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ABSTRACT. We construct a method to obtain the algebraic classification of Poisson algebras defined on a commutative associative alge-
bra, and we apply it to obtain the classification of the 3-dimensional Poisson algebras. In addition, we study the geometric classification,
the graph of degenerations and the closures of the orbits of the variety of 3-dimensional Poisson algebras. Finally, we also study the
algebraic classification of the Poisson algebras defined on a commutative associative null-filiform or filiform algebra and, to enrich this
classification, we study the degenerations between these particular Poisson algebras.
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INTRODUCTION

The algebraic and geometric classification of different varieties of low-dimensional algebras is an interesting problem on
which numerous works have been published in recent years. The first consists in determining the algebras modulo isomorphisms
of a given class. The second consists in determining the irreducible components of a variety of algebras with respect to the
Zariski topology. For example, both problems have been studied for 2-dimensional algebras in [25]], 2-dimensional pre-Lie
algebras in [4], 2-dimensional terminal algebras in [7]], 3-dimensional Novikov algebras in [5], 3-dimensional Jordan algebras
in [[12], 3-dimensional Jordan superalgebras in [2], 3-dimensional Leibniz and 3-dimensional anticommutative algebras in [[19],
4-dimensional Lie algebras in [6], among many others. Moreover, if we add the works in which certain subvarieties of algebras,
such as the subvariety of nilpotent (or solvable) algebras of a given class is considered [[1}3L[8}[11,[18L20124,[26.,27]], the amount
of papers on this topic in last years increases even more. Nevertheless, the geometry of the varieties of algebras endowed with
two multiplications is a subject still to be explored. In this work, we consider a generalization of the geometrical notions and
results used for algebras with a single multiplication, established by Grunewald and O’Halloran in [15/[16], to algebras with two
multiplications, applying these ideas with the purpose of obtaining a geometrical description of this variety to the best known
class of algebras of this type: the Poisson algebras.

The first historical encounter with Poisson algebras is in Hamiltonian mechanics (1809), where the algebra of smooth
functions on variables the space coordinates ¢; and the corresponding momenta p; is endowed with a Lie bracket which satisfies
a Leibniz compatibility rule, namely, the Lie bracket is a derivation. This is achieved by defining the product of two smooth
functions by:

n
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This structure, the Hamiltonian and the Hamilton equations make a system that is widely used to describe any kind of
environment in classical mechanics and that provides a solid theoretical foundation for the later generalization to quantum
mechanics. Additionally, there are generalizations for n-ary Lie brackets which can handle the sue of (n — 1) Hamiltonians
through the Nambu-Poisson algebras. These generalizations are motivated by different applications including string theory,
M-branes theory and quarks models [9,[29/30]. With the later abstraction of many notions of classical Physics, Hamiltonian
systems were geometrized into manifolds that model the set of all possible configurations of the system, and the cotangent
bundle of this manifold describes its phase space, which is endowed with a Poisson algebra [31]]. This construction has been
used in a wide range of fields in Physics, including classical mechanics, quantum mechanics, general relativity and geometrical
optics, quantization theory, quantum groups, and in Mathematics, including representation theory, linear partial differential
equations or completely integrable systems.

The study of all possible Poisson algebras with a certain Lie or associative part is an important problem in the theory of
Poisson algebras. In the complex case, some examples of Poisson algebras were constructed on finite dimensional commutative
associative algebras [14] and a classification of the 3-dimensional Poisson algebras was given by considering the Poisson
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structures defined on the 3-dimensional Lie algebras [[13]. In this paper, we have considered the problem of classifying the
Poisson structures of some finite-dimensional algebras. In particular, we correct a minor mistake in [13] on the classification
of 3-dimensional Poisson algebras and we classify other interesting types of Poisson algebras. In addition, we consider the
problem of the geometric classification of the varieties defined by this kind of structures in which we find two multiplications
linked by a compatibility rule, closing this work with the geometric classification, the complete graph of degenerations and the
description of the closures of the orbits of the variety of 3-dimensional Poisson algebras.

Thus, this work is organized as follows. In the first section (1), we introduce the classification method that we use to obtain
the algebraic classification of the Poisson algebras using the classification of the commutative associative algebras. In the
second section (), we apply this method to obtain the classification of the 3-dimensional Poisson algebras. In the third section
@), we classify Poisson algebras defined on commutative associative null-filiforms and filiforms. In the fourth section (4),
we study the geometry of the variety of Poisson algebras of dimension three. Finally, in the fifth section (@), we study the
degenerations between the Poisson algebras defined on commutative associative null-filiforms and filiforms.

1. THE ALGEBRAIC CLASSIFICATION METHOD

In this section, we stablish a straightforward method to obtain the algebraic classification of the Poisson structures defined
over an arbitrary commutative associative algebra. First, let us recall the definition of a Poisson algebra.
Definition 1.1. A Poisson algebra is a vector space P over an arbitrary field F equipped with two bilinear operations:

(1) An commutative associative multiplication, denoted by — - — : P X P — P;
(2) A Lie algebra multiplication, denoted by {—,—} : P x P — P.

These two operations are required to satisfy the following Leibniz identity:

{Iy,Z}: {I,Z}y—F{E{y,Z},
forany x,y, z € P. The dimension of the Poisson algebra ‘P is the dimension of P as a vector space.
In this paper, all vector spaces are assumed to be complex and finite dimensional, unless stated otherwise. For simplicity,
every time we write the multiplication table of a Poisson algebra the products of basic elements whose values are zero or can be

recovered by the commutativity, in the case of — - —, or by the anticommutativity, in the case of {—, —}, are omitted. Further,
the variety of all n-dimensional Poisson algebras over the complex field will be denoted P,,.

Now, given an arbitrary commutative associative algebra, we may consider all the Poisson structures defined over this
algebra. This notion is captured in the following definition.

Definition 1.2. Let (P, -) be a commutative associative algebra. Define Z2 (P, P) to be the set of all skew symmetric bilinear
maps 0 : P x P — P such that:
00 (z,y),z)+0(0(y,2),z)+0(0(z,2),y) = 0O,
e(xyaz)_e('rvz)y_xe(yaz) = 0,
forall z,y, z in P. Then Z* (P, P) # @ since § = 0 € Z* (P, P).

Observe that, for § € Z?(P,P), if we define a bracket {—,—}, on P by {z,y}, = 6(z,y) for all z,y in P, then
(P,-,{—,—},) is a Poisson algebra. Conversely, if (P, -, {—, —}) is a Poisson algebra, then there exists § € Z2 (P, P) such
that (P,-,{—,—},) = (P,-,{—, —}). To see this, consider the skew symmetric bilinear map 6 : P x P — P defined by
0 (v,y) = {z,y} forall z,y in P. Then § € Z2? (P, P) and (P,-,{—, —},) = (P, {—. —}).

