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ABSTRACT: In this paper we consider a hyperbolic equation, with a memory term in
time, which can be seen as a singular perturbation of the heat equation with memory.
The qualitative properties of the solutions of the initial boundary value problems
associated with both equations are studied. We propose numerical methods for the
hyperbolic and parabolic models and their stability properties are analysed. Finally,
we include numerical experiments illustrating the performance of those methods.
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1. Introduction

Let us consider the hyperbolic equation

a2u a’u, a2u 3 a?u

—’_f(x? t’ U(I, t)) Y

for € (a,b),t > 0, where k(s) is a scalar function, smooth enough, and
which will be specified later, with initial conditions

u(z,0) = ug(x), x € (a,b)

ou
a(m,()) = ui(z),z € (a,b)

(2)

and
u(a,t) = uq(t), u(b,t) = up(t), t > 0. (3)

Initial boundary value problem (IBVP) (1)-(3) arises from a variety of math-
ematical models in engineering and physical sciences. We mention, for in-
stance, the theory of linear viscoelasticity. In this case u represents the dis-
placement of a body with density €, viscosity «, tension v and under external
force f.
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For e — 0 IBVP (1)-(3) can be seen as a singular perturbation of the partial
differential equation
dw O*w 2

t 0“w
RS — R — [ 4
S t) =255+ [ k- 95w s) st o, @
for z € (a,b), t > 0, with initial condition
w(z,0) =wo(x), z € (a,b), (5)

and
w(a,t) = wy(t), w(b, t) = wy(t), t > 0. (6)
The behavior of the displacement u when the density € converges to zero
was studied in [7], [8]. In those papers it was shown that, under certain
assumptions on the initial displacement, initial velocity and boundary con-
ditions, the displacement u, solution of (1)-(2), and its derivatives converge
to the solution w (of the heat IBVP (4)-(5)) and its derivatives, respectively,
when the density € goes to zero.

Equation (4) is called heat equation with memory and has been considered,
g _s
for instance, in [4] and more recently in [9] with k(s) = —e™=. This equation

is established combining the mass conservation law with the Jeffreys flux

or" "’ T ox

where k1 and ks are, respectively, the effective thermal and elastic conductiv-

ity constants. Motivated by those considerations we consider in the present
o _s

paper k(s) = —e™ .
T

t
g t) = — = 2 / e % 0,5 ds,
0

Our aim is to study the behavior of the solutions v and w, respectively, of
the hyperbolic IBVP (1)-(3) and the parabolic e-limit IBVP (4)-(6) and to
present numerical methods which allow us to compute approximations to u
and w with the same behavior.

In Section 2 we study the stability of the IBVP (1)-(3) with respect to
perturbations of initial conditions. A numerical method for (1)-(3) is pro-
posed in Section 3. In this section, a discrete version of a stability inequality
established in Section 2 is proved. As a corollary of such stability result, the
convergence of the numerical method is concluded. In Section 4 we estab-
lish a stability result for the e-limit IBVP (4)-(6). In Section 5 a numerical
method for (4)-(6) is proposed and its stability and convergence properties
are studied. In Section 6 the relation between the numerical approximations
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for the solutions of the hyperbolic problem (1)-(3) and the parabolic prob-
lem (1)-(3) is analysed. Finally, in Section 7, several numerical experiments
are presented illustrating the theoretical results established in the previous
sections.

2. The hyperbolic perturbed IBVP

In this section we study the stability of the hyperbolic IBVP (1)-(3) when
the initial conditions are perturbed. By (.,.) we represent the L? inner
product and we denote by ||.||zz the corresponding norm. If v is defined in
la, b] x [0,T] we represent v(.,t) by v(t).

We start by establishing an upper bound for the L? norm of the solution
of (1)-(3) and for the L? norm of the spatial and temporal gradients and its
past, with initial conditions ug,u; and homogeneous boundary conditions.
Nevertheless we assume general Dirichlet boundary conditions when stability
results are established.

Theorem 1. Let u be a solution of (1)-(3) with homogeneous boundary con-
dittons. Let us suppose that

u

G0 G0 [ TG e b 0= 1.2
0?u
OxO0t

Q

(t) € L*[a,b],t € (0,T).

