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1. Introduction

In this work we present a study about orthogonal polynomials on the unit
circle whose Carathéodory function, F, satisfies a differential equation with
polynomial coefficients

2AF' = BF* +CF+D, A#0. (1)

The set of such polynomials (equivalently, the set of such Carathéodory func-
tions) was defined in [3, 4] as the Laguerre-Hahn class on the unit circle. As
particular cases some well known classes appear, for example: the Laguerre-
Hahn affine class on the unit circle, when B = 0 in (1); the semi-classical
class on the unit circle, when B = 0 and C, D are specific polynomials in (1)
(see [2, 3, 5, 18]).

Our goal is to give a characterization of the Laguerre-Hahn class on the
unit circle via second order differential equations.

The motivation for our work were some results due to W. Hahn, concerning
differential equations for orthogonal polynomials on the real line. In [10, 11],
W. Hahn establishes the equivalence between second order linear differential
equations with polynomial coefficients A, P” + B,P. +C,P, =0, n > 1, for
sequences of orthogonal polynomials on a subset of the real line, {P,}, and
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structure relations with polynomial coefficients for { P, },
O(2) P () = Sn(x) Baga(2) + To(w) Pa(x) , n > 0. (2)

Moreover, using results about quasi-orthogonality on the real line, P. Maroni
establishes that the structure relations of type (2) give the semi-classical
character of {P,}, equivalently, the Laguerre-Hahn affine character of {P,},
since, on the real line, these two classes coincide (see [14, 15]). In [9] W. Hahn
establishes that the minimal order of a linear differential equation with poly-
nomial coefficients for sequences of orthogonal polynomials on subsets of the
real line can only take the values two or four. In addition, it is proved that
such solutions of a fourth order linear differential equation can be constructed
by means of the solutions of second order linear differential equations.

In [4] it is established that Laguerre-Hahn sequences of orthogonal poly-
nomials on the unit circle are factorized in terms of well characterized semi-
classical sequences of orthogonal polynomials. In this paper we will obtain
some results for Laguerre-Hahn sequences on the unit circle which are ana-
logous with the referred results on the real line. For the particular case of
semi-classical orthogonal polynomials on the unit circle, we will obtain a
characterization in terms of second order linear differential equations that
can be regarded as a generalization of Hahn’s results from [9] on the real
line.

Still in the issue of second order differential equations we remark the pa-
per [12], where the authors, using a different method from ours, deduce
second order differential equations with analytic coefficients for sequences of
orthonormal polynomials on the unit circle, {¢,},

Pn(2) + My (2),(2) + Nu(2)on(2) = 0. (3)

This is done by deriving raising and lowering operators for orthogonal poly-
nomials on the unit circle, L, ; = d% +D,(2), Lyo = —d% — Dy 1(2)+ E,(2),
with analytic functions D,,, F,,, such that L, ; and L, o satisty L, 1(¢.(2)) =
Fo(2)on-1(2), Ln2(on-1(2)) = Gup(2)pn(z), thus obtaining a second or-

1
der differential equation with analytic coeflicients, L, o an,1> on(z) =
(2
Gn(2)n(z), which is written in the equivalent way (3).
Let us return to the Laguerre-Hahn class on the unit circle. Given a
Carathéodory function, F, let {¢,},{2,} and {Q,} be the corresponding

sequences of monic orthogonal polynomials, of associated polynomials of
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the second kind, and functions of the second kind, respectively (cf. sec-
tion 2). For our purposes, we define the vectors ¢! = [¢, — Q,]T, 2 =
[ QT n >0, where [-]7 denotes the transpose. Firstly, by reinterpreting
a result of [4, Theorem 3|, we establish the equivalence between (1) and the
following structure relations,

ZA(%{L), — Mn,lwrlL + Nn,l%% (4)
ZAQ;L = (ln’1 + 0/2 + BF)Qn + 971,1@;;7 neN,
where M,,; and N,,; are matrices with polynomial elements and [,, 1, ©,,; are
polynomials with degrees not depending on n (cf. Theorem 1). Secondly,
with the help of equations (4), we establish the equivalence between (1) and
the following second order differential equations,

f:ln,1 I(l)” +~Bn,1(¢£)/~+ Crnath), = 02y (5)
An,l(Qn)” + Bn,lQ% + Cn,lQn =0 , N E N7

where B,,1,C,,1 are matrices with polynomial elements whose degrees do not
depend on n, Bn,laén,l are analytic functions on the unit disk, /Im s a
polynomial whose degree do not depend on n, and [ is the identity matrix
of order two (cf. Theorem 2).

As a consequence, we obtain that Laguerre-Hahn polynomials on the unit
circle, as well the sequences {¢}}, {€,} and {2}, satisfy fourth order linear
differential equations with polynomial coefficients and, in the Laguerre-Hahn
affine case, we obtain second order linear differential equations with polyno-
mial coefficients for {¢,} as well for {¢:}, {Q,}, and {Q}} (cf. Corollary 1
and 2). Furthermore, taking into account the referred second order linear
differential equations, we prove that [’ is associated with a semi-classical
measure (whose absolutely continuous part we denote by w) if, and only
if, {¢,} and {Q,/w} satisfy well determined second order linear differential
equations with polynomial coefficients,

A(Y) + B, Y +C, Y =0, neN,

where the polynomials A, B, C,, depend on the polynomials A, C, D from
the corresponding differential equation for F', and on the reflection coefficients
of {¢,} (cf. Theorem 3).

