, 1], that is,
N+1N+1

=33 ulwity) Ci(t)Cj(x) = DR (U DN (), (1.18)

i=1 j=1
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for ®x(.) = [C1(.), Ca(.),...,Cnyp1()]" and U = [w(zi, tj)], 4,7 =1,2,...,N+1
the unknown matrix to be determined. The numerical method was obtained
after differentiating ®x(.), substituting in the main equation the function
u(z,t) by (1.18) and manipulating some algebraic equations.

Another approach is presented in [25] based on the boundary integral
equation technique and the dual reciprocity method (DRM). The DRM method
uses a technique where the domain integral is converted to an equivalent
boundary integral by using suitable approximation functions [51]. First, the
telegraph equation was restated as an integral equation by the following
identity

/b [ug + 2Au; + B*u — ugy — f(u, t)] wdz =0, (1.19)
a

where the weight function w was chosen to be

o) =gle—€  and w8 = ssgnle £,

z is a field point, £ is a source point and sgn denotes the signum function
defined by

-1, if <0
sgn(z) =4 0, if x=0
1, if x>0

The interval [a, b] was partitioned in NV —1 subintervals with /N source points:
a=1x <x9 < -+ < xNny_1 < Ny = b. Then, the dual reciprocity method
was implemented: the time derivatives and the inhomogeneous terms were
interpolated by radial basis functions. Three different types of radial basis
functions were used for interpolation: linear, cubic and thin plate spline
radial basis functions. This gave rise to a system with linear differential
equations containing the unknown functions of time u(x;,¢) and %(mi,t),
i = 2,3...,N — 1, after applying the Dirichlet boundary conditions. The
system was solved by considering backward and centered differences to
approximate the first derivative and second derivative in time, respectively.
In the end, the Crank-Nicolson method [19] was applied to obtain the
approximations to the unknown variables. The main advantage of the method

is that, since the telegraph equation was integrated over the boundary of the
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domain, the discretization and computation of the solution only took place on
the boundary. As an application of the telegraph equation an example that
involves dispersive wave propagation was included.

A differential quadrature method was employed in both time and space
directions in the work presented in [76]. Compared with methods such as
the finite difference and finite element methods, the differential quadrature
method requires less computer time and storage. The essence of this new
differential quadrature method is that a partial derivative of a function at a
grid point is approximated by a weighted linear sum of the function values
at all given discrete points. The weighting coefficients are determined using
the Lagrange interpolation polynomial, which leads to the polynomial-based
differential quadrature method (PDQ). For a specific function f, the first and
the second order derivatives can be approximated at a grid point x; by PDQ

approach as

N N
Folwi) =Y wi (@) f(zy)  and  fule) = YW (@)f(z)),
j=1 j=1
wherei,7 =1,2,...,N, N is the number of grid points in the whole domain.

(1)

The weighting coefficients w; (;), w]@) (x;) are defined as

D) (g N
(1) M () L (1) (1)
W, ('Tz) = y b 7&]7 w; ('IZ) = - Z w; (xl)a
! (zi — ;) MW (x;) Py
N
w? (x;) = 2w(,1)(x-) <w(1)(:1:-) - ) i#£7 w )(£E )=— Z w!? (i)
7 [ 7 7 7 7 Py ’ ) 7 7 7 1)
J j=1,5#i
where
N
MO = ] - ).
k=1,k+#j

When the function f is approximated by a Fourier series expansion, the
weighting coefficients wj(.l) (), w](.z) (x;) are different yielding the Fourier-based
differential quadrature method (FDQ). The weighting coefficients depend
only on the grid spacing. A Gauss-Chebyshev-Lobatto grid points in space
direction was considered, whereas equally spaced and also Gauss-Chebyshev-

Lobatto grid points were used in time direction. The resulting system of
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algebraic equations was solved by the least square method. The use of
differential quadrature method in time direction, which also discretizes the
given initial condition %(m, 0), provides the solution at any time level
without an iteration between two time levels. This numerical procedure
requires very small number of grid points in space directions and appro-
priate number of time grid points for reaching a certain time level.

With the purpose to achieve higher accuracy methods to solve telegraph
equation, higher order compact (HOC) difference methods were developed in
different works [21, 35, 59, 71, 93].

It is known that
Pu; oy Ui—1 — 2u; + Ujpq 2
o2 dyui + O(Ax”) = N + O(Az?),

where 62 is the second order centered difference operator with respect to
x, gives a second order approximation to the second order derivative. On
the other hand, making a Taylor series expansion over wu;;; and u;—; the
following relation holds

%u;  Ax? 0ty
Ox? 12 Ozt

62u; = +O0(Az?h),

yielding the compact finite difference operator defined by

82 ; 52
8;2 = §x252ui+(’)(Ax4), (1.20)
12 Yz

which has fourth order accuracy and it is used to approximate the second
order derivative term in space. The application of this compact difference
operator generates fourth order compact finite difference schemes. These
schemes have the advantage of high accuracy to approximate the second
order derivatives and keeping the desirable tridiagonal nature of the finite
difference equations. As they also consume less memory space, this is one
more reason that justifies the renewed interest, in recent years, in the
development and application of these high order compact finite difference
methods for the numerical solution of partial differential equations. They

have been extensively applied in different fields such as fluid dynamics,
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quantum mechanics and heat transfer. We describe some of these methods
below.

For solving the telegraph equation the method introduced in [71] was
based on a collocation approach for the time component. First, the second
order spatial derivative was discretized by a fourth order compact difference
scheme. Then, at each spatial grid point, the solution was approximated by a
polynomial in time. The collocation points were used to obtain the unknown
coefficients of the polynomial. The linear system obtained by applying this
procedure for each grid point was solved by Gauss elimination method with
partial pivoting. The numerical tests showed that for low values of final time
low values of the polynomial degree are suitable. For large values of final
time it is efficient to increase the polynomial degree in collocation approach
to obtain higher accurate results. Besides the fourth order accuracy in space,
the method is also unconditionally stable. The same procedure was used by
the authors for the two dimensional hyperbolic equation. A compact finite
difference approximation of fourth order for discretizing spatial derivatives
and a collocation method for the time component were combined in [28].

Another high order and unconditionally stable method can be found in
[35], where a three level compact difference scheme of O(At? + Az*) was
proposed for solving telegraph equation. At first, two fourth order difference
formulas were derived by Taylor series expansions for the first and second
order derivatives in time. A fourth order compact finite difference operator
was used to approximate the second order derivative in space. An additional
term was added in order to obtain the unconditional stability.

A numerical method which is also unconditionally stable, second order
accurate in time and fourth order accurate in space, can be found in [59]
for the numerical solution of telegraph equation. The method developed is a
three level implicit difference scheme based on quartic spline interpolation
in space direction and finite difference discretization, by using Taylor series
expansion, in time direction. A von Neumann analysis was used to prove the
unconditional stability of the scheme.

Instead of the standard centered difference scheme obtained by using
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second order centered difference approximations to the derivatives [35, 59,
71, 93], a scheme using three grid points each at zeroth, first and second time
level was applied for telegraphic equation in [68]. Two terms were added
in the resulting equation in order to get an unconditionally stable scheme,
confirmed by the von Neumann method. Furthermore, the difference scheme
has order O(At? + Az?).

Let us now describe what has been done for another equation, the sine-
Gordon equation. The sine-Gordon equation is also a special case of our
equation (1.9), with P = 0 and a source term f(x,t,u). A compact finite
difference scheme was considered in [21]. After approximating the second
order derivative in space by the compact finite difference operator (1.20), the
sine-Gordon equation was transformed in an ordinary differential equation
of second order. Then Padé approximant (1.16) was used to approximate
the time derivatives and we get a three level implicit compact difference
scheme with the local truncation error being O(At? + Az*). The resulting
fully discrete nonlinear finite difference equation was solved by a predictor-
corrector scheme. Convergence of the method was obtained by the energy
method.

The numerical methods described above are applied in problems which
do not assume the presence of a potential field, that is, do not include the
first order spatial derivative in equation (1.9). Next, we present some of
the numerical schemes developed to solve these problems which contain the
more general equation (1.9).

For a one dimensional diffusive problem given by equation (1.9) with
# = 1, a hybrid numerical scheme in [14] was derived: the method consists in
using the Laplace transform technique to remove the time dependent terms
and a finite volume formulation for the spatial discretization that uses
hyperbolic shape functions. For numerical inversion of Laplace transform
the authors refer to [46]. In works such as [15, 57, 58] we can observe other
applications for the same finite volume formulation presented in [14]. This
method was applied to solve many different problems: for instance, in [15]

the numerical method was used in order to analyze diffusive problems in
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a two-layered composite medium; the thermal wave propagation caused by
pulsed surface disturbance in an infinite cylinder and also in a sphere was
investigated in [57], where hyperbolic heat conduction problems were solved
for pulsed surface heat flux in a finite slab, a solid cylinder and a solid sphere;
in [58] the behavior of bio-heat transfer in multi-layer living tissues was
studied during magnetic tumor hyperthermia treatment.

A piecewise linearized method can be found in [79] to solve equation (1.9)
with # = 1: this numerical method was presented as an alternative to the
finite volume formulation in cases where the P value is large, since the finite
volume formulation yields oscillatory solutions in these cases. The results of
the method have been compared with those obtained with the finite volume
formulation presented in [15].

In this thesis, the finite volume formulation and the piecewise linearized
method are described in detail and applied to our model problem considering
non-trivial initial conditions and different values of the parameter P, for
both parabolic (# = 0) and hyperbolic (6 # 0) equations.

Another hybrid numerical method that combines the Laplace transform,
a weighting function scheme and a hyperbolic shape function for solving a
time dependent hyperbolic heat conduction equation, with a conservation
term, can be found in [16]. In the end, the application of the numerical
inversion algorithm for the Laplace transform presented in [46] was used. To
investigate the effect of the surface curvature of a solid body on hyperbolic
heat conduction, equation (1.9) was considered with # = 0.5 and for constant
values of P and D.

In a more recent paper [17] the same author analyzed the hyperbolic heat
conduction problems in the cylindrical coordinate system using a slightly
different approach. The method combines again the Laplace transform for
the time domain and Green’s function for the space domain. The efficiency
of the method was analyzed with one, two and three dimensional numerical
examples. Study of the heat conduction problems in cylindrical coordinate
systems has received considerable interest, because of its wide industrial

applicability, such as rocket wall, oil reservoirs and boilers. Furthermore,
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problems of hyperbolic heat conduction are considered in situations involving
energy sources such as laser and microwave with extremely short duration

or very high frequency and very high temperature gradients.

1.3.2 Two dimensional linear hyperbolic equation

As mentioned in the last section, some of the numerical methods applied
in one dimensional problem were also extended to the corresponding problem
in two dimensions [17, 28, 30]. In this section, we focus our attention in
models arising in the context of equations similar to equation (1.10). We also
start with a review of the numerical methods for the telegraph equation,
obtained from equation (1.10) with no potential field and a reactive term or
source term.

One of the difficulties that appears in two dimensions is that the system
to be solved becomes larger as the lengths of the variables increase. This
causes more memory usage and therefore a big computational effort. We
note that, from the application of some finite difference schemes, a sparse
linear system arising from the implicit spatial discretization must be solved
at each time step. Direct methods, based on Gaussian elimination, are not
usually practical since they need excessive memory and computational effort
for solving the matrix equations associated with difference schemes in two
dimensions [90]. A strategy to overcome the computational inefficiency of an
implicit scheme in two dimensions, is to use an alternating direction implicit
(ADI) scheme after discretization. The ADI methods, which are based on
reducing a multidimensional problem in several space variables to a set of
independent one dimensional problems and only requiring to solve systems
with tridiagonal matrices, are highly efficient procedures for the solutions of
parabolic and hyperbolic multidimensional initial-boundary value problems.
The underlying idea of the ADI in two dimensional problems is to split the
computations in two steps. In the first step we evaluate the spatial variable
x implicitly and variable y explicitly, producing an intermediate solution for

time. In the second step an implicit method is applied in the y-direction and
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an explicit method in the z-direction. Taking into account some important
aspects as the dimension considered, the discretization methods that were
first applied to approximate the solution of the differential equation and the
splitting techniques used afterwards, triggered the appearance of some ADI
methods such as the Peaceman-Rachford scheme, the D’Yakonov scheme,
the Douglas-Rachford scheme and the Douglas-Gunn scheme [90]. The ADI
method was first proposed by Peaceman and Rachford in 1955 [75] for the
implicit solution of heat flow (a parabolic partial differential equation) in
two geometric dimensions. It has been popular since then due to the gain
of computational cost effectiveness. The ADI methods are used in a great
variety of applications: from astrophysical and bioengineering applications
to tsunami modeling and Black-Scholes option pricing. Once implicit schemes
are necessary the ADI approaches are needed in two and higher dimensional
problems.

Some of the ADI methods have been used for solving two dimensional
linear hyperbolic equations [22, 31, 36, 50, 60, 69, 89, 93], although very few
take in consideration the presence of a potential field.

An implicit and unconditionally stable difference scheme was developed
in [69] for the solution of telegraph equation which is second order accurate
in time and fourth order accurate in space. The equation was discretized by
an explicit scheme, constructed with second order centered and averaging
difference approximations for the derivatives in both space and time. A
conditionally stable numerical method is obtained. In order to get an
unconditionally stable difference scheme, the explicit scheme was rewritten
as an implicit one by adding two additional terms of higher order that do
not affect the second order accuracy of the method. Then, it was applied an
alternating direction implicit (ADI) method and the equation was separated
in two steps. This ADI method requires solution of tridiagonal systems, first
along the y-direction and then along the z-direction. The unconditionally
stability was studied applying the von Neumann method. It can be found in
[70] the same technique for telegraph equation with variable coefficients in

the diffusive and reactive terms.
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To achieve higher spatial accuracy and computational cost effectiveness,
there has been a continuous interest in the implementation of high order
compact ADI (HOC-ADI) methods. The HOC-ADI scheme retains the high
efficiency and tridiagonal algorithm of ADI methods, and at the same time
achieves fourth order accuracy in space, preserving the high accuracy of HOC
schemes. More recently, HOC-ADI methods have been successfully applied
to solve hyperbolic problems [22, 31, 36, 60, 68, 93].

The unconditionally stable implicit difference scheme presented in [68]
and already described in the last section, was extended to two and three
dimensional telegraphic equations. To solve the two dimensional problem,
in order to facilitate the computation, the obtained scheme was rewritten in
two step ADI form which only requires the solution of tridiagonal systems.

A three level compact difference scheme which is second order accurate
in time and fourth order accurate in space was proposed in [36]. The method
is stable and follows the ideas presented in [35] for the one dimensional case,
described in Section 1.3.1.

In [60], a three level ADI compact scheme which is second order accurate
in time and fourth order accurate in space was formulated for the telegraph
equation. The method is unconditionally stable which was proved by a von
Neumann analysis. In order to give the comparative results with the high
order scheme given in [68], the same problems were tested in the numerical
results. In one example the numerical errors are less than half of the ones of
[68] and in another example the method has the same accuracy order but it
only needs half of the computational time.

A HOC-ADI difference scheme was derived in [93] to solve telegraph
equations. A Taylor series expansion was used in second order derivatives
in space and a three time level discretization was made for the derivatives
in time. The result was a three time level difference scheme which, with
the introduction of an auxiliary variable, allowed the authors to obtain an
equivalent two level compact difference scheme. Three and two level ADI
compact difference schemes were constructed. The method was shown to be

unconditionally stable by the energy method and is second order accurate in
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time and fourth order accurate in space for both time levels.

Another type of HOC-ADI scheme was employed in [22] for solving the
generalized sine-Gordon equation similar to (1.10). First, the compact finite
difference operator (1.20) was used for both second order space derivatives
and the derivatives in time were approximated by first and second order
centered difference operators, respectively. Then, a three time level HOC-
ADI difference scheme was developed and its convergence was proved by the
energy method. This method is second order accurate in time and fourth
order accurate in space.

In the work presented in [50], the computational efficiency of the ADI
approach and high order accuracy of the HOC scheme were combined to
solve the two dimensional convection diffusion equation. This equation plays
an important role in computational hydraulics and fluid dynamics to model
convection diffusion of quantities such as mass, heat, energy and vorticity.
A fourth order polynomial compact difference formula was used in the
approximation of the spatial derivatives and the Crank-Nicolson method
was used for time discretization resulting in a method which is second order
accurate in time and fourth order accurate in space. It was shown through
the von Neumann analysis that the method is unconditionally stable. It
seems the present HOC-ADI method provides a more accurate solution than
the standard Peaceman-Rachford ADI method.

An exponential high order compact (EHOC) alternating direction implicit
(ADI) method was presented in [89] for the solution of unsteady convection
diffusion problems in two dimensions. The Crank-Nicolson scheme was then
used for the time discretization and an exponential fourth order compact
difference formula for the steady-state one dimensional convection diffusion
problem was used for the spatial discretization. The method is second order
accurate in time and fourth order accurate in space. The unconditionally
character of the method was verified by a von Neumann analysis. The main
difference between the HOC-ADI and the EHOC-ADI schemes is that, for
the spatial approximation, the first uses a polynomial compact difference

discretization while the second one uses an exponential compact difference
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discretization. In each step of the ADI method the EHOC scheme produces
a strictly diagonally dominant tridiagonal matrix equation, which can be
inverted by simple tridiagonal Gaussian decomposition with a considerable
saving in computation time. Numerical experiments were performed to
illustrate the performance of the method proposed and to compare it mostly
with the HOC-ADI method proposed in [50].

These HOC-ADI and EHOC-ADI methods have fourth order accuracy in
space, but only second order accuracy in time. To improve the accuracy
in temporal dimension and raise computational efficiency, it was used a
Richardson extrapolation. The idea of Richardson extrapolation is to use
combinations of numerical approximations obtained previously by the same
numerical method with different grid parameters [31, 32, 33, 55].

Motivated by the work of [22], a three level HOC-ADI difference method
with a Richardson extrapolation algorithm was used to solve a non-linear
wave equation in [31], which includes a nonlinear forcing term f(u,z,y,t).
Varying the parameters and terms involved, the equation may represents a
telegraph equation, a damped sine-Gordon equation or even a Klein-Gordon
equation. First, a three level HOC-ADI difference scheme was derived. The
use of energy method showed the conditionally convergence of the numerical
solution with accuracy order of O(At? + Az* + Ay*). Then, a Richardson
extrapolation algorithm based on three time grid parameters was designed
and combined with HOC-ADI method to achieve numerical solution of fourth
order accuracy in both time and space. The same combination was used in
[33], although the spatial discretizations are different from those in [22]. In
fact, two auxiliary functions and a constant parameter were introduced and
a Taylor series expansion was performed. An approximate factorization of
finite difference operators was carried out to obtain a family of three level
compact ADI schemes. The application of energy method proved that this
numerical method can attain fourth order accuracy in both time and space.

The computational cost that comes from the application of Richardson
extrapolation algorithms is reduced since the resulting high order accuracy

methods allow the use of much larger time steps in the computation. The
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main advantage is that they preserve the stability of lower order methods
used initially.

The differential quadrature method developed in [76] and described in
Section 1.3.1 was also applied in the two dimensional problem. In this case,
to overcome the problem of the big computational effort required in two
dimensions, the following procedure is done: the discretized system is
reduced by removing the entries in the coefficient matrix, which correspond
to known initial and Dirichlet boundary conditions, and the right hand side
of the reduced system is modified taking into account the removed known

entries. All required time level values are present in the solution.

1.4 Original contributions

The study of hyperbolic diffusive equations have been appearing in many
other works such as [3, 43, 52, 56, 61, 78, 83, 84, 94, 96]. They deserved
our attention for their innovation in theoretical analysis and/or interesting
applications. However, in this literature review we have mainly described
numerical methods for equations more similar to equations (1.9) and (1.10)
and that have more closely inspired our original work.

Our original contributions concerns the development of numerical
methods, in one and two dimensions, to solve equations (1.9) and (1.10),
respectively. The particular features of those contributions can be summa-

rized as the following:

(i) Development of an implicit numerical method taking into account a
potential field, as well as its convergence analysis, implemented in

Chapter 2 for the one dimensional case.

(i1) Convergence of an inverse Laplace transform algorithm and the
convergence of methods presented in Chapter 3. The introduction of
a symmetric periodic potential field, which is a practical application of

equation (1.9). Some of this work is published in papers:
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(ii1)

C. Neves, A. Araujo, E. Sousa, Numerical approximation of a transport
equation with a time-dependent dispersion flux, AIP Conference

Proceedings 1048: 403—406, 2008,

A. Araujo, C. Neves, E. Sousa, A Laplace transform piecewise linearized
method for a second order hyperbolic equation, AIP Conference
Proceedings, 1479: 2187-2190, 2012

and

A. Aratjo, A. K. Das, C. Neves, E. Sousa, Numerical solution for a non-
Fickian diffusion in a periodic potential, Communications in Computa-

tional Physics, 13(2): 502-525, 2013.

Implementation of an ADI numerical method to solve the hyperbolic
two dimensional equation (1.10). The presence of functions P and Q
makes the proof of stability by the energy method more challenging.
The numerical method, its convergence analysis and some numerical

results contained in Chapter 4 are submitted for publication:

A. Aranujo, C. Neves, E. Sousa, An alternating direction implicit method
for a two-dimensional hyperbolic diffusion equation, submitted for

publication, 2013.



Chapter 2

The Crank-Nicolson method

The main purpose of this chapter is to find approximate solutions of an

initial boundary value problem for equation (1.9). We start to implement an

implicit finite difference method which is a Crank-Nicolson method [19] with

first order discretization in time and second order discretizations in space.

The second order accuracy of the method as well as its stability are proved.

Finally, in Section 2.3 we illustrate the performance of the numerical method

with some numerical results.

2.1 Numerical method

We consider the problem

9%u ou 0 0%y
9@ (z,t) + e (z,t) = % (P(z)u(z,t)) + DW (z,1),
with initial conditions
ou
u(z,0) = up(x), QE (x,0) = ui(x), x € [a,b],

and Dirichlet boundary conditions

u(a,t) = f(t), u(b,t) = g(t), t>0.

(2.1)

(2.2)

(2.3)

A finite difference scheme based on the Crank-Nicolson method is developed.