Then, for each t € (0,T], holds

ou u 1 (" _.0u Ou
gy @1+ (= el + ol [ e =5t ds+ I
]_ t 20
max{1,—=%—}(t—s) 2 8
< (v ) 2
< 2a+6/0 ‘ 1£(s)|2. ds (8)

_l_emax{l,%}t (eHuluiz + 7““6”%2)’

provided that o # 7.
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0
Proof: Multiplying each member of (1) by @—7; with respect to (.,.) and

integrating by parts we obtain

O*u, . Ou ou, o ou O*u

6(_8162 (t), a(t)) +a Ha(t)HLz = —7(%(15), —8t8x(t))
o s OU 0%u ou (9)
S2([ et Gt ds 0+ (1, 1),

It can be shown that

1 /[ = ou 0%u 1d 1 s OU ou
[0t ) = 5t [ Sty ds+ St

-
1d Ou, .. 1,0u, . 1,1 _1=s Ou 5
S I DI~ T2l + 213 [ =0 asl

(10)
Considering that

ou o, o
(f, 57 (1) = T 2Hfl\p 1 Ha(t)l\p (11)
for some positive constant 1 # 0, and

0u ou 1d 8u

and
ou 0% 1d Ou

el e 2
(o0 55-0) = 5215 (O3,
from (9), (10) and (11) we deduce the inequality
d/ ou, . ou, o 1 (" o .0u o, o
GAGHOI:+ 6= SO+l [ T ds+ F01:)

ou 20 Ou 20 .1 s Ou
< 2(-a+ DGO+ 21540 - 203 [ 0k i

1 2
+2—772Hf”L2'

(12)
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Let 1 be defined by n* = o + €¢/2. Using the Poincaré-Friedrichs inequality
0
lu@®)|2. < (b— a)2\|a—u(t)|\ 2, in (12) we obtain the differential inequality
x

d 871/ 2 871/ 2 1 t _t—_s@ 816 2
G (UG O+ =G+ ol [ o= S ds+ 01

IS

1
€+ 2

20 ou 4 ou o 2
< max {1, 2L (G + O - DG + o

(v — o)

which allows us to conclude inequality (8).

(13)

m
ou

The influence of initial conditions uy and u; on the behavior of €| E(t) 122,

0 N, 9,
Ha—u(t)H%z | / 6_78 (s)ds+ —u(t)H%z can be established from inequality
T

0 8I
(8) for o # 7.
For the particular case 0 = ~ similar results can be obtained but we do

IS

8

: u
not get an estimate for H%H 2.

We are in position to establish the stability of (1)-(3) with respect to per-
turbation of the initial conditions ug and u;.

Corollary 1. Let u and @ be solutions of (1)-(3) with initial conditions ug, uq
and ug, Uy, respectively, satisfying the assumptions of Theorem 1. Then, for
v=u— U and for each time t € (0,T], holds

ov, 9 v, o 1 (" o .0v OV, o
—(t 2 — —(t 2 - T d —(t 2
G O+ (= I GH Ol + ol [ e 5 s as+ E01E »
< el (eljuy — a3+ — )3
Proof: The proof follows the proof of Theorem 1 with f = 0.
m

As an immediate consequence of Theorem 1, if (1)-(3) has a solution u then
u 1S unique.

Stability results for the solution of (1)-(3) when v = ¢ can be established
following the proof of Theorem 1.
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3. The parabolic ¢— limit IBVP

The hyperbolic problem (1)-(3) can be seen, for € small enough, a singular
perturbation of a heat equation with a memory term. In fact, let us suppose
that e is a parameter and the boundary conditions are homogeneous. We
suppose that ug and u; are € depending, that is vy and u; are replaced by
up, and u; ¢, and f is also € dependent. Let u. be the solution of the initial
boundary value problem correspondent to problem (1)-(3) with o = 1. In [7]
and [8] was established that if f. — f, uge — wo,eus, — 0 (in L?) when

ou. 0 oue Ow . :
Ye 90 ng L 2 (in L?) where w is solution

o9r  Ox ot ot

¢ — 0, then u, — w,

of the heat equation

ow 0w o [t _i.0%w
E(m,t) = ”yw(x,t) + ;/0 e 7 W(az,s) ds+ f(z,t), v € (a,b), t > 0,
(15)
with initial and boundary conditions
W($,0> - wO(x)7 VS (a7b)a
(16)

w(a,t) =0,w(b,t) =0,t>0.

