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ABSTRACT: Exponential inequalities for associated variables are derived under an
assumption milder than the absolute continuity of joint distributions of the sample
variables. This inequality is used to prove convergence rates for the kernel estimator
for the density which are just slightly slower than the optimal rates known form
independent samples.
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1. Introduction

The convergence rate of the kernel estimator for the density function based
on associated samples has been addressed in some recent articles. Expo-
nential rates were announced in Dewan, Prakasa Rao [2], but their result
assumes a convergence rate on the covariance structure that is unattainable
under association. These authors used an approximation to independence
technique. With this same technique and the blocking decomposition as
in Ioannides, Roussas [9], the above mentioned problem was corrected in
Henriques, Oliveira [7]. The rates that follow from the results in this later
reference are significantly slower than the best known for independent sam-
ples. More recently Masry [11] using a quite different approach obtained
convergence rates that are just slightly slower than those for independent
samples. His method is based on Rosenthal’s inequalities and requires the
absolute continuity of joint distributions of random vectors of all dimensions
with their margins being sample variables. The present article improves the
results in Henriques, Oliveira [7], using the same approximation to indepen-
dence and the blocking decomposition, assuming some particular behaviour
of the the joint distributions of pairs of the sample variables, allowing for
same mass to be concentrated in the diagonal of IR x IR. This assumption
was used in estimation problems in point processes in Jacob, Oliveira [10]
under independence, and extended to the treatment of associated samples in
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2 C. HENRIQUES AND P.E. OLIVEIRA

the same context in Ferrieux [4, 5] and for the study of the kernel density
estimator under association on Oliveira [13].

2. Definitions and assumptions

Let X3, Xs,... be random variables with the same distribution as X for
which there exists a density function f. Let K be a fixed probability density
and h, a sequence on nonnegative real numbers converging to zero. The
kernel estimator of the density function f is, as usual, defined as

-~ 1 — r—X;
n = K !
f (aj) nhn le < hn ) )

which is well known to be asymptotically unbiased, if there exists a bounded
and continuous version of the density. Moreover, the convergence of IE[f,,(z)]
to f(x) is, under these assumptions on f, uniform on compact sets.

The random variables X1, Xs, ... will be supposed associated, which means,
as defined in Esary, Proschan, Walkup [3], that for every n € IN and f,g:
IR" — IR coordinatewise increasing

Cov(f(Xl,...,Xn), g(Xl,...,X,L)> >0,

whenever this covariance exists.
A technical problem arises when dealing with f,,(x) for associated variables.
In fact, association is only preserved under monotone transformations, which

means that, in general, the variables K (”;Xl)J( (I;—)@» are not asso-

ciated. One way to resolve this problem is supposing the kernel K to be
of bounded variation. We way also control this drawback of the association
structure with a different kind of assumption on the kernel function K as it
was done in Ferrieux [4, 5].

For easier future reference, we introduce now a set of assumptions.

(A1) X3, X, ... are strictly stationary and associated random variables
with common bounded and continuous density function f; let By =
SUPzeR |f($)|7

(A2) The kernel function K is a probability density such that [ K?(u)du <
oo; further, either it is of bounded variation and, if K = K; — Ky
where K7 and K, are nondecreasing functions, the derivatives K| and
K exist and are integrable;
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(A3) Let A\* represent the Lebesgue measure on the diagonal A of IR x IR
and A\? represents the Lebesgue measure on IR?; then
o for each j € IN, the distribution of (X, X;) is the sum of a
measure my j on IR x IR\ A with a measure ms j on A, such that
my; <K A2 and ma; <K )\*;

dmy j

e and a

o for each j € IN, there exist a bounded version ¢ ; of
dmg ;.
o

bounded and continuous version gs j of

o> 1g1(x,y) — f(2)f(y)| converges uniformly to a bounded
function gy;

® > 721 g2,j converges uniformly to a bounded and continuous func-
tion go.

In Ferrieux [4], instead of the bounded variation assumption it is supposed
that the kernel function K is bounded and, for each x € IR, the function
A — K(Az) is decreasing for A > 0, and K’ is integrable. The usual
kernel functions satisfy this assumption. Each of the following results may
be restated under this alternative assumption.