Now, let (P, -) be a commutative associative algebra and Aut (P) be the automorphism group of P. Then Aut (P) acts on
Z*(P,P) by

(0 ¢) (z,y) = 67" (0 (6 (2), 0 (1)),
for ¢ € Aut(P),and § € Z2 (P, P).
Lemma 1.1. Let (P, -) be a commutative associative algebra and 0,9 € Z* (P, P). Then (P,-,{—,—},) and (P,-,{—,—},)
are isomorphic if and only if there is a ¢ € Aut (P) with 0 x ¢ = .
Proof. If 0 x ¢ = ¥, then ¢ : (P,-,{—,—},) — (P,-,{—, —},) is an isomorphism since ¢ (J (z,y)) = 6 (¢ (z), ¢ (v)).
On the other hand, if ¢ : (P,-,{—,—}y) — (P,-,{—, —},) is an isomorphism of Poisson algebras, then ¢ € Aut (P) and
¢ ({z,y}y) = {6 (), & 1)}y Hence ¥ (,y) = ¢~ (0 (¢ (), ¢ (y))) = (0% ¢) (v,y) and therefore § x ¢ = ). m

Hence, we have a procedure to classify the Poisson algebras associated to a given commutative associative algebra (P, -). It
consists of three steps:
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(1) Compute Z2 (P, P).
(2) Find the orbits of Aut (P) on Z2 (P, P).
(3) Choose a representative # from each orbit and then construct the Poisson algebra (P, -, {—, —},).

Remark 1.1. Similarly, we can construct an analogous method for classifying the 3-dimensional Poisson algebras from the
classification of Lie algebras of dimension three. However, since we are also looking for a classification of Poisson algebra
with its associated commutative associative algebra to be either null-filiform or filiform, we have to consider the method that
starts with commutative associative algebra.

Let us introduce the following notations. Let ey, e, ..., e, be a fixed basis of a commutative associative algebra (P, -).
Define A? (P,TF) to be the space of all skew symmetric bilinear forms on P. Then A% (P,F) = (A; ; : 1 <i < j < n) where
A,; j is the skew-symmetric bilinear form A, ; : P x P — [ defined by

L if (i, ) = (,m),
Ai,j (elaem) = _17 lf(lvj) = (mvl)7
0, otherwise.

Now, if § € Z2 (P, P), then 6 can be uniquely written as 6 (z,y) = Y. B; (x,y) e; where By, Ba, ..., B, is a sequence of
i=1
skew symmetric bilinear forms on P. Also, we may write § = (By, Ba, ..., B;,) . Let ¢~! € Aut(P) be given by the matrix

(bij). If (9 * ¢) (,T, y) = f:lB; (LL', y) e;, then B; = zjlbij(stj¢.
i= j=

2. THE ALGEBRAIC CLASSIFICATION OF THE 3-DIMENSIONAL POISSON ALGEBRAS

To obtain the classification of the 3-dimensional Poisson algebras, we will use the classification commutative associative
algebras of dimension 3. This classification can be obtained from the classification of 3-dimensional Jordan algebras given
in [[17] . We have summarized it in the following result.

; . . . ; 3
Theorem 2.1. Let (P,{—,—}) be a complex commutative associative algebra of dimension three. Then P has a basis {e;}|
and it is isomorphic to one of the following algebras:

e Ay :trivial algebra. o Ay:er-er =ea.

o As:eq-e9=es. o Aj:er-er =epe1-e3 =e3.

° A5:61-61:el,eg~62:eg,63-63:63. ° AG361'61:61762'62262,62'63:63-

e A;:e1-e1=e1,e1 €3 =e9,€1 €3 = €3. o Ag:ej-ep =ej, e e =6, €3 =€3,62- € = €3.

e Ag:ej-e; =ey,e3-e9 = e9. o Ajg:er-ep =ep,e1-e2=ea.

o Aj1:e1-e1=-e¢;. o Aip:e-e; =eq,e2-€2 =e€3.

Also, the following result (see [[19]) will help us with the classification of 3-dimensional Poisson algebras when the commu-
tative associative multiplication (P, -) is trivial.

Theorem 2.2. Let (P,{—,—}) be a complex Lie algebra of dimension three. Then P is isomorphic to one of the following
algebras:

o L3 :trivial algebra.

[ ] ,6312 . {61,62} = €3.

° £3)3 : {61,62} 262,{61763}2624-63.

o L5, :{e1,ea} = ea, {e1,e3} = aes.

[ ] £3)5 : {61,62} = €3, {61,63} = —261, {62,63} = 262.

Applying the method developed in the previous section of this work, we have obtained the algebraic classification of the
three-dimensional complex Poisson algebras.

Theorem 2.3. Let (P, -, {—, —}) be a complex Poisson algebra of dimension three. Then P is isomorphic to one of the following
Poisson algebras:
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o Psq : trivial algebra. o P3gy: {e1,e2} = es.

o P33:{er,ea} =ea, {e1,e3} =ez +ea. o Pgy:{er, e} = e, {e1,e3} = aes.

o 73315 . {61,62} = €3, {61,63} = —261, {62,63} = 262. [ ] PB,G 1€1 €1 = €2,€1 €2 = €3.

[ ] 73317:61'61:61762'62262,63'63263. [ ] ,Pg’g:61'61:61762'62262,62'63263.

o Pi3g:ei-ep =ej,e1-€3 =€3,€1-€3 =¢€3,e2-¢2=¢e3. ® P3jg:e;-e; =er, ez =ea.
e Ps3ii:e1-e1 =er,e1-e3=ea. o P3ip:er-e; =er, ez e =e3.

€1 €1 = €2,

e P3i3:e1-e1 = es. o P3is: {e1,e5) — €5
,esl = es.

o Pl o po . feirea=es
’ {e1,e3} = ea. 3,16 {e1,ea} = aes.
{ e1-e1 =e1,61 € = eg,€1 - €3 = €3,

o P3i7:er1-e1 =er,e1-e3=e3,€1 €3 =e3. e P3is: (€2, 65} = €9
,esl = eq.

€1 €1 = €1
¢ ,P3,19 = * IP&QO : {62 63} = 6,2
5 = .

Between these algebras there are precisely the following isomorphisms:
o 73:?,1&0 = ’Pfjfo ifand only if o = B or o = %
® Pgis = 77516 if and only if a® = j32.