This paper is organized as follows: in section 2 we give the definitions
and state the basic results which will be used in the forthcoming sections; in
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section 3 we establish the equivalence between (1) and (5); in section 4 we es-
tablish a characterization of the semi-classical class on the unit circle through
second order linear differential equations with polynomial coefficients.

2. Preliminary results and notations

Let A = span{zF : k € Z} be the space of Laurent polynomials with
complex coefficients, A’ its algebraic dual space, P = span {z* : k € N} the
space of complex polynomials, and T = {z € C : |z| = 1} the unit circle.
Let u € A’ be a linear functional. We denote by (u, f) the action of u over
feA.

Given the sequence of moments (¢,) of u, ¢, = (u, "), n € Z, ¢y = 1, the
minors of the Toeplitz matrix are defined by

CO o o e Ck:
A_lzl,A():Co,Ak: , keN.

C_p -+ Cp

The linear functional u is Hermitian if c_, = ¢,,Vn € N, and regular (positive
definite) if A, #0 (A, >0), Vn € N.

In this work we shall consider Hermitian linear functionals which are po-
sitive definite. If u is such a linear functional, then there exists a non-trivial
probability measure p supported on T such that

1 21w

(e =5 | €7du), £=<", neZ.

Given a probability measure p on T, the function F' defined by

1 [*ef+ 2
F(z) =— . du(6 6
0 =50 | S dul® (6
is a Carathéodory function, i.e., is an analytic function in D = {z € C: |z| <
1} such that F(0) = 1 and Re(F') > 0 for |z| < 1. The converse result also
holds, since any Carathéodory function has a representation (6) for a unique
probability measure p on T (see, for example, [16]).

Definition 1. Let {¢,,} be a sequence of complex polynomials with deg(¢,,)
= n and p a probability measure on T. We say that {¢,} is a sequence of
orthogonal polynomials with respect to p (or {¢,} is a sequence of orthogonal
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polynomials on the unit circle) if

2i (€8, (7Y dp(8) = hnbym s b £ 0, nym € N.
T

If the leadlng coefficient of each ¢, is 1, then {¢,} is said to be a sequence
of monic orthogonal polynomials and will be denoted by MOPS.

Given a MOPS, {¢,}, with respect to pu, the sequence of associated poly-
nomials of the second kind, {€),}, is defined by

27T629 >
Bl =1, () = [ G (6u(e”) ~ n(2) du(6), €N,

27 et

and the functions of the second kind associated with {¢,} are given by

1 2w 160 .
Qn(z):—/ (e dp(®), n=0.1,....

27 e — z

Given an analytic function f and p € N, the function f*p is defined by
fr(2) = 2 f(1/2). Thus, if f(2 Zbkzk then f*( Zbkz k+P For

k=0
matrices, X, with elements z;;,7 = 1 ,m, 7 =1,...,n, with n,m >

0, X* is the matrix whose elements are x;k’;,z =1,....m, g =1,...,n
Throughout the paper we will omit the index p, i.e., we will write f* (or X*)
instead of f*» (or X*r), whenever f is a polynomial of degree p and whenever
X is a matrix whose elements are polynomials whose degrees are all equal to
p. Moreover, throughout the paper, we will write () instead of Q.

Given a probability measure g on T, let {¢,}, {2}, {@,} be the correspon-
ding MOPS, the sequence of associated polynomials of the second kind, and
the sequence of functions of the second kind, respectively. We define the
following matrices, for n > 0,

1 ¢n 2 ¢* _Qn ¢n _Qn]
- ) n — Z ) n — * ) Yn = * * . 7
o R R S B VO 4 R
Throughout the text, the matrices I and J are the matrices defined as follows:

I:[(l)(l)]"]:[é—oJ' (8)

The following relations hold, Vn > 0 :
()" =T, (07)" = J by
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Next we present the Szegd recurrence relations (see [7, 8, 17]) in the matrix
form.

Lemma 1. Let F be a Carathéodory function and {L}, {42}, {Q.}, {Ya}
the corresponding sequences defined in (7), and a, = ¢,(0), Yn > 0. Then:
a) Y and Y32 satisfy, for alln >0,

Un(2) = 2thy 1 (2) + b (2)
Un(2) = Anzthy 1 (2) + 1y 1(2);

1
b) o, = [;ﬁg‘] satisfies, for allm € N,
1 1 zl Cln[
¥n = Icngpn—lv ICn - lﬁnzl I ] ) <9>
with initial conditions py = [1 —11 1]T;
c) Q, satisfies, for alln € N,

Qn = ICTLQTL—I) ICn - |: - an] ) (10)

a,z 1
with initial conditions Qy = [—F — F]T;

d) Y, satisfies (10), for all n € N, with initial conditions Yy = [

1 —=F
1 —F|

Remark . Since det[w)] ¥2] # 0, Vz # 0, Yn € N, the vectors ¢} 2 are
linearly independent.

Throughout this paper we will use the relations that come next.

