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Abstract. We describe the relation between the systems of bivariate
orthogonal polynomial associated to a symmetric weight function and
associated to some particular Christoffel modifications of the quadratic
decomposition of the original weight. We analyze the construction of a
symmetric bivariate orthogonal polynomial sequence from a given one,
orthogonal to a weight function defined on the first quadrant of the
plane. In this description, a sort of Backlund type matrix transforma-
tions for the involved three term matrix coefficients plays an important
role. Finally, we take as a case study relations between the classical
orthogonal polynomials defined on the ball and those on the simplex.
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1. Motivation

Quadratic decomposition of univariate orthogonal polynomials is a very well
known subject in the classical theory of orthogonal polynomials. It appears,
for instance in the first chapter of [3], and describes the problem of identify-
ing the even and odd parts of a symmetric orthogonal polynomial sequence.
In fact, if {S,},n>0 is an orthogonal polynomial sequence (OPS) satisfying
Sp(—x) = (=1)" Sp(z), for n > 0, then it means that the odd polynomials
only contains odd powers, and the even polynomials only contains even pow-
ers, and then, there exist another two families of polynomials {P,},>¢ and
{Qn}n>0 such that

Son () = Pn($2>7 Sont1(r) = xQn(x2), (1.1)

for n > 0. From this relation, the families of polynomials {P,},>0 and
{Qn}n>0 inherit properties of orthogonality, directly related with the qua-
dratic decomposition and a Christoffel modification of the original weight
function ( [3, p. 41]). Moreover, the reciprocal holds, that is, a symmetric
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orthogonal polynomial sequence {S,},>0 can be constructed by using (1.1)
(Theorem 8.1 in [3]). As the most important example of QD, we highlight
the well known relation between the classical Hermite orthogonal polynomi-
als in the role of {S,}n>0 = {Hn}n>0, and the classical Laguerre orthogonal
polynomials as { P, } >0 = {L%_l/Q)},@O, and {Qn }n>0 = {LS/”}@O. In ad-
dition, the coefficients of the three term recurrence relations for every family
of orthogonal polynomials involved in (1.1) are related by means of Backlund
type relations. Following [3, Theorem 9.1], suppose that the respective recur-
rences satisfied are

P (x)=(x—cp)Pp-1(x) — Ay Prea, n=12...

Qn(x)_( _dn)anl(l‘ _Vnan% n:1727~-~
Sp_1(x) — Y Sna, n=12,...

P_y(z) =Q_1(r) = S_1(z) =0, PFy(z)=Qo(z) = S(z) =1,

A 0, v, 0, v, #0.
Then the following Bécklund relations between the coefficients hold
1 =72, Cn="2m-11%n: An="Y2n—2%2n-1, N =2,

dn = V2n + Yon+1; Vn = V2n—172n» n 2 1, (70 = 1)

(1.2)

Several aspects of the quadratic decomposition of univariate orthogonal
polynomials have been already considered in the literature, see for instance,
[2,4,7,11,12,14-19] and the references therein. In [15,16] the quadratic de-
composition (1.1) has been generalized for polynomial sequences non nec-
essarily symmetric, [13] by using arbitrary polynomials of degree 2 and 1
replacing 22 and x, respectively, in (1.1), with special attention to the qua-
dratic transformation x? — 1 relating Gegenbauer and Jacobi polynomials (
[10]), or even by means of a simple cubic decomposition, as we can read for
instance in [5]. Bivariate symmetric orthogonal polynomials as solutions of
second-order linear partial difference equations are analysed in [8,20]. In that
papers, they also study symmetric generalizations obtaining a new class of
partial differential equations having symmetric orthogonal solutions in the
bivariate case.

In [21,22] the author found connections between even orthogonal poly-
nomials on the ball and simplex polynomials in d variables. Following [22,
section 4], let

WB(x1,x9,...,2q) = W(23,22,...,27)

be a weight function defined on the unit ball on R?, and let

1
WT(ur,ug, ... ug) = ——= W(us,us, ..., uq), (u1,us,..., ug)€T,
UL U2+ Ug
where T is the unit simplex on R%. For n > 0, and o € N¢ a multi-index, let
Son,a(®1,T2,...,24) be an orthogonal polynomial associated to the weight
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function WB of even degree in each of its variables. Then Y. Xu proved that
it can be written in terms of orthogonal polynomials on the simplex as

2 2 2
S2n,a($171’23 cee ,.’ﬂd) == Pn,a(zlax% cee 7xd)7 |C¥‘ =n,
where P, o(z%,23,...,22%) is, for each n > 0, an orthogonal polynomial of

total degree n on the simplex associated to WT. In this way, there exists an
important partial connection between classical ball polynomials and simplex
ones that also appears in [9, Section 9].

Inspired by these relations, we try to analyze the situation for the left-
over polynomials in this procedure, i.e., we want to know the properties of
the polynomials with odd powers that were left in the above identification.
We succeed doing so in a general framework, showing that these polynomi-
als are related to new families of bivariate orthogonal polynomials, resulting
from a Christoffel modification that we explicitly identify. Hence we have a
totally answer in the case d = 2, that generalizes the one given by T. Chihara
in [3].