Proof. By Theorem 2.1l we may assume (P,-) € {A1, Aa,..., A12}. If (P,) = Ay, then (P,{—, —}) is a Lie algebra and
we get the algebras Ps 1, P32, P33, P54 and Py 5. If (P, -) € {A4, As, Ag, As, Ag, Aro, A12}, then Z2 (P, P) = {0}. So we
get the algebras Ps g, . . ., P3 12. Assume now that (P, -) € {As, A3, A7, A11}. Then we have the following cases:
(1) (P,:) = As. Let @ = (B, B2, Bs) be an arbitrary element of Z? (P, P). Then § = (0,aA; 3, 38A;1 3) for some
a, B € C. The automorphism group of A,, an element ¢ € Aut (As) is given by an invertible matrix of the following
form:

Suppose that § x ¢ = (0,&’Aq 3,8 A1 3). Then

1
o = — (aasz — Pass),
ail

g = PBan.

Let us distinguish two cases:
o (o, ) = (0,0). In this case we get the algebra Ps 13.
o (o, 0) # (0,0). If 8 # 0, we get the representative § = (0,0, A; 3) and therefore we get the algebra Ps 14. On
the other hand, if 5 = 0, we obtain the representative § = (0, Ay 3, 0) and thus we get the algebra Ps 15.
(2) (P,:) = As. If 0 = (B, Bz, Bs) is an arbitrary element of Z2 (P, P), then § = (0,0, A 3) for some o € C.
Moreover, the automorphism group of As, Aut (As), consists of the isomorphisms ¢ given by a matrix of the following
form:
ain a2 0
asz1 422 0 L1 = ag = 0or a1 = a9 = 0.
azr az2 ai1a2 +ai2a21

Assume that 0 % ¢ = (0,0,a’Aq 2). Then

, 1
o = ————— (@ai1a2 — aaiza21) .
11022 + 12021

From here we have o/?> = a2. So we get the representatives 6¢ = (0,0, ®A; ). Moreover, we have §“and 0% in the

same orbit if and only if o/? = o2. We denote the algebras corresponding to the representatives < by Ps6-
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(3) (P,-) = A7. Choose an arbitrary element § = (By, B2, B3) € Z2(P,P). Then 0 = (0,als 3, 3As 3) for some
a, B € C. Furthermore, an automorphism ¢ € Aut (A7), is given by an invertible matrix of the form:

1 0 0
0 ag ags
0 az2 ass

Write 6 * ¢ = (O, a’A2,3, B/A2)3). Then

/
o = aass — Basgs,

B = PBax — aas.
If (a, 5) = (0,0), we get the algebra Ps 17. If (o, 5) # (0,0), we get the representative § = (0, Az 3,0) and hence
we get the algebra Ps ;5.

(4) (P,-) = Ai1. Consider an arbitrary element § = (Bi, B, B3) € Z2 (P, P). Then 6 = (0, Ay 3, 3As 3) for some
a, 8 € C. An automorphism ¢ € Aut (A11), is given by an invertible matrix of the form:

1 0 0
0 a2 as3
0 az2 ass

Suppose that § x ¢ = (0,&' Ay 3, 8’ Ag 3). Then

/
o = aass — PBasgs,

B = Bax — aas.
If (o, B) = (0,0), we get the algebra Ps 19. If (o, 3) # (0,0), we get the representative § = (0, Az 3,0) and hence
we get the algebra Ps 2.

These cases complete the classification of Poisson algebras of dimension three. m

Additionally, we have compared the classification we have obtained to the previously known classification, from the paper
by Goze and Remm [13]], and we have found the following isomorphisms, maintaining the corresponding notation of each
work.

GR [ P31(7) | P32 | Pss(a) | Psa | Pss | Pags | Psr(a) | Psg | Pao
AFM | Pgs | Psas | Ps20 | Psaa | Ps2|Psas| Psy | Pss| Pss

TABLE 1. Comparison between Goze’s and Remms classification and our classification.

From the table, there is a family on that paper which is isomorphic to a single algebra from our classification.
Finally, we recall the notion of Malcev Poisson algebra, which is a generalization of the notion of Poisson algebra.

Definition 2.1. A Malcev Poisson algebra is a vector space P equipped with two bilinear operations:

(1) An commutative associative multiplication, denoted by — - — : P X P — P;
(2) A Malcev algebra multiplication, denoted by {—, —} : P x P — P.

These two operations are required to satisfy the following Leibniz identity:
{e-y.2}={z.2} y+a-{y.2},
forany x,y,z € P.
Since any Malcev algebra up to dimension three is a Lie algebra, we have the following result.

Theorem 2.4. All Malcev Poisson algebras of dimension three are Poisson algebras. Therefore, the classification of complex
Malcev Poisson algebras of dimension three is given in Theorem[2.3]
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3. THE CLASSIFICATION OF CERTAIN TYPES OF POISSON ALGEBRAS

In this section, we consider the classification problem for an arbitrary dimension in two particular cases. Namely, we study
the classification of all n-dimensional (n > 3) complex Poisson algebra (P, -, {—, —}) such that (P, -) is a null-filiform algebra
or a filiform algebra. Recall the definition of a null-filiform algebra.

Definition 3.1. An n-dimensional algebra P is a null-filiform if dim P* =n — i + 1 where 2 < i < n + 1 and
Pl =P, P! =P".PforneN.
By [211123,128], we have the classification of the associative null-filiform algebras.
Theorem 3.1. An arbitrary n-dimensional null-filiform associative algebra is isomorphic to the algebra:
Wi e =eny, 2<iti<nm,
where {e1, €2, ..., ey} is a basis of the algebra .
Lemma 3.1. Let (P, -) be an n-dimensional null-filiform commutative associative algebra. Then Z* (P, P) = {0}.

Proof. By Theorem 3.1 we may assume (P, -) = uj. Let § be an arbitrary element of Z2 (P, P). Then, we will prove that
6 (e;,e;) = 0forl < 4,j < nbyinductionon i+ j. If i + j = 2 we have 6 (¢;,e;) = 0. Now, assume that 6 (e;,e;) = 0
for i + 7 < mn. Then, for ¢ + 5 = n, we have 7 > 1 or 7 > 1. Without loss of generality, we may assume ¢ > 1. Hence, since
’L—1+j < nandl—l-j < n,@(ei,ej) = 9(81',1 ~61,ej) :9(ei,1,ej) e1t+ei—1 ~9(el,ej) =0. =

Theorem 3.2. Let (P,-,{—, —}) be an n-dimensional Poisson algebra such that (P, -) is null-filiform. Then (P,-,{—,—}) is
isomorphic to the following algebra:

Py eirej=eirj, 2<i+j<mn,

where {e1, €z, ..., en} is a basis of the algebra P(.