Lemma 2. Let F' be a Carathéodory function, let {Q,} be the sequence of
functions of the second kind, and {1}, {42}, the corresponding sequences
defined in (7). The following relations hold, for alln € N|

()] = nd v — 2T (47), (11)
(@) = 2T @EY =20 = )2 @2 +n(n - 1)J¥E, (12)
Q)" = nQ; — =(Q}) . (13)
[(Qn)']" = 2(Qu) — 2(n — 1)2Q} + n(n — 1)Qu. (14)

The following theorem is a reinterpretation of Theorem 3 of [4] (cf. equa-
tions (15) and (16) therein). Also, it is an extension of Theorem 4 of [2].
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Theorem 1. Let F' be a Carathéodory function and {11}, {12} be the corres-
ponding sequences defined in (7), and {Q,} the sequence of functions of the

second kind. The following statements are equivalent:
a) F satisfies

2AF' = BF*+CF+ D, A,B,C,DeP.
b) {in} and {Qn} satisfy

{ZA(,@/}%)/ = Mn,l,@/}}z + Nn,l,@/}%

15
2AQ), = (lny + C/2+ BF)Qn + 0,05, 1)

where M, 1, N,,1 are matrices with polynomial elements whose degree do not
depend on n,

|l —C)2 —B
Mn’l_[ D ln,1+0/2 ’

c) {vn} and {Q;} satisfy

ZA(,@/}%)/ = Nn,2¢;¢ + Mn,2¢%

Ny1=—6,11.

(16)

where M, 2, N, o are matrices with polynomial elements whose degree do not
depend on n,

lho—C/2 —B

Mn,2 = [ D ln,2 +C/2 ’ Nn,Z — _(_')n,Z 1.

Remark . If we take B = 0 in previous theorem we obtain the differential
relations for {¢,} in the Laguerre-Hahn affine class:

2A(¢n) = (ln1 — C/2)¢p — Onady,
zA(¢)) = —Op20n + (ln2 — C/2)¢s, neN.

Using results on quasi-orthogonality on the unit circle, one can give sufficient
conditions on the degrees of the polynomials l,,1 — C/2,0,,1,0,.9 and l,,5 —
C/2, for {¢,} to be semi-classical (cf. [1, Theorem 3]).

In what comes next we discuss the equations (15) and (16) of Theorem 1.
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Lemma 3. Let {yL}, {42} be the sequence of vectors defined in (7) and
{Q.,} the sequence of functions of the second kind. Then:

a) {1} and {Q,} satisfy (15) if, and only if, {12} and {Q*} satisfy

2AN(h) = =Ny + (nA L — J My J )b,
’ ’ (17)
AAQ) = (A — I3y — C* 2+ BF)Q) — 65,0
b) {02} and {Q*} satisfy (16) if, and only if, {¢}} and {Q,} satisfy
ALY = —Nj 02 + (AT = T M0 0 "
A(Qu) = (NAT — Ly — C*[2 4 BF)Qy — 67,5,

Proof: If we apply the operator #,., to equation (15), with
p = max{deg(A), deg(ln1 —C/2), deg(ln1+C/2), deg(B), deg(D), deg(On1)},
and use (11) we obtain

A (nd oy = 27 (7)) = Myh ()" + N5 (40)"

thus
2AT () = nA T — My (9,)" — N4 (vn)"
If we multiply previous equation (on the left) by J we get
2A(p) = nAYn — T M ()" — T N (87)"

Taking into account that (¢1)* = J42, (Y2)* = Jl, there follows the
equation

dA () = (AT — T M)y — T NG Ty

Since N:f’l is diagonal we obtain the first equation in (17).
Analogously, by applying *,,4, to zAQ!, = (l,1 + C/2+ BF)Q, + 6,10},
and using (13), we obtain

Av(n@y, — 2(@Qy)) = (L) + C™/2+ BYF(1/2))Q;, + ©,/,Qn
Using F'(1/2) = —F(2) in previous equation we get
2A(QL) = (nA™ — (I + C™/2) + B F)QL — 0171Q

By an analogue manner one proves assertion b). u
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Remark . Taking into account Theorem 1 and previous lemma we conclude
that equations (15) and (18) are equivalent, as well as (16) and (17). Hence,
the following relations take place:

A* B* —-C* D* —O;,, nA" -1,
A B C D O, g

The above relations are consistent with the the results of [3, Lemma 4], con-
cerning the distributional equation for Laguerre-Hahn hermitian functionals.

3. Second order matrix differential equation
In this section we will denote the element of a matrix X in the position
(¢,7) by [ X ]i;- Our goal is to establish the following theorem.

Theorem 2. Let F be a Carathéodory function and {11}, {12} be the corres-
ponding sequences defined in (7), and {Q,} the sequence of functions of the
second kind. The following statements are equivalent:

a) F satisfies
2AF' = BF*+CF+D, A B ,C,DcP.
b) {ty} and {Qn} satisfy
A1 ()" + Bui () + Crathy = Oz (19)
A1 Q1+ B, 1 Q)+ Con@, =0, (20)
where Ay, 1, Bna,Cn1 are matrices, with polynomial elements, given by
Ap1 = (2A4)20,1 1,

Bn,l = —ZA@n’l (Mn,l — (ZA)II) + ZA (ZAN;LJ + Nnlen’g) s (21)
Cn,l = _Gn,l(ZAM;L,l + 671,1@71,2 I) — (ZAN;IJ + Nn,an,2) Mn,l ,