The paper is organized as follows. In Sect. 2 we state the basic tools
and results that we will need along the paper. The Sect. 3 is devoted to de-
scribe symmetric monic orthogonal polynomial sequences, starting with the
basic properties and regarding how the polynomials are. In Sect. 4 we ana-
lyze the quadratic decomposition process. This will be done in an equivalent
procedure, i.e., given a symmetric monic orthogonal polynomial sequence,
we separate it in four families of polynomials in a zip way, and we deduce
the inherit properties of orthogonality for each of the four families, obtain-
ing that they are Christoffel modifications of the quadratic transformation of
the original weight function. As a converse result, we construct a symmetric
monic orthogonal polynomial sequence from a given one.

In Sect. 5 we give relations between the matrix coefficients of the three
term relations of the involved families, obtaining Bécklund-type relations that
extend the univariate case (1.2). In addition, the matrix coefficients of the
Christoffel transformations for the four families of orthogonal polynomials
are given in terms of the matrix coefficients of the three term relations for
the symmetric polynomials. These matrices enable us to reinterpret the block
Jacobi matrix associated with the four orthogonal polynomials sequences in
terms of a LU or UL representation.

Finally, in the last Section, we complete the study started in [21,22] de-
scribing explicitly the four families of orthogonal polynomials on the simplex
deduced from a symmetric polynomial system orthogonal on the ball. That
the four weight functions are needed from the triangle to the ball is known
(cf. [9, Section 9]). The explicit expressions of the matrices of the recurrence
for this specific case will be the subject of a future work.

2. Basic Facts

For each n > 0, let IT,, denote the linear space of bivariate polynomials of total
degree not greater than n, and let Il = J,,5 I1,. A polynomial p(z,y) € 1L,
is a linear combination of monomials, i.e.,
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n m
p(z,y) = Z Zam—z‘,ﬂmﬂyl, am—i,i € R,
m=0 =0
and it is of total degree n if 32" |an—; ;| > 0. The polynomial p(z,y) is of
partial degree h in z if it is the degree of p(z,y) in the variable x considering
the variable y as a constant. In the same way, the partial degree of p(x,y) is k
if it is the degree in the variable y considering x as a constant. For simplicity,
we will omit the word total when we are working with total degree.

A polynomial p(z, y) of degree n is called centrally symmetric if p(—x, —y)
= (—1)"p(z,y). As a consequence, if the degree of the polynomial is even,
then it only contains monomials of even degree, and if the degree of the poly-
nomial is odd, then the polynomial only contains monomials of odd powers.

We will say that a polynomial of partial degree h in x is z-symmetric if

p(fxay) = (71)hp(x,y)7 V(iﬂ,y)

Therefore, if h is even, p(x, y) only contains even powers in x, and if A is odd,
it only contains odd powers in z. Analogously, we define the y-symmetry for
a polynomial of degree k in y as

p(x, 7y) = (71)kp(x7y)’ V(Ivy)
A y-symmetric polynomial of degree k in y only contains odd powers in y
when k is an odd number, and it contains only even power in y when k is
even.

Obviously, if a polynomial is z-symmetric and y-symmetric, then it is
centrally symmetric. In this case, if the polynomial has total degree n, with
degree h in x and degree k in y, and n = h + k, then if h is an odd number
(respectively if & is an odd number), then the polynomial only contains odd
powers in x (respectively, odd powers in y), and if h is even (respectively, if k
is even), then it only contains even powers in z (respectively, it contains only
even powers in y). The reciprocal is not true. For instance, the polynomial
p(z,y) = 23y° + 2ty* is centrally symmetric since p(—z, —y) = p(z, y) but is
not z-symmetric since p(—x,y) # (—1)*p(z,y).

For each n > 0, let X,, denote the (n + 1) x 1 column vector

Xn — [xn l,nfly . 1’yn71 yn]—r ,
where, as usual, the superscript means the transpose. Then {X,, },,>¢ is called
the canonical basis of II. As in [6], for n > 0, we denote by

1 0 01
Ln,l = ) Ln,2 = 5
110 0 1
such that L, X411 =2X, and L,o X, =yX,.

For i,7 = 0,1, and n > 0, we introduce the matrices: Jgf’j) of dimension
(n+1) x (2n+ 14 i+ j) in the following way
309 — {jm,@j)rx@”*l”“)
" hok L hk=0 ’
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such that jé"Q’Zj_)j =1, for 0 < h < n, and the other elements are zero. In
particular,

JS,LO’O) = [61, O, €9, 0, RN 6n+1} JS’O) = [617 0, €2, 0,... , Entl, O}

JON —10,e1,0,€2,0,...,ens1] IV =1[0,€1,0,€2,0, ..., en41,0],
where e; = [0,...,1,...,0]T, for i = 1,2,...,n + 1, denotes the coordinate
vectors, and 0 = [0,...,0]" denotes a column of zeros.

Observe that the J-matrices are obtained from the identity matrices by
introducing columns of zeros. The objective of these matrices is to extract
the odd or the even elements in a vector of adequate size. The transpose of
these matrices introduce zeroes into a vector in the odd or even positions.