Now, recall the definition of a filiform algebra.
Definition 3.2. An n-dimensional algebra P is a filiform if dim P* = n — i where 2 < i < n.
Thanks to [22L123]], we have the classification of the commutative associative filiform algebras .

Theorem 3.3. Every n-dimensional (n > 3) complex filiform commutative associative algebra is isomorphic to one of the next
non-isomorphic algebras with basis {e1, ea, ..., en}:

-1
,UJ?J = ,Ltg @Cen D66 = €4,
MY o D€ € =€itj, En-en=€n_1.
where2 <i+j<n-—1
Lemma 3.2. Let (P, -) be an n-dimensional (n. > 3) complex filiform commutative associative algebra.

(1) If(,])u ) = M?,l’ then Z2 (P,P) = {aAl,n (_7 _) en—1+ ﬁAI,n (_7 _) €n: aaﬁ € (C}
(2) lf(Pa ) = ,LL?72, then Z? (P,P) = {O‘Al,n (_a _) €n—1:0Q € (C}

Proof. (1) Let§ € Z*(P,P). As in Lemma 31l we have 6 (e;,e;) = 0for1 < 4,5 < n — 1. Since 6 (z-y,z) =
v-0(y,z) +y-0(z,2), wehave z - 0 (en, 2) = 0 forall x, z € u7 ;. From here, we conclude that 6 (e;, e,) € (en—1,€n) for
1 < ¢ < n. Furtherif 7 > 1, then we have

0 (e en) =e€1-0(ei—1,en) +ei—1-0(e1,en) =0.

Hence 0 (z,y) = a1, (x,y) en—1 + BA1, (2,y) ey, for some o, 5 € C.
(2) The proof is similar to the above case. m

The group of automorphisms of the algebras p7' | and 417 5 is given by [23].
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Lemma 3.3. Let ¢7 , € Aut(u ). Then ¢7 1, ¢7 5 and are given respectively by the matrices

ai 0 1,1 0
2
a 0 2
1,1 aii 5
a 0
a 1,1
1,1 (n—3)/2
* 0 ) * —0n,107 1
n—1 n—1
ayy; On-in a1 dn—1n
Qn,1 0 e 0 0 An,n an,1 0 e 0 0 agnl_l)/2

Finally, we address the isomorphism problem.

Theorem 3.4. Let (P,-,{—,—}) be an n-dimensional (n > 3) complex Poisson algebra such that (P,-) is filiform. Then
(P,-,{—, —}) is isomorphic to one of the following algebras:
° ,P{l,l = Pon_l @ Ce, : €; - €j = €jtj-
€€ = €t
o DI - i " €j = Citys
1,2 { {e1,en} = en.
€ €j = €y
o P, - (] i+
1,3 {elaen} = €n—1-
o Pllyie;i €j =€itj,€n€n=e€n_1.
€€ = €itj,Cp-Cn = €n_
° 'Pn . 7 ¥ 1+79En n n—1,
1,5 {617 en} = €n-1-
where2 <i+j<n-—1.

Proof. By Theorem[3.3] we may assume (P, ) € {uﬁl, //11_,2}- Therefore, we have the following cases:

n (P,-) = 7 1. Choose an arbitrary element 6 of Z%(P,P). Then 0 (z,y) = a1, (z,y) en—1 + BA1LL (2,Y) en.
Consider ¢ € Aut(uf ) given by (a;;), and let 6 « ¢ (z,y) = /A1y (2,y) en_1 + /A1 (7,y) €,. Since 6 x
¢ (e1,en) = ¢~ (0 (d(e1), p(en))), we have

Oé/en,1 + ﬂ/en - aal,lan,nd)il (enfl) + ﬂal,lan,nd)il (en) .

Moreover, we have ¢~ (e, 1) = ai ;"en_1 and ¢~ (en) = —Gpn_1101 ;" €n_1 + —_¢,,. Thus
9 ? n,n
o = aiiln (aan,n - ﬂanfl,n) )
g = Pays.

If (o, 8) = 0, we get the algebra Pf';. Assume now (a, ) # 0. If 3 # 0, we get the representative 0 (z,y) =
Ay, (7,y) en. So we obtain the algebra P',. If 8 = 0, we get the representative 0 (z,y) = A1, (7,y) €n—1. Thus
we have the algebra P{';.

(2) (P,-) = pi,. Choose an arbitrary element 6 of Z* (P, P). Then 6 (x,y) = a1, (z,y)en,—1. Consider ¢ €
Aut(p7 ) given by (a;;), andlet @ x ¢ = o/ Ay pe, 1. Since 0 ¢ (e1,e,) = ¢~ (6 (¢(e1), p(en))), we have

oen_1 = aa 1a§ 1)/2¢ (en-1) = aaf’fn)ﬂen_l.

So we have o/ = aa(3 M2 qfq = 0, we get the algebra P'y. If a # 0, we obtain the representative ¢ (z,y) =
A1 (2,y) en—1. Therefore we have the algebra P{f 5-

In short, we obtain five algebras, up to isomorphisms, under the conditions of the theorem. m

Remark 3.1. As the proof of Lemma(31land Lemma[32 only depends on the identity 0 (x - y,2z) =z -0 (y,2) + y - 0 (x, 2),
Theorem[3.2land Theorem[3. 4 are also true for Malcev Poisson algebras.

4. THE GEOMETRIC CLASSIFICATION OF THE 3-DIMENSIONAL POISSON ALGEBRAS

Given a complex vector space V of dimension n, the set of bilinear maps Bil(V,V) = Hom(V®2,V) = (V*)®2 @ V is a
vector space of dimension n®. The set of pairs of bilinear maps (or bilinear pairs) Bil(V,V) @ Bil(V,V) = (V*)®2 @V @
(V*)®2 ® V which is a vector space of dimension 2n3. This vector space has the structure of the affine space C2"" in the
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following sense: fixed a basis eq, ..., e, of V, then any pair with multiplication (u, 1), is determined by some parameters
cfj, c;; € C, called structural constants, such that

w(ei, e)) Zc”ek and 1/ (e;, €;) Zc

p=1

which corresponds to a point in the affine space C2"”. Then a set of bilinear pairs S corresponds to an algebraic variety, i.e.,
a Zariski closed set, if there are some polynomial equations in variables c”, w k with zero locus equal to the set of structural
constants of the b111near palrs in §. Since given the identities defining Poisson algebras we can obtain a set of polynomial
equations in variables c¥;, ¢¥, the class of n-dimensional Poisson algebras P,, is a variety. Now, consider the following action
of GL(V) on P,:

i i
(9 (1) (@, y) = (g9~ 97 y) g’ (97 2,97 1y))

for g € GL(V), (1, ¢’) € P, and for any =,y € V. Observe that the GL(V)-orbit of (u, 1), denoted O((p, p’)), contains all

the structural constants of the bilinear pairs isomorphic to the Poisson algebra with structural constants (g, p1).

