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ABSTRACT

In thiswork the distribution and mean of transverse turbulent diffusion coefficient in
straight alluvial rivers are determined using a vertical turbulent diffusion coefficient and a
hydraulic geometry equation relating the depth to the lateral position in the section. The cross-
section averaged transverse turbulent diffusion coefficient was found to be in good agreement
with 138 sets of experimental data.

1. INTRODUCTION

Turbulent transport of momentum, heat and mass dominates many fluid flow
phenomena occurring in physics, fluid mechanics, hydraulic engineering, and environmental
sciences (Nezu and Nakagawa, 1993). The capability of turbulent transport in longitudinal,
vertical, and transverse directions (denoted by X, z, and y) is often described by turbulent
diffusion coefficients or diffusivities for momentum, mass and heat. Of practical importance
are the vertical and transverse diffusion coefficients. The vertical diffusion coefficient is
relatively easy to determine and its value is thus widely reported in the literature (Fischer et
al., 1979; and Rutherford, 1994). However, there is no generally accepted method for
estimating the transverse turbulent diffusion coefficient.

The purpose of this paper isto present a simple yet accurate method for estimating the
transverse turbulent diffusion coefficient in straight rivers. To be able to derive a theoretical
expression for the transverse turbulent diffusion coefficient and its distribution over the flow
field in astraight channel, the lateral distribution of the flow depth must be known. The
objectives of this study are therefore (1) to determine the cross-sectional channel shape of
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aluvial rivers; (2) to define the cross-sectional distribution of the local flow depth in straight
rivers; (3) to establish theoretical expressions representing the spatial distribution and cross-
section-averaged value of the transverse turbulent diffusion coefficient; and (4) to clarify
different expressions of dimensionless transverse turbulent diffusion coefficients.

2. THEORETICAL BACKGROUND

In terms of the * Reynolds analogy’ (Schlichting, 1979), the diffusivities v; for
momentum and &; for mass are equal for passive substances in isotropic turbulence (Fischer et
al., 1979; and Chang, 1988). The thermal diffusivity is often related directly to the eddy
diffusivity v; by the turbulent Prandtl number. The eddy diffusivity v is, therefore,
enormously important to turbulent transport processes, such as effluent mixing in near-field,
sediment transport, turbulence-driven secondary motion, and so on. Consequently, many
Investigations concerning turbulent transport processes have focused on determining v;. The
eddy diffusivity v; was introduced by Boussinesq in 1877 on the assumption that, in anal ogy
with the viscous stresses in laminar flow, turbulent stresses are proportional to the mean-
velocity gradients. Various turbulence models have been devel oped to determine the
distribution of v; over flow fields (ASCE, 1988; Nezu and Nakagawa, 1993).

The mixing of pollutants in anisotropic turbulent flow is a common problem in
environmental fluid dynamics. The anisotropic turbulence is characterized by three different
diffusivitiesinstead of asingle vy, i.e., vertical turbulent diffusion coefficient €,, longitudinal
turbulent diffusion coefficient &y, and transverse turbulent diffusion coefficient €,. From the
‘Reynolds analogy’ and log-law of vertical velocity distribution, and assuming alinear shear
stress distribution, T(z) = Tpettom (1-2/h), €, can be described by a parabolic distribution:

e, () =v, =khun(-n) ()

where: histheloca flow depth; u- isthe corresponding local shear velocity; andn = zhisa
non-dimensional depth. Eq. (1) was derived for infinite wide channels with constant flow
depth h. For a natural river with variable flow depth across the channel Eq. (1) is assumed to
be valid locally. The mean vertical turbulent diffusion coefficient can be expressed as

- 1
e.=2Kuh )

which is found after integration of Eq. (1) over the non-dimensiona depth . The von Karman
constant, K, is approximately equal to 0.4. The theoretical eddy viscosity value of the flow
down an infinitely wide inclined plane, as proportional to the friction velocity and the depth
and with a proportionality coefficient of k/6 = 0.07, was given by Elder (Fischer et al., 1979).
Many laboratory experiments and also field experiments have shown that this coefficient is
closeto 0.1.

A tracer or some pollutant is mixed quite quickly over the full channel depth. From
then on the mixing is controlled by the transverse turbulent diffusion until mixing is complete
over the full channel width. Much work has been done to determine the transverse turbulent
diffusion coefficient for different flow conditions, using both turbulence theory and laboratory
experiments. By analogy with the vertical coefficient, in Eg. (2), it has been argued that the
transverse mixing coefficient may be related to the friction velocity and alength scale, usually
the depth. However, the question of whether it is theoretically possible to predict the value of
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the transverse eddy diffusivity without relying on experiments remains open (Rutherford,
1994; Fischer et a., 1979). Asaresult, alarge number of experiments on transverse mixing
have been conducted to investigate the factors controlling transverse turbulent mixing.