In this section we establish for w an estimate analogous to estimate (8).
Firstly we remark that taking in (8) the limit when ¢ — 0 we conclude for w
the following estimate

ow , 9 1 (" 0w ow , .9
(1= GOl + ol [ e =5 s+ SO,

(17)

1 [ o o
<5 | e T ) s + e 0T g

The behavior of ||w(t)]/;2 does not follow directly from inequality (17). In
the following we establish an estimate to ||w(t)|| ;2 using the energy method.

Theorem 2. Let w be a solution of (15)-(16). Let us suppose that

ow , . 0w b oow 9
E(t), W(t)’/o e T 8x(8)dS€L la,b], ¢ =1,2,t> 0. (18)
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Then, for each t > 0, holds

~

t
o —s Ow TS Y
\mum$+;nAle (s) ds|[F < T =T g |
t

ox (19)

b [ A ) 7 ds.
0

The proof differs only in minor details of the proof of Theorem 1 of [3].
As a corollary of Theorem 2 we have the next result:

Corollary 2. Let w and w be solutions of (15)-(16) with initial conditions
wy and wy respectively satisfying the assumptions of Theorem 2. Then, for
v=w —w and for each time t > 0, holds

2max{—ﬁ+%’_%}t“wo — UNJOH%2

(20)

Visydsl < e

t
o t—s
v(t)|? + — /e_r
H ()HL2 TH 0 a

4. A discrete perturbed IBVP

Let us consider in [a,b] a grid I, = {z;,j =0,...,N} with g = a,zxy = b
and z; — xj_1 = h. In [0,7] we consider the grid {¢,,n = 0,..., M} with
to = O,tM =T and tn+1 - tn = At.

We discretize the second partial derivative with respect to z in (1) and (15)
using the second-order centered finite-difference operator D, defined by

n v (Tig1) — 2vp (i) + vp(2io1)
Dy vy (i) = e }ilzz Z e
By Dy, we represent the second-order finite difference operator defined by

o () = 20 (xy) + o N (a
Dz,tvg(ﬂfi): h ( ) Z; )+ h ( )

In the stability and convergence analysis of the numerical methods studied
in this paper we consider a discrete version of the L? norm that we present
in what follows.

We denote by L2(I 1) the space of grid functions v, defined in I, such that

vp(z0) = vp(xy) = 0. In L%(I},) we consider the discrete inner product

(v, wp)p = h z_: o) wp(3), vn, wy € LA(1), (21)

1=1
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and by ||.||z2(7,) we denote the norm induced by the above inner product. For
grid functions wj, and v, defined in I, we introduce the notations

N N 1/2
(wh vn)nr = Y hwn(@)on(a:), wall ) = <Z hwh(fﬂi)2> :
=1 1=1

Discretizing the spatial derivatives using Ds, and D,; and the memory
term using a rectangular rule we obtain a fully discrete approximation u}

defined by
n+1
tnt1—ty

€Dg yup (x;) + aD_tuZH(:UZ-) = 7D27xu’,;”+1(xi) + gAt Z e T Dgxufl(xl)
j=1

+f($i,tn+1),’é: 1,...,N—1, n = 1,...,M—1,
(22)
where , ,
wy (o) = ua(ty), wj (zn) = wp(t;), j=1,...,M — 1,
(23)
wp () = uh () = uo(x;),i=1,...,N — 1.
In what follows we establish for the numerical approximation defined by
(22)-(23), a discrete version of Theorem 1 when 7 > o. In this result we
characterize the behavior of the discrete L? norm of the numerical temporal
and spatial gradients as well the past in time of the numerical spatial gradient.

The stability of method (22)-(23) is then concluded.

