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ABSTRACT: This paper addresses the actuator effect of a piezoelectric anisotropic
plate model, depending on the location of the applied electric potentials, and for
different clamped boundary conditions. It corresponds to integer optimization prob-
lems, whose objective functions involve the displacement of the plate. We adopt the
two-dimensional piezoelectric anisotropic nonhomogeneous plate model derived in
Figueiredo and Leal [1]. This model is first discretised by the finite element method.
Then, we describe the associated integer optimization problems, which aim to find
the maximum displacement of the plate, as a function of the location of the ap-
plied electric potentials. In this sense, we also introduce a related multi-objective
optimization problem, that is solved through genetic algorithms. Several numerical
examples are reported. For all the tests, the stiffness matrices and force vectors have
been evaluated with the subroutines planre and platre, of the CALFEM toolbox of
MATLAB [2], and, the genetic algorithms have been implemented in C*7.
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1. Introduction

Piezoelectric materials are characterized by the interaction between its me-
chanical and electrical properties (cf. Ikeda [3]). In this paper, we analyse the
actuator effect of a piezoelectric plate model, for different clamped boundary
conditions, and subjected to the location’s influence of the applied electric
potentials. This is an integer optimization problem, that we numerically
solve by genetic algorithms. The plate model adopted in this paper, was
deduced in Figueiredo and Leal [1], by the asympotic expansion method,
for nonhomogeneous and anisotropic plates, and it is a generalization of the
model obtained by Sene [4] for homogeneous and isotropic plates. After this
brief introduction, the rest of the paper is structured as follows. In section
2, the asymptotic piezoelectric plate model is described. Then, we present
in section 3, the model’s finite element discretization, as well as, the opti-
mization problems. In the last two sections we report the numerical results
for the case of a transversely isotropic plate, with constant piezoelectric and
dielectric coefficients, and point out the conclusions and future work.
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2. The asymptotic piezoelectric plate model

In this section we first introduce some notation, concerning the geometry,
the material, the loadings and boundary conditions imposed on the plate.
Then, we recall the static three-dimensional piezoelectric model, for a non-
homogeneous anisotropic thin plate, and, afterwards, the variational formu-

lation of the asymptotic piezoelectric plate model, deduced by Figueiredo
and Leal [1], is described.

Geometry and general notations. Let OX;.X,X3 be a fixed three-dimen-
sional coordinate system, and w C IR* be a bounded domain with a Lipschitz
continuous boundary dw and g, . subsets of dw, such that, vo # 0 # ..
We also define v; = 0w \ Y9, vs = 0w \ Ye-

We consider the sets

Q=wx (_h7 h)u I\:I: =w X {j:h}7 I\D =Y X (_h7 h)7 Fl =7 X (_h7 h)>

FN:FIUF:I:; FeN:’Ys X (—h, h), FeD:F:tU(% X (—h, h)), ( )
1
where Q) (that is, Q and its boundary) represents a thin plate with middle
surface w and thickness 2h, with A > 0 a small constant, ' and I'_ are,
respectively, the upper and lower faces of €2, the sets I'p, I'y and I'.y are
portions of the lateral surface dw x (—h, h) of Q, and finally I'y and I'.p are
portions of the boundary 02 of 2. An arbitrary point of 2 is denoted by x =
(x1, z9, x3), where the first two components (z1,x2) € w and 3 € (—h, h).
We denote by v = (vq,1,13) the outward unit normal vector to Of.
Throughout the paper, the latin indices ¢, j, k, [... belong to the set {1,2,3},
the greek indices a, [, ... vary in the set {1,2} and the summation conven-
tion with respect to repeated indices is employed, that is, a;b; = Zle a;b;.
Moreover we denote by a - b = a;b; the inner product of the vectors a = (a;)
and b = (b;), by Ce = (Cjjuen) the contraction of a fourth order tensor
C' = (Cj;i) with a second order tensor e = (ex;) and by Ce : d = Cjjpend;;
the inner product of the tensors Ce and d = (d;;). Given a function 6(z)
defined in {2 we denote by 6, or 0,0 its partial derivative with respect to
x;, that is, 0,; = 0,0 = g—i, and by 0,; or 0;;0 its second partial derivative

with respect to x; and L, that iS, 6,1'j 61J6 8x28x
0Ly
ol

5 = V0,0 the outer normal derivative of the scalar function 6 along ow.

We also denote by

Material. We suppose that a piezoelectric material occupies the bounded
thin plate @ C IR*. We denote by C' = (Cijn), P = (Pyj1.) and € = (g45),
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respectively, the elastic (fourth-order) tensor field, the piezoelectric (third-
order) tensor field, and the dielectric (second-order) tensor field, that char-
acterize the material. The coefficients Cjji, Pjji, €i; are smooth enough
functions defined in @ x [—h,h|, and that verify the following symmetric
properties: Pijr = Puj, €ij = €ji, Ciji = Cjin = Crij. In addition, we
impose that C,3,3 = 0 = C,333, meaning the material is monoclinic in the
plane OX;.X5, and therefore the number of independent elastic coefficients
Ciji 1s equal to 13. We also need to introduce the reduced elastic coefficients

C,333C!
Aaprp = Carp — M, (2)
C3333
the modified piezoelectric coefficients ps3,s and corresponding vector p3
Cupss
D308 = P3ap — C & P33, Ps = [P311 D322 P32l (3)
3333
and the scalar field ps3
([ Ps33P333
P33 = €33 + O
3333

Caz1z Coasos

Y 4 | [ Psa3 r[01313 01323} [ Psas ] (4)
det[ 01313 01323] _P313 C’2313 C(2323 .