Aml e P, Bn,l, n1 are analytic functions given by
Ap1 = (24)%0,1
Bn,l = [Bnil22 — 2240, BF, (22)
Coi = [Coilos — OniF (2AB" — B(lyy + 12)) + zA©], | BF;

the polynomials ©,,1 and the matrices Ny, 1, Ny 2, My 1M, o are given in The-
orem 1.
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¢) {vn} and {Q}} satisfy
Ap2(02)" + Buo(W3) + Cooths = 0oy (23)
An,?(@jl)” + Bn,?(@i), + én,?Q;’; =0 ) (24)

where Ay, 2, By.2,Cpo are matrices, with polynomial elements, given by

-An,2 = (ZA)2@n’2 ],
Bn’g = _ZA®n72 (Mn’g — (ZA)/ ]) + zA (ZANAQ + Nn,gMnJ) , (25)
Cn,2 = _Gn,2 (ZAM;LQ + @n,2@n,1 I) - (ZAN;LQ + Nn,2Mn,1) Mn,? )

jlng e P, Bn’g, n2 are analytic functions given by

An,? - (ZA)2®n,2a
Bn,2 = [By2l22 — 2240, 9BF, (26)
Cro = [Coolos — OnaF (2AB" — B(ly1 + 1,2)) + zA©] ,BF;

the polynomials ©,, 2 and the matrices Ny, 1, Ny 2, My, 1M, > are given in The-
orem 1.

The proof of the previous theorem will use the lemmas that follow.

Lemma 4. Let F be a Carathéodory function, and let {1}, {12}, {Q,} be
the corresponding sequences defined in (7). If F satisfies zZAF' = BF? +
CF + D, then: {11} satisfies (19) with coefficients (21); {12} satisfies (23)
with coefficients (25); {Qn} satisfies (20) with coefficients (22); {QF} satis-
fies (24) with coefficients (26).

Proof: If I satisfies zAF' = BF? + CF + D, then, Vn € N, ¢! and 2
satisfy (15) and (16), respectively.
Step 1. Taking derivatives on (15) we obtain

2A(,)" = (Mny — (2A)) (¥3) + M, 100 + Ny i + Nua(07)'

Step 2. To eliminate (12)’ in previous equation, we multiply previous equa-
tion by zA, which commutes with the coefficients of the equation, and us-
ing (16), there follows

(zA)*(¥)" = 2A (Myy — (24)) (¥)) + (2AM], ; + Nyi Ny o) b,
+ (ZAN;LJ + Nn,1Mn,2) vz
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Step 3. To eliminate 12 in previous equation we multiply previous equation

by ©,,1, thus obtaining
(24001 (40)" = 20,1 (M1 — (24)') (4

n

+ On (ZAM;LJ + Nn,an,2) Un — (ZAN;L,l + Nn,an,2) (—O,1)V2.
Using (15),
—On 1) = zA(y,) — Myt

we get A, 1 (V)" + Bui(1r) + Critht = 0a51 with coefficients (21).

By an analogue manner we obtain that {12} satisfies (23) with coeffi-
cients (25), {Q,,} satisfies (20) with coefficients (22), and {Q"} satisfies (24)
with coefficients (26). |

Remark . Equations (20) and (24) can be written as

with
(
- ©,1 0
An — A 2 " )
(4 | @]
- o — 22A0,,1BF
0 [Bn,2]272 — 2214@”,2317
0 — [Chialo2 + a1 0
\ " 0 [Choloo + anal|
where

Qp,1 = _@n,lF (ZAB/ + BC — B(ln,l + ln72 + C)) + ZA@;LJBF,
apo = —0poF (zAB" + BC — B(ly1+ 1,2+ C)) + ZA@;MBF.

If we take B = 0 in previous lemma we obtain second order linear differen-
tial equations for sequences of Laguerre-Hahn affine orthogonal polynomials
on the unit circle. This is an extension of the result from [18] about semi-
classical families on the unit circle, to the Laguerre-Hahn affine case.

Corollary 1. Let {¢,} be a MOPS on the unit circle, {Q,} the sequence
of functions of the second kind, and I be the corresponding Carathéodory
function. If F satisfies zAF' = CF+D, A,C,D € P, then {¢,}, {¢:}, {Qn},
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and {Q} satisfy second order linear differential equations with polynomial
coefficients, Vn € N,

(ZA) n, 1¢ + [Bn 1]1,1¢;1 + [Cn,l](l),1¢n =0, (29)
(24)°002(,)" + [Bual1.1(65) + [Cr2ll 105, = 0, (30)
(2A)20,1Q0 + [Biil22Ql + [Cot]S 2Qn =0, (31)
(24)°00,2(Q1)" + [Buolo2(Q)" + [Cop]3,Q; = 0. (32)

where [Cm]gk i,k = 1,2 is the corresponding [C, | with B = 0.

Proof: Taking B = 0 in previous lemma we obtain, from (21) and (25),
that [Bn71]1’2 = [Cn71]1’2 = [Bn’g]l’g = [Cn,2]172 = 0, thus we get (29) and (30)
with the referred coefficients. Also, from (22) and (26), we obtain the equa-
tions (31) and (32) with the referred coefficients. |

Analogously, in the Laguerre-Hahn case one can obtain fourth order linear
differential equations for {¢,}, {¢5}, {2}, and {2} }.

