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Abstract

Usually di↵usion processes are simulated using the classical di↵usion equation. In
certain scenarios such equation induces anomalous behaviour and consequently several
improvements were introduced in the literature to overcome them. One of the most
popular was the replacement of the di↵usion equation by an integro-di↵erential equation.
Such equation can be established considering a modification of Fick’s mass flux where a
delay in time is introduced. In this paper we consider mathematical models for di↵usion
processes that take into account a memory e↵ect in time and space.
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1 Introduction

The di↵usion process is usually simulated using the classical di↵usion equation

@c

@t
+ v ·rc�r · (Drc) = f in ⌦⇥ (0, T ], (1)

where c denotes the di↵usion concentration, v and D represent, respectively, the velocity
and the di↵usion tensor, ⌦ ⇢ Rn, and f denotes a source term. Throughout the paper, the
velocity v is assumed constant in space and time. Equation (1) is established combining
the mass conservation law

@c

@t
+r · J = f, (2)
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where the mass flux is split into J = Ja + JF , Ja denotes the advection flux

Ja = vc, (3)

and JF is given by Fick’s law
JF = �Drc. (4)

For instance, when di↵usion processes occur in porous media, the di↵usion tensor is given
by

D = DmI +Dd (5)

where Dm is associated with molecular di↵usion and Dd represents the dispersive tensor
that depends on the velocity v. It was observed in this case that (1) gives accurate results
in laboratory environment for perfectly homogeneous media and a deviation of Fickian
behaviour is presented when nonhomogeneous media are used (see for instance [5], [9], [8]).
The main limitation induced by (1) is the infinite propagation speed which is associated
with its parabolic character.

To overcome the deviations observed when (1) is used, several approaches have been
introduced in the literature, see [9] for some examples. In this paper we consider the use of
di↵erential equations for the mass flux J or for JF that replaces Fick’s law (4). We shall see
that this induces a memory e↵ect in time or in time and space. The paper is organized as
follows. In Section 2 we consider that the memory e↵ect is only introduced in time and we
present several mathematical models to replace the classical di↵usion equation depending
on the smoothness of the data. If the memory e↵ect is introduced is space and time then
the classical di↵usion equation is replaced by a set of models presented in Section 3.

2 Memory in time

A common approach introduced in the literature to avoid the infinite propagation speed
observed when the classical di↵usion equation is used, is the replacement of Fick’s law for
J by di↵erential relations.

2.1 Non Fickian contribution

We start by considering the replacement of Fick’s law for the flux J by the following di↵er-
ential equation

⌧
@J

@t
+ J = �Drc, (6)

where ⌧ is a delay parameter (see [8]). This relation leads to

J(t) = �1

⌧

Z t

0
e�

t�s
⌧ Drc(s) ds+ J(0)e�

t
⌧ . (7)
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We remark that (6) can be obtained from

J(t+ ⌧) = �Drc, (8)

neglecting second order terms in a Taylor’s expansion of J in ⌧ . Equation (8) means that
the dispersion mass flux is induced by the gradient of the concentration but at a delay time
which means that a memory e↵ect in time is introduced following this approach.

Combining (6) with (2) the following integro-di↵erential equation is obtained

@c

@t
+ v ·rc� 1

⌧

Z t

0
e�

t�s
⌧ r · (Drc(s)) ds+r · J(0)e�

t
⌧ = f in ⌦⇥ (0, T ]. (9)

The case when J(0) = 0 in equation (9) was largely studied from a mathematical point of
view. Without being exhaustive we mention [1], [2], [3], [6], [7], [10], [11] and [12].

It should be pointed out that this approach requires the smoothness in space of J at
t = 0. Moreover the integro-di↵erential equation (9) is equivalent to an hyperbolic equation
if the initial concentration is smooth enough. In fact, it can be shown that (9) is equivalent
to

@2c

@t2
+ v ·r@c

@t
+

1

⌧

✓
@c

@t
+ v ·rc

◆
=

1

⌧
r · (Drc) +

@f

@t
+

f

⌧
in ⌦⇥ (0, T ], (10)

with the initial conditions
(

c(0) = c0
@c

@t
(0) = �v ·rc0 + f(0)

in ⌦ (11)

where c0 denotes the initial concentration.
In presence of nonsmooth data, the simulation of the concentration is obtained consid-

ering the coupled problem
8
>><

>>:

@c

@t
+ v ·rc+r · J = f

⌧
@J

@t
+ J = �Drc

in ⌦⇥ (0, T ], (12)

defined in ⌦⇥ (0, T ], with the initial conditions
8
<

:

J(0) = J0

c(0) = c0

in ⌦, (13)

and convenient boundary conditions. Coupled problem (12), (13) can be easily discretized
in space and time using an implicit-explicit approach.
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2.2 Fickian and non Fickian contributions

In what follows we assume that the mass flux admits the decomposition J = JF +JnF where
JF is defined by Fick’s law with a di↵usion tensor DF and a non Fickian contribution JnF
defined by (6) with a di↵usion tensor DnF . In this case J admits the integro-di↵erential
representation

J(t) = �DFrc(t)� 1

⌧

Z t

0
e�

t�s
⌧ Drc(s) ds+ JnF (0)e

� t
⌧ . (14)

and the integro-di↵erential equation (9) is replaced by

@c

@t
+ v ·rc�r · (DFrc)� 1

⌧

Z t

0
e�

t�s
⌧ r · (DnFrc(s)) ds+r ·JnF (0)e�

t
⌧ = f in ⌦⇥ (0, T ].