The assumption (A3) allows the random pairs (X, X;) to have some mass
concentrated on the diagonal, thus no absolute continuity with respect to
A2 is required. Distributions satisfying this kind of diagonal decomposition
appear, for example, when using a simple method to construct sequences
of associated variables from an independent sequence: let Wy, Ws, ... be
independent and identically distributed absolutely continuous variables, m €
IN some fixed integer, and define X,, = min(W,, ..., W,4,). The sequence
of variables X7, X,,... is associated and the distribution of random pairs
satisfies a diagonal decomposition as described in the first two items of (A3).

Under (A1), we have that

sup |Fx, x,(u,v) — Fx,(u)Fx, (v)| < B, Cov'3(X1, X;) (2.1)
u,veR
where Fy, x;, and Fx, represent the distribution functions of (X, X;) and

X, respectively, and By = max(4/7%, 90B)) (see Lemma 2.6 in Roussas [15]
for details). This inequality provides an upper bound for the covariances

between the variables K, (JL;—X’» g=1,2,7=1,2,....

n
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Lemma 2.1. Suppose the variables X1, Xo, ... satisfy (Al) and the kernel
function satisfy (A2). Then

T — X3 Tz —X;
on (55 (59

< By COV )(17 </HI du> , q= 1,2.

and analogously for K.

Proof: Apply integration by parts and use (2.1). [ |

The next result is the basis of the development used to establish the ex-
ponential inequality as it provides a mean to control the approximation to
independence. It appears under the present form in Dewan, Parkasa Rao
[2] and is a version for generating functions of Newman’s [12] inequality for
characteristic functions.

Lemma 2.2. Let X1,...,X, be associated random variables bounded by a
constant M. Then, for every 6 > 0,

E(eezg;lxi> HE 0X)

This inequality was used by Dewan, Prakasa Rao [2] to control the distance
between the joint distribution of the variables and what one would find in
case of independence. The way they manipulated the upper bound conducted
them to an assumption that is too strong for associated variables. We refer
the reader to Henriques, Oliveira [7] for details.

Now we introduce the notation that will be used in the sequel. Given (A2)

define
j § :
nh ( ) ’ fn 2 nhn =1 K2 ( ho, )

fnl
so that fn(x) = fn,yl(x) —fn,z(x). Foreachn e IN,j=1,...,n,and ¢ = 1,2,

let
1 r—X; z—X;
T,hq,j_h—(Kq( ; J)—]EIQ( ; J)) (2.2)

Note that these variables are associated if the X, Xo, ... are associated, as
they are nonincreasing transformations of these variables.

< 02e nf M Z COV X“X )

1<i<j<n




ALMOST OPTIMAL EXPONENTIAL RATES UNDER ASSOCIATION 5

Given a natural number p < 2, let r be the greatest natural number less
or equal to o and define, for cach j=1,...,2r,and ¢ =1,2

Yigi = Z Tt - (2.3)

I=(j—1)p+1
Note that, if the kernel K satisfies (A2), the functions K; and K> may be
chosen bounded so that each variable Y, ,; is bounded by 2 HKqH , where
|||l represents the supremum norm.
Finally define, for ¢ =1, 2,
Zr(;q — Ingl + Yn,q 3+ + Yn,q,Zr—la
(2.4)

A Yn,q,2 + }/n,q,él + -+ )/n,q,2r7

n,q
and analogously without the subscript q With these definitions, whenever
n = 2pr we have f,(z) — E[fnq(z)] = 2(Z, + Z5%).

nq n,q
The assumption (A3) provides control on the variance terms mentioned

above, as proved in Lemma 2.2 of Oliveira [13].
Lemma 2.3 (Oliveira [13]). Suppose (Al) and (A3) are satisfied. If the
kernel K s bounded then, for each x € IR,

nhy, Var(ﬁl(x)) — gz(x,x)/K2(u) du
Further, the convergence is uniform on compact sets.

Notice that, for the variables we have introduced, this means that
—”Var( Yig1) — ¢o(z) = go(z, 2) /K2 )du, q=1,2.
p”

Define now, for each z € IR, c(z) = c1(x) + ca(x).

3. Main results

In this section we first prove some preparatory lemmas that pave the way

to the proof of the main results.

The next lemma states how we may control both terms IF (en 3df1) and

IE (6323?00 with respect to the independent case.
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Lemma 3.1. Suppose (A1) and (A2) are satisfied. With the definitions made
before, for every A > 0,

() [T ()

(3.1)

\? All Kq lloo
S%exp< Z COV n,q,1 nq]) q:1>27

Jj=p+2

and analogously for the term corresponding to Zy',.

