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Abstract

We consider equations of the form
O — div(a(v)Vv) =0,

where v € [0,1] and a(v) degenerates for v = 0 and v = 1. We show that
local weak solutions are locally Hélder continuous provided « behaves like
a power near the two degeneracies. We adopt the technique of intrinsic
rescaling developed by DiBenedetto.

Key words. Degenerate parabolic equations, intrinsic rescaling, de-
generacies like powers.

1. INTRODUCTION

The analysis of the local behaviour of solutions of degenerate parabolic equa-
tions has deserved a considerable ammount of attention in the last two decades
giving rise to an extensive literature (see [5] and [6] for a quite complete account).
The introduction by DiBenedetto in [3] of the degeneracy rescaling technique
opened up a powerfull way of approach that has been quite successfull; this
paper is a further contribution to the subject in this spirit.

We will be concerned with a parabolic equation with two degeneracies,
namely

0w — div(a(v)Vv) =0, (1)
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where v € [0,1] and a(v) degenerates for v = 0 and v = 1. An equation of
this type is physically relevant since it shows up in a model describing the flow
of two immiscible fluids through a porous medium. Following the important
pioneering work in [9], that deals with the case of a strictly parabolic equation,
a mathematical analysis of this model for an equation of the type of (1) (v being
in that setting the saturation) was developed in [1], where it is established the
existence of a weak solution for the problem and the continuity of the saturation
v under the assumption that « degenerates at most at one side, although no
restrictions are made on the nature of the degeneracy. The result was extended
to a setting where two degeneracies for a are allowed, provided some information
on the nature of one of the degeneracies is assumed. First, in the same paper,
the decay of a at one side was taken at most logarithmic and later, in [4], a was
allowed to behave like a power. In this article we show that v is locally Holder
continuous if « decays like a power at both degeneracies, a nontrivial result that
was announced in [4] but for which a proof was still missing. We stress that the
novelty lies in the Holder character of the solution since the continuity is well
known. In fact, equation (1) can be written in the form

OB(w) — Aw =0 with w = /v a(s)ds ; v=pw),
0

where [ is an increasing function, for which the results of [7] apply.

Some further physical motivation for the study of this type of equations,
arising in polymer chemistry and combustion models, may be found in [8], where
a numerical scheme is used to compute approximate solutions and interface
curves for the Cauchy problem associated to (1) in a one dimensional case.

We decided to write the paper in a purely abstract setting since the equation
is interesting enough from the mathematical point of view in that it exhibits a
strong smoothing effect that prevents the possible development of singularities
due to the degeneracies. The ultimate goal would be to obtain the continuity
for a general quasilinear equation, irrespective of the nature of the two degen-
eracies. This is also relevant in physical terms since the available experimental
information about « is only of a qualitative nature, which makes all assumptions
on the degeneracies quite restrictive (see [6]). We hope to address this problem
successfully in the future.

2. STATEMENT OF THE PROBLEM AND MAIN RESULT

We denote with Q a bounded and regular domain in RY, with smooth
boundary 0Q. Let @ = Q x (0,T), for T > 0 be the space-time domain with
lateral boundary ¥ = 8Q x (0, T) and parabolic boundary 9,Q = SU (2 x {0}).

We will consider here local weak solutions of equation (1), assuming that
they exist; for the existence theory see [1]. A local weak solution of (1) is a
measurable function v(z,t) defined in Q and such that



(i) v e€]o0,1] and v e C(0,T; L*(Q)) ;

(ii) ; a(s)ds € L*(0,T; H () ;

(iii) for every subset K of £ and every subinterval [t1,t2] of (0,77,

to ta
/ v¢)—/ v — /U8t¢+/ /a(v)Vv-ngS:O,
KX{tz} KX{tl} t1 K t1 K

V¢ € Hyy, (0, T; L*(K))NLiy, (0, T; Hy (K)) .

We can write (iii) in an equivalent way that is technically more convenient
and involves the discrete time derivative. Recalling the definition of the Steklov
average of a function u € L'(Q)

1 t+h
E/ u(-,7)dr if ¢te€ (0,7 — h)
t

up = , O0<h<T,

0 it te(T—-hnT)
the equivalent formulation reads (see [5] for details)

(iii)" for every subset K of Q,

/Kx{t} Olvn] @ + / (a(v)Vv)h V=0,

Kx{t}

Voe Wy P(K), Yo<t<T—h. (2

The regularity result will be obtained under the following assumptions on
the diffusion coefficient a:

(A1) « is a continuous function and a(v) > 0 for v € (0,1).

(A2) 30, € (0, 3) such that, for constants 0 < Cy < C,

Co ¢(v) < a(v) < Cy é(v) , Vv € |0,d]

and

Covv(1—v)<aw <Ciy(l-v), Ywe[l-1bo,1].

(A3) Y(s) =sPr 5 ¢(s) =sP>; p1>p2>0.



Although we are working with powers, the proof carries through with power-like
¢ and v, i.e., functions that satisfy a condition of the type

d(v) > Cvd'(v) .
Our main result is

Theorem 1 Under assumptions (A1)-(A3), any local weak solution of (1) is
locally Hélder continuous.

The proof of the local Holder continuity is based in constructing for every
point in the interior of ) a sequence of nested and shrinking cylinders with
vertex at that point, such that the essential oscillation of the function in those
cylinders converges to zero when the cylinders shrink to zero, in a way quan-
titavely determined by the data. This can be achieved, roughly speaking, by
considering the equation in a geometry dictated by its own stucture. This means
that, instead of the usual cylinders, we have to work in cylinders whose dimen-
sions take the degeneracies of the equation into account. In the next section
we’ll make this idea precise.

