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1. Introduction

In [7] was studied the construction of a solution of the Toda lattice

Gn(t) = A (t) = A5(t)
)\n—i-l(t)

Aisi(t) = 5 1 (t) —an(®)] |

from another given solution, considering sequences {a,(t), \,(t)}, n € Z,
of real functions (here and in what following, the dot means differentiation
with respect to t € R). Both solutions of (1) were linked to each other by a
Bdécklund transformation (or Miura transformation)

A1 (t) = (72011 (8) s an(t) =73, 1(8) +72(6) +C, nEZ,  (2a)

Mt () = Bt O Vanr2(t) s @) = 75,(8) + Y3 () +C, n€Z, (2b)
with C' = 0, where {~,(t)} is a solution of the Volterra lattice
Ynr1(t) = mra(t) (nsa(t) — m(t) , neZ. (3)

In [3] the authors generalize this analysis to the case of Toda lattices where
an(t) and A, (t) are complex functions of ¢ € R. A semi-infinite lattice,
ie, (1) with n € N = {1,2,...}, was studied. Moreover, for each solution

n € 7, (1)
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of the Toda lattice, a family of new solutions was obtained for this lattice,
each one associated with a different solution of the Volterra lattice (3) by a
Bécklund transformation like (2a)-(2b), where it is possible that C' # 0.

In this paper, we generalize the analysis given in [7] and [3] to the kind of
Toda and Volterra lattices studied in [1] and [2]. For this purpose we consider
the family {J(¢)}, t € R, of tridiagonal infinite matrices given by

Oél(t) )\Q(t)
)\Q(t) Oéz(t) )\3(25)

D=L o w | TR o

where {a,,(t)}, {\.(t)} are two sequences of complex functions with real vari-
able t € R.

In all the following we assume \,(t) # 0, n € N, ¢t € R. In the sequel
we assume p € N fixed. Here and in the following, for each m = 0,1, ...
and for any matrix M(t), we denote by M[":(t), 4,7 = 0,1,..., the entry in
the (i + 1)-th row and (j + 1)-th column of matrix (M (¢))™. In particular,
ng(t) = ¢0;; are the entries of the identity matrix [ = (M(t))°. Also, we
replace M;,(t) by M;;(t). Also, we denote by J,(t) the finite submatrix
formed by the first n rows and columns of J(t).

Definition 1. We say that {J(t)},t € R, is a solution of the high order
Toda lattice, or a generalized Toda solution, if we have

jn,n(t> - Jn,n+1(t>‘]£ n—i—l(t) - Jn—l,n(t>‘]£—1 n(t) _
: . 43! N ’ , n=0,1,.... (5)
Tnar1(t) = 3Junr1(t) [Jh 11 (t) — 0 ()]

In the same way, consider the family {I'(¢)}, ¢ € R, of infinite matrices,

0 72(t)
I(t) = 72(t) 0 () | rer (6)

v3(t) 0

Definition 2. We say that {I'(t)},t € R, is a solution of the high order
Volterra lattice, or a generalized Volterra solution, if we have

n—1n—1

B 1n(t) = %Fn_l,n(t) [(2(t) + CI)2, — (P2(t) + CI) 4] . neN, (7)

for some C' € C.
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Note that, for p =1 and n € N, (5) and (7) coincide, respectively, with (1)
and (3).
The main result of our work is the following.

Theorem 1. Let {J(t)},t € R, be a generalized Toda solution. Let C € C
be such that

det(Jn(t> - CIn) 7é 0 (8)

for each n € N and for allt € R. Then there exists {I'(t)}, t € R, gener-
alized Volterra solution, and there exists another generalized Toda solution

~

(7))}, t € R, with

such that (2a)-(2b) hold.

Moreover, for each C' in the above conditions, we have that {\,.1(t)}, {@(t)},
{V2(t)}, n € N, are the unique sequences verifying (2a) and (2b).