Theorem 3. Let u) be defined by (22)-(23) with u,(t) = uy(t) = 0, > 0.
Then nt1)2 n+1)12
D g + 1Dt

At n+1
At ~ Ll j n+1 (2
+o]| . Zle D_,u), + D_juy HLQ(I;)
j:
< S+ o1+ 2Dl

At S
ZSpH Nt )2z, -

Jj=1

max, . - (2a + €)
with
MaXe - 7

Sp = T A (25)
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max = max{l,v—l—a(?)e_%—l—g—ﬂe 2At(l-l—At)) (6_%+26_2At(1+At)> }
o,Y,T T
T—20++\/(T—20)2+40(y—0—1) >0, (26)
and for At such that
At < 2L(7'(7'—20)+T\/(T—2J)2+40(”y—0— 1)) (27)
o

Proof: Multiplying each member of (22) by D_u™" with respect to the

inner product (.,.), and using summation by parts we obtain

e( Doy, D_yup ™)+ al| Doyu e,y = (Do ™, Doyup ™)y,
n+1 At — RS J n+1
+(fultnsn), Dy ™)y — o (— Y e Dy, Doy Doyu
j=1
(28)
where fh(tn+1)(xj) = f(xj? tn+1)-
Considering that we have
(D gujl, D_jufth), = L tUh+1HL2 ~ (Do D tugﬂ)h
e g B At
D_ n+1 D n||2 (29)
S | D—uj HL2 (I) — | —tuhH]ﬂ(]h)
- 2At ’
(Do pu™Y, Dt (D=t Dosttiner = |1 Datt ey
22ty —tlp h —
(30)
< HD—Iuh”L2 [+ ||D—Iuh+1HL2 I*)
- 2At ’
and
1

(fltusr), Dogup ™) < 1Dy ™ 122,y + 4—77%Hfh(tn+1)\|%2(1h)a (31)
being 71 # 0 an arbitrary constant, from (28) we obtain
€ el "
(C+ At~ )P gy + LID-*
€ . ¥ " At
< §|\D—tuh“%2(1h) + §|\D—xuh”%z(1h+) + 4—77%Hfh(tn+1)”%2(1h) (32)

+1
AL < tnt1—t; ;
E - J n+1
—O'(T € T D_xuh, D_xD tup, )h’+ .
j=1
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We establish in what follows as estimate to

(Afiewljxu{ﬂ D_,.D_ul™, ..
iz
We have

(Ath HZH Q_MD_QEU?L, D_,D_yuj ™)+

j=1
_ lﬂg % @D_xui + D_pup 7, (L)
j=1
D B+ HAES D
j=1
+(g nZH e_MD—xU?L, D_yup)n +
j=1

Attending that

AL

(G2 Dty Do

j=1
< %6—% H% i e D + Dzt l2 )
j=1
42 (3¢ + S ID e + SID -
S D il < B GID g
j=1
= S¢S EED Dol
oAt At "

+2e2 (14 ) 1D g
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and
At R ey ' 12 AtES oy 19
1= 2 e Death A Doty g < 1= 2 e Doty
- + n+1 o
tng1t) . n n
+2At(7 Z e T D_;CU;L, D_xD_tuh+1)h’+ + |‘D_xuh+1”%2(1}-:-)
j=1
At n+1 ey _ .
+2(7 Z (& T D_xu;b, D_Iuh)hﬂ_
j=1
we deduce
At ntl Ctag1t .
—AH(— > e D_gul, Dy D_qup s
j=1
1 At ot _tny1—t i n+1112
L Z;e " Destn+ Doty gy
]:
At
e aa . AN A iy . i (33)
H(Sg e OIS e Do+ Dol
j=1
1 a At oAl At n
+(5Ee + )+ 21+ =) 1Dy,
5 (127 () I
Using (33) in (32) with 72 = a + % we obtain
i At At i
(1= Al D,y + (7= 0 = 0 (2= + (59 ) 1Dt g
At n+1 i . .
j=1

n _ At At _ oAt At n
< GHD—tuhH%Q(Ih) + ('Y + ‘7(36 Tt - + 2775 (1+ T))) HD—xuhH%%I}j)

At _9At At At < _tntj j ni2
+J(e + 2e (1 + 7))H7216 D_;cuh +D_thHL2(I,j)
j:

At
+
200 + €

fn () 7207,
(34)
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Let 7,0 and 7 such that (26) holds. Then, for At satisfying (27), from (34)
we establish