Due to the second derivative in time, direct discretization of (2.1) leads to a

27
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finite difference scheme that is three-level in time. To avoid a three-level
discretization scheme we introduce an auxiliary function, following the idea

in [98]:

ou
=60— 2.4
w ot +u (2.4)

and change the differential equation (2.1) into

2 2
Ow _ 9 pyy+p2Y — _pry - p2t L pd

ot oz 022 oz o2’ (2.5)

where P’ denotes the derivative of P(x). We consider the mesh points in

Q) = [a, ] given by

ri=a+iAzx, 1=0,...,N,

with Az = (b — a)/N, where N is a positive integer. For 0 < ¢ < T}, let
tn, = nAt, with At being the time increment and nAt < Ty. We denote the
approximate solutions to u(x;,t,) and w(z;,t,) by U/* and W/, respectively,
P(x;) by P; and P'(x;) by P/. The discretization of equations (2.4) and (2.5) is

made using the Crank-Nicolson method:

20
Wil L wn = urt U+ - (Ut — ) (2.6)
and
wt —wr - — lp’(U.ﬂH + UM — b Uiy U Ul - U
AL 9 i\7i 4 2 2Ax 2Ax
nt1 n+l | prntl n nyyn

2 U7 =207 + UL I Ui, =207 + U, 2.7
2 Ax? Az? o

To write the scheme (2.6)-(2.7) in matrix form we solve equation (2.6) for

W and get

At

20
Wﬂ‘f‘lz 1 =
i < * > i At

urtt 4 (1 — ﬁ) ur —wp. (2.8)

Substituting (2.8) into (2.7) gives
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1 20\ . it 20\ . .
E[(lJrA—t)U +(1 At)U—zw}

P/
— U+ UP) = e (U - U+ U~ U2)
D n n n n n n
+2A:E2 [(Uz‘—Jrll - 2Uz‘ +1 + Uz—&-Jrll) (Ui—l - 2Ui + Ui-i—l)] :

After simplification we have

1 D 1 20 P’ D
. P n+1 1 “v T4 n+1
(~aa? ) U [ (14 5) + 5+ e O
1 D n+1
+ <4A:(:PZ B 2Am2) Uity

1 D 1 20\ P D
P, Pl IR SR 7 )
<4Ax T oAz 2>U11+[ At( At) > Am2]U’

1 D
' p " noi—1,.. N-1, 2.9
+( IAs +2Ax2> 1 AtWZ ' (2.9)

which will be used to compute U;""'. After that, U is substituted into (2.8)
to compute W/

From (2.8) and (2.9) we obtain the system

2
AU™ = BU" + =W +d
Wt
26 20
an—&-l = (1 (7n+1 1— umr —wn

, (2.10)

where A and B are band matrixes of size (N — 1) x (N — 1) with bandwidth
three,

Urntl = [U{L+17...,U17\lft11]T7 Ur = [U{%""U]V\Lffl]T’
Wn+1: [W{L+1,“‘7W]7\Z[—~__11]T7 Wwn = [W{lh..,W;\}_l]T?

and d contains boundary conditions. Therefore,
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A9 Az
Ap Axp As
A= .
AiN—2 Aan—2 Asn-o
I Aiv-1 Aan-1 |
By Bs
Bz By Bsg
B = ,
Bin—2 Ban-2 Bsn-2
I Bin-1 Ban-1 |

d=[-AnUt + BuU§,0,...,0,—Asy_1 Upt + BgNﬂUmT,
where ) D ) D
Ay — — P By — P
Li 4Ax" " 2Ax2’ Y= gAr + 2Ax2’
1 20 P! D 1 20 P! D
A= — (1422 5 P By——— (122 _4L 2
2 At< +At>+ 2 T A2 P At< At> 2 Ag?’
1 D 1 D
Aa; — p_ = Baime——— P12
BT AN 2A22 3 4Ax " + 2Az2’

fori=1,...,N — 1.
In order to simplify the notation of this numerical method, we define the
following difference operators. The first order forward and the backward

difference operators are given by

ur., —yunr ur —ynr
+rm i+1 7 -7 — ¢ i—1 ) 211
0, U, — As and 0, Uj —A; ( )
The first order centered difference operator is defined by
| R _ i — UL
n_ _ L o S ) 2.12
6. U] 2[636 + 0, |U; AT (2.12)
and the second order centered difference operator is defined by
ur, —-20"+ Uk
s2up = =L i T (2.13)

Ax?



2.2. Consistency and stability analysis 31

Using the discretization operators defined in (2.12)-(2.13) and by denoting
the set of discretization points U™ = {U'}, PU" = {R,U'}, P'U" = {P/U}"}
and W" = {W"}, the numerical method (2.6)-(2.7) can be written in the form

20
Wn+1 + Wn — Un+1 + Un + E (Un+1 o Un) (214)
and
At At DAt
WHL—W" = - PUH U = P, (UM 4 U)o =07 (U™ 4+ U7)

(2.15)

2.2 Consistency and stability analysis

This section is concerned with the conditions that must be satisfied to
ensure the convergence of the numerical method. We start to discuss the
consistency, which measures how well the difference equation (2.9) approxi-
mates the partial differential equation (2.5) and then, we analyze the stabil-
ity of the difference scheme.

In the next proposition we prove the second order accuracy of the Crank-

Nicolson method.

Proposition 2.2.1. For the Crank-Nicolson discretization (2.8)-(2.9) we have,

for a sufficiently smooth u,

A 4 A+ A — Biguly — Baul! — Bajullyy — AU
%u  Ou ou 0% n+1/2
=(0=—+ —+Pu+P— — D— O(Az? + At?). (2.16
<at2+at+l“+ i B 3$2>i + O(Az” + At).  (2.16)

Proof: Let us substitute the exact solution u(z,t) in the numerical method
(2.9), that is,

2
P =0.

n+1 n+1 n+1
Aliu-fl + Agiui + Agiu — Buu?_l - BQZUZZ - Bgiu;:_l — A—th

7 i+1

In order to estimate the size of the truncation error, we expand the

functions ', ul ", w}', ul |, u? and u?,, into a Taylor series around the

point (z;,t,.1/2). Therefore, we have
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Aliu?jll + Agiu?"_l + Agiu?_:_ll - Bliu?_l - BQZUIL - Bgiu?_,'_l
2 ), 2000 (At AR\ O AL G /2
= _— . u _ N R - [
At At ot 478 ) o 12 a3,

+oe (2.17)

ou A2 &u 2u A2 93" TV?
P— + ——— — D= + —
ox 8 0t20x Ox? 6 ox3

On the other hand, expanding the equality (2.8)

20 26
n+l _ n+1 S—— Y GO
w, " = <1+ t> u, '+ <1 t> Uy — wj

around the point (z;,t,,1/2) we reach to

Atdw AR GPw A 0w
YT TR o T a8 o

_< 20) <u Atdu A 8% At3a3u>"“/2

i

14+ == = = o, ="
* At 59t T8 02 18 o
f (1220 ((_Arou AP Ou NGO\

YT ot TR a2 T 48 o

i

7

[ AtOw  APOPw AP PR\
2 0t 8 o2 48 O3 ), ’
that is,
2 52 2 53 2 52 n+1/2
n1/2 pOt [ A u A 0w ATOw 2.1
Wi (“+ ot s o Pwas s ) 1Y
Since
wr— ( AtOw AP Pw AP L
L 2 0t 8 o2 48 o3 .
substituting w?ﬂ/ ? from (2.18) gives
wi — (gt ALPu AP Pu Atdw NG\
L ot 8 o2 24 913 2 Ot 48 OB ),

From (2.4) we can write

a_w n+1/2_ @+002_u n+1/2 ond 83_11) n+1/2_ @+0841—u n+1/2
ot S\ ot o ot S\ ot '
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Therefore,

wr (s (gAY Ou (A ARy 02"
L 2 ) ot 8 2 ) Ot2

i

A2 ABY /&3u\ T2
+<9ﬂ_4_8> <%> T (2.19)

%

Finally, rearranging the terms in (2.17) and (2.19),

Aliu?_-i—ll + Agiu?—’—l + Agiu?_:_ll — Bliu?_l - Bgiu? - Bgiu?+1 — wa
ou n+1/2
1
(DR ARG AR G Aa? o)
8 o2 24 03 8 '0t20x 6 013,
0%u  Ou ou 82w\ "2
=0+ —+Pu+P,——D— O(Az? + At?).
< ot? + ot A "Ox 8x2>i +O(A” + AF)

According to this result, we can conclude that the truncation error is
O(Az? + At?) which confirms the difference scheme is consistent and
second order accurate.

Now, to prove the stability of the method we use the discrete energy
method [563, 98]. Let us start to define the set of discrete values with

homogeneous boundary conditions. Assume that
G ={U|U = {U;},Uy = Un = 0}.

For U,V € G, we define the inner product and norm respectively as

N-1 N-1
U,V)=2Az Y UVi, |[U|*=UU)=Az) U} (2.20)
i=1 1=1

We also define the following inner products that involve the first order
discretization operators of U,V € G:

N-1
(6FU,6FV), =Ax > 6fUSVi and (|5FU|2 = (6U,5,U), .
=0

Next, we introduce some lemmas to prove the main result.
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Lemma 2.2.1. For any W € G,
16 W || < (105 W |l

Proof: We have

N-1 N-1
1
VP = 5. W;)? = A ~(5EWi + 6, W)
6| Aa:;( wi) x;(2<xW+ = Wi)
Using the inequality (a + b)? < 2a? + 2b% and then shifting the index i in both

summations yields

N-1 2 N-1 2
1 Wiz —W; 1 W; — Wi;_
2 < Z 141 7 “A 7 1—1
o W™ < 2Aa: ; ( Ax * 2 v P Ax
L ¥ (Wi sy (WY’
2 = Az 2 Az
N-2 : . N\ 2
+ EAJ} WH—I W;
2 P Az
< le Wz+1 Wz + le Wz—‘rl |14
2 Az 2 Az
=0 =0
1 Wy —Wn_1 2
~ ZA
2 $< Az >
N-1
Wz+1 - Wz
< A
< w3 (B
N-1
= Az )y (6w =[os Wz
=0

The following lemma is the well known property of summation by parts
[53, 98].

Lemma 2.2.2. Forany U,V € G,

(52U, V) = — (65U, 65V), .
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Proof: We have
N-1

U1 —2U; + U;_
2 _ i+1 7 i—1y,
G2U,V) = Az § 1: e V;

Ui LU - U
:AZ 2;;;2 Ly, — A:rz MQlZ

— A Z z+1 V Au Z z+1 Vi

U; Viea =V,
- _Az 2+1 i Vit 7
Z Az Az

In the third line we shifted the indices in both summations and use the fact
that Vo = Vy = 0.
[ |

Let us suppose that P(z) has non-negative derivative P’'(z). We define

N—-1 N—1
|0 = A Y~ PLUP)? and [[PP =) (P)*.
=1 i=1

Theorem 2.2.1. Suppose that {U",W!} and {V",Y"} are solutions of the
finite difference scheme (2.14)-(2.15) which satisfy the boundary conditions
(2.3), and have different initial values {U, Q,WQ} and {V?,Y"} respectively.

Let w? =W =Y, * = UM — V". For At < W’ then {w, €'} satisfy

o™ FH[* + Ol + DO[loFem 2

< (L+CA) (™12 +8lle™ B + DOJl6S e [17) , (2.21)
where C denotes a constant independent of Ax, At.

Proof: For w" = {w'} and " = {€!'}, from (2.15) we have

At At DAt
Wt — W = —7P'(6"+1 +e") — 7P5x (G"Jrl +€") + 5 62 (e"+1 +

e") .

(2.22)
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Multiplying both sides of (2.22) by w" ! +w" with respect to the inner product
(2.20) we obtain

At
( n+1 n, n+1 n) 5 (Pl(€n+1 en)’ n+1 n)
At
(P5 (n—i—l en)’ n+1 n)

DAt

+ T((Sx ("t e") W™t +w™). (2.23)

Considering (2.14) and the norm definitions we have

(5;- (€n+1 + en) ,62— (wn-l-l _|_wn))

*

— (5; (6n+1+6n),5;( nJrlJr )) +K0t(5+( n+1+€n)’6£ (6”+1,€n))*
20
= 10 () 2 4 (105 e 2 — o e ?) (2.24)

Using summation by parts we can rewrite (2.23) as

lw™ 1 = [l (I
=S P et ) - S P () )
DA (5 e ey (@ ),

which gives, from (2.24)

w12 = [|w™ ||
— 7% (Pl(€n+1 +6n)’wn+1 ern) o % (P(;x (6n+1 Jren) 7Wn—l—l ern)
D885t (e en) |2 - Do (552 — e ) (2.25)

Let us now discuss the terms with P. We first consider the term
At

_7 (P/(EnJrl + 6n)’wnJrl +wn)
which is, by (2.14),
_% (P/(enJrl + €n>7€n+1 + 6n) — 0 (Pl(enJrl + en),€n+1 _ Gn)
N-1 N-1 N1
_ AtAﬂC Z P (! 4 )2 — Az Z p (e?+1)2 +0Az Z P (e
i=1 =1 i=1

N— N—-1
< —0Ax ZP; (1) + 98z Y Pl ()
=1 =1
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with the assumption that P’(z) is non-negative. Then,
At

—5 (PEH @), ) < 0B+ 6" (2.26)

Let us know consider the term
A R WO
Using the Cauchy-Schwarz inequality, Lemma 2.2.1 and also the inequality
ab < na? + b%/4n, for n > 0, we have
_at
2
< SLIPa(E !+ )+

At At 1
=l Ps n+1 AT =y
SnllPas (e + e+ S

(Péx (6n+1 + en) ’wn—&—l + wn)

IN

Hwn—i—l +wn|’2

At At
< SolPIPIo(e* + ) + 3
At At
< SllPIPIOE (@ + e+ g

Since (a + b)? < 2a? + 2b%, we can conclude that

At (P(Sx (€n+1 +€n) ’wn+1 JrWn)

2
At n n At o n
< Sl PIPISE (€ + e+ T (™12 + Jo™)?) . 2.27)

Hwn-i—l +wn‘|2

”Ldn+1 +wnH2.

From (2.25) and the inequalities (2.26)-(2.27), we obtain

At
lwn 42 (1 T ) +0lle" T[T + DOJlof et
U

At
§MMPQ+—)+WM%+DW@wm

4n
At At
+(SlPI = D5 ) It + e
Let us choose n < ﬁ. Then, 5i7||P||> — DSL < 0 and we can drop the last

term of the previous inequality. This means that we can write

At
\MHWQ—EQ+MMH%+Dm@wHM

At
SWMPQ+Zﬁ+ﬁWW%+DM@wM
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Let At < 2. Therefore, 1 — ﬁ—; > 0 and it follows

At
(1-85) (et + o113+ Dolsters112)

At
< (1 + 5) (™12 + ]| 1%, + DO|5Fe™|2)

which implies

At

_|__
™2+ 0l |3 + Dollot e |2 < —b (w2 + 6]l + DojloFe"|2) -
4n
Finally, by noting that
1+ 4t ot + 1/2
n o _ 2n 2n _
A&~ 1+1_g _1+1_&At_1+ _gAt
4n 4n 4n 4
1/2 1
< 1+ /nAtzl—i——At
n—x3 n

and defining C = % we obtain

o™ FHJ2 + Ol 2 + DOlloF e 2

< (1+CAY) (|lw"* + 0lle” |7 + DOl e |1Z) -

From the previous theorem we get the following result.

Corollary 2.2.1. Suppose that {U", W'} and {V*,Y;"} are solutions of the
finite difference scheme (2.14)-(2.15) which satisfy the boundary conditions
(2.3), and have different initial values {U?, W?} and {V,Y"} respectively.
Let w} =W =Y, ! = U — V™. For At < %, then {w!, €'} satisfy

o™ |[* + Blle™ |7 + DOlloFe"|I2 < K ([°)1* + 01l ) + DOlIoFe]Z),  (2.28)

where K denotes a constant independent of Ax, At.
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Proof: The result follows from Theorem 2.2.1 by making recursion with
respect to n. In fact, for a constant C independent of Az and At, we have
™[ + €™ B + Dol & €3
< (L+CAY (™ M2+ 0lle™ 7 + DoJoF e H7)
< (L+CAY" ([w°)? + 01113 + DOl6F °|12)

IN

e (w1 + 011 + D5 °17)

eI (1% + 01’1 + Dollof ")) ,

IN

that proves the result with K = e“77.
|

Thus, we can conclude that the difference scheme is stable.

Remark 2.2.1. For P = 0 it follows that the difference scheme (2.14)-(2.15) is

unconditionally stable.

Therefore, since we already proved that the Crank-Nicolson scheme is
consistent and stable, we can conclude that it is a convergent numerical

method by the Lax equivalence theorem.

2.3 Numerical results

In this section we present numerical results to test the performance of
the Crank-Nicolson method. We compare the numerical results with exact
solutions and we also illustrate the behavior of some solutions. We present
two problems for which we are able to determine the exact solution in order
to compute the errors and the convergence rate. In three other problems we
show how the solution behaves, for parabolic and hyperbolic cases with P
constant and P non-constant. In this last case, we highlight an application
involving a periodic potential.

Let

€ =u; — U; w; = w; — W; (2.29)

where u is the exact solution, w is defined by (2.4) and U and W are the

approximate solutions, respectively. To measure the error we consider the
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maximum norm, or /., norm,
llelloo = max |u; — U;| ,  ||wl]leo = max |w; — Wi, (2.30)

for 1 <i < N —1, and the energy norm, or {5 A, norm,

N—1 \ /2 N_1 1/2
el = (Ax > e§> , el = (Ax > w§> : (2.31)
i=1

i=1
We consider the /3 Ao, norm to measure the errors because it has been used
in the theoretical results of the last section. It is a variation of the Euclidean
norm /> and it is commonly used to measure the errors defined in (2.29)
since, as Az approaches zero, the /5 norm of these functions goes to infinity
[90]. The maximum norm /., measures the maximum of the error over the

interval [a, b] and is also a natural choice whenever convergence is discussed.

Example 2.3.1. We start with the parabolic problem

ou ou 0?u
E(l‘7t) - _P%(xat) + W(aj,t% x € ]—O0,00[,t > Oa

which initial condition is u(x,0) = e~ and the boundary conditions are
lim w(z,t) =0, lim w(z,t) =0.
r——00 T—+00

The analytical solution is given by

(2.1) 1 _ (@=Pt)?
u(x,t) = e 1+4t
v144t

In Table 2.1 we present the errors defined by norms ¢, and ¢ a,, at the
instant of time ¢t = 1. We consider At = Ax and observe the convergence rate

is second order as expected. The norm /., provides slightly smaller errors.

Example 2.3.2. We consider now a more general problem with 6 # 0:

9% ou ou 9%u
W(m,t) + E(x,t) = —P%(l',t) + W(x,t), x e (0,1), t >0,

with initial conditions

u(z,0) = e/ sinh(x+/(2 + P2)/2),
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Az Error |l¢]» Rate Error ||| Rate
20/128 0.1438 x 1072 0.2138 x 1072
20/256 0.3591 x 1073 2.0 0.5306 x 1072 2.0
20/512 0.8502 x 1074 2.1 0.1274 x 1073 2.1
20/1024 0.2071 x 1074 2.0 0.3125 x 1074 2.0
20/2048 0.5177 x 1075 2.0 0.7813 x 1075 2.0

Table 2.1: Errors and rates obtained for Example 2.3.1 for 6 = 0, ¢t = 1,
—10 <2 <10, P =1 and At = Az, computed with the norms /., and /5 A,.

2
%(w, 0) = _LF Vo7 ”g“DePW sinh(z\/(2 + P?)/2),

and boundary conditions

w(0,t) =0, u(l,t) =e IFVOTPI2P26inh(\/(2 + P2)/2).

The exact solution is given by

u(x, t) = e~ (HVIEPI2P2/2 6inh (2, /(2 + P2)/2).

The errors and convergence rate are presented in Table 2.2 and Table 2.3
for P =1, t = 1 and different space steps. In this case, the norms defined by
¢5 A show slightly smaller errors. We observe the method provides second
order accurate solutions when different norms are considered, as predicted
by Proposition 2.2.1.

Ax Error |l¢|~ Rate | Error |w|. Rate
1/128 | 0.3781 x 10~° 0.2966 x 10~*
1/256 | 0.9433 x 1076 2.0 | 0.7533 x 1075 2.0
1/512 | 0.2357 x 1076 2.0 | 0.1904 x 1075 2.0

1/1024 | 0.5890 x 10=7 2.0 | 0.4800 x 107% 2.0
1/2048 | 0.1477 x 1077 2.0 | 0.1204 x 107% 2.0

Table 2.2: Errors and rates obtained for Example 2.3.2for0 =1, P =1,t =1,
0 <z <1and At = Ax, computed with the norm /...

Example 2.3.3. To observe the behavior of the solution performed by the

numerical method we first consider the problem

0%u ou ou 0%u
i = _p__ — R
0 52 (x,t) + T (z,1) P@x (x,t) + 52 (x,t), z€R,t>0,
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Az Error ||e]| Rate | Error |w|| Rate
1/128 | 0.2765 x 10=° 0.1596 x 10~4
1/256 | 0.6914 x 1076 2.0 | 0.4005 x 1075 2.0
1/512 | 0.1729 x 1076 2.0 | 0.1004 x 10~°> 2.0
1/1024 | 0.4321 x 1077 2.0 | 0.2513 x 107% 2.0
1/2048 | 0.1083 x 10°7 2.0 | 0.6287 x 10~7 2.0

Table 2.3: Errors and rates obtained for Example 2.3.2for0 =1, P =1,¢t =1,
0 <z <1and At = Az, computed with the norm /5 A,.

for P constant, with initial conditions

1 2 ou

u(r,0)= g™, 65 (x,0) = ze
and boundary conditions
lim w(z,t) =0, lim w(z,t) =0.
T—>—00 T—r+00

In Figure 2.1 we present the parabolic case, # = 0, and in Figure 2.2 we
consider the hyperbolic case with # # 0. We can observe how the solution
changes with the direction of P and also the evolution of the solution as
we travel in time. The solution u(z,t) moves to the left and to the right,

depending on the sign of P. It also dissipates as t increases.

025 ‘ ‘ ‘ 025
=y) =y)
02 B3 02 =3
425 =5
0.5 0.5
=] 3
01 01
0,051 005
N T, 0 10 2 % 10 0 10 20
X X

Figure 2.1: Approximate solution obtained for Example 2.3.3 for # = 0 and
At = Ax = 0.2. Left: P = —2. Right: P = 2.

Example 2.3.4. Let us consider now the problem with P non-constant

9%u ou 0 9%
W(-Tﬂf) + E(xat) = —%(P(x)u(x,t)) + w(%t% reR,t>0,
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05 w w w 05
° —t=1 ° —=1
L —-1=3 L --t=3
04 s 04 e
0.3 03
=] >
0.2r 0.2r
R 01
S0 10 2 N T 00
X

Figure 2.2: Approximate solution obtained for Example 2.3.3 for § = 0.2,

Az = 0.2, At = 0.002. Left: P = —2. Right: P = 2.

with
1
. _ acos(z) 1
V(z; ) Joia) e

and

av 1

j2) _ _ _ . acos(z)
(x) - asin(z) JoGio)

where i is the imaginary unit and Jj; is the Bessel function of the first kind

of zero order given by the series [95]

We consider the initial conditions

1 —a?/I2 ou

= — _— O =
u(x7 O) Lﬁe Y 8t (J;? )
and the boundary conditions
mll}IEloou(.r, t) =0, Ikrfmu(x, t) =0.

To see how the potential field V(x) affects the solution and also the

performance of the numerical method, we consider the same problem for

a = 1 and for o« = 16. To simulate the results for « = 1 we can use the

Crank-Nicolson method, as shown in Figure 2.3, but to deal with the type of

solution that comes out for o = 16 this numerical method can not be used

since it presents oscillations, as we can see in Figure 2.4. The oscillations
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04 ‘ ‘ ‘ 04
03 ] 03
350.2 1 50.2r
0L ] o1
o i 0 ; 10 o i 0 ; 10
X X

Figure 2.3: Approximate solution obtained for Example 2.3.4 with o = 1,
At = Az = 0.06. Left: ¢ = 1. Right: ¢ = 3.

1 B |7 w—

= 5 0 5 10 o 5 0 5 10
X

Figure 2.4: Approximate solution obtained for Example 2.3.4 with o = 16,
At = Az = 0.06. Left: ¢ = 1. Right: ¢ = 3.

remain even for small values of the time step. With the need to solve this
problem, since it is very interesting in the physical point of view [4], a new
numerical strategy is required. To also avoid discretization in time, allowing
performances for long times, we introduce in the next chapter some alterna-
tive numerical methods. All of them are constructed based on the Laplace
transform which means that, in the end, an inversion has to be made to

obtain the approximate solution.



