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A B S T R A C T 

Measurements of neutron star mass and radius or tidal deformability deliver unique insight into the equation of state (EOS) of 
cold dense matter. EOS inference is very often done using generalized parametric or non-parametric models, which deliver no 

information on composition. In this paper, we consider a microscopic nuclear EOS model based on a field theoretical approach. 
We show that current measurements from NICER and gra vitational wa ve observations constrain primarily the symmetric nuclear 
matter EOS. We then explore what could be delivered by measurements of mass and radius at the level anticipated for future 
large-area X-ray timing telescopes. These should be able to place very strong limits on the symmetric nuclear matter EOS, in 

addition to constraining the nuclear symmetry energy that determines the proton fraction inside the neutron star. 

Key words: dense matter – equation of state – stars: neutron – X-rays: general. 
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 I N T RO D U C T I O N  

eutron star observations, via electromagnetic radiation or gravita-
ional waves (GWs), provide unique insight into the dense matter
quation of State (EOS), particularly at low temperatures (Lattimer
012 ; Oertel et al. 2017 ; Baym et al. 2018 ; Tolos & Fabbietti
020 ; Yang & Piekarewicz 2020 ; Burgio et al. 2021 ; Hebeler 2021 ).
easurements of the highest neutron star masses already restrict

he range of dense matter possibilities (see, e.g. Özel et al. 2010 ;
romartie et al. 2020 ). GW detectors are now providing constraints
n tidal deformability from binary neutron star mergers (Abbott et al.
018 , 2019 , 2020 ), and NASA’s Neutron Star Interior Composition
xplorer (NICER; Gendreau et al. 2016 ) has reported its first results

or the simultaneous inference of mass and radius (Miller et al.
019 ; Riley et al. 2019 ; Miller et al. 2021 ; Riley et al. 2021 ; Salmi
t al. 2022 ; Vinciguerra et al. 2024 ). These multimessenger results
re now being combined, together with information from laboratory
uclear experiments, to constrain EOS models (for a selection of
ecent papers, see Legred et al. 2021 ; Li, Sedrakian & Alford 2021 ;

iller et al. 2021 ; Pang et al. 2021 ; Raaijmakers et al. 2021 ; Tang
t al. 2021 ; Annala et al. 2022 ; Biswas 2022 ). 

Given our lack of knowledge of the EOS relating to high densities
nd very asymmetric matter, or the appearance of exotic degrees
f freedom, the community frequently uses meta-models that co v er
 E-mail: chun.h@wustl.edu 

t  

T  

i  

Published by Oxford University Press on behalf of Royal Astronomical Socie
Commons Attribution License ( https:// creativecommons.org/ licenses/ by/ 4.0/ ), whi
he whole acceptable pressure-energy density or mass–radius (M–R)
omains. Different methodologies have been used to implement this
trate gy, for e xample, through the parametrization of the EOS via
olytropes (Read et al. 2009 ; Kurkela et al. 2014 ; Annala et al. 2018 ;
ost et al. 2018 ), the speed of sound (Alford, Han & Prakash 2013 ;
edaque & Steiner 2015 ; Tews et al. 2018 ; Greif et al. 2019 ; Annala
t al. 2020 ), or spectral representations (Lindblom 2010 ; Abbott
t al. 2018 ; Lindblom 2022 ) imposing, if necessary , causality . More
ecently, a non-parametric approach was also proposed through the
ntroduction of Gaussian processes (Landry, Essick & Chatziioannou
020 ; Essick et al. 2021 ; Legred et al. 2022 ). 
While these approaches allow us to determine the EOS domain that

atisfies the observational constraints, they deliver no information
n composition, either the proton fraction or the existence of non-
ucleonic degrees of freedom such as hyperons, delta-baryons, or
econfined quark matter. In the present study, the drawbacks of
eta-models will be o v ercome by considering a microscopic model

ased on a relativistic field theoretical approach to determine the
hole EOS space allowed by observations. This will be undertaken
y changing the model parameters. Being defined in a relativistic
ramework, the model automatically incorporates causality. This
pproach has already been taken in Traversi, Char & Pagliara ( 2020 ),
here the relativistic mean-field model (RMF) of Boguta & Bodmer

 1977 ) was applied; and in Malik et al. ( 2022 ), who considered as
heir underlying model an RMF with density dependent couplings.
he authors of Sun et al. ( 2023 ) have recently developed a Bayesian

nference approach in the framework of several nuclear RMF, to
© 2024 The Author(s). 
ty. This is an Open Access article distributed under the terms of the Creative 
ch permits unrestricted reuse, distribution, and reproduction in any medium, 
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etermine how GW and NICER measurements constrain the � –σ

nd � –ω couplings, while fixing the � and � couplings to reasonable
 alues. A major adv antage of this methodology is the possibility, once 
he inference is completed, to discuss the composition of matter, in 
articular, the proton fraction, or the nuclear matter properties. In 
he present study, we will base our approach on the framework that
s behind the reasonably successful FSU2R nucleonic model (Tolos, 
entelles & Ramos 2016 , 2017 ). 
The power of astrophysical observations to constrain microphysi- 

al models is also important to inform the design and observational 
trategy for future X-ray telescopes that will exploit the M–R 

nference technique used by NICER (Watts et al. 2016 ; Watts 
019 ). Large-area X-ray spectral timing telescope concepts like the 
nhanced X-ray Timing and Polarimetry mission (eXTP; Watts et al. 
019 ; Zhang et al. 2019 ) and the Spectroscopic Time-Resolving
bservatory for Broadband Energy X-rays (STROBE-X; Ray et al. 
019 ) aim to measure mass and radius for not only faint rotation-
owered millisecond pulsars (the sources being studied by NICER) 
ut also accreting neutron stars. These sources are often transient, 
s are many of the other high-priority targets (such as black hole
inaries) for these missions, and long observation times are required 
o build up sufficient photons to enable the analysis. Being able to
ake a well-informed decision on the potential scientific pay-off of 

bserving a particular source is important, particularly if it comes at 
he expense of observing another potentially attractive target. 

In this paper, we therefore consider not only the constraints arising
rom existing observations, but look at what might be delivered by 
uture missions. Since we are particularly interested in determining 
he model space constrained by the astrophysical observations, we 
herefore impose only a minimal number of nuclear matter properties. 
 different approach was undertaken in Ghosh et al. ( 2022a ); Ghosh,
hatterjee & Schaffner-Bielich ( 2022b ), where, within a cut-off 

cheme applied to a prior already constrained by nuclear matter 
roperties, constraints from chiral Ef fecti ve Field Theory, Heavy Ion 
ollisions and astrophysics were imposed as filters. 
In Section 2 , we introduce the EOS model and our choice of

riors. In Section 3 , we describe the Bayesian inference procedure 
nd the M–R scenarios that we consider in our analysis. Section 4
ives the results of inference using currently available M–R and 
idal deformability constraints, while Section 5 considers what could 
e achieved by observations of M–R with future large-area X-ray 
elescopes. In Section 6 , we discuss the implications of our findings,
hile we present our conclusions in Section 7 . 

 EQUATION  O F  STATE  M O D E L S  

he EOS model we use for inference is the RMF of matter,
here nucleons interact through the exchange of mesons and which 
ro vides a co variant description of the EOS and nuclear systems,
sing the parametrization denoted as FSU2R for nucleonic matter 
Tolos et al. 2016, 2017 ). This model was developed from the
ucleonic FSU2 model of Chen & Piekarewicz ( 2014 ), which was
ptimized to describe a set of properties of finite nuclei and of neutron
tars. In particular, FSU2R has been developed to describe two solar
ass stars and stellar radii below 13 km. 
The well calibrated parameter set of the FSU2R model is chosen 

s the central value of our prior distributions (see Section 2.2 ).
here are presently many parametrizations based on the same 

ramework including Z272v (Horowitz & Piekarewicz 2001b ; Pais & 

rovid ̂ encia 2016 ), FSU (Todd-Rutel & Piekarewicz 2005 ), IUFSU 

Fattoye v et al. 2010 ; Cav agnoli, Menezes & Providencia 2011 ),
M1 ωρ (Providencia & Rabhi 2013 ; Bao et al. 2014 ), TM1e (Shen
t al. 2020 ), TM1-2 ωρ (Providencia & Rabhi 2013 ), and Big Apple
Fattoyev et al. 2020 ). 