\
Finally, we also define the following matrices A and p, associated to the
reduced elastic coefficients A,3,, and to the modified piezoelectric coefficients

P3ap and ps3

A Anze A P311P311 P311P322 P311P312
A=1| A A A =1

2211 2229 2212 | P D33 P322P311 P322P322 P322P312

Aro11 Az Ai212 P312P311 P312P322 P312P312

()
Loadings and boundary conditions. Let f = (f;) : Q@ — IR® be the
density of the applied body forces acting on the plate Q, g = (¢;) : 'y — IR®
the density of the applied surface forces on I'y (¢ = 0 in I'y, and g™ and g~
are the restriction of g to I'; and I'_, respectively). The plate is clamped
along T'p, the electric potential applied on T'.p is represented by ¢g, and g
and ¢, denote the restrictions of ¢y to I'; and I'_, respectively. Moreover,
there is no electric loading in € (this means that the material is dielectric)
nor on I',y.
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The three-dimensional piezoelectric plate model. In the framework of
small deformations and linear piezoelectricity, the three-dimensional static
equations for the piezoelectric plate are the following: find a displacement
vector field u : Q@ — IR® and an electric potencial ¢ : Q — IR®, such that

o= Ce(u) — PE(p), in £,

D = Pe(u) +cE(p), in Q,
dive = —f, in €,

/N N N N
co
N— N N N N

divD =0, in €, 9
u=0, on Ip, cv=yg, on [y, (10
Dv =0, on I.y, © =y, on [.p. (11

In (6-11), o : Q — IRY is the stress tensor field, D : Q — IR’ is the electric
displacement vector field, e(u) is the linear strain tensor, defined by

1
e(u) = (ey(w),  ey(u) = (0w + Djw), (12)
and E(yp) is the electric vector field, defined by

E(p) = (Ei(¢),  Ei(p) = —0ip. (13)

The equations (6-7) are the constitutive equations, (8) is the equilibrium
mechanical equation, (9) is the Maxwell-Gauss equation, (10) are the dis-
placement and traction boundary conditions and finally (11) represents the
electric boundary conditions.

The space of admissible displacements. This is a Kirchhoff-Love dis-
placement space Vi (that includes boundary conditons) defined by

Vie={ v:Q= R, (@)= (@) v) @), ©= ()
vi(x) = m(z1, 22) — 2301M3(71, T2),
va(x) = no(1, 32) — w30ams(21, 22),
v3(z) = n3(w1,x9), where 1= (1;):w — IR,
(

n=(m,n2,n3) =(0,0,0) and 9,m3 =0, in 7 }
(14)
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The asymptotic piezoelectric plate model. This model, derived by
Figueiredo and Leal [1], by the asymptotic expansion method, is described
by the following formulas (15-19). Briefly it consists of two parts. The first
part (i) establishes that the displacement of the plate is a Kirchhoff-Love dis-
placement, and the solution of an equation formulated in the middle plane of
the plate, and the second part (ii) defines the exact expression of the electric
potential of the plate (it is a second order polynomial with respect to the
thickness variable, with coefficients that depend on the transverse component
of the Kirchhoff-Love displacement).

(i): The displacement u : Q — IR® of the plate is a Kirchhoff-Love
displacement vector field, that is, u € Vi, with

u(r) = (u1(2), us(x), u3(x)), = (21,29, 73) €N,

ui(v) = G (1, v2) — w301(3(21, 22),
uz(w) = Ca(x1,72) — 2302G3(1, 72), (15)
U3($) = C3($1,372)7

¢ =(¢1,62,63) = (0,0,0) and 0,(3=0, in 7,
and u is the unique solution of the variational problem
find w € Vi such that: a(u,v) =1l(v), Yve Vgr, (16)
where
() = Jo frvd2+ Jp g-vdly — %2_;1% P3ag €ap(v) dS2,
a(u,v) = [ [Nag eap(n) + Mg 8045773} dw,

with N = (N,3) and M = (M,p), the second-order tensor fields asso-
ciated to the Kirchhoff-Love displacement u, defined by the following
matrix formula

[ N, ] B fjhh Aaprypdas - fjhh 23 A08pdTs

(17)

evp(o
Moz '

—+hh r3Aappdes fjhh(x?))z(Aaﬁw + psﬁ%)dw?) [ OrC3

(18)
(ii): The electric potential ¢ is a second order polynomial in x3, whose
coefficients depend on (3, and the exact analytic form of ¢ is the
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following

+ - + —
Yo T Yo 2 P3ap3 Yo — %o P3aps 9
o(x1, X9, 13) = ————+h" =——0,3(+ Tr3— OapCs(x3)”. (19
(@1,a2.00) = 0y 2 00,6y PPy B0, ). (19

We remark that in order to obtain (18)-(19) it must be assumed that ps.gs
and ps3 are independent of x3.

3. Discrete model

We describe in this section, the approximation of (16) and (19), by the finite
element method. Beginning with the matrix formulation of the bilinear form
defined in (17), we proceed with the application of the finite element method
to the variational formulation (16). The discrete model is completely defined
in theorem 3.1. Afterwards, we formulate the integer optimization problems
and briefly mention the genetic algorithms that are used to determine the
solution of the numerical examples, described in section 4.