(D ey + IDsi

+1
Atn tngp1—t) .
E— J n+112
o =30 D ]+ D ”Lw:))
Jj=1

<5, <€HD—tuZH%2(Ih) + HD—WZH%Q(IJ) (35)

At n tn—t; . .
—|—O'HTZ€ T D_;C’LL?L—FD_xuhH%Q(I}j))
=1
At )
tn .
+(1—At)(2&+€)”fh( +1)‘|L2(Ih)

Finally considering inequality (35) and attending that u;, = u? we obtain

(24).
|
Theorem 3 can be seen as a discrete version of Theorem 1 for the numerical
approximation defined by method (22)-(23). This result allows us to charac-
terize the behavior of the numerical derivatives and the past in discrete time
of the spatial gradient of such approximation. As a corollary of Theorem 3
we have:

Corollary 3. Let ui be defined by method (22)-(23). Under the assumptions
of Theorem 3, if

max < 1+ C'At, (36)

0’7’777—

then exists a positive time and space independent constant C such that

1D 3oy + 1Dy 2

At n+1 _tn+17tj ] n+102
2D D

37)
At (
< C((l +o(1+ ?)2)HD_1:U2H%2(I;)
At 4 2
s )

j=1

_|_
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If uh and ﬁh are defined by method (22)-(23) with initial conditions Tespectively,
ug and g, then, under the assumptions of Theorem 3 and (56), for v =
wy — U, holds

€| D_ tUhHHB () T HD—:cUhHH]} (I;")
n+1

At g1t ; 1
T ;6 " Destit Dot sy (38)
<C(l+o(1 Ao )||3
(1 + o1+ SDDID () — W) sy,
T h
Proof: From Theorem 3, under assumption (36), we conclude

el|D- tuhHHH () T HD—xuhHHLz )
At n+1 o .
+UH— Z 6_#19—50“% + D—wuhHHB 1)
j=1

At(C+1) At
< NS (14 o (50| Dyl 1)
At C+1)

eyt e D DCA e TG A

J=1

(39)

T

and then we get (37) for some positive time and space independent constant

C.
Inequahty (38) follows from the fact that v)'t! satisfies inequality (37) with
frn and u} replaced respectively by the null function and u) — a).
=

Let us consider Theorem 3 and Corollary 3 with uh replaced by the error
e/ = up, — Ryu(.,t;), where Rj, denotes the restriction operator. Attending
that the discretization (22)-(23) is consistent provided that the solution u
is smooth enough (the required smoothness is detailed in Corollary 4), we
conclude the following

EHD t6n+1HL2 )—> 0
HD—wem_lH]} ]+)

At n+1 bs1—t; il
UHTZG o D_xesh—l—D_xe HL2 ity =0
j=1

— 0

(40)
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when At, h — 0. Using the discrete Poincaré-Friedrichs inequality

ey Ze,) < (0= a)*[1D—sel 3 1720
)

the convergence
les s 12,y — 0 (41)

is obtained.
We proved the following convergence result:

34,

Corollary 4. If the solution of (1)-(2), u, is such that 2—3 € C%a, b] x L*0,T],
3 3

% € L*[a, b] x C°[0,T], a@@u2 € C"[a,b] x L*0,T], then, for each timet, 1,
T

exists a unique solution u}*" defined by (22)-(23) such that (40), (41) hold

provided that (27), (26), (36) are satisfied.

5. A discrete e-limit model

In this section we present a numerical method for the computation of an
approximation to the solution of the e-limit heat equation with memory (15).
The method is established discretizing the memory term of (15) with a rect-
angular rule. A splitting approach was followed in [2] for the computation of
numerical approximations to the solution of the heat equation (15) but this
approach do not enables us to observe for the numerical solution a discrete
version of (19).

Let w} be the fully discrete approximation to the solution of (15) defined
by

n+1
n+1 n+l (g, g Intl=te ¢
D_ywy ™ (x;) = yDapwy ™ (x;) + TAtZ:: Dy wy, () (42)
+f(xi7tn+1)7i = 17"'7N_ 17
where . |
wi (z0) = wu(t)), wl(zn) = wp(ty), j=1,...,.M —1, (43)

wy (x;) = wo(z;),i=1,...,N —1.