The different models are based on distinct specific subsets of 
arameters chosen by different calibration methods. Thus, even 
hough our inference is based on FSU2R, the power of the present
nference approach extends far beyond this scheme, and could 
rovide constraining and excluding evidence for numerous models 
hat are based on the RMF description for nucleonic matter. 

In the following subsection, we formulate the RMF framework 
Serot & Walecka 1986 ; Glendenning 1996 ), then introduce our
hoice of priors for the full set of EOS parameters, which reproduce
urrently known nuclear physics quantities. For this last step, we 
onsider the relations between the EOS parameters and nuclear 
atter properties (Chen & Piekarewicz 2014 ). In the last subsection,
e calculate the M–R prior based on our set up. We then apply the
odel to the inference and Bayesian constraint process in Section 3 .

.1 Equation of state 

he starting point of our theoretical framework is the Lagrangian 
ensity, which will be divided into three parts: nucleonic Lagrangian 
ensity N , lepton contribution l (e, μ), and meson field terms M ( σ ,
 ρ): 

 = 

∑ 

N 

L N + L M 

+ 

∑ 

l 

L l . (1) 

hey can be separately expressed as ∑ 

N 

L N = 

∑ 

N 

	̄ N 

(
iγμ∂ 

μ − m N + g σ σ

−g ω γμω 

μ − g ργμ
� I N · � ρμ

)
	 N , ∑ 

l 

L l = 

∑ 

l 

ψ̄ l 

(
iγμ∂ 

μ − m l 

)
ψ l , 

L M 

= 

1 

2 
∂ μσ∂ μσ − 1 

2 
m 

2 
σ σ 2 − κ

3! 
( g σ σ ) 3 − λ0 

4! 
( g σ σ ) 4 

−1 

4 
�μν�μν + 

1 

2 
m 

2 
ω ω μω 

μ + 

ζ

4! 
g 4 ω 

(
ω μω 

μ
)2 

−1 

4 
� R 

μν · � R μν + 

1 

2 
m 

2 
ρ � ρμ · � ρμ + � ω g 

2 
ρ � ρμ · � ρμg 2 ω ω μω 

μ, 

(2) 

here 	 N and ψ l are the nucleon and lepton spinors, and � I N is the
ucleon isospin operator. The coupling of a meson to a nucleon is
enoted by g , while the masses of the nucleons, mesons, and leptons
re denoted by m . The parameters κ , λ0 , ζ , and � ω plus the meson–
ucleon coupling constants are coupling constants to be determined 
y the inference method. 
By solving the Euler–Lagrange equations for nucleons and mesons 

n the RMF approach, we can obtain the Dirac equation for nucleons
nd the equations of motion for the expectation values of the mesons,
s explained in Dutra et al. ( 2014 ). The EOS and composition of
atter are then obtained by coupling those equations with global 

harge neutrality and β-equilibrium conditions, which relate the 
hemical potentials of the different species. 

.2 Choice of priors for model parameters 

he free parameters in the EOS contain unique information on the
eld coupling strengths, meson mass, or interaction. The word ‘free’ 

ndicates that their values have to be determined, and could vary
ithin a reasonable range given by ground-based experiments. The 
arameters in the nucleonic EOS can be divided into three groups: 
MNRAS 529, 4650–4665 (2024) 
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Table 1. This is a summary for all the EOS parameters prior setting, where 
N stands for Gaussian distribution and U means Uniform (Flat) distribution. 

EOS parameter Prior 

κ (MeV) N (2.525, 1.525 2 ) 
λ0 N (0.0045, 0.0205 2 ) 
ζ U (0 , 0 . 04) 
� ω U (0 , 0 . 045) 
g 2 σ N (107.5, 7.5 2 ) 
g 2 ω U (150 , 210) 
g 2 ρ U (75 , 210) 
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(i) scalar self-interaction coupling constants and mixed-
nteraction constants among mesons: 

λ0 ζ � ω . (3) 

he parameters κ and λ0 are introduced to indicate the σ meson self-
nteraction (Boguta & Bodmer 1977 ); these two are constrained by
eproducing the equilibrium properties of symmetric nuclear matter
nd finite nuclei. Both of them are responsible for producing the
ncompressibility K (Boguta & Bodmer 1977 ; Boguta & Stocker
983 ; M ̈uller & Serot 1996 ) in agreement with experiments on
uclear giant resonances and heavy ion collisions. The parameter
is the quartic self-coupling of the ω meson (Bodmer 1991 ) and

eavily influences the high density behaviour of the EOS dominating
he largest mass stars, as clearly discussed in M ̈uller & Serot ( 1996 ),
lready in the nineties. Moreo v er, there is a mixed-interaction term,
 ω (Horo witz & Piekare wicz 2001b ), between the ω and ρ meson.
his term is responsible for modifying the density dependence of the
uclear symmetry energy, and influences the neutron-skin radius of
eavy nuclei and the radii of neutron stars, first discussed in Horowitz
 Piekarewicz ( 2001a , b ), where it was shown that the larger � ω , the

maller the radius of the canonical neutron star and the neutron
adius of a heavy nucleus. The joint effect of both parameters on the
eutron star properties is nicely illustrated in Fattoyev & Piekarewicz
 2010a ): ζ controls the maximum neutron star mass and � ω has an
ffect on the radius of intermediate and high-mass stars 1 (for a similar
iscussion see Fattoyev & Piekarewicz 2010b ). This last parameter
efines the slope of the symmetry energy at saturation, L , as shown
n Cavagnoli et al. ( 2011 ), where a correlation between L and the
adius of 1.0 and 1.4 M � stars was verified. Ho we ver, in Alam et al.
 2016 ), the authors show that this correlation is strong only for low-
ass stars and becomes weaker as the mass increases. For masses

bo v e 1.4 M �, the correlation of the radius with the nuclear matter
ncompressibility is stronger. A similar conclusion concerning the
orrelation between the slope L and the neutron star radius was
rawn in Fortin et al. ( 2016 ) and Malik et al. ( 2018 ). 
(ii) meson-nucleon coupling constants: 

 σ g ω g ρ . (4) 

he parameters g σ and g ω are the couplings between the nucleon
nd the isoscalar σ and ω mesons, respectively. Those determine the
nergy per particle and density of the nuclear matter saturation point,
hus becoming instrumental for the ground-state properties of finite
uclei. The g ρ represents the coupling constant of the iso v ector ρ
ith the nucleon, which is responsible for producing a reasonable
uclear symmetry energy, impacting the properties of heavy neutron-
ich nuclei and neutron stars. 

(iii) meson mass 

 σ m ω m ρ . (5) 

hese are the masses of the σ , ω, and ρ meson, respectively. The
alues of m ω and m ρ are well determined (782.5 and 763 MeV,
espectively), but m σ is less well established, with a range from
95 to 510 MeV. 
s discussed in Glendenning ( 1996 ), infinite nuclear matter de-

cribed by the present model depends on the coupling constants and
he meson masses only through the ratios g i / m i . We have confirmed
hat our results do not depend on the σ -meson mass and have set it to
NRAS 529, 4650–4665 (2024) 

 In the following, we will refer to low, intermediate, and high-mass stars, as 
tars that hav e, respectiv ely, a mass below 1 . 4 M �, a mass in the range 1.4 � 

 /M � � 2, a mass � 2 M �. 

(  

c  

s  

H  

2  
 constant with a value of 497.479 MeV, consistent with the FSU2R
odel. 

Taking into account all parameters, the nucleonic model space
s a seven dimensional parameter space. Ho we ver, each parameter
an have its own distribution. Using some reasonable values of the
arameter space based on nuclear experimental constraints, we make
he following choices for the prior distributions. 