Matrix formulation of the bilinear form. We remark that the bilinear
form a(.,.) in (17) can be written

a(u,v) = /VTBwa, (20)

where, for any u and v in the space Vi,

VT =leii(n) esn(n) 2e12(n) Ounz Osanz 2019ms),

(21)
U =[enn(&) en(f) 2e12(§) Oués 0n&s 201283),
and B is the following matrix of order six
G —H
b= [ —H I ]6><6 (22)

where
+h +h +h
f_h Anndzs f_h Ar122dxs f_h Arr12ds

+h
G = /h Adzs = fjhh Agonrdzs fjhh Agozodzs fjhh Agpradxs |, (23)
B fjhh Aqo11drs fjhh Aqagadrs fjhh Aqa12ds

and

+h +h
H = / ZL‘3Ad£U3, I = / X3 [A —l—p] d:L‘g. (24)
—h —h
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Finite element discretization. A rectangular domain w is assumed and
it is partitioned into a mesh of m = nins sub-rectangles, where n; is the
number of sub-intervals in the z; direction and n, the number of sub-intervals
in the x direction. This means that w = |J,°, w*, and, for each e, w® =
[a$, bi] x [c5, d5]. The amplitudes of the real sub-intervals, [a{, b{] and [c5, d5],
are denoted by h{ = b] — af and h§ = d§ — c§, respectively. Moreover
we suppose that the mesh {w}.—1__,, is affine equivalent to the reference
element @ = (—1,4+1) x (—1,+1). The affine transformations are defined by
the mappings

TC: W€ =/laf,bf] X [c5,d5] — ©=(-1,41) x (—=1,+1)

2 e

(71, 72) — (h—i(xl — a¢), %(362 — %), (25)

where z¢, y& are the middle points of [a{, ] and [c5, d5], respectively, and
(x1,9) is a generic element of w*.

The rectangular Melosh finite element (cf. subroutine planre of CALFEM
2] and Ciarlet [5]) is considered to approximate the tangential displacement
field ({1, (2) of the Kirchhoff-Love displacement u defined in (15); the 8 de-
grees of freedom of the Melosh element are the values of ({3, (5) at each vertex
of the element w®. The four shape functions of the Melosh finite element,
defined in @, are denoted by M, M, M3, M, (the lower subscript indicates
the number of the vertex). In the sequel we use also the matrix M of order
2 x 8, defined by

| My 0O My 0 Ms 0 My O

M=1"0 m 0 M 0 My 0 M|,

The Adini finite element (cf. subroutine platre of CALFEM [2] and Ciarlet
[5]) is used for the approximation of the transverse displacement uz = (s;
the 12 degrees of freedom characterizing this element are the values of usg,
uz1 and uz9 at each vertex of w®. The twelve shape functions associated to
the Adini finite element, defined in @, are denoted by Nf , NQj, Ng, N: Z, with
j = 1,2,3 (the lower subscript indicates the number of the vertex and the
upper subscript j refers to the order of derivation). In the sequel, we also
need to introduce the following vector N€, associated to w® and to the twelve
shape functions of the Adini finite element

(26)

he he
N¢=|N¢ N{ NS¢ N¢ ., Ne=|N' ANZ2 N3 i=1,2.3.4.
1 2 3 4 1x12 1 ) 2 ) 2 )

1x3 (27)
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For any Kirchhoff-Love displacement u, the tangential displacements ({1, (2)
and the transverse displacement ug = (3 are approximated, at each finite el-
ement w’, by the following sums

4

(G, @)y (w1, 2) Z (UiMz' o T(x1, m2), ug; M; o T (1, 962)),
. 29
— ~ e N1 e Z1n2 4 e P2 a13) o e

us = (3|, (71, 22) ; (25 N} + 25, 5 Ni i ?) o T%(z1, 32),

7
where the coefficients u§,, u$; and 2{, 2{;, 25, are the approximated values of
C1, G2 and (3, (3.1, (3,2, respectively, at node 7 of w®. Moreover, we denote by
ug, and ug,, the vectors with eight and twelve components, respectively, that
approximate, in w®, the tangential and transverse displacements ((1,(s) and
Ug = Cg, that iS,

ufg = [(uf;; ug;)i=1 (uf;, us;)i=a (uf;, us;)i=s (uii,ugi)i:dT ~ ((1, C2)|we

ug, = [(2F, 201 25)im1234]" = Ga..-

(29)
In addition, the following vector, with 20 components, is introduced
e __ uteg ] (
u = e ) 30)
[ Ut ] 90x1

that is the local finite element approximation of the displacement vector field
(C1,C2,¢3) in w*.

In order to describe the discrete problem, corresponding to (16) and (19),
some further notation must be detailed, concerning the numeration of the
global degrees of freedom and nodes in the mesh. So, let n be the number of
global nodes of the mesh, and

Uty = [ufv lel S B?mv and Utg = [ru’?g lel S anv (31)

be the global approximations of the transverse and tangential displacements
(3 and ((1, (3), respectively), and let

u = [ugg up) € R, wyy = (uyj, Ugj)i_y, U = (24,215, 225) =1 (32)
be the global approximation of ((i,(s,(3) in w. Moreover, the following
subsets of indices are defined

Lq, Lo, L1ULy C {1,2, ...,QTL},

Ji, Jo, J3, JiUJyU J3 C {2n—|—1,...,5n}. (33)
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The two sets of indices L; and Lo represent the number of the global degrees
of freedom, that are attached to the values of the tangential displacements (;
and (, respectively, at the boundary nodes of the mesh, where the plate is
clamped. Analogously, the three sets J, for £ = 1, 2, 3, represent the number
of the global degrees of freedom, associated to the transverse displacement
uz = (3 at the boundary nodes of the mesh, where the plate is clamped: the
subscript £ = 1 refers to the displacement, & = 2 to the first derivative of
the displacement with respect to z1, and &£ = 3 to the first derivative of the
displacement with respect to xo. If S is a set of indices, and wu, € ]R?’n,
Uty € 1R2”, we denote by us,g, Uty g the sub-vectors of uy, and uy, respectively,
whose components have the indices in S.

Discrete model. Based on the choice of the finite elements described before
and using the notations introduced in (33), the following result is obtained.

Theorem 3.1. The discrete problem associated to (16) takes the following
form:
Find u=[uy uy) € IR such that :
utng — utng - 07 Uty g, = Uty J, = Uty J;, = 07 (34)
Ku=F.
At the element level, the square matriz K and the vector F' are defined re-

spectively, by K¢ in (40) and F€ in (44). Furthermore, the finite element
approximation of the electric potential (19) is defined by

+ - —
+ = 1
(21, T2, T3)jwex (—h,+h) = L 5 0 %o Zh% T3tg [h?—a3] ps S€ug,, (35)
P33

where S¢, defined in (39), is the matriz of the second derivatives of the Adini’s
finite element shape functions.