Chapter 3

Laplace transform numerical

methods

Taking in consideration that we are interested in the long time behavior
of solutions of equation (2.1), the idea of using the Laplace transform in time
arises naturally. Application of the Laplace transform is suitable in many
problems but implies its inversion to recover the final approximate solution
in time. To this end, we describe a numerical inverse Laplace transform
algorithm based on continued fractions [45]. The spatial discretization is
implemented with three different schemes. First, we present a scheme that
uses centered difference approximations after the application of the Laplace
transform; we call it the Laplace transform finite difference method.
However, there are problems where the Laplace transform finite difference
scheme presents oscillations, namely in the presence of discontinuous initial
conditions. Some of these oscillations disappear when we use a very small
space step but, in some cases, they still remain in the numerical solution.
Therefore, to overcome this disadvantage, we present another method for
the spatial discretization that uses a finite volume formulation [14]. Despite
the good results obtained with this method, it also presents oscillations when
one need to deal with large values of the |P| parameter. Hence, a third
spatial discretization is used to suppress this handicap: a piecewise

linearized method [79]. Numerical tests are presented to compare the

45
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performance of these three different spatial discretizations. The rate of
convergence and the computational cost of methods based on the Laplace
transform are compared with the Crank-Nicolson method. Finally, the end
of the chapter describes a problem that contains a symmetric periodic poten-
tial field.

3.1 The Laplace transform inversion

The Laplace transform has been used in several works, such as [14]-
[17], to remove the time dependent terms and obtain an ordinary differential
equation in space variable. Using this technique and combining it with an
appropriate spatial discretization method has some advantages. First, we
can compute the approximate solution for long times accurately and quickly
and we do not need to do computations in the time domain using time
iterations. Secondly, it also avoids undesirable numerical oscillations that
are related with the bad choices of time steps. Any iterative numerical
method would take too long to compute the solution for similar times, due
to the increased computational effort for discretizing in time, even when
we consider an unconditionally implicit numerical method which will allow
large time steps. To solve problem (2.1)-(2.3) we apply also this technique
that can be separated in three steps. First, we apply the Laplace transform
to the partial differential equation and boundary conditions, in order to
remove the time dependent terms, yielding an ordinary differential equation
in the space variable that depends on the Laplace parameter. Secondly, we
solve the ordinary differential equation by an appropriate discretization in
space. Depending on the purposes and the specifications of problem (2.1)-
(2.3), we use different numerical methods for the spatial discretization. At
last, a numerical inverse Laplace transform algorithm is used to obtain the
final approximate solution in time and space.

The Laplace transform of the real valued function u(z,t) is defined by

+oo
u(z,s) = / e *u (z,t) dt, 3.1)
0
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where s is a complex variable. If we apply the Laplace transform (3.1) to

equation (2.1) we obtain

+00 20 U
/0 (9((;7 (x,t) + % (, t)) e Stdt = (0s% + s)tu(z, s) — (14 0s)up(z) — ui(x)

and

“+oo 2u 2’?1:
A <_£¢P@mme)+D%§¢uw)eﬁdﬁ:—%ﬁP@ﬁ@ﬁD+D%§@ﬁl

Thus, we obtain the ordinary differential equation

d*u _ d (P(x) ug ()
@(a},s) — N(z, s) — . ( o) u(m,s)) =— OD

a+9@—“g”,(3m

where \; = ((6s®> +s)/D) /2 In the particular case where P is a constant,
we do not need a spatial discretization and can directly apply the inverse
Laplace transform algorithm. In fact, if P is a constant the exact solution of

(3.2) can be written in the form
u(z,s) = Ae” T 4 Be¥: ® + Up(z,s)

for

P P\?
+ _ 2
vy =3 + <2 ) + A2 3.3)

and u,(z, s) is a particular solution. The constants A, B are to be determined
from the following boundary conditions, derived from (2.3), @(a,s) = f(s)
and u(b, s) = g(s). The procedure for inverting u (x, s) is described in detail
in the next section. In some cases we need a spatial discretization to solve
(3.2). Figure 3.1 is a schematic explanation that clarifies when we need to
discretize in space in order to obtain the solution @(z,s). The numerical

methods used for that purpose are described in Section 3.2.

3.1.1 The inverse Laplace transform algorithm

The principal difficulty in using Laplace transforms is to find their

inverses. Although there exist extensive tables of Laplace transforms and
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Figure 3.1: Schematic explanation.
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their inverses, it is highly desirable to have numerical methods to obtain
an approximation of the inversion solution. Based on a different approach
from some conventional inverse transform algorithms [20, 46], a numerical
inverse Laplace transform algorithm was developed in [2]. This algorithm
serves the purpose of the present study and, therefore, a computer code has
been written following it to invert the solution numerically into the time
domain. Based on the Fourier series expansion and the continued fractional
approaches, this algorithm is described in [4].

Let ﬁi(s), i = 0,...,N, represent the approximation of u(x;,s) in the

Laplace transform domain. In this section, we determine an approximate
solution Uj(t) from Us(s) by using a Laplace inversion numerical method.
For the sake of clarity we omit the index i, denoting U;(s) by U(s). An exact
inverse Laplace transform of U (s) into U (¢) is given through the Bromwich
integral [63]
1 BHico
=5~ . e*'U (s) ds, (3.4)
where i is the imaginary unit and 3 is such that the contour of integration is
to the right hand side of any singularity of U (s). If we consider s = 3 + iw
[1, 4, 63] and ds = idw we can write

_ TR 1 O st
Ut) = = eﬁt““’tU(S)idw:Z—eﬁt/ e“'U (s) dw

2m J_ I oo

1 +eo ~
= —e¥ / (coswt +1isinwt) U (s) dw
2 oo

= ieﬁt /+0<> Re {(7 (s)} cos wt — Im{ﬁ(s)}sinwtdw

2 o0
1 +00 . _
—i——eﬁti/ Im{U(s)}coswt—l—Re{U(s)}sinwtdw. (3.5)
27 o
Since
_ too +o00 —
U(s) = / e (1) dt = / o FHITF (1) dy
0 0
+o0 .
= / e PU (t) (coswt — isinwt)dt,
0
we have

N 00
Re {U (s)} = /0 e AT (t) cos wt dt (3.6)



50 Laplace transform numerical methods

and
Im {(7 (s)} =— /+OO e AU (t) sinwt dt. 3.7
0

From (3.6) and (3.7) the second integral of (3.5) vanishes and we get

U(t) = ieﬁt /+OO Re {(',7 (s)} coswt — Im {[7 (s)} sin wt dw. (3.8)

2T oo

It is easy to see from (3.6) that Re {(7 (3)} is an even function. Therefore,
Re {(7 (3)} coswt is also an even function. Furthermore, from (3.7) we see

that the function Im {17 (s)} is odd and the product Im {(7 (s)} sinwt is an
even function. This means that the function of the integral (3.8) is even and

we can write

+o0 . -
Ut) = %eﬁt/O Re{U(s)}coswt—Im{U(s)}sinwtdw
+o0 -
= —eﬁt/ Re {U (s) (coswt + isinwt)} dw.
0

Finally, X .
U(t) = —eﬁt/ Re{ﬁ(s) eiwt} dw.
0

™

The integral is now evaluated through the trapezoidal rule, with step size

/T, and we obtain

T(#) = %eﬁt _Er (3.9

U(f) {~< ilm) _}
— + ReqU(B+—]eT
)yt T

for 0 < ¢t < 2T and where E7 is the discretization error. It is known that

the infinite series in this equation converges very slowly. To accelerate the
convergence, we apply the quotient-difference algorithm, proposed in [2], and
also used in [4, 73], to calculate the series obtained in (3.9) by the rational
approximation in the form of a continued fraction. With the purpose of

applying this scheme to (3.9), set
s ~ ﬁ > ~ ikﬂ' ikmt
ZUkzk:%@+ZU<ﬁ+—>e#, (3.10)
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Under some conditions we can always associate a continued fraction to a

given power series [45]. We denote v (z) the continued fraction
v(z) =do/ (1 +drz/ (1 +doz/ (1 +--))) (3.11)

associated to the power series in (3.10) and write
lkj'ﬂ' lk'/rt

The coefficients d,’s of (3.11) are obtained by recurrence relations from the

coefficients U (5 + ‘k”) that is, let
eék) :0, qgk) :ﬁk+1/ﬁk, k}:O,l,....

From the recurrence relations

e g =MD 40D k=01, p=1,2...,
k
ql(”r)le}(ﬂk) q(kJFl) (k+1)7 k= 0715"" b= 152’--- )

we obtain the coefficients d,’s,

dO = ij; d2p—1 = —Q;(;0)7 d?p - _6(0)7 p= 1727 s

This way, the algorithm computes the coefficients of the continued fraction

needed for the inversion process. Let the M -th partial fraction v(z, M) be
v(z, M) =do/ (1 +diz/(1+ - +dyz)).
We obtain v(z, M) = Ay;/ By using the following recurrence relations
Ap=A, 1 +dyzA, o
B, =B, 1 +dy,zB,_, p=12 ...,
with A_1 =0, B_1 =1, Ay = dy, By = 1. Therefore

v(z) =v(z, M)+ EM,
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where E¥ is the truncation error. Then
— 1
U(t) = TeBtRe {v(z,M)+ E}'} — Br.

In the next section an error analysis is made to see how we can control these

errors. The approximation for U (t) is denoted by U(t) and given by

U(t) = %eﬁtRe {v(z M)}

3.1.2 Convergence of the inverse Laplace transform

algorithm

We discuss in this section some convergence aspects of the inverse Laplace
transform algorithm. Let (72-(3), 1 =20,..., N represent the approximation of
u (z;, s) in the Laplace transform domain and denote by Eg the error that is

associated to the spatial discretization,
W(zi, s) = Ui(s) + Es(x;,s). (3.13)

The Laplace inverse transform of U;(s), as described in the previous section,

is the solution
U, (t) = %eﬁtRe {v(z,M;) + EM (z;,)} — Ep(4,1), (3.14)

where Ep is the error associated with the trapezoidal approximation and
E¥ is the truncation error associated to the continued fraction. Note that
for each z; the algorithm chooses an M; and therefore for each z; we have
a different value of the approximation of the continued fraction, v (z, M;).

Therefore, from (3.13)-(3.14) we have
'Uz(.%'i, t) = %eBtRe {’U (Z7 Ml) + Eé'w(x’wt)} - ET(x’iv t) + ES(xiv t)v

where Eg(z;, t) is the inverse Laplace transform of the error Eg(z;, s).

Leaving for now the spatial discretization error, we have two errors which
controll the discretization obtained from the Laplace transform inversion.
The first error, Er, that comes from the integral approximation using the
trapezoidal rule, according to Crump [20], is

o0
Er = Ze_QnﬁTu(:ci, 2nT +t).

n=1
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Assume that our function is bounded such as |u(z;, t)| < e, for all x;. In this
case the Laplace transform u(s) is defined for Re(s) > ¢ which means that

on (3.4) must be 8 > o. Thus, the error can be bounded by

eot

o0
Ep < et Ze—2nT(5*0) = ) 1’ 0<t<?2T.
n=1

It follows that by choosing /3 sufficiently larger than o, we can make Er as
small as desired. For practical purposes and in order to choose a convenient

B we replace the previous inequality by
Br <et2TB=0) <t <2T.

If we want to have the bound F7 < by then by applying the logarithm in both

sides of the previous inequality we have

2T +1 1

> ——1 .
bzo—5 —gpinln)
Assuming o > 0 we can write
In (br)
>0 — .
bzo-=7

We will consider o = 0. In practice the trapezoidal error Er is controlled by
the parameter 5 we choose.

The second error, E% , comes from the approximation of the continued
fraction given by (3.12). This error is controlled by imposing a tolerance
TOL such as

lv(z,M)—v(z,M —1)| <TOL,

in order to get the approximation U;(t) given by
1 Bt
Ui(t) = 7e Re{v (z, M;)},

where M; changes according to which z; we are considering.
In order to understand better how to control the trapezoidal error with
the parameter 5 and how the tolerance TOL affects the error, we present a

test example which is an analytically exactly solvable model.
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Example 3.1.1. We assume P constant and § = 0

ou ou 82
E(m,t) = _Pﬁ_x(x’t) +D g 2(3: t), = €]0,00[,t>0. (3.15)

The initial condition is u(x,0) = 0 and the boundary conditions are

u(0,t) = wo, lim wu(x,t) =0. (3.16)

r—r-+00

We choose this test example for two reasons: firstly, equation (3.15) can
be analytically exactly solved by first applying the time Laplace transform
and then through the inverse Laplace transform. Secondly, this example is
chosen to analyze the convergence aspects of the Laplace inversion algorithm
without spatial discretization. If we apply the Laplace transform to this

problem we obtain the ordinary differential equation

d*u P du 5
w(ﬂg S) D dr (I‘ S) - 5U(I’,S) =0,

where s is a complex variable. Since P is constant, by using the boundary

conditions we obtain the solution of this equation as
~ [P/2D—\/(P/2D)2+5/D]z. (3.17)
S

u(zx,s) = up—

The analytical solution is given by [2]

ug x — Pt Pa/Dy, [m—kpt})
) = — | erfi +e 3.18)
u (x,t) 2<erc{2\/D_t] (
where erfc(x) is the error function complement [18], erfc(z) = 1—erf(z), being

erf(x) the error function defined by

erf(x / e’ dp.
\/_
In Figures 3.2 and 3.3, forug =1, P =2,t =1 and 0 < x < 12, we plot the

following errors,

Ep = 1;%%\}7{—1 lv(z, M;) —v(z,M; —1)] and Eg= ISI%%\)](_I |u(zq, t) — Ui(t)].
We choose the interval 0 < z < 12 in order to avoid the influence of the right
numerical boundary condition in the numerical computations, that in this

case is u(12,¢) = 0.
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Figure 3.2: Error Er and Eg for Example 3.1.1 for ug = 1, P = 2, t = 1,
0<x<12and 8 = —In(107%)/27T with T = 20 and different values of TOL.
The global error is controlled by the parameter 5.
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Figure 3.3: Error Er and Eg for Example 3.1.1 for ug = 1, P = 2, ¢t = 1,
0<z<12and B = —In(1071%) /2T with T = 20 and different values of TOL.
The parameter 3 is chosen such that the global error is not affected.

The error Ep is related with the error E¥ since we can control EX by
controlling Er with the tolerance TOL. Figure 3.2 and Figure 3.3 illustrate
how the parameter 3, defined by 3 = —In(107%)/27 in Figure 3.2 and
B = —1In(10719)/2T in Figure 3.3, affects the global convergence. Note that
in Figure 3.2 the precision does not go further than 107%. The global error
of Figure 3.2 and Figure 3.3 is not affected by the spatial error Fs since we

apply the Laplace inversion algorithm directly in (3.17).
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3.2 Spatial discretization methods

In this section we will deal with the time derivatives through time Laplace
transform. We use three different approaches for the spatial discretization
described in Sections 3.2.1, 3.2.2 and 3.2.3. After spatial discretization we
obtain the linear system

K (s)U(s) =b(s), (3.19)

where K(s) = [K;;(s)] is a band matrix of size (N — 1) x (N — 1), the
unknown vector is U (s) = [U; (s),...,Un—1(s)]7 and b(s) contains source
terms and boundary conditions. In this study we obtain a matrix K with
bandwidth three. We provide the three spatial discretizations by giving the
entries of the matrix K and the vector b. At last, the algorithm described
in Section 3.1.1 is used to perform the Laplace inversion and get the final
approximate solution u(x,t).

The errors that come from the numerical inversion of Laplace transform
were already described in Section 3.1.2. We will prove further on that the
spatial discretization error Eg(a:i, s), defined in (3.13), has a truncation error

of second order for the three spatial discretizations.

3.2.1 A Laplace transform finite difference method

The Laplace transform finite difference method (Laplace-FD) consists of
applying first the Laplace transform to remove the time dependent terms
from equation (2.1) and boundary conditions (2.3). We obtain an ordinary
differential equation which is discretized using a finite difference method.
We consider centered differences to approximate the first derivative and the
second derivative of equation (3.2). For a fixed s, the finite difference scheme
is given by

Ul;l(s) - 201'(5) + ﬁi+1(8) l Pi+1ﬁi+1(5) - Piflﬁifl('s)
Az? D 2Ax

= — & (o) (1 4 05) + (1) (3.20)

fori=1,...,N — 1, where P, = P(x;).

— N2Uj(s) —
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The matrix K (s) has entries of the form

1 P4
Kuml) = 32+ opas
2
Kii(s) = T A2 )‘gv
1 Py
Kinls) = X3~ 3pas (3.21)

and b (s) contains boundary conditions being represented by

—ug(x1)(1 4 0s) — uy (1) K10(s)Uo(s)
—ug(x2)(1 + 0s) — uy(z2) 0
B(s)= 5 - -
—up(zn_2)(1 +60s) —ui(zn_2) 0
| —uwo(en-1)(1+0s) —w(en-) || Kn-1,n(8)Un(s) |

We now prove the Laplace-FD method is second order accurate for the

spatial discretization and, for simplicity, we assume D = 1.

Proposition 3.2.1. For the finite difference discretization we have
Kii1(s)ui—1(s) + Kii(s)ui(s) + Kii1(s)uita(s)

d2~i . d _
B d—xUZ(S) = ASi(s) = —=(P)i(s) + O(Aa?), (3.22)

where the K's are defined by (3.21).

Proof: Let us substitute the exact solution u(z, s) in the numerical method
(3.20),

Km_l(s)ﬂi_l(s) + Km(s)ﬂl(s) + Ki7i+1(8)ai+1(8) + Uo(xi)(l + 98) + ul(xz) =0.

Now, for a fixed s, we do Taylor expansions of the functions w; 1, w;1,

P,_1 and P, 4, around the point z;. We have
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Kii—1(s)ui—1(8) + K i(s)ui(s) + Kiir1(5)Uip1(s)

&2 , d.
= 3 5) — Nis) — - (Pi)(s)
1~ 1, du; 1, ,d*u; 1 d%u; 1 d*u; )
— = U — —pP'— — —r; — =i — — A
gl ) P () — g Py m () g hgm () g ()| A
+0O(Az?),

where P/, P and P" denote the derivatives of P.

From this result we can conclude the Laplace-FD method is second order

accurate in space since the truncation error is of order O(Ax?).

3.2.2 A Laplace transform finite volume method

Although the Laplace transform finite difference method described in the
previous section has second order accuracy, it presents numerical oscillations
for some initial conditions as we will see in some numerical tests. Therefore,
we introduce in this section a finite volume method, presented in [14], for the
spatial discretization to suppress those oscillations from the vicinity of sharp
discontinuities. We will apply it to our model problem (2.1)-(2.3) considering
non-trivial initial conditions and different values of the parameter P, for
both parabolic (§ = 0) and hyperbolic (§ # 0) equations. The combination of
Laplace transform with the finite volumes generates the Laplace transform
finite volume method (Laplace-FV).

The discretization consists of using the finite volume formulation by
integrating in x the ordinary differential equation (3.2) in the i-th control

volume [z; — Ax/2,z; + Ax /2],

/xm%“ {M N () - o <P(x)ﬂ(x’s)>} “

—ar dxz? dz

7

mi—l—%
:_% (1 85)uo(@) + wn (a))d (3.23)

Ti—
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We compute the integral on the right hand side by the midpoint rule, that is,

J»‘H—%
/ N (1 4+ 0s)up(x) + uy(z))de ~ Az [(1 4 0s)up(z;) + ui(z;)] .

g 2

We can write the integral on the left hand side as

B) i

d ~ ZH—% ) ; - a:i—l-% _
[d—U(x,s)} — Az / U(x,s)dx +/ U (z,s)dx

—wﬁ(@ +Azx/2,s) +

P (z; — Azx/2)

o) Uz, — Az/2,s). (3.24)

As suggested in [14], for = € [z, z;11],7=0,..., N—1, we approximate U (z,s)

by the following combination of hyperbolic functions,

i (2,5) = sinh (Ag (zj+1 — 7)) ~ sinh (\s (2 — ) ~

sinh (AsAx) i(s) sinh (A\;Ax) Uirals),

where ﬁi(s), i = 0,...,N, represents the approximation of U (x4,s) in the

Laplace transform domain. Substituting this approximation in (3.24) yields

sinh();\ﬁx) ﬁi_l(s) — 2COSh(/\5A$)ﬁZ‘(S) + ﬁi+1(s)]

P (z; + Az/2) sinh(A\;Az/2) /~ _
B D sinh(A;Az) (Ui(s) + Uz‘+1(5)>

P (z; — Azx/2) sinh(\;Ax/2) (~4 ~ ) '

+ D sinh(A\;Ax) Uina(s) + Ui(s)

Finally, the evaluation of (3.23) produces the following discretized equations,
fori=1,...,N —1,

Kii1(8)Uio1(s) + Kii(5)Ui(8) + Kiiv1(s)Uiy1(s)

= —%A [(1 + 0s)ug(w:) + i ()] (8.25)



60 Laplace transform numerical methods

for
Kiii(s) = 1+ Pimw’
Kii(s) = —2cosh (AAxz) — (P1j2 — Pio1)2) w’
Kirn(s) = 1= P ot (3.26)

where Py, = P(x; £ Ar/2). The vector that contains boundary terms is

given by
(14 60s)ug(z1) + uy (1) K10(s)Uo(s)
(1 + QS)UQ(QZQ) + uq (562) 0
E(S) =Ry s : - )
(1+6s)up(zn—2) +ui(zn_2) 0
I (1 + Gs)uo(mN_l) + ul(xN_l) | i KN—LN(S)[?N(S) |
where R, ; = _%ﬁg\sm. Thus, equation (3.25) can be written in the

matrix form (3.19) where matrix K and vector b are defined by the entries
given above.

We will assume the diffusion coefficient D = 1 to show the Laplace-FV
method has a local truncation error of second order for the spatial discretiza-

tion.

Proposition 3.2.2. For the finite volume discretization (3.25) we have

Kii—1(s)ui—1(s) + Kii(s)ui(s) + K i1(s)uiv1(s)

+Sinh<jism)m~ [(1+ 08 )uo(2:) + wr (x2)]
= Cj;z’ (S) —)\gﬂi(s) — %(Pﬂ)z(s) +U0($i)(1+95> +U1($z’) —|—O(Am2), (3.27)

where the K's are defined by (3.26).