Using adimensional analysis method and 71 sets of experimental data in straight
rectangular channels, Lau and Krishnappan (1977) have found that: (1) the cross-section
averaged dimensionless transverse turbulent diffusion coefficient E,/(u-B) decreases with
increasing channel width-depth ratio B/H, and increases as the Darcy-Weisbach friction factor
f increases; (2) the dominant mechanism in transverse spreading is the secondary circulation
which is governed by B/H in arectangular channel; (3) it is better to use the dimensionless
turbulent diffusion coefficient E,/(u-B) than E, /(u-H). Here u- is the cross-sectional mean
value of shear velocity. Webel and Schatzmann (1984) carried out a systematic experimental
study and found that E,/(u-H) has a constant value of 0.13, which agrees quite well with
Ey/(u-H) = 0.17, measured in a straight section of the River Rhine near Karlsruhe in Germany.
Based on the results of atotal of 75 separate experiments in straight channels, Fischer et al.
(1979) suggested that E,=0.15u-H. Rutherford (1994) has summarized the results from a
number of studies and found that E,/(u-H) liesin the range of 0.10 to 0.26. The ratio between
the transverse and vertical cross-section averaged diffusion coefficients appears to be E,/E;, =
2-3. It should be pointed out that the notations Ex, E, and E; are the cross-section averaged
diffusion coefficients and ¢, €y, and ¢, are the depth averaged diffusion coefficients,
corresponding to the local diffusion coefficients gy, €y, and €, respectively.

3. TRANSVERSE DISTRIBUTION OF LOCAL FLOW DEPTH

The cross-sectional shape of anatural river and the lateral distribution of flow depth h
influence both the vel ocity distribution and the transverse mixing of river pollutants. The
cross-sectional shapes of straight alluvial channels have been the subject of many
investigations, as reported by the ASCE Task Committee (1998). The generalized typical
cross-section of ariver channel is symmetrical, as shown in Fig. 1, and is constant along the
river. Thelocal flow depth h(y) varies with the lateral distancey from the channel centre,
where y=0. B is the full width of the symmetrical channel and b is half the width, b=B/2. The
maximum depth h=H. isin the channel centre where y=0. Three types of equations have been
proposed to describe the cross-sectional shape of straight channels. the cosine, the exponential
and the parabolic cross-sectional shape. The cosine and parabolic shapes are very similar. The
most commonly assumed distribution is the parabolic one.
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Figure 1 - Coordinate system and generalized channel profile

The parabolic transverse profile proposed by Mironenko et al. (1984) and Cao and
Knight (1997) lead to the equation:
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Channel shape equations, such as Eq. (3), are only applicable to canals or to the bank
regions of straight rivers. To describe the cross sectional shape of natural aluvial rivers, the
channels are usually generalized with a flat-bed region and two curving bank regions (Vigilar
and Diplas, 1997). The width of the flat-bed region is determined numerically. This means
that available channel shape equations cannot be used directly to ssmulate the cross-sectional
shape of natural rivers.

The stable channel morphology of a natural aluvial river is described by its hydraulic
geometry, referring to the interrelations among water discharge, channel width, flow depth,
velocity, etc. The hydraulic geometry of riversis distinguished between at-a-station hydraulic
geometry and downstream hydraulic geometry. At ariver cross-section, the water surface
width B and mean flow depth H vary with flow discharge Q. Leopold and Maddock (1953),
Chang (1988), Richards (1982), and Chien et al. (1987) are among authors who describe these
variables as power functions of the discharge:

B=aQ’ (4)

H = dQ’ (5)

where a, d, 8, and 8 are numerical constants. The average values of the exponents d and 6
have been obtained by Chien et al. (1987) for 374 river cross-sections, representing alarge
variety of riversfrom all over the world. These averagesare d = 0.14 and 6 = 0.43. The
channel shape with & = 0.14 and 6 = 0.43 corresponds to the rivers occurring most frequently
in nature (Park, 1977), and thus is the most stable channel shape (Deng and Singh, 1999). It is
logical to define a channel shape parameter, 3 = 6/5. 3 = 3.07 for stable riversin dynamic
equilibrium. However, most natural rivers are not in the dynamic equilibrium state and
therefore their channel shape parameter 3 should be a variable rather than a constant value.
Egs. (4) and (5) lead to the following at-a-station hydraulic relation between surface flow
width and mean depth:

B=eH® (6)

where eis aconstant. The generalized parabolic curveis h =Hc- py%, which withy = 0 at the
centreline and y = b at the shore, means that H, = pb®. The mean depth in a cross-section is
then Ha/(g+1) or pb[g/(g+1)]. To satisfy the relationship of Eq. (6) g must be equal to .
With B asthe only parameter, the dimensionless depth variation in a cross section is given by
Eqg. 7. This expression originates from the at-a-station hydraulic geometry equationsand is
supported by 374 sets of aluvia river data.

h(y) _
20 -y B 73

or

Do) oygr (7h)