We start with the parameter range for the scalar self-interaction
oupling constants and mixed-interaction constants. The parameter
is set as a Gaussian distribution, centred at 2.525 with σ = 1.525.
he 1 σ credible interval thus co v ers the range 1 to 4.05, denoted
s N (2.525, 1.525 2 ) ( N for Gaussian distribution). The parameter λ0 

lso has a Gaussian prior with −0.016 ∼ 0.025 as the ±1 σ range,
entred at 0.0045, denoted as N (0.0045, 0.0205 2 ). The ζ parameter
ust be non-ne gativ e to prev ent abnormal solutions of the vector
eld equation of motion. The parameter space where ζ > 0.04 falls
utside of the scope of our investigation, because it does not permit
eutron stars with masses that reach 2 M �, so we set a flat prior 0

0.04, denoted as U(0 , 0 . 04) ( U for flat distribution, 0 and 0.04 are
he lower and upper limit). The final � ω parameter should be also
on-ne gativ e, and we use a flat prior from 0 to 0.045, U(0 , 0 . 045);
utside this range the prior probability is set to zero. 
As for the meson-nucleon couplings, the fa v oured value ranges

re sometimes different depending on the experiment (Dutra et al.
014 ). Due to this, wide ranges for these quantities are chosen and
 hard cut off is never used for the distributions of the parameters.
he g 2 σ prior is a Gaussian distribution N (107.5, 7.5 2 ). For g 2 ω , we
hoose a flat prior, from 150 to 210, denoted as U(150 , 210). The g 2 ρ

istribution is set as flat prior U(75 , 210). 
Together, these define a seven-dimensional prior space for the EOS

see Table 1 ), from which we can sample. 

.3 Nuclear matter saturation properties 

ll the parameters from the RMF model have a direct connection
ith the nuclear saturation properties. The relation between the
arameters and the nuclear matter saturation properties can be found,
or example, in the Appendix of Chen & Piekarewicz ( 2014 ). 

As shown in that paper, given a set of isoscalar and isovector
arameters, we can compute the nuclear saturation density ( n 0 ),
he energy per nucleon of symmetric matter at saturation density
 E / A ), the nucleon ef fecti ve mass ( M 

∗), and incompressibility of
ymmetric nuclear matter at saturation density ( K ), as well as the
ymmetry energy at saturation density ( J ) and its slope at that density
 L ). These nuclear matter saturation properties are reasonably well
onstrained by experiments, so that a plausible range is known for
ome of them (Dutra et al. 2014 ; Oertel et al. 2017 ; Margueron,
offmann Casali & Gulminelli 2018 ; Huth, Wellenhofer & Schwenk
021 ). In particular, the nuclear saturation density n 0 ranges from
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Figure 1. This corner plot illustrates the posterior distributions of the nuclear saturation properties after introducing constraints on E / A , m 

∗, n 0 , and the 
incompressibility of symmetric nuclear matter K (see Section 2.3 ) compared to the prior space on these properties established by the priors on the EOS 
parameters. K in particular would otherwise have a wide prior range that is much broader than all experimentally allowed values (note that formally, the full 
EOS parameter priors in Table 1 also admit values of K that are ne gativ e, but these are unphysical, so we do not show them in this plot). J is the symmetry energy 
at saturation density, and L is the slope of the symmetry energy at saturation density. The corner plot was produced by randomly sampling the EOS parameter 
space using 100 000 samples and then using the relationships between the EOS parameters and various nuclear matter properties to project the sampled points 
onto a five-dimensional space of nuclear quantities. In other words, the corner plot represents the distribution of nuclear quantities obtained by sampling the 
EOS parameter space and using the rele v ant relationships to compute the corresponding nuclear matter properties. The contour levels in the corner plot, going 
from deep to light colours, correspond to the 68, 84, and 98.9 per cent levels. 
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.15 to 0.17 fm 

−3 , the binding energy per particle E / A from 15.8
o 16.2 MeV, the incompressibility K from 175 to 315 MeV (Stone,
tone & Moszkowski 2014 ; Huth et al. 2021 ), the ef fecti ve mass
 

∗/ m goes from 0.55 to 0.65 (Hornick et al. 2018 ), and the range
or the symmetry energy J lies between 25 and 38 MeV, whereas for
he slope of the symmetry energy L, we have values between 30 and
6 MeV (Lattimer & Lim 2013 ; Oertel et al. 2017 ). 
Note that a larger slope has been determined from the measurement 

f the skin thickness of 208 Pb (Adhikari et al. 2021 ) in particular, L =
06 ± 37 MeV was estimated in Reed et al. ( 2021 ). Ho we ver, other
tudies (Essick et al. 2021 ; Reinhard, Roca-Maza & Nazarewicz 
021 ; Yue et al. 2022 ) have obtained smaller values of L . As has
een discussed in Reinhard et al. ( 2021 , 2022 ), Mondal & Gulminelli
 2023 ), there is currently still some tension between experiment 
nd theory, and it is not clear whether the existing experimental
ncertainties in the measured parity-violating asymmetry in PREX- 
I (Adhikari et al. 2021 ) make it an adequate observable to constrain
heoretical models that have otherwise successfully described many 
ther nuclear matter properties. 
The values for the nuclear matter saturation properties that result 

rom our choice of the parameter priors are spread o v er wider
anges than the values from nuclear experiments, especially for 
he incompressibility of symmetric nuclear matter K . We therefore 
mpose some additional conditions: first, we fix E / A to be a Gaussian
istribution centred on −16 MeV, with σ = 0.02, N ( −16, 0.02 2 ),
nd restrict m 

∗ as U(0 . 55 , 0 . 64) and n 0 as U(0 . 15 , 0 . 17), as shown in
ig. 1 . These quantities are needed to compute to K , J , and L . In order

o include some minimal guidance for the parameter choices from 
MNRAS 529, 4650–4665 (2024) 
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Figure 2. The M–R posterior after applying all four nuclear saturation 
property constraints (orange/blue), compared to the M–R prior resulting from 

the initial EOS model with the full EOS priors but after imposing priors on 
E / A , m 

∗, and n 0 (green), to demonstrate the effect of the additional constraint 
on K . The contour levels, from the innermost to the outermost, correspond to 
the 68 , 84, and 100 per cent credible regions, 100 per cent being the point 
beyond which there are no more samples (for both the orange/blue and the 
green contours). After applying the K constraint, there are no samples with 
radii abo v e 16 km. Note that the prominences on the high radius side in the 
post- K constraint contours are sampling artefacts. 
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he known nuclear physics properties, but still keeping the initial
bjective of constraining the EOS primarily through astronomical
bservations, we also include a loose prior condition on K . We impose
he condition that the incompressibility should satisfy 100 � K �
00 MeV. To impro v e the conv ergence speed of the inference, we
efine a probability function as follows: p ( K ) = −0.5 × | 250 −
 | 10 /150 10 , which is a super-Gaussian function. This is less extreme

han a hard cut, but strongly disfa v ours values outside the nominal
ange. This condition still leaves enough freedom to explore the
ower of the astrophysical constraints, while a v oiding extremely
nreasonable nuclear matter properties. 
The posterior distribution of nuclear quantities compared to the

uclear quantity prior generated from our defined EOS parame-
er prior is illustrated in Fig. 1 . By applying these restrictions
nd utilizing the posterior of the EOS model parameters as new
riors (referred to hereafter as constrained priors ), it is possible
o e v aluate the constraining power of our observations while still
aintaining the credibility of our inference from a nuclear physics

erspective. 
The restriction on K in particular has multiple effects on the

ifferent EOS model parameters due to the non-linear relationship
etween these parameters and nuclear matter properties. Some of
he EOS parameter space of λ0 has been excluded, as λ0 e x erts a
ignificant influence on the radius of a 1.4 M � star, and is therefore
f interest in the context of our investigation. The cut off also has
n impact on the parameter ζ , shifting it towards larger values.
his is interesting as larger values of ζ may produce maximum
ass stars below 2 M �, while smaller values are preferred for

roducing maximum mass stars abo v e 2 M �. These opposing effects
n ζ can lead to a strong constraint on the EOS parameters. This
ighlights the value of constraining these parameters using both
uclear physics and astrophysical methods. A similar shift can also
e seen in the distributions of g ω and g ρ . The constrained priors
to be compared to the original priors in Table 1 ) can be seen in
ig. 4 . 