Proof: The discretisation of (16) can be obtained, directly, by replacing in
(20) (C1,Ca, C3) and (11,12, m3) by the approximations defined in (28). In fact,
for any v and v in Vi,

m m hehe
a(u,v):Z/ VTBwae:Z%/VTBUd@, (36)
e=1 Jw° e=1 @

and due to (28), at each finite element w® = T¢(®), we can use the approxi-

mations I I
N evfg N euteg
T £
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where L¢ and S¢ are two matrices, that depend on the derivatives of the
shape functions of the Melosh and Adini’s finite elements, respectively. The
matrix L¢ has order 3 X 8 and is defined by

L= [L] L5 L Lilsxs, Lj= 0  AMp i=1,2,3,4, (38

3%x2

and S¢ is a matrix of order 3 x 12 defined by

4 1 h{ AT2 h§ A13
hehe (Ni,ll 7Nz‘,11 7Ni,11)
e __ e Qe Qe Qe e __ 4 1 hi ar2 hs A73 s
S° = [Sl Sz S3 54]3><12> S; = hhs (Ni,22 7Nz‘,22 7Ni,22) 1=1,2,3,4.

(3
2x4 1 h$ ar2 hS aA73
h$hs (Ni,12 7Ni,12 7Ni712)

3x3
(39)
Now introducing (37) and (38-39) in (36) we get immediately
) ~ SRS ([ L b Lo, ) o
T =4 NS, Seus,
. h6/<[L6T 0] [Le()]
T 11/
= ¢ B ) dw® u*
el 6x6 e
; N 4 w 0 S 20x6 0 S 6x20
- Ke
_ ZveT K¢ ut
e=1

(40)
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On the other hand, the linear form /(v) in (17) can be written

P0 — %o
:/Qf.de-|-/F g-vdFN—/Q%p?,aﬁeaﬂ(v)dQ

" h§hs
_Z 142[/ fad.%g-i-ga +ga)(77a_$3aa773)dw
Er‘oé g
o - i =y, [T )
+[( o f3d£133+g§_+g3_) Ude+/T(/_h p3a56aﬁ(’0)d$3)dw]

~"

F3
(41)
But for any v in Vi, psas€as(v) = p3asleas(n) — x304pm3], and due to (28),
the following approximations can be used, in each finite element w® = T¢(®),

(7717 772) = MU?g)

D308 €as(V) 2 p3 | LV, — 13505 : 42
vy~ N 306 €ap(v) = p3 [Lovj — 2354, 3x1 (42)

So, denoting
fio=1F1 )" and fi, = [F] (43)

and assuming, to simplify the following computations, that f,, g& and g,
are independent of x3 € (—h, h) , we obtain that [(v) is approximated by

m hehe o +h
Utg /MTftg —%(/h LeTp3T d:(,’g)
e=1 _ /
e e iR eT o5 =0 [T cer NS T e
+ (v8,)T 142 LN ftv+02—h0(/_h x3 S pgdajg)}dw:ezz;v Fe,
(44)
where ¢ = Fteg is a vector with 20 components. Therefore, from (40) and
tv

(44), we conclude that the asymptotic variational model (16) is approximated
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by the linear equation

m m

Z v Keu = Z vl Fe, (45)

e=1 e=1

which consequently implies the equation Ku = F' in (34). The matrix K, of
order 5n, and the vector F', also of order 5n, are obtained by assembling the
element matrices K¢ and vectors F°, by the usual finite element procedure.
The components of the unknown u have the form described (31-32).

Finally, to obtain (35) it is enough to use (19) and to remark that, in each
finite element w® = T¢(w), we can use the following approximation

pSOZﬂ aaﬁ(c3)|we =~ p3 Seugfu' |:| (46)

Optimization problems. We describe now the integer optimization prob-
lems, that model the actuator effect of the discrete piezoelectric anisotropic
plate, as a function of the position of a fixed number of electrodes, through
which the electric potential is applied. The electrodes are stuck on some
parts or on the whole upper or/and lower faces of the plate, and they are
considered very thin and very light, such that, their mechanical properties
are neglected. In addition we suppose the area occupied by each electrode is
the area of one finite element of the mesh w = [J]"; w®, and at each electrode
the applied electric potential is equal to ¢, if the electrode is on the top of
the plate, and to ¢, , if the electrode is on the bottom.

Let us introduce, for a mesh with m finite elements, the new integer vari-
ables y; = (i,pe), i = 1, ..., m, where the first component represents the total
number of electrodes in the plate, and the second component pe denotes the
position of the projections of these i electrodes in the mesh. Thus i is a
single element of the set Y = {1,2,--- ,m} and pe is a subset of Y, with
¢ elements, that is, #pe = 7, where # represents the cardinal of a set. For
example, for 1 = 3 and y3 = (3,[1, 5, 10]), it means that, the applied electric
potential ¢, and ] are zero everywhere on the mesh w = [J", w®, except
at the finite elements 1, 5, 10, where these two applied electric potential can
not be simultaneously zero, and:

o if o, = 0 (respectively ¢f = 0), at the finite elements 1, 5, 10, then,
there are 3 electrodes located at the upper face (respectively, lower
face) of the plate, and whose projections on the middle plane of the
plate are the finite elements 1, 5, 10,
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e if both p, # 0 # @7 at the finite elements 1, 5, 10, there is a total of
2 x 3 electrodes on the plate, 3 at the top and 3 at the bottom, whose

projections, on the middle plane of the plate, are the finite elements
1, 5, 10.