The scheme was obtained integrating numerically the temporal derivative of
(19) using the Euler-Implicit method and considering a rectangular rule on
the discretization of the memory term.
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Theorem 4. Let w}, be defined by (42)-(43) with wa(t) = wy(t) = 0,t > 0.
Then

n+1
o) oy
Hwh+1HL2 (I,) ;HAtZe
j=1

ol

< Atz SZ+1_ijh(tj+1)H%2(Ih) + 57,95 (AtHfh(tl)H%?([h) + HUJ?LH%?(.@))

j=1
(44)
where
1
Sp = 5 (45)
min{1,1— At(1 - 2255)}
and
S ! (46)
L —
min{1,1 — A¢(1 — (bz)z)}
provided that
27
1 —At(1 - > 0. 47
(-2 1
Proof:
(1) Let us consider in (42) n € N. Multiplying each member of (42) by

w™ with respect to the inner product (.,.), and using summation

by parts we obtain

e ™ 2y = (i woh ™ = VAU D—swf ™ [ Fagge) + Ab(Faltnen), wpi )
n+1

O'At2 _tny1—t n
- - (Z € T D—xwi“ D—xwh+1)h,+ )
j=1
(48)
where fi(tn1)(2;) = f (@), trsr).

As
n+1 ) n+1 .

Clng1—ty . n n+ 4 ]
(Ze 7 D_xwfl,D_xwhH) hot = _H Z D—ww%H%%[}j)
7= 7= (49)

j , 1
- D—xwiHi?(I}j) + §|‘D_Iwh+1”L2 )

oAt
- e HZ
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from (48) we have

n+1 -
n+ _] .
Hwh+1HL2 (In) HAtZ —:vu%H?p(I;r)

(wha wi )+ A75(fh( n—l—l)a wi ),

_ At O'At
> HAZ T D—wwhHLz At( 7) HD—wuhHHLz (L) -
(50)
Considering in (50) the discrete Poincaré-Friedrichs inequality and the
estimates
(wp, wZH)h < _HwhHHH (In) _HwZH%Q(Ih)’
" 1
(Fultasn)s ™ < Sl (b 2z, + —Hw e
we conclude
27 + bt it n+1 t i
(1_At+At(b—a)) Hw +1HL2 (I1) ‘l‘O-HAtZl D_xwiLHiQ(I}j)
j
At
< At faltas) 72, + Iwhlzag,) + =7 HNZ D2, (1) -
(51)
If we assume that At satisfies
27 4+ AtZ
1 —-At(l ——=F) >0, 52
( (b—a)? ) (52)
which is consequence of (45), inequality (51) enables to conclude
o n+1
_tnt :
HwhHHL2 (In) ;HAt.Zle —xwi|‘%2(1}j)
j:
n+1l—j
< ALY STt 1z, (53)
j=1
. o At?
57, (I 2y + T2 1D ey

with S, defined by (45).



A SINGULAR PERTURBATION OF THE HEAT EQUATION WITH MEMORY 17

(2) We consider now in (42) n = 0. Following the proof of (51) it can
shown that

. 2y g
min{l, 1 — At(l T = 2)}<leﬂ|i2(1h) + _HAtD—wwflLHiZ(I’LD
(b—a) T ' (54)

< AL () T2z, + Nwpll )

and then

102 g 112
HwhHLQ(Ih) + ;HAtD—xwhHLz([ij)

1 (55)
< (At By + NefFer)
TN e e cm  GULC ISR T8
provided that (47) holds.

-

Theorem 4 implies the following stability result:

Corollary 5. Let wh,wh be defined by (42)-(43) with initial condztzons wo

and Wy respectively. Under the assumptions of Theorem 4, v] = wfb wfl
satisfies

n+1

g _n4
H%HHB (I1,) ;HAtZG
j=1

Dovjllaps) < SE S llwh, = @[, (56)

Considering the error equation for the global error e} = w] — Ryw(.,t;)
and following the proof Theorem 4, it can be shown that
n+1

n+1 7 -
e 3y \Atz Do)y = 0. (57)

when At, h — 0, provided that w - solution of (4)-(6) - is smooth enough.
In Corollary 6 we summarize the convergence result.

