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ABSTRACT m 
In a positively charged metallic cluster, surface tension tends to enhance the ionic density 
with respect to its bulk value, while surface-charge repulsion tends to reduce it. Using 
the stabilized jellium model, we examine the self-expansion and compression of positively 
charged clusters of simply metals. Quanta1 results from the Kohr-Sham equations using 
the local density approximation are compared with continuous results from the liquid 
drop model. The positive background is constrained to a spherical shape. Numerical 
results for the equilibrium radius and the elastic stiffness are presented for singly and 
doubly positively charged aluminum, sodium, and cesium clusters of 1-20 atoms. 
Self-expansion occurs for small charged clusters of sodium and cesium, but not of 
aluminum. The effect of the expansion or compression on the ionization energies is 
analyzed. For Al,, we also consider net charges greater than 2+. The results of the 
stabilized jellium model for self-compression are compared with those of other models, 
including the SAPS (spherical averaged pseudopotential model). 
Sons, Inc. 
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lium model, the ions are replaced by a continuous 
charge background of density E = 3/(4n-r:), trun- 
cated sharply at a cluster radius R = r,  N:l3, where 
No is the number of valence electrons in the neu- 
tral cluster. This model is widely used in the 
physics of metal clusters, since the precise position 
of the ions is not important for many physical 
properties. Stabilized jellium as well as jellium 

1 .  Introduction 

he stabilized jellium model (SJM) or struc- T tureless pseudopotential model 111 is a sim- 
ple modification of the jellium model. In the ]el- 
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may be deformed, but we limit our consideration 
here to spherical shapes. 

Bulk jellium (No  --f a) is unstable at density 
parameters which are very different from that of 
sodium (Y,” = 3.93 bohr). (We adopt atomic units 
in which e = rn = h = 1.) The SJM cures the main 
deficiencies of the jellium model, namely unrealis- 
tic binding energies at all densities, unrealistic 
bulk moduli for metals with low valence electron 
density such as cesium ( y S  = 5.62 bohr), and unre- 
alistic surface energies for high valence electron 
density metals such as aluminum ( r ,  = 2.07 bohr). 
The SJM retains the simplicity and universality of 
jellium, as the only inputs to these models are the 
bulk density parameter y S  and the valence z .  In 
the SJM, we subtract the spurious self-repulsion of 
the jellium charge inside each Wigner-Seitz sphere 
and then add a constant potential acting on the 
electrons inside the cluster. This constant poten- 
tial, different for each metal, is designed so that 
the bulk metal is stable at the observed valence- 
electron density Y, (i.e., the pressure P vanishes at 
the experimental rs).  

In previous works, the surface properties [ 2 ] ,  
the energetics of small clusters and cohesive prop  
erties of bulk metals [31, and a number of fragmen- 
tation processes of charged clusters [41 were ex- 
plored in the framework of the SJM. In all those 
works the density parameter of the clusters was 
taken to be Y,”, the bulk density parameter. How- 
ever, stabilized jellium permits adjustment of the 
background density so that the energy per particle 
of a cluster is minimal [5,6]. A neutral cluster with 
Y, = Y,* < Y,” has a lower energy than a cluster 
with Y:. This effect, which cannot be described in 
the jellium model, is simply explained, within the 
liquid drop model (LDM), by the surface tension. 
It is called “self-compression” and has analogs in 
nuclear physics [7] and in the physics of helium 
droplets. 

In the present work, the SJM is employed to 
study not only the self-compression but also the 
self-expansion of charged clusters of simple met- 
als. The magnitude of self-compression should be 
reduced for charged systems. Self-expansion is ex- 
pected if the Coulomb repulsion of the excess 
charge overwhelms the surface tension. We use the 
Kohn-Sham equations of density functional theory 
in the local density approximation (LDA), and the 
LDM, considering clusters of three different metals 
(Al, Na, and Cs), which cover the range of physical 

densities, with single and double positive charges. 
Let us see how the main reasoning used to 

introduce the self-compression of neutral clusters 
can be extended to the case of charged ones. The 
constant potential is an average of the difference 
between an electron-ion pseudopotential and the 
jellium electron-background potential in a unit cell. 
It can therefore be expressed in terms of a pseu- 
dopotential “core radius” r,. Then the bulk stabil- 
ity condition is 

where E,  = E(No, Y ~ ,  z ,  r ,)  is the total energy of 
the neutral cluster in the SJM. Equation (1.1) fixes 
Y, = Y~(Y,”, z )  for each metal. 