Then, for each ¢ = 1, ..., m, the optimization problems that we address in
this paper are the following:

mzﬁmxdi(yi) = max (]Ll}axn (s uzgs 2) )

[ yi = (i,pe), pee CM(Y), #pe=i,
: _ 5n : 47
subject to Find w = [uy w,) € R such that : (47)
Utgy, = Utgr, = 0, Uty g, = Uty J, = Uty j, — 0,
Ku=F,

where the triple (u1;, ugj, 2;) (cf.(32)) is the approximation of ((i, (2, (3) at the
global node 7, ||.|| ps is the usual Euclidean norm in IR®, the objective function
d;(y;) is the node’s maximum displacement, for the case where there are ¢
electrodes, whose projections are located at the positions pe defined in y;,
and, finally, CI"(Y") represents the set of subsets of Y, with ¢ distinct elements.
It should be pointed out that F’ depends on y;, cf. (44), therefore for each y;,
the vector v depends on y;, and consequently (47) is an optimization problem,
which has the following interpretation: given the boundary conditions and
the mechanical loadings, the aim is to determine, the location pe of the i
electrodes, that cause a maximum node’s displacement in the plate.

It should be referred that this is a combinatorial problem, since different
combinations of the positions of the electrodes can produce different dis-
placements. In particular, the set C"(Y), that is the admissible set of the
optimization variable pe, has cardinal equal to the combinations of m, 7 to ,
that is, Ci" = ﬁ (for instance for a mesh with 25 finite elements and 3
electrodes, we have C2> = 2300).

Obviously, the solutions of these optimization problems strongly depend
on the loadings and the boundary conditions imposed to the plate. In order
to achieve a better understanding of the actuator effect, it can be assumed
that all the mechanical loadings f = (f;) and g = (g;) are zero. To analyze
the influence of the clamped boundary conditions, it may be considered that
the plate is clamped on different parts of the lateral surface (this means that
we vary the definition of the set vy C dw).
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The problem (47) is a single optimization problem, since there is only one
objective, and the purpose is to determine the global optimum solution. Nev-
ertheless, we are interested in finding the optimum location of the electrodes,
as well as, the optimum number of these electrodes. Two objectives can thus
be considered: the maximization of the displacements of any of the nodes of
the mesh and the minimization of the number of electrodes. This corresponds
to the following multi-objective problem (associated to (47))

[ maxd;(y;) A mini
Yi B

yi = (i,pe), pee CM™MY), #pe=1i, i=12 ..m,
Find w = |uy u, € IR’ such that :
Utng = utgL2 = 07 Uty g, — Uty J, — Uty J, — Oa
Ku=F,

subject to :

(48)
where m is the total number of finite elements in the mesh. For this last
problem the aim is to characterize, not the optimum solution, but a set of
optimal solutions, the so-called set of Pareto optimal solutions; these are
solutions that can not improve the performance of one objective, without
making worse the performance of the other.

Genetic Algorithms. Solving multi-objective (engineering) problems is a
very difficult task since, in general, the objectives conflict across a high-
dimensional problem space. Genetic algorithms (GAs) (cf. Goldberg [6])
are particularly suited to tackle this class of problems because they work
with populations of candidate solutions, and use some diversity-preserving
mechanisms, that enable to find, in a single run, widely different multiple
potential Pareto-optimal solutions (cf. Deb [7]).

The Elitist GA, described in Costa and Oliveira [8] and Costa et al. [9], was
applied to problems (47) and (48), with standard values for the parameters.
We briefly describe next some technical features and the parameters of this
GA.

The optimization variables y; = (i, pe) in problem (48) were encoded using
binary strings, referred as chromosomes. For example, consider a fixed mesh
with m finite elements and n nodes: a binary string represents the sequence
of the m finite elements in the mesh, as well as the position pe of i electrodes —
1 means that, the respective finite element is the projection of one electrode,
where it has been applied an electric potential, while 0 means that, for the
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corresponding finite element finite, there is no electrode. To each string it
is assigned a displacement u, that is the solution of the inner linear system
Ku = F, in problem (48). We recall that u is a vector containing the
displacements of all the n nodes of the mesh. The aim of the multi-objective
problem (48) is the maximization of the displacement of any of the n nodes
of the mesh, as a function of the projection’s location of the electrodes in the
mesh, as well as, the minimization of the number of electrodes.

The stopping criterion of the GA has varied according to the size m of the
finite element mesh: for example for the meshes with 3x3, 4x4 and 5x5 finite
elements, the maximum number of generations allowed was 30, 50 and 100,
respectively, and the number of binary decision variables (the chromosomes)
was, respectively, 9, 16 and 25. For all the meshes, we have used an initial
population size of 100 chromosomes. A tournament selection, a two point
crossover and an uniform mutation were adopted. The crossover probability
was, for all the meshes, 0.7. The mutation probability was given by 1/b where
b is the binary string length. The elitism level considered was 10. The value
of sigma share (ogpqe) Was kept constant for all the meshes and equal to
1. For sharing purposes, the distance measure considered was the Hamming
distance between chromosomes.

4. Numerical tests

In this section we report several experiments. For all the tests, the stiffness
matrices K and force vectors F' have been evaluated with the subroutines
planre and platre, of the CALFEM toolbox of MATLAB [2], and, the genetic
algorithms have been implemented in C*7.