Corollary 6. If the solution w of the IBVP (4)-(6) is such that

&*w 0 2 Ow 2 0 & w 0 2
WEC[ab]xL[O,T],%EL[ab]xC[OT] 882EC[ab]xL[OT],

then, for each for each time t, .1, exists a unique solution wh+ defined by
(42)-(43) such that (57) holds provided that At satisfies (47).




18 J.R. BRANCO AND J.A. FERREIRA

6. The two discrete models

In this section we study the behavior of |Juj ™ —w}™"|| z2(7,) where u} ™" and

w ™ are defined by (22)-(23) and (42)-(43) respectlvely We suppose that
Corollaries 4 and 6 hold.
As we have

Hun+1 +1HLQ ) < Hen—HHLQ ) + HRh(u w)( TL+1)HL2(I}1) + Hez+1|‘L2(Ih)
(58)
and, from (41) and (57),

less =y + llen 22,y — 0,

if we prove
lg%hliﬂo [ Rn(u—w)(. s tor1)| 2n) = A}tl}{n 011_{% [ R (u —w) (., tni1) || 22(11),
(59)
we conclude
lim hm Jup ™ — w2, = hm lim +[Jup™ — w22, = 0, (60)

h,At—0 e— —0 h,At—0
provided that w is such that

du u
AN i P I B

are e—uniformly bounded.
Convergence (59) is an immediate consequence of

1Rn(u = w)(- ) 2z, < (= w)(- tag) 122
0
+2h][(u = w0) (- tar) ey + N7 (w = 0) (s tar) L2,

ou

provided that H—H r2xcopo,7] is €— uniformly bounded.

7. Numerical simulation

Let us start by illustrating the performance of method (22)-(23) on the
computation of numerical approximations to the solution of (1)-(3) with a =
0,b =1 and homogeneous boundary conditions. The numerical experiments
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were obtained with
(0, x€[0,0.4—¢)U(0.6+¢,1]

1+ (x—04—€)/(2), € [04—¢€04+ €]
Up () = < (61)
1—(x—0.6+¢€)/(2) v €[0.6—¢0.6+ ¢

L 1, 2 €[0.44¢,0.6 — ¢

which converges to

0, x €[0,0.4) U (0.6, 1]
wo(z) = (62)
1, x €[0.4,0.6]
when € — 0.

In Figure 1 we plot the results obtained with ¢ = 0.05, f = 0, v =
0.15,0 =0.1, h = At =0.01, 7 = 1 and 7 = 0.001. This figure illustrates the
behavior of © when 7 increases. In this case, attending that the weight of the
second order spatial derivative in the memory term decreases, we observe an
increasing of the smoothness of the solution.

The same smoothness behavior is observed when e decreases. In Figures 2
we plot the numerical solutions obtained with ¢ = 0.1 and ¢ = 0.0001. As

we expected, when e decreases the hyperbolic character of equation (1) also
decreases.

:
-—=t=0
= = =t=0.05 |
L0

- = t=0 !

1

0ol S - = =t=0.05| 0ol !
U\ Lt=0.0 !

st B W 1 st b

0.6

1
\
1
1
1
' 1
0.7 I y 1 0.7 1
\
v 1 0.6 \
B | 1
\
\

05 \ 05
‘,
0.4} " — 0.4f .
L=

03 S [ 1 03} ,
S0 B

1

1 1

1 1

: - 1

0.2t o n 4 0.2t RIS " v

’ N ) 1
1 1
1 1

01l R [ 1 oif o

FIGURE 1. Numerical solutions obtained with method (22)-(23),
for e = 0.05,h = At = 0.01, 7 = 1 (left) and 7 = 0.001 (right).
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——— ; 1 - ;
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"l \‘l Lo t=0.1 R 1 o t=0.1
08t 2 | E 08t P
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0.7F f ' 0.7F Ty (%
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06 ] 1\ 1 06 " “
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FIGURE 2. Numerical solutions obtained with method (22)-(23),
for h = At = 0.01, e = 0.1(left) and e = 0.0001(right).