We close this section by recalling some notation and a few facts that will be
useful later. We use the usual Sobolev spaces and define

V5 (Q) = L>(0,T; L*(Q)) N L*(0,T; Wy *())
endowed with the norm

2 2 2
U = ess sup ||u(-,t + U .
lulivz ) = 58 sup lluC, D10+ Vul g

Given a point zo € RY, B,(zo) denotes the N-dimensional ball with centre
at xo and radius p:

B,(zo) := {a: eRYN : |z — x| < p} ;
given a point (zg,%9) € IRV ™!, the cylinder of radius p and height 7 > 0 is
(xO,tU) + Q(T) P) = BP(xU) X (tU - T, tO) .
We next introduce a now standard logarithmic function that is used as a

recurrent tool in the proof of results concerning the local behaviour of solutions
of degenerate and singular PDE’s. Given constants a, b, ¢, with 0 < ¢ < a, define



the nonnegative function

1n{m} if btc S s S bt(ate)

0 if sgbic

whose first derivative is

m lf b:l:c§s§b:i:(a+c)

INIV

(z/}{ia,b,c})l(s) = 0 ’

0 if sS bxec

2
and second derivative (zp{ia7b7c})ll = {(zp{ia7b7c})'} > 0 . Now, given a bounded

function w in a cylinder (zg,to) + Q(7, p) and a number k, define the constant

HE = ess sup |(u—k:)i|
' (mo,t0)+Q(T,p)

and the function

\Ifi(Hik,(u—k)i,c)zzpri oy O DS e <, (3)

From now on, when referring to this function we will write 1% (u), ommiting
the subscripts; it will be clear what they are in every particular situation.

Finally, we recall a technical lemma that will be used in the course of the
proof.

Lemma 1 (DeGiorgi, [2]) Let v € W' (B,(z0)) N C(B,(z0)), with p > 0
and xg € IRN, and k1 and ks real numbers such that ki < ky. There exists a

constant C, depending only on N and p, and independent of p, xo, v, k1 and
ko, such that

N+1
(k= k) |[o > kol < € 727 Vel - @)

[v < kl” [k <v<ks]

Remark 1 The conclusion of the lemma remains true for v € WH1(Q)NC(€),
provided ) is convex. Also, the continuity is not a necessary condition for
the result. If v € W11(Q) define the sets in (4) through any representative
in the equivalence class; it can be shown that the conclusion of the lemma is
independent of that choice.



Throughout the paper, the letter C' denotes a constant that depends only
on the data. The same C' will be used to denote different constants.

3. THE RESCALED CYLINDERS

Consider a point (zg,t9) € @ and, by translation and to simplify, assume
(zo,t0) = (0,0). Consider a small positive number ¢ > 0 and R > 0 such that
Q((2R)*~¢,2R) C Q and define

_:= essinf 6 ; pup:= esssup O ; w:= essosc O=pur—pu_.
Q((2R)*7°,2R) Q((2R)*¢2R) Q((2R)*7°,2R)

Construct the cylinder
. _ w
QOR%,R), with 671 = ¢(2—m) :
where the number m will be chosen large later in the proof, independently of
w. We assume py = 1 and g = 0, since the other possibilities are clearly more

favorable.
We may assume that Q(#R?, R) C Q((2R)*>~¢,2R), which means that

—0R* > —(2R)* ¢ & 67! >2°?R°. (5)
If this does not hold then we have
w €
6(3) <CR

and then the oscillation would go to zero with R and there would be nothing to
prove. We then have the relation

essosc O <w (6)
Q(6R*,R)

which will be the starting point of the iteration process that leads to our main
result. Note that we had to consider the cylinder Q((2R)?>"¢,2R) and assume
(5), so that (6) would hold for the rescalled cylinder Q(#R?, R). This is in
general not true for a given cylinder since its dimensions would have to be
intrinsically defined in terms of the essential oscillation of the function within
it. Observe also that when the oscillation w is small, and for m very large, then
the cylinder Q(AR?, R) is very long in the ¢ direction. It’s this feature that will
allow us to accommodate the two degeneracies in the problem. We will also
assume, without loss of generality, that w < dg, where dg was introduced in
(A2).
We now consider subcylinders of Q(8R?, R) of the form
. R?
= (0,1%) +Q(—W,R) . with *<0.
(%)



They are contained in Q(8R?, R) if R% > —t* + %;), which holds if ¢(5%) <
¥(%) and t* is chosen such that

e (%—@,0). (7)

We will assume further, and for thechnical reasons, that

o) < 54(5) ®

emphasizing that it is the choice of a big cylinder Q(#R?, R), by choosing m
very large, that makes (8) possible.

The proof of our main result follows from the analysis of two complementary
cases and the achievement of the same type of conclusion for both. We can
briefly describe them in the following way: in the first case we assume that
there is a cylinder of the type (0,t*) + Q(dRP, R) where 6 is essentially away
from its infimum. We show that going down to a smaller cylinder the oscillation
decreases by a small factor that we can exhibit and that does not depend on
the oscillation. If that cylinder can not be found then 6 is essentially away from
its supremum in all cylinders of that type and we can add up this information
to reach the same conclusion as in the previous case. We state this in a precise
way in the form of an alternative, studied separetely in the next two sections.

4. THE FIRST ALTERNATIVE

For a constant vy € (0,1), that will be determined depending only on the
data, we will assume in this section that there is a cylinder of the type Q% for
which

‘{(w,t)EQtE  o(o,1) >1—§}‘ < v | QG| ©)

leaving for the next section the analysis of the complementary case. We start by
showing that if (9) holds then v is away from the degeneracy at 1 in a smaller
cylinder of the same type. The next lemma specifies what this means.

Lemma 2 There exists a constant vy € (0,1), depending only on the data, such
that if (9) holds then

v(z,t) <1-— % ae. (z,t) € Qb .
2

Proof. Let v, = min{v,1 — £}. Take the cylinder for which (9) holds, define

R R
R,=%+

5 W’ n:O,l,...,



and construct the family of nested and shrinking cylinders
x R?
t * n *
= BRn X (t — ” , T ) .
fin ¥(%)

Consider piecewise smooth cutoff functions 0 < (,, < 1, defined in these cylin-
ders, and satisfying the following set of assumptions

=11 Qb (=0 on ,Qk,
2n+1
Vel <
21 ¥(3)
Al < =5 0.<0G < 22D =3,
and let w w
kn: _Z_W, ’I’LZO,].,....