The equilibrium positive-background density 
parameter r,* for a neutral cluster with a finite 
number No of valence electrons is the solution of 
the following equation: 

ys (?) = Of (1.2) 

where the derivative is evaluated using the same 
Y, as in Eq. (1.1) (assuming transferability of the 
pseudopotential from the bulk to the cluster envi- 
ronment). 

The elastic stiffness or inverse compressibility of 
the neutral cluster measures the curvature of the 
energy with respect to r,, around the point r: . It is 
defined by: 

It is a function of No, r t ,  z ,  and r,. This second 
derivative goes over to the bulk modulus B when 
No -+ m. 

If we ionize the cluster, the number of valence 
electrons becomes N = No + v, with No the num- 
ber of valence electrons of the neutral system and 
v the number of excess electrons (e.g., for a cluster 
with a single positive charge, v = - 1). The energy 
of the charged cluster may be evaluated by solving 
the self-consistent Kohn-Sham [ 81 equations and 
filling up in sequence the available single-particle 
levels. It can also be evaluated using the LDM for 
charged systems [9, 103, in which we disregard 
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shell fluctuations. In either case, the equilibrium 
radius of the positive background is R = r,* 
with the equilibrium density parameter defined by 

$( ; ) l r s = r :  = O, 

where E = E(N0, rs, z ,  rc, v) is the total energy of 
the charged cluster. We have expansion if r,* > r," 
or compression if r,* < r,". 

The elastic stiffness of the charged cluster, 

1 d 2  
g = ~- (1.5) 12.rrr,* arf (g) 

is different from the stiffness of a neutral cluster. 
Besides No, r,*, z ,  and rc,  it depends on the 
charge v. 

We shall determine r,* and related physical 
properties as functions of No and v for different 
metals (different sets of r: and z) .  

(1.4) 
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FIGURE 1. (a) Ratio of the equilibrium density parameter r,* to its bulk value r," as a function of number of atoms 
Nat = No / z ,  for a singly charged cluster of stabilized jellium representing Al+. Heavy dots: LDA Kohn -Sham results. 
Solid curve: Exact numerical solution within the LDM. These results should be compared with those for neutral clusters 
[5, 61. Note, however, that in Ref. 151 the local spin density (LSD) was used instead of the LDA and, in Refs. 15, 61, the 
densities of Na and Cs were r," = 3.99 and r," = 5.63, in contrast with the present T = 0 values r," = 3.93 and 
r," = 5.62. (b) Ratio of the elastic stiffness to its bulk value as a function of number of atoms for AI+. 
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In the next section we elaborate on the LDM for 
charged clusters. In Section 3, we present and 
discuss the quantal and liquid drop results, and in 
Section 4 the main conclusions are drawn. 

2. Energy of the Charged System 

To evaluate the energy of a charged system, we 
use the Kohn-Sham equations in the LDA, with 
the Perdew-Wang parametrization [ 111 for the 
correlation energy. The quantal equations which 
were solved are explicitly written in Refs. [3, 41. 

The LDM for a charged system deserves more 
attention, since it is not so well known. In this 
model, the energy of a neutral cluster is written as 

\ 
r V )  
L 

rn 
m z 

a power series of the valence electron number 
N:l3: 

E ,  = u, (Y, ,  Z ,  rc>N0 + u, (Y , ,  Z ,  ~ ~ ) N 0 2 / ~  

+ U c ( Y s ,  2, YC)NJ'3 + ... , (2.1) 

where a, is the average energy per electron for a 
bulk system of uniform density, a, is the surface 
energy coefficient, and a, is the curvature energy 
coefficient. This expression can be derived using 
density functional techniques by developing the 
density of the cluster around the density profile of 
the planar surface (Lang-Kohn calculation) [2]. 
This procedure, which goes under the name of 
"leptodermous expansion" since it applies to sys- 
tems with thin skin, allows us to evaluate the 
surface and curvature energies [7]. Although Eq. 

FIGURE 2. Same as Fig. 1, For A12+. 
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(2.1) is strictly valid for No -+ 00, it provides a 
useful average of the shell-structure oscillations of 
the quanta1 result and may be accurate even in the 
atomic limit No = 1 [3, 121. 