1 ; 1 : ;
R ' - = 1=0 H ! - = t=0
0.9 H ! - = =t=5 | 0.9F H ! - = =t=5 |
1 L =10 1 L tE10
08 ! 1 08 ! 1
! 1 ' 1
0.7 1 \ 0.7 ! \
! \ ! \
0.6 'l H 0.6 'l H
1 1
0.5 i . 0.5 i .
041 : ' 041 : '
1 1
03 ! i 03 ! PP RN
! \ P R S
02} ' . 02} Ler T N
_edmmmmm—— I~ PR . R
0.1f _-- f ol J 01l et H '
PR oor A N~ Pag 1 ! N
ozl . L e s ole? n . L . h
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

FIGURE 3. Numerical solutions obtained with method (22)-(23),
for h = At = 0.01, at t = 0,t =5 and ¢t = 10, with f. = 0(left)
and fo. defined by (63)(right).

In order to capture the behavior of the solution of (1)-(3) when a source

function in applied, we took, in the next numerical experiments, v = 0.015, 0 =
0.01,7=1,T =10 and

0, z € [0,0.6) U (0.9,1]
fe(z,t) = (63)
e, © € [0.6,0.9].

In Figure 3 we plot the numerical results obtained with h = At = 0.01,
e = 0.05 and fo.
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FIGURE 4. Numerical solutions obtained with methods (42)-
(43), for h = At = 0.01, with 7 = 1(left) and 7 = 0.001(right).

!
‘ | \“ —— t=0-Hyperbolic equation
-Heat equation

‘ —— =0

. 1-Heat equation
++ 1=0.1-Hyperbolic equation

FIGURE 5. Numerical solutions obtained with methods (22)-(23)
and (42)-(43), for h = At = 0.01, with e = 0.05 at ¢t = 0.05(left),
t = 0.1 (center) and t = 0.5(right).

In what follows we illustrate the behavior of method (42)-(43) with initial
condition (62) and f = 0. In Figure 4 we plot the numerical results obtained
with v = 0.15,0 = 0.1, h = At = 0.01, and 7 = 1,0.001. The decreasing of
7 implies an increasing of the smoothness of the solution the heat equation
with memory.

Let us consider now the convergence behavior of the difference between the
numerical approximations to the solutions of the IBVPs (1)-(2) , (15)-(16)
when ¢ — 0. In order to observe the previous behavior we start by taking
fe=f=0,v=0.15,0 =0.1,7 =1 and h = At = 0.01. In Figures 5 and 6
we plot the numerical solutions obtained considering method (22)-(23) with
up . defined by (61) for e = 0.05,0.0001 and (42)-(43) at t = 0.05,0.1,0.5.
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FIGURE 6. Numerical solutions obtained with methods (22)-
(23) and (42)-(43), for h = At = 0.01, with ¢ = 0.0001 at
t = 0.05(left), t = 0.1 (center) and t = 0.5(right).

|
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FIGURE 7. Numerical solutions obtained with methods (22)-(23)
and (42)-(43), for h = At = 0.01 with ¢ = 0.05 at t = 1(left),
t =5 (center) and ¢t = 10(right).

1 1 N
| | —_— L |
9 ‘ 09 ‘ —+— t=0-Hyperbolic equatior N ‘
—— t=0-Heat equation
08 ‘ 08 ‘ = = = t=5-Heat equation 08 ‘
t=5-Hyperbolic equatior
07 ‘ 07 “ 07 U
0.6 “ 06 ‘ ‘ 06 ‘
05 + 05 "f + 05 "f
04 L - 04 ‘ ‘ 0.4 ‘
e ‘ ‘
03f . 03 ‘ 03
02 0.2 “ 0.2
01 = " TN 01
- I e
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FIGURE 8. Numerical solutions obtained with methods (22)-(23)
and (42)-(43), for h = At = 0.01, with € = 0.0001 at ¢ = 1(left),
t =5 (center) and ¢t = 10(right).

Finally in Figures 7 and 8 we consider f,. defined by (63), v = 0.015,0 =
0.01,7 =1, ¢ = 0.05 and ¢ = 0.001 for ¢ = 1,5, 10.
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The numerical results plotted in Figures 5, 6, 7 and 8 illustrate in fact the

the convergence of ||u} ™ — w}*!||12(,) — 0 when h, At, e — 0.
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