Proof: Let us substitute the exact solution u(x, s) in the numerical method
(3.25), that is,

K 1(s)ui—1(s) + Kii(s)ui(s) + Kiit1(s)uigp1(s)
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n sinh(AsAx)
As
Making Taylor expansions of the hyperbolic functions,

A3 A3

Az [(1+ 0s)ug(z;) +ui(z;)] = 0. (3.28)

sinh (\yAz/2) = % <)\8Ax + 4 (’)(Aa:5)>

and
NAz?  MAg?
_'_
2 24
then the first three terms in the equation (3.28) turn into

cosh (A\sAz) =1+ + O0(Az?),

R )

~ M Azt
+u;(s) (—2 — A2Ag? — 2t )

- Py /o—Pi_
_ui(s)w ( (Az® ))
P 3
iy (s) <1 - ’2&1/ 2 </\5Ax + Asg‘f + O(Aw5)>) . (3.29)

For a fixed s, we do also Taylor expansions of the functions u;_1(s), @;j+1(s),

P;_1/3 and P/, around the point z; obtaining

Az Az? Az3 Azt
Pii12 = P (zi + Az/2) ZB'JF?P{JF 3 P+ 18 PZ’W+ 16 % 24

P””"‘O(Aff )

2 3

Prosja = Plai— Aa/2) = P= S0P AL pr B pr, BT pin o(aq),
dﬂz A$2 dQﬁZ AQZ3 d3ﬂz ALE d4ui
It e T
dul( )+A$2 d2; . +Al’3 d3; . +Al’4 d*u;
dx 2 dz? 6 dz3 24 dxt

Uio1(s) = Ui(s)— Az (s)+0(Az%),

i1 (s) = @i(s)+Aa

(5)+O(Az),

where P’, P”, P"" and P"” denote the derivatives of P. Using these equalities

in (3.29) we obtain, after some algebraic manipulations

Y A2
w(s) (22002 — Azt~ PlAg? — s piagt — L prags
uz(s)< AN Az Tk A — o) YR x>

d; 22 d>; 1
L —PAxz? — ZEPAx* — P.”A 4 ! Az? — ZP/Ax?t
+dx(s)< SY! 8 x>+dq:2(s><$ 41:”)
4d3 4d4 5
——PA A A
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which is the same as

<d2@ ()~ A2~ P ) - Pﬁxs)) Az

d.’E2 s t d:(;
NN B N2 P di,
_Is _Ispr_ T ~ N —SPZ L i A 4
! << 2 a2 ) () (24 TR > i (3)> v
P! d27 P, 3 1 d4:
I ? I a4 L 9 A 4 A 5 . '
+< 1T a2 TG s ) T (S)) v+ 04 (3.30)

The last term of equation (3.28), using Taylor’s formula of the hyperbolic
function, becomes
sinh(A\;Ax)
As

A A3 A3
:)\—x(ASAZL‘—F sOF

Az [(1 4 0s)ug(xi) + uy ()]

+O(Az°))[(1 + O5)uo(w;) + ua ()]

= [(1 + 08)ug(x;) + uy(x;)]Az® + %g[(l + 0s)up(z;) + ul(mi)]A:LA

+0O(Az5). (3.31)
From (3.30) and (3.31), and after dividing by Axz?, we obtain

Kii1(s)ui—1(8) + Kii(s)ui(s) + Kiit1(s)uip1(s)

—i—%&x [(1 4 0s)up(x;) + uy(x;)]
d*u; o d
— W(s) — Asu;(s) — %(Puz)(s) + uo(x) (1 + 0s) 4+ uq ()

WV 5 (o X B di 2
* <<_E_ TR 24>“i<5>‘ <ﬂ3+§> ax <5>> A

P! d*u; P; d3u; 1 d*u;
_Z v _ Ttz i Ax?
+< i G D (S)> v

+%§[(1 + 08)ug(z;) + vy ()] Az? + O(Az3).

Finally, since

d?u;
dx?

du;
dzx

(5) = (A + P)i(s) = P (s) = — (1 + Os)uo(x) — ur (),

then
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Kii—1(s)ui—1(s) + K i(s)ui(s) + Kiir1(s)tir1(s)

+Sinh()\sAx)

e Az [(1+ 0s)ug(z;) + ui(x;)]

d*u; _ d  __
= (5) — A24;(s) — %(Pu)l(s) + uo(x) (1 + 0s) + uy(z;)

T P AV U I A TP
+(<E+§Pi— 24>u¢(s)+<§Pi—?> dx(8)>Ax

n Pil N )\g d2ﬂz( ) Pzdg’ljz( )+ 1 d417i
176 ) Az T 6 A T 12

(s)) Ax? 4+ O(Az?),

which confirms the second order accuracy in space of Laplace-FV method.
|

3.2.3 A Laplace transform piecewise linearized method

In this section we present the Laplace transform piecewise linearized
method (Laplace-PL) which is obtained from the application of the Laplace
transform in conjunction with the piecewise linearized method used for the
spatial discretization. This method was first proposed in [79]. It was also
applied to our model problem in [5], where we present some numerical tests
to show the convergence and efficiency of the numerical method. In fact,
we shall see this method performs better than the Laplace transform finite
volume method, since the latter presents oscillations for large values of the
parameter |P|.

Following the suggestions applied in [79] for a slightly different problem,
we can rewrite the ordinary differential equation (3.2) in the form

%(x,s) _ gj—i(x,s) - (% + Ai) iz, 5) = —%(1 +0s) — ungC), (3.32)
where P’ represents the x derivative of P. In each interval [x;_1,2;.1], for

t=1,...,N — 1, the equation can be approximated by

2U P, dU P\ ~ uo(z;) uy ()
w(x,s)—ﬁg(ms)—(5+)\s> U(z,s) =— o) (1+6s)— D (3.33)

where U(z, s) is an approximation of &(z, s), P; = P(x;) and P, = P'(x;). This

equation is obtained from (3.32) by freezing the coefficients at the mid-point
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of the interval z;,_; < x < z;;1. The solution of (3.33) in [z;_1, z;11] is

Uz, s) = A" @ %) 4 Bie"sil™=) L T (z;,5), (3.34)

2 / -
with v, = 44 + \/ (;B) + (% + A2) and U, (z;, s) is a particular solution
given by

~ B wo(x;) (1 + 0s) 4+ uq(z;)
o) = = v o)
The values A; and B; can be directly determined from the solution (3.34)

as
B; = Ui(s)— A —U,,, (3.35)

Ui1(s) = A i 4 (Uy(s) — A; — U,)e " +T,,,  (3.36)

Uii1(s) = A’ 4 (Uy(s) — A; — Uy, )e"i%% + T, (3.37)

where ﬁi(s), i = 0,...,N, represents the approximation of U (2, 8) in the

Laplace transform domain and ﬁpi denotes ﬁp(xi, s) . From (3.36)-(3.37), we

have
o Uia(s) = Tils)e =™ 4 Ty "™ — T,
v e—l/:Z.A:v - e—l/;iAa:
~ ~ —_ o~ — o~ + —
_ [FUia(s) + Ui(s)e i — Up,e "8 4 Ty Jest¥e)B
B el/;iAw . eu;iAx
and

o Tintls) = fs)es® + e 7,

1
+ -
el/s,iAx . eusyiAx

By equaling the values of A;, we obtain the following three-point finite

difference equations, for: =1,..., N — 1,

Ki,i—l(s)fji—l(S) + szz(s)ﬁz(s) + Ki,¢+1(8)ﬁi+1 (S)

= Up, (K i—1(s) + Kii(s) + Kiiv1(s)), (3.38)
where
Kii1(s) = e(u:i—ku;Z)A ’
Kii(s) = —e” A _ v A

Ki,i+1(5) = 1. (339)
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The vector b (s) containing the boundary conditions and source terms is

represented by
ﬁpl(Kl,O +K1,1 +K1,2) KLQﬁQ(S)
Upy (K21 + Ko 2 + K3 3) 0
ﬁpN—z (Kn—aN—3+Kn_oNn—2+ Kn_2N_1) 0
Upy_ (Kn-1n—2+ Kn_1x-1+ Ky 1n) Kn—1.xUn(s)

where K;; 1 = K;;-1(s), K;; = K; ;(s) and K; ;41 = K;;11(s),i=1,...,N—1.
Once again, we can write equation (3.38) in the matrix form (3.19). The next
step is to determine an approximate solution U(z;,t) from ﬁ(xl, s) by using
the Laplace inversion numerical method described in Section 3.1.1.

At last, we will confirm the second order accuracy of the Laplace-PL

method, for the spatial discretization, when D = 1.
Proposition 3.2.3. For the piecewise linearized method we have
Kii—1(s)ui-1(s) + Kii(s)ti(s) + Kijiy1(s)uita(s)

—Up, (Kii-1(s) + Kii(s) + Kii1(5))

25 ~
- Cfi;; (s) - B%(‘S) — (P/ 4+ 22) Wi(s) + uo(w:) (1 + 0s) + un ()
+0(Az?), (3.40)

where the K's are defined by (3.39).

Proof: We first substitute the exact solution u(z, s) in the numerical method
(3.38), that is,

Kii—1(s)ui—1(s) + K i(s)ui(s) + Kiit1(s)wit1(s)
—p, (Kii-1(s) + Kii(s) + K i41(s)) = 0. (38.41)
Let R? = PT"Q + (P! + )\2). Using the definition of the K's coefficients we have
Kii—1(s)ti-1(s) + Kii(5)ti(s) + Kiip1(s)uira(s)

_ ePiAxﬂifl(S) _ (e(Pi/2+R)A33 + e(Pi/Q_R)Am) wi(s) + wit1(s)
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_ e(Pi/Z)Aa: <e(PL-/2)A:cﬁi_1(3) - (eRAx + e—RAa:);lIi(s) + e_(Pi/2)A$ﬁz‘+1(S)>

(3.42)
and
Up, (Kii-1(s) + Kii(s) + Kii+1(s))
( P Az P/2+R)Ax+e(P/2 R)A:Jc) +1)
o(Pi/2)A ( (Pi/2)Az _ (gRAz | o=RAw) +e(fpi/2)m) ' (3.43)

For convenience, we multiply equation (3.41) by e~ ("i/22z_ Next, by doing

Taylor expansions of the exponential functions in (3.42) and (3.43) results in

e (/DA (IG5 1 (8)ti—1(s) + Kii(8)ti(s) + Kiig1(8)tiga(s))

~ b P o PPy s By
= u;_1(s) (1 + ?Aaz + ?Al‘ + 4—8A:U + 4'16Aac + O(Ax )>

4
—u;(s) <2 + R?Ax? + %Am4 + O(Az®)

; P? P} P}
+i41(s) (1 — gm + glm;? - ﬁmi” + LAzt + O(Az")

4116
(3.44)

and

e~ (Pi/DReg, (Kiio1(s) + Kii(s) + K;ita(s))

_ (P P} R
= Uy, (TAJ?Q + mAm‘l — R?Az? — EA$4 + (’)(Aa:5)>

P!+ )\2)? P?
= Up, <—(PZ-’ + A Az? ﬂAm‘L — (P + X)) Az + O(A:r5)> ,

12 24

as R?2 = PTE + (P! + A2). Furthermore, since

~up(x)(1+0s) +up(xy)
= P+ X2

we can simplify the last expression and get

o (P /2)Ax~p (Kii—1(s) + K i(s) + Kiit1(s))

= (—uo(i) (1 + 0s) — w1 (2;)) Aa?

2 I 2
+(—uo(z)(1 4 0s) — ui(z;)) (% + @) Azt + O(AzD).

(3.45)



3.2. Spatial discretization methods 67

Next, we do Taylor expansions of the functions u;_1(s) and u;4+1(s) around

the point z;. After some algebraic manipulations we can write (3.44) in the
form
e PR 1 (s)ai1(s) + Kii(s)ui(s) + Kiiy1(s)uipa(s))

L

— (530 - PO - (7 i) ) A

1 p? _ P} du;
(g (P22 = G X)) als) = 5 T (s) ) At
¢ ¢ 24 dzx

12 24
]JZQ d2ﬂl R d3a’z 1 d4ﬂl A .
+ (@ Ol dOR T ey (s)) Azt + O(Az). (3.46)

After dividing (3.45) and (3.46) by Ax?, we obtain
(Kii—1(s)ui—1(s) + Kii(s)ui(s) + Kiiv1(s)uiv1(s)

—Up, (Kii-1(s) + Kii(s) + Kii+1(s))

d2~i d~i ~
= =5 (8) = B (s) = (P4 ADia(s) + o () (1 + 65) + r (a7)
1 P2 - P-3 .
+ ((—E(P{ +A2)? — i(f’{ + A?)) u;(s) — j%(so Az®

P? d*u; P, d3u; 1 d*u;
i i 5 ) L i A2
+< s a5 O T o (3>> v

P2 (P! + \?
+(ug(x;) (1 + 0s)uq(x;)) <i + %) Az?.
Finally, since
d*u;
dz?

we obtain the desired result

(5) — (N2 + PLYis(s) — P () = (14 0s)uos) — (),

Kii—1(s)ui—1(s) + K i(s)ui(s) + Kiir1(s)tip1(s)

—Up, (Kii-1(8) + Kii(s) + Kiit1(s))

= T8 (s) — PO (s) — (P4 AR)i(s) o)1+ 05) s )
P, du; 1 d*u; P, &3,
“(pr a2 &l —(P2— P - AT — L)) A2
+ (e + 57 - P =55 - $OE 6 ) as
1 d*a;
13 dh (s)Az?.
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We can conclude that the truncation error has order O(Az?), that is, the

Laplace-PL method is consistent and second order accurate in space.

3.2.4 Some remarks on stability

In order to extend the study of the convergence of methods, we will now
discuss some properties of matrix K(s) of the system (3.19), to draw some
conclusions about the stability of the numerical methods. By denoting
E; = ES(%,S), i=1,...,N — 1 we have

LAE; = Ta(zi, s),

that is,

K(s)E(s) = Ta(s),

with 7a(z;, s) the truncation error for the Laplace-FD method. If, for some
constant ¢ > 0, | K~1(s)]|oc < ¢ then we would have |E;| < ¢||7al|s. Regard-

less of the method, the matrix K (s) contains the parameter )2, given by

km

M= (05> +5)/D = (0% + B — Ow? +iw(208 +1))/D, w = T k=1 M,

with s = 8 + iw, M defines the set of values in the Laplace domain given by
M = max; M;, where M; is the iteration for each z; and T defines the stepsize
of the trapezoidal rule applied in (3.9). For §w? > 632 + 3 the complex A\? has
negative real part. Hence, it is not easy to prove analytically the inverse of
K (s) is bounded, since the matrix K (s) is not an M-matrix [91, 92]. Despite
this, we will analyze K (s) to get some conclusions. For this study we consider

the example

Example 3.2.1. Problem (2.1)-(2.3) for

3 1 . COST
P(x) = asin(x) Jo(ia)e ;

with —15 < x <15, ¢t =1, 8 =1, D = 1, with initial conditions
1
e /L ui(z) =0,

up(z) = L—\/7_r )
and boundary conditions f(t) = g(t) = 0.
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—N=50
- N= 100
“N=500

.........

Figure 3.4: Infinity norm for matrix K ~!(s) for T' = 30 and different values
of N. We have considered Example 3.2.1 for P(z) with o = 1.

25

—T=100
~T=300
- T=500
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|

Figure 3.5: Infinity norm for matrix K ~!(s) for N = 250 and different values
of T. We have considered Example 3.2.1 for P(x) with o = 1.

It is easy to see numerically that for a fixed T', as we refine the space step,
the value || K ~!(s)||oc does not change significantly as illustrated in Figure
3.4. We also notice that ||K~!(s)||« is larger for values of |s| close to zero,
indicating that the convergence can be lower for these values. The same
features are also evident when we consider different values of T, as can be
observed in Figure 3.5.

Regarding the accuracy of the numerical methods, additionally to the
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Figure 3.6: Condition number for the matrix K(s) for T = 30 and different
values of N. We have considered Example 3.2.1 for P(z) with o = 1.

truncation errors, let us look at the condition number of the matrix K(s),
cond(K), that determines how accurately we can solve the system (3.19).
The condition number of the matrix K (s) is affected by the values of N and
T. Although the matrix K is different for the three spatial discretizations,
the numerical tests performed exhibited the same behavior (same curve) of
the condition number for all the three methods. Therefore, we only present
the results for the Laplace-FD method. We can infer from Figures 3.6 and
3.7 that the condition number of the matrix K (s) increases if we increase N
or T and decays with [s|.

Usually one must always expect to loose log;o(cond(K)) digits of precision
in computing the solution, except under very special circumstances. Since we
work with double precision numbers, about 16 decimal digits of accuracy,
caution is advised when the condition number is much greater than 1/1/10-16,
which in general does not happen for our problem. The condition number of
order 10° is reached for very large values of 7" and N, such as, both larger
than 10°. We plotted the results for o = 1, although for different values of o
we have similar results. The same conclusions are valid for problems with
different functions P and different initial and boundary conditions. We also

notice that the Laplace-FV and Laplace-PL methods perform similarly.
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Figure 3.7: Condition number for the matrix K (s) for N = 250 and different
values of 7. We have considered Example 3.2.1 for P(x) with o = 1.

Additionally we observe that we have a similar phenomenon to the so
called pollution effect [8] observed for the Helmholtz equation and for high
wavenumbers, where the discretization space step has to be sufficiently
refined to avoid numerical dispersion. Also in this context, it is observed
that if we have a complex number as a coefficient in the equation, which is
our case with )\, the imaginary part acts as an absorption parameter, which
seems to allow us to better control the solution by decreasing the solution
magnitude [40]. Following what is reported in literature [8, 9, 74], a useful
rule observed for an adjustment of the space step is to force some relation
between T and the Az. For our problem a similar condition is

wAz < 10

This leads to (M/T)Ax < 2/10.

3.2.5 Convergence of the numerical methods

We have seen in previous sections three different approaches for the
spatial discretization after the application of the Laplace transform: the
Laplace transform finite difference (Laplace-FD), the Laplace transform

finite volume (Laplace-FV) and the Laplace transform piecewise linearized
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Ax Laplace-FD  Rate | Laplace-FV  Rate | Laplace-PL.  Rate
10/128 [0.2549 x 1073 0.1815 x 1073 0.6307 x 10~4
10/256 |0.6601 x 10~* 2.0 ]0.4238 x 107* 2.0 [0.7612 x 107> 3.1
10/512 |0.1615 x 107* 2.0 [0.1093 x 107* 2.0 [0.9513 x 1076 3.0
10/1024 | 0.4063 x 107> 2.0 ]0.2681 x 107> 2.0 |0.1392 x 1076 2.8
10/2048 | 0.1018 x 107> 2.0 [0.6670 x 107 2.0 [0.1733 x 1077 3.0

Table 3.1: Global error Egy for § =0, P =2,t=1,0 <z < 10, TOL = 1/N3,
T =3, 3= —In(10"16)/2T, computed with the norm /..

Ax Laplace-FD  Rate | Laplace-FV  Rate | Laplace-PL.  Rate
10/128 [0.7229 x 103 0.7199 x 1073 0.3034 x 10~4
10/256 |0.1800 x 1073 2.0 [0.1792 x 1072 2.0 [0.3575 x 107> 3.1
10/512 |0.4529 x 107% 2.0 |0.4511 x 107* 2.0 [0.7431 x 1076 2.3
10/1024 [0.1128 x 10~% 2.0 [0.1123 x 10~* 2.0 |0.5582 x 107 3.7
10/2048 | 0.2824 x 107° 2.0 |0.2817 x 107° 2.0 |0.9191 x 10=® 2.6

Table 3.2: Global error Eg; for§ =0, P = —2,t =1,0 <z < 10, TOL = 1/N3,
T =3,3=—In(10"16)/2T, computed with the norm /..

(Laplace-PL) methods. Even though the second order accuracy of the spatial
discretization was proved theoretically for the three schemes, we illustrate
this property with some numerical tests.

In order to compare the approximate solution U;(t) = U; with the exact
solution u(x;,t) = w;, i = 1,..., N — 1, we consider two problems. The first
problem has # = 0 and P is constant, that is, the problem (3.15)-(3.16) for
ug = 1, from Example 3.1.1, with exact solution (3.18). To have information

about the spatial discretization errors we define the global errors as

Egi=|u—Ule = max |u;—U, (3.47)
1<i<N_1
and
N—1 1/2
Egy = [lu - Ul = (Aw > Jui - Uz‘\2> : (3.48)
i=1

where these two norms, /., and ¢ A, are the same defined in Section 2.3. We
show the results in Table 3.1, Table 3.2 and Figure 3.8 for the three schemes,
computed with the norm /., (3.47).
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Figure 3.8: Global error Eg,. Left: P = 2 (Table 3.1). Right: P = —2 (Table
3.2).

Ax Laplace-FD  Rate |Laplace-FV  Rate | Laplace-PL Rate
10/128 |0.4319 x 1073 0.2314 x 1073 0.4466 x 10~4

10/256 |0.1070 x 1073 2.0 |0.5659 x 10~* 2.0 [0.5036 x 1075 3.1

10/512 |0.2669 x 107 2.0 [0.1411 x 107* 2.0 |0.8055 x 1076 2.6

10/1024 | 0.6686 x 107° 2.0 {0.3553 x 107°> 2.0 [0.1031 x 1075 3.0

10/2048 | 0.1670 x 107° 2.0 |0.8800 x 107 2.0 |0.1578 x 10~7 2.7

Table 3.3: Global error Egy for § =0, P =2,t=1,0 <z < 10, TOL = 1/N3,
T =3, 8= —In(1071%) /2T, computed with the norm /5 A,.

We observe the Laplace-PL method has a smaller error than the other
two schemes. From Table 3.1 (P = 2) and Table 3.2 (P = —2), it is evident
that the Laplace-PL has a significant higher convergence rate in comparison
with the Laplace-FD and the Laplace-FV methods. For P = 2 the Laplace-
FV method is slightly more accurate than the Laplace-FD method, although
both methods perform similarly for P = —2. We obtain the same conclusions
for Eqo defined by (3.48). However, the contrast is even greater between the
Laplace-PL method and the other two methods when P = 2, as illustrated
in Table 3.3 and Figure 3.9. In fact, the Laplace-PL method has smaller
errors when we use the norm ¢, o, while the Laplace-FD and the Laplace-FV
methods have better global errors when defined by the norm /... For P = —2
the errors are smaller when the norm /; 5, is applied in all the methods as
shown in Table 3.4.

We also notice that for large values of P positive the Laplace-FD method
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Ax Laplace-FD  Rate | Laplace-FV  Rate | Laplace-PL.  Rate
10/128 [0.6663 x 1073 0.6682 x 1073 0.2718 x 1074

10/256 |0.1673 x 1073 2.0 [0.1678 x 1072 2.0 |0.3456 x 105 3.0
10/512 |0.4170 x 107% 2.0 [0.4181 x 107* 2.0 [0.4828 x 1076 2.8
10/1024 | 0.1043 x 107* 2.0 |0.1046 x 10~* 2.0 |0.4586 x 10~7 3.4
10/2048 | 0.2606 x 107> 2.0 |0.2616 x 107° 2.0 10.9324 x 107®% 2.3

Table 3.4: Global error Egs for§ =0, P = —2,t =1,0 <z < 10, TOL = 1/N3,
T =3, 8= —In(10716)/2T, computed with the norm /3 a,.

10 10 ‘ ‘ ‘
—Laplace-FD —Laplace-FD
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510t --Laplace-PL £ 10 --Laplace-PL
k5 9,
: Rl
Pt e T i
ol0 | e o
g 3 L

0 " H N

0 500 1000 \ 1500 2000 2500 0 500 1000 \ 1500 2000 2500

Figure 3.9: Global error Ego. Left: P = 2 (Table 3.3). Right: P = —2 (Table
3.4).

has a smaller global error than the Laplace-FV method, has shown in Figure
3.10.

For our experiments the Laplace-PL method is more accurate, although
theoretically we have proved the truncation errors of the numerical methods

have the same order.

Example 3.2.2. Another example is considered for a problem with § = 1 and

P=0:
d%u ou 0%u
The initial conditions are
. ou 1 . =z
u(z,0) = 5111(5), E(m,O) =3 81n(§), (3.50)

and the boundary conditions are

u(0,t) =0, u(2m,t) = 0. (3.51)
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Figure 3.10: Global error Eg for t = 1, TOL = 1/N3, 3 = —In(10716) /2T,
T = 3, computed with the norm /... Left: P =5, 0 < z < 20. Right: P = 15,
0<x<25.

Ax Laplace-FD Rate | Laplace-FV ~ Rate | Laplace-PL.  Rate
2m/128 |0.4860 x 10~° 0.1215 x 107 0.3151 x 1074
2m/256 0.8596 x 1076 2.5 0.1733 x 1076 2.8 |0.7555 x 1075 2.1
2/512 | 0.2338 x 1076 1.9 |0.8236 x 107 1.1 |0.1892 x 107 2.0
27/1024 | 0.6272 x 10=7 1.9 |0.1070 x 107 2.9 |0.4847 x 1076 2.0
2m/2048 | 0.1813 x 1077 1.8 [0.2094 x 10~% 2.4 |0.1220 x 1075 2.0

Table 3.5: Global error E¢q for Example 3.2.2for 0 =1, P=0,t=1,0<z <
2m, TOL = 1/N3, T =5, 3 = —In(10716) /2T, computed with the norm /.