In all the numerical tests presented in this section, we have supposed that
the reduced elastic coefficients A, 3., are independent of the thickness variable
x3. This assumption clearly simplifies the linear system Ku = F' in the
optimization problem (47). In fact, this implies that the matrix H defined
in (24) is zero, and thus the element stiffness matrix K (40) reduces to

o hehg LTGLe 0 . | K
K= 4 [ [ 0 SeTlse ]2 dw® = [ Kte : (49)
») 0x20 v
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Hence, the system (45) is equivalent to the two following independent linear
systems

m m m

m
Z Ungngugg - Z UngFteg and Z vaTKfvugv - Z UEUTFtev' (50)
e=1 e=1 e=1 e=1
Let us now denote by K3, and Ky, the square matrices of order 2n and 3n,
defined, at the element level, by respectively, Ky, and Ky, and denote by
Fi, and I}, the vectors of order 2n and 3n, defined, at the element level, by
respectively, Fy, and Fy,. Then, from (50), we conclude that the system in

(47) is equivalent to the two independent linear systems

Find 1wy, € IR*™ such that : Find wuy, € R such that :
Utgr, = Wtgr, = 0, and Utpg, = Uty g, = Uty = 0,
thutg - tha Ktvutv - Ftv:

(51)

whose unknowns are the tangential and transverse displacement, u;, and
gy, Tespectively. It should be added that the left system depends on g
or/and ¢, through Fji,, but the right system is independent of these electric
potential data. Thus, the unknown wu;, depends on ¢ or/and ¢y, but s, is
independent of these data. The optimization problem (47) reduces to

maxx di(y;) = max ( max || (ur, ug;)] )

7 —4L,...

[ Yi = (i7pe)7 pe € CZm(Y), #pe =1,
1 2n . 52
subject to : Find w, € IR™ such that : (52)
utng - /U;tng = 07
i Kigug = Fig,

and the right linear system in (51) can be solved independently of the opti-
mization problem, because it is independent of the integer variable y = (i, pe).

We consider now a fixed three-dimensional coordinate system OXY Z, and
a plate Q = [0, L] x [0, Ly] x [—h,+h], with a rectangular middle plane
w = (0,L1) x (0, Ly), whose sides have length L;, Lo, and thickness 2h. The
geometric, electric potential and mechanical loadings data, imposed to the
plate, are given in Table 1. Moreover, we assume that this plate is made of
a piezoelectric material, polarized through the thickness. The elastic, piezo-
electric and dielectric coefficients (Cjju, Pijr and €;;) are given in relations
(53) and in Table 2 (these data are also used by Bernadou and Haenel [10]).
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Ciiii Cize Cuizs Crizz Cuzsi Chine Cin Cp Cis 0 0 O
Ca222 Co233 Cozaz Carzi Cro12 Cio Ciu Ci3 0 0 O
Csz33 Cszas Csszr Cs312 | | Ciz Cig Cs3 0 0 0
Coszaz Coszn Coziz | | 0 0 0 Cyu 0 O
sym. 03131 C3112 0 0 0 0 C44 0
P11 P Pi33 Pioz Piz1 Pio 0O 0 0 0 P50
Poi1 Pogg Pagzs Poyz Pozi Poro | = 0 0 0 Ps 0 0 (53)
| D511 Paoe Psss Paaz Pasi Paio Py Py Pz 0 0 0
€11 €12 €13 en 0 0
€2 €3 | =| 0 e O
| sym. £33 0 0 e33

Parameter Unit Value

L1 m 1
L2 m 1
h m 0.01
©5 V. -100
Yy Vv 0
f = (fz) N (07070)
g=1(g) N (0,0,0)

TABLE 1. Geometric, electric potential and mechanical loadings data

In Tables 1-2 the unit symbols m, V, N, GPa, Cm 2 and Fm ! mean,
respectively, meter, volt, newton, giga pascal, coulomb per square meter and
farad per meter. The definition (53) and Table 2 states that the chosen
material is homogeneous and transversely isotropic in the plane OXY, with
constant piezoelectric and dielectric coefficients.

In the sequel and for each finite element mesh of w, the finite elements and
the nodes are numbered from the left side Is = {0} x [0, Lo to the right side
rs = {L1} x [0, L] and from the bottom side bs = [0, L1] x {0} to the top side
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Parameter Unit Value
Cll GPa 126
012 GPa 79.5
013 GPa 84.1
Cs3 GPa 117
044 GPa 23
066 GPa 23.25
Ps; Cm—2 -6.5
Pss3 Cm™2 23.3
Pi5 CO'm ™2 17
11 Fm~! 1.503 x 1078
€33 Fm™1 13x10°8

TABLE 2. Elastic, piezoelectric and dielectric data

ts = [0, L1] x {Ls2} of w, as explained in the Tables 3 and 4. The solutions

ts
819
Is|4]|5|6]|1rs
11213
bs

J

1

w

1411516
10111 )12
6|78
2134
bs

= Ot O

21

22

23

24

25

16

17

18

19

20

11

12

13

14

15

6

7

8

9

10

1

2

3

4

5

bs

TABLE 3. Finite element’s numeration of the meshes with 3x3,
4x4 and 5x5 finite elements

13 14 15 16
9 10 11 12
5 6 7 8
1 2 3 4

21 22 23 24 25
16 17 18 19 20
11 12 13 14 15
6 7 8 9 10
1 2 3 4 5

1

31 32
25 26 27
19 20 21
13 14 15
7 8 9

33

34
28
22
16
10

35
29
23
17
11

36
30
24
18
12

2 3 4 5 6

TABLE 4. Node’s numeration for the meshes with 3x3, 4x4 and
5x5 finite elements

produced by the genetic algorithms are displayed in Tables 5 and 6, for two
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groups of clamped boundary conditions, for three different meshes of the
middle plane w (respectively with 3 x 3, 4 x 4 and 5 x 5 finite elements) and
for 1 to 5 electrodes. In these tables, NFE is the number of finite elements of

