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ABSTRACT: We characterize normal and extremally disconnected biframes in terms
of the insertion of a continuous real function in between given lower and upper semi-
continuous real functions and show this to be the common root of several classical
and new insertion results concerning topological spaces, bitopological spaces, or-
dered topological spaces and locales.
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Introduction

Various kinds of spaces are characterized in terms of the existence of a
continuous real function in between given lower and upper semicontinuous
real functions, such as

e normal spaces (Katétov-Tong insertion theorem ([11, 25])),
and
e extremally disconnected spaces (Stone insertion theorem [26]).

These results rank among the fundamental results in point-set topology
and provide as corollaries a separation-type theorem (e.g. in the normal case
the celebrated Urysohn Lemma) and an extension-type theorem (e.g. in the
normal case the well known Tietze Extension Theorem). The correspond-
ing counterparts in point-free topology were obtained recently (see [18, 9, 6];
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in [7] and [4] perfectly normal, countably paracompact and completely nor-
mal point-free spaces are also characterized via insertion of continuous real
functions and [8] presents a nice general point-free setting for arbitrary real
functions in which those results can be nicely formalized). There are also in
the literature versions of some of these results for bitopological spaces (as the
Katétov-Tong version of Priestley for normal bitopological spaces [21] and
the separation and the extension-type theorems of Sarma for extremally dis-
connected bitopological spaces [22]) and ordered topological spaces (Nachbin
[17], Priestley [21], Edwards [3]).

The purpose of this paper is to exhibit a natural common root for these re-
sults, encompassing at once topological spaces, bitopological spaces, ordered
topological spaces, point-free spaces (that is, frames and locales) and point-
free bispaces (that is, biframes) in a single setting. The proper setting for
this will be the category of biframes and, specifically, their (relative) lower
and upper semicontinuous real functions.

After a brief survey of the required background and the introduction of a
few new concepts in biframes, we begin with a new characterization of normal
biframes from which it follows a Katétov-Tong-type insertion theorem for
biframes (Lo, L1, L) that generalizes all the above mentioned Katétov-Tong-
type insertion results:

e The case Ly = L1 = Lo provides the result for frames [18, 9]. Making
further Ly = L1 = Ly = ¥ for any topological space (X, ¥) provides
the classical Katétov-Tong theorem.

e The case (Lo, L1,Ls) = (%1 V %y,%1,%9) for a bitopological space
(X, %1, %) provides the Katétov-Tong-type result of Priestley [21] for
bitopological spaces.

e The case (Lo, L1, Lo) = ([T V1%, [%,1%) for an ordered topological
space (X, %, <), and some variants of it, provide the Katétov-Tong-
type results of Priestley [21] and Nachbin [17] for ordered topological
spaces.

Then we do a similar study for the extremally disconnected biframes and
Stone insertion theorem. Here the application of our general theorem to
bitopological spaces and ordered topological spaces provides new results in
the literature.
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1. Background on frames and biframes

We shall denote the category of frames and frame homomorphisms by Frm
and the corresponding dual category of locales and localic maps by Loc. For
general facts concerning frames, locales and various related ideas we refer to
[10], [19] and [20]. Here we fix some terminology and notations.

A frame (or locale) L is normal if whenever a V b = 1 there exist u,v € L
satisfying u Av =0 and aVu = 1= bV v (equivalently, if there exists u € L
such that aVu = 1 = bVu* for the pseudocomplement u* = \/{v | uAv = 0}).
Dually, L is extremally disconnected if whenever a Ab = 0 there exist u,v € L
such that u Vv =1 and a Au =0 = b Av. Equivalently, if a* V a* =1 for
every a € L (which is the same as asserting that the second De Morgan law
(@ Ab)* =a*Vb* holds in L).

A subset S of L is a sublocale of L (i.e. a regular subobject of L in Loc)
if, whenever A C L, a € L and s € S, then AN A € S and a — s € S. Each
sublocale S of L is a frame itself with A and — inherited from L (the top
element of S is 1, while the bottom Og of S may differ from 0). It determines
the surjection (frame quotient) c¢g : L — S given by cg(z) = A{s € S : 2z <

The intersection of sublocales is again a sublocale, so that the set of all
sublocales is a complete lattice under inclusion. In fact, it is a co-frame, in
which {1} is the bottom element and L is the top [19].