Proof: As Zﬁ‘f] = 25:1 Y, 42j—1 and the summands are bounded, we may
apply Lemma 2.2. Then use the stationarity twice and the fact that 2pr <
n. |

The preceding results considered the integers p and r fixed. Let us now
make the choices of these integers dependent on n, thus obtaining sequences
pn and 7, such that — 1. We show now how (A3) may be used to
control the 1ndcpcndcn€ fike term.

Lemma 3.2. Suppose (A1), (A2) and (A3) are satisfied. Given a sequence
of positive numbers c,, it follows, for ¢ = 1,2 and every \ € <0, Qp”](ﬁ(cﬁ ),
that N

Ay )\20*
E (en "f“) < exp >+ Var(Y,41) |
k 2
where ¢y =377, A

Proof: As for every n € IN, ¢ =1,2,j = 1,...,1,, IE(Y,,;) =0, it follows,
using a Taylor expansion, that

E (en 'HI]) == 1 + Z kk' 7L,q,J)

As the kernel K is bounded, we have, for each k > 2,

20| K L\
} q]| = (Tq> YanJ’
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so, inserting this in the Taylor expansion, it follows that, using also the
stationarity of the variables,

A\’ = 1 2anK H i
) <1 (2) vt 54 (L)

’ﬂ

A 2 )\2 *
<1+ <E> Var( nql)c < €Xp < n V&I“( n,q,1 )) :

Notice that there is an evident relation between c; and c,: ¢ < e®. This
will be useful to make some explicit construction of upper bounds.

This lemma provides immediately control of the independent like terms:
under the assumptions of Lemma 3.2 we have

: )\2 n
HIE (e%y’“mfl) < exp < n” Var( nql)) ., q=1,2,
j=1

(3.2)

r A2e* .
| | E (e%y’“m) < exp ( cgr Var(Yn‘q71)> , q=12.
o :
J=1

We are now in position to prove exponential rates for the convergence in
probability of the centered estimator. We will need to optimize the choice of
A where the generating functions is to be computed.

Lemma 3.3. Suppose (Al), (A2) and (A3) are satisfied. If sup,cp 22 < M
and

nh2
o <C> Z Cov(Tyg1, Trgs) < Co < 00, (3.3)

J=pn+2

then, for every < € (0, g7 min (e1(2), eala), G, G4 )),

2 hn
< ’an’ >€> <2( +00)exp< L>7 q:172>

and analogously for Z7",.
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Proof: Markov’s inequality and (3.2) lead to

1
P< Z:;dq>a)§

< /\QC;KL —Xe
<exp | —5— Var(Y,q1) — Ae | +e
n

E (eﬁzz,dq) _ ﬁlE (e%Yn,q,gg,l) _

j=1

The optimization of the first term leads to A = 5= \Zf(y S5~ cv;z[))/n 5 -
nin n,q, n n,q,
Lemma 3.2 there is an upper bound for the choice of A, which means that
EPn hncn 3 Pn 1 hn
AT < ST OF cqulvalcntly, ( o < SR Var( Y,.41). For € small

enough this is Verlﬁed since sup,cp 2

In

gn Var(Y,,41) is convergent, so the rcsult follows. u

In order to state the main result we have to deal with the terms in f, ,(z)
that are not in 2(Z2% + Z). But these are, as expected, negligible. For

n\“nyq n,q
easier reference, define R, , = fnq( x) — [fw( )] =2z + Z5), g =1,2.
Lemma 3.4. Suppose (A1), (A2) are satisfied and
nhy,
pn

Then, for n large enough and every € > 0, P(|R,4| >¢) =0, ¢=1,2.

— +00. (3.4)

Proof: Write R, , = izj —orput1 Ingj- As the functions Ky, ¢ = 1,2, are

bounded, it follows that R, , is bounded by 2=—F== ”2,1: || Kyl < &L ""LEL(‘ZH“ ac-
cording to the construction of the sequences p, and Tp. It follows from
(3.4) that eventually this upper bound becomes less than e, so the lemma is

proved. [

Now, the main work has been completed. It remains to collect the various
partial results in order to obtain the exponential rate for the kernel estimator
centered at its mean.