The analytical solution is easily obtained as

u(z,t) = ez sin(%). (3.52)

We note that, for this problem, the conclusions obtained when comparing
the three methods are the same whether we use the norm ¢/, or /3 o,. We
present only the norm /., since it provides smaller errors for all the methods.
Since the exact solution is very smooth, it can be seen in Table 3.5 and Figure
3.11 that the Laplace-FD and the Laplace-FV methods perform better in this
particular case. In fact, the Laplace-FV method has a smaller error than the

other two schemes.
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Figure 3.11: Global error Eg; for Example 3.2.2 for P = 0 (Table 3.5).

3.2.6 Behavior of the solution and comparison of

performance

It is our purpose to show in this section the different performances of
the numerical methods based on the Laplace transform, considering several
numerical tests, to analyze different aspects of the spatial discretizations.
Taking into account the initial and boundary conditions, different values of
the parameters 6 and P and the value of the space step, in some specific
situations it will be clear what method should or not should be used to obtain
the numerical solution of our problem. Numerical tests are presented to
focus their advantages and disadvantages. In all of our examples we consider
D=1.

First, we choose a problem with a discontinuous initial condition to see
how the numerical methods handle discontinuities. In the second and third
examples we consider problems with non-zero initial conditions leading to
a non-homogeneous ordinary differential equation for u(z, s), obtained from

the application of the Laplace transform.

Example 3.2.3. Let us consider the problem

2 2
072 1) + (1) = — 2 (Playula, 1) + DT 2(a.1), a € 0,00[ 1> 0

Or?
(3.53)
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with initial conditions

ou
0)=0 —(z,0) =0
U(x, ) I at (xa )
and boundary conditions
u(0,t) =1, gcgrfoou(a:,t) =0.

For this case we have a homogeneous differential equation in u(zx, s) to

solve, that is,

d*u _ d (P(z)-
d—;;(x,S) — Nz, s) — . ( l()x)u(x,s)> =0. (3.54)

In what follows, we consider different values of P. First, we assume P
constant and secondly, we consider P non-constant. These examples show
how the numerical methods perform in the presence of discontinuities.

We display in Figure 3.12 and Figure 3.13 the results for P constant and
for 9 = 0 and # = 1. For P constant, the solution of the homogeneous ordinary

differential equation (3.54) is given by

~ 1 Vg T
u(r,s)=—e=",
(2.5) =
where v is defined in (3.3).
6=0,P=2 =0,P=-2
] \ \ \ il \ \ \ \
—Laplace-FD, —Laplace-FD,
08 --Laplace-FV/ 08 --Laplace-FV/
--Laplace-PL --Laplace-PL
0.6r 1 0.6¢ 1
=) =)
0.4 ] 0.4
0.2 1 0.2r
Y1 2 3 4 5 s I
X X

Figure 3.12: Approximate solution of Example 3.2.3 using different space
discretizations, for different values of P, # = 0,¢t =1 and Az = 0.1.

In Figure 3.12 we consider the parabolic case, # = 0, and in Figure 3.13
we consider the hyperbolic case, 6 = 1. The Laplace-FD formulation, the

Laplace-FV method and the Laplace-PL method are compared.
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f=1,P=2 6=1,P=-2
; ; 1 ; ; ; ;
—Laplace-FD —Laplace-FD
--Laplace-FV/ 08 --Laplace-FV/
--Laplace-PL --Laplace-PL
0.6r 1
o]
04
02 "
15 2 25 3 Y 05 1 15z 25 3
X X

Figure 3.13: Approximate solution of Example 3.2.3 using different space
discretizations, for different values of P, = 1,¢t =1 and Az = 0.05.

For the parabolic case, # = 0, all the three methods perform similarly.
The Laplace-FD method performs worse than the other two methods in the
hyperbolic case, § = 1, since oscillations are not avoided for small space steps
near the discontinuity.

However, these oscillations are easily removed for smaller values of the

space step, as can be seen in Figure 3.14.

6=1,P=2 6=1,P=-2
: : : : : 1 : : : :
15 ]
08
1 : 08
S S
04
05
02
(S —
0 05 1 15 2 25 3 0 05 1 15 2 25 3
X X

Figure 3.14: Approximate solution of Example 3.2.3 using the Laplace-FD
discretization, for # = 1, t = 1 and Az = 0.005. The oscillations are removed
for small values of Azx.

Since for 6 # 0 the equation is hyperbolic, the discontinuity of the initial

condition at x = 0 is transported along the characteristics. The characteristic
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equation associated to equation (3.53) is

dz\ 2
— ) —D=0.
9<dt> 0

The characteristic curves are defined by =z = t\/g + ¢ and the waves are
transmitted with finite velocity v = \/D/f. At ¢ = 0 we have z = t\/g . For
# = 1 and D = 1, the discontinuity at ¢t = 1 appears at x = 1 as shown in
Figure 3.13. The jump discontinuity at a specific time is the same for differ-
ent values of P. When 0 increases, the hyperbolic effects start to appear in a
lower point z, that is, the velocity decreases with 6 as the jump discontinuity
peak increases.

Additionally, if we change the values of P the behavior of the Laplace-FV
method is quite different from the Laplace-PL method and this one performs
better. The Laplace-FV method in certain situations oscillates as shown in
Figure 3.15. We can observe two examples for § = 1, with P = —20 and
P = —1000. For P = —20 we have a space step of Az = 0.2 and for P = —1000
we consider a smaller space step, Az = 0.02. Therefore, for large values of

|P|, the oscillations are not avoided as we refine the mesh.

6=1,P=-20 6=1,P=-1000

| --Laplace-FV/
08 —Laplace-PL
0.6 1

04}
02}

--Laplace-FV/
—Laplace-PL

e

-0
0 05 1 15 2 25 3 0 01 02 03 04 05 06
X X

Figure 3.15: Approximate solution of Example 3.2.3 using the Laplace-FV
and the Laplace-PL methods for # = 1 at ¢ = 1. Left: Az = 0.2. Right:
Az = 0.02.

Next, we consider the case for non-constant P. In Figure 3.16 we show
the behavior of the solution for P(z) = —2z and P(x) = 2e™*, for § = 0.5. The
Laplace-FV method has oscillations for P(x) = —2z, while the Laplace-FD
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0=05,P(x) = -2x 0=05,P(x) =2

1 \ ‘ ‘ 15 : ‘ ‘ ‘
—Laplace-FD 7 —Laplace-FD

0.8 --Laplace-FV/ --Laplace-FV/
--Laplace-PL --Laplace-PL

0.6r ]

S

04

02r &

Y5 1 13z 25 3 2 25 3

X

Figure 3.16: Approximate solution of Example 3.2.3 for § = 0.5, Az = 0.05 at
t = 1. Left figure: P(z) = —2z. Right figure: P(z) = 2e~".

method shows oscillations in both cases for Az = 0.05. These oscillations can
be removed if we consider smaller values of the space step. For this reason,
the next numerical tests are performed using only the Laplace-PL method,
since we want to focus on the dependence of the solution taking account the
variation of the parameters 6, P and ¢.

Figure 3.17 illustrates the behavior of the solution as we change the
parameter . When 6 increases, the hyperbolic effects start to appear in a
lower point z, that is, the velocity decreases with 6 as the jump discontinuity
peak increases.

The effect of the parameter P in the solution is shown in Figure 3.18.
The peak increases with |P| for positive P and decreases for negative P.
Once again, the location of the jump discontinuity is the same for different
values of P.

In Figures 3.19 and 3.20 we can observe the evolution of the solution u
as we travel in time. As stated before, when 6 # 0, the jump discontinuity
does not depend on P and quickly dissipates with time. For constant P the
hyperbolic solution tends to the parabolic solution as ¢ increases.

In the next two problems we consider non-zero initial conditions. Thus,
application of the Laplace transform yields a non-homogeneous differential

equation in u(z, s).
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6=0 8=0.25
1 ' T T 1 T T T
—t=2 —t=2
=4 =4
N -8 =8
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O ------ : Tl 0 b TR I
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Figure 3.17: Approximate solution of Example 3.2.3 for P = 0 and Ax = 0.12.

Example 3.2.4. Let us consider the first problem given by

0% ou 0 0%
9@(%75) + E(ﬂ%t) = —%(P(ﬂf)u(%t)) + D@(%t)a r €]0,00[,t >0,

for non-constant P, with non-zero initial conditions

ou

= -z 0— = — -z
u(z,0) =e 7, T (x,0) e
and boundary conditions
u(0,t) =1, xll}rj{loou(x,t) =0.

For this case we have a non-homogeneous differential equation in u(z, s)

to solve, that is

d*u Pdu P’ _ e
d—;;(x, s) — Bé(w, s) — (5 + /\2> u(z,s) = _eD fs. (3.55)
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Figure 3.18: Approximate solution of Example 3.2.3 for § = 1, Az = 0.0375
att = 1.

6=0,P=-2 6=1,P=-2
1 T 1 T
—t=1 —t=1
08 =2 08 e
-t=4 =4
06 — 06 ]
=} *2:‘
04r 04r %
0.2r 0.2r
O0 1 2 3 4 00 1 2 3 4
X X

Figure 3.19: Approximate solution of Example 3.2.3 for P constant and Az =
0.04.

We are able to compute a particular solution for this equation only for P

constant, which is

B s o
D+ P —s(1+6s)

—T

Up(z,s) =

Applying the boundary conditions we obtain the solution in the Laplace

transform domain as

S

_ 1 -
u(zx,s) = <_ - c) e’ ¥ +ce ",

- _0s____
D+P—s(1+6s)"

methods for § = 0.25, P = 2¢ % at ¢t = 1. The behavior of the solution is

with ¢ = In Figure 3.21, we display the three numerical

similar for all the methods.
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P(X) = -2x P(x) =2
‘ ‘ i —— 2 : :
—=2 —t=2
t=3 t=3
=4 t=4
3 4 5 3 45
X X

Figure 3.20: Approximate solution of Example 3.2.3 for § = 1, Az = 0.05 and
P non-constant.

—Léplace—FD
1 -- Laplace-FV/
--Laplace-PL
0.8 ]
50.6r
0.4
0.2r
% 5 8 10

Figure 3.21: Approximate solution of Example 3.2.4 for § = 0.25, P = 2e™*
and Az =0.08 att = 1.

Our last problem has also non-zero initial conditions, but in this case a
particular solution of the non-homogeneous ordinary differential equation is

not available.

Example 3.2.5. We consider the problem

0%u ou ou 0%u
9@(%?5) + E(J«"at) = —P%(%t) +DW($7t)a zeRt>0,

for P constant, with initial conditions

1 _ .2 ou g2
u(z,0) = 3¢ Qa(x,()) = re
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and boundary conditions

lim w(z,t) =0, lim w(z,t) =0.

T——00 r—-+00

The corresponding non-homogeneous differential equation in u(z, s) is

d*u o P du e v’ ze
@(x,s) — Au(zx,s) — 5%(:1:, s) = — 5D (1+06s)— 5 (3.56)
04 w w 04 w w
—Laplace-FD, —Laplace-FD,
03 --Laplace-FV| 03 --Laplace-FV|
P --Laplace-PL --Laplace-PL
0.2r ] 0.2 ]

) )

0.1r 0.1

0 0

AR 5 0 5 10 AR 5 0 5 10
X X

Figure 3.22: Approximate solution of Example 3.2.5 for § = 0.5, P = —2 at
t = 1. Left figure: Az = 0.4. Right figure: Az = 0.2.

In this example the solution is smooth, with no discontinuities, and we
observe in Figure 3.22 that for large space steps, such as Ax = 0.4, the
Laplace-PL method performs more successfully. As we refine the mesh, by
doing Ax = 0.2, the Laplace-FD method and the Laplace-FV method become
similar to the Laplace-PL method.

3.3 Crank-Nicolson vs Laplace transform methods

The computational efficiency of a numerical method gives the relation
between the computational cost of the method and the precision of the results
obtained by the method.

In what follows, two test problems are considered in order to compare
the performance of the Crank-Nicolson method with the Laplace transform
finite difference method, described in Sections 2.1 and 3.2.1, respectively. We
want to highlight the advantages of using the Laplace transform technique
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in some specific problems instead of iterative methods in time. As mentioned
before in Section 3.1, numerical methods that use the Laplace transform in
time have the advantage of not iterating in time. This means that it is the
same to compute the solution for short times or long times, while iterative
methods in time, including methods such as the Crank-Nicolson, usually
takes too long to compute the solution. We will show that the convergence
order of both numerical methods is second order as evidenced by previous
theoretical analysis. However, the computational efficiency is higher by
applying the Laplace transform finite difference scheme. The computational
cost of the algorithm [2] for the Laplace inversion process is O <ZZ]\L 1 Mf),
where M; is the number of iterations performed by the algorithm for each z;,
i =1,...,N with N the length of the domain in z. On the other hand, the
computational cost for solving the linear system of equations (3.19) resulting
from the finite difference discretization is approximately O(M N), where we
define M as the average of M;,i = 1,..., N. Therefore, the total cost of the

Laplace transform finite difference method (Laplace-FD) is approximately

@ (i M? + MN) ~ O ((M2 + M)N) .
=1

We will use only the Laplace-FD method although we obtain similar re-
sults for the Laplace-FV and Laplace-PL methods.

For each step of the Crank-Nicolson (CN) method, we need to solve a
linear system with a tridiagonal matrix. This can be done efficiently in O(N)
operations. If we consider 0 < ¢ < Ty and L = % the number of timesteps,
then the computational cost of CN method is O(/NL). Thus, since we expect
O(M) to be smaller than O(N), it is expectable the computational cost of
Laplace-FD scheme to be less than the computational cost of CN method. In
order to measure the gain in efficiency, we consider the variable Gain given
by

# operations CN — # operations Laplace-FD

Gain = .
a max{+# operations CN , # operations Laplace-FD}

We remark that, in this section, the conclusions obtained are the same
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Ax CN Rate | Laplace-FD  Rate M
10/128 | 0.2567 x 1073 0.2549 x 1073 14 29.7%
10/256 | 0.6427 x 107* 2.0 | 0.6601 x 10~* 2.0 16 48.4%

M | Gain

9

11
10/512 0.1608 x 104 2.0 0.1615 x 10~* 20 18 13 64.5%

15

17

10/1024 | 0.4019 x 1075 2.0 | 0.4063 x 1075 2.0 20 76.6%
10/2048 | 0.1005 x 10~ 2.0 | 0.1018 x 1075 2.0 22 85.1%

Table 3.6: Global error Es of Example 3.1.1 for P = 2,¢ =1, 0 < z < 10,
TOL = 1/N3, T = 3, 3 = —In(10716) /2T, At = Ax/10, computed with the
norm /.

whether we use the norm /, or norm /5 o,. We present only the norm /.,
Eg =max|u; — U;|,i=1,...,N — 1, since it provides more precise results for
both methods.

First, we consider the problem (3.15)-(3.16) from Example 3.1.1 which has
the exact solution (3.18). In Table 3.6 and Figure 3.23 we show the rate of
convergence and the global error for ug = 1, P = 2, ¢t = 1 and different values
of the space step. For the Laplace-FD method we also present the number
of iterations M = max; M; and M. As we can see, the Laplace-FD method
is more efficient than the CN method. Furthermore, the advantage of the
Laplace-FD method in the computational cost becomes clear as /V increases,
that is, as Az decreases. In Table 3.7 and Figure 3.24 we increase the time to
t = 20 and for the CN method we consider the same timestep At considered
previously in Table 3.6. As expected, the efficiency of Laplace-FD method
is more evident as shown by the values of the variable Gain. We also note
that the computational cost of the inverse Laplace transform algorithm is
reduced since the values of M and M decreased in comparison with Table
3.6. In Table 3.8 we also consider ¢t = 20 but we increase the time step At.
The Laplace-FD method is now slightly more accurate and is still with less
computational effort than the CN method as shown in Figure 3.25.

For the second problem we consider an hyperbolic equation with 6 = 1
and P = 0: the problem (3.49)-(3.51) from Example 3.2.2 already discussed
in Section 3.2.5. The rate of convergence and the global error are present

in Table 3.9 for ¢ = 1 and different space steps. Note that the solution of
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Ax CN Rate | Laplace-FD Rate M M | Gain
70/128 | 0.3116 x 10 2 0.3210 x 10 2 12 8 | 972%
70/256 0.7788 x 1073 2.0 | 0.8620 x 1073 1.9 13 10 97.9%
70/512 | 0.1949 x 1073 2.0 | 0.1886 x 1072 2.2 14 12 | 98.5%
70/1024 | 0.4871 x 10~* 2.0 | 0.4675 x 107* 2.0 16 13 | 99.1%
70/2048 | 0.1218 x 1074 2.0 | 0.1229x107* 1.9 17 15 | 99.4%

Table 3.7: Global error Es of Example 3.1.1 for P = 2, ¢t = 20, 0 < z < 70,
TOL = 1/N3, T = 30, 3 = —In(10716) /2T, At = Ax/70, computed with the

norm {..
Ax CN Rate | Laplace-FD Rate M M | Gain
70/128 0.3589 x 102 0.3210 x 102 12 8 43.8%
70/256 | 0.8991 x 1073 2.0 | 0.8620 x 10™®* 1.9 13 10 | 57.0%
70/512 0.2249 x 1072 2.0 | 0.186 x 1073 2.2 14 12 | 69.5%
70/1024 | 0.5622 x 10~* 2.0 | 04675 x107* 2.0 16 13 | 82.2%
70/2048 | 0.1406 x 107* 2.0 | 0.1229 x107* 1.9 17 15 | 88.3%

Table 3.8: Global error Egs of Example 3.1.1 for P = 2, ¢t = 20, 0 < z < 70,
TOL = 1/N3,T = 30, 8 = —In(10716) /2T, At = 20Ax/70, computed with the

norm /..
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Figure 3.23: CN method vs Laplace-FD for ¢ = 1. Left: global error. Right:
total cost. (Table 3.6)

this problem is smoother than the solution of the previous problem which

has an initial discontinuity in the corner (z,¢) = (0,0). In this case the CN

method behaves better than previously. However, the Laplace-FD method is

still more efficient. In fact, for ¢ = 1 the variable Gain gives an advantage to

the CN method in some space steps, but then the superiority of the Laplace-



88 Laplace transform numerical methods

3

—_
o

e

-~ CN
—Laplace FD

—_
o
=

--CN
—Laplace FD

500 1000 1500 2000 2500

()

[,
o

-5
10 0

o

Log—scaled error
=
o
IS
Log—scaled number of operations
[—
o
S
e,
-
|- ‘. 4
‘t
\
=

500 1000 . 1500 2000 2500

Figure 3.24: CN method vs Laplace-FD for ¢ = 20. Left: global error. Right:
total cost. (Table 3.7)

107 210’
-+CN 2
% —Laplace FD @
5 4 su0
510+ 6
o [0}
3 210°
P g
el 810t
E -~ CN
i —Laplace FD
10° 210’ : ’ ’ ‘
0 =470 500 1000 \ 1500 2000 2500

500 1000 . 1500 2000 2500

Figure 3.25: CN method vs Laplace-FD for ¢ = 20. Left: global error. Right:
total cost. (Table 3.8)

FD method becomes evident in Table 3.10 and Figure 3.27 where we increase
the time to t = 3. Our conclusion is that the CN method performs well for
short times.

We observe from the previous results the second order convergence of
the numerical methods as predicted by the theoretical analysis for the main

problem.

3.4 Numerical solution for a periodic potential

Based on the results published in [4], we now present the numerical

solutions of a diffusion equation that involves the symmetric and periodic
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Ax CN Rate | Laplace-FD Rate M M Gain
2m/128 | 0.3420 x 107° 0.4860 x 107> 19 18 | —62.6%
2m/256 | 0.8551 x 1076 2.0 | 0.8596 x 1076 2.5 21 20 | —39.1%
2r/512 | 0.2138 x 1076 2.0 | 0.2338 x107¢ 1.9 26 24 | —14.7%
27/1024 | 0.5357 x 1077 2.0 | 0.6272x10~7 1.9 31 28 20.7%
2m/2048 | 0.1339 x 107 2.0 | 0.1813 x10~" 1.8 37 33 45.2%

Table 3.9: Global error Eg; of Example 3.22fort =1,T = 5,0 < x < 2,
TOL = 1/N3, B = —In(10716) /2T, At = Az/(27), computed with the norm
loo.

Ax CN Rate | Laplace-FD Rate M M | Gain
2m/128 | 0.1218 x 10~* 0.1045 x 1074 16 15 | 37.5%
2m/256 | 0.3044 x 107°> 2.0 | 0.3368 x 1075 1.6 18 17 | 60.2%
27 /512 | 0.7610 x 1075 2.0 | 0.7792x10°¢ 2.1 20 19 | 75.3%
27/1024 | 0.1907 x 1076 2.0 [0.1892x107% 20 23 22 | 83.5%
27m/2048 | 0.4767 x 10=7 2.0 | 0.5016 x 10=7 1.9 29 26 | 88.6%

Table 3.10: Global error E¢ of Example 3.2.2 fort =3, T =10, 0 < = < 2,
TOL = 1/N3, B = —In(10716) /2T, At = Az/(27), computed with the norm
loo.
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Figure 3.26: CN method vs Laplace-FD for ¢t = 1. Left: global error. Right:
total cost. (Table 3.9)

potential field, as previously studied in [12] and [62], given by

B 1
= Jo(ia)

e cos(xz) 1

V(z; )

where i is the imaginary unit and Jy(ic) is the Bessel function of the first

kind of zero order. The parameter « controls the shape and height of the
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Figure 3.27: CN method vs Laplace-FD for ¢t = 3. Left: global error. Right:
total cost. (Table 3.10)

potential barrier which affects the diffusion behavior.

Example 3.4.1. We consider the following equation

0% ou 0 0%
W(iﬁat) + E(xvt) = —%(P(l”)u(%t)) + W(%t),

with P(z) = —2¥. The initial conditions are

1 272 ou
s @0=0

and the boundary conditions are given by

u(x,0) =

lim wu(z,t) =0 and lim wu(z,t)=0.

T—r—00 T—+00

We illustrate the flexible form of P(z) in Figure 3.28 for two values of the
parameter o, « = 1 and o = 16. We observe that P(z) for a« = 1 changes
between -1 and 1, whereas for « = 16 changes between -20 and 20 and the
change is not smooth. As already seen in Section 2.3 the CN method does not
give good results for « = 16. The Laplace-FD can deal very well with both
cases.

For a = 1 the behavior of the solution can be observed in Figures 3.29 and
3.30 as we increase time from ¢ = 1 until ¢ = 500. The peak starts to split into
two and then into several waves forming, that goes to the right and left. The
domain where the function is not zero becomes larger as we travel in time.

For that reason the computational domain increases considerably which
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Figure 3.28: P(x) from Example 3.4.1. Left: o = 1. Right: o = 16.
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Figure 3.29: Approximate solution u(x,t) of Example 3.4.1 for « = 1. Left:
curve for instant of time ¢ = 1. Right: curve for instant of time ¢ = 3.

requires more computational effort regarding the discretization in space. For
an iterative method where we need to consider a discretization in time, it
would require more computational effort for long times. This is the reason
why the Laplace-FD is applied in this example.

For o = 16 the evolution of the solution is considered in Figure 3.31 in the
first instants of time. We observe the solution presents very steep gradients
and the Laplace-FD is able to give accurate solutions. In Figure 3.32 the
behavior of the solution is presented for long times. Since the method uses
the Laplace transform technique, it is able to give very quickly and accurate
solutions for very large times. Once again, this is evident in Figure 3.33,

where ¢t = 5000 and ¢ = 10000.
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Figure 3.30: Approximate solution u(x,t) of Example 3.4.1 for « = 1. Left:
curve for instant of time ¢ = 100. Right: curve for instant of time ¢ = 500.
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Figure 3.31: Approximate solution u(z,t) of Example 3.4.1 for o« = 16. Left:
curve for instant of time ¢ = 1. Right: curve for instant of time ¢ = 2.
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Figure 3.32: Approximate solution u(z,t) of Example 3.4.1 for o« = 16. Left:
curve for instant of time ¢ = 500. Right: curve for instant of time ¢ = 1000.