Choose as test function in (2) ¢ = [(vw)n — kn]+£72l and integrate in time over

(t* — R t) for t € (t* — R, t*). Puttin,
ESE oyt ) &
R2
Th =t — —=
V(%)

the first term gives (for K = Bp,)

/T: - Or{vn} [(vw)h—knhgg:% /:/B 3t{[(vw)h—kn]i}§g
(=5-1) [ [, o{(b-a-51). e

Next, integrate by parts and let A — 0. Makmg use of Lemma 3.2. in [5, Ch.I],
for example, we get

% /BRnx{t}(“w —kn)} €5 —% /BRHX{TH}(UW — k)2 &
/ /BR" fnatfn ( %—kn) {/BRnx{t} [U— (1- %)]Jr 2
_/BR"X{TR} p-a-7) € —2/T: /BRn v-a- %)Lgnatgn} —(x) .

Since the second and the fifth terms vanish, due to the fact that &, was chosen
such that it vanishes on the parabolic boundary of QtR*n, and the fourth term is
positive, we get, using the other assumptions on &,,

(@z%/BRnx{t}(vw_kn)ifi—z/}(z)wﬂ // X(ou 2k}



22(n+1) w
_2‘/’(4 R Z /T/BR Mozi-gp = () -
<

Observe that (v, —ky)y < %,1-% -k, <% and [v—(1— %)L_ < 4. Finally,
remarking that v > 1 — ¢ = v, > k,, we obtain

() Z% /BRnx{t}(v kn)? € —3¢(4 22 " / / X{ve>kn?} -

Concerning the diffusion term, we first pass to the limit in h, obtaining

/T: /Bnn (a(v)Vv), -V{ (Vo) — kn]+§§}

H/ /B V)V {E29 (0, — kn)t + 200 — kn) 1V}

:/T:/BRnavf

Next, we estimate the second term:

V(vw—kn)Jr‘ +2/Tn /BR a()(vy —kn)+ & Vv-VE, = (%) .

— kn)4+&n Vo - V&,

Br,

t
< 2/ /BRn | (v)] (v — kn)+ &n |v€n|| V(v - kn)+|

+|2 /rn/BR &V { /1_% (3)d8)+}-V§n
<o {//B DTN //B +|vsn|2}
/ /B /1% s)+(lvsn|2+5nA£n)

2 022(n+1)¢ @)
an(vw—an‘ Tt - A0 &) //BX{UWM}

eR

Sclﬁiﬁ(%)/T /B
+2(Z)222(};+1) / / X{ve>kn} >

(/li%a(s)ds)+gzb(l—(l—%))(l—(l—%)) .

since



Observing that V(v, — k)4 is only nonzero in the set {k, <v <1— ¢}, and

that in this set
a(v) > Cov(1=v) > Cov(1—-(1-5)) =Cow(%) .

~

we conclude, choosing € =

//B ) Vo V[ — ko) 2] > 50 (2 //B

—{%+4¢(1)}22(M1) // X{vo>kn} -

Now, putting both estimates together, we arrive at

ess sup / (v — kn)3 €2 + 1/1 / /
ra<t<t* J B, x{t}

SQ{(C[’EJYI—*%()%@Z)}](;)+7¢(Z)}22 "y / / X{ve>kn} +

Next we perform a change in the time variable, putting ¢ = (¢ —t*)¢)(%) and
define

‘ 2

En Vy n)

2

gn Vo — n)

E(,f) :Uw('at) and f_n(ai) :fn('vt) )
obtaining the simplified inequality
2

G (Q(Ra,m)

Define, for each n,
0
-r2 JBg,

and observe that the following estimates hold

H (U0 = kn)t &n

1 2
22(n+2) (%) Ang1 < |k”+1 - kn|2 Anta

S ||('U +||2CQ ,"_+1y Ryt1)

S || (W - kn)-ﬁ-f_n”g’Q(R%,Rn)

10



2 2
< —_— NF2
= C H(Uw kn)+§n V02 (Q(Rian))
C? ENE 22(nt+1l) N2 gy 2
<20 71[—2 +7}7 —) A, V. 11
= {(00—5) ne (1) (11)

In fact, the first and the third inequalities are obvious; the second one holds
due to the fact that k, < k,41; the fourth inequality is a consequence of a well
known imbedding theorem (see, e.g., corollary 3.1 on chapter I of [5]) and the
last one follows from (10). Next, define the numbers

An

Xp = >t
|Q(R2, Rn)

divide (11) by |Q(R3H_1, Rn+1)| and obtain the recursive relation

14+ 25
Xn+1 S 74277, Xn N+2 ,

C? £)1°
e{eplsH )
(Co—3) L¥(%)

We can use a lemma on the fast geometric convergence of sequences (see
lemma 4.1 on chapter I of [5]) to conclude that if

where

Xo <y 204205 =y (12)
then
X, —0. (13)

But (12) is nothing but the assumption (9) of the lemma and the conclusion
easily follows from (13). In fact, observe that

Rn\g and  k, N 1—%,

and since (13) implies that A,, — 0, we conclude that

NS

‘{(a:,f) < Q((g)z’%) s oy (x,t) > 1—

|

{(m,t) € Qté so(z,t) >1— %}‘ -0

and the lemma is proved.
Let’s just show why vq is independent of w, since this is crucially related to
the fact that v is a power. In fact, we have




and so we conclude showing that

P(5) oy 4\
¢(%):(§) (%) =2

is independent of w.
]
Our next aim is to show that the conclusion of Lemma 2 holds in a full
cylinder of the type Q(7, p). The idea is to use the fact that at the time level

> (5)”
—t=t"— 2 (14)
¥(%)
the function v(z) is strictly below the level 1 — ¢ in the ball Br and look at

this time level as an initial condition to make the conclusion hold up to t =0,
eventually shrinking the ball. Again this is a sophisticated way of showing that
somehow the equation behaves like the heat equation. As an intermediate step
we need the following lemma.