.4 Mass–radius priors 

very point in EOS parameter space should be uniquely correlated
o an EOS curve in the P–ε plane. Then by varying central density,
OS points can be mapped to the M–R plane. Understanding the M–
 prior that results from the EOS model choices is vital when trying

o infer the M–R relation from e.g. astrophysical measurements of
–R (Greif et al. 2019 ). 
The M–R relation is derived by solving the Tolman–

ppenheimer–Volkoff (TOV) equations (Oppenheimer & Volkoff
939 ; Tolman 1939 ). The TOV equations for a static and spherically-
ymmetric system are 

d P 

d r 
= −G 

r 2 
( ε + P )( m + 4 πr 3 P ) 

(
1 − 2 Gm 

r 

)−1 

, 

d m 

d r 
= 4 πr 2 ε, (6) 

here m is the star mass for a given radial coordinate r (in
pherical coordinates) and G is the gravitational constant. The TOV
quations are solved by spanning the possible central densities of a
eutron star. For a given central density, this set of equations gives
 unique solution, that is, a point in the M–R diagram. By repeating
his process for different central densities, we can map out the M–R
elation. This extends to a maximum mass, beyond which solutions
o the TOV equation are unstable, at which point the relation is
runcated. 
NRAS 529, 4650–4665 (2024) 
To solve the TOV equations, we need to co v er a wide range of
ensities. The RMF EOS introduced in Section 2.1 is taken to be
he EOS in the neutron star core. We need to match this to an EOS
or the neutron star crust and carefully treat the interface region.

e use the BPS EOS (Baym, Pethick & Sutherland 1971 ) for the
uter crust, the region where the energy density runs from ε min =
.0317 × 10 4 g cm 

−3 to ε outer = 4.3 × 10 11 g cm 

−3 . In the region
etween the core and the outer crust, ε outer < ε < ε c , where ε c 
efines the crust-core transition, we use a polytropic EOS to a v oid the
omplexity of the pasta structure (Carriere, Horowitz & Piekarewicz
003 ; Piekare wicz, Fattoye v & Horo witz 2014 ). The complete EOS
s then given by 

 ( ε) = 

⎧ ⎨ 

⎩ 

P BPS ( ε) , for ε min ≤ ε ≤ ε outer 

A + Bε 4 / 3 , for ε outer < ε ≤ ε c 
P RMF ( ε) , for ε c < ε, 

(7) 

here P RMF indicates the EOS computed from the RMF framework
ntroduced previously. The parameters A and B are chosen to ensure
atching at ε outer and ε c . To impro v e the fitting accuracy and having

s reference the FSU2R EOS, the inner crust is built in the following
ay: equation ( 7 ) is considered together with four points, one at

he transition from the outer to the inner crust, ε outer , and three
ther points from the unified FSU2R inner crust EOS obtained in
rovid ̂ encia et al. ( 2019 ). The parameters A and B are chosen so

hat the inner crust EOS best fits the four points. The inner crust
OS is then matched to the core EOS at ε c ∼ 2.14 × 10 14 g cm 

−3 

uch that the pressure is an increasing function of the energy
ensity. 
The M–R prior can then be sampled by sampling the EOS

arameter space and then solving the TOV equations for those
arameters. The green contour lines in Fig. 2 show the M–R prior that
esults from the nucleonic seven-parameter priors defined in Table 1
ogether with the additional constraints on E / A , m 

∗, and n 0 . Our EOS
odel and prior choices fa v our radii in the range 13.5–14.5 km for
 1.4 M � neutron star, and 11.5 to 14.5 km for a 2 M � neutron star.
ote that our choices do not admit any solutions for radii below
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0 km in the prior space. They do, ho we ver, admit some solutions
bo v e 16 km (the maximum permissible radius is 16.18 km), which
s slightly larger than the maximum of 16 km assumed in the NICER
ulse Profile Modelling analysis of Riley et al. ( 2019 , 2021 ); Salmi
t al. ( 2022 ). 

After applying the K constraint, ho we ver, the maximum radius is
nder 15 km (see Fig. 2 ) so that the M–R space is now consistent
ith the priors assumed in these NICER analyses. The maximum 

ass is also smaller than in the case where the K constraint is
ot taken into account. This outcome is in line with expectations, 
ince the K constraint generally fa v ours larger values of ζ and
maller values of g ω . This results in a generally softer EOS
hat fa v ours a smaller maximum mass and a smaller maximum
adius. 

 INFERENCE  F R A M E WO R K  

e consider two types of inference scenarios in this work. First,
e study the constraining power of current astronomical mea- 

urements: maximum masses derived from radio pulsar timing, 
W measurements of tidal deformability, and M–R measurements 

rom NICER. Secondly, we investigate the constraining power 
nticipated for M–R measurements made by future X-ray tele- 
copes, like STROBE-X and eXTP. We will refer to these two 
cenarios as the current constraints and future constraints scenarios, 
espectively. Our goal with these analyses is to clarify both the 
onstraining power we have now for fundamental nucleonic model 
arameters, and the prospects offered by more powerful X-ray 
elescopes. 

The Bayesian inference methodology for the EOS parame- 
ers described here follows the framework developed and used 
n Greif et al. ( 2019 ), Raaijmakers et al. ( 2019 , 2020 , 2021 ).
ayes’ theorem states that the posterior distribution of θ and 
entral energy densities ε is proportional to the product of the 
rior distribution of θ , ε, and the nuisance-marginalized likelihood 
unction 2 

( θ, ε | d , M ) ∝ p( θ | M ) p( ε | θ , M ) p( d | θ , M ) . (8) 

here θ is the seven-dimensional vector of the EOS model parame- 
ers (see Section 2.2 ), M in this equation denotes the model, and d is
he data set. In this work, weighted sampling of the parameter vector

is accomplished by the nested sampling Monte Carlo algorithm 

LFriends (Buchner 2016 , 2019 ) using the UltraNest 3 package 
Buchner 2021 ). 4 

For the current constraints , we consider the following astrophys- 
cal inputs: the most recent mass reported for the heavy pulsar PSR
0740 + 6620 derived from radio timing (2.08 ± 0.07 M �, Fonseca
t al. 2021 ); the tidal deformabilities for the neutron star binary
ergers GW170817 and GW190425 reported by the LIGO Scientific 
ollaboration (Abbott et al. 2017 , 2020 ), and the masses and radii

nferred from the NICER observations of PSR J0030 + 0451 and 
SR J0740 + 6620 by Riley et al. ( 2019 , 2021 ). Given that all of

he measurements are independent, we can rewrite the likelihood 
 For more discussion of nuisance parameters in this context, see Raaijmakers 
t al. ( 2019 ). 
 https:// johannesbuchner.github.io/ UltraNest/ 
 3000–5000 live points were utilized, depending on the level of complexity of 
he obtained posterior samples. The Slice sampler in UltraNest was employed, 
hich is well suited and efficient for high-dimensional sampling. It also 

nsures consistency in the convergence speed of the sampling process. 

s  

a
d

 

p  

g

unction: 

p( θ, ε | d , M ) ∝ p( θ | M ) p( ε | θ , M ) 

×
∏ 

i 

p 

(
� 1 ,i , � 2 ,i , M 1 ,i , M 2 ,i | d GW , i 

(
, d EM , i 

))

×
∏ 

j 

p 

(
M j , R j | d NICER , j 

)

×
∏ 

k 

p 

(
M k | d radio , k 

)
. (9) 

ote that we equate the nuisance-marginalized likelihoods to the 
uisance-marginalized posterior distributions (for more details of 
his step and why it is justified see Section 2 of Raaijmakers et al.
021 ). 
When treating the GW events, we fix the chirp mass M c =

 M 1 M 2 ) 3/5 /( M 1 + M 2 ) 1/5 to the median value M c1 = 1.186 M � for
W170817 and M c2 = 1.44 M � for GW190425. It was shown in
aaijmakers et al. ( 2021 ) that the small bandwidth of the chirp masses
as almost no significant influence on the posterior distribution, 
ontributing less than the sampling noise. We therefore fix the chirp
ass, which is beneficial in also reducing the dimensionality of 

he parameter space and hence the computational cost. To speed 
p convergence of our inference process, we transform the GW 

osterior distributions to include the two tidal deformabilities, chirp 
ass and mass ratio q , simultaneously reweighing such that the

rior distribution on these parameters is uniform. The posterior then 
ecomes 

p( θ, ε | d , M ) ∝ p( θ | M ) p( ε | θ , M ) 

×
∏ 

i 

p 

(
� 1 ,i , � 2 ,i , q i | M c , d GW , i 

(
, d EM , i 

))

×
∏ 

j 

p 

(
M j , R j | d NICER , j 

)

×
∏ 

L 

p ( M k | d radio k ) , (10) 

here � 2 ,i = � 2 ,i ( θ ; q i ) is the tidal deformability. We follow the
ame convention as in Abbott et al. ( 2018 ) and define M 1 > M 2 ,
ince the gravitational wave likelihood function is degenerate under 
xchange of the binary components. 