In the previous section, we gave a decomposition of P3 into GL(V)-orbits, i.e., an algebraic classification of the 3-
dimensional Poisson algebras. In this section, we will describe the closures of orbits of (i, 1) € Ps, denoted by O((u, 1)),
and we will give a geometric classification of Ps, which consists in describing its irreducible components. Recall that any affine
variety can be represented as a finite union of its irreducible components in a unique way.

Additionally, describing the irreducible components of a variety, such as Ps, gives us which are those bilinear pairs with an
open GL(V)-orbit.

Definition 4.1. Let P and P’ be two n-dimensional Poisson algebras and (p, 1'), (A, \') € P, be their representatives in the
affine space, respectively. We say P degenerates to P’, and write P — P’, if (A, \') € O((p, p’)). If P % P’, then we call it a
proper degeneration.

Conversely, if (A, \') & O((u, 1)) then we call it a non-degeneration and we write P /4 P’.

Note that the definition of a degeneration does not depend on the choice of (1, 1) and (A, \'). Also, due to the transitivity of
the notion of degeneration (that is, if 7 — P” and P” — P’ then P — P’) we have the following definitions.

Definition 4.2. Let P and P’ be two n-dimensional Poisson algebras such that P — P’. If there is no P” such that P — P”
and P” — P’ are proper degenerations, then P — P’ is called a primary degeneration. Analogously, let P and P’ be two
n-dimensional Poisson algebras such that P /4 P’, if there are no P and P’ such that P” — P, P’ — P, P" /4 P"" and
one of the assertions P — P and P’ — P’ is a proper degeneration, then P 4 P’ is called a primary non-degeneration.

Note that it suffices to prove primary degenerations and non-degenerations to fully describe the geometry of a variety.
Therefore, in this work we will focus on proving the primary degenerations and non-degenerations.

Firstly, if Det(P) denotes the Lie algebra of derivations of P, dim Det(P) is equal to dim Aut(P), as an algebraic group.
Recall the formula dim Gz = dim G — dim Stab(z), where G is an algebraic group acting on a variety X, x € X, Gz denotes
the orbit of 2 and Stab(z) denotes the stabilizer of z. Then, dim O((u, ¢')) = n? — dim Der(P). Therefore, if P — P’ and
P 2% P’, we have that dim Der(P) < dimDer(P’). Hence, we will check the assertion P — P’ only for P and P’ such that
dim Der(P) < dim Der(P’).

Secondly, let P and P’ be two Poisson algebras represented by the structures (1, ) and (A, \') from P,, respectively. If
there exist a parametrized change of basis g : C* — GL(V) such that:

. N !
lim g(#) * (u, 1) = (A X),

then P — P’. To prove primary degenerations, we will provide the map g.
Thirdly, now to prove primary non-degenerations we will use the following lemma.

Lemma 4.1. Consider two Poisson algebras P and P’. Suppose P — P’. Let C be a Zariski closed in P,, that is stable by
the action of the invertible upper (lower) triangular matrices. Then if there is a representation (u, i) of P in C, then there is a
representation (A, \') of P’ in C.

Proof. Suppose (u, ') is a representation of P in C, then O(u, /) = GL(P) * (u, ). By [15} Proposition 1.7] we have

() GL(P) * (u, p') = GL(P) * (T (s, p'))
where T is the subgroup of upper (lower) triangular matrices of GL(P), which is a borel subgroup of GL(P). Now, taking any
(A, \) € GL(P) * (p, i), formula () implies that (A, \') = g * (v,~") where (v,~") € T * (i, 1'). But (i, ') € C whence
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T (u,p') € Cand T * (u, 1) C C. So (,7") € C and we conclude that (A, \') = g * ¢ for some ¢ € C. So there is a
representative of (A, \)in C. m

Remark 4.1. By Lemma if we have a polynomial identity in two multiplications *B3, then it defines a Zariski closed set in
P,, which is stable up to isomorphism (and in particular, it is stable up to invertible lower triangular matrices). Therefore, any
degeneration of a Poisson algebra that satisfies B3, also satisfies 3.

Moreover, we have the following corollary, similar to results found in [4}/16].

Corollary 4.1. Consider two Poisson algebras P and P’. Suppose P — P’. Then if follows:
(1) dim Ann(P,-) < dim Ann(P’, ),
(2) dim Ann(P, {—, —}) < dim Ann(P’, {—, —}),
(3) dim Ann(P) < dim Ann(P’),
4) dimP - P >dim P’ - P/,
(5) dim {P,P} > dim {P’, P},
(6) dimP? > dim P’?,
where Ann(P) ={z € P:z-P+{x,P} =0}and P> =P - P + {P,P}.

k. /¥ and in the conditions of the previous result. Let Cz be the

Let R be a set of polynomial equations in the variables ¢, ¢
subclass of C' of all algebras satisfying the identities of R. Assume that (u, ') € Cr and O((A\, X)) N Cr = @, give us the
non-degeneration P 4 P’. In this case, we call the identities in R a separating set for P -4 P’. To prove non-degenerations,
we will present the corresponding separating set and we will omit the verification of the fact that ‘R is stable under the action of
the lower triangular matrices and of the fact that O((\, X)) N R = &, which can be obtained by straightforward calculations
using a software like Wolfram.

Finally, if the algebraic classification of the class under consideration is finite, then the graph of primary degenerations gives
the whole geometric classification: the description of irreducible components can be easily obtained. However, the variety P;
of 3-dimensional Poisson algebras contains infinitely many non-isomorphic algebras, since it has the families P3 4 and P3 4.

Definition 4.3. Let P(x) = {P(a) : o € I} be a family of n-dimensional Poisson algebras and let P’ be another Poisson

algebra. Suppose that P(«) is represented by the structure (u(a), ' (a)) € P, for « € I and P’ is represented by the structure

(A, X)) € P,. We say the family P(*) degenerates to P’, and write P(x) — P’, if (A, X)) € {O((n(a), p' (a))) }aer-
Conversely, if (A, \) € {O((u(a), p/(@))) }aer then we call it a non-degeneration, and we write P () 4 P’.

On the one hand, to prove P(x) — P’, suppose that P(«) is represented by the structure (u(«), ¢’ () € P, fora € I and
P’ is represented by the structure (A, \') € P,. If there exists a pair of maps (f, g), where f : C* — I and g : C* — GL(V)
are such that:

lim g(t) = (u(f(8), 1’ (F(£))) = (A, X),

t—0
then P(x) — P’.
On the other hand, to prove P (x) /4 P’, we will use an analogue of the Lemma[4.1] for families of Poisson algebras.