The energy of a charged cluster may also be 
described by a continuous approximation. In Refs. 
[9, 101 the following liquid drop formula of a 
charged cluster with v excessive electrons has been 
obtained in the jellium model: 

where W is the work function, c is a size correc- 
tion to the work function, and 6 is the distance 
from the image plane to the jellium edge of the 
planar surface. In Eq. (2.2), -(W + c / R )  is the 
chemical potential of the neutral cluster; its contri- 
bution of order R-* is currently unknown. If we 

Na' 

replace the jellium LDM coefficients by those of 
the SJM, the expression (2.2) is still valid for stabi- 
lized jellium, given the similarity of the two en- 
ergy functionals. It has been used in Ref. [4, 131 
without any self-expansion or compression effects. 
We stress that the LDM formula (2.2) is only justi- 
fied when the charge v is small in comparison 
with the total number of electrons N = No + v. 

The ionization energy and the electron affinity 
may be derived from Eq. (2.2): 

mLm 

*h 
L 
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FIGURE 3. Same as Fig. 1, for Na+. 
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Therefore, once values of W and c are available, 
the SJM can predict ionizations and affinities for 
finite systems. The work function is given by the 
same surface calculation which yields a, and a, 
[Z]. Lacking any first principles calculation of c, we 
have evaluated it by taking finite singly charged 
and neutral clusters and considering an extended 
Thomas-Fermi approximation (TFDW-4) for the 
kinetic energy functional of the self-consistent den- 
sity. Then, fitting the ionization energy by the 
formula (2.3) yields c = -0.1 in the case of A1 [4], 
close to the value known for jellium (c = -0.07) 
[14]. Since in the jellium model c is approximately 
independent of Y,, we assume that the same is true 
for the SJM. Finally, 6 was taken from Ref. [151. 

The ionization energy is always positive, but 
within the jellium-LDA approach the electron 

affinity is negative for small clusters. That is also 
the case for stabilized jellium-LDA. It is interest- 
ing to investigate the number of particles for which 
the affinity turns our to be positive. From Eq. (2.4), 
the condition A 2 0 is equivalent to: 

More generally, the affinity of order v is defined 

A( V )  = €( v - 1) - €( v). (2.6) 
by 

This quantity is positive if 

Na, 
FIGURE 4. Same as Flg. 1, for Na2+ 
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.9 

The results on the limits of stability for negative 
ions are displayed in Table I. 

The solution of (1.4) with the energy given by 
(2.2) is found numerically, since the r, dependence 
of the LDM coefficients us, u,, and W is known 
from numerical planar surface calculations. The 
coefficients c and 6 are assumed to remain con- 
stant when compression changes the density of 
each metal. 

The LDM can be used to make simple estimates 
of the transition from expansion to contraction. We 
use the Taylor expansion of Ref. [5] around the 
bulk density parameter: 

- 

I . , , , , . . . .  

2 
E = E(r: )  + ( r 5  - r,”)E’ + i ( r 5  - r,”) E” + 1 . .  

(2.8) 

with E‘ = d E / d r 5 1 r 5 = r ~  = d5N,213 + dcNJ’3, and 
E” = d 2 E / d r ~ I r , = , ~ .  The equilibrium condition 
leads to 

r,* - R; = - E ’ / E ” .  (2.9) 

The condition r,* = r,” is then equivalent to 
E’ = 0 or, considering only the surface and the 
Coulomb term (with 6 = 0): 

1,2 

For Y = -2, this happens at No = 3 for aluminum, 
No = 9 for sodium, and No = 11 for cesium. (The 
values of the derivatives ds appear in Ref. [51.) 
Clearly, these guesses for the transition from ex- 
pansion to compression are only reasonable if the 

cs+ 

Nat 

FIGURE 5. Same as Fig. 1, for Cs+. 
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cs++ 
1.1 

1.0 

.9 

.8 

Na t 
FIGURE 6. Same as Fig. 1, for Cs2+. 

TABLE I 
The smallest integer value of No for which the 
electron affinity of the (No + u - 1) valence 
electron cluster is positive, according to Eq. (2.71.' 