Theorem 3.5. Suppose (A1), (A2), (A3) and (3.4) are satisfied. Further
assume that sup,,c cp—z < M and

- < ) Z Cov'/3(X,, X;) < C) < oo, (3.5)

k=pn+2
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then, for everye € (07 557 min (cl(x), ca(), \;Eﬁ) : \EEHL) )) and n large enough,

P (
C = max(|| K|, [| K2|l..),

oo (om0

and c(x) is defined at the end of Section 2.

o) = B0 <) < Dew (~pimms) - o

where

Proof: We have

fulz) = Bfu(z)] =

- <J?n,1(x) - E[ﬁb,l(l)]) + <f’”72(x) - E[ﬁL’Z(I)D -

1 (ZZdl Zval) ! (Zf:iQ + ZEUZ) + Ru1 + Ry

According to Lemma 3.4, for n large enough we have that P (|Rn71| > %) =
P (|R”72| > %) = 0, so we need to concentrate only on the first terms. In order
to apply Lemma 3.3 we must check that (3.3) is verified. For this purpose
notice that, according to Lemma 2.1,

COV( n,q,1, Tn,q,j) =

1 Tz — X3 z—X;
~ 3z Cov (K(T )K( - )) .
2
< h_?LBZ </ K(/J(u)du> Cov'3(X1, X;).

As K| and K are assumed integrable, it follows that (3.5) implies (3.3).
Applying then Lemma 3.3, we find, for ¢ = 1, 2,

P <% |zot| > %) <2 (1 + BxCi </ KZ(U)d“>2> P < 141czh€x)>

and analogously for Z7 , from where the result follows. [
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Strengthening the conditions on the kernel we may use a decomposition
of a compact interval to derive an uniform exponential rate for the centered
estimator. Let, on what follows, [a,b] be a fixed interval and decompose
[a,b] = U';":l[zn,j —tp, Zn,j+ty] into s, intervals of length 2¢,,. Then, obviously,

sup |Fu(x) — E[f, (@) <
z€a,b]
< max |Fueny) = BUE Gyl +

-~ -~

4+ max sup ’fn(x) - fn(zn,j) - E[ﬁl(x) - ﬁz(zn,j)] :

1SJ SS" fAS [Zn,,j _tn -,Zn,,j +tn]

If we suppose the kernel K to be Lipschitzian, it follows that there exists a
constant § > 0 such that

—~ ~ o~ ~ 0lr — z,; 201,
Fu) = Foleng) — BlFata) = Tl < 2 2= 2nal < 2

A correct choice of the sequence of radii will verify ;L—g — 0. Supposing this
condition satisfied it follows then that

P sup
z€[a,b]

§P<max

1<j<sn

~

mm—mﬁuﬂ>%

~ ~ 29tn
Tn(2nj) — E[fﬂ@ﬂd)]‘ > €= h2 > =

Filen) = Bl > 5)

<s, P(
< s, max 5

1<j<sn

Thus we may state a result summarizing what was derived before.

Theorem 3.6. Suppose that (Al), (A2), (A3), (3.4), (3.5) are satisfied,
SUpP,c v C”Z* < M, the kernel K is Lipschitzian and % — 0. Let C and D
be defined as in Theorem 3.5. Then, for n large enough, each interval |a,b]
c1(z)  co(x)

Kl 1Kdl. / /2

and every € € (0 53 min (cl(ac)7 e (),

’2M
P sup
z€[a,b]

ﬁm—Em@M>%§D%§me5%%§)-@ﬂ
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4. Some examples and convergence rates

In the preceding we derived some sufficient conditions allowing the proof
of exponential inequalities for the kernel estimator for the density. We will
show that our assumptions on the sequences h,, and p, may be fulfilled and
that the convergence rates that follow are just slightly slower than those
known for independent samples. These compare with the results proved by
Masry [11] for geometrically decreasing covariances. For the case of polyno-
mially decreasing covariances our inequalities seem to be not strong enough.