A simple computation allows us to prove the next result.

Lemma 2.1. Forn >0 and k = 1,2, the following relations hold:

JOO0 Ly, = JEREZD, I8V Lopyor = Lo Jstll’Q_k),
ngkfl,2fk) Lopi1p = J7(11,1)’ Jgfk,k) Lons1s = Lok szoﬁ)'

2.1. Orthogonal Polynomial Systems (OPS)

Let {Pym(z,y) : 0 < m < m,n > 0} denote a basis of II such that, for
a fixed n > 0, deg P, (x,y) = n, and the set {P,, ,(x,y) : 0 < m < n}
contains n + 1 linearly independent polynomials of total degree exactly n.
We can write the vector of polynomials

T
Pn - [Pn,O(‘T,y) Pn,l(x7y) te Pn,n(x;y)}

The sequence of polynomial vectors of increasing size {P,},>0 is called a
polynomial system (PS), and it is a basis of II. We say that is a monic
polynomial sequence if every entry has the form
n—1 m
P, j(zx,y)=z"""y + Z Zam_i,ixmﬂyl, 0<j<n.
m=0 i=0
Let W (z,y) be a weight function defined on a domain Q C R?, and we
suppose the existence of every moment,

Pk = / 2y W (2, y) dady < +oo, h,k = 0.
Q
As usual, we define the inner product

(p,q) = /Qp(x’y) q(z,y) W(x,y) dzdy, p,q€l1l, (2.1)

and remember how the inner product acts over polynomial matrices. Let
hk 1k . .

A= [ai,j(x,y)]m:l and B = [bi,j(x,y)]m:l be two polynomial matrices.

The action of (2.1) over polynomial matrices is defined as the h x [ matrix

(cf. [6]),
Rl

(A,B):/QA(%y) B(gc,y)T W(z,y)dedy= {/Q ¢ j(z,y)W(z,y) dedy ,

ij=1
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where C = A-B' = [c”(x,y)]fjlzl

A PS {P,}n>0 is an orthogonal polynomial system (OPS) with respect
to (-, -) if
(P, P, = O(nt1)x(mt1), N Fm,
7 ns n=m,

where P, is a positive-definite symmetric matrix of size n+1, and O(p 4 1)x (m+1)»
or 0 for short, is the zero matrix of adequate size. It was proved [6] that there
exists a unique monic orthogonal polynomial system associated to W(x,y),
and we will call MOPS for short.

In this work we will use Christoffel modifications of a weight function
given by a multiplication of a polynomial of degree 1. In the next Lemma we
recall the relations between the involved monic OPS (see [1]).

Lemma 2.2. Let W (x,y) be a weight function defined on a domain Q C R2,
and let Mz,y) = ax + by be a polynomial with |a| + |b| > 0, such that
WH*(z,y) = Max,y) W(z,y) is again a weight function on Q. Let {Py}n>0
and {P} },>0 be the respective monic OPS. Then, for alln > 1,

P, =P, +M, P;_,,
Az, y) Pl = (a Lp1+bLy 2 ) Pot1 + N, Py,
where
M, =P, (a LI—1,1 +b LrTL—1,2) ®;_) N, =P, P,

and
P, = / P, P, W(z,y)dedy, P = / P, (Pr) " W*(z,y) dzdy,
Q Q

are non-singular matrices of size (n + 1).

3. Symmetric Monic Orthogonal Polynomial Sequences

A weight function W (z,y) defined on  C R? is called centrally symmetric
(cf. [6, p. 76]) if satisfies

(l’,y) €= (_1'7 _y) €Q and W(—.T, _y) = W($,y), V((E,y) €.
Therefore, by a natural change of variables, we get

ik = /Q Sy W (2, y) dedy = /Q (—2)"(—y)* W (—, —y) dedy = (~1)"** up 1,

and then pp 1 = 0, for h + k an odd integer number.
We introduce an additional definition of symmetry.

Definition 3.1. We say that a weight function W (x,y) is z-symmetric if
(r,y) € Q= (—z,y) €Q, and W(—=zx,y)=W(z,y), V(z,y)e€ .
Analogously, the weight function is y-symmetric if
(z,y) € Q= (z,—y) €Q, and W(z,—y)=W(z,y), V(z,y)e€ .

A z-symmetric and y-symmetric weight function is called = y-symmetric.
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Obviously, if W(z,y) is xy-symmetric then it is centrally symmetric.
As a consequence, if W (z,y) is x y-symmetric, then pp = 0 when, at least
one, n or m are odd numbers.

Let {S;, } n>0 be the MOPS associated with a = y-symmetric weight func-
tion satisfying

(Sn.Sm) /S (2, 9) Sun ()" W(x,y>dwdy={°’ nEM (1)
ny, N=1T,

where S,, is a (n + 1) positive-definite symmetric matrix.