Al Na c s  
(r: = 2.07, (f: = 3.93, (r: = 5.62, 

V z = 3) z =  1) z =  1) 

1 3 2 2 
2 90 42 33 
3 435 21 0 153 
4 1216 554 423 

aThe smallest neutral cluster of stabilized jelliurn that can 
bind Y excess electrons has No valence electrons. The 
results are similar to those of the jellium model [26]. 

truncation of the Taylor expansion (2.8) is a good 
approximation to the exact LDM result, and if the 
excluded terms in (2.10) may be neglected. 

3. Results 

In Refs. [ 5 , 6 ]  we have found for neutral systems 
with up to 20 atoms that: 

1. Small clusters display self-compression r,* I 
Y!, i.e., the ionic density is higher in the cluster 
than in bulk. 

2. Quanta1 shell effects produce local minima in 
r: and local maxima in B for closed-shell clusters 
No = 2, 8, etc. 
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Figures l(a)-6(a) show the ratio of the equilib- 
rium density parameter r: to its bulk value rp as 
a function of the number of atoms N,, = No/z ,  for 
Al’, A12’, Na’, Na”, Cs’, and Cs”, respectively. 
From these figures we see that Al’ and A12’ show 
self-compression for all sizes, although this com- 
pression is not so pronounced as in the neutral 
case. This is due to the high surface tension of Al. 
On the contrary, Na2’ and Cs2+ exhibit self- 
expansion for small clusters and self-compression 
for large clusters. The transition takes place at 
N,, = 8 and N,, = 9, respectively, using the LDM 
(and the Kohn-Sham approach gives practically 
the same transition). Na’ and Cs’ always show 
self-compression. The simple rule given by Eq. 
(2.11) makes a good estimate of the transition from 
dilatation to contraction, except for A1 where the 
truncated Taylor expansion is not accurate [6]. In 
the asymptotic limit ( N o  -+ a), a fixed net charge 
is negligible so that the asymptotic expression (Ref. 
[51) for r, in the neutral case still holds in the 
charged case. As in the neutral case, the LDM 
provides a good average of the quantal results, 
and quantal shell effects are evident in the curves 
r,*/r,” versus N,,. 

The elastic stiffness was calculated numerically 
by making a least-squares fit of a fourth-order 
polynomial to the curve E(No,  r,, z, r,, v), around 
the minimum r,*, in the quantal as well as in the 
liquid drop cases. Figures l(b)-6(b) show the ratio 
of the elastic stiffness to its bulk value as a func- 
tion of the number of atoms, for Al’, A12+, Na’, 
Na”, Cs’, and Cs2+, respectively. We conclude 
that in the LDM picture for A12+, bigger clusters 
are harder than the bulk and smaller clusters are 
softer. (The same was found for neutral clusters in 
Ref. [51, where the asymptotic N + co correction to 
the bulk modulus was positive for A1 but negative 
for Na and Cs). The crossover occurs at No = 4. 
On the contrary, the quantal calculations for A1 
always show a cluster stiffness higher than that of 
the bulk. These observations may have technologi- 
cal implications. Na and Cs clusters charged or 
neutral, are always softer than the bulk in the 
LDM picture. The quantal results show fluctua- 
tions, with some clusters harder than the bulk 
material. 

The role of the charge is to decrease the elastic 
stiffness. Disagreement between the LDM and the 
quantal stiffnesses for very small charged clusters 
indicates that the LDM may be failing in those 
cases. For some very small clusters, we do not find 
solutions for the equilibrium radius. The disap- 

pearance of such solutions is prefigured by a sud- 
den drop in the elastic stiffness. 

Ionization energies are affected by the expan- 
sion or compression. We can define two ionization 
energies: one ”vertical,” where the density param- 
eter is frozen at the value of the neutral system, 
and another “relaxed,” where both the neutral and 
the charged system are allowed to minimize their 
energies with respect to r,. The first is more realis- 
tic, since in a real ionization process the ions do 
not have time enough to readjust their positions. 
Figure 7 shows the vertical ionization energy for 
Cs, in comparison with that calculated for the bulk 
density (without any compression or expansion). 
The stronger self-contraction that occurs for 
closed-shell clusters leads to a stronger binding 
of the least-bound electron and thus enhances 
the shell-structure fluctuations of the ionization 
energy. 