For notational reasons, we shall make the co-frame of all sublocales into a
frame S(L) by considering the opposite ordering:

5185 & 5C5.
Thus, given {S; € S(L) : i € I}, we have

el iel iel el
Then {1} is the top element and L is the bottom element in S(L) that we
just denote by 1 and 0, respectively. The pseudocomplement of S in S(L)
will standardly be denoted by S*.
Among the important examples of sublocales are the closed and open sublo-
cales

cr(a)=Ta={beL:a<b} and op(a)={a—b:be L}
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for every a € L. We denote them just by ¢(a) and o(a) whenever there is no
more than one frame L in question. The quotients c,) and c,(,) are given by

C)() =aVa and cyq(x) =a — .
We shall freely use the following properties:

Properties 1.1. For every a € L we have:

(1) The map a — c(a) is a frame embedding ¢ : L — S(L).
(2) c(a) Vo(a) =1 and c(a) No(a) = 0. In particular:
e o(a) > c(b) if and only if a Nb =0,
o(a) < c(b) if and only if aV b =1,
and, for any S € S(L), SV ¢(a) =1 if and only if S > o(a).

For any frame L, we denote by c¢L the subframe of S(L) consisting of all
closed sublocales of L (by Properties 1.1 (1), L and ¢L are isomorphic) and
we denote by oL the subframe of S(L) generated by all open sublocales of
L.

Recall tat a subset M of a frame L is a subframe of L if it is closed under
finite meets and arbitrary joins (in particular, 0,1 € M). A biframe [2] is
a triple (Lo, L1, Lo) in which Ly is a frame and L; and Ly are subframes
of Ly, which together generate it. This means that any element x of L
can be expressed as a join of finite meets of elements of L; U Lo, that is,
r = V,c;(a; Ab;) for some a; € Ly and b; € L.

A biframe homomorphism [2] f : (Lo, L1, Ls) — (Mg, My, M) is a frame
homomorphism f : Ly — M, for which f(L;) C M; (i = 1,2). Biframes and
biframe homomorphisms form the category BiFrm of biframes [2]. For more
information on BiFrm we refer to [23].

Given a biframe (Lg, L1, L2), we shall denote by (¢Lg); (i = 1, 2) the system
{cr,(a) | @ € L;} of all closed sublocales of Ly determined by elements a € L;.
Similarly, (0Lg); (i = 1,2) denotes the set {or,(a) | a € L;}. Note that
(¢Lo, (¢Lo)1, (cLg)2) is a biframe isomorphic to (L, L1, Lo).

The biframe

(So(Lo), S1(L1), Sa(La))

is defined as follows (cf. Definition 1.12 in [23], written in terms of congru-
ences):

Si(L;) (¢ = 1,2) is the subframe of S(Ly) generated by (¢Lg); U (0Ly); (j =
1,2,75 # 1) and Sy(Lyg) is the subframe of S(Lg) generated by S1(L1)USs(L2).
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The map (Lo, L1, L2) — (So(Lo), S1(L1), S2(L2)) given by a — cg,(a) for all
a € Ly is a biframe embedding.
Another important example of a biframe is the biframe of reals

where £(R) is the frame of reals ([1], [15]) defined by generators (p,—) and
(— q) (p,q € Q) and relations

(R1) (p,—) A (— q) = 0 whenever p > g,
(R2) (p,—) V (—,q) = 1 whenever p < q,
(R3) (=) = V5, (1 =),
(RA) (=, q) = Voos(—5),
(R5) Vpeq(p,—) =1,
(R6) Vyeq(—a) =1,

and

L.(R) = {(p,—) :peQ, (p,—) satisfy (R3) and (R5) for all p € Q}),
LIR) = ({(—q) :q€Q, (—,q) satisfy (R4) and (R6) for all ¢ € Q}).

A biframe (Lo, L1, Lo) is called normal [23, 24] if, whenever a V b = 1 for
some a € L1 and b € Lo, there exist u € Ly and v € Ly such that u Av =10
andaVu=1=0Vw.

Fora € L; (i =1,2) let a® be the largest b € L; (j = 1,2, j # i) for which
a A'b = 0. Normality can then be equivalently expressed by the condition:
whenever a Vb = 1 for a € L; and b € Lj, there exists u € L; such that
aVu=1=0>b0Vu®.