The main tool in the proof of Theorem 1 is the sequence of monic poly-
nomials {P,(¢,2)}, n € N, associated with the matrix J(¢) for each ¢t € R
(see (4)). These polynomials are generated by the three-term recurrence
relation

Poi1(t,2) = (2 — a1 (£) Po(t, 2) = N2 (8) P (8, 2), n=0,1,...
P (t,2) =0, PBy(t,z)=1. } (9)

In the following result we determinate a necessary and sufficient condition
over {P,(t,2)}, n € N, in order to the coefficients of (9) define a generalized
Toda solution.

Theorem 2. With the above notation, {J(t)},t € R, is a generalized Toda
solution if and only if

p
Bo(t,z) ==Y J0 (O jralt) - Ansa()Pajlt,2), tER,  (10)
j=1

for each n € N and all z € C.
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Let
Wk

W(z) = s
k>0

be a formal power series at z = oo and let f,(z) = Pr(Ll)(z)/Pn(z) be the
n-diagonal Padé approximant of W(z), n € N. It is well known that the

sequences of polynomials {P,(z)} and {Pr(bl)(z)} verify the same three-term
recurrence relation, whose coefficients define a tridiagonal matrix J. More-
over, we have

wp = (JFeg,e0) = el J¥e, k=0,1,..., e =(1,0,...)7,
and, in a formal sense,
W(z) = ((zI — J) " eq, eq)

for z in the resolvent set of J. In [2] was established that, when the entries
of J are bounded and depend on ¢ € R, then {J(¢)} is a generalized Toda
solution if and only if

Wi (t) = wi(t)wy(t) — wisp(t), k€N, (11)
holds. From this and Theorem 2 we have the following consequence.

Corollary 1. Let {P,(t,2)} be the sequence of monic polynomials defined
by (9). Assume that, for each t € R, there exists M(t) € Ry such that

sup {[an ()], [An(?)]} < M(2).

neN

Then { P,(t, z)} verify (10) if and only if the sequence of moments associated
with W(z), {w,}, verify (11).

We present the proof of Theorem 2 in Section 2. In Section 3 we analyze
the Bécklund transformation (2a)-(2b) under the perspective of sequences of
polynomials generated by a three term recurrence relation. The rest of the
paper, Section 4, is devoted to prove Theorem 1.

2. Proof of Theorem 2

Firstly, we shall show that (10) is a necessary condition. Assume that
{J(t)}, t € R, is a generalized Toda solution. The system (5) was described
in [1] as representation in Lax pair

J(t) = [J(2), A®)], (12)
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where [J(t), A(t)] = J(t)A(t) — A(t)J(t) is the commutator of J(t) and A(t),
being for all t € R

0 —Jgat) - =Jo,) 0 \
Joat) 0 =J0) e =S n()
At) =5 | J5,(1) , (13)
0 Jf,p—i—l(t)

i.e., A(t) is a skew-symmetric (2p + 1)-diagonal matrix whose low triangular
part coincides with (J(¢))”. Thus, the structure of A(t) depends on the fixed
number p € N.

If we define
. P,(t, 2) N N
w(t, 2) = , neN, t,z)=1,p_1(t,z2) =0
then, since (9), it is easy to prove that for each ¢ € R the sequence {p,(t, 2)},
n=20,1,..., verifies

Arst (DBt (8, 2) + (i1 (8) — 2)Pult, 2) + Aaso(OPsr(t,2) = 0. (14)

We are going to prove

ﬁn(ta Z) - i Jg,n—j(t)ﬁn—j(t? Z) + (J(Z)),O(t) - Jﬁén(t)) ﬁ”(t7 Z) : (15)

For this purpose, we can rewrite (14) as

(J(t) = 2I) P(t, ) = (0,0,...)", (16)
where we understand P(t, 2) := (po(t, 2), Pi(t, 2),...)T as a sequence. Tak-
ing derivatives in (16), and taking into account (12) and again (16), we obtain