Lemma 3.2. If the explicit expression of every vector polynomial is given by

Sn(@,y) = [Sno(@,9) Sn1(@,9) Sn2(@,y) - Sunl(z,y)]

where
[(n—Fk)/2] [k/2]
Swrlmy)= D D aifat M EYH o<k <,
i=0  j=0

with aO 0 =1, then the polynomials are x y-symmetric, that is,
Sna(,y) = (=1)"Sp (=2, —y) = (=1)" " (=2,y) = (1) Sp 1z, —y).

When a bivariate polynomial Sy, x(z,y) is zy-symmetric then it has
the same parity order in every variable, i.e., if the partial degree in the first
variable z is even (respectively, odd), then all powers in x are even (respec-
tively, odd), and analogously, if the partial degree in the second variable y is
even (respectively, odd), then all powers in y are even (respectively, odd).

Therefore, the vector polynomial S, (x,y) can be separated in a zip way,
attending to the parity of the powers of x and y in its entries. In fact, for
even, respectively odd degree, we get

[ Sono ] 0 Son+1,0 0
0 Son.1 0 Sont1,1
Son,2 0 Son+1,2 0
SQ?L — 0 + SQn,S , S2n+1 — 0 + 52n+1,3
0 Son2n—1 Son+1,2n 0
|S2n2n] | 0 | L 0 | [Sonyi2nd1]
(3.2)
Lemma 3.3. We can express the monic orthogonal polynomial vectors as
S2n (.’E, y) = ]P);,O,O) (127 y2) +x Yy szlill) (£C27 y2)7 (33)
S2n+1(‘ra y) =z ]P)7(1170) ($2, y2) + yPsLO)l) (xzv y2)7 (34)

where, forn >0,

o P 0)( 2 y?) is a vector of size (2n+1) x 1 whose odd entries are inde-
pendent monic polynomials of exact degree n on (z2, y?), and its even
entries are zeroes,
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° P%l’l)(xz,yQ) is a vector of size (2n + 3) x 1 whose even entries are
independent monic polynomials of exact degree n on (22, y?), and its
odd entries are zeroes,

o PO (22,y?) is a vector of size (2n+2) x 1 whose odd entries are inde-
pendent monic polynomials of exvact degree n on (2%, y?), and its even
entries are zeroes,

° P%O’l)(xz,yg) is a vector of size (2n + 2) x 1 whose even entries are
independent monic polynomials of exact degree n on (22, y?), and its
odd entries are zeroes.

These families will be called big vector polynomials associated with
{Sn}n>0. We must observe that the big families are formed by vectors of
polynomials in the variables (22, y?), that contains polynomials of indepen-
dent degree intercalated with zeros.

Our objective is to extract the odd entries in the vectors Pg’o) (z,y), and
the even entries in ]P’gf’l)(m, y), for i =0, 1.

Lemma 3.4. Forn > 0, and i, = 0,1, we define the (n + 1) x 1 vector of
polynomials

@gi)(m’y) _ ngj) Pg’j)(x,y), n

WV

0.

Then, its entries are independent polynomials of exact degree n, and therefore,
the sequences of vectors of polynomials {ng’])}n% are polynomial systems.

4. Quadratic Decomposition Process

Taking into account Lemma 3.2, we start studying the inherit properties of
orthogonality of the polynomial systems {]P’Sf 7 )}n>0, for i,5 =0, 1.

Theorem 4.1. Let {S,,}n>0 be a xy-symmetric monic orthogonal polynomial
system associated with a weight function W(x,y) defined on a domain Q C

R2. Then, the four families of polynomials {]}A"ﬁ’j)}ngo, fori,7 = 0,1, de-
fined in terms of the big ones by (3.3), (3.4) and BT = J(@9) PYY) | are
monic orthogonal polynomial systems (MOPS) associated respectively, with
the weight functions

1
ry

gWW@¢@=xW“W%w,

W(Oﬂ)(mvy) = W(\/Ev \/y)v

W (z,y) =

I N

1
WOD,y) =1 |/ LWV =y WO ),

1
WD (a,y) =1 VEyW(Va, Vi) = ey WO (a,y),

for all (z,y) € Q* = {(z,y) e R? : 2,y > 0, (Vz, /y) € Q}.
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Proof. From expression (3.3) and the  y-symmetry of the inner product (3.1),
we get

(S2n(2,y), Som(2,)) = (PO (%, %), PO (2%, 9))
+ @y B (P 0), ey B (2 0),
On the one hand, if n # m, then (Sz,(x,y), Sam (z,y)) = 0 if and only if
(PO (@2, 42), PO (2%, y%) =0, (zyPY (22 97), 2y PG (2%, 4%) = 0,

because the positivity of the inner product.
On the other hand, if n = m, then (Sa,(z,¥),Son(x,y)) = Sy, a sym-
metric positive-definite matrix, and defining the matrices

PO = (BP0 (@%,5%), B>V (2%, y7)) =/IP’%O’O)(:B2,yQ)Pﬁo’o)(:vQ,yQ)TW(x,y)dwdy
PY = 2y P (@2, 42), e y P (02, 4%))
/Q POY (22, ) BEY (22, 42) T o2y W (a2, y)dady,

they are symmetric of size (2n+1) x (2n+1), since W (x, y) is a weight func-
tion on Q, and 2% y% W (x,y) is a positive definite Christoffel perturbation.
Therefore,

Sy, = PO 4 pLY.