3.4. Numerical solution for a periodic potential 93

01— w w w w 0.1

0.08 m m ] 0.08

006/ | 006 [
o] o}
004 | 004
002 | 002
G L 1 1 S— G 1 L ——
0 -0 0 1 2 20 -0 0 1
X X

Figure 3.33: Approximate solution u(z,t) of Example 3.4.1 for « = 16. Left:
curve for instant of time ¢t = 5000. Right: curve for instant of time ¢ = 10000.







Chapter 4

A two dimensional

hyperbolic diffusion equation

In this chapter we extend to two dimensional problems the numerical
methods presented in the previous chapters. The generalization of the
Laplace-PL method is not straightforward because the solution (3.34) is not
easily attainable in two dimensions. Hereby, we turn our attention to the
CN, Laplace-FD and Laplace-FV methods described in Section 4.1. However,
the methods obtained are computational inefficient for a large number of the
discretization points of the spatial variables. The need to find a computa-
tionally efficient method led us to develop an alternating direction implicit
(ADI) method based on Crank-Nicolson scheme. As already explained in Sec-
tion 1.3.2, this technique has been used to solve problems in two dimensions
although we did not find in the literature a numerical method suitable for
our equation (1.10). Deduction, theoretical analysis and performance of this

numerical method described in Section 4.2 are all new contributions.

4.1 Extension of the numerical methods to two

dimensions

The numerical methods described for problems in one dimension are

extended in this section to solve the two dimensional hyperbolic diffusion

95
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equation (1.10), defined in a rectangular domain Q C R?,

0%u ou 0 0
QW(xayat) + E(l‘ava - %(P('Iay)u(xvyat)) - a_y(Q(:an)u('rayat))
0%u 0%u

(z,y) € Q,t > 0. We consider the initial conditions given by

u(z,y,0) = wuo(z,y), (x,y) € Q, 4.2)
00 (0.0) = wley),  (ny)eQ, 43)

and Dirichlet boundary conditions

u(z,y,t) = f(x,y,1), (x,y) € 09, t > 0. (4.4)

4.1.1 The Crank-Nicolson method

Similarly to what was done in the one dimensional case, Section 2.1, we

introduce the auxiliary function

ou
=0— 4,
w ot +u (4.5)
and change (4.1) into
ow 0 0 0%u 0%u
Yo Y py-Z pZt pZ*t
ot gz )~ g, QW + Doz + D
ou ou 0%u 0%u
= —Pu-PZ _Qu-Qi + DI + DI 4.
t ox @yu Qay + Ox? + oy?’ (4.6)

where P, denotes the derivative of P(x,y) in the variable z and @), denotes
the derivative of Q(z,y) in the variable y. We consider the mesh points
in Q = [a,b] X [c,d] given by x; = a +iAx, i = 0,...,N,, y; = ¢+ jAy,
j=0,...,Ny, with Az = (b — a)/N, and Ay = (d — ¢)/N,, where N, and N,
are positive integers. For 0 <t < Ty, let ¢, = nAt, with At being the time
increment and nAt < Ty. We denote the approximate solutions to u(z;, y;,ty)
and w(z;, yj,tn) by Ul'; and W, respectively. We also denote P(z;,y;) by P, j,
Py(zi,y5) by (Py)ij, Q(xi,y;) by Qi and Qy(z,y;) by (Qy)i ;. We discretize
equations (4.5) and (4.6) using the Crank-Nicolson method:

20

Wi+ Wiy = U+ Ul + 5

(v v 4.7
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and
”rn-‘rl wn
ij  Vig

At
+1 +1
— _%(Uﬂ,ﬂ +Um) — Py |Uln,; —Uinyy Ul — Uty
5 i, i,J 9 2Ax 2Ax
+1 +1
_M(UWrl +UM) — Qi U:jﬂ _ U;?j_l + Z’Ljﬂ _ ﬁj_l
2 i,J 0,J 2 2Ay 2Ay
41 +1 +1 ]
WD Uity =207 + U I Uita,; = 205 + Ul
Az? Ax?
- 1 1 1
DU 205+ URS, Uty — 200 4 Uy 4.8)
5 AyQ AyQ . .

To write the scheme (4.7)-(4.8) in matrix form we solve equation (4.7) for
W and get

20 20
v (e D)o (- 2w s

Substituting (4.9) into (4.8) gives

1 20\ it 20\ . )
L+ 2) s (12 oy -y

(P )" j P‘i j
= U UL = gt (VR VR 4 U = U )
(Q ).’ . CQA7 .
S UL + U = i (Ut = UL+ Ul — Ul )

D 1

toaar [(URY =20+ UR, ) + (U = 208+ Ut )|
D 1 1 1

oAy [(U;Jtl - 207+ UZ,‘L) + (Uﬁj,l — 205 + Ui’fm)} :

After simplification we can write

Ap UMY + A2 UM + AR UREE + AL UM + AR U

4,5 4,5 2

1,5 i4+1,5 1,5 ,5—1 4] 7 4,5+1
_ 1 n 2 n 3 n 4 n 5 n
=B ;U 1;+ B ;Ui + By Ul + Bi Ul + BU
2
n
2w, (4.10)

where
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J 4N 2Ax?%’ W 4Ax 2Ax2%

W 4Ax 2Ax2] W 4Az  2Az?’

©J 4Ay  2Ay?’ Bl 4Ay o 2Ay27

5 _ Qg D 5 _ _Qig D

ij - 27 BY; =~ + 39

T 4Ay 27y ’ 4Ay - 2Ay

1 20 (P)ii  (Qy)ij D D

A2 = — (1422 z)%,J y)inj

b (1020 5 G e g
B2, = L 1— 20\ (Pr)ij _ (Qy)ij b D

I At At 2 2 Az?  Ay?’

fori=1,...,N,—1,j=1,...,N,—1. Equation (4.10) will be used to compute
Ut L. After that, Ut ! is substituted into (4.9) to compute Wif‘]*l.
From (4.9) and (4.10) we obtain the system

2
AU = BU™ + EWﬂ +d
Wn+l_ 1_1_% Un+l_|_ 1_% ur —wn ’ (4.11)
N At At

where A and B are band matrixes of size ((N,—1) x (N, —1))? with bandwidth
five, U1, U™, W™t and W™ are column matrixes of size (N, —1)x (N, —1)x1
and d is the vector that contains appropriate initial and boundary conditions.

We note that the convergence of the difference scheme is obtained in the
same way as we did for the one dimensional case in Section 2.1. Thus, this

is an implicit numerical method of order O(A#? + Ax? + Ay?).

4.1.2 A Laplace transform finite difference method

We now consider the extension of the Laplace transform finite difference
method to equation (4.1). Similarly to what was done in one dimension, we

apply the Laplace transform to remove the time dependent terms and obtain
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the equation

Pu *u .. 0 (P 0 [Q- u(z,y) u(z,y)
b T (gl = (Zx7) = 22 — ’ 4.12
8x2+8y2 Ast Ox <Du> Ay (Du) D (1+65) D ( )

with @(z,y, s) the Laplace transform of u(z,y,t) and A2 = (6s® + s)/D. For a

fixed s, the finite difference scheme is given by

Ui15(8) = 2Ui5(s) + Uir1(s) | Uija1(s) = 2Ui5(s) + Uijya(s)

.
Ax? + Ay? — AUij(s)
Py Uii(s) = PioayUic1i(s) QiU (s) — Qiyj—1Usj-1(s)
2DAx 2D Ay
1

D
for i = 1,...,Nm -1, j = 1,...,Ny -1, Pi,j = P(xi,yj) and Qi,j = Q(l’l,yj)
This discretized equation can be written in the form
KwUi-1; + KoUij + KpUs1,j + KU j-1 + KnUiji

_ _% (uo(@i, y;) (1 + 0s) + i (s, ;)

where the coefficients are given by

1 Pi_1 2 2 2
Ky = —— : Kop———= = _
W' A2 T 2DAx’ © Az?  Ay? .
1 Py 1 Qij
Kgp=—" — —tbi g = 4 %
E= A2 2DAz’ S Ay?2  2DAy’
1 Qijn
Ky = —— — 2hitl
N Ay?2  2DAy

We obtain the linear system
K(s)U(s) = b(s), (4.14)

where K (s) is a band matrix of size ((N, — 1) x (N, — 1)), U(s) a vector of
size (N; — 1) x (N, —1) x 1 and b(s) a vector that contains the appropriate
initial and boundary conditions.

It follows directly, by doing Taylor expansions, that this finite difference

scheme has accuracy order in space given by O(Axz? 4+ Ay?).
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4.1.3 A Laplace transform finite volume method

The Laplace transform finite volume method presented in Section 3.2.2
is also applied in two dimensions for the spatial discretization of equation

(4.12). We consider the control volume (2, see Figure 4.1, where
Q= zi — Az/2,2 + Az /2] X [y; — Ay/2,y; + Ay/2],

i=1,...,N;—1,5=1,..., N, — 1. Note that the point O represents (z;,y;).

NW N NE
r-=====""IF=====- A
1 1
1 1
1 1
L O Qp 1
i i
1 1
w i 0 i E
1 1
| Qg Oy
i i
1 1
Ay smmmmmmmfmemme--
Ax
SW S SE

Figure 4.1: Control volume ).

We integrate the ordinary differential equation (4.12) within the control

volume (2, that is,

2a a .. 0 (PN 9 (Q._
1
=-75 | A +0s)uo(z,y) +ui(z, y)dedy. (4.15)
Q

The domain () is subdivided in four rectangular elements as shown in
Figure 4.1. To derive the discretization, we approximate u(z,y, s) in terms
of the nodal points and the shape functions in each element. Next, four
shape functions are chosen in a similar way to what was done for the one

dimensional case, as explained in [13]. For the element Q £, and assuming
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O represents the point (z;, y;), the shape functions are given by

No(r.y8) = s sinb(u(ar — o) sinby — ).
Ni(r.9s) = Soprs s sinb((e = ) sinh(u(yy1 — ),
Nx(@.8) = s sinh(u(rie — ) sinh(s(y — ).
Nxp(e.8) = s sin(u(r — 27) sinh(u(y — ).

where ;1 = \;/+/2. For this element the solution is then approximated by

Ulz,y,s) = NO(wayas)ﬁi,j+NE($aya5)fji+1,j+NN(xay75)[7i,j+l

+NnE(Z, Y, 8)Uit1,j+1-

For the other three elements U (z,y,s) can be represented in a similar
way.
We compute the integral on the right hand side of equation (4.15) by the

midpoint rule and obtain

D J, A _Ay
) 2 J 2
AxAy
5 (14 0s)uo(xi, yj) + ui(zi, yj)] -

In order to ensure the viability of the calculation of the first integral in
(4.15), we consider P(x,y) = P(x) and Q(x,y) = Q(y). After the integration
of the first member of equation (4.15), the complete discretized equation that
corresponds to node O is obtained by the contribution of all the four elements

and is given by

KOﬁi,j + KEﬁiJrl,j + Kwﬁiq,j + KNﬁi,j+1 + Ksﬁi,jq + KNEﬁiH,jH

+KNW(7i—1,j+1 + KSE(7¢+1,J'—1 + KSWﬁi—l,j—l
AxAy
D

sinh(uAx) sinh(uAy) ((1 + 0s)uo(xs, y;) + w1z, v;)) ,

where the coefficients are given by
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KnEg

4[cosh(uAx) cosh(uAy/2) + cosh(uAy) cosh(uAz/2)]

—8 cosh(uAx) cosh(uAy)

2 .
"’;(Pi+1/2 — P;_12) sinh(pAxz/2)(cosh(pAy) — cosh(pAy/2))

(@172 = Qyo1/2)sinh (g 2)(cosh(Aa) = cosh(uda/2)

2[2 cosh(uAy) — cosh(uAy/2) — cosh(uAz/2) cosh(uAy)]
4= Py o sinh(uh/2) (cosh (1) — cosh(ny/2)

@117z = Qyo1j2) sinh(uy/2) cosh (i /2) = 1),

2[2 cosh(uAy) — cosh(uAy/2) — cosh(pAx/2) cosh(puAy))
—% /2 sinh(1:Az/2) (cosh(1Ay) — cosh(iAy/2))
1

+;(Qj+1/2 - Qj_1/2) Sinh(,uAy/Q)(cosh(,uAm/Z) — 1),

2[2 cosh(uAx) — cosh(uAz/2) — cosh(uAz) cosh(puAy/2)]

1 .
+;(Pi+1/2 — Pi_1/2) sinh(uAz/2)(cosh(uAy/2) — 1)

+%QM o sinh(uAy/2)(cosh(sAz) — cosh(uAz/2)),

2[2 cosh(uAx) — cosh(uAx/2) — cosh(puAx) cosh(uAy/2)]
(Pt jo = Py snh(ua/2) (cosh(uy/2) = 1)

—%Qj_l/g sinh(uAy/2)(cosh(uAx) — cosh(uAz/2)),

[cosh(uAz/2) + cosh(pAy/2) — 2]

1
o Prayjasinh(pa/2) cosh(nAy/2) ~ 1)

+%QM/Q sinh(uAy/2) (cosh (1Az/2) — 1),
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Knw = [cosh(pAx/2) + cosh(uAy/2) — 2]
— P12 sinh(ua/2)(cosh (uy/2) ~ 1)

+Q; 1 sinh(y/2) cosh (eAa/2) 1),

Kgp = [cosh(uAz/2) + cosh(uAy/2) — 2]
4Py asinh (e /2) cosh (ey/2) = 1)

Q12 inh(uy/2) (cosh (ua/2) ~ 1),

Ksw = [cosh(pAx/2) + cosh(uAy/2) — 2]
1
_;Pi—1/2 sinh(uAz/2)(cosh(uAy/2) — 1)
1 .
—;Qj,l/z sinh(pAy/2)(cosh(uAz/2) — 1).
As for the Laplace transform finite difference method, we also obtain the

linear system (4.14)

The consistency of the numerical method follows by doing Taylor series
expansions as we did in Section 3.2.2. Using convenient and practical
algebraic manipulations we can show that this finite volume difference scheme

has accuracy order O(Az? + Ay?).

4.1.4 Comparison of performance

Three different numerical methods were developed to get an approximate
solution of equation (4.1) in two dimensions: the Crank-Nicolson method
(CN-2D), the Laplace transform finite difference method (Laplace-FD-2D)
and the Laplace transform finite volume method (Laplace-FV-2D). In the
next numerical example, for which we are able to determine the analytical
solution, we compare their performance. At first we compute the errors and

the convergence rate and then we show how the solution behaves.
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Az = Ay| CN-2D

Rate | Laplace-FD-2D Rate | Laplace-FV-2D Rate

V81 /40 [0.2611 x 1072 0.3700 x 1072 0.3700 x 1072

V87/70 0.8510 x 107% 2.0 |0.1200 x 1072 2.0 0.1200 x 1072 2.0
V/87/100|0.4331 x 107* 1.9 |0.5984 x 1073 2.0 |0.5984 x 1073 2.0
V81/130(0.2542 x 107* 2.0 |0.3542 x 103 2.0 03542 x 1073 2.0
V/871/160(0.1705 x 107* 1.9 0.2338 x 1073 2.0 [0.2338 x 1073 2.0

Table 4.1: Global error Eg; of Example 4.1.1 fort = 1, 0 < z,y < /3,
At = Az, TOL = 1/N3,T = 20, 8 = —In(10716) /2T, computed with the norm

U

Example 4.1.1. We consider equation (4.1) with P=Q =0and § = D = 1:

P
ot?

ou_ ot
ot 0x2  Oy?’

(z,y) € (0,b) x (0,b), t >0, (4.16)

with initial conditions

u(z,y,0) = sin (%m) sin (%y) ,

%(m,y,O) = —% sin (%x) sin (%y) , 4.17)
and boundary conditions
w(0,y,t) = u(z,0,t) =0, wu(b,y,t)=u(x,b,t)=0. (4.18)
The exact solution is given by
u(z,y,t) = e~ /2 gin <%m) sin (%y) , (4.19)

where constants a and b satisfy the relation

9 82

20 —a?’

We will consider this problem with ¢ = 1 and b = /87. In Table 4.1 we

present the global error, defined by

Eci=|lu—Ule = max lu(xs, yj,t) — Ulxi, v, 1)), (4.20)

1<i<NZ—1,1<j<N,—1

and the convergence rate for the three methods.
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Az = Ay| CN-2D Rate | Laplace-FD-2D Rate | Laplace-FV-2D Rate
V81 /40 [0.1200 x 102 0.8473 x 1073 0.1100 x 102
V81/70 0.3781 x 1072 2.1 |0.1650 x 1073 2.9 02742 x 1073 2.5
V871/100(0.1924 x 1072 1.9 |0.5996 x 10~* 2.8 0.1229 x 1073 2.2
V871/130(0.1129 x 1072 2.0 |0.2924 x 10~* 2.7 10.6990 x 1074 2.2
V871/160|0.7576 x 10~* 1.9 |0.1690 x 10~* 2.6 04519 x 1074 2.1

Table 4.2: Global error Ego of Example 4.1.1 fort = 1, 0 < z,y < /8,
At = Az, TOL = 1/N3, T = 20, 3 = —In(10716) /2T, computed with the norm
A

All methods have a truncation error of second order and the CN-2D presents

a smaller error. However, let us now consider the error defined by the norm

€27AZ
No—1 Ny—1 1/2
Eay=lu—Ull= | AzAy > Y |ulwi,y;,t) — Ul y, )| . 4.21)
i=1 j=1

In Table 4.2 we can observe that the Laplace-FD-2D method has a signifi-
cant higher convergence rate. The same happens with the Laplace-FV-2D
method.

Figure 4.2: Results for Example 4.1.1. Left: exact solution u(z,y,t). Right:
approximate solution by CN-2D for At = Az = Ay = /87 /40.

In Figure 4.2 and Figure 4.3 we show how the solution behaves for this
problem: the solution u and the numerical solutions match very well.
Despite the good results obtained from these methods, they proved to

be computationally inefficient: the resolution of system (4.14), used for the
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Figure 4.3: Approximate solution of Example 4.1.1 for At = Ax = Ay =
/87 /40. Left: Laplace-FD-2D. Right: Laplace-FV-2D.

Laplace-FD-2D and Laplace-FV-2D methods, and system (4.11) used for the
CN-2D method, require excessive memory and computational effort. In fact,
the three schemes lead to a system that has matrices with five diagonals.
For large values of N, and N,, lengths of the domain in the = and in the y
directions respectively, it quickly fills the computer memory. For example,
in the numerical test given above the methods Laplace-FD-2D and Laplace-
FV-2D do not deal with N,, N, > 200. For the CN-2D method this drawback
is even more evident since the system (4.11) needs to be solved at each time
step; the method does not support V,, N, > 160. Therefore a new strategy is

developed in the next section to overcome this difficulty.

4.2 An alternating direction implicit method

The numerical method proposed consists first of deriving a scheme based
on the Crank-Nicolson method giving rise to a sparse linear system that
need to be solved at each time step. Then, to overcome the computational
inefficiency of this implicit scheme in two dimensions, after discretization we
apply an alternating direction implicit (ADI) method. This approach allows
the reduction of our two dimensional problem into two problems in one
dimension which only require to solve systems with tridiagonal matrices.

The main idea of the ADI method is to split the computations in two
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steps. In the first step, we apply an implicit method in the z-direction and
an explicit method in the y-direction, producing an intermediate solution for
time. In the second step, we apply an implicit method in the y-direction and
an explicit method in the z-direction. This is described bellow.

For convenience of numerical analysis, we introduce the dimensionless

parameters

t
*:La *:La t = ) 06]071]7

T t —
vDe T VDé 0
D D
P*=\/=P, Q =4/=
Vab @ =70
and the dimensionless form of equation (4.1) can be written as, omitting

asterisks for notational simplicity,

0%u ou 0 0
W<x7y7t) + E(xvyvt) = - %(P(l',y)U(l',y,t)) - a—y(Q(w,y)u(:c,y,t))
0%u 2u

where (z,y) € Q,t > 0 and Q C R? is a rectangular domain. We consider the

initial conditions given by

u(z,y,0) = uop(z,y), (x,y) € 9, (4.23)
g—?(w,y,O) = ui(z,y), (z,y) € Q, (4.24)

and Dirichlet boundary condition
u(z,y,t) = f(z,y,1), (z,y) € 092, t > 0. (4.25)

Next, we describe some difference operators so that we can easily handle
the discretized equations (4.7)-(4.8). We define the first order forward and

backward difference operators as

Un ., . —ynr. U, . —ynr.
styn. — 4L ] styn. — Zhitl ] 4.96
x U,J Ax ’ Y Uz,] Ay ( )
and
Uiy — ULy Uij =~ Uij—1

5;Ur 6, Ur; =

Z,j = ACE ) Yy Z,j == Ay (4.27)
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The first order centered difference operators are given by

Lo o Uty — Uity
no_ _ no— o) ) 4.928
5$U'L,j 2[6$ + 630 ]Uz,] QALL’ ’ ( )
mo_ Loy o Ul — U
and the second order centered difference operators are defined by
Uur .. —oUnr U, . Ur. . —U™ 4 U™
2 n __ Zil»] 1,) 2+17j 2 n __ 7‘7‘]71 %,) l7]+1
0, Ui; = A2 , 0Ul = Ay . (4.30)

Considering the new variables, we use the discretization operators de-
fined in (4.28)-(4.30) and denote the set of discretization points U" = {U}};},
PU™ = {P; ;U }, QU™ = {Qi ;U }, PeU™ = {(P)i UL}, QU™ = {(Qy)i UL}

and W" = {W";}. The numerical method can be written in the form

Wt W =Urt U + Ait (urtt —um) (4.31)
and
Wt _wn = — %Px(U"“ + U™ — PTA%I (Ut +um)
- %Qy(U”“ +U") — QTN y (U U
v Se e oy S e eon . @se)

Let us define the operators

Lp= %(& +Ps,—062) and Lg= %(Qy + Qb — 47) (4.33)

and consider the numerical method
2 At
14— | +L 1 L ntl
(1 3) +2) (1+ 5rgte) 0

2 At n n n
(14 2) 1) (1- 20 oo s

Proposition 4.2.1. The numerical method (4.31) and (4.34) is a discretiza-
tion of the equation (4.22) and, for a sufficiently smooth u, the numerical

method is O(At? + A?) accurate, where A? = Ax? + Ay?.
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Proof: If we replace the exact solution in the numerical method (4.31)-(4.32)

then, after expanding functions u"*! and w"*! into a Taylor series around

the point (z;,y;,tp11/2)s

wn+1 + w” = un+1 + u” + % (un+1 . un) +0 (AtQ) (435)
and
At PAt
ntl _,n_ =" n+1 ny - /" n+1 n
w w 2P:C(u +u™) 5 bz (u" T 4+ u™)
At At
. 7Qy(un-i-l + un) _ QTéy (un+1 + un)
+ % (07 +6;) (U™ +u™) + O (A + A + ALA?)
(4.36)

and the CN-2D method is O (At? + A?) accurate. Replacing (4.35) in (4.36)
yields

2 2 At
<1+E> w4 <1— E) u" = - T(Px-i-Qy)(unH*‘un)
At
2
% (62 +02) (w1 4+ u™) + 20"

O (AL? + A%+ ALA?) .