JYP(t,2) + (J(t) — 2I) P(t, 2)
J()A(t) — A@t)J (1)) P(t, z) + (J(t) — zI) P(t, 2)
J(t) — 2I) <A(t)73(t, )+ Pt z)) ~0. (17)

(
(
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Taking n = 0,1, .. successively in (14) we can see that the only solutions of
(J(t) —2I) X = (0,0,...)7 are the sequences X = uP(t,2), u = u(t) € C.
Therefore, because of (17 ), we have

A)P(t, 2) + P(t,z) = uP(t, 2) (18)

for some p € C. We understand (18), in a formal sense, as a set of relations.
In particular, from the first of these relations we deduce

o= ,upotz———ZJg] D. (19)

(see (13)). From the (n + 1)-th row of (18) we obtain for all n =0, 1, ...
Pt 2)

1 P N 1 p R R
=3 > Ot 2) + 5 S I (8B, 2) + pba(t,2) . (20)
Jj=1 j=1
Moreover, since (16) we have
(JP(t) = 2 1) P(t, z) = (0,0,...)"

or, what is the same, for alln = 0,1, ...

p p
D I OByt 2) + JE (OBt 2) + Y Th (OB (L, 2)
=1

j=1
= 2"p,(t, 2), (21)
where J? () = 0 for & < 0. Due to (20) and (21),

2: 2 OBt 2Pl 25 (2 — T2 (1)) Pl ) - (22)

On the other hand, taking n = 0 in (21), and from (19) we obtain
1
=3 (2" = J§o(t))

and replacing this expression in (22) we arrive to (15).
Now, using (5),

3ult) = A1) (T2 g 1(0) = Ty (1)) i€ N,



COMPLEX HIGH ORDER TODA AND VOLTERRA LATTICES 7

Then,

d 1
7 (A2(t) -+ Apya(t)) = 5)\2(15) e At (8) (T2, (8) — J5o(2)) -

Substituting this expression and (15) in

Pt 2) = 5 Ou(t) - s (8) Bult,2) + Malt) - Aua (1) )

we arrive to (10).

Conversely, we shall to prove that (10) is a sufficient condition to obtain
a solution of the high order Toda lattice. Let {P,(t, 2)} be the sequence of
polynomials given by (9) and assume that (10) is verified. We want to prove
that the sequence {a,(t), A2(t)}, given in (9), defines a matrix J(t) such
that (5) is verified.

Taking derivatives with respect to ¢ in (9),

Pn—i—l(tv Z) - _dn—i-l(t)Pn(tv Z) + (Z - @n—i-l(t))Pn(tv Z)
= 201 (A1 (D Paca(t,2) = Xoy () Baca (8, 2)
From this and (10),

Z 11O An—jt3(l) - A2 (t) Pajra (i, 2)

(2 = () Y2 IO (B)+ Ara(OPac (8,2

3

O

- dn—l—l(t)Pn( ) _ 2>\n+1( >}\n+1(t>Pn—1(t7 Z)

p
MDY T (DA () - Aa(D) Paja(t, 2) . (23)
j=1
Comparing the coefficients of 2" in (23),
i1 Ansa(t) = =dna (t) = Sy, 1 (DA (t), neN. (24)

Moreover, Joym+1(t) = Apya(t), Jmm(t) = amii(t), m = 0,1,..., being
(J(t))" a symmetric matrix. Thus, (24) is the first part of (5).