In order to recover a MOPS, we need to do a change of variable, and multiply
times a suitable J-matrix to shrink the vectors to an adequate size. Hence,
we define the change of variable v = 22, v = y and the integration domain
will be defined by Q* = {(u,v) € R? : u,v > (\f V) € Q}.

Then, the PS {P(O 0)} = {J0:0) IP’(O 9 (u,v)}n>0 is orthogonal in the
form
. . 1 _ .
BP0 00 = 3 [ B0 0B ) WO e

1 1
— 2300 [ po0 p(0.0) T (0,0\T
1 J /* (u,v) (u,v) N W (v, v/v)dudv (I

=300 [ OO PO ()T W ) dady )T
Q
_ J'ELO,O) PsLO,O) (J%O’O))T _ f)ﬁlo,o),

P is a symmetric (n + 1) full rank matrix since {]IAD%O’O)},@O is

Moreover, Py,
a PS.

Acting in the same way on {@21’1)}n>0 = {3 ]P’Sll’l)(u, V) b0, We can
prove the orthogonality relations

~

N 1 N N
(IP’EA}’I),IP’S’I))(LI) =1 /* ]P’gll’l)(u, U)Pg’l)(u,v)T W(l’l)(u,v)dudv

{JS’” / P (u, 0) B (u,0) T Vuo W(Va, vo)dudo(TD) T
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= Jhy /QIP’%l’l)(xZ,yz)IP’S’”(IQ,Z/Q)T 2* y* W, y)dady (15-1) T
_ J£L1,1) Pglm) (Jng,l))T _ 13(1,1)
(@;1,1)’@5111,1))(1,1) —0.

Now, we multiply two odd symmetric polynomials, use (3.4) and the z y-
symmetry, obtaining

(S2n+1(x, y)v S2m—i—1(x, y)) = (:B PS’LLO) (£C2, y2)7 xpsrlL)O) (£C2, y2))
+y PP (2, 57), y POV (@2, 4%)).

Using the same reasoning as in the even case, and defining the PS {I@g —3:) >0

= {Jg_j’j) ]PSS*J"” (u,v) }n>o0, for j = 0, 1, we prove that they are orthogonal,
as

(BO—3:9) P-39)y(1=59) _ i/ BU=39) (4, ) B39 (1, 0) TW A5 (4, ) dudw
— J(1=3:9) p(=3:9) (JA=3NT _ pI-59)

(]@5}*])]’)7@%*j,j))(lfjvj) =0,
which ends the proof. O

In a similar way we can prove the converse result.

Theorem 4.2. Let /W(x,y) be a weight function defined on Q* C R3 =
{(z,y) € R? : 2,y > 0}, and let {I@%O’O)}n>0 be the corresponding monic

OPS. Let {@%1,0)}7120’ {@%0,1)}7120’ and {]IADS’D}“% be the respective MOPS
associated with the modifications of the weight function (Fig. 1)

POO | W
T Y
zy
@5}’0) LaW @&0’1) uE yW
y “’

]IADS’I) L myw

Figure 1. Relation between the four weight functions and
the corresponding polynomial systems
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W (2, y) =2 W(z,y), WOV (zy) =yW(z,y), WD (zy) =cyW(z,y).

Define the family of vector polynomials {Sy, }n>0 by means of (3.3) and (3.4),
where {]P’gf’j) = (Jﬁj’”)TI@S’”}@O, fori,5 = 0,1. Then, {Sp}n>0 is a vy-
symmetric monic orthogonal polynomial system associated with the weight
function

W(z,y) = 4| [y W (a2, 5%), (z.y) € Q= {(r,y) € R?: («%,3%) € O*}.

As a consequence of Theorem 4.2, and since W9 (z, ), WO (z, ),
and WD (z, y) are Christoffel modifications of the original weight function,
following [1] and Lemma 2.2 there exist matrices of adequate size such that
the short relations between that families of orthogonal polynomials holds.

In the next section we will describe explicitly those relations.

5. Backlund-Type Relations

Orthogonal polynomials in two variables satisfy a three term relation in each
variable (c¢f. [6]) written in a vector form and matrix coefficients. In this
section we want to relate the matrix coefficients of the three term relations
for the monic orthogonal polynomial sequences involved in Theorems 4.1
and 4.2.

If {S,}n>0 is a MOPS associated with a centrally symmetric weight
function, the three term relation takes a simple form. In fact, [6, Theo-
rem 3.3.10] states that a measure is symmetric if, and only if, it satisfies
the three term relations

ISn(%y) =Ln Sn+1(xa ZJ) +Tha Sn—1(~T, y),
ySn(‘ra y) = Ln,2 Sn+1($, y) + Fn,? an(x, y)v

for n > 0, where S_q(z,y) =0,T'_1 1, =0, and
Lok =S, Loy, Syty, n>1, k=1,2,

(5.1)

are matrices of size (n + 1) x n with rankI'), , = n, for k =1, 2.