Corollary 2. Let {¢,} be a MOPS on the unit circle and F be the cor-
responding Carathéodory function. If F satisfies zAF' = BF? + CF +
D, A, B,C,D € P, then {¢,},{o:}, {0}, {2} satisfy fourth order linear
differential equations with polynomial coefficients.

Lemma 5. Let F' be a Carathéodory function and {1}, {42} be the corres-
ponding sequences defined in (7), and {Q,} the sequence of functions of the
second kind. Then, {1\} and {Q,} satisfy

/}n,1(¢%)” + Bn,l(wi)j + Cpathy, = 09y
An,lQ% + Bn,lQ% + Cn,lQn =0 )

with Ay 1, Bn.1,Cn1 matrices of order two with polynomial elements and An,l,
B,.1, Cu1 analytic functions, if, and only if, {12} and {Q%} satisfy

f}nz(@/J%)H n2(V2) + Cpoth? = 02><1
An,2(Q;’;)” + B (Q ) + Cn 2Q* -
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with
(Ans=2"A0 T, Bz =—2(n—1)z A*” J— 2B J
Cn2=n(n— 1)22A2’:1 J + nzBZf’l J + C
"21”72 = 24'[1:;1,71 ) Bn2 = _2(n - 1) 3A* 2Bnp1 ,
\(:’Nn72 - n(n - 1) 2./4 pl —I-TLZB 1 +C

(33)

7\

Moreover, if the matrices A, 1 are diagonal, then A, 2, B, 2,C,2 are given by
Ang =2 A0, Boo=—2(n— 1) A7 — 22 B T,
Cro =n(n—1)22A" +nz JB T+ JC J

where J is given in (8).

Proof: If we apply *,,,, with

p = max{deg([An1li;), deg([Bnali;), deg([Cnnliy), 1,7 = 1,2}
to
-An 1(,@/} )” + Bn l(wi), + Cn,l’@/}ib = 02><1

we obtain

:;1,)-1’_2 [(@/}711) ]*" ’ B P+1 [(¢n) ]*” ' +Cn 1(,¢J ) - 02><1 .

Using (11) and (12) in previous equation, there follows

ZAN T(Wn)" + {=2(n— 1)z AT = 2B T} (Y
—l—{nn—l)A*””J—l—nB*”“J—l—C T} b2 = 091 .

. * * *
Since 22,4”’: = z4An 1 2ANT = 3An L, 2B = 2Bn”1 , we get

Ao (02)" + Byo(rn) + Cn,zl/%% = O2x1,

with An72, Bn’g, Cn’g given in (33)

Moreover, if A, ; is diagonal, Vn € N, after multiplying the previous equa-
tion by J, we obtam the requlred A, 2, Bn 2,Cpa.

The equivalence between A, 1@ + Bn 1Q, + C, 1Q, = 0 and Ang(Q )"+
anz(Q ) +C, 2Qr =0, with A, 2 B, 2, Cn 5 given in (33), follows in the same
way as above by using (13) and (14). |
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Lemma 6. Let F' be a Carathéodory function and {1}, {12} be the corres-
ponding sequences defined in (7). If {1} satisfies the differential equa-
tion (19) with coefficients (21) and {2} satisfies (23) with coefficients (25),
then the following equations hold, Vn € N,

2An1(2) (W) (2) = Muathy (2) + N (2) (34)
2A02(2) (07) (2) = Ny oty (2) + Mot (2) (35)

with Ap1, Apng € P, M1, N1, My 2, N2 matrices or order 2 with polyno-
mial elements, and ./\/'nvl,./\/n,g scalar matrices.

Proof: Step 1. Let us write equations (19) and (23) in the form

Uy

where, for all n € N, ¢,, = L/JQ

] and A,, B,,,C, are block matrices given by

- 9 |On1l 0O | Bni O2xo | Cua Ooxe
An = (24) [ B = Oax2 By  Cn = Oaxo Cpao|

Taking n + 1 in (36) we obtain, for n € N,

Ani10n41 + Bur19 1 + Cog10nt1 = Oxr -

Using the recurrence relations (9) in previous equation there follows, for
n € N,

An+1’C71~L+190ZL + {2An+1 (ICvlerl), + Bn‘f'l’C?lH—l} SO;’L
+ {Bn+1(lc7lz+1), + Cn+1’C71~L+1} ©n = 04x1, (37)
. T zl Ty
with IC, | = [En+1zl I ] .

Step 2. If we multiply (37) on the left by 0,10,

[@n—l-l,Z[ 0252

th
0252 ®n+1,1I] e
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we get, for n € N,

On2l  0Oaxo

@n—i-l 1@n+1 2’Cn+1 [ 02><2 @n 1 I

] Anoll

Onr12l O
+ 6,10,.2 { O @MLI {2~An+1( n+1) +Bn+1’Cn+1}

Ont121  Oaxo /
e [ I SEn P

Using (36) to n in previous equation it follows that

Al = Myon, neN, (38)
with

O, 0
Ay = —0,1110,41 Y. [02;22 @if[] B,

Ont12]  0O2x2 1
+®n,1®n,2|: O;rxz @n:l,l[ {2An+1 (ICn—i—l) +Bn+1’Cn+1} :