8 BARRIOS AND BRANQUINHO

Now, comparing the coefficients of 271 in (23),

)
— Tni1an(OAns2 (D) mn-1(t) = Ji 11 (D) A1 (E) Ansa(t)
= —n1 (D) n—1(8) + I 1 (D1 () A1 () — T o (O An(t) Anga (1)

= 2X1 () A1) = Iy 1 (O A1 () yn-1,0-2(1)

where v,,.m_1(t) is for each m the coefficient of 2™~ in B, (¢, z). Taking into
account (24) and take common factor A,;1(t),

- J£+1,n—1(t))‘n+2(t) - Jﬁ,n—1(t) (”)/n,n—l(t> T 7n—1,n—2(t))
+ a1 ()5, 1 (1) = M) Ty o(8) = 2Xn1a () . (25)
On the other hand, from (9) it is easy to deduce that

/Vm,m—l(t) = - Z@j(t) , m=n—1,n.
j=1

Then, substituting this expression in (25) we obtain

Bhnia(t) = —n (1)1 (1)
+ an+1(t> ng_l(t) - )‘n(t> ‘]g,n—2(t) + )‘n+2(t) Jﬁ—l—l,n—l(t) : (26)
Moreover, J**1 (t) is obtained by multiplying the n-th row of (J(¢))" and

n—1,n

the (n 4 1)-th column of J(t), i.e.,
TEE ) = Masa (8 Ty (8) + Qnn () Ty o (8) + Aua(8) Ty e (8) - (27)
Also, because of the symmetry of matrix (J(t))*", we have that J'*] (t) =

n—1,n

JPHL (t) is obtained by multiplying the (n41)-th row of (J(t))” and the n-th

n,n—1

column of J(t), this is,

To1a(8) = Ma(8)Th 1 a(t) + () T,y (8) + Aaa ()L, (1) (28)
Comparing (27) and (28),

an+1(t) Jg—l,n(t) + )\n+2 (t) Jr]z—l,n—kl(t)

= Ma(t) 5 a(t) + an(t) 1y (1) + A (8) [J7(8) = T 0a (B)] -

From this and (26) we arrive to
241 (1) = At (1) [J2 (1) = 10 a ()]

which is the second part of (5). |
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3. Backlund transformation and sequences of polynomi-
als
Given a family of tridiagonal matrices {J(¢t)},t € R, as in (4), we con-
sider the sequence {P,(t, 2)} of polynomials defined in (9). The well-known
Favard’s Theorem states that, if A\,(t) # 0 for n = 2,3,..., then the se-

quence {P,(t,z)} is orthogonal with respect to some quasi-definite moment
functional.

Let C' € C be such that P,(t,C) # 0, n € N, t € R. We consider, also,
the sequence of monic polynomials {Q%C)(t, z)} defined by
Pn—i—l(ta C)
P,(t,C)
(O) ¢ _ n\Y
Q’I’L ( 7Z) Z . C Y

In [5] was proved that, if {P, (¢, z)} is the sequence of orthogonal polynomials

Pn—i—l(t? Z) - Pn(t7 Z)

n=01,..., teR. (29)

with respect to a quasi-definite functional, then {@(10) (t,2)} is also orthogonal
with respect to another quasi-definite functional and verify, as consequence,
a three-terms recurrence relation. Moreover, the relationship between the
coefficients of both recurrence relations was established. In our case, this
fact holds true, because we are assuming \,(¢) #0, n=2,3,... ,t € R. We
summarize the situation in the following auxiliary result (cf. [5, Theorems 7.1,
4.1, 4.2]).

Lemma 1. The polynomials {Q%O)(t, 2)} satisfies the three-term recurrence

relation
Q%?(t, 2) = (z - ()0 (1. 2) — 200t 2). neN
Q(—l) = 07 QE) =1
being
~ Pn t, C Pn t’ C
an(t) = Lol - DO
Pu(t,C) P,1(t,0) €N, teR. (30)
~ P, o(t,C)P,(t,C) , N , .

A(t) = AN()

Pg—l(t? C)

In a similar way as in [5, Theorem 9.1, p. 46|, we define the sequence of
complex functions {v,(t)}, n € N, as

O =0, Bt =~ L () =R ) )
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Note that we only define v2(t), n € N. In fact, it is possible to find more
than one sequence {7,(¢)} in the above conditions.