We define sub-bilocales (Sy, S1, 52) of a biframe (L, L1, Ls) as its subobjects
in the dual category of BiFrm. Thus each (Sy, S1,.S2) is given by a regular
epimorphism p(s, s, s,) : (Lo, L1, La) — (So, S1,52) in BiFrm, that is, an onto
frame homomorphism p(g, s, s,) : Lo — So such that p(g, s, 5,)(Li) € S (i =
1,2).

Remark 1.2. Given a subframe M and a sublocale S of L, the set cg(M) is
a subframe of S. In particular, for any = € L, the sets 'V M = {z vV m |
me M} =cyp(M)andz — M ={z — m |m e M} = ¢, )(M) are
subframes of ¢z (x) and or(x), respectively. Note that if x € M then z v M
is just cp(x).

Therefore, for each z € Ly, ¢®(x) = (cz,(x), 2V L1, 2V Ly) is a sub-bilocale of
(Lo, L1, La) with pe () : a = xVa. We refer to these as the closed sub-bilocales
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of (Lo, L1, Ly). In particular for any z € Ly, ¢*(2) = (cz,(7), cr, (), 2 V Ly)
and for any z € Ly, ¢*(2) = (¢z,(x), 2 V L1, cr,(x)).

Further, for each z € Lo, o°(z) = (or,(z),r — Li,x — Ly) is a sub-
bilocale of (Lo, L1, Lz) With pe(y) 1 y = (z — y). We refer to these as the
open sub-bilocales of (Lg, L1, Lo).

2. Real functions on frames and biframes

In general topology one sometimes deals with arbitrary (not necessarily
continuous) real-valued functions on a topological space X. This is also
possible in the point-free setting with the approach recently introduced in
[8] (which extends the approach to point-free continuous real functions of
Banaschewski [1]):

Let L be a frame. A real function on Lisan f € F(L) = Frm(£(R),S(L)).
It is

(1)

(2) upper semicontinuous if f(£;(R)) C cL,
(3) continuous if f(L(R)) C cL.

(

F(L) is partially ordered by

f<g < fp,—)<glp,—) foreverypeQ
& g(—q) < f(—q) forevery ¢ € Q.

lower semicontinuous if f(£,(R)) C cL,

Now, given a biframe (Lg, L1, Ls), a real function on (Lo, L1, Ls) is a frame
homomorphism f : £(R) — Sy(Lg) such that

[ (L(R), &(R), £4(R)) — (So(Lo), Si(L1), Sa(L2))
is a biframe homomorphism. Further:

(1) fis Li-usc if f(£(R)) C (¢Lo)y,
(2) fis Lo-lsc if f(£4(R)) C (cLp)o.
The following is obvious since f(p,q) = f(p,—) A f(—, q):

Proposition 2.1. Let f be a real function on a biframe (L, Ly, Ly). Then
f 1s Li-usc and Lo-lsc if and only if f is continuous in Ly and

cLo_1 © f : (S(R)7£Z(R)7SU(R)) - (L07 le L2)

s a biframe homomorphism. ]
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Note that, in particular, “Li-usc+Lo-1sc” is stronger than “continuous in
Ly”.

Given a complemented S € S;(L;) (i = 1,2) (i.e. such that S*V S = 1),
the characteristic map xg : £L(R) — So(Lyo) is defined by

1 ifp<O, 0 ifg <0,
xs(p,—) =499 f0<p<1l, and xs(—¢q) =195 if0<qg<1,
0 ifp>1, 1 ifg>1,

for every p,q € Q. Then,

(1) xs is Li-usc if and only if S € (¢Lg)1,
(2) xs is Lo-lsc if and only if S € (0Lg)s.

3. Scales

A way of generating continuous real functions on frames by the so-called
scales has been described in detail in [1] (cf. also [8]). In what follows we
show how they can be adapted to real functions on biframes. We shall write
¢, ¢o(a) and o0g(a) instead of ¢z, ¢z, (a) and oy, (a), respectively.

Let (Lo, L1, Ly) be a biframe. We say that a family A = {a, | p € Q} C L,
is ascending (resp. descending) if p < q implies a, < a, (resp. a, > a,).