Lemma 3 Given vy € (0,1), there exists s; € IN, depending only on the data,
such that

{Z‘EB%: v(z, )>1—%}‘SV1|B%|, VtE(—i\,O).

Proof. We use a logarithmic estimate for the function (v — k)4 in the cylinder
Q(t, g), with the choices

w w
kZl_Z and CZW’

where n € IN will be chosen later, as parameters in the standard logarithmic
function (3). We have
1 )
(o-1+75

and, since if H;"k = 0 the result is trivial, we may assume it is strictly positive

v—k<Hv+k—esssup <

QELE)

(15)

d
4

and choose n big enough so that ¢ < Hj'k We recall that in this case the
logarithmic function is defined in the whole domain of v, Q(%, L) (since it is
obvious that H,, — v+ k + ¢ > 0), and given by

H+
ln{ ¥ v,k ) } if ’U>k+2:)T
R Ol Hopmvt bt o
v,k on 2
0 if USk“‘Q:)T

12



From (15), we can easily estimate

+
Hv,k

+ w S =2"
Hiy-vthk+sm =

€[|E

Ut <nln?2 since

+H
&

and the derivative (here in the nonvanishing case v > k + ¢)

1 2n+2
e ==

‘_‘ij—v+k+c ~le w

To obtain the estimate, choose a piecewise smooth cutoff function 0 < ((z) <
1, defined on B% and such that

(=1in Bg and |V( <G,
and multiply (2) by 2¢+(vh)(z/;+)'(vh) ¢2. Integrating in time in (—¢,¢), with

te (—2\, 0), and performing the usual integrations by parts and passages to the
limit in A for the Steklov averages, we obtain concerning the time part

/ [+ )] ¢ - / .
B%x{t} B%x{ft}

Now observe that as a consequence of Lemma 2, we have v(z, —t) < k in the
ball B 1, which implies that

[1/)+(U)](£E,—%\) =0, z€ B% .

As for the space part, we start by passing to the limit in A, thus getting
[ [ awve- vz e o)
- [ / DIVl {201+ 4 ) (W @) ¢}

w2 f / o)V V{20 () () () ¢ = ()

Using Young’s inequality, we estimate the second term as

‘ / /ﬁ ove-ve{2ot )(¢+)'(U)<}‘

13



<2// o) Vo2 (0) (%) ()] +2/ /B V) VLUt ()

and as a consequence we get

> 2/ / W) [VoRC () ( —2/ / 0)[VC ()

>—-2nln2 — / / (V)X{v>1-2} > —2nln2 — t|BR|Cl1/J( )
because in the relevant set

a) <Cro(l-v) <Cryv(1-(1-3)) =Cre(F) .

Now we observe that, due to our choice of t*,

t=—t"+ () < OR?
v(g) ~

and so we can condensate the two estimates in the logarithmic estimate

2 w
sup /Bﬂx{t} W)’ ¢ < CnbBylu(%) (16)

—1<t<0

Now, since the integrand is nonnegative, we estimate below the left hand side
of (16) integrating over the smaller set

S:{ZIZEB%:’U(QZ,t)Zl— }CB%

2n+2

and, observing that in S, ( = 1 and
+ 2 n—1 2 2 2

@) > [n 2] = (0 - 1)2(n2)

we get (n —1)%(In2)?|S| < Cnd |BR| ¥(2),

}‘SC n P(%) |

w
{xEB% s o(z,t) >1— 2

To prove the lemma we just need to choose

st=n-+2 with n>14+—

14



since if n > 1+ % then ﬁ < a, a > 0. Concerning the independence of w,
observe that

(%)
6 (37)
because p; > p, and w < 1, and this expression does not depended on w. We

strongly emphasize that it is crucial at this point that both degeneracies are
powers and that p; > po.

(ﬂ)pl
4 — 9mp2—p1 , ,pP1—P2 mp2—p1
=2 w <2 ,

[ ]
We now arrive at the main result of this section that establishes the first
alternative.

Proposition 1 There exist constants vy € (0,1) and 1 < s; € IN, depending
only on the data, such that if (9) holds then

w ~ R
v(z,t) <1-— prTEs (z,t) € Q(t,g) .

Proof. Consider the cylinder for which (9) holds, let

R R
R”:§+2n+3’

n=20,1,...

and construct the family of nested and shrinking cylinders Q(, R,,), where
is given by (14). Take piecewise smooth cutoff functions 0 < (,(z) < 1, not
depending on ¢, defined in Bg, and satisfying the assumptions

. n+4 2(n+4)
(n=1 in BRn+1 ) |an| < 2R and |ACn| < 2 "
Take also
w w

kn=1 n=0,1,...,

- 251+1 - 2sl+1+n ?

(where s1 > 1 is to be chosen) and derive local energy inequalities similar to
those obtained in Lemma 2, now for the functions

w

(Vo — kn)+C>,  with v, =min (v,1 - 271)

and in the cylinders Q(#,R,). Observing that, due to Lemma 2, we have

~

v(z,—t) <1—%F < ky in the ball Bz D Bg,, which implies that

(’U—kn)+(1',—?):0, I'EBRH, n:O,l,...,

15



and performing the same type of reasoning used in Lemma 2 (which we shall
not repeat here), we get

2 2 w 0 2
s [ -k G o(pn) [ 16V, k)]
—t<t<0 /Br, x{t} —t JBRg,,

4C)% Y ()’ w 22<n+4>
= {(26’0— 1)21/;( ) +8¢(271)} R2 231 / / X{vo>kn} -

251
R
2

_ 2t
The change in the time variable t = ( ) —, with the new function

~

m('vt) = Uw(')t) )

leads to

(5)°

0
— 2
w7 sup / (T — kn)2C2 + / / CaV (T — kn) 4
7vb(le) t —(£)2<t<0 /Br, x{t} + —(8)2 JBg, | |