Lemma 4.2. Consider the family of Poisson algebras P (x) and the Poisson algebra P’. Suppose P(x) — P’. Let C be a Zariski
closed in P, that is stable by the action of the invertible upper (lower) triangular matrices. Then if there is a representation
(u(a), ' (a)) of P(x) in C for every o € I, then there is a representation (A, ') of P’ in C.

Similarly, constructing a set R in the conditions of the previous result, such that (u(a), u’'(a)) € Cg for any o € I and
O((\, \)) N Cr = @, gives us the non-degeneration P (x) /4 P’.

In Theorem 2.3 we presented the classification, up to isomorphism, of the complex Poisson algebras of dimension three. To
obtain the irreducible components of this variety, we have studied the primary degenerations and non-degenerations first.

Lemma 4.3. The graph of primary degenerations and non-degenerations for the variety of 3-dimensional Poisson algebras is
given in Figure 1, where the numbers on the right side are the dimensions of the corresponding orbits.

Proof. From Table 3] we deduce the dimensions of the orbits for each Poisson algebra of dimension 3. Every primary degen-
eration and non-degeneration can be proven using the parametrized changes of basis and the separating sets included in Table
Ml and Table [§] below, respectively. Note that, in Tabled] a parametrized change of basis g is defined by g;(t) := g(¢)(e;) for
1 <4 < 3, where {ei}? is the basis from Theorem[2.3] m

At this point, only the description of the closure of the orbit of the parametric families P35 , and P3 ;4 is missing.
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Lemma 4.4. The description of the closure of the orbit of the parametric families P5 , and P3 ¢ in the variety Ps is given.

(1) The closure of the orbit of the parametric family P53 , contains the closures of the orbits of the Poisson algebras
7)3737 'P3,2 and 'Pg)l.

(2) The closure of the orbit of the parametric family P31 contains the closures of the orbits of the Poisson algebras
Ps.,15, P3,13, P32 and P3 1.

Proof. The primary degenerations and non-degenerations that do not follow from the previous results are included in Table[6]
and Table[7] respectively. m
By Lemma[4.3]and Lemmal4.4] we have the following result that give us the geometric classification of Ps.

Theorem 4.1. The variety of 3-dimensional Poisson algebras Ps has six irreducible components corresponding to the Poisson
algebras P35, P37, P3,18 and Ps 20 and the families of Poisson algebras P3 4 and P5 14. The lattice of subsets for the orbit
closures is given in Figure 2, where the numbers above are the dimensions of the corresponding orbits.

5. DEGENERATIONS BETWEEN CERTAIN TYPES OF POISSON ALGEBRAS

In this section, as a closing of this work, we will study the degenerations and non-degenerations between the Poisson
algebras obtained in Theorem [3.2] and Theorem 3.4l This class of algebras is not a variety, although, their study can enrich
this classification since it will help, for example, to understand how the polynomial identities are inherited between them.
Obviously, Poisson algebras of dimension three constructed on the commutative associative null-filiforms and filiforms are
included in our classification of 3-dimensional Poisson (see table below). Hence, we may assume n > 3.

3D | P3| Psas | Psaa | Psas | Poag Pg/f?
NE| P§ | PPy | Pia | Pis | Pia | Pis

TABLE 2. Isomorphisms between algebras in Theorem [2.3]and those in Theorem [3.2]and Theorem[3.4l

In the first place, to determine the dimension of the orbits of each of these algebras, we compute their algebra of derivations.

Lemma 5.1. Let ¢ be a derivation of P§, then p(e;) = ZZ:Z iAp—it1,1ex for some A1 € C, k = 1,...,n. Hence, the
dimension of the Lie algebra of derivations of Py is n.

Proof. Clearly, p(e1) = > \; 1e; for some \; ;1 € C. Now, for 2 < i+ j < n we have
pleirj) = pleie;) = p(ei)e; + eip(e;) = (i + j)eirj—10(e1).
Then, we may fix k = ¢ + j and write
pler) = ker—1p(e1) = keg—1 Z Aijie; = kz)\i,lei-i-k—l = kZ Aj—kt1,1€5-
i=1 i=1 Jj=k
The converse is a straightforward verification. Moreover, the Lie algebra of derivations of P has dimension . m

Lemma 5.2. Let © be a derivation of P € {’P{ll i=1,..., 5}f0rn > 3.
o IfP =P, then

n n—1
pler) = Z A€k, ple) = Z iNe—it1,1€k,  P(€n) = An—1n€n—1+ Annn,
k=1 =i

for2 <i<n—1, where A1, \n—1,n; Ann € C k= 1,...,n. Moreover, dimDev(Pl'y) =n +2.
o [fP = 73{1)2, then

n—1

pler) = Mer, wle)= Y idicitiier,  9(en) = Annen,
k=2 k=i+1

for2 <i<mn—1 where \p 1, \an € C, k =2,...,n. Further, dim®er(Pl'y) = n.
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o I[fP= ’P{fg, then

n n—1
ple) =D Araer, @le) =D iditiier,  9(en) = An-1mén1 + (n—2)A1 160,
k=1 k=i

for2 <i<n—1 where \y 1, \n—1n € C, k =1,...,n. Moreover, dim®ex(Pi's) =n+ 1.
o [fP = 73{1)4, then

n n—1
pler) = Z A€k, () = Z iAe—iv1,1€k,  ©(en) = —An1€n—1+ Ap_1n€n_1+
k=1 k=1
for2 <i <mn—1, where N1, \n—1n; Ann € C, k= 1,...,n. Moreover, dim®ec(Pl'y) =n+1.
o I[fP = 73{1)5, then

n—1

AL1€n,

n n—1
pler) = Z/\k,16k7 ple;) = Z iMe—it1,1€k,  @(en) = —Ani€n—2 + An—1n€n_1,
k=2 k—it1

for2 <i<n—1, where Ny 1, A\n—1n € C, k =2,...,n. Further, dim®ec(P{'5) =n.