For the future constraints , we consider the data set d to be
omposed of M–R constraints of the quality that we anticipate 
rom the next-generation X-ray telescopes (such as STROBE-X 

r eXTP). This is relatively straightforward to predict given that 
ncertainties in masses and radii should scale in a simple fashion
ith exposure time and telescope ef fecti ve area (Lo et al. 2013 ;
saltis, Özel & Chakrabarty 2014 ). While new GW measurements 
f tidal deformabilities are anticipated on a similar time-scale, it is
ard to predict the quality of these given the dependence on source
roperties and the uncertainties in merger rates. It is also difficult to
ay with certainty whether we can expect an improved or increased
aximum mass measurement from radio timing. We thus do not 

nclude any future GW or radio constraints in our future constraints
imulations. It is also valuable to consider what can be achieved by
 single technique for the purposes of independent cross-checks of 
ifferent methods. 
In this scenario, with only inferred masses and radii from X-ray

ulse profile modelling, the likelihood function in equation ( 8 ) is
iven by: 

p( θ, ε | d , M ) ∝ p( θ | M ) p( ε | θ , M ) 

×
∏ 

j 

p 

(
M j , R j | d Future / Future −X ,j 

)
. (11) 
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M

Table 2. This table shows the FSU2R, TM1-2 ωρ, and BMPF260 parameter vectors (the latter two being used to generate simulated M–R measurements to test 
parameter reco v ery). The ro w labelled Posterior gi ves the median and 68 per cent credible interv als for the parameters as inferred from current observ ations, see 
Section 4 . 

Model m σ m ω m ρ g 2 σ g 2 ω g 2 ρ κ λ ζ � ω 

(MeV) (MeV) (MeV) 

FSU2R 497.479 782.500 763.000 107.58 182.39 206.43 3.0911 −0.001680 0.024 0.045 
TM1-2 ωρ 511.198 783.000 770.000 99.97 156.34 127.75 3.5235 −0.004739 0.012 0.030 
BMPF260 500.000 782.500 763.000 100.02 161.82 100.70 2.3030 −0.017016 0.002 0.038 
Posterior 497.479 782.500 763.000 108.22 + 7 . 49 

−7 . 32 175.67 + 21 . 42 
−17 . 64 140.05 + 47 . 15 

−44 . 72 2.47 + 1 . 34 
−1 . 37 0.0035 + 0 . 0095 

−0 . 0092 0.0228 + 0 . 0047 
−0 . 0048 0.0225 + 0 . 0153 

−0 . 0154 

Figure 3. M–R curves for the TM1-2 ωρ EOS and BMPF260 EOS, which are two underlying scenarios (injected EOS parameter vectors), used to generate 
simulated mass–radius measurements for the future constraints scenario. The red dashed curves are the six simulated M–R posteriors, which are centred at [1.2, 
1.4, 1.9, 2.0, 2.1, 2.2] M �. Left-hand panel: corresponding to Future scenario with six 5 per cent uncertainty M–R observations. Right-hand panel: corresponding 
to Future-X scenario with six 2 per cent uncertainty M–R posteriors. 
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Based on studies of the capabilities of future telescopes (Watts et al.
016 ; Watts 2019 ), we define two Future observation cases for study
similar to the scenarios considered in Rutherford et al. 2023 ). In our
Future’ set-up, somewhat beyond what is expected to be achie v able
ith NICER, we assume that we will have six M–R measurements,
hich we model as bi v ariate Gaussians with 5 per cent uncertainty,
istributed from ∼1.2 to ∼2.2 M �, which are centred at [1,2, 1.4, 1.9,
.0, 2.1, 2.2] M �. These simulated measurements span a reasonable
ange compared to current observations and include three values
orresponding to known masses for current NICER sources: PSR
0740 + 6620 (2.1 M �, Cromartie et al. 2020 ; Fonseca et al. 2021 ),
SR J1614-2230 (1.9 M �, Demorest et al. 2010 ), and PSR J0437-
715 (1.4 M �, Reardon et al. 2016 ). In the ‘Future-X’ scenario, we
pgrade our precision of the previous six measurements to the 2
er cent uncertainty level, distributed over the same mass range.
his represents a ‘best case’ scenario for what we might be able to
chieve with a telescope like STROBE-X or eXTP. 

To assess parameter reco v ery, we now selected some specific EOS
arameter vectors to test. Picking such a vector determines the M–
 relation that is used to generate simulated M–R measurements

for the mass v ector giv en in the previous paragraph). We choose
he TM1-2 ωρ, pn EOS model (Providencia & Rabhi 2013 ), and the
MPF260 model (Malik et al. 2023 ), which are based on the same
nderlying model as FSU2R. Their parameter vectors are given in
able. 2 , with the parameters for FSU2R shown for comparison. The
esulting M–R relations together with the simulated measurements
re shown in Fig. 3 . Note that in this study, due to computational
onstraints, we consider only two injected parameter vectors; while
ur results are still illustrative of the capabilities of future missions,
ollow-on studies should ideally examine parameter reco v ery for a
roader range of injected models (and simulated M–R posteriors). 
NRAS 529, 4650–4665 (2024) 
 E O S  C O N S T R A I N T S  F RO M  C U R R E N T  

BSERVATI ONS  

n this section, we investigate how well existing observations con-
train both the EOS parameters and the corresponding nuclear matter
aturation properties. We use the masses and radii inferred from
ICER data by Riley et al. ( 2019 ) for the pulsar PSR J0030 + 0451

 M = 1 . 34 + 0 . 15 
−0 . 16 M � and R = 12 . 71 + 1 . 14 

−1 . 19 km) and by Riley et al.
 2021 ) for the heavy pulsar PSR J0740 + 6620 ( M = 2.07 ± 0.07 M �
nd R = 12 . 39 + 1 . 30 

−0 . 98 km), and the two GW tidal deformability mea-
urements (Abbott et al. 2017 , 2020 ), with GW170817 in particular
a v ouring softer EOS. 

In Fig. 4 , we show the posterior distribution of the EOS parameters.
he only parameters for which we see variation from the prior are ζ ,
 ρ , and a very small shift in g ω . This result is reasonable considering
he precision of the current measurements; it is still not possible to
xtract strong constraints on all of the model parameters from the
urrent M–R and tidal deformability measurements. 

Significant constraints are achieved for ζ , a parameter that in-
uences both the maximum mass, stellar mass, and radius simulta-
eously; both of them increase when ζ decreases. Extreme values
re disfa v oured, instead the data fa v our a middle value of ζ that
llows a maximum mass compatible with PSR J0740 + 6620 and radii
hat are consistent with both the NICER and GW measurements.
ig. 5 illustrates the constraints that would have been delivered
ad we used only the mass measurement for PSR J0740 + 6620
rom Fonseca et al. ( 2021 ), rather than the NICER M–R constraint
or that source. The posterior on λ0 shifts very slightly due to
ts sensitivity to the radius. Ho we ver, the ζ parameter distribution
ecomes much sharper once the radius information is included, and
alues of ζ < 0.01 become highly disfa v oured. The parameters λ0 and
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Figure 4. The posterior of the nucleonic EOS model parameters after applying constraints for all existing observations. Blue indicates the constrained priors, 
red the posteriors. The contour levels in the corner plot, going from deep to light colours, correspond to the 68, 84, and 98.9 per cent levels. The dashed line in 
the 1D corner plots represents the 68 per cent credible interval, and the title of that plot indicates the median value of the distribution as well as the range of 68 
per cent credible interval. Here, κ is given in MeV. 
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affect the symmetric nuclear matter properties, and therefore the 
ncompressibility. K is the nuclear matter property most affected by 
urrent observation constraints, as seen in Fig. 6 , where the posterior
f all the nuclear quantities after applying constraints from current 
strophysical observations are shown. Notice that in our analysis, 
he other symmetric nuclear matter properties ( E / A , m 