We remark that {v,(t)}, n € N, depends on C. However, we don’t make
explicit this dependence for brevity.

The sequence {72(t)} is associated with {5720)(15, 2)}, n € N, which is
another sequence of polynomials verifying the recurrence relation

S%i;(t, z) = Z(»gélg)l(t; 2) =218\t 2), neN } .
S—l = 07 SO =1

From (30) and (31) we immediately deduce (2a) and (2b). In other words,

the coefficients of recurrence relations defining { P,(t, z) } and {Q,(lc) (t,z)} are
linked by a Bécklund transformation associated with the coefficients {72(¢)}

of the recurrence relation for {5720) (t,2)}.

4. Proof of Theorem 1

We shall dedicate the rest of the work to prove Theorem 1. Therefore, we
take a generalized Toda solution {J(¢)},t € R, and C' € C verifying (8).
Given the sequence {P,(t,z)}, n € N, defined in (9), it is well know that

P,(t,z) =det (21, — J,(t)), neN, teR.

Then, from (8) we have P,(t,C') # 0, n € N, ¢t € R, and, consequently, we
can define the sequence of monic polynomials {Q,(lo)(t, z)} as in (29).

Now, we are going to prove that {a,(t)}, {M(t)}, {+2(¢)} defined in (30)
and (31) are the unique sequences verifying (2a) and (2b). Define

ay(t) A3(t)
1 () Ai(t)

JU(t) = L st | (32)

It is well known, and easy to prove, that
det (Jy)(t) - Cln) — det (J,(t) — CI,), t€R,

for any n € N. Thus, since (8) we know that it is possible to obtain a lower
triangular infinite matrix L(¢) and an upper triangular infinite matrix U(t)
such that

JY @) —CI = L) U(t) (33)
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(see [6, Theorem 1, p. 35]). Moreover, taking the value 1 in all the diagonal
entries of U(t), the matrices L(t) and U(t) are uniquely determined in (33).
But it is obvious that (2a) can be expressed as (33) for

73(t) 1 (1)
Lty= 1 ~i@) , U(t) = 1 3(t) . (34)

Thus, the sequence {~v2(t)}, n € N, is uniquely determined by (2a) and,
consequently, {\,(¢)}, {@n(t)}, n € N, are the unique sequences given in (2b).

To complete the proof of Theorem 1 we need to prove that the families of
matrices {J(t)}, with entries defined by (2b),

and {I'(t)}, t € R, defined as in (6), are solutions of, the high order Toda
lattice and of the high order Volterra lattice, respectively.
Taking into account (2a) and (2b) we can see

The matrix T?(¢) + CT is the key for understanding the connection between

the initial generalized Toda solution {J(¢)} and the new solution {J(¢)}
obtained in Theorem 1. In fact, I'?(t) + CT is a bridge between the matrices

J(t) and J(t). In the same way, for each m € N the matrix (T2(t) + C’])m
interlaces (J(t))" and (j (t)) , as we show in the following result.
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Lemma 2. For each m € N and j,k=0,1,...,

0 , ]+ Kk odd
(@) +01)), = ¢ Jit) s gk even (36)
T (), gk odd

Proof: We proceed by induction. (36) is obvious for m = 1 (see (35)).
Let us assume that (36) holds for m € N. The entry (I'*(¢) + CI)mJrl of
(T%(t) + CI) "1 is obtained multiplying the (j+1)-th row of (T*(t) + CI)"

by the (k + 1)-th column of I'?(¢) + CI. Then, if j + k is odd, we can see

that this product is zero (see (35) and (36)). On the contrary, when j and
k are even (odd, respectively), then there are only entries of J(¢)™ and J(t)

(J(t)™ and J(t), respectively) in the product and the result follows. |

For checking (7), firstly we study the evolution of {72,(t)}, n € N. Taking
derivatives in (31),

on(t) = 2700 (igj o - i g;) meN. @)

On the other hand, from (10) we deduce

pn i(t, C)
Z nn] 7]9”750) , neN,. (38)

In the next lemma we see that the above expression can be written in terms
of diagonal and sub-diagonal entries of matrices (J(t))" ,i=0,1,....