4. Conclusions 

We have examined the self-expansion and self- 
compression of singly and doubly positively 
charged clusters of stabilized jellium. We have 
found that, for a range of densities which cover Na 
and Cs, self-expansion occurs for smaller doubly 
charged clusters and self-compression for larger 
ones. However, for high densities, such as that of 
Al, self-compression prevails for the net charges 
considered here. If the charge increases further, 
self-expansion appears even for Al, and for very 
large charges the phenomenon of ”blow up” 
(Coulomb explosion) arises via disappearance of a 
solution for the background equilibrium radius 
(see Figure 8). 

Note that the recently proposed ”ultimate jel- 
lium model” [ 161, unlike the stabilized or standard 
jellium models, does not admit solutions for any 
positively charged clusters. 

Typically the charged liquid drop model yields 
a useful average of the quantal results. But it fails 
to give results for some very small charged clus- 
ters, where the quantal method still applies. 

Finally, let us discuss the experimental and the- 
oretical information available on the compression 
and expansion of charged clusters. Lattice com- 
pression or dilatation has been observed in many 
cases (see Ref. [171), but the experimental data are 
contradictory. The observed clusters are bound to 
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FIGURE 7. First ionization energy of Cs, in the SJM, where the neutral clusters have relaxed background density r,* 
and the charged clusters have the same density, in comparison with calculations where both neutral and charged 
clusters have the bulk background density r,". The dashed horizontal line indicates the work function. 

a surface, and the effect of the substrate is not well 
understood. 

It is interesting to compare the self-compression 
of a neutral system predicted by the SJM with a 
similar compression given by atomistic calcula- 
tions. The spherical averaged pseudopotential 
model (SAPS) [18] is a model which has an inter- 
mediate degree of sophistication between the SJM 
and full atomistic calculations. In Refs. [19, 201, the 
SAPS was used to predict an inhomogeneous con- 
traction of a Cs cluster, in which the ions in the 
inner layers are more closely packed than those 
near the surface. The SAPS has been used recently 
to calculate the frequency of the "breathing" mode, 
where the ions oscillate while maintaining spheri- 
cal symmetry [21]. In the SJM framework, we can 
infer the frequency of this mode from the bulk 
modulus via Eq. (21) of Ref. [21]. The result for Na 
( h w ,  = 23N-1/3 meV) does not differ very much 
from that obtained in the SAPS. (A good fit [211 is 
given by h w ,  = a + bN-'I3, with a = 0.6 meV 
and b = 30 meV). This suggests that the SAPS is 
similar to the SJM. The SAPS may also be used to 

evaluate contraction or dilatation of charged sys- 
tems and is probably somewhat more realistic than 
any continuous background model. 

In Ref. [22], some of the present authors have 
evaluated the contraction of six-atom clusters of 
different metals (Li, Na, Mg, and All, using a 
linear combination of atomic orbitals local density 
molecular code but considering only the octahe- 
dral shape. The results were only qualitatively 
comparable with those of the SJM. 

Some theoretical calculations on small neutral 
and charged aluminum clusters with unrestricted 
geometry are available. In Ref. [23], density func- 
tional calculations (with a local spin density ap- 
proximation for the exchange-correlation energy) 
and finite-temperature molecular dynamics are ap- 
plied to neutral and singly charged aluminum 
clusters, with the number of atoms ranging up to 
10. In Ref. [24], an all-electron study on neutral, 
singly, and doubly charged aluminum clusters (for 
2-6 atoms) is carried out within the Kohx-Sham 
formalism, including gradient corrections to the 
exchange and correlation energy. In Ref. [25], the 
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q 
FIGURE 8. Elastic stiffness B and equilibrium density parameter r,* calculated by the Kohn-Sham method for the 
spherical SJM of Al:'. There is no self-consistent solution for q 2 12. 

structure and properties of singly positively and 
negatively charged (1 -5 atoms) aluminum clusters 
are investigated by using the linear combination of 
Gaussian type orbitals method, employing local 
and nonlocal spin density approximations and a 
model core potential that allows the explicit treat- 
ment of 3s' 3p' valence electrons. In all these 
studies the average bond length tends to be smaller 
in smaller clusters, in agreement with our own 
results. But, again, the agreement is more qualita- 
tive than quantitative. Charged clusters show a 
smaller bond-length reduction that neutral ones. 

We plan to study the SAPS for several charged 
metallic clusters and to carry out more exact calcu- 
lations for the charged six-atom clusters with re- 
stricted and unrestricted geometries. 
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