C

where adimensionless lateral coordinate & = y/b is introduced. The coordinate systemis
shown in Fig. 1. Eq. (7a) reducesto Eq. (3) when 3 = 2. In general, the value of the parameter
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B islarger than 2 and should be closely associated with the width-depth ratio B/H for natural
aluviad rivers. EqQ. (3) with B = 2 isfound valid by Cao and Knight (1997) under the condition
that B/H=8 or In(B/H)=2.08. Moreover, using the model of plane geometry of river
meandering proposed by Chang (1988), it isfound that B/H = 21 or In(B/H) = 3.04 for stable
straight rivers with an arc angle close to zero. As mentioned earlier, the mean channel shape
parameter of straight stableriversis 3 = 3.07. Thus, 3 = In(B/H) when B/H = 8 and when 21.
On these grounds, it isinferred that afunctional relationship exists between the channel shape
parameter 3 and the channel width-depth ratio B/H:

B =In(B/H) (8)
From Eq. (7b), the cross-section averaged flow depth is obtained as

B

H= Hci(l'EB)dE :ch

9)

4. TRANSVERSE TURBULENT DIFFUSIVITY IN STRAIGHT ALLUVIAL RIVERS
Since the lateral aswell as the vertical turbulent diffusivities can be related to alength

and avelocity scale, it is assumed that the turbulent diffusivitiesin the vertical and lateral
directions are related to each other by a parameter y, such that

€2 = Yey (10)
Combining equations (1) and (10) yields
&y(&n)=khu-n(1-n)ly (11)

Using Egs. (7), (9), and u- = (ghS)Y2, and the relationship between the friction velocity
at the centreline and the centreline depth Uscewreine = (9 S He)”, replacing the local friction
velocity Uiea With the crosssectional mean value u,
Urtoca =Urcentratine(1-EP) =" U (B+1)/B) %(1-EP)*, the spatial distribution of transverse turbulent
diffusion coefficient is expressed as follows:

sy(i,ﬂ)zgg%ﬂg/z @_EB)q‘/zHE(l—n)q (12

Integrating EQ. (12) over the vertical | one obtains:

gm%g@%”g (LT (13)

Eq. (13) can be recast as

Ey(z):%%ma (14)

Numero 16, 2003 Engenharia Civil « UM 47



where C = [(B+1)/B]¥%(1-%)¥2. The variation of parameter C with channel shape parameter 8
isshown in Fig. 2 and Fig. 3. Fig. 2 demonstrates that the parameter C depends on both the
channel shape parameter 3 and the lateral distance & from the channel centre.
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Figure 2 - Variation of parameter C with [3
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Figure 3 - Variation of parameter C with 3 in channel centre

Parameter C varies dramatically with 3 and is determined only by 3 in the channel
centre, as shown in Fig. 3. However, the integration of C from & = 0 to 1 indicates that the
mean value of C changesin anarrow range from 1.10 to 1.04 when 3 varies from 1.5t0 6.0. It
should be noted that C=1.04 — 1.10 is the cross-sectional average of C valuesfor B=1.5- 6.0
instead of the C value shown in Fig. 3. Thus, for simplicity, the parameter C can be taken asa
constant value of 1.06. It means that channel width-depth ratio has a significant influence on
the distribution of lateral turbulent diffusion coefficient, especially in the centre area of a
channel with small width-depth ratio, but little on the cross-sectional average value of €. It is
therefore expected that the influence of 3 on the distribution of sediment and pollutantsin
rivers increases with decreasing channel width-depth ratio.

Based on the experimental data published by Rutherford (1994), it is found that
y=1/2.26. Substitution of C=1.06, k=0.4 and y=1/2.26 into Eq. (14) yields the cross-section
averaged transverse turbulent diffusion coefficient for natural rivers:
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Y =016 15
H u- (19
or
B _016 (16)
B B/H

It is apparent that Egs. (15) and (16) are equivalent and can be transformed mutually
by B/H. The accuracy of Egs. (15) and (16) is verified by means of 138 sets of experimental
data on transverse turbulent diffusion collected by Rutherford (1994). Fig. 4 demonstrates that
the transverse turbulent diffusion coefficient predicted by Eq. (16) agrees well with that given
by the 138 sets of measured data. Therefore, Egs.(15) and (16) can be used to describe the
section averaged lateral turbulent diffusion coefficient in straight natural rivers.

004

5

(@]

& 0.03 + Measured
(@]

© * —— Predicted
o

'g 0.02

E

D

S 001 -

5

l_

O T T T T T T

0 10 20 30 40 50 60 70
Channel Width-depth Ratio
Figure 4 — Variation of turbulent diffusion coefficient with width-depth ratio

5. CONCLUSIONS
The following conclusions are drawn from this study:

* The cross-sectional channel shape of straight alluvial rivers can be described by the
power law equation (7).
* Two expressionsfor E, / Bu. and E, / Hu. are equivalent and can be transformed

mutually by B/H. The dimensionless transverse turbulent diffusion coefficient E, / Hu, can

be approximately regarded as a constant with avalue of 0.16 for straight natural rivers. The
ratio between the transverse and vertical turbulent diffusion coefficientsis E, /E, = 2.26.

» Spatid distributions of dimensionless turbulent diffusion coefficient can be
described by Egs. (12) and (13). The channel shape parameter 3 has a significant influence on
the distribution of transverse turbulent diffusion coefficient in natural rivers, and the influence
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increases with decreasing channel shape parameter (3. Neverthel ess, the cross-section
averaged transverse turbulent diffusion coefficient is somewhat independent on [3.
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