Lemma 3. For any m,n € N we have

—Z B OB <o OB+ MBI 0, (39)

being
B™(@#) .= Cm U+ 0" 2J(t) -+ (J@)" (40)
Proof: Let n,m € N be fixed. Let us define
n—ilt
S(n,m,t) Znnﬂ M teR. (41)

pa(t,C)
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Using (31),
_ ﬁn—l(ta C) 2
511, = VB = 3,000 (42)

Moreover, multiplying the (i +1)-th row of (J(¢))™ and the (j+ 1)-th column
of J(t) we obtain for all 4,7 =0,1,...,

JUEHE) = T (0N (8) + T () g (t) + T ()N ge(t) . (43)

Therefore, substituting ¢ by n and j by n — j in (43),

S(n,m+1,t)

m

pn ] t C ]/)\n_j(t,C)
= - E An— E n—j+1(0) —=7—~"
n,n—7j— 1 ]+1( n,n— _7 Oé J+1() pn(t,C)

1 ~
— pn—j(ta C)

—Z min—j1(8) An— j+2(t)ma (44)

where we used the fact that, since (J(¢))™ is a (2m + 1)-diagonal matrix, in

the first term we have J)",_; () = 0 for j = m,m + 1 and, in the second

term, we have J,_(t) = 0 for j = m + 1. Computing the right hand side
of (44),

an(t)Dn-1(t, C) + X\ (t)pr—2(t, C)
Pu(t, C)

. pn tC
- Jn,n(t)An—Fl( 1 Z n,n— _7

y )\n—j+2(t)pn—j+1(ta C) + @n—j—i-l(t)pn—j(ta C) + M—ji1(O)pn—j1(t, C)
pu(t, C) '

S(n,m+1,t)=—=J" (1)

n,n—1

Using (14) in the last relation,

Cﬁn—l(ta C) B )\n—i-l(t)ﬁn(ta C)
pu(t, C)

pn 1 (t, 0 = Cﬁn_j(t,c)
- " t An ~ .
Jnm( ) +1( E : n,n— j pn(t7 C)

S(n,m+1,t)=—=J7" (1)

n,n—1
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Thus,
S(n,m+1,t) = CS(n,m, t) + Ar () -1 () + 921 (t) , m € N (45)

From this and (42) we arrive to (39). To see this fact, proceed by induction.
Assume that (39) holds for a certain m € N, i.e.,

S(n,m,t) = 3,1 () B (E) + A (DB (1)
Due to (45),
S(n,m+1,t)
= B 1 OB (1) + Msa (OB (1) + Nt (DT, 4 (1) + 73,1 T (1)
=1 (CBE )+ T20) + Aa(t) (CBUL (1) + I, (1))
Note that, by (40),
B () = CBM™(t) 4 (J(t))™ .
Then, (39) is verified. |

The next lemma describes the relation between the ratios given in the left
hand side of (38) and the matrix (I'*(t) + CI)".

Lemma 4. For any m,n € N we have

- Pn— —J— l(t C)

; +C] 2n 2,2n—25—-2 ﬁn 1(t C)
- Pu(t,C)
Z +CI 2n2n 2j pn(t C)

Jj=1

= ([0 + €y, 15, = () +CI),,

2n—2.2n—2 °

Proof: We use the notation given in (41). Taking into account Lemma 2, we
want to prove