∗, and n 0 )
re allowed to vary in a small range. The g ρ shows a small increase,
hich results in a slight increase of the symmetry energy at saturation, 
o we ver, these changes are not very significant (see Fig. 6 ). 
One approach to e v aluate the plausibility of the EOS models based

n the same framework used in this work is to compute the Bayesian
vidence for that model given current measurements. Table 3 gives 
he global log evidence (ln Z ) as returned by Ultranest for both
ndividual EOS models with fixed parameters and our full RMF 
odel. For the fixed EOS parameter models, the only free parameters
n the sampling process are the central densities of the stars for which
strophysical constraints are available. For the full RMF model, the 
OS parameters are also free, and this affects the global evidence 
alculation due to the larger prior space. To illustrate this, we also
ive ln Z for a run where we fix the EOS parameters of the RMF
odel to those of the maximum posterior sample, so that only the

entral densities vary. As might be expected, the evidence impro v es
y an amount that should be borne in mind when comparing to the
ther fixed parameter models. 
In comparing the models, we use Bayes’ factors. Kass & Raftery

 1995 ) deem a model ‘substantially preferred’ if the Bayes’ factor is
ore than 3.2 and ‘strongly preferred’ if more than 10. By this metric,

he full RMF model is strongly preferred compared to IU-FSU, and
MNRAS 529, 4650–4665 (2024) 
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Figure 5. Comparison between the observational constraint with (red) and 
without (blue) the NICER PSR J0740 + 6620 radius measurement. The 
contour levels in the corner plot, going from deep to light colours, correspond 
to the 68, 84, and 98.9 per cent levels. The dashed line in the 1D corner plots 
represents the 68 per cent credible interval, and the title of each plot indicates 
the median value of the distribution as well as the range of 68 per cent credible 
interval. 

Figure 6. The posterior of all the nuclear quantities after applying constraints 
from current astrophysical observations. The contour levels in the corner plot, 
going from deep to light colours, correspond to the 68, 84, and 98.9 per cent 
levels. The dashed line in the 1D corner plots represents the 68 per cent range, 
and the title of that plot indicates the median value of the distribution as well 
as the range of 68 per cent credible interval. 

Table 3. This table gives the global log evidence (ln Z ), as returned by Ultra- 
nest, for various different EOS models and current astrophysical constraints. 
For individual EOS models (above the line), the EOS model parameters are 
fixed, and the only free parameters in the sampling are the central densities 
of the stars, for which we have constraints. For our full parametrized RMF 
model (below the line), the EOS parameters are free as well; this affects the 
evidence computation since the prior space is larger. To illustrate this, we also 
give ln Z for the case where we fix the RMF EOS parameters to those of the 
maximum posterior sample in the full analysis; in this run, only the central 
densities vary. In this sense, it is more comparable to the other individual 
models. 

Model ln(Z) Bayes’ factor ( Z / Z Full RMF ) 

FSUGarnet −2.810 7.83 
FSU2 −2.942 6.86 
FSU2R −2.967 6.69 
TM1-2 ωρ −3.795 2.92 
BigApple −5.397 0.589 
NL3 −6.986 0.120 
IU-FSU −7.356 0.083 
RMF: Full model −4.868 ···
RMF: Max posterior −2.753 8.29 

Figure 7. The posterior in M–R space once all current astrophysical 
constraints are taken into account, showing the 68 (light green) and 84 
per cent (blue) credible re gions. F or comparison, we show M–R relations 
for v arious indi vidual EOS models that map to specific individual parameter 
vectors within the broad prior space of our model. The outer black dashed 
line delineates the shape of our constrained M–R prior, delineating the 68, 84 
per cent credible region, and 100 per cent credible regions (as in Fig. 2 ). 
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ubstantially preferred compared to NL3. FSUGarnet, FSU2, and
SU2R are substantially preferred compared to the full RMF model
but are statistically indistinguishable if one considers instead the
ayes’ factor computed with reference to the Max Posterior RMF

un). 
In Fig. 7 , we present the M–R posterior generated as a result of

ncorporating all current observational constraints. For the purpose
f comparison, we have also plotted the EOS models that have
een e v aluated for e vidence. From this figure, it is e vident that the
vidences of the EOS are correlated with their relative positioning
o the inferred M–R posterior contour. The maximum posterior
OS set-up (denoted as ‘MAX’, detailed parametrization of this
OS in Table 2 ) has been plotted. It is seen that it does not fully

raverse the region of maximum probability in the M–R space. This
s understandable as the parameters utilized in this set-up essentially
ffect the high-density EOS. As a result, the MAX method is able to
raverse a wide range of the highest-probability M–R posterior having
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Figure 8. The posterior distributions of the nuclear quantities in the Future (left) and Future-X (right) scenarios for TM1-2 ωρ as the injected model. In both 
panels, blue shows the constrained prior. The contour levels in the corner plots, going from deep to light colours, correspond to the 68, 84, and 98.9 per cent 
levels. The dashed line in the 1D corner plots represents the 68 per cent range, and the title of that plot indicates the median value of the distribution as well as 
the range of 68 per cent credible interval. The black dashed horizontal and vertical lines in the plot and yellow dots show the injected values used to generate 
the simulated M–R measurements. 
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igh central energies, but is limited in its ability to traverse the low
ass high posterior probability in the M–R space, approximately 

elow 1.4 M �. This region is more closely influenced by the EOS
f the inner crust. In future studies, it will be beneficial to utilize a
niversal EOS set-up that incorporates models for the core, inner 
rust, and outer crust in order to o v ercome this limitation. As
s evident from the M–R contour presented, current observations, 
espite having ample room for impro v ement in terms of precision,
re already capable of imposing a significant constraint on the EOS
ithin the corresponding M–R space. 

 E O S  C O N S T R A I N T S  F RO M  F U T U R E  

ASS–RADIUS  MEASUREMENTS  

n this section, we investigate the ef fecti veness of using simulated
–R measurements, of the type expected from future missions, 

o constrain the EOS. We do not consider any tidal deformability 
easurements, focusing purely on what can be delivered by pulse 

rofile modelling. We consider two scenarios: six measurements with 
 5 per cent uncertainty on the M–R of a single star, referred to as the
uture scenario, and six measurements with a 2 per cent uncertainty 
n the M–R of a single star, the Future-X scenario. This section is
rganized as follows: results using TM1-2 ωρ as the injected model 
re presented in Section 5.1 for the Future scenario and Section 5.2
or Future-X. We compare the two scenarios in Section 5.3 . In
ection 5.4 , we repeat this analysis using a different injected model,
MPF260. 

.1 Constraints from the ‘Future’ scenario 

n this section, we investigate the impact of the Future scenario 
n the constraints for the nucleonic model. The simulated M–R 

easurements are shown in the left-hand panel of Fig. 3 . The
osterior of the EOS parameters is compared to the constrained 
riors in Fig. 9 . 
With the implementation of more stringent constraints, the poste- 

ior distribution of g ω shifts a little to wards lo wer v alues, serving as a
otential screening tool for various EOS models that incorporate this 
arameter. The distributions of g ρ and � ω shift only very slightly to
a v our two extremities. 

The parameters κ and λ0 are constrained a little more tightly than 
he prior, with a slightly narrower range fa v oured by the inference.
he parameter ζ is reshaped into a Gaussian-like distrib ution fa v our -

ng a median value, with most of the prior space being excluded. 
One notable observation is that even though we implemented 
ore precise measurements compared to current observations, the 

xclusion of parameter space is only slightly better (comparing 
igs 4 and 9 ). Ho we ver, note that this is no w deli vered by M–
 measurements alone, with no GW input – an important step to

acilitating cross-comparisons of the different techniques and any 
otential systematic or modelling errors. The nuclear quantities 
esulting from the Future posterior are seen in left-hand panel of
ig. 8 . Interestingly, the incompressibility K shows stronger con- 
traints from the simulated measurements (Fig. 8 ), compared to 
he current constraints (Fig. 6 ). This underscores the importance 
f having radius measurements of high-mass stars. 