An ascending family A= {a, | p € Q} C L; is an

e upper Lyi-scale if \/ cqa, =1 and \/ qo00(ay) = 1,

o Li-scale if \/ cqap =1=V qa; and a; V a; = 1 whenever p < g,
and, dually, a descending family B ={b, | p € Q} C Ly is an

o lower Ly-scale if \/ cq b, =1 and \/ g 00(by) = 1,

o Ly-scale if \/ cqby, =1=1V cqb; and b, V b; = 1 whenever p < q.

Lemma 3.1. (1) Let B={b, | p € Q} be a lower Ly-scale. The formulas
fp, =)=V eolby) and  f(—=,q) =V oo(bs)

r>p s<q
determine an Lo-lsc real function on (Lg, L1, Lo).
(2) Let A={a, | p € Q} be an upper Ly-scale. The formulas

9(p,=) = V oola;) and  g(=,q) =V colas)

r>p 5<q

determine an Li-usc real function on (Lg, L1, Lo).
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Proof: (1) It suffices to show that f is a frame homomorphism £(R) —
So(Ly), since the rest is obvious by the definition of f. For that, we have
to check that the map f turns the defining relations (R1)-(R6) of £(R) into
identities in Sy(Ly):

R1) If p > q then f(p, —) A f(— co(bp) A 00(by) < co(by) A 0g(by) = 0.

,q) <
R2) Ifp < r < s < qthen f(p,—)Vf(—,q) > co(b;)Voo(bs) > co(bs)Voo(bs) =

(

(

1.

(R?’) \/r>p f(T’, _) - \/7‘>p \/s>r CO(bS) = \/s>p CO(bS) - f(pv _)'

(R4) V5<q f(_v 3) - \/s<q \/r<s OO(bT) - \/r<q Oo(br) - f(_a Q)'

535) Ve f(0: =) = Vpeq Visp €0(0r) = Vg co(br) = c0(V,eq br) = (1) =
(
(2

R6 ) \/QEQ f(_’q) - vqe@ Vs<q O(bs) - \/qe(@o(bq) = 1.

) Similar to (1). _
Lemma 3.2. Let B={b, | p € Q} be an Ly-scale. The formulas
h(p,—) =V colbr) and  h(=,q) =\ c(b)

r>p s<q

determine an Ly-usc and Lo-lsc real function on (Lg, L1, Lo).

Proof: 1t suffices to show that h is a frame homomorphism £(R) — Sy(Ly),
since the rest is obvious by the definition of h. As before, it has to be checked
that h turns the defining relations (R1)-(R6) of £(R) into identities in Sy(Ly):

(Rl) pr > q then h(p, —) AN h(—, q) < C()(bp) N Co(b;) < Co(bq) N Co(b;) =0.

(R2) pr <r < s <qthen h(p,—)V h(—,q) > co(b.) V ¢o(b2) = co(b, V b2) =
co(1) =
R3) \/r>p (r, =) = Visp Vior €0(bs) = Vs €0(bs) = h(p, —).
) ¢o(V,eqgbr) = co(1) =

(
§R5 \/pe(@ ( ) \/peQ \/7’>p Co( ) = \/reQ Co(b )
(

R4) and (R6) may be proved analogously to (R3) and (R5), respectively. m

4. Katétov-Tong type insertion

Lemma 4.1. A biframe (Lo, L1, Lo) is normal if and only if for any countable
sets {aptren C L1 and {by}ren C Lo satisfying Npexar € L1, Npenbr € Lo,
ar V (Npen0e) =1 = b V (Apeyae) for all k € N, there exists u € Ly such
that ap Vu=1="0b;Vu® for every k € N.
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Proof: Let (Lg, L1, Ls) be a normal biframe. Then, for each k € N, a; V
(Asenbe) = 1 implies, by normality, the existence of v, € Lo satisfying
ap Vup =1 and (N\,enbe) V vy = 1. Similarly, b, V (e @) = 1 implies the
existence of w; € Ly such that by V w, = 1 and (Ajcyae) V wp = 1. Then,
for each k£ € N, we have

ar V (m/]i1 w;n> > (éé\N CLg) v <m/li1w;1) = m/lil(( A ar) Vv wfn> =1
and, similarly,
v (Aea) = (A v (A ) = A ((Amvis) -1

Now define, for each & € N, u; = v A /\:1:1 wr € Lo and zp 1= wp A
/\k vy, € Ly and consider v := \/,yur € Lp and z := \/,y2r € Li.