R Onal
My = ©1110ns12K0 1 | ) 1,]

nat1.od
®n 1911 2 [ e n—|—1 11] {Bn—i-l (ICn—i—l) + Cn—i—llcn—l—l} :
)

Step 3. If we multiply (38) by the adjoint matrix of A,, adj(A,), we obtain

det(A,)¢! = My, neN, (39)
with M,, = adj(A,)M,. Moreover, for all n € N, we have that det(A,) is
a polynomial (with a zero at z = 0) and, writing M,, = '/j\\/l/—"’l Nt ], we

n,2 Mn,2

have that AV, ; and N, 2 are scalar matrices. Thus we obtain, in the matrix
form (39), equations (34) and (35). |

Lemma 7. Let F' be a Carathéodory function and {Q,} be the corresponding
sequence given in (7). If {Q,} satisfies the differential equation (27),

A, Q"+ B,Q, +Cr,Q, = 021,
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with Ay, B, C, given by (28), then
2A,Q, = M,Q,, ¥n €N, (40)
with A, € P and M,, a matriz of order 2 with analytic elements.
Proof: Step 1. Taking n + 1 in (27) we obtain, for all n € N,
-’Zln—i-l Q;’LH + Bn+1Q;+1 + én+1 Qnt1 = Ogx1.

Using the recurrence relations (10) we obtain

A 1Ko Q) + {2An+1K;1+1 + Bn—i—l’Cn—H} Q.

+ {BR—FIK;’L—F:[ + én—i—llcn—l-l} Qn = 02x1 )

2 a
where IC,,.1 = |_ nrl
an41< 1

Opt12 0O
0 @n—i—l,l

Step 2. If we multiply previous equation by ©,,16,, [ ] , on the

left, we get, for all n € N,

O, 0 ~
@n+1,19n+1,2’Cn+1[ 0’2 o 1] A, Q9

O, 0 ~ 5
+ 6,,10,.2 [ 51’2 0,1 1] {QAn—i—llcvlm-i-l +Bn+1’Cn+1} Q)

0, 0 5
+ 6,10,2 { 81’2 O ir 1] {Bn+1/C;1+1 + Cn+1’Cn+1} Qpn = 0241 .

Using (27) to n in previous equation, there follows

A, Q) = M,Q,,YneN, (41)
with
. 0, 0 .
-An - _®n+1,1®n+1,2’Cn+1 [ 072 @n,J Bn

0, 0 ~ 5
+ Gn,1®n,2 [ 8—1’2 @n+1 1] {QAn—i—lICv/H—l + Bn—i—llcn—i-l} )
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On2 O ] 5

Mn = Gn—i—l,l@n—l—l,ZICn—i-l [ 0 8 ) Cn

O, 0 ~ ~
— 0,10, [ 61’2 ] {Bn—i—l’C;H—l +Cn+1/Cn+1} :

@n—i-l,l

A

Furthermore, A,, is a matrix with polynomial elements,

- O, 0
-An - _®n+1,1®n+1,2’Cn+1 [ 072 8 1] Bn

O, 0 ~
+ @n,l@n,2 [ 51’2 @n—i—l 1] {2~’4n—|—1lc7/1+1 + Bn—i—llcn—l-l} )

where B, is given by (cf. (28))

Bn _ [[Bn,l] 2,2

N.
0 [Bn,2]2,2] v E

Step 3. If we multiply (41) by the adjoint matrix of A, and take into account

A

that det(A4,) is a polynomial with a zero at z = 0, ¥n € N, then we obtain
the structure relations (40),

2zA,Q, = M,Q,, n €N,
with zA4, = det(/ln) and M,, = adj(fln)./\;ln. u

Now we study the coefficients of the structure relations previously ob-
tained, (34), (35) and (40) (a similar technique was used in [13]).

Lemma 8. Let F' be a Carathéodory function and {11}, {12} be the corres-
1
ponding sequences defined in (7). Let p, = Vg] , Vn € N. If {¢,} satisfies

ZAnQO;l - j\//\lngon (42)

. 'V Mn,l Nn,l
with A, € P and M,, = Nos Mo

matrices of order 2, then, Vn € N,

] where My, 1, N1, No2, Mo are
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)
An — Al )
ZAI - ZMn—i—l,l - ZMn,l - an—i—an,Z + an—i—l'z-/\/’n—i—l,l )

Q Gpi12A1 = 2No12 + Q12 My 12 — Gpp12Mp11 — Noa (43)

an1iMpi11+ Nos11 — 2Np1 — M2 = 02xs
\an+1Nn+1,2 + Mn+1,2 - an—i—lz-/\/-n,l - Mn,2 = O2><2 .

Proof: Taking n + 1 in (42) we get, for n € N,

/
ZAn—i—lSOn_H = Mn—l—lgon—i—l .