The four systems of monic orthogonal polynomials {@f J )}n>0, with
1,7 = 0,1, involved in Theorems 4.1 and 4.2, satisfy the three term relations
S(ij ~(4,4)

2P (2,y) = Lo B (2,9) + D,

(

y B (2,y) = Lns Pﬁfﬁi(x,yHDn,g

P(w)( y) + C(” P(w)( Y),
) 1, (1 J) s

B (@,y) + Cry B (),
where P = 0, C(LlJ)k =0, D:’Z) and éff;) are matrices of respective sizes
(n+1)x (n +1) and (n+ 1) x n, such that

DW)P(m (@B Pe)@n  H ’”P(u) (y B, Py (6d)

aled) 5, 9) =

~(i,3) 5 (U) P(W) Ln 1,15 Cnz Pr

C,1 P, P(Z’J) Ln 1,29

where P9 = (B P))(09) In addition, the (n + 1) x n matrices GSZ)
have full rank n, for 7,5 =0,1 and k =1, 2.
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Suppose that the z y-symmetric monic polynomial system {S,, },,>0 and
the four families of MOPS are related by (3.3) and (3.4), where {Psf’j)
(Jgf’j))T Pﬁf’])}@O, for 4,7 = 0,1, are the respective families of big polynomi-
als.

Theorem 5.1. (Bdcklund-type relations) In the above conditions, the following
relations hold, for alln >0 and k=1, 2,

500

D,r = = JOO Ly, 4 Tonirk + Pange Lon_1] (JONHT
C(O,,O) = JOO Dy, k Top 1k (ngo,’ol))T,
]3511 Y = I8V Lonyon Tontak + Dontor Longr ] (G857,
6(1 g = JUY Topio g Do (JS;?)T
ﬁs ,0) =IO [Lopi1k Tongok + Tonsin Lons] (GO T,
621’,:) = J09 Dypig g Dopp (J(l 0)) ,
D = 3OV Ly, 1k Tansak + Danst g Lons] (30T
aio,’kl) = JOY Ty 10 Do (JEIO_’II))T

with the convention that the matrixz with negative indices is taken as a zero
matriz.

Remark 5.2. For i = 0,1, we must observe that left multiplication by JS’O)
eliminates the even rows of the matrices, and the left multiplication by J}, (i,1)
eliminates the odd rows of the matrices. The right multiplication by (J, @, 0))T
eliminates the even columns, and the multiplication by (7, 70 NT eliminates
the odd columns of the matrices.

We divide the proof in several lemmas starting from a useful one for
symmetric polynomials.

Lemma 5.3. Let p; j(z,y), ¢ ;(x,y), i = 0,1, be polynomials of the same par-
ity order. If

et oot | | R el B
" po.o(x:y) o (@,9)| _ g0.0(z,y) qo.1(z,y)|
Lh,o(%y) pl,l(x,y)] Lh,o(%y) Ch,l(%l!)}

Secondly, we deduce the relations between the big families of polynomi-
als.

Lemma 5.4. The four big families of polynomials {PS’”}@O, fori,j=0,1,
defined by (3.3) and (3.4), are related by the expressions:

PO (2,) = Lon i PERF D (2, 4) 4 Top n PCF D (ayy),  (5.2)
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o P2 (@,y) = Long PET2 7P (@,y) + Do BYS 7 (), (53)

P20 (2, y) = Longr e POY (2,9) + Dong1 kP (2,y),  (5.4)

o PR (2, y) = Lony1 P;Oﬁ)(!ﬂ, Y) + Toni1k POV (2,y), (5.5)
for k =1,2 and denoting x1 = x, x5 =y for brevity.

Proof. The expressions (3.3) and (3.4) can be matrically rewritten in the
following form

[ Son(@,y) PO (2%, y?) y P (a2, )| 1 5.6
_S2n+1(x7y) - y]P’Slo’l)(wz,yQ) P$1170)(x27y2) x ( . )
[ Sau(a,y) } _[PPV@22) 2B (@2, 92) H (5.7)
[S2nt1(z, ) e PO (@2, y?) POV (2,47 | Ly .

We can write the first three term relations (5.1) in the form

_ [ 0 0] [Sznt2 n 0 Lona|| Son n 0T2n,1|[S2n—2
| L2n+1,1 0] |S2n+s Tont1,1 O Son+1 0 O Son—1

where we have omitted the arguments (z,y) for simplicity. Substituting (5.6),
we get

PO P 0o 0
T yPOD pEO | 5] =\ [Lansra 0
0 Lona]| PO yP(1’11)

+ |:F2n+1,1 0 } yIP%O’l) PO

S2n
Son+1

o) o)
Yy ]P)njrl ]P)nJrl

" 0T9,,1 IP’ﬁff’f yIF’S,’lQ) 1
o 5] |y#ioh B | L)

where we have omitted the arguments (z2,y?) of the big polynomials for

brevity. Now, since
. 11 [0 1]]1
x|~ |20 |x|’

and applying Lemma 5.3, we deduce
yIP’(O’l) P9

Py [0 1] { 0 o]
y}P)glovl) ]P)%LO) .’1’,‘2 0 L2n+1,1 0 1 1

0,0 1,1 0,0 1,1
+ { 0 L2n,1:| lpg ) Z/]P’grl) + {0 FQ"J] [R(ll) yP£z2)] .