(P&, + Qd,) (u™™ +u™)

Using the operators defined in (4.33), the previous equation can be written

2 n+1l __ i o _ n
(15 2) rros s}t ((1+2) -2 1).

12w —u") + O (AF + A% + AtA?) . (4.37)

as

The accuracy of the numerical method is O (At2 + AQ) , and therefore we
can add to it any term of the same or higher order without changing the
accuracy of the scheme. With this in mind, let us consider the term

At
At +2

LpLo(u™™ —um). (4.38)

Since
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2
LpLo(u™™ —um) = Aj (P + Péx — 02?) (Qy + Qdy — 6y?) (u" T —u™)
At? o 02 92 ,
T4 (P tPo =55t 0B )> (Qﬁ@ a9 ——+O(Ay ))

(At (?Z)nﬂﬂ + O(At3)>

AP o o O gurti?
Y (P P W)@ﬂ”@?‘@?) o

+0 (ABA? 4+ AtP) |

the term (4.38) is O (At*A? + At°) and can be added to (4.37) without any

change in the accuracy order. Then, we obtain

<<1 §t>+LP>( A75A+2LQ> "
(e 2) ) (g2t

+2(w" — u") + O (A + A% + AtA% + AP A?) . (4.39)

Therefore, we conclude the numerical method (4.34) is O(At? + A?) accurate.

To implement the numerical method (4.34) we can split the equation in
two, following the Peaceman-Rachford strategy [75], by introducing a new
intermediate variable U , which represents a solution computed for an

intermediate time. Thus we obtain a type of Peaceman-Rachford ADI,

2 At n At n n

sttt () )= st

If we apply the operator ((1+ Z) + Lp) to both sides of (4.41), it can
be seen that (4.40) and (4.41) are equivalent to (4.34). To implement the

difference scheme (4.40)-(4.41) we need to solve two systems. The resolution
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of (4.40) gives

1+ — P+ =
t ot Rt

< 2 At At At52)U
At

_ At? 5 " At " "
= <1—M(Qy+Q6y—5y)>U +At+2(W - Um).

After developing the difference operators we obtain the equation

AtP; ;i Uit1,; — Uiy

2 At ~
<1 TNt (PI)"J) Vis 5 2Ax
AT - 2U;j + Uisrg
2 Az?
_ At (Qy)z J At? ng Z]+1 UiT,Lj—l
At +2) ) Vi T oA+ 2 2hAy

p A Uy Z 20 4 O A (W” U”.)
2(At +2) Ay At+2 i)

Dividing the equation by At results in

A} ﬁzel g+ A2 ﬁ” + A?jﬁi+1j
1
_ nl 2 3
B Uzg 1+BljUZn]+B Ulj+1+At+2( L
fori=1,...,N,—1,j=1,...,N, — 1, where
1 _ by 1 2 _ 1 (Pz)i,
Ai,j__4A;c_2A:v2’ Ai,j—A_t+ t2+ ]+Ax2’

1 At o At
Bi; = matrnay Qid T saroag

At

2 1 ——at
Bi,j At At+2 (Qy)ij — (At+2)Ay?>
3 _ At
Bz}j At+2 YAy Qij + 2(At+2)Ay?

The matrix form of (4.42) is

-Ui5),

(4.42)



112 A two dimensional hyperbolic diffusion equation

2 3 T i
Al A Ut,j
1 2 3 7. .
1 2 3 7 )
ANz—z,j ANI—2,j ANI—Q,j UNw—Z,J
1 2 T )
i ANrLj ANrLj 1L UN,-1,5 i

1 n 2 n 3 n
By ;UL 1+ BiUL; + By U

1 n 2 n 3 n
By ;U3 1+ By Us; + By ;U

1 n 2 n 3 n
By, —2UN,—2j-1+ Bx,—2,;UN,—2; + Bn,—2,;UN,—2.j+1

1 n 2 n 3 n
By,—1,;Un,—1,-1 T Bx,—1,;UN,—1; + Br,—1,;UN,—1,541 |

1 n n 1 77 .
pvam) (Wl,j - ULj) — 4100,

1 n n
~iT2 (W2,j - Uz,j)

1 n _Jn
At+2 (WN;C—ZJ‘ UNx—2,j)

1 n n _ A3 77 .
JivEs) (WNw—l,j - UNw—l,j) AN, —1,)UNe |

For a fixed j, we need to solve a tridiagonal system of dimension (V, —1).
This implies the resolution of (IV, — 1) tridiagonal systems. In a similar way,
the resolution of (4.41) gives

At?

2 n+1
<1 + m(Qy+Q5y 5y)> unt

At
At + 2

1+ ——-=P, Pé, +

2 At At At .
= (g v

5§> U+
Again, we develop the operators and divide by At to get

1 n+1 2 n+1 3 n+1
Ci Ui +CiU + CLU

1
WL~ U, (4.43)

= DLTi1+ D20 + D0+ g (W,
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fori=1,...,N,—1,5=1,...,N, — 1, where

BT 4(AL+2)Ay U 2(At 4 2)Ay?
1 At At
2 _
Chimat 2(At +2) (Qu)is + (At +2)Ay?’

0T T A AL T o\ A K3 —7 ‘D’L ) )
B A(AL+2)Ay T 2(At 4 2)Ay? T 4Az T 2Ax2

, 12 By o 1 s By 1
BIAt T A2 2 Ax?’ b ANz 2Ax?

The matrix form of (4.43) is

2 3 n+1
Ci Gy Uix

2

1 2 3 n+1
Ci,2 Cz',2 Ci,Q Ui,2

1 2 3 n+1
Ci,Ny—Q Ci,Ny—Q Ci,Ny—2 i,N,—2

1 2 n+1
CLNy—l Ci,Ny—l 1L Ying—1 |

LA ) 5
D; Uicia + DUy + D71 Ui

1 77 2 77 3 77
D;oUi—12+ D;oUia + D;oUit1,2

) ~ ) -~ 5 ~
Di n,—2Uic1,N,—2 + Di n, _sUin,—2 + Dj n, _oUiv1N,—2

1 7. 2 7. 3 7.
Din,-1Uiciny—1+ Diy, Uin, 1+ D7y, 1 Uivin, -1

n n 1 n+1
At+2 (Wz 1 Ui,l) - Ci,lUi,O

iz (Wi = U

1 n n
At+2 <Wi,Ny—2 - Ui,Ny—2)

1 n _7In 3 n+1
At+2 <‘/I/’£,Ny—1 Ui,Ny—l) Cz Ny—lU i
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For a fixed i, we need to solve a tridiagonal system of dimension (N, — 1).
This implies the resolution of (N, — 1) tridiagonal systems.

We have seen the difference scheme (4.34) has a truncation error of order
O (At? + A?). Next, we focus our attention in its stability studied in the

following section.

4.2.1 Stability analysis

We prove the stability of finite difference scheme (4.34) for two distinct
cases: in the first we consider P and () constants and the second one has
P(z,y) = P(z) # 0 and Q(z,y) = 0. This last case appears in the study
of hyperbolic diffusion equations in two dimensions containing a first order
spatial derivative, namely in hyperbolic heat conduction problems due to
their wide industrial applicability [3, 17]. The discrete energy method is
used for both results. To this end, let us define the set of discrete values with
homogeneous boundary conditions.

Assume that
g = {U| U= {U@j}, and U()’j = UN.r,j = Ui’() = Ui,Ny = 0}.

For U,V € G, we define the inner product and norm respectively as

Ny—1 N?l_l
(U, V)=2zAy Y > UiV, |UIP=(U,U). (4.44)
i=1 j=1
We also define the following inner products that involve the first and second

order discretization operators of U,V € G:

Ny—1Ny—1
(OFU6HV),, =Aaly > > 65U Vg, 16FUI2, = (5FUL6HT)
i=0 j=1
Ny—1Ny—1
(G U.6;V),, =Daly Y > 85 Uiioy Vig, 6 UIR, = (6;U,6,U)
i=1 j=0
Np—1Ny—1

(036, U0F6, V), = AxAy > > 656U ;0565 Vij,
i=0 ;=0
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and

16565 U2 = (656U, 6,56,U) .

Next, we introduce some lemmas that will be useful to prove the main

theorems.

Lemma 4.2.1. For any W € G,
18 WI < N0 W llews N6y WI < 18y Wiy, 11828, W < 11656 Wl

Proof: The first two inequalities are obtained in a similar way to inequality

in Lemma 2.2.1. We only prove the third inequality. We have

Ngy—1Ny—1

A:pAyZ Z 55Wz]

=1 j=1

1626, W2

Np—1Ny—1

1 1 ?
AzAy Y > (536 (55;m,j+55ywi,j>> :

i=1 j=1

Using the inequality (a + b)? < 2a? + 2b* we obtain

—1Ny—1

16.6,W | < Amy Z Z (530 <#WJ>>
b oaea (51, (—)> |
y Z Z A

The first inequality |6, W || < ||6;F W ||, leads to

Nz—1 Ny—1 2
9 i1 — Wi
16,0, W2 < AxAy Yy (5 <A—y>>

=0 j=1

+ —AmAy Z Z (5 (—WW AZ”“)) .

=0 j=1
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Now, we shift the index j in the second summation and get

Np—1Ny—1 9

Woiirr — W -

W2 + ij+1— Wi
1620, W= < —AmAy E E (5 <—y>>

=0 gj=1

1 1+ ( Wijt1— Wi 2
DD 595( Ay

2
5t (Wi,jﬂ — Wi,j))

Win, — WinN,—1 2
Ay

Ny—1Ny—1

AxAy > > (556, Wiy)

=0 j5=0
= oo Wl

IN

The following lemma is the well known property of summation by parts
[563, 98]. The proof is similar to the one in Lemma 2.2.2 and we do not include

it.
Lemma 4.2.2. Forany U,V € G,
(0:U.V) == (5 U6V) o (BUV) == (8U.6;V),,
The next lemma can be seen, for instance in [22, 31, 86].

Lemma 4.2.3. For any U € G, the following inequalities hold

4 4
60N < &IV WSSOI, < o101

1636, UIZ < Ul

4
sl 6565012 < <515 VI,
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Proof: Let us start to prove the first inequality. We have

H(S:;FUHE:D = AzAy Z Z 5+U” —Aa:Ay Z Z < itl,j — l])

=0 j=1 =0 j=1
NI 1Ny ]‘ 2
1+1,)° +2 (Uiy)
< Dany 3o 3 M) 20
=0 j=1
Nam1Ny~L Nam1Ny—1
2
= AxAyZ Z 7.z Uir1s) —i—AxAyz; Z} Az (Uig)’
1=0 : 1 7

Shifting the index i in the first summation and using the conditions

Up,; = Un, ; = 0 we obtain

Ny Ny—1 2 Np—1Ny—1 2
2(Ui;) 2(Ui;)
+77112 ) iJ
165U2, < AxAyZZ g +ATA ' v
i=1 j=1 =1 j=1
Ny—1 9
2(Uy,;)
+ AzAy Z N2
j=1
Ny—1 Ny—1 2 Ny—1 9
2(Uiy) 2 (UN, j)
= AzAy y > TR TAAy Y =S
=1 j=1 7j=1
szlNyil 2
2(Ui;)
A J
+ AzAy Z Z A2
=1 j=1
4 2
= A—xQHUH'
Let us now consider the norm [|6; 6, U||2. We have
N,—1Ny—1
6565 UN2 = AxdAy Y D (656U )
=0 j5=0
Nz lNy 1 U 2
S )
=0 45=0 Yy
Na—1Ny—1 77, )2
= oAy Y Y Uwﬂ 0 Uiy)
=0 j5=0
Np—1Ny— 1
(5 U; +1 +2((5 U; )
< avay Yo > 20 200
=0 4j=0 y
Np—1Ny—1 Np—1Ny—1

2(650;, 2(6F U7
= AzAy g 2 Ay ‘2”1 + AzAy Z jzo I
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Shifting the index ;j in the first summation and using the conditions

Uio = Ui,n, = 0 we obtain

)

No !l 2 5U No 1! 5U
505 U2 < Azdy ) Z ’J +A33Ay Z J

=0 j=1 1=0 =

Ng— 1

+A$AZ

Ng—1Ny—

2 Nelo (5507 n )2
= Acdy Y Z 20 U” +AzAy Y 7(52[;2%)
=0 j=1 =0

Nz—1Ny—1 2

+ AzAy Z Z 200z U’j

=0 j=1

Similarly we obtain ||6,f U||2, < Ay =z lUN2, 1656, U 12 < 55216, U 12,

Before proving the main result, note that the ADI method (4.34) can be

written in the form

2 2 At
1 n+1 1— = n_ oWn Lol n+l _ rm
<+At>U +< At)U W'+ Nalrle U v)

= —(Lp+Lq) (U™ +U"). (4.45)
Taking into account (4.31) we have

W?’H—l . Wn

ATT 2LpL QU —U™) = —(Lp+Lg) (U +U") . (4.46)

Theorem 4.2.1. Suppose that {U]';, W}';} and {V]";, Y.} are solutions of the
finite difference scheme (4.31) and (4. 46) with constants P and (), which sa-
0
1,57 W }
and {V;,Y;} respectively. Let w}'; = W[, = Y[, ¢'; = U = V. For At <1,
such that, At < c,Ax, At < ¢ Ay, wzth constants ¢, cy, then {wy;, €'} satisfy

tisfy the boundary condition (4.25), and have different initial values {U?

™ 24 62, 105 2, < (140 (oI + 157 €2, + 165 €2,),
(4.47)
where C denotes a constant independent of Ax, Ay, At.
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Proof: For w" = {w}';} and €" = {¢}';}, from (4.46) we have
n+1 n At n+1 n n+l n
W' — W™+ LpLQ(e —€ ):—(LP+LQ) (6 +€ ) (4.48)

At +2

Multiplying both sides of (4.48) by w" ! 4w" with respect to the inner product

(4.44) we obtain, using (4.33) with P and () constants,

o™ I = flo™ 1
+A7t3 ((PQ6,0y — P6,02 — Q626, + 6202) (€™ — €")
(At—l—Q) =y THy -y vy ’
LA

2 ((P5 — 02 + Qby — ) (e"+1 + 6") w4 w”) = 0.

By (4.31) and summation by parts we have

(5:%53 (6n+1 _ en) ’wn—i-l + wn)
— (6;6; (€n+1 ),(5;;6;( n+1+6n))+5(5+5+( n+17
2
= |00y €M — 1|6, 6 €17 + EH@@(GHH -,

2
(07 (" €)W 4 W) = —[|8) (" eI, - A (65 €™ 1%,
and
(52 (€n+1 + 6”) 7wn+1 _|_wn) — _H(S;r(€n+l )H*y At (H(5+ n+1H

We can rewrite (4.49) as

At3
lw 1|2 mll5+5+ T2 |6 er T2, + (16, e T2,
= [lw"||* + (At+2)H5+5+ 12 + I en]12, + 116, €12,
At

—— (62 (e + eIy + 195 (" + €Ml
At?
T 2(At+2)

A; ((P(5 + Q0dy) (e”“ + 6") w4 w")

A o 104 0 (et — )2

wn+1 + wn)

(4.49)

6") ,6;5; (enH —

—llo e %)
(4.51)

— Iy €"11%,) -

(4.52)

€"))

(4.50)
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__Ar
A(At+2)

Let us now discuss the terms with P or ). We first consider the terms

((PQ3,6, — P8,5% — Q325,) ("' — ) ,w™ ! +w").  (4.53)

- (P(Sw (e”Jrl + 6”) w4 w") and - (Qdy (G”Jrl + 6”) w4 w") )
Using the Cauchy-Schwarz inequality, Lemma 4.2.1 and the inequality
ab < na® + b*/4n, (4.54)

for n > 0, we have

_ (P(SI (€n+1 + En) 7wn+1 +wn) < ||P5x(€n+1 + En)H”wn+1 _|_wn||
< P (EH 4 €M) [laallw™ T 4+ W™
< mlPPIEE (T + eI,
1
4 wn+1 + W™ 2'
. ||
Using the inequality
(a+ b)2 < 2a? + 2b°, (4.55)

we conclude that

— (PO (1 4+ em) w4 w™) < | PPGE (M 4 )2,
1
5 (™ P + [l 7). (4.56)
m
Similarly
—(Q3y (" + €)W+ W) < Q0 (€ + )2,

1
(™ + [lw™]?). (4.57)
212

Let us now consider the term
— (PQES, () — ) W W)
Using the Cauchy-Schwarz inequality, Lemma 4.2.1 and the inequalities
(4.54)-(4.55), we have
= (PQIG0, (" =€) "+ W) < | PQP6F 8y (¢ — )2

1
- —([|lw™ T + [|w™|?) (4.58)
2n3
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Finally, we consider the terms
(P66 (" =€), w™™ +w™)  and  (Q5,0% ("' —€") W +w").

Using summation by parts, Lemma 4.2.1 and the inequalities (4.54)-(4.55),

we obtain

(P(;x&z (e"Jrl —€") Wt w")

_ (P(Sxé; (EnJrl _ Gn) ’5;» (wn+1 +wn))

*Yy

< dea:d;_ (fn+1 - 6n) H*y”dg—}_ (wn+1 +wn) H*y
< NIPIEFSS (€ =€) [l (@™ 4 w™) [lay
< | PPISSS,) (€ —€)I2

1
+m”5§f(wn+l + Wn)”»%y

Using Lemma 4.2.3 and the inequalities (4.54)-(4.55), we can conclude that

(Po,32 (7 — &) W ) <yl PP2IaF 6y () — )2
+—— (lw" ) + ||lw™|*).(4.59)
774Ay2(|! 17+ [lw”[I%)
Similarly
(Q(Sydi (6n+1 _ En) 7Wn—‘,—l +wn) < 775‘Q|2H5;_5;_(5n+1 _ en)Hz

(o™ 1 + flw™ %) (4.60)

L2
N5 Ax?
From (4.53) and the inequalities (4.56)-(4.60), we obtain

3
™12+ A 163552 + 16 12, + 5 en 2

A 3
< Jlw™|? + 4(Af+2 16,76, €12 + 16 €12, + 116, €112,
— &L (|6 (Y + €M1, + 116} (€ + €em)]|2,)

— sty 0565 (et — )2

81 (I PRY6F (4 €2, + mlQP2I5y e+ + e 2,
+4 (" ) (o2 + em)2) )

+als (1PQPns + P2+ 1QIP0s) 165 65 (4 — e

5 (" + A Ay 2 s A7) ([l + ) )
(4.61)
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Reorganizing the terms and using the conditions At < ¢,Az and At <

cqAy, we obtain

Allw™ M + s 07 a5 e + [l e %, + 1oy eI

(At +2)
A3
A(AL + 2)

LAt
5 105 (€ 4 2 (m [Pl = 1) +

< Bllw"|* + 0305 €™ |12 + 110 €12, + 16 " I12
Y Y

At n n
SIS+ e 2, nlQP - 1)

+(N+ﬁMWmW+%®Mmuwm%ﬁw#m+@wg—m,
(4.62)

where A and B are given by

A At fat vt gst e Ay (4.63)
2 2 At +2 4(At + 2) '
and
At (7t 4t Engtdnt Ayt
B=14+20 (M T | % “ . 4.64
T3 ( Y. N o vy (4.64)

Let us choose 71 = 1o = 13 = n4 = n5 = n with

. 1 1 2
n<mln{ﬁ,@, (PQ)2+P2+Q2}' (4.65)

Then, from (4.62) we have

Allw™ 2 + s 105 8y I+ 07 e, + oy e

(At +2)
At3

(AL+2) (4.66)

< Bllw"|* + 105 0™ |12 + 1107 €2, + 10 €"II2

*Y

with

LA gta AP
A=1-5 (” T A A(At+2) (4.67)

and

At 2+ c? At?
B=1 = —1 —-1-p q -1 = ) 4.
T3 (" T A T 4(At+2)) (4.68)

Using Lemma 4.2.3 and At < ¢,Ay, from (4.66) we obtain

Allw™ P2 + 1 eI, + N1y eIz,
2

o cAt
<B|w"?+ |1+

AH&)W&W%+M&W@ (4.69)
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If we choose 7 such that

1 A+ A +A)+1
77>§(1+M), forM:maX{ p2 = (< 12q) ,

we can easily check that 0 < A < 1. Additionally if we choose 7 such that
1 a+c
c2 2c2

we have B > 1 + cht /(At + 2). Therefore by choosing 7 such that

1 1 1 2 2+c2+c2
—1+M <min{ —, — P4 4.70
2( + )<7]_m1n{P2,Q27(PQ)2+P2+Q2, 202 }7 ( )

it follows

Al P+ Nl e HE + 16y € HIZ,) < B (o™ + 16 €12 + 16, €"11%,) -

(4.71)
Consequently, by noting that
1 1%t 1 A2
2= A Yo A_tfzjn ey S1roat
-2 (77 TN A T m)
where C denotes a constant independent of Az, Ay, At¢, we obtain the main
result.
|

From the previous theorem we get the following result.

Corollary 4.2.1. Suppose that {U}";, W;} and {V]";,Y/;} are solutions of the
finite difference scheme (4.31) and (4.46) which satisfy the boundary condition
(4.25), and have different initial values {U};, Wi, } and {V%;,Y,;} respectively.
Let wi!; = W[, =Y, &, = U, = V. For At <1, such that, At < Az,

At < cgAy, with constants c,, cq, then {w}';, €'} satisfy
[lw™ ([ + 1107 €"[[30 + 1165 €12, < K ([[w®]* + 157 12, + 1165 ¢%l1%,) ,  (4.72)
where K denotes a constant independent of Ax, Ay, At.

The proof follows from Theorem 4.2.1 by making recursion with respect
to n. We can easily obtain a similar proof as the one in Corollary 2.2.1. Thus,

we can conclude that the difference scheme is stable.
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Remark 4.2.1. The previous results require that the maximum time step size
is directly proportional to the space mesh sizes. Usually optimal results are
obtained when time step and space steps are comparable and therefore this
is a natural condition. Similar conditions can be seen in literature for ADI
numerical methods for hyperbolic problems, that usually do not include the

first order derivatives in space [31, 33, 55, 93, 97].

Remark 4.2.2. Since P and Q) are constants we assume they are less than one
in absolute value, that is, less than the diffusion coefficient. If P and Q) are
larger than the diffusion coefficient, asymptotic analysis of exact
solutions shows that the Cauchy problem of equation (4.22) can be unsta-
ble [95]. The choice of constants c, and c, mentioned in the previous theorem
can depend on the values of P and Q as can be concluded by observing the

condition (4.70). A practical choice could be to consider CZ + cg < 2/3, for all
P Q.

In the next theorem we establish the stability result in the case where
P(z,y) = P(z) # 0 and Q(z,y) = 0. The operators in (4.33) become

A A
Lp= g(p' +P5,—8%) and L= ;55, (4.73)

where P’ = P'(z) denotes the derivative of P(z) in the x variable. The finite

difference scheme (4.46) turns to

At
At +2

Wt — w4 LpL (U™ —U™) = —(Lp+ L) (U™ +U™). (4.74)

Let us suppose that P(z) has non-negative derivative P’(z) and define

N-1 N,—1Ny—1

PP =3 (R0 0"l = Aoty 3 3 P (U,
=1 j=1

i=1

and
Ny—1Ny—1

6y* U™ 12,0 = AzAy Y Z P! (sy*Up)?
=1

Theorem 4.2.2. Suppose that {U]';, W[';} and {V/;, Y/,
finite difference scheme (4.31) and (4.74) where P(x,y) = P(x) # 0 has

"} are solutions of the
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non-negative derivative P'(x) and Q(z,y) = 0, which satisfy the boundary
2,77 7,(,]]} and {‘/10]7Y;?]}
respectively. Let w'; = W[, =Y, €, = Ul'; = V.. For At < 1 such that

zg’ z

condition (4.25), and have different initial values {U)

At < cAy, with constant c, then {w} L€ J} satzsfy

oo™ FHI - [0 €12, + Nloy e IR, + [l 17

< (14 G ([[w™]? + 165 €112, + 118, €17, + "), (4.75)
where C1 denotes a constant independent of Ax, Ay, At.