m=1 "m

Evidently,
k
ap Vu > ap Vu = (a; Vog) A (ak\/ (A w,'n)) =1
m=1
and
k
bk\/ZZbk\/Zk:(bk\/wk)/\ (bk\/ ( /\ U;n)) = 1.
m=1
Furthermore,
k !
uhz=\ V(uAz)=\ \/(WW A wh A A U,;@) — 0.
keN leN keN leN m=1 m=1

Thus z < u® and, consequently, b, V u®* > b V z = 1.
The converse is easy: for each a € L; and b € Ly with a Vb =1, it suffices
to apply the hypothesis to the one-element families {a} and {b}. _

Let {ay | K € N} be an enumeration of Q. Then:

Lemma 4.2. Let f and g be real functions on a normal biframe (Lo, L1, Lo).
If g is Ly-usc, f is Lo-lsc and g < f then there exists {uq, bren C Lo such
that
(¢>ar) = (9(=.q)Veo(ua,) =1), (4.2.1)
(p<ar) = (f(p.—) Veluy,) =1), (4.2.2)
(ar, <o) = (ug, Vug =1). (4.2.3)
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Proof: We prove this by showing, using induction over N, that, for every
i € N, there exists {uq, }xr<i C Lo such that

(q > a/ﬂ) = (g(_a Q) \% CO(uak) - 1)7
(p <o) = (flp.—)Veoluy,)=1),
(ar, <aw) = (tg, Vug, =1), forall ki, ky <.

Since g < f, we have

0 (9(= )V (Apea, 0 (f(0, =) = o M g(=,9) Ve (flaa, —))
= ¢ g(=q) V flar,—))
> Co_l(g(_7Q> \% g(Oél, _)) =1

for every ¢ > ay. Similarly, (A ., ¢« ' (9(—,¢)))Veo ' (f(p, —)) = 1 for every
p < 1. Then, by Lemma 4.1, there exists u,, € Ly satisfying ¢o™(g(—, q)) V
Uy, = 1, for every ¢ > ay, and ¢ (f(p,—)) V ug, = 1, for every p < ay,
which shows the first step of the induction.

Now, consider 2 € N, and assume, by inductive hypothesis, that for any
k < i there is u,, € Lo satisfying g(—,q) V co(uq,) = 1, for every ¢ > ay,
f(p,—) Veo(ug,) =1, for every p < oy, and

(any, < aky) = (Uay, Vug, =1), forall ky, ky <i—1.
Further, define
{ackien == {co " (9(— @) | ¢ > i} U{ul, | k <i,op < au},
{be}een = {eo ' (f(p, =) | p < @i} U{ug, | k< i, < ai};
Then {as}sen and {by}en satisfy the conditions of Lemma 4.1:
(1) For each ¢ > «,

o o)V (A & (DA A ) =1

<o k<i,ap<a;

since ¢~ (9(—,9)) V (Apa, €0 (f(p,—))) = 1 (again because g < f) and,
by inductive hypothesis,

o 9=V A w)= A (0 (9(—q)Vu,) =1

k<i, <oy k<i, ap<oay

(2) For each k < i such that a; < ay,

ut, V(A @ DA A, ) =L

<oy m<i, <y
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since ug, V (Ao, €0~ (f(p, =) = us, Veo ' (f(cu, —)) = 1 and, by inductive
hypothesis,
ug, V ( /\ uam) = /\ (us, V Uq,,) = 1.
m<i, Oy, <o M<1t, Oy <4
(3) Similarly to (1) and (2), respectively, one can prove that, for each p < «,
(A o=ann A us) Ve (Fm-) =1,
q>o; k<i, ;<o
and that, for each k < ¢ satisfying a; < «;,
( /\ CO_l(g(_7Q)) A /\ u;k) VU, = L.
q>a; k<i, a; <o

So, it follows from Lemma 4.1 that there exists u,, € Lo such that

(> a) = (0 (9(= )V ta, =1),
(i <) = (uh, Vu, =1), forall k <i,
(

(€97

(p<ai) = (0 (flp,—) Vup, =1),
(ar <) = (g, Vuy, =1), for all k < i.