40,2 P (==2)? 22<n+4)
S { 1 1/)(2 1 ) 5 + 8} B 231 / / X{Uu>k } N
(2Co — 1) ¥(5%) R (2)2 JBp,

(&)
P(5) T

(35

after multiplication of the whole expression by Now, if s is chosen

sufficiently large, we have

# > 1 (17)

46’12 11"(23;*1 ))22 + 8}’

and get, with Y= {m

H (Vo = kn)+ Cn

2 22 (n+4) / /
< X (o
voz(Q((%)z R, )) <Y 5 R2 231 a2 g, {To>kn} -

0
A, :/ / X{vo>kn} da df
—(%)? /Br,

and observe that the following estimates hold, by a reasoning similar to the one
that led to (11):

Define, for each n,

1 2
22(n+2) (2%) Anpr = |kng1 — kn|2 Any

16



<@z

() <€ =

2
kn)+ ||27Q((%)2an+1)
2 2
<@ = k)1 Galls k) Gal[ (alctrs) AT

divide the inequality by ‘Q (£)

) Rn+1)‘ and obtain the recursive relation

142
Xn+1 S ,)/4277, Xn+N+2

Using again the lemma on the fast geometric convergence of sequences (see
lemma 4.1 on chapter I of [5]) we conclude that if

2
Xo <y T4 F =4 € (0,1) (18)
then

X, —0.

(19)
Apply Lemma 3 with this v; and conclude that there exists s;, depending only
on the data, such that

{mEB% () > 1

o }‘ <wi |Ba|, Vte(-1,0),
and obtain (18) as follows

Lapdye
Xo
() %)\

:%//

IN
=) [Nl




Now the conclusion easily follows from (19). In fact, observe that

w

R
Rn\g and kn/‘ ].—W,

and since (19) implies that A,, — 0, we conclude that

{ehea((®)78) : med 21—z}

w

:‘{(x,t)ec)(?,g) : U(m,t)Zl—m}‘ =0

and the proposition is proved.
]

Remark 2 It is very important to remark that v; in the proof is independent
of s1, since otherwise the reasoning would be falatious. In fact, we have

_N42 _ (N42)?
vy =7 2 477 2

and with our assumption that 1 is a power, we have
2 w 2 2
y= { 16 V(T)} +8} = { 107 g +8} :
200 —1 | ¥(3%) 2C, —1

which clearly shows what was claimed. This also proves the independence of s;
with respect to w, through Lemma 3, together with the remark that concerning
the choice (17), we have

R 2
(z) — > ¢(2 ) because fg OR>
Y(s) T H(5)

and so it can be made larger than 1 if

¢(2LM) (2%)1)2 — wpz—p12pls1—mp2—2 >1.

() A"

Since p; > p2 and w < 1, it is enough to choose

B

el3

> 2+ mp,

51 2 )
b1

that clearly doesn’t depend on w.

Corollary 1 There exist constants vy, 09 € (0,1), depending only on the data,
such that if (9) holds then

ess oscv < 0p W . (20)
Q. §)

18



Proof. We can use Proposition 1 to obtain s; € IN such that

<1--"~
esssup v < 1 — preE)
Q&
and from this we get
w 1
ess 0sC v = ess su v—essinfv<1——_0:(1_ )w
QL& Q(?Ep Q&2 - 92s1+1 9s1+1
'8

and the corollary follows with oo = (1 — 557

5. THE SECOND ALTERNATIVE

Let’s now suppose that (9) does not hold. In that case we have the comple-
mentary condition, and since 1 — % > 7, it means that for every cylinder of the

type QtR*, we have

{@neas « ot <3} <a-m) o5 21)

We are in the case for which we have to analyze the behaviour of v near 0,
the other point where a(v) degenerates. We will show that also in this case a
conclusion similar to (20) can be taken. Recall that the constant vy has already
been determined in the previous section and is given by (12).

Fix a cylinder Q% C Q(AR?, R) for which (21) holds. There exists a time
level

t° € [t*—i t*_@R_2]
v(g) 299

such that

{xEBR : v(m,t°)<%}‘<(i:g)|33|. (22)

In fact, if this is not true, then

Y
a&
* ~
| ‘*
Y
=
NS

{a: € Br : v(z,t°) < g}‘

249(5) e \-%
R2
= (1-w) Q%!

19



which contradicts our assumption. The next lemma asserts that the set where
v(x) is close to its infimum is small, not only at a specific time level, but for all
time levels near the top of the cylinder Q% .

Lemma 4 There exists 1 < so € IN, depending only on the data, such that

)

{xEBR su(z,t) < 2%}‘ < (1_ (%)2) |BR

* vo R? *
for allt e [t — 7‘)@,7& ]

Proof. We use a logarithmic estimate for the function (v — k)_ in the cylinder

Bpg x (t°,t*), with the choices

w w
k:§ and CZW’

where n € IN will be chosen later, as parameters in the standard logarithmic

function (3). We have

k—ng;k = ess sup
Brx(t°,t*)

w w
v— = < — 23
(-5) |3 3
and, since if H,, = 0 the result is trivial, we may assume it is strictly positive

and choose n big enough so that ¢ < H_,. We recall that in this case the
logarithmic function is defined in the whole domain of v, Bg x (t°,t*) (since it
is obvious that H,; +v —k + ¢ > 0), and given by

In By if v<k— =2
Hv_k—'—’[)—k—'—ﬁ 2n+1

P )

k" on T
0 if v>k— 55
From (23), we can easily estimate
H-, w
¥~ <nln2 since — v,k — < f) =2"
Hu,k +v—k+ SnfT onFT

and the derivative (here in the nonvanishing case v < k — ¢)

o=l <=5

U!

_‘C w

To obtain the estimate, choose a piecewise smooth cutoff function 0 < ((z) <
1, defined on Bg and such that, for a certain o € (0,1),

(=1in Bu_nr and |V(| <&,

20



and multiply (2) by 2¢_(vh)(¢_)l(vh) (2. Integrating in time in (#°,t), with
t € (t°,t*), and performing the usual integrations by parts and passages to the
limit in A for the Steklov averages, we obtain concerning the time part

[ ere-[ pere.