Proof. We are proving the case P = P75, the rest of the cases can be argued similarly. It is clear that ¢(e;) = Yoy Aiae; for
some A; 1 € C. In the associative part, for 2 < k < n — 1, we have (see Lemma[5.1)

n n—1 n—1
<P(€k) = kerp—1 Z /\i,lei =k Z )\i,leiJrkfl =k Z )\jkarl,lej-
i=1 i=1 i=k

Note that p(ene,) = 2¢(ey,)e, implies that A, , = %, where ¢(e,) = Y.~ ; Ai,n€;. For the Lie bracket part, we have

— 1A
(n—1) L,

(n = 1DAr1en—1 = @(en—1) = ¢({e1,en}) = {Z Ai,lei,en} +{e1,0(en)} = Aen—1+ 5 n—1-

i=1
Hence, we have A\ 1 = A\, , = 0.
Now, for 2 < i < n, we have 0 = @(e;e,,) = p(e;)en + eip(en) = e;p(ey). In particular, we obtain

n—1 n—3
eap(en) = ey E Ain€i = E Ain€ite = 0,
i=1 i—1

$0 A, =0forl <i<n-—3andy(e,) = A_2nn-2 + An—1,nen—1. Moreover, 0 = p(ere,) = (e1)e, + e1p(e,) =
Anj1€n—1 + Ap—2 nén—1 implies A\,,_2 , = — A, 1. The converse is a direct verification. m
Now, we study the degenerations and non-degenerations between the algebras under consideration.

Theorem 5.1. The primary degenerations and non-degenerations in the class of Poisson algebras constructed on a null-filiform
or filiform algebra of dimension n > 3 is given in Figure 3. The numbers on the right side are the dimensions of the orbits.

Proof. The assertions that do not follow by the dimensions of the orbits, which are obtained from Lemma[5.1land Lemma[3.2]
are proved below.
e Py — Pi'5. Consider the action of the linear map

gi(t) = tiieiv gn(t) = tilen—l + €n,
forl<i<n-—1,on 7’{‘72 to obtain

€ €j = Citj,
{er,en} = en—1 +ten,
where 2 <7+ j < n — 1. Applying the limit, we have P7'5.
o P{'y = Pi'; and P"y — P7';. Consider the map g;(t) = e;, gn(t) =t ey, forl <i<n-—1.
The actions g x Py"; and g = P{', gives us, respectively, the algebras
€ €j = Citj,
{617 en} = tenflv

where 2 < i+ j <n — 1. Clearly, by taking the limit, we obtain PP{"; in both cases.

_ 42
€ "€ =€iyj, En-ep =1y 1,
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° Pﬁ5 — P{fg. Choose, for 1 < ¢ < n — 1, the map

gi(t) = t~te,, gn(t) = ™2,
Hence, by applying the action we have
€ €j = €iyj,Cn -y = " 3e, 1
{81; en} = €n—1-
where 2 < ¢+ j < n — 1. Thus, the limit gives us P{fg.
e Pi's — Pi',. Consider the map
gi(t) = tzieia gn(t) = tnilena
for 1 <4 < n — 1. Then, the action g * Pﬁ 5 gives us the algebra
€; ej = ei+j7€n *€p = €Ep—1
{er,en} =t"3e, 1,
where 2 < 7+ j < n — 1. By the limit we obtain ’PfA.
o PI — P{f 4- Consider, for 1 < ¢ < n — 1, the parametrized isomorphism given by

n—1

git) = ()Tt ey, ga(t) = = Y (=) T ey + te,.

g (1) = ()T tes, gt (1) =Y " Fey,
k=2
The verification of %in% g(t) * Py = PJ'4 can be studied analogously.
= ;
e Py /» Pl 3. This is clear, since (Pj', {—, —}) is the zero algebra and (P73, {—, —}) is not.
o Pi'y # P 4. Observe that Ann(Pfy, ) = (en—1,€n) and Ann(P7y, -) = (e,—1), then it follows by Corollary .11
It follows by the dimension of the orbits that every degeneration in Figure 3 is a primary degeneration. m
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Ps,7 9

Ps,s P3,10 8

|P3,1s I |P3,20 I | Ps,11 | | P3,12 | 7
Ps.6 6

5
4
3
Ps,1 0
Legend:
— Squared nodes: Poisson algebras.
— Squared white nodes: embedded commutative associative algebras (1, 0).
— Squared grey nodes: embedded Lie algebras (0, p).
Figure 1. Graph of primary degenerations and non-degenerations.
9 8 7 6 5 4 3 0
O0(Ps,10) 0(P3,12) O(Ps,19)
0(733,7) 7 O(Ps311) / O(Pa,6) O(PY 16) 16) \
O(P38 733 9) O(P3,17) ——— O(Ps,13)
O(Pg,w) O(P&l)
O(Ps,20) O(Ps,15) \ /
O(P3.4) O(P3 ) /0(7’3,2)
O(Ps,15) O(Ps,14) O(P31)
O(Ps,5) O(Ps,3) O(P34)

Figure 2. Inclusion graph for orbit closures and dimension.
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| P | Multiplication table | dimDer | (P,)) [ (P.{—.-}) |
P31 9 Ay L31
7)372 {61, 62} = es3. 6 Al £3,2
Pss | {e1,ea} =es,{e1,e3} =es+e3. 4 Ay L33
T — — T
,P374 {617 62} = €9, {61, 63} = €3. 6 Al 53,4
Pt = = 4 A L
54 | le1,ea} = ea,{e1,e3} = aes. 1 3.4
Pss | {e1,ea} =es, {e1,es} = —2ey,{e2,e3} = 2en. 3 Ay L35
Pse | e1-e1=ez,e1- e =e3. 3 Ay L3
P37 | e1-e1=er,ea-e3=e3,63 €3 = e3. 0 As L34
7)3.,8 €1 €1 = €1,€E2 €2 = €2,€0 €3 = €3. 1 A6 ,Cg,l
Psg |e1-e1=er,e1-e3==e€3,€1-€3=e3,63-€3 =¢€3. | 2 Ag L31
Ps10 | e1-€e1 =e1,e2-ex = ea. 1 Ay L3
P311 | e1-e1 =er,e1-ex = ea. 2 A | L3
P32 | e1-€1 =eq,e2-e2 = e3. 2 Ao | L3
Ps13 | e1-e1 = e. 5 A L31
€1 - €1 = €3, 0
Ps3.14 - 3 Az L3,
{617 63} = €3.
e1-e] = e,
Ps3.15 - 4 A L3
{6’1763} = €2.
e1 - ey = es,
Ps16 _ 4 As L3
) {e1,e2} = aes.
P37 | e1-e1 =e1,e1-ex =e3,€e1 - €3 = e3. 4 Aq L3
e1-e] =ep, e ey = eg,e1 €3 = €3, 0
Ps3,18 _ 2 A7 L34
{6’2763} = €2. ’
Ps19 | e1-e1 =ey. 4 A | L3
€1 -€1 = €, 0
Ps3.20 - 2 A | L34
{6’2763} = €2.