Using the recurrence relations (9) we get

L ' _ . ) -7 ey |
2An+1 {(/Cn+1) ©n + ’Cn+190;~0} = Myl pion s Koy = [Enﬂzf }L ] '

Thus we have
2 Ak = (J\//THHIC}LH A (/C;H)’) on, Yn €N,

Therefore,

Ay = (Khy) ™ (MKl = 24ui (Kh)') @0, ¥n €NL - (44)
Now, comparing equations (44) and (42) it follows that, Vn € N,

Api1 =4y
{(’Cnﬂ)l <./(/l\n+1/C£+1 — zAn1 (,C%H-l)/) = /\//\ln

Thus we get, Vn € N,

An = Al )
MKy — Ky My, = 24, (IC’Ill—Fl)/ ;
and equations (43) follow. |

Lemma 9. Let F' be a Carathéodory function and {Q,} the corresponding
sequence defined in (7). If

2A,Q, = M,Q,, VneN

with A, € P and M,, a matriz or order 2 with analytic elements, then A,
does not depend on n.

Proof: Analogous with the proof of previous lemma. |
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Lemma 10. The coefficients of the structure relations (34) and (35) satisfy,

for alln € N,

An,l = An,2 = Al ) (45)
o _ln,l - ’7/2 _ﬁ ]

Mn,l - i A ln,l + ,7/2_ ) (46)
. —ln,2 - 7/2 _B ]

Mn,2 - i B ln,2 T ,,}//2- ) (47)

Npi1=hpal, (48)

Noyo=hpol . (49)

where Ay, 3,7,0,ln1,ln2, hn1, hno are polynomials (Ay, 3,7, and 6 are inde-
pendent of n).
Moreover, with respect to the relations (40), the following hold, ¥Yn € N,

A=A, [(Muia = [Muileo — Mupa|ioF, [Myli2 = —[Ni1]22(50)
[(Mypog = —[Nasloo, Mylas = [Mpalos — [Ma2)i2F .

Proof: From Lemma 8 we get (45). From Lemma 6 we obtain that the
matrices N, 1 and N, o are scalar matrices, thus (48) and (49) follow, with
polynomials hy, 1, Iy, 2.

We now establish (46) and (47).

Taking into account that [N, 1]12 = [Nai1]en =0, Vn € N, from (43) we
get, Vn € N,

[Mn+1,1]172 - [Mn,2]1,2 g [Mn+1,1]2,1 = M ;
[Mn+1,2]1,2 - [Mn,2]1,2 g [Mn+1,2]2,1 = M ;

3

[\

X
[\
=

3
[\
X
[\
=

From (52) we conclude that the elements [M,, 5], , and [M,, 5], ; do not de-
pend on n, and we write

Mool o ==08, Moy, =6, VneN. (53)
Consequently, from (51), there follows
[Mn71]172 = —0, [Mn+171]271 =0, VneN. (54)
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From (43) it follows that, Vn € N,

(Moo — Maslin = @12 Nl — ans1Nps12)11,
[(Mis19]20 — [Mi2]as = Gnr12[Naalo2 — ane1[Nos12]20 -

Taking into account that N, ; and N, ; are scalar matrices, there follows
(Miti222 — [Mugi2lin = Mpalee — [Mnali1, VneN.
Thus [M,,2]22 — [My2]1.1 do not depend on n, and we write
(Moloo — [Muolii =7, ¥YneN., (55)
Analogously, from (43) we obtain
(Motia]22 — (Mps1i]i1 = [Mpaloo — [Mpa)i1, VneN.
Consequently, from (55) there follows
(Miiloo — [Mpilig =7, ¥neN. (56)

Taking into account (53)-(56), we obtain (46) and (47).
Finally, to establish (50) we take into account Lemmas 4, 7 and 9 and the
computations therein done with {Q,,}. |

Lemma 11. Let F' be a Carathéodory function, let {1}, {12} be the corres-
ponding sequences defined in (7), and {Q,} the sequence of functions of the
second kind. If {{L} satisfies (19) with coefficients (21) and {Q,} satis-
fies (20) with coefficients (22), then F satisfies zZAF' = BF? + CF + D .

Proof: Let {1} } satisfy (19) and {Q,,} satisfy (20). From Lemma 5 it follows
that {42} and {Q*} satisfy

An,Z(%%)H + Bn,2(¢i)/ + Cnﬂ%% = O2x1,
An,Q(QZ)” + Bn,Q(Q;’;), + én,QQ;’; =0.

Hence, from Lemmas 6 and 7 we obtain the structure relations (34), (35)
and (40) and, from Lemma 10, equations (45), (46), (48) and (50) follow.
Hence, taking into account Theorem 1, we conclude that F' satisfies zAF' =
BF? +~F + 46, Ay, (8,7,0 € P. Furthermore, since the coefficients of (19)
and (20) are given by (21) and (22), respectively, then we obtain A; =
A =B, v=C,§=D. u



ON DIFFERENTIAL EQUATIONS FOR OPUC 21

Finally, we give the proof of Theorem 2: Lemma 4 establishes a) = b) and
a) = c¢). Using Lemma 5 we establish the equivalence between b) and c).
Lemma 11 establishes b) = a).

4. The semi-classical case

In this section we take a closer look at the semi-classical class on the unit
circle and its characterization in terms of second order linear differential
equations. We shall consider Carathéodory functions associated to measures,
1, of the following type:

N
dp=wdf+> MNds, Ay >0, NeN, (57)

k=1
where w is the absolutely continuous part with respect to the Lebesgue
measure df, and d,, is the Dirac measure at z;, with 2z, € T, k=1,..., N.