4.1. Geometric decreasing covariances. Suppose that Cov(Xi, X)) =
pop™ for some py > 0 and p € (0,1), so that

> Cov'A(Xy, X))~ p
J=pn+2

Let us first check that the assumptions we used are attainable. The term in
(3.5) behaves like

" exp 4 D logp ) = exp ~—log p + 2log v <Cy. (4.1)
2 c” 3 i 3 c

n

Proposition 4.1. Suppose that (A1), (A2), (A3), (3.4) are satisfied and
Cov(X1, Xj) = pop" for some p > 0 and p € (0,1). If sup,epy 22 < M,
SUDneny i < M' and p € (0,e™M) then (3.6) holds. Moreover, if the
kernel K s Lipschitzian and t” — 0 the inequality (3.7) also holds.

Proof: In order to the CXponcnt in (4.1) to bc bounded we must have log p <
34 3n 6 f . Since, log ‘/ﬁ - < p o it is enough that sup,,c = o C* <
M'" and logp < 9M' |

pn PnCy,  Dn

It is easy to construct sequences p,, h, and ¢, that fulfil the assumptions
of the last proposition: for example, p, = n%, h, = n~? and ¢, = vlogn,
with 6, 3, v € (0,1) such that § <7, B+v<1<d+.

In order to derive an almost sure convergence rate we will not use (3.5)
directly. Indeed, in Theorem 3.5 we tried to make an assumption that would
be independent of the ¢ appearing in the inequality. This means some loss
of power when trying to optimize the choice of such an . To take full
advantage of the method we state the conditions we would find in Lemma
3.3 and Theorem 3.5. It is easily seen that (3.5) may be replaced by
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2

g™ en - p
exp <C—> Z Cov'3(X1, X;) < Oy < 0. (4.2)

*2
Cn n

J=pnt2

To find a convergence rate we allow € to depend on n according to

o achlogn
g =——, 4.3
- 2 (43)
where o > 0 should be conveniently chosen to obtain a convergent series.
With this choice and the geometric decrease rate of the covariances, (4.2)
will follow if we assume that

clogn\'* n | pu
—+—=1lo
nhy, 3 &7

is bounded. This leads to the choice of the sequence p,, with growth of order

c hn

behaviour of ¢,

2\ /2
(M) . The characterization of the convergence rate depends now on the
which must be done taking into account the choice and the

1 . Qpn‘v(quo)\ EnNPn
upper bound assumed on A in Lemma 3.3: o S and A ~ V(Yo
With the choices made for €,, and p, we have % ~ }Iog(ff, remembering that,

according to Lemma 2.3, Z— Var(Y),41) is convergent. So to satisfy the upper

log s .
fiiﬂ which means that we must choose

the sequences ¢, and ¢ such that cL,Lg;‘l — +o0 sufficiently fast to allow
h,, — 0. If we choose ¢, ~ n’ for some § € (0,1) (and ¢, = §logn), which
meets the needs just stated, it Willl/fzollow that the almost sure convergence
best known rate for the independent case. Notice that we did not assume
any absolute continuity of any random vector with margins chosen from the
sample variables. There is though a price to pay: the bandwidth sequence
h,, must not decrease to zero to fast, but the restriction is not to strong as
it allows for choices of the form h,, ~ n™%, a > 0, which include the known
optimal rates for the independent case.

bound on A we need to have h, >

rate for the kernel estimator is that is, somewhat slower than the

4.2. Polynomial decreasing covariances. Suppose now that the covari-
ances decrease at a polynomial rate, that is, Cov(Xy, X,,) = An~“, for some
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A>0and a > 3. Then
00 .
1 2—a
E Cov /S(XhXj) ~pn’ .
j=pn,+2

Inserting the behaviour of the series into (3.5) we find a term like

n n
— €xp <—* —a logpn) , (4.4)
CTL CTL
where a1 = “T*S, as before. If this term is to be bounded we need that,
for some ¢; > 0, ¢, > 01$7 that is ¢, should be chosen so that is goes

to infinity fast enough. Remember that the upper bound assumed on A in
Lemma 3.3 leads to p,, < Mey,c}, for some M > 0, but this is satisfied if p,

is chosen such that p, logp, < ¢in for some ¢; > 0. Thus, for polynomially
decreasing covariances we have, at least, exponential convergence rate for the
convergence in probability, according to (3.6) and (3.7).

As what concerns almost sure convergence rates for the kernel estimator our
exponential inequalities are not strong enough. With e, chosen as (4.3), the
boundedness of (4.4) and the upper bound on A implies that ¢}, > 15—,
for some ¢; > 0, which means that e, does not converge to zero and so it is
not possible to derive convergence rates.
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