0,1) (1.0 0,1) (1,0
Topi11 0 | |yPOY pto 0 0 yPE«L_l) ]P)SL—)

IP’(O’O) y]P,’(nl,l)‘|

IP(OJPB y IP$1171)‘|

1
We finally arrive to,

22y P PO | [ 0 0 }

22 P yIP’gLO’l) Lonti1,1 ng’r? Lont1,1 yﬁ”%l’l)

Jr
Fony1 P Font1,19y ]P’fllill) 0

Lont yPYY Loy PYO ] " [an,1 y Py T ]P’S’Oq
5 :

Then, after a convenient simplification and by introducing the variable (z,y),
we deduce the expressions (5.2), (5.4), (5.3), and (5.5) for k& = 1. The same
discussion can be done for the second variable using (5.7), taking k = 2. O
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The identities in Lemma 5.4 can be used to deduce three terms rela-
tions for the big polynomial families. Apparently, (5.8)-(5.11) are three term

relations for the bivariate polynomials {]P’Sf’j)}n%, i,j = 0,1, but the these
big families are not polynomial systems.

Lemma 5.5. The families of big bivariate polynomials {ng’j)}nw, fori,j =
0,1, satisfy the relations

2 PO = Loy 1 Lop i1k Pfqoﬁ) + Lonk Dongie + Ton g Lon_ 1,5 P00

+F2n7kF2nf1,kPELOL01)7 (5.8)
(1,1) (1,1) (1,1)
Py = Lop g Long 1,6 Py + [Lonk Pong 1.6 + Dongk Lon—1 2]P, 77
+To, 4 Do b P, (5.9)
ok P = Lon1x Lon 2k szliol) + [Lont1,k T2ntok + Lony1k L2n,k]]P’£11’O)
+F2n+17kF2n,kIP’S_’°1), (5.10)
0

2, POV = Loy, 4 Lontok IP’i?ff + [Lont1,k Dontok + Tonti ke Lon k| Py, D
0,1
+F2n+1,kr2n,kpgb_1); 5.11)
fork=1,2 and x1 = z,z2 = y.

Proof. For k = 1,2, relations are obtained multiplying (5.2) by zj and us-
ing (5.5); substituting (5.2) in (5.5); replacing (5.4) in (5.3); and multiply-
ing (5.4) by zx and substituting (5.3). O

From the three terms relations of the big polynomials obtained in Lemma
5.5, we can deduce the three term relations for the small ones by a multipli-
cations of an adequate J-matrix. In fact, multiplying, respectively, (5.8) by
JO0 “(5.9) by IV (5.10) by I and (5.11) by J®Y | and making use of
Lemma 2.1 we arrive to the following result.

Lemma 5.6. The families of small bivariate polynomials {@f’j)},@o, fori,j =
0,1, satisfy the three term relations

Ty @%O’o) =L, @20401) +J©0 [Lonk Tont1k + Tonke L2n71,k](‘](0’0))—r@;070)

300 Ty 1T 11 (JOO TR (5.12)
Ty @;1,’11) =L, @%1’1) + Jﬁfff [Lon.k Dont1,k + Tank LGfl,k](Jﬁfff)TI?’S;ﬁ)
+ I TanaTan 11 (I TR, (5.13)
Ty @S’O) =L, @%1401) + IO Lony1,k Dongok + Dongi e LG,k](JS’O))W’S’O)
+ I8 Do 1 4T i (T29) TR, (5.14)
2, PO = Ly @20411) + IOV Lop i1k Dongok + Dong1p LG,k](J;O’l))T@%O’l)
+ 0 Pop 11 Tan 1 (I TBEY, (5.15)

fork=1,2 and x1 = z,z2 = y.
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Now, the Backlund-type relations contained in Theorem 5.1 are proven
identifying coefficients.

As we have shown in Theorems 4.1 and 4.2, the small polynomial sys-
tems {IP’(l j)}n>0, for i + j > 1 are Christoffel modifications of the first fam-
ily {IP’%O O)}n>o. Then, by Lemma 2.2, there exist short relations between
that families. Lemma 5.4 also allows us to deduce short relations for the
small polynomial systems, multiplying by the adequate J-matrix, and using
Lemma 2.1. Next result gives the coefficients in terms of the matrix coeffi-
cients of the three term relations of {S, },>0.