.2 Constraints from the ‘Future-X’ scenario 

n this section, we explore the constraints arising from the Future-X
cenario, in which the previous six simulated measurements now 

ave 2 per cent M–R uncertainty. The simulated M–R measurements 
re shown in the right-hand panel of Fig. 3 . In Fig. 9 , the posterior
istribution of the EOS parameters is compared to the prior. 
The Future-X scenario, unlike the previous analyses, demonstrates 

he capability to extract robust constraints for almost all of the EOS
MNRAS 529, 4650–4665 (2024) 
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M

Figure 9. Comparison between the observational constraints from the Future and Future-X scenarios using TM1-2 ωρ as the injected EOS model used to 
generate the synthetic M–R posteriors. Lime green is the constrained prior, blue is the Future posterior, and Red the Future-X posterior. The contour levels in 
the corner plot, going from deep to light colours, correspond to the 68, 84, and 98.9 per cent levels. The dashed line in the 1D corner plots represents the 68 
per cent range, and the title of that plot indicates the median value of the distribution as well as the range of 68 per cent credible interval. Here, κ in MeV. The 
black dashed horizontal and vertical lines in the plot and yellow dots show the injected values used to generate the simulated M–R measurements. 
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arameters. This results in a significant decoupling of the parameters

rom the prior distribution and reflects the fundamental properties of
eutron stars. The parameters serve as a set of reliable indicators for
istinguishing between numerous EOS, as demonstrated in Table 3 .
his provides stronger evidence for the exclusion or fa v ouring of
ifferent models based on the posterior obtained from Future-X. 
In Fig. 9 , the constraint on ζ becomes even tighter than before.
ore than half of the g ω prior space falls outside of the 68 per cent

uture-X range, as the inference homes in on the input value. The
nferred value of g σ also shifts slightly: note that there is a link
etween g σ and g ω to reproduce the correct binding energy. The
istribution of g ρ generally favours a higher value, significantly
educing the 68 per cent credible interval. A shift in the distribution
NRAS 529, 4650–4665 (2024) 
f κ and λ0 can also be observed. The behaviour of the posterior
istribution of � ω is particularly interesting. While no region of
arameter space is excluded, we have seen the posterior distribution
f this parameter starts to show some structure, meaning that it has
een constrained. This trend was not observed in the Future scenario
osterior. Note that � ω is directly related to the symmetry energy, and
t is expected that this parameter is mostly sensitive to observations
hat depend on the composition – in particular the proton fraction –
uch as cooling. 

The nuclear quantities inferred from the Future-X posterior are
epicted in the right-hand panel of Fig. 8 . It is noteworthy that
he posterior distribution of the incompressibility K has shifted
ignificantly, and a considerable amount of parameter space has been
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Table 4. This table shows the KL divergence comparison between current 
observations, Future and Future-X. 

Parameters Current constraints Future Future-X 

g σ 0.072620 0.099102 0.101921 
g ω 0.005315 0.039137 0.114267 
g ρ 0.022659 0.117450 0.223765 
κ 0.001402 0.045308 0.054384 
λ0 0.038278 0.061046 0.095424 
ζ 0.038472 0.073276 0.073910 
� ω 0.023653 0.034307 0.037426 
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xcluded. Ho we ver, this remains the only derived nuclear quantity 
hat is strongly constrained by these simulated observations. 

.3 Comparing Future and Future-X 

lthough the range of parameter space excluded may not seem 

arge, particularly for the Future scenario, the constraining power 
f the measurements in both future scenarios is an impro v ement o v er
urrent constraints. To demonstrate this, we compute the Kullback–
eibler (KL) divergence, a measure of the parameter-by-parameter 

nformation gain of the posterior o v er – in this case – the constrained
rior. If the KL divergence is zero, it implies no information gain; KL
ivergence is normalized (using the factor 1 − exp ( −D KL ), where
 KL is the unormalized KL divergence) such that the maximum 

alue is 1. The KL divergence values for the seven parameters are
iven in Table 4 , comparing the Future and Future-X with current
bserv ations. Every parameter sho ws an impro v ement as measured
y the KL divergence value. 
From this perspective, the Future and Future-X scenarios demon- 

trate stronger constraining power for some parameters. Our simu- 
ated observations constrain some of the parameters that define the 
ymmetric nuclear matter EOS, but are not very sensitive to the 
ymmetry energy, since the parameters g ρ and � ω are not affected 
s strongly as the other parameters. 

Concerning the symmetric nuclear matter behaviour, g σ and g ω 
efine the binding energy at saturation, g ω , κ , and λ0 are strongly
elated to the incompressibility, and ζ softens the EOS at large 
ensities, allowing the reproduction of the mass and radius of 
he pulsar PSR J0740 + 6620. Ho we ver, with the advancement in
recision and an increase in the number of measurements, we have 
hown that the abo v e limitations may be gradually o v ercome. As
recision impro v es and new measurements are introduced, certain 
arameters will start to be constrained, decoupled from our prior 
et-up, as evidenced by a shift in posterior probability or exclusion 
f a certain parameter space. 
The results shown in Fig. 9 demonstrate the increased constraining 

ower of both Future and Future-X on the EOS parameters. It is
bserved that the parameter space of g σ , g ω , κ , λ0 , and ζ has become
arrower due to the impro v ement in precision of the simulated
easurements. Furthermore, both g ρ and � ω exhibit a stronger 

reference for certain values. Upon comparing the contours of the 
osterior distribution with the position of the injected parameters 
sed to generate the simulated M–R measurements (indicated by the 
lack dashed lines in the plot), it is evident that an impro v ement in
recision results in better reco v ery of the injected parameters. We
ote that, with the exception of � ω , all of the injected parameters
yellow dots) fall within the 68 per cent credible re gions. F or � ω , this
s not unexpected, since this parameter is the least sensitive to M–
 measurements and hence still strongly determined by our priors. 
o we ver, it is reasonable to anticipate that increasing the precision
r the number of M–R measurements will eventually shape � ω as a
istribution peak at the injected value, thereby providing us with the
otential to reproduce the full EOS from inference. 
Overall, the goal of constraining the entire EOS parameter space 

as been achieved, as all parameters have deviated or are starting
o deviate from the prior distributions, indicating that we would be
ntering the data-dominated rather than prior-dominated regime. 

.4 Comparing different injected parameter vectors 

n this section, we explore the dependence of our results on the
njected parameter vector being tested, and study the Future and 
uture-X scenarios for simulated M–R measurements based on the 
MPF260 EOS (Malik et al. 2023 ). This particular EOS model
llows for stars with a maximum mass of 2.5 M � and produces
arger radii than the TM1 − 2 ωρ, for stars with the same mass (see
ig. 3 ). By using the same fixed set of stellar masses [1.2, 1.4, 1.9,
.0, 2.1, 2.2] M �, we aim to isolate the influence of different radius
easurements on the exclusion of parameter space. 5 The results are 

hown in Fig. 10 . 
F or this alternativ e injected model and this particular choice of

njected masses, the data are less constraining: the only major 
mpro v ement is in the constraint on ζ . Future-X performs better
han Future (as we would expect), but even with Future-X, we do
ot reco v er the injected value of ζ within the 68 per cent credible
nterval. 

This illustrates some important issues. First, it shows that a lower
adius for the highest mass star in the data set is, for this model, more
onstraining. This can be understood from the M–R prior space 
hown in Fig. 2 and the influence of ζ . There is simply less prior
pace that allows lower radii at high mass. It also illustrates, however,
hat constraints will be weaker if we are not able to measure the full
pread of masses allowed by the underlying EoS: the maximum mass
tar in our synthetic data set is well below the maximum allowed
y the BMPF260 model. Constraints would be tighter if we had a
igher mass star in the sample, and this is one moti v ation for trying to
ncrease the sample size as much as possible for future instruments. A
igh mass measurement obtained from a complementary technique 
radio pulsar timing or gravitational wave measurements if the 
ompact object could be unequivocally identified as a neutron star) 
ould also be incorporated. 