As for the space part, we start by passing to the limit in A, thus getting

/t° /BR a(v)Vu - V{2¢_(v)(¢—)’(v) C2}
= /t /BR 04(”)|VU|2{2(1 + 19~ (v)) [(1/1_)'(1;)]2 C2}

2 / / a9 {2 ) @) =)

Using Young’s inequality to estimate the second term as in the proof of Lemma
3, we get

>2/tO/BR ()| Vo2 [(~ —2/tO/BR v)|IVCPY™ (v)

c o w
> -2nln2 —— R /to/ V)X{v<g} = —2nln2 2R2( —t)|BR|Cl¢(§) ,
because in the relevant set
w
a(v) < C1 ¢(v) < 1 o(35) -
Now we observe that,

R? R?
R A A A e
v(g) (%)

and so we can condensate the two estimates in the logarithmic estimate

— 2 .9 — 2 9 C ]- ¢
sup /BW} W] < /BRW} @) ¢ o T

to<t<t*

1-
cn ( )|B|+C ()|B
1- o? (%)
because 1~ (v) = 0 in the set {v > k = £} and using (22). Now, since the
integrand is nonnegative, we estimate below the left hand side in the expression
above integrating over the smaller set

IN

w o] *
S:{:L’EB(l_J)R : U(m;t)<W}CBR; te(t°,t),
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and, observing that in S, ( = 1 and

@] 2 [in @] = (-1

we get

n \2/1-w n 1 ¢(%)
s < ¢ (n—l) (1— ”2—0) |Br| +C (n—1)2 o2 ¥(2) Bl
n 11— 11 ¢(%)
(n—l) (1— 3—0) [Brl+C 0 »(2) [l
On the other hand, we have
{xEBR s oz, t) < 2n+1}‘
< {CE € Bu_g)r @ v(z,t) < ﬁ}‘ +|Br\ Bu-o)r
S|S|+NU|BR|,
so the conclusion is that for all ¢ € (¢°,¢*),
{a: € Br : v(z,t) < %}‘
n \2/1—-wy 1 1 ¢(%)
SC{(n—l) (1—"2—0)+E§ »(2) +N”} Bl
Now, choose ¢ so small that CNo < %Vg and n so large that
no\2 vy _ c 9(%) 3,

and the lemma follows with s =n + 1.
Concerning the independence of s with respect to w, and since vy has al-

ready been chosen respecting that independence, it is enough to note that, due

to (8),
¢(%) < ¢(%) — 2(m71)p2 )
v($) ~ o)
expression does not depended on w.
[ ]

Now we want to show that the same type of conclusion holds in an upper
portion of the full cylinder Q(#R?, R), say for all t € (— £R?,0). We just have

22



to use the fact that (21) holds for all cylinders of the type Q% and so, recalling
(7), the conclusion of the previous lemma holds true for all time levels

R R wn R
(g o) 29(9)

Using assumption (8), we have

t>

R R2 ) R 1 ) R2
_ _20 T W ) G L
0@ w2 S 30D e
o R2
- _{1 ?} 20(5%)
0
< —§R2

and obtain

Corollary 2 For allt € ( — ng,O),

{xEBR su(z,t) < 2%}‘ < (1_ (%)2) |BR| .

The previous result means that the set of degeneracy at 0 doesn’t fill the
entire ball B, for all t € (— 4R?,0). Our next goal is to use this stability
information to show that

Proposition 2 For every Ao € (0,1), there exist constants so < s3 € IN and
mo € IN, depending only on the data, such that, if m > mg then

‘{(m,t) €Q(LR%LR) : v(z,b) < Qi}‘ < |Q(4R%R)| .

Instead of proving this proposition directly for v we will formulate an equiv-
alent result for a new unknown function defined by

w:A(v)E/Ova(s)ds, v € [0,d0] -

We find that w satisfies the equation
Bw)—Aw=0, inD'(Q), (24)

where B = A~! is the inverse of A; both functions are monotone increasing.

Define also "
W= / a(s)ds ,
0

and rephrase Corollary 2 in terms of w as follows.

23



Corollary 3 There exists a number s4 € IN, depending only on the data, such
that, for all t € ( — gRQ,O),

Vo

{a: € Br : w(z,t) < 2%}‘ < (1_ (?)2) |Br| -

This fact is a consequence of the following simple reasoning:

w 252 2%
v s <= w< a(s)ds = sP2 ds
2% 0 0
(ﬁ)pﬁl / a(s) ds
_ 282 _Jo
p2+1 252
-

= with s4 = 82(p2 + 1) .

We will next prove, using the previous Corollary, that

Proposition 3 For every Ao € (0, 1), there ezist constants s5 € N and mg € IN,
depending only on the data, such that, if m > mg then

‘{(x,t) € Q(gRQ,R) sw(x,t) < 2%}‘ < Ao |Q(gR2,R)| )

Proof. We derive an energy inequality from equation (24) and use again the
iteration technique. To be strictly correct, we must argue as before with the
Steklov averages, but to simplify we do only the formal computations this time.
Consider a piecewise smooth cutoff function 0 < ¢ < 1, defined in Q(8R?,2R),
and satisfying the following set of assumptions

¢(=1in Q&R R) (=0 on 9,Q(0R?2R)
1 ¢(57)
< — < <
RS- 0<ac<c
and let _
k= % , (I > s4 to be chosen) .