TABLE 3. The classification of the 3-dimensional Poisson algebras.
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| Degeneration Parametrized change of basis
Psar __—  Psas | g1(t) =t leg —t ‘e, g2(t) = ea, 93(t) = e3.
Psao  — Psas | g1() =t 'e; +t e, g2(t) = ea, 93(t) = e3.
Pso — Pzar | g1(t) =e1, g2(t) =t ey, 93(t) = e3.
Pso9 — Pse g1(t) =t~ 161 —t Zey +t e, g2(t) = ea, g3(t) = tes.
Psa1 — Pse g1(t) =t ey —t ey —t “eg, g2(t) = ex +t 'eg, 93(t) = e3.
P32 — Pse g1(t) = Tt Tey + Tt7%es + ¢t Fe3, go(t) = —ey + 4t Zeg, g3(t) = 2eg — 4t ey
P32 — Psag | g1(t) =e1, g2(t) =t ey, 93(t) = e3.
Psio  — Psza1 | gi(t) =e1 —t""e g2(t) =t ey, 93(t) =e3.
P30 — Pz | gi(t) =eq, g2(t) =t e+t “eg, 93(t) = e3.

Pss — Pszaz | 1(t) =ea, g2(t) =t ey —t Zes, 93(t) = e3.

Psg — Psa | g1(H) =t 'es, g2(t) =ei, 93(t) = ea.

Pss — Pso g1(t) =e1 +1t Tes +1 Zeg g2(t) = —t"Tey —t—Zeg 93(t) = e3.

P37z — Pss g91(t) = e, g2(t) = ez —t leg, g3(t) =t 'es.

Psz — Psiao | 91(t) =ea, g2(t) = ea, g3(t) =t 'es.

P33z — Pszo g1(t) =t 'ey, g2(t) = ex +t 'eg, g3(t) = —t Tes.

Pssz — Pig g1(t) = e, g2(t) = tea, g3(t) = e3.

PG o P g1(t) =t tey, gz(t):62*t7](a*1)71 3, 9g3(t) =e3.

Pss — Paa g1(t) = —2t%eq + tea, g2(t) = —Lt72%e; — 117 3¢ g3(t) =t ez + e3.
Psas  —  Psaa | g1(t) =t leg —t ‘e, 92(t) =tes +e3, g3(t) =t Zes3.
Psoo  — Paaa | 1)) =t les +t Zey g2(t) = —teg +e3, g3(t) =t Zes
Psaa  — Psas | g1() =t e, g2(t) =t Zey —t Teg g3(t) =t Tey.
Psa — P9, g1(t) = e, g2(t) = tes, g3(t) = ea.

P320 — Pzio | g1(t) =eq, g2(t) = ea, g3(t) =t 'es.
Psas  —  Psar | g1(t) =eq, g2(t) = ea, g3(t) =t 'es.
P35 — P32 g1(t) =t Teq, g2(t) =tep +e3, g3(t) = —es.
Psas  —  Psas | g1(t) = teq, g2(t) = t%es, 93(t) = e3.

Pss — PYis | 91(t) =e1, g2(t) = tea, g3(t) = teg.

PSS — Psas | 91(t) =t°e1 +eg, g2(t) =t~ Tey g3(t) = —Lea + tes.

TABLE 4. Degenerations of 3-dimensional Poisson algebras.

Non-degeneration | Arguments
T T 72 72 13 31 /1
0221 = —0122,0231 = —0132,021 = —C12,C31 = _0113
a _ /’ _ /’ / _
Pss 7/ Pas, Psyla # 1) R =1 c§=—cz 5 =—cp3 = 0127032 = —c = ci,
iy = —cby = —ciy, cfj = ¢/¥ = 0 otherwise
T 2 3 2 _ 3 _ .3 _ 1
P P R — J €1 3, €C,c3 =iy = 013 = 31 = s
39 7 Pao T & =63,y =y ek = 0 otherwise
21 = €12, 11012 = €22€11, 65 = € 7—
2 3 2 _ 2 _ 1 3 3
Psii A Paio R — 0117011 E(C €21 = C12 = €11, €1 = €2y
’ ’ cfj = cU = 0 otherwise
T 2 — 2 3 _
P P R — cip;cin ey € Coc3y = 012a621 €12,
300 7 Psar = 2B B2 ko, h
C19Ch9 = C19C59, Cij = 7 = 0 otherwise
3 3 _ 3 13 B 3
P £ Pso, P R-) M€ C,cy) = ciy,c5) = —c1y = —acy,
3,16 2 734 cfj = c;’; = 0 otherwise
— 2 — T 3 — 3 _ I
C121a6117011 EBC 31 —30122— 61170231 T €13 = gllv
/ /. / /. /. /.
F=—ci, e =}, dE =}, = —c
a a _ 21 125 €21 125 €31 13: €31 13
Psis /~ PSala#0),Pss, Paio R= ) R R R - R
032 —3 023?; C32 = ngacucz?,g %26237
/. Al / . —
013023 613623,613612 By, ok = ¢;; = 0 otherwise
/2 13 /3 2
C131a61170131 ESC , —2 C§27021 —3 6127§31 ~ 013,
[e% [e% _ /. — /. / /. / _ / /. Al
P30 7 ”P3,4(a # 0)’7)3,16’7)3717 R = 031 = —013a632 023,c32 6237012023 cihess,
13 _ 3 13 13k
013023 613623,613612 012013,6 “- = 0 otherwise
TABLE 5. Non-degenerations of 3-dimensional Poisson algebras.
| Degeneration | Parametrized change of basis | Parametrized index |
—1 —1 T,—2 —1
,P?T,lﬁ — Ps15 gl(t) =1 “eq, gg(t) =1t "e1+ 5t “es, g3(t) = eg + tes. f(t) =1
— — -1 — —
P3a — Psz | gi(t) = e, g2(t) =ea — (1 +1t) "tes, gs(t) = ea. f)=1+t

TABLE 6. Degenerations of the 3-dimensional Poisson algebras for the families P3 4 and P3 4.
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| Non-degeneration | Arguments |
_ 2 72 I3 __ 3 13 3k _ Ik _ :
Piys 7 Psis R={ 5 =—c, & =—c, & = -3, ¢}, = ¢ = 0 otherwise }
_ 3 3 _ 3 3 _ 3k _— Ik _— :
Piis 7 P§4uPsir.Psio |R={ ¢l €C,c5) =y, cf) = =y, ¢f; = ¢ff = 0 otherwise }

TABLE 7. Non-degenerations of the 3-dimensional Poisson algebras for the families P35 , and P3 16.

n
Pra n?—n—1

n

Figure 3. Graph of degenerations and non-degenerations.
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