Proof: For w" = {w;} and ¢" = {¢;}, from (4.74) we have

Wt o 4 LpL ( ntl _ 6”) =—(Lp+1L) (G"H + e") . (4.76)

At+2

Multiplying both sides of (4.76) by w" ! +w" with respect to the inner product
(4.44) we obtain, using (4.73),

oo™ 1 = Jle™ (|2
At? /<2 2, 252\ (ntl _ ny , ntl | m
+m ((_P(Sy_P5x5y+5x5y) (6 — € ),w +w )

At
+=5 (P'+ P, — 02— 6) (€T M)W+ W) =0, (4.77)

Using the equalities (4.50)-(4.52) we can rewrite (4.77) as

R ) e 2) T IO 4 2, + [0y 2
= Jlw"|*+ (At+2)”5+5+ 12+ 1167 € 12, + 16,7 €™ (12,
At n n n
- (165 (" + €M 12, + 116, (" + €M)I2,)
At? " n
—m||5+5+( e )Hi
At / n+1 n n+1 n
- ((P+P5)( +€),w +w)
AtS P152 P(5 52 n+1 n n+1 n (4 78)
+74(At+2)(( y T zy)(e — "), W W) .

Let us now discuss the terms with P. With the assumption that P’ is

non-negative and by (4.31), we obtain
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_% (P/(en—i-l +6n)’wn+1 +wn)
At
— _7 (Pl( n+1 te ) n+1 +€n) . (P/(EnJrl +€n),€n+1 _En)
Np—1Ny—1 )
= ——AmAy Z Z P’("+1+e )
=1 j=1
Ngy—1Ny—1
~away 3530 P ((4) - @)?)
i=1 j=1
Nz—1Ny—1 Ny—1Ny—1
< aeay Y Y P (ar) vanay Y Y R )
=1 j=1 i=1 j=1
= [ B+ e 3 (4.79)

We also have, from (4.56),

At
2

A
(P, (4 ) w4 wt) < Sl PP + e,

At
+—(||w”“||2 + [[w™]?). (4.80)
4m

On the other hand, by (4.31) and summation by parts we have
(P/(SZ (€n+1 _ en) ’wn+1 + wn)
(P (= ) 8 (4 e))
2

_E (Pléz—}- (6n+1 _ 6”) 75;- (En—i-l _ en))*y

= —AzAy ZNI ! ZN”_l g ((5y+e"+1) <5y+e” )2>
AtAxAy ZNI 1 zNy 1 P! <5y ( n+1 6%))2
< 1o € HE, pr + 1105 €112, -

Thus,

*Y

At3 /52 (_n+1 n n+1 n
m (P (Sy (6 — € ) , W +w )
At3

< ————— (165" 12,5 = 116, €™ 112, pr) - 4.81
S T IAt+ ) (Ilo, 12,00 — | 12,07 (4.81)
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Finally, from (4.59) we have

a3y (Pl (7 =) 4wt
LM + s+ 7L+1_ n\ 12
< TarrmyIPIPISES (@t = e
A3 . .
s g P 1) (4.82)

From (4.78) and the inequalities (4.79)-(4.82), we obtain

n+1H2

o Tar o 107 Oy € T A+ Hl0F eI, + 1oy e

(At + 2)

< ™| + 03 6 €™ (12 + 105 €™ 12, + [10 €™ 1IZ,

(At—|—2)
At + n+1 +( n+1 n\||2
—7(!!5( + )2 + 107 (€ + )2y

At?

C2(At+2)

At il Ufl n+1)|2 n||2
+5 (PR 4+ )2, + T (o2 + om?) )

At

_ o+ n+1 _ ISt
4(At+2) (H ”*yP’ H(S ”*yP’)
L AP
INES)

1035 8, (€74 — €12 = "B, + lle™ |3

(mall PI26E 6 (e = e)lI2 + 2~ Ay (™2 + " 2) ).
(4.83)

Reorganizing the terms and using the condition At < cAy, we obtain

A3
Allw™ 2 + 7 &fy 108 0 € HIE + 10 e HHIZ, + 10y eI,

3
+H6n+1HP’ + 4(AAtt+2 H5+ n+1”>kyP’

A3
< Bllw"|” + 4(Af+2) 6 0, €™ 1 + [l €™ [1Z, + 119, €2,

+”6nHP' + 1 At+2 H5+ n”

+5L65 (e + eM)|12, (m || P> — 1) — %H@“(en“ +eM)i2,
N At?
4(At +2)

where A and B are given by

—1 2, —1
A:1_§<’h_+“72 ) (4.85)

*xy P’

1638 (" +E = €M) (At PI* — 2) (4.84)
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and 1 2, -1
At (g~ |y
B=1+— (12— +-—"—""=—]. 4.86
T3 < SENEY (4.86)
Let us choose 71 = 1o = n with
1
1< B (4.87)
Then, from (4.84) we have
Allw™ 12 + A7753H<5+<5+6”+1||2 + 1652, + (16, e 2
A(At+2)1% % « T 0 w110y wy
At3
n+12 + n+1)2 ,
B+ g gy 07
< Bl P+ S5t e a2, + 6 e
— 4(At+2) T vy * x *T Y *y
A3
n|2 + ny2 ,
+H6 ||P’+ 4(At—|—2)”6y6 H*va
(4.88)
with , )
At (0~ 4 C
=1-——|— 4.89
A12<2+"At+2> (4.89)
and ) )
At (0~ 4 C
B=1+—|— . 4.90
T3 < y T At+2> (4.90)

Using Lemma 4.2.3. and At < cAy, from (4.88) we obtain
Al P 107 T2, + 105 €T HIZ, + et IR

At T ony2 o2 At 9
" " 1 "%,

o et e, + (1 555 ) 1l
4.91)

< B|lw™|? + (1 -

If we choose n such that
1
n> Z(l + 02)7

we can easily check that 0 < A < 1. Additionally if we choose 7 such that

142
2¢2

we have B > 1+ c2At/(At + 2). Therefore by choosing 1 such that

n<

1 , 1 1+
1(1 +C2) < n S mln{W,W}, (4.92)
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it follows

A (™2 + ez + 107 € Iz, + Nl E)

< B ("I + 165 € 130 + 16y €112, + € 1I7) - (4.93)

Consequently, by noting that

1 1 2

§:1+At nT+77 A2

A At 2
1‘7( +n At+2)

where C; denotes a constant independent of Az, Ay, At, we obtain the main

<1+ CiAt,

result.
[ ]

From the previous theorem we get the following result.

Corollary 4.2.2. Suppose that {U";, W';} and {V/";,Y";} are solutions of the
finite difference scheme (4.31) and (4. 74) whlch satisfy the boundary condition
(4.25), and have different initial values {U? ¢r } and {VUJ, YZOJ} respectively.

Let wi; =W =Y, e, =Ul =V For At < 1, such that, At < cAy, with

1,50 1

constant c, then {w;;, €'} satisfy

o™ |2 + 1165 €™ 12 + 165 €™ 12, + lle™ 1B

< Ky ([lO + 118 €12, + 116, <112, + 1 13)
where K, denotes a constant independent of Ax, Ay, At.

The proof follows from Theorem 4.2.2 by making recursion with respect
to n or by considering the proof of Corollary 2.2.1. Thus, we can conclude
that the difference scheme (4.74) is stable.

Remark 4.2.3. The choice of constant c mentioned in the previous theorem
can depend on the value of P as can be concluded by observing the condition
(4.92).

Remark 4.2.4. In the case where P = (Q = 0, by following the same steps of
the previous proof, we can easily conclude that the difference scheme (4.46) is

not unconditionally stable.
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4.2.2 Numerical results

In this section we present numerical tests which confirm the previous
theoretical results obtained for the difference scheme. We compare some
numerical results with exact solutions and we also illustrate the behavior of

some solutions. Let
€ij = iy — Uiy, wij = w;j — Wi, (4.94)

where u is the exact solution, w is defined by (4.5) and U and W are the
approximate solutions, respectively. To measure the error and the rate of

convergence we consider the norms defined by
lelloo = max[u;; — Uil [[w]loo = max [ws; — Wi, (4.95)

for1<i<N,—-1,1<j<N,—1,and

Ny Nyt 1/2
lell = | AzAy > > Juiy — Uiyl
i=1 j=1
N,—1Ny—1 1/2
lwll = | AzAy > Y fwi; — Wiyl : (4.96)

i=1 j=1
We present two problems for which we are able to determine the exact

solution in order to compute the errors and the convergence rate.

Example 4.2.1. We consider the problem

9%u @_ ou ou  *u  J*u

w‘i‘at—_ %_Qa_y""W"i‘a—ygv (x,y)G(O,l)X(O,l),t>0,

with initial conditions

u(z,y,0) = eF2/2+QY/2 ginh (bx) sinh(cy),

Ou
ot

and boundary conditions

(z,y,0) = — %epx/ 2+Qu/2 ginh (ba) sinh(cy),

u(o’ y’ t) = u(x7 0’ t) = O’
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u(1,y,t) = e~ */2el/2TQU/2 5inh(b) sinh(cy),
u(x,1,t) = e~ 2eP7/2+Q/2 ginh (bx) sinh(c).
The exact solution is given by
u(x,y,t) = e~ /2el*/24Qu/2 ginh (ba:) sinh(cy),

where constants a, b and c satisfy the relation

a? — 2a + P? + Q?
1 .

We consider this problem with a = 1+ \/17+ P2+ Q?, b = /(4 + P?)/2

and c =

b+ =

(4 + Q?)/2. We show the errors and convergence rates for different
P values, such as, in Table 4.3 and Table 4.4 for P = 0.5,Q = 0.4, in Table
4.5 and Table 4.6 for P = 0.5,QQ = —0.4, and in Table 4.7 and Table 4.8 for
P = 0.5,Q = 0. For all the cases we observe the convergence rate is second

order as expected, although the norm /5 A provides smaller errors.

Azr = Ay Error |l¢e|~  Rate Error |w||~« Rate
1/128 0.1945 x 10~4 0.1324 x 1073
1/256 0.4837 x 1075 2.0 0.4098 x 107* 1.7
1/512 0.1201 x 107° 2.0 0.1205 x 107* 1.8
1/1024 0.2996 x 1076 2.0 0.3424 x 107° 1.8
1/2048 0.7487 x 1077 2.0 0.9439 x 1076 1.9

Table 4.3: Errors and rates obtained from Example 4.2.1 with P = 0.5, Q =
04,t=1,0<z,y <1and At = Az, computed with the norm /..

Az = Ay Error ||e]| Rate Error |w|| Rate
1/128 0.8624 x 107 0.4189 x 10~4
1/256 0.2156 x 107> 2.0 0.1059 x 10~* 2.0
1/512 0.5391 x 1076 2.0 0.2670 x 1075 2.0
1/1024 0.1348 x 1079 2.0 0.6719 x 1076 2.0
1/2048 0.3369 x 1077 2.0 0.1687 x 1076 2.0

Table 4.4: Errors and rates obtained from Example 4.2.1 with P = 0.5, QQ =
04,t=1,0<2z,y <1and At = Az, computed with the norm /; A.
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Az = Ay Error |l¢e]|  Rate Error ||w|l.c Rate
1/128 0.1729 x 107 0.1294 x 103
1/256 0.4306 x 107° 2.0 0.4032 x 107% 1.7
1/512 0.1071 x 1075 2.0 0.1193 x 107* 1.8
1/1024 0.2666 x 107 2.0 0.3402 x 107> 1.8
1/2048 0.6666 x 10=7 2.0 0.9399 x 1076 1.9

Table 4.5: Errors and rates obtained from Example 4.2.1 with P = 0.5, Q =
—04,t=1,0<z,y <1and At = Ax, computed with the norm /..

Az = Ay Error ||| Rate Error |w||  Rate
1/128 0.7423 x 107 0.3617 x 1072
1/256 0.1856 x 107° 2.0 0.9179 x 107° 2.0
1/512 0.4641 x 1076 2.0 0.2319 x 107° 2.0
1/1024 0.1160 x 1076 2.0 0.5843 x 1076 2.0
1/2048 0.2900 x 10~7 2.0 0.1468 x 1076 2.0

Table 4.6: Errors and rates obtained from Example 4.2.1 with P = 0.5, Q =
—04,t=1,0<z,y <1and At = Az, computed with the norm /3 .

Az = Ay Error |l¢e]| .  Rate Error ||w|.c Rate
1/128 0.1767 x 102 0.1256 x 103
1/256 0.4401 x 107° 2.0 0.3899 x 107% 1.7
1/512 0.1094 x 107° 2.0 0.1150 x 107* 1.8
1/1024 0.2726 x 1076 2.0 0.3272 x 107> 1.8
1/2048 0.6813 x 1077 2.0 0.9028 x 1076 1.9

Table 4.7: Errors and rates obtained from Example 4.2.1 with P = 0.5, Q = 0,
t=1,0<z,y <1and At = Az, computed with the norm /.

Example 4.2.2. In the second problem we consider equation (4.1) with § = 0,

D =1 and P, @ constants, that is, the parabolic equation

ou

5=

ou_ou P o
oy  0x2  Oy?’

-Q

d%u

z,y € |—o0,00[,t > 0.

The initial condition is u(z,y,0) = e~ (*+v%) and the boundary conditions are

xT

lim wu(z,y,t) =0,
——00

lim wu(zx,y,t) =0,

Yy——00

lim wu(z,y,t) =0,

T—+00

lim wu(z,y,t) =0.

y—+0o0
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Az = Ay Error ||e]] Rate Error |w|| Rate
1/128 0.7741 x 107 0.3732 x 104
1/256 0.1935 x 1075 2.0 0.9449 x 1075 2.0
1/512 0.4839 x 1079 2.0 0.2385 x 1075 2.0
1/1024 0.1210 x 1076 2.0 0.6004 x 1076 2.0
1/2048 0.3024 x 10=7 2.0 0.1509 x 106 2.0

Table 4.8: Errors and rates obtained from Example 4.2.1 with P = 0.5, ) = 0,
t=1,0<uz,y <1and At = Az, computed with the norm /; A.

The analytical solution is given by

( 9 1 7%#
u(z,y,t) = e
AV e
We present the errors and convergence rates for different P values, such
as, in Table 4.9 for P = 1,Q = 1, and in Table 4.10 for P = 0, Q) = 0. For both

(4.97)

cases we observe the convergence rate is second order, with and without the

values P, Q. Unlike the previous example, the smaller errors are provided by

the norm /..

Azx = Ay Error |l¢[|~  Rate Error ||| Rate
20/128 0.1226 x 10~2 0.2373 x 10~2
20/256 0.3078 x 1073 2.0 0.5890 x 1073 2.0
20/512 0.7215 x 107% 2.1 0.1405 x 1073 2.1
20/1024 0.1748 x 1074 2.1 0.3434 x 107* 2.0
20/2048 0.4370 x 107° 2.0 0.8585 x 107° 2.0

Table 4.9: Errors and rates obtained from Example 4.2.2 for P = Q = 1,
t=1,-10 < z,y <10, and At = Az, computed with the norms /., and ¢, A.

Az = Ay Error |le] o  Rate Error ||¢|| Rate
20/128 0.4641 x 1073 0.8902 x 1073
20/256 0.1176 x 1073 2.0 0.2226 x 1072 2.0
20/512 0.2618 x 10~% 2.1 0.5083 x 10~% 2.1
20/1024 0.6174 x 1075 2.1 0.1215 x 107% 2.1
20/2048 0.1544 x 107> 2.0 0.3038 x 107° 2.0

Table 4.10: Errors and rates obtained from Example 4.2.2 for P = QQ = 0,
t=1,-10 < z,y <10, and At = Az, computed with the norms /., and ¢ A.
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, -10 10 , -10 10
) X )

Figure 4.4: Solution u(z,y,t) of Example 4.2.2 versus approximate solution
for P=(Q = 1att = 1. Left: exact solution u(x,y,t). Right: approximate
solution for At = Ax = Ay = 0.02.

In Figure 4.4 we show how the solution behaves for this problem: the

solution u and the numerical solution match very well.

Example 4.2.3. Another example that gives an insight on the physical be-

havior of the solution is the equation

Pu Ou 0 0 ?u 0%

with initial conditions

1 2.2 ou
= — 7($ +y ) B =
u('r? y’ 0) ﬁe ) at (:,U’ y’ O) 07

and boundary conditions

lim wu(z,y,t) =0, zgrfoou(x,y,t) =0,

——00
yll}l}loou(ﬂf,y,t) =0, ygr_&ou(x, y,t) = 0.

In Figures 4.5 and 4.6 we display the approximate solutions for P and Q)
constants and observe how the solution changes with the direction of those
values, for ¢ = 3.

In Figure 4.7 we consider P non-constant, P(z) = z/2, and @ = 0. The

behavior of the solution can be observed as we travel in time.
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. -10 10 =10 410

) X )
Figure 4.5: Results of Example 4.2.3. Left: initial condition. Right: ap-
proximate solution for P = 0.5 and Q = 0 at ¢t = 3. Computed with
At = Az = Ay = 0.02.

, -10 10 , -10 10
) X )

Figure 4.6: Approximate solution of Example 4.2.3 for ¢t = 3 computed with
At = Az = Ay = 0.02. Left: P =0.5, Q = —0.5. Right: P = 0.5, Q = 0.5.

Example 4.2.4. We consider equation (4.22) in the domain [0, oo[x [0, 1] with
P and () constants, to observe the behavior of the solution performed with
nonzero boundary conditions. The initial conditions are ugp(x,y) = 0 and

u1(x,y) = 0 and the boundary conditions are

u(z,0,t) =0, u(z,1,t) =0, (4.98)
u(0,y,t) = sin(my), u(oo,y,t) = 0. (4.99)
Next we present the solution for t = 1, P = 1 and @ = 0. We observe that

for # = 0, Figure 4.8, the solution is smooth. For # = 1 the solution presents

a jump discontinuity at x = 1 but the CN-ADI method performs quite well
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<10 <10 <10 <10
¥y X ¥y

Figure 4.7: Approximate solution of Example 4.2.3 computed with P(z) =
x/2,Q =0, At = Az = Ay = 0.02. Left: ¢t = 1. Right: ¢ = 3.

without oscillations, although performed with a very small space step.

00

y X

Figure 4.8: Approximate solution of Example 4.2.4 for P = 1 and Q = 0 at
t = 1. Computed with At = Az = Ay = 0.001. Left: # = 0. Right: 6 = 1.



Chapter 5

Final remarks and
perspectives of future

research

In this final chapter we draw some conclusions about the subjects
addressed in this work. We also leave some new and open questions we

intend to consider in future investigation.

5.1 Conclusions

In this work we focused our attention in the study and development of
numerical methods to solve a second order hyperbolic diffusion equation in
the presence of a potential field. The solution of an initial boundary value
problem is under consideration, with Dirichlet boundary conditions, in one
and two dimensions.

In one dimension, we have studied a differential equation that takes into
account the existence of a potential field and a relaxation time parameter,
and we have seen its solution is affected by those values. For the relaxation
time parameter 8 = 0, the equation is parabolic and therefore the solution is
smooth. For 6 £ 0 we have a hyperbolic equation which transports an initial

discontinuity at the inflow boundary. Such discontinuity dissipates as we

137
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travel in time.

We considered first a finite difference scheme based on Crank-Nicolson
method. We proved its convergence and the numerical results confirmed our
theoretical analysis. To avoid integration in time, we introduce numerical
methods based on the Laplace transform. These numerical methods consist
first of applying the Laplace transform and then the resulting equation is
approximated by a proper spatial discretization. Finally, an inverse Laplace
transform algorithm using continued fractions, which is accurate and very
efficient for time integration, is implemented to obtain the desired numerical
solution. For the spatial discretization three different methods have been
used: the Laplace-FD, the Laplace-FV and the Laplace-PL methods.

If P is constant and the ordinary differential equation obtained with the
Laplace transform is homogeneous, we are able to apply the inverse Laplace
algorithm directly. If we have a non-homogeneous equation, we can apply
the inverse Laplace algorithm directly only if we know a particular solution,
otherwise we must consider a spatial discretization. If P is non-constant, the
spatial discretization is mandatory.

Considering the spatial discretization, if we compare the Laplace-FD and
the Laplace-FV methods, we have seen that the Laplace-FV method yields
better performances near discontinuities. The Laplace-PL method is also
accurate and performs quite well near discontinuities, avoiding oscillations
where other methods do not. On the whole, the Laplace-PL method has the
best performance since it can be applied to every problems considered with
good results.

In summary, we can conclude that the methods based on the Laplace
transform are a good choice for problems where there is interest to deal with
very large times. An example that illustrates this behavior was studied in
Section 3.4, where a symmetric periodic potential field was included. Any
iterative numerical method would take too long to compute the solution for
similar times. Even the unconditionally implicit numerical methods that
allow large time steps are not able to give solutions so quickly. This is the

case of the CN method, although we have seen its good performance and
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efficiency for short times and this is the reason it was used in this work.

Three of the numerical methods applied in one dimension, Chapters 2
and 3, were extended in Chapter 4 in order to solve the analogous hyperbolic
diffusion equation in two dimensions: CN-2D, Laplace-FD-2D and Laplace-
FV-2D methods. Due to the computational limitations of these schemes,
we have derived a second order accurate ADI finite difference method to
solve the two dimensional problem. The stability of the method was proved
by the discrete energy method. Several numerical results demonstrate the
second order accuracy of the method, when compared with some analytical
solutions, and are in agreement with the theoretical analysis presented. We
highlight the efficiency of this finite difference scheme, which was achieved
by the procedure of splitting the resolution of one system in two tridiagonal
systems. The good performance of the CN-ADI method is confirmed with the
contribution of problems containing a great variety of initial and boundary

conditions.

5.2 Future research

Throughout this research we found some issues that may be worth being

explored in the future:

(i) As already mentioned in the literature review, there are a significative
number of numerical methods that contributed to achieve the fourth
order accuracy in space, when solving diffusion problems in one and

two dimensions. We have the same purpose for our model problem.

(i1) The computational inefficiency patent in the Laplace-FD-2D and the
Laplace-FV-2D methods should be overcome in order to facilitate their
application in two dimensions. This would permit us to consider a wide
range of initial and boundary conditions, without restricting the length
of the spatial variables. A possible approach to accomplish this is to

introduce also an ADI method as we did for the Crank-Nicolson method.
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(iii)

(iv)

Furthermore, our interest in this topic increases when, once again, we
focus our attention in the behavior of the solution for long times. Yet,
we are aware of the difficulties involved due to the Laplace transform

mechanism and the viability of this idea is still in study.

Another possibility of study is the temperature equation of the Jeffreys
type [49], which models heat conduction problems. Although it is not
directly related to the equation presented in this thesis, we find it

interesting since it contains a mixed derivative term.

The numerical solution of partial differential equations, when defined
on unbounded domains, is sometimes obtained with artificial boundary
conditions to limit the area of computation [38]. To minimize possible
reflections that occur in these boundaries, incorporation of absorbing
boundary conditions (ABCs) have been used to guarantee a realistic,
accurate and stable approximation to the solution on the original and
unbounded domain. The study and design of (ABCs) can be found in
the literature for linear and nonlinear problems, in one and two space
dimensions, for instance, in [7, 37, 38, 48, 88]. We want to investigate
deeper this issue, since we have to confine to a computational domain
when we deal with artificial boundary conditions in unbounded do-

mains. The artificial boundary conditions justify this strategy.
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