Multiply (24) by —(w —k)_(? and integrate in time over (—fR?,0). Concerning
the time part, we get (formally)

[ e o= [ [ a7 wocnmn)e
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N /Bsz{o}< /o(wk)Bl(lc - S)Sds> - /132Rx{eR2}< /o(wk)BIUc B S)Sds> ¢
2 /—0932 /BzR (/o(w_k)_ B'(k —5)s ds) CO¢

>0 (5) "5 o(5mn)

as a consequence of the following three facts: ((z, —R?) = 0, due to our choice
of ,

)

(w—k)—
/ B'(k—s)sds >0,
0

since B’ > 0, and

(w—Fk)— (w—k)—
/ B'(k—s)sds < (w—k)_/ B'(k —s)ds
0 0

A
>

e

>

I
02| €]
o
/N
S
SN—"

From the space part, comes

0 0 2
/ Vw-V[—(w—k),@]:/ / gww—k),‘
—6R2 JBag —6R2 JBag
—2/0 / (w—k)_(Vw- V(¢
—6R2 JBan
0 _
25 [, Jevw=n [ - o () mle(Grn))
and we combine both estimates in
/0 / cV(w—k)_f
—0R? JBag
< Z8(3) 48 o) 0 (3) oG]

Integrating over the smaller set Q(%RQ, R), where ( = 1, we arrive at

2
HV(w B k)iHZQ(%R?,R)
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2! w C (w\2
{” =5(3) ¢(2—m)} = ()
Let’s now use Lemma 1, with the function w(z, t) defined for t € [-£R?,0], and
the levels

Q(%RQ,R)‘ . (25)

w w
k:lzk:? and kzzﬁ; l=s54,84+1,...

We know from Corollary 3, and since [ > sy, that

Y%

|B| -

{a: € Br : w(z,t) > ;}‘

{a: € Br : w(z,t) < T}‘

1Bl - (1= (3)") |Bx|

Y 2|BR|7

Y%

for all t € [-£R?,0]. Next, define

= 0
Ay ={zeBn w@n<S) amd 4 :/ A4, dt
2! _%Rz
and using Lemma 1, obtain

(w w)‘lﬂ ‘_LNH IVl .

2l i+l (ﬁ)2 |BR| A\ Ar41(t)

Integrate this inequality in time over [—gRQ,O], use Holder’s inequality and
square both sides, to get

W 2 2 2
(g) Az, < c— (A=A | V)|
—g R J A (t)\Ai41 (1)

< C—4(Al—Al+1)/ IV (w— k)|
v ~£2R2 JBgr

AN

< V% (A _Al+1){1+ %B(g) QS(Q%)} (5)2

using also inequality (25).
Adding these inequalities for | = s4,84 + 1,...,85 — 1, where s5 is to be
chosen, we get

it < - a0 {1 Z0(2) o(3) fo(Gren)

lS4

oftr.n)
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and since A,, — Ag; < |Q(4R? R)| and

s5—1

Z Al2+1 > (55 - 54)A§5 )

l:S4

we finally conclude that

1
C 1 255 w w 2 0 ,
< = (s5—s4)” —_B(—)¢(— = .
Ass < 3 (55— 8)72 {1+ o B(2S4) ¢(2m)} Q(2R ’R)‘
To prove the result we choose s; so large that
C 1 Ao
- _ -3 < =2
Vg (85— 54)72 < V2
and my so large that
295 w w
5 Blaw) o(gm) <1- (26)

Concerning the dependence on w, we immediately conclude that, since vy and
s4 are independent of w (Lemma 2 and Corollary 3), so is s5. The independence
of mg on w is more delicate and again crucially related to the fact that ¢ is a
power. Observe that as a consequence of this fact

b2+l

pe+1°

B(s) = {(p2+1)s}p2lﬁ and W=

So, from (26), we must choose mg such that

w \P2 Wit 2miT
(270) = (p2+1)2% w

that is s
2 > (py 4 1) 270 T

and now it is clear that mg can be chosen independently of w.
]
We can now obtain Proposition 2 rephrasing the contents of Proposition 3.
In fact,

w w
w(z,t) < — <= v(z,t) < ——
285 97241
and we conclude putting s3 = p;j_l.

We next explain how to choose the constant m (independently of w) and
consequently fix the height of the cylinder Q(6R?, R). We follow closely the
idea in [4]. Let

N+2

n=0(s) . =d(mz)s m=a(D)
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and choose m > mg as the smallest real number such that
1
¢(5%)

Since ¢ is a power, it is clear that m is independent of w.
Then break Q(#R?, R) again, this time into ng subcylinders of the form

=mng, for some integer ng € IN . (27)

. R2 , R? )
%ZBRX (_37’_(]_1)7)’ J:]_,Q,...,n[).

Since these cylinders are disjoint and they exhaust Q(#R2, R), from Proposition
2 it follows that

Jjo € {1,...,n0} : ‘{(m,t)EQﬁ) : v(m,t)<2%}‘§)\0| ﬁ)| (28)

We now use this information to show that in a smaller cylinder the function v
is strictly away from the degeneracy point 0.
Lemma 5 The number s3 can be chosen such that

d Jo
v(x,t) > 5ol 0 OE (z,t) € Q% .

Proof. Let v, = max{v, 5z%=}. Define

R R
RnZE—FW,

n=0,1,...,
and construct the family of nested and shrinking cylinders
i ) R2 ) R2
QR = Br, x (= jo~ 2 ~(o— =) .
2 I

Consider piecewise smooth cutoff functions 0 < (,, < 1, defined in these cylin-
ders, and satisfying the following set of assumptions

G=11in Q% ., Ca=0 on 0,Q%
2n+1
Vel <
22(n+1) 2(n+1) M
and let w w
kn n=20,1,....

= 2s3+1 + 2s3+1+n )
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Choose as test function in (2) ¢ = —[(vw)n — kn]_&2 and proceed as in the
proof of Lemma 2 to get

( ) W (Jo— 1)—
ess sup/ v I +¢( " )/
Ba,x{t} B A J'ORT% B,

ceZrt ey o) [ / Xirsint -

Now perform a change in the time variable, putting ¢ = {t + (jo — l)RTi} 1
and define

2

&V (vy — kn)—

E(,f) = Uw('at) and g_n(aﬂ = fn(',t) )
and obtain the inequality, with [' = %,

0
I3 ess sup/ (T — kn)* f_nz—l—/ /
BRn X{t} —Ri BRn

22(n+1)
<C—— / / X{vs
R2 253 R2 { <k}

The conclusion of the proof follows from a reﬁnement of the iteration tech-
nique used in the previous results; it can be find in [4].