S(nym,t) — Sn—1,m,t)=J",  _(t)=J", (), n,meN. (46)

n—1,n—1 n—1n—1

We proceed by induction on m.
For m = 1, (46) is reduced to

Yans1(t) = 921 () = & (t) — a (1),
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and this is true because of (2a) and (2b).
Suppose that (46) holds for m € N. Then, using (45),
S(n,m+1,8) — S(n—1,m+1,t) = C (~m (t) — Jm (t))

n—1n—1 n—1,n—1

+ Ans1(t) g?n—l(t) + rygn—i—l‘]:?n(t) — An(t) rTLn—Ln—z(t) - 72271—1‘]77171—1,71—1(25)' (47)

Moreover, taking i = j = n — 1 in (43), obtaining there A, (t)J}" 1, 5(t), and
substituting in (47),

~

S(n7m + 17t) - S(TL - 17m + 17t) = —Jr! (t) + C‘]:Lrb—l,n—l(t)

n—1,n—1

+ ﬁ)/%n(t) 7T—1,n—1(t) + 2>‘n+1(t) :Lr}n—l(t) + 722n+1(t) J;Z?n(t) : (48)
On the other hand, if we define

and L(t), U(t) are the matrices defined in (34), then in a formal sense we
can verify (cf. [4])

JO(t) —CI =U()L(t). (49)

This is, we understand (49) as a set of relations given by the rows of these
matrices.

Given the diagonal matrices A(t) := diag{l, A2(t), Ao(£)A3(¢),...} and
A(t) := diag{1, Xa(t), Ma(O)As(t), ...}, t € R it is easy to show

J(t) =AW JVDOAD T, J(8) = ATV (AR

(see (32)) where we represent by A(t)~! (respectively A(t)™1) the diagonal
matrix whose entries are 1, Ao()71, Aa(8) I A3(t) 7, ... (respectively 1, Ao (t) 71,
Ao (t)7IA3(¢)71, ...). Thus, for all k =0,1,...

1

Moreover, from (33) and (49) we have

~

JY®L(t) = (L()U(t) + CI)L(t) = L(t)(Ut)L(t) + CI) = L(t)JV(t)
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and, in general, it is easy to see that

and so, taking R(t) :== A(t)L(t)A(t)~ we have proved the relations

k
(J@)F R(t) = R(t) (J(t)) k=0,1,..., tcR, (51)

(2() 0 \
Do (t) Ao (;)74 (t)
R(t) = 2() :
0 Ao (t)A3(t)  Aa(t)A3(t)vs(t)
Aot Ao (t)A3(t)

it is possible to find the relationship between the entries of the matrices given
in (51). For k = m, the entry of the (i 4+ 1)-th row and the (j + 1)-th column
is obtained by multiplying the corresponding row and column of each matrix,
ie.,

((J()™ R(t));.;
o A2(t) e Aa(t) m o A2(l) e Ajpa(t)
N Ji’j(t)iz(t) = -Xj+1(t)72j+2(t) i Ji’jﬂ(t)XQ(t) () teR, (52)

and, in a similar way,

(e (7)),

v 2@ () s Ael) A (t)
= Ji" (1) Xz(t) - Xl(t) + ()= e ( )72z'+2(t) , teR. (53)
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In particular, taking i = j =n — 1 in (52) and (53), from (51) we obtain

J?T—l,n—l (t)r)/%n (t) + J?T—l,n(t) >\n—|—1 (t)

~ ~ ~

= T o1 (OAa(t) + T ()5 0172 (8) (54)

and, taking:=n, j=n—1,

T Y )‘n+1(t) 2

=) a1 () A (t) + g?n—l(t)m72n+2( )

Multiplying by )\n+1(t)x721 +1(t) the last equality, taking into account (2a)
and (2b), and simplifying the obtained result,

1 (OXne1(t) + T ()72 (1)

= ﬁl,n—l(t)fygn—l—l(t)+j:27?n—1(t)An+1(t)' (55)
Adding (54) and (55),

- m2,n—1(t>xn + (&n(t) - C)tml,n—l(ﬂ + ﬁnq(t))\nﬂ(t) .