Lemma 12 (cf. [2, 3, 5]). A measure defined by (57) is semi-classical and

Z)}((ZZ)) = ZCA((Zz))’ if and only if, the

corresponding Carathéodory function, F, satisfies zAF' = CF + D, with

its absolutely continuous part satisfies

deg(d) Ay, p2m
D(z) = —2A'(2) — 2z Z A ()/0 el (e — 2)"2du()

. C(e"”) = C(z))du(9) . (58
5= | SO = Cdute). (59

Taking into account Theorem 2 (cf. also Corollary 1), the semi-classical
class on the unit circle is characterized in terms of the second order linear
differential equations (29) and (31) for {¢,} and {Q,}, respectively, and
second order differential equations for {2,,} of type

(ZA)QGn,l(Qn)” + [Bn,1]2,29;1 + [Cn,l]gjzﬂn = [Cn,1]2,1¢n + [Bn,1]2,1¢;1

(take B = 0 and D as given in (58) in equations (19)-(26)). However, we
will see that if we consider suitable second order linear differential equa-
tions for {@Q,/w} instead of {Q,}, then the referred equations for {2, } are
superfluous.

We will need the lemma that follows.
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Lemma 13 (see [6]). Let X and M be matriz functions of order two such
that X' = M X . Then,

(det(X))" = tr(M) det(X), (59)
where tr(M) denotes the trace of the matriz M.
Our main result is the following.

Theorem 3. Let F' be a Carathéodory function associated with a measure p
of type (57), let {p,} be the corresponding MOPS, and {Q,} the sequence of
functions of the second kind. The following statements are equivalent:

a) F satisfies a first order differential equation with polynomial coefficients

zAF' =CF + D

with D defined in (58) .
b) {dn} and {Q,/w} are solutions of second order linear differential equations

(2A)?0,1(Y)" + By Y +C, T =0, n €N, (60)

with polynomial coefficients By = [Bpili1, Cha = [Cn,l](l),l-
c){o:} and {Q7 /w} are solutions of second order linear differential equations

(2A)?0,5(Y)" 4+ Bua(Y) + Cha(Y) =0, n € N, (61)
with polynomial coefficients By, o = [Bp2i1, Cha = [Cn,2](1),1 .

Proof: a) = b) and a) = ¢) :
Taking into account Theorem 1 we have

—¢n /_ . ¢n o ln,l _Gn,l
ZA -¢;l;] - (Bn 0/2]) [¢;kj ) Bn - [_Gn,Q ln,2 ] )

A :_ ( 5/)“}11}] — (B, +CJ21) Q”{ “’w] | (62)
Moreover, as w'/w — C/(zA), we obtain

[ o] =[][R] e
If we substitute (62) in (63) we get

A [_QQ/ ;"w] — (B, C/21) [_QQ/ ;"w] |
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Hence, [if] and [—QCS*/ ;Uw] satisfy the same structure relations. Taking into
account Corollary 1 (cf. (29) and (30)), the referred equations follow.
b) < c) :

Using the same technique as in Lemma 5 there follows that {¢,} and
{Q,/w} satisfy (60) if, and only if, {¢}} and {Q} /w} satisfy (61).
b) = a) :

Let {¢,} and {Q,/w} satisfy (60). Then, {¢;} and {Q} /w} satisfy (61).

Hence, if we write Y, = [if] Y2 = [—Cz%()w] , n € N, both V! and Y?
satisfy the following second order differential equation:
An(A)” + BnA, + CnA/ = 0941, n € N,

with

_ 2 971,1 0 o Bn,l 0 o Cn,l 0
A, = (24) [0 @] B, - [ ’ B] = [ ; C]

Using the same technique as in Lemmas 6, 7 and 8, we obtain the structure
relations

~ / - - / ~
ZA, (Yj) — =,V oA <Y,§) —=,V2, neN,

where A; € P and =, are matrices of order two with polynomial elements.
Hence, we get the differential system

ALY =Z2Y,, Y, = [(/533 _Q"/w] VneN.

" no Qn/w
o -, tr(Z,) ~
Taking into account Lemma 13 (cf. (59)) we get det(Y,,) = 1 det(Y7,) .
) 24
Since det(Y},) = 2h,2" /w, it follows that
w o nA —tr(Z,)
— , 64
w z A (64)
Next we compute the trace of =,,. Let us write =Z,, = My Ny . Taking
Nn,2 Mn,?

into account Lemma 8 and the equations (43) for the polynomials M,, 1, N, 1,
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Ny2, My, 2, (from the first and fourth equations in (43)) there follows
Z(Mn—i—l,l + Mn—|—1,2) = ZAI + Z<Mn,1 + Mn,2)
+ @1 12° Nyt + @1 Nyo — n12Nps12 — Gn12Npg1n . (65)
Using the third and the second equations of (43) in (65) it follows that
M1+ Myi12 = My1+ Mo+ Ar+|ana|? (2Myi10 — Mys — M1 — Ar)

and we obtain
My 10+ My =nA;+ L,, n €N,

with
L, =M1+ M+ Z |ar|* (2Mji19 — My — Myy11 — Ay) .
k=1
Hence,
tr(Z,.1) =nAy + L, . (66)
If we use (66) for n — 1 in (64) we obtain
w’ . Al — Ln—l
w  zA

and we conclude that L,, does not depend on n. Using Lemma 12 we get the
the semi-classical character of the corresponding measure, and the required
differential equation for F' follows. u
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