NFE 3 %3 4 x4 D XD
BC |ne N - mv pe N - mv N - mv
1 1 [1] 13- 7.678 | [1] 21 - 5.097 [1] 31 - 3.592
3] 16 - 7.678 | |4] 25 - 5.097 | |5] 36 - 3.592
2 | [14] 13- 13.88 | [1,9] 21-9.182 | [1,16] 31 - 6.602
13,6] 16 - 13.88 | |4,12] 25 - 9.182 | [5,20] 36 - 6.602
3 | [1,4,7| 13-15.92 | [1,5,9] 21 -13.12 | [1,6,16] 31-9.377
13,6,9] 16 - 15.92 | [4,8,12] 25 - 13.12 | [5,10,20] 36 - 9.377
4 |[1,2,4,7] |13-17.77|[1,2,5,9] 21 - 15.16 | [1,6,11,16] 31 -12.09
12,3,6,9] |16 - 17.77 | [3,4,8,12] 25 - 15.16 | [5,10,15,20] 36 - 12.09
5 [1,2,4 5,7 | 13 - 19.11 | [1,2,5,6,9] 21-17.02 [1,2,6 11,16] 31-13.94
2,3,5,6,9] | 16 - 19.11 | [3,4,7,8,12] 25 - 17.02 | [4,5,10,15,20] 36 - 13.94
2 1 [[7] 14 - 4.544 | [13] 22 - 3.518 | [21] 32 - 2.857
9] 15 - 4.544 | [16] 24 - 3.518 | [25] 35 - 2.857
2 [1]7,8] 14 - 5.677 | [14,15] 23 - 4.480 | [22,23] 33 - 3.669
18,9 15 - 5.677 123,24] 34 - 3.669
3 | 15,7,8 14 - 6.783 | |10,14,15] 23 - 5.403 | [18,22,23| 33 - 4.429
5,8,9] 15 - 6.783 | [11,14,15] 23 - 5.403 | [18,23,24] 34 - 4.429
4 |[4,5,7,8] |14 -7.840 | [10,11,14,15] 23 - 6.321 | [17,18,22,23] 33 - 5.170
15,6,8,9] | 15 - 7.840 [18,19,22 23] 34 - 5.170
5 |1[4,5,6,7,8] | 14 - 8.741 | [9,10,11,14,15] |23 - 7.136 | [16,17,18,22,23] | 33 - 5.861
14,5,6,8,9] | 15 - 8.741 | [10,11,12,14,15] | 23 - 7.136 | [18,19,22,23,24] | 34 - 5.861

TABLE 5. Solutions pe and N for BC=1,2

the mesh, ne is the number of electrodes, pe is the position of the projections
of the electrodes in the mesh, N is the number of the global node of the mesh
where the maximum displacement is attained, mv represents the maximum
value of the objective function (that is, if ne=i, mv is the displacement of
node N, for i electrodes) in meters and multiplied by the scalar 10°, and
finally BC denotes the type of clamped boundary conditions. If BC=1, w is
clamped only in the bottom side (7 = bs); if BC=2, w is clamped in the

left, bottom and right sides (o =
two opposite left and right sides (vy =

two consecutive bottom and right sides (y9 = bs U rs).
A direct observation of Tables 5 and 6 leads to the following conclusions.
For each type of clamped boundary conditions and for each fixed number

[sUbsUrs); if BC=3, w is clamped in the
IsUrs); if BC=4, w is clamped in the
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of electrodes, there is always more than one solution pe, except for the case
BC=4 and ne=1. Moreover, these multiple solutions correspond to symmet-
ric positions of the projections of the electrodes in the mesh. These results
are physical meaningful since the middle plane w is a square and the finite

element meshes are regular and square (3x3, 4x4, 5x5).

The Tables 5 and

NFE 3% 3 4 x4 O XD
BC N - mv pe N - mv pe N - mv
3 2-4.506 | [1] 2 -3.503 [1] 2 - 2.852
3-4.506 | [4] 4 -3.503 | [5] 5 - 2.852
14 - 4.506 | [13] 22 - 3.503 | [21] 32 - 2.852
15 - 4.506 | |16] 24 - 3.503 | [25] 35 - 2.852
2-5.579 |[2,3] 3-4.497 |(2,3] 3 - 3.697
3-5.579 | [14,15] 23 - 4.497 | [3,4] 4 - 3.697
14 - 5.579 [22,23] 33 - 3.697
15 - 5.579 [23,24] 34 - 3.697
2-6.459 | [2,3,6] 3-5.297 |][2,3,8] 3 - 4.405
3-6.459 |[2,3,7] 3-5.297 |[3,4,8] 4 - 4.405
14 - 6.459 | [10,14,15] 23 - 5.297 | [18,22,23] 33 - 4.405
15 - 6.459 | |11,14,15] 23 - 5.297 | [18,23,24] 34 - 4.405
2-729 |[2,3,6,7| 3-6.093 |[2,3,7,8] 3 -5.089
3-7.296 |[10,11,14,15] 23 - 6.093 | [3,4,8,9] 4 - 5.089
14 - 7.296 [17,18,22 23] 33 - 5.089
15 - 7.296 [18,19,23,24] 34 - 5.089
1,2,456] | 2-7.956 |[2,3,5,6,7] 3-6.814 |[2,3,6,7,8] 3-05.737
2,3,4,5,6] | 3 - 7.956 [23678] 3-6.814 [348910} 4-5.737
456,7,8] | 3-7.956 |[9,10,11,14,15] |23 -6.814 | [16,17,18,22,23] | 33 - 5.737
456,89 | 15 - 7.956 | [10,11, 12 14,15] | 23 - 6.814 | [18,19,20,23,24] | 34 - 5.737
4 13 - 5.997 | [13] 21 - 4.502 | [21] 31 - 3.604
13 - 8.870 | [9,13] 21 - 6.676 | [16,21] 31 -5.344
13 - 8.870 | |13,14] 21 - 6.676 | [21,22] 31-5.344
13 - 12.13 | [5,9,13] 21 -8.830 | [11,16,21] 31-7.077
13 - 12.13 | [13,14,15] 21 - 8.830 | [21,22,23| 31-7.077
13 - 14.15 | [1,5,9,13] 21-10.90 | [6,11,16,21] 31 - 8.520
13 - 14.15 | [13,14,15,16] 21-10.90 | [21, 22 ,23,24] 31 - 8.520
1,2,4,57] | 13 - 15.74 | [1,2,5, 9 ,13] 21 -12.41 1 [1,6,11,16,21] 31-9.929
5,6,7,8,9] | 13 - 15.74 | [12,13,14,15,16] | 21 - 12.41 | [21,22,23,24,25] | 31 - 9.929