This, together with the inductive hypothesis, gives us the required {u,, }r<; C
LQ. |

Theorem 4.3. Let f and g be real functions on a biframe (Lo, L1, Ls) such
that g is Li-usc, f 1s Lo-lsc and g < f. Then there exists an Li-usc and
Lo-lsc real function h on L satisfying g < h < f, for every such pair f,q, if
and only if (Lo, L1, L) is normal.

Proof: =: Let a Vb = 1 with a € Ly and b € Ly. Then X, is Li-
USC, Xooh) 18 Lo-lsc and X¢ ) < Xop)- Thus, by hypothesis, there exists
an L1 -usc and La-lsc h such that x¢ ) < h < Xoo)- By Proposition 2.1,
(L ( ) (R), £,(R)) — (Lo, L1, Lo) is a biframe homomorphism.
Con81der (9t oh)(—,4) =v € Ly and (¢p ' o h)(3,—) = u € Ly. Then
colw) A co(v) = h(0) = 0, cola) V colw) = Yo (—2) V h(d,—) = 1 and
co(b) V ¢o(v) = Xopr)(3:—) V h(—,3) = 1, which means that u A v = 0 and
aVu=1=>bVuo. ThlS shows the normality of (Lo, L1, L2).

«<: Let g be Li-usc and let f be Lo-Isc such that ¢ < f. By Lemma 4.2
there exists {uq, treny € Lo satisfying conditions (4.2.1), (4.2.2) and (4.2.3).

Let ¢ € Q. Then there exists o, € Q such that oy > ¢ and it fol-
lows that from (4.2.1) that ¢(¢,—) < g(—,¢)* < co(u,,). Consequently,

” [\3|>—l
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I = V,c09(@ =) < Vaecqo(ta,). Similarly, from (4.2.2) it follows that
1 =V,c0f(=P) < V,eqto(ta). Together with (4.2.3), this means that
{ta, }ren is an Lo-scale thus, by Lemma 3.2, the formulas

hp, =)=V colua,) and (=, q):= V cfug,)

Qp>p ap<gq

establish an Lj-usc and Ls-lsc real function h on (Lo, L1, L2). Moreover,
g<h<f

(a) Condition (4.2.1) means that g(—,q) > 0¢(ua,) > co(up,) for any g € Q
and each aj < ¢. Consequently,

9(—q) = V colug,) = h(—,q).

ap<q

(b) Similarly, by (4.2.2), f(p,—) > o0o(ul,) > co(ta,) whenever p € Q and
ap > p. Hence,

fp,=) =V colua,) = hip, ). n

aEp>p

5. Consequences

5.1. Frames. The particular case Ly = L1 = Lo in Theorem 4.3 gives us
immediately the Katétov-Tong-type insertion theorem for frames ([9], [18]).

5.2. Bitopological spaces. Applied to
(i{l Vv 527 (Zlv (ZQ)

for a bitopological space (X, %1, %5) [12] one gets the following insertion the-
orem of Priestley ([21], Theorem 5):

Theorem. Let f and g be real functions on a bitopological space (X, %1, %)
such that g is ¥1-usc, f is To-lsc and g < f. Then there exists a T1-usc and
Co-lsc real function h on X satisfying g < h < f, for every such pair f,q, if
and only if (X, %1, %9) is normal.

Proof: We verify the non-trivial implication. Let (X,%;,%5) be a normal
bitopological space ([12]) and let f : X — R be a Ts-lsc real function and
g: X — R a Tj-usc real function such that g < f. Note that

{f~'(p, +oo]) : p € Q}
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is a lower Ty-scale in the biframe (T V Ty, T1,Ts) (the only non-trivial fact
to be proved is that \/ cqoz,vz,(f 7 (Jp, +oo[)) = 1 which is an immedi-
ate consequence of the fact that, for every p > ¢, og,yz,(f 1(Ip, +o0[)) >
cs,vz, (f 1] — 00, ¢[))). Similarly,

{97/ —oc.a)) 1 q € Q}
is an upper Ti-scale. Thus, applying Lemma 3.1, we have a %»-1sc function

}7: S(R) — 80(11 V TQ) given by
fp. =) =V esum, (F (0 +o0))  and  f(—,q) = V oz,us, (f (s, +o0]))

r>p s<q

and a Tp-usc function g : L(R) — S§y(T1 V Fy) defined by
9, =) = V oz,yz, (g7 (J—00, 7)) and  g(—,q) = V cx,yz, (97 (]—00, s[)).