From this and

~ ~

Tty (8) = T o (O3() + T2y (O@alt) + T (DA (8)

(see (43)) we arrive to

Cj;gn—l,n—l(t) + J?T—l,n—l(t)fygn(t) + QJZLn—l,n(t) )\n—i—l(t) + Jg?n(t)fygn—l—l(t)
_ jm+1 (t)

n—1n—1

which, substituted in the right hand side of (48), conduces to

S(n,m—l—l,t)—S(n—l,m—i—l,t):~m+1 (t)_‘]m+1 (t)?

n—1,n—1 n—1n—1
as we needed to prove. u

Due to lemmas 2 and 4, (37) and (38), we know that (7) is verified for any
odd number n € N. Moreover, taking derivatives in A2, (t) = 73, (¢)73,.1(t)
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(see (5) and (2a)),
2)\n+1(t)>\n+1(t) - )‘721+1(t) (Jp ( ) Jf; 1,n— 1( ))
= 722n(t)722n+1(t) {( ( ) + CI) 2n—1,2n—1 (Fz(t) + C])gn—2,2n—2}
+ 2793, () Yont1 () Yont1(t) -

Then, dividing by A2, (£) = 73,(t)13,.1(¢), we obtain

Yont1(1)
2 = TP () = TP () - oI
72n+1(t) ) ( ) 1 1( ) ( ( ) )Qn 1,2n—1
2n—2,2n—2 ( Q(t) + C])gn,2n o ( ( )+ CI)Qn 1,2n—1"

+ (C2(t) + CI);
this is, (7) holds also when n is an even number. Thus, we conclude that
['(t) is a generalized Volterra solution.
Finally, we need to prove that J(¢) is a generalized Toda solution. For this

purpose, we want to verify (5) when we substitute J by J. Firstly, we take
into consideration the first part of (30), i.e.,

Then, since (5) and (7),

Galt) = T et t(t) = s () = 220128 izns2(t) + 2720 ()30t
= [Jn,n+1( )an—i-l( ) — Jn-1 n( )JS ln( )}
- F%n,2n+1(t> |:( ( ) + CI) 2n+1,2n+1 ( ( ) + C(1)2 2n]

+Ton200-1() {( O +C) e, — (T 2(t>+01)2n—2,2n—2:| :

Therefore, by Lemma 2,
6'Zn(t) = P‘n+2(t) Jﬁ,nﬂ(t) + 722n+2(t) Jf;’n(t)]
- [)\n+1(t)J£—1,n(t) +722n(t)J£ 1,n—  (t )]
=BT (0 + BT (1)
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Using (54) (with m = p),
Gn(t) = [T (X1 (8) + T (07, 42(0)
[T R0+ T2 (09 0)] = T (Oal®) + Ty (0500
= Tt Oda (1) = T g (DM(1).
which is the first relation in (5).

On the other hand, taking derivatives in )‘n—i-l( ) = Y3,.1(6)73,.5(t) and
dividing the obtained result by A2 +1(t) we arrive to

3\in—|—1(t> _ ’7271—!—1(15) ;Y2n—|—2(t)
Ai1(t)  Yonr1(8)  Yonta(t)

Taking into account (7) (substituting there n by 2n and 2n + 1, succes-
sively), from (56) we obtain

(56)

~

Aas1(t) F2n—1,2n(t) n FQn,2n+1(t)

~

A1 (t)  Ton1on(t)  Toponsa(t)
ewsen, - wweon, ]
+ % [( ( )+ CI)2n+1 2n+1 ( Q(t) T 01)2”72"]

=5 PO+ CD} e~ (CO+CDG ]
From this and (36),

~ 1~ ~ ~
)\n—l—l(t) - 5)‘%1(75) (Jﬁ,n - Jﬁ—l,n—l) )

what is the second relation of (5). |
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