(15)
Moreover (12) is in this case replaced by

8
>><

>>:

@c

@t
+ v ·rc�r · (DFrc)�r · JnF = f

⌧
@JnF
@t

+ JnF = �DnFrc

in ⌦⇥ (0, T ]. (16)

3 Memory in time and space

3.1 Non Fickian contribution

To introduce memory in space and time, it is necessary to introduce in equation (6) spatial
derivatives. In [5] the following equation for one dimensional domain was considered

⌧
@J

@t
+ ⌧(v ·r)J + J = �Drc. (17)

If we neglect the two first terms of the first member of (17) then we recover the classical
Fick’s law.

Using the method of characteristics in (17) we obtain for the dispersion mass flux the
following expression

J(x, t) = e�
t
⌧ J(0)� 1

⌧

Z t

0
e�

t�s
⌧ Drc(x+ v(s� t), s) ds. (18)

This equation can be obtained from

J(x+ ⌧v, t+ ⌧) = �Drc(x, t) (19)
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neglecting second order terms in a convenient Taylor’s expansion. Equation (19) reflects
the memory e↵ect in space and time: the mass flux at x+ ⌧v at time t+ ⌧ is related with
the gradient of the concentration at a delayed position x and at a delayed time t.

From equation (2) and (19) we obtain the following integro-di↵erential equation

@c

@t
+ v ·rc� 1

⌧

Z t

0
e�

t�s
⌧ r · (Drc(x+ v(s� t), s)) ds+r ·J(0)e�

t
⌧ = f in ⌦⇥ (0, T ], (20)

which requires smoothness on J at t = 0. The numerical simulation of (20) imposes several
di�culties, namely, the requirement that all data from previous time levels be stored to
approximate properly the integral, as well as the shift in the space variable in rc.

We establish in what follows an hyperbolic equation combining (17) with the mass
conservation equation (2). From (2) we obtain

r · J = �@c

@t
� vrc+ f, (21)

r · ((v ·r)J) = �v ·r@c

@t
� v ·r(v ·rc) + v ·rf, (22)

and

r · @J
@t

= �@2c

@t2
� v ·r@c

@t
+

@f

@t
. (23)

Furthermore, from (17) we also have

r · J + ⌧r · @J
@t

+ ⌧r · ((v ·r)J) = �r · (Drc). (24)

Replacing (21)-(23) in (24) we obtain the following third order hyperbolic equation with
mixed derivatives

@2c

@t2
+ 2v ·r@c

@t
+

1

⌧

⇣@c
@t

+ v ·rc�r · (Drc)
⌘
+ v ·r(v ·rc) =

@f

@t
+ v ·rf +

f

⌧
(25)

in ⌦ ⇥ (0, T ]. We point out that the establishment of (25) requires smooth data and it
should be complemented with the initial conditions

8
><

>:

@c

@t
(0) = v0

c(0) = c0

in ⌦. (26)

In presence of non-smooth data, the simulation of the concentration and mass flux is
obtained considering the coupled problem

8
>><

>>:

@c

@t
+ v ·rc+r · J = f

J + ⌧
@J

@t
+ ⌧(v ·r)J = �Drc

in ⌦⇥ (0, T ], (27)
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defined in ⌦ ⇥ (0, T ], with the initial conditions (13) and convenient boundary conditions.
Coupled problem (27), (13) can be easily discretized in space and time using an implicit-
explicit approach.

3.2 Fickian and non Fickian contributions

In what follows we assume that the mass flux admits the decomposition J = JF +JnF where
JF is defined by Fick’s law with a di↵usion tensor DF and a non Fickian contribution JnF
defined by (17) with a di↵usion tensor DnF . In this case J admits the integro-di↵erential
representation

J(x, t) = e�
t
⌧ JnF (0)�DFrc(x, t)� 1

⌧

Z t

0
e�

t�s
⌧ DnFrc(x+ v(s� t), s) ds, (28)

and the integro-di↵erential equation (20) is replaced by the following one

@c

@t
+ v ·rc�r · (DFrc) �1

⌧

Z t

0
e�

t�s
⌧ r · (DnFrc(x+ v(s� t), s)) ds

+r · JnF (0)e�
t
⌧ = f in ⌦⇥ (0, T ].

(29)

In this case the hyperbolic equation (25) is replaced by

@2c

@t2
+ 2v ·r@c

@t
�r ·

✓
DFr

@c

@t

◆
+

1

⌧

✓
@c

@t
+ v ·rc�r · (DFrc)�r · (DnFrc)

◆

+v ·r(v ·rc)� v ·r(r · (DFrc)) =
@f

@t
+ v ·rf +

f

⌧
in ⌦⇥ (0, T ],

(30)
and (27) takes the form

8
>><

>>:

@c

@t
+ v ·rc�r · (DFrc) +r · J = f

@J

@t
+ (v ·r)J +

1

⌧
J = �DnF

⌧
rc

in ⌦⇥ (0, T ]. (31)
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