2

& V(U5 — k)

Remark 3 Observe that (28) plays the same role as the assumption in the first
alternative and that Lemma 5 is the corresponding analogue of Lemma 2. The
next two results, leading to the conclusion of the second alternative, reproduce
the ideas in Lemma 3 and Proposition 1, i.e., we first use the logarithmic esti-
mates to extend the result to a full cylinder in time and then, with the aid of
the energy estimates, conclude that v is strictly away from 0 in a cylinder of the

type Q(7, p).

Lemma 6 Given vy € (0,1), there exists sg € IN, depending only on the data,

such that
E2
Vt € <—j0(2) ,0) .
7

w
{ZCEB% s v(x,t) < 2—}‘<I/1|B

Proof. To simplify, put

by
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We use a logarithmic estimate for the function (v —k)_ in the cylinder Q(Z, &),

with the choices w

and CZW’

= 253+1

where n € IN will be chosen later, as parameters in the standard logarithmic
function ¥~ (see (3)).

To obtain the estimate, choose a piecewise smooth cutoff function 0 < ((z) <
1, defined on B% and such that

(=1in Bg and V(] <&,

and multiply (2) by 2@/}’(1;,1)(1/1*)’(1;,1) ¢%2. As in the proof of Lemma 3, with
the obvious changes, we get

w

_ t
bt /BEX{t} VO <0 =) o505 717

—£<t<0

vl

since, recalling (27),

2 2
) < o ( R )2 (%) )
BT op 2 ¢(5%)
Now, since the integrand is nonnegative, we estimate below the left hand
side of the inequality integrating over the smaller set

M

S:{mEB%:v(m,t)g }CB;_;

2n+1

and, observing that in S, ( = 1 and

[~ ()] > (n - 55)*(In2)?

we get

. w L 9(ew)
{.’I}EB% : ’U(.’I},t)S2n+1}‘§Cn_83 m |BE| .

4

To prove the lemma choose

C o555+
sg=n+1 with nZ%—k—M.

v (5w)
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Concerning the independence of w, observe that s3 was chosen independently
of w and
Qﬁ(#) — (25[:ﬁ)p2 — 2(m—33—1)p2
o(zw) ()" ’

expression that does not depended on w.

Proposition 4 There exists a constant 1 < sg € IN, that can be chosen depend-
ing only on the data, such that

v(x,t) > i , a.e (x,t)€ Q(f,g) )

2%

Proof. Define
R - R R
n=7g tomrs o

n=20,1,...

and construct the family of nested and shrinking cylinders Q(#, R,,). Take piece-
wise smooth cutoff functions 0 < (,(z) < 1, independent of ¢, defined in Bg,
and satisfying the assumptions

. nt4 2(n+44)
(. =1 in Bpg,,, , IVén| < 25 and  |AG)| < E 4

Take also
w w

= 255+1 + 2S5+1+n ?

kn TLZO,I,...,

(where sg > 1 is to be chosen) and derive local energy inequalities similar to
those obtained in Proposition 1, now for the functions

w

— (v — k)2 with v, = max (v, W)

—Sn >

and in the cylinders Q (¢, R,,). Using the same reasoning, we get

2 2 w 0 2
s [ -k Gro(5n) [ [ 16V k)
BRnX{t} —t BRn

—t<t<0
w\ 22+ oy 20
<Co(3) = (7o) /E/BR X <ha}
2

- R\2 ¢t
The change in the time variable t = (5) i with the new function

m('vt) = Uw(')t) )

leads to

(5)°

0
—_— o S 2
W\ § sup / (2 — kn)%Cz +/ / |CnV('Uw — k;n)7|
¢(2TG) t —(&)2<t<0 JBg, x{t} —(%)2 JBg,
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22(n+4) w 2 [0
<o (2 =
> R2 (236+1) /(%)2 /BRn X{va<kn} »

R 2
after multiplication of the whole expression by % . Now, if sg is chosen
sufficiently large, we have e
R 2
¢(5%) £
since )
() w po_ o(s)
w w

_ = > = :
d(5)E doo(s%) ~ moo(s%h)  4(5%)

which shows also that it suffices to pick sg > m.

The rest of the proof follows the same lines of the proof of Proposition 1,
that consist basically in using the iteration technique and then Lemma 6. We
ommit the details.

]

Corollary 4 There exists a constant o1 € (0,1), depending only on the data,
such that

essoscv < 01 W .

(i)

Proof. It is similar to the proof of Corollary 1. We find 0; = (1 — 216 )

An imediate consequence of Corollaries 1 and 4 is

Proposition 5 There exists a constant o € (0,1), that depends only on the
data, and a cylinder Q(to, %), such that

essosc v < O W.

Q(t%.§)
Proof. Since one of (9) or (21) has to be true, the conclusion of at least one of
Corollaries 1 or 4 holds. Choosing

0 = mMmaXx {0’0,01} s

and
tO:min{t,tN},

we obtain the conclusion.
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The proof of Theorem 1 now follows from Proposition 5 through the usual
method of defining recursively a sequence of nested and shrinking cylinders @,
and a sequence w, converging to zero such that

ess oscv < Wy .

n

See [5, Prop. 3.1 and Lemma 3.1] and [11] for the details. We stress that the
Holder continuity is obtained since ¢ in Proposition 5 is independent of the
oscillation w.

Remark 4 Although we restrict ourselves to an equation without lower order
terms, the analysis can be extended to that (physically more interesting) case.
For problems dealing with the simultaneous flow of two immiscible fluids in a
porous medium the lower order terms present difficulties that are technically
analogous to those arising from a Hadamard growth condition; the proof can be
adapted, reproducing the techniques used in [1]. Allthough we are aware of this
fact, we decided to keep the proof in its present form, bringing to light what we
consider to be the essential new difficulties relative to previous works.
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