TABLE 6. Solutions pe and N for BC=3,4

6 also show that a refinement of the mesh clearly defines the optimal loca-
tion of the projections of the electrodes (see Table 7 that also illustrates this
fact); the corresponding nodes N, where the displacements are maximum, are
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precisely those nodes that are far away from the clamped sides. We also con-
clude, that, among the four boundary conditions, the case BC=1 originates
larger displacements than the other 3 cases.

21 (122|123 |24 |25
e 13 | M| 81| 16 16| 17 |8 ] 19 | 20

4186 ‘2160’182 111213 [14]15
11213 o T3 2 6| 7] 81]9]10

11213145

TABLE 7. Optimal location of the projections of 3 electrodes, for
the meshes 3x3, 4x4 and 5x5, and BC=2

Figure 1 displays the undeformed (solid line) and deformed (dashed line)
meshes, for 4x4 finite elements, for BC=1, pe=|1, 9].

! QO """""" O """""" “H‘ - QO Of)
091 . ' ' |
3 . 14 , 15 ' 16 '
0.8 ' l‘l
' T o o
S &= ; :
0.7+ : E .
° : 10 1 12
0.6 ;
L 05F g e @ ) J
8 : | |
04 ‘. ‘; -
5 : 6 7 ! s
0.3} : 1
o G
0.2+ !
1 2 3 .
0.11
0 |
0 0.2 0.4 0.6 08 1

axis x

FIGURE 1. Undeformed and deformed meshes, BC=1, pe=|[1, 9]

In this figure, the element numbers are indicated at the center of the ele-
ment, the nodemarks are circles, and the node N=21, that is the left vertex
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on the top side of w, in finite element 13, is the node with maximum dis-
placement. The deformed mesh corresponds to the tangential displacement
uty of the middle plane w.

The increase of the displacements with the number of electrodes can also
be observed in Tables 5 and 6, for each type of boundary condition. Nev-
ertheless, we have obtained some experiments where this phenomena is not
verified, when more than 5 electrodes are considered. In fact, Figure 2 rep-
resents the objective function values of the Pareto optimal solutions, for the
multi-objective problem (48), with 5x5 finite elements, m = 25 and BC=4.
These values increase with the number of electrodes, but the Pareto-optimal

2.0E-05

18E05 4ol |
. ,,,,,,,,,,,,,,,,,,,,,,,,,,
A IO TO% NOL AR PO 0 L UUL O SO O SOL O U SO

LOE-05 4 - o ool o el
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A0B06 - @il

L e P S T R R E I S R Y BN RN PR

0.0E+00

e e e o A e e e s B e e B L E p
-1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25

ne

FIGURE 2. Objective values of the Pareto optimal solutions:
mesh 5x5, BC=4

number of electrodes is 19 or 25 (to achieve a maximum node displacement
it is enough to apply 19 or, even better, 25 electrodes). In fact, the graphic
depicted in Figure 2 confirms that for 5x5 finite elements, and the bound-
ary condition BC=4, there is no advantage in considering 20, 21, 22 or 23
electrodes instead of 19, since the actuator effect is better with only 19.
Finally, we have considered nonzero mechanical transverse forces f;, =
fjhh fa3drs + g3 + g3 = 100N (cf. (43)) and solved the right linear system
in (51), whose unknown is the transverse displacement uy,, for a 3x3 finite
element mesh, BC=1 and pe=[1]. Figure 3 represents the graphic of the
corresponding discrete electric potential (35), as a function of the thickness
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variable x3, for the finite element number 2, and Figure 4 exhibits the cor-
responding transverse displacement u;, of the middle plane w of the plate.

0.01
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0.004 -

o
o
S
R

Thickness (m)
o

-0.002 -

-0.004 -

-0.006 -

-0.008 -

_001 L L L 1 L L
-35 -30 -25 -20 -15 -10 -5 0
Electric Potential (V)

FIGURE 3. Discrete electric potential at finite element 2: mesh
3x3, BC=1, pe=[1]

axis Z

axis Y

axis X

FI1GURE 4. Transverse displacement u;, of the middle plane w:
mesh 3x3, BC=1, pe=[1]
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5. Conclusion and future work

We have analyzed the actuator effect of the piezoelectric anisotropic plate
model (16-19), as a function of the location of the applied electric poten-
tials. The problem is formulated as an integer (single and multi-objective)
optimization problem, strongly combinatorial, which has been successfully
solved by genetic algorithms. In this paper, a special case of anisotropy
was considered, since the modified coefficients ps,3 and ps3, appearing in the
model (16-19), and the reduced elastic coefficients A,g,,, chosen in the nu-
merical tests, have been assumed independent of the thickness variable xj.
In a future work we intend to apply the same optimization procedure (that
is, genetic algorithms), to study the actuator and sensor effect of a laminated
piezoelectric plate. We will consider again the model derived by Figueiredo
and Leal [1], but, without imposing that psag, pss and A,g, are independent
of x3. In this case, the linear system Ku = F' is more complex, since the
tangential and transverse displacements are coupled (compare Ku = F' in
(47) with the two independent linear systems in (51)), and, in addition, the
electric potential ¢ depends, not only, on the transverse displacement (cf.
(19) or (35)), but also, on the tangential displacement of the plate. More-
over, in this future work, we will describe in detail all the features of the
genetic algorithms applied to solve the problem.
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