Corollary 5.7. The families of small MOPS are related by
BP0 (2,y) = W’“’“*% y) + 0 B @),
P net BT (@) + T B (@),

i PO (2,y) =
1,1 1,1

%k 1,2— k)(x, y) = P(l 1)(33 y)+1“( )]P’( )(,I Y),

( (z,9)

op BT (2 ) = L,y PO (2,y) +F(10) PO (z,y),

where
FOD — 3OO 1y, (3T, TOD = g 1y (O,
T =30 Tonpn (D) T, To? = 380 Do (30) T

These matrices I’s enable us to reinterpret the block Jacobi matrix
associated with the polynomials sequences P’s in terms of a LU or UL repre-
sentation. In fact, for £ = 1,2, we define the block matrices

I I
i [0 1 FLD
L) = T 5(0,0) , L, = s ,
y PV F Pop’ 1
%0 ALg’; LY AL(EIS
Ul — Iy L |, ul= 0 Lue |,

we recover the recurrence relations (5.12), (5.13), (5.14), (5.15), respectively
2, PO = gy LY PE-RA=D) — Oyt OO
2y P = Yo plh-1.2-k) _ yo |1 pL1)
Tk P (2—k,k—1) _ U P(O 0) UI{: L(]i P(27k,k71)’
Tk P(k—l,Q—k) = 1} L]1<; P(l,l) _ Lllg Ug P(k—l,Q—k))7

denoting 1 = x, x5 = y, and, for i,j = 0,1, the column vector P9 is
defined as

i,J N (i, T
PO = [T BENT ]
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6. A Case Study

In this section we consider weight function that can be represented as W (z, y)
= W(aﬁ, y?), which is by construction z y-symmetric. We totally describe the
connection between bivariate polynomials orthogonal with respect to a x y-
symmetric weight function defined on the unit ball of R?, defined by

B2 — {(a,y) € R2: 2% + 32 < 1},
and bivariate orthogonal polynomials defined on the simplex
T? = {(,y) eR? 12,y > 0,2 +y < 1},
completing the discussion started by Y. Xu in [21,22] for the even ball poly-
nomials in each of its variables.
Following [22, section 4], let WB(z,y) = W (2?2, y?) be a weight function
defined on the unit ball on R?, and let

Wt (u,v) = W(u,v), (u,v) € T2 (6.1)

1
Vuv
Observe that WB(z,y) is a  y-symmetric weight function defined on B2.

For n > 0, and 0 < k < n, let Sy, 2k(x,y) be an orthogonal polynomial
associated to the weight function B of even degree in each of variables. Then
Y. Xu proved that it can be written in terms of orthogonal polynomials on
the simplex as

SQn,Qk(mv y) = Pn,k(an yZ)a

where P, ;(z,y) is an orthogonal polynomial of total degree n associated to
wT,

We can answer the question that what is about the leftover polynomi-
als, i.e., we can give explicitly the shape of the polynomials orthogonal with
respect to WB(z,y). Following our results, these polynomials are related to
new families of bivariate orthogonal polynomials, resulting from a Christoffel
modification that we will explicitly identify.

Let {S,}n>0 be the monic orthogonal polynomial system associated
with the z y-symmetric weight function WB(x,y), satisfying (3.1).

If the explicit expression of every monic vector polynomial is given by

-
Sn(z,y) = [Sn,o(x,y) Sn.1(z,y) sz(a:,y) Snm(x,y)] )

then every polynomial S, x(z,y), for 0 < k < n, is x y-symmetric by Lemma
3.2. As we have proved, the vector of polynomials S, (x,y) can be separated
in a zip way, cf. (3.2), attending to the parity of the powers of « and y, in its
entries.

We deduce four families: {Sap, 2(2,y) : 0 < k < n}lyso, {S2n,2641(2,y)
0<k<n—1}uz0, {Son+1,26(2,y) : 0 < k < ntpso, and {Sont1 2641(2,9) ¢
0 < k < n}p>o. Only the first family was identified in [21,22] under the
transformation (22, y?) — (x,%) as a family of polynomials orthogonal on T?
with respect to the weight function (6.1). We observe that the second family
has the common factor z y, the third family has = as common factor, and the
fourth family has common factor the second variable y.
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Working as in Sect. 4, we separate the symmetric monic orthogonal
polynomial vectors as it was shown in Lemma 3.3

S2n(1'7 y) _ ]ID%O,O) (.172, y2) s y]P)(l’l)(.Z‘Q, yZ)’

n—1
Sont1(z,y) = PO (22, 42) + y PO (22, 42).

After deleting all zeros in above vectors of polynomials and substituting the
variables (22, y?) by (z, y), we proved, in Theorem 4.1 that

{I?P,SLO’O)}“% = {ngo,o) P%O’O)}n% is a MOPS associated with the weight func-
tion

WO (5, y) = \/i"*y WB(Vz, y),

{@%ka’kfl)}n%) = {J@-kk-D) Pg*k’kfl)},go, for k = 1,2, are MOPS asso-
ciated with the Christoffel modification

WO (g, ) =2 WO (z,y)  and WOV (z,y) =y WO (z,y).

{@3’1)},90 = {J&D ]PS}’”}@O is a MOPS associated with the Christoffel
modification

WD (@,y) =2y WO (z,y),

for all (z,y) € T2

Therefore, we have described the complete relation between orthogonal
polynomials on the ball with orthogonal polynomials on the simplex.

That the four weight functions are needed from the triangle to the ball
is known, see, for example, Sect. 9 of [9]. The explicit expressions of the
matrices of the recurrence for this specific case will be the subject of a future
work.
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