 A D D I T I O NA L  PHYSI CS  O U T P U T  F RO M  

U R R E N T  C O N S T R A I N T S  

n addition to the M–R information that can be used to constrain
he EOS, more information can be extracted from these inferences. 
ne particularly interesting piece of information is the constraint 
n the speed of sound from our model, which is computed from
he deri v ati ve of the pressure with respect to the energy density.
his information can be computed by resampling the posterior EOS 

arameter space. The result can be seen in Fig. 11 , which shows
he posterior distribution of c 2 s after applying constraints from all 
vailable current observations. This figure also shows the constrained 
rior distribution, which allows us to conclude that the current 
bservations have a constraining power on the speed of sound. 
MNRAS 529, 4650–4665 (2024) 
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M

Figure 10. Comparison between the observational constraints from the Future and Future-X scenarios using BMPF260 as the injected EOS model used to 
generate the synthetic M–R posteriors. Lime green is the constrained prior, blue is the Future posterior, and red is the Future-X posterior. The contour levels in 
the corner plot, going from deep to light colours, correspond to the 68, 84, and 98.9 per cent levels. The dashed line in the 1D corner plots represents the 68 
per cent range, and the title of that plot indicates the median value of the distribution as well as the range of 68 per cent credible interval. Here, κ in MeV. The 
black dashed horizontal and vertical lines in the plot and yellow dots show the injected values used to generate the simulated M–R measurements. 
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his reflects the constraining power previously identified on the

soscalar channel, in particular on the ζ coupling. As we are using
 relativistic mean field theory framework, we expected causality
o be automatically equipped as a relativistic model. Our result is
urprising because the inferred speed of sound nev er e xceeds 

√ 

0 . 45 c
t the 84 per cent level, and approaches a stable value after reaching
 sufficiently high density. The speed of sound behaviour obtained in
he present inference analysis is rather different (more restrictive, no
urno v er at an intermediate density, and no extension to values above
 

0 . 7 c) compared to what has been obtained from previous speed of
ound inferences using NICER and GW data (see, e.g. Legred et al.
021 ; Raaijmakers et al. 2021 ; Altiparmak, Ecker & Rezzolla 2022 ;
nnala et al. 2022 , 2023 ; Gorda, Komoltsev & Kurkela 2023 ). In
NRAS 529, 4650–4665 (2024) 
edaque & Steiner ( 2015 ), the authors have shown that a speed of
ound al w ays below the conformal limit would be in tension with
he observation of two solar mass neutron stars (see also Alford et al.
013 ; Chamel et al. 2013 ). This conclusion was confirmed in Tews
t al. ( 2018 ), where the authors with just nuclear matter constraints
btained an increasing speed of sound with density. In Tews et al.
 2018 ), no peak was obtained around three times saturation density,
s in studies where perturbative QCD constraints were also included
Annala et al. 2020 ; Altiparmak et al. 2022 ; Gorda et al. 2023 ).
he behaviour of speed of sound in our analysis is partly due to

he underlying framework used to generate the neutron stars EOS,
hich allows for different high density behaviours of the speed of

ound, as discussed in M ̈uller & Serot ( 1996 ). If the parameter ζ is
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Figure 11. The posterior distribution of c 2 s derived from current observations 
(blue solid line – 68 per cent credible interval, blue dashed line – 84 per cent 
credible interval), compared to the constrained prior distribution (same levels) 
in red. 

Figure 12. The posterior distribution of the proton fraction in neutron stars, 
derived from current observations (blue solid line – 68 per cent credible 
interval, blue dashed line – 84 per cent credible interval), compared to the 
constrained prior distribution (same levels) in red. The green horizontal line 
defines the nucleonic direct Urca onset when muons are not considered, y p 
= 1/9. Note that the prominences at the boundaries of the contour levels are 
sampling artefacts. 
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arge enough, the high density behaviour of the EOS changes from
ising with the square of the density to increasing with a smaller
ower. The interesting result of our analysis is that observations 
a v our large values of ζ , and therefore a speed of sound that saturates
round 

√ 

0 . 4 c instead of increasing to values close to c as in Tews
t al. ( 2018 ). Besides in a recent w ork, it w as shown that EOS with
arge values of ζ are compatible with the pQCD EOS (Malik et al.
023 ). Our analysis of current observations requires a speed of sound
arger than the conformal limit c/ 

√ 

3 in the interior of neutron stars,
onfirming the conclusions of Bedaque & Steiner ( 2015 ) and Tews
t al. ( 2018 ), but not an increasing function of density as in Tews
t al. ( 2018 ), nor with a sharp peak as in Gorda et al. ( 2023 ). 

Performing inference using a real physics model framework gives 
ome unique insights. One of these is the possible range of the total
raction of different particles in neutron stars. The proton fraction is
f particular interest because it is directly related to the neutron star
ooling process. As we are assuming beta equilibrium and electric 
eutrality, the proton fraction is equal to the sum of the electron and
uon fractions. In Fig. 12 , the posterior (blue lines) and constrained
rior contours (red lines) of the proton fraction are plotted as a
unction of the baryonic density. The horizontal line at y p = 1/9
ndicates the onset of the nucleonic direct Urca processes when 

uons are not included. Including muons, the nucleonic direct Urca 
ets in for 0.11 < y p � 0.14. We conclude that most of the models do
ot predict nucleonic direct Urca. Ho we ver, after incorporating the
onstraints from current observations, the posterior distribution does 
ot differ much from the constrained prior, suggesting that current 
strophysical observations do not have much constraining power on 
his quantity. The conclusion is consistent with the one drawn earlier
egarding the ability to constrain the couplings associated with the 
so v ector channel, g ρ and � ω . The distributions indicate that the
osterior predicts a lower proton fraction than the constrained prior 
istribution when considering the 68 per cent credible level, which 
isfa v ours the existence of the direct Urca process. Notice, ho we ver,
hat direct Urca processes may still occur if hyperons set in (Negreiros 
t al. 2018 ; Provid ̂ encia et al. 2019 ; Fortin et al. 2020 ). In Beznogov
 Yakovlev ( 2015 ), it is predicted that according to observations,

irect Urca should open in stars with masses 1.6 to 1.8 M �. A direct
rca constraint could easily be included in the analysis and will be

onsidered in a future study. 

 C O N C L U S I O N S  

n the present study, we have considered a microscopic nuclear 
odel based on a field theoretical approach to span the whole
eaningful neutron star M–R space. The model is based on a

elativistic formulation and therefore has causality built-in. The 
arameters of the model have then been constrained by current 
eutron star observations, with only minimal guidance with respect 
o some nuclear matter properties: in particular, saturation density, 
inding energy at saturation, and incompressibility. This approach is 
n contrast to several commonly-used and more agnostic descriptions 
f the neutron star EOS, which do not contain information on the
uclear matter composition. 
The model has been first constrained by current observations 

radio, X-ray, and gra vitational wa ves). In a second step, we ha ve
tudied ho w ef fecti vely future X-ray observ ations could constrain the
odel parameters. We find that current observations mainly constrain 

he isoscalar channel of the EOS, i.e. the symmetric nuclear matter
OS. It is interesting to note that NICER’s radius measurement 

or the high mass pulsar PSR J0740 + 6620 has a visible effect on
onstraining parameters. This leads us to conclude that it is important
o have simultaneous information from both low and high mass stars
o more efficiently obtain information on the EOS. 

The iso v ector channel on the other hand, in particular, the pa-
ameters that define the density dependence of the symmetry energy 

turned out to be less sensitive to the current observations and to
ur ‘Future’ observational scenario (defined by M–R measurements 
t the ∼5 per cent level). The reason could be simply a weakly
onstraining set of observations, since impro v ed precision as simu-
ated by our ‘Future-X’ scenario (M–R measurements at the ∼2 per
ent level) seems to put some constraints, or it could have a more
undamental nature, such as the fact that the observation of mass and
adius does not give information on the composition of matter. 

We have also shown that future M–R observations with low 

ncertainty, of the type that we expect to be able to achieve using
uture large area X-ray timing telescopes, should allow us to make
easurements of the EOS using only pulse profile modelling. In the

cenario that we considered, measurements at the ∼2 per cent level
ere able to put strong constraints on most model parameters, in
articular, on the parameters that determine the symmetric nuclear 
MNRAS 529, 4650–4665 (2024) 
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atter EOS behaviour, and demonstrated robust reco v ery of the
njected EOS model parameters. Although we considered only two
est cases in this study, this is very encouraging. Again, it will
e important to have both high and low-mass stars in the data
et. Importantly, with the capabilities that we anticipate for future
nstruments, we will be able to cross-check EOS inference derived
olely from pulse profile modelling against that derived solely from
W measurements, thus allowing us to test for modelling and

ystematic errors in both techniques. 
Current observations also allow us to place constraints on the

ehaviour of both the speed of sound and the proton fraction. It was
ound that the speed of sound squared saturates around 0.4 c 2 . This is
n interesting result because the model allows a speed of sound that
ends at sufficiently large densities to a value between the conformal
imit c/ 

√ 

3 and the speed of light c , depending on the magnitude of
he coupling ζ of the quartic isoscalar-vector self-interaction term.
bservations seem to prefer larger values of ζ and, consequently,

maller speeds of sound and EOS that are compatible with the pQCD
OS. Finally, it has been shown that the proton fraction disfa v ours the
ucleonic direct Urca, but it is important to stress that the iso v ector
arameters are not very sensitive to the current observations used to
xtract the proton fraction, and therefore this result is not strongly
inding. 
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