r>p 5<q

Finally, we have g < f, that is,
\/ 0%,vT, (gil(] \/ Cfl\/sz ]7’ +OOD)
r>p r>p

Indeed: let r > p and take s such that p < s < r; then g7 (] — 00, 7[) V
g_l(]8,+00[) = X so0 051\/‘12(9_1(] - OO7T[)) < CS1VT2(9_1(]S7+OOD); ﬁnally,
since g < f, then g7 *(Js, +oo[) < f1(Js, +oo[) and therefore

ch\/TQ(g_l(]s? +OOD) < CT1VTz(f_1(]S7 +OO[))

Since (X, %, %5) is normal, the corresponding biframe (%, V 32,11,12) is
normal and by Theorem 4.3, there exists an Lj-usc and Le-Isc h such that
7 < h < f. By Proposition 2.1, h : L£(R) — Sy(%1 vV Ty) is continuous in
T1V %y and

(exivr,) o b (E(R), &(R), £,(R)) — (T1 VT, %1, Do)

is a biframe homomorphism. By Proposition 4 of [1] there is a continuous
function h : (X, % V Ty) — R satisfying, for each p,q € Q,

p<h)<q & ze((egus) oh)(paq)
We have immediately that ¢ < h < f, h is Tj-usc and Ty-lsc (since

h=!(] = 00,q]) € ((exvz,) 0 h)(—,q) € Ty and h='(Jp, +00[) C ((eg,vz,) ' o
h)(p, —) - 32) [ ]
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Remark. Similarly, the monotone version of Theorem 4.3 (following and
extending the lines of [5]) would give us Theorem 1 of [16].

5.3. Ordered topological spaces. An ordered topological space (X, ¥, <)
is:

(1) normal (normally ordered in [17, 21]) if, given disjoint closed subsets
Iy, Fy of X with F; decreasing and F5 increasing, there exist disjoint
open sets Gy, G such that Gy is decreasing, G increasing and F; C
Gy, j =12

(2) a Nj-space [21] if, given disjoint closed subsets Fy, Fy of X with F
increasing, there exist disjoint open sets G, G5 such that G; is de-
creasing, Gy is increasing and F; C G, j = 1, 2;

(3) a Ng-space [21] if, given disjoint closed subsets Fy, Fy of X with F}
decreasing, there exist disjoint open sets GGy, GGy such that Gy is de-
creasing, G is increasing and F; C G, j = 1, 2;

(4) a N-space [21] if, given closed sets Fy, Fy satisfying a; 2 as for every
a1 € I} and ay € F5, there exist disjoint open sets G1, G5 such that
G is decreasing, Gy is increasing and F; C Gy, j = 1, 2.

The sets 7T (of open increasing sets) and | ¥ (of open decreasing sets) define
two topologies on X and therefore the triples (X, 1%, %) and (X, [T, 1%) are
bitopological spaces. The following is obvious:

o (X, %, <) is normal iff (X, 1%, |[%F) is normal iff (X, [T, TF) is normal.

o If (X,%,<)is N; then (X, %, |F) and (X, [T, T) are normal.

o If (X,% <)is Ny then (X,1%,%) and (X, %, 1) are normal.

o [:(X,|%) > Risusciff f:(X,T) — Risusc and f is monotone.

o f:(X,1%) = Rislsciff f:(X,T) — Rislsc and f is monotone.
Furthermore:

(*) An ordered topological space (X, ¥, <) is an N-space iff it is simulta-
neously an N;-space and an Ng-space and < is a closed partial order
[21, Lemma 3].

Using these results one can immediately obtain the following theorems as
particular cases of our Theorem 4.3 above:

Theorem 1. Let f and g be monotone real functions on an ordered topolog-
ical space (X, %, <) such that g is usc, f is lsc and g < f. Then there exists
a continuous monotone real function h on X satisfying g < h < f, for every
such pair f and g, if and only if (X, %, <) is normal.
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Proof: Use the properties above and apply Theorem 4.3 to the biframe (| TV
1%, 1%, 19). .

Theorem 2. Let f and g be real functions on an ordered topological space
(X, %, <) such that g is usc, f is lsc, g < f and f is monotone. Then there
exists a continuous monotone real function h on X satisfying g < h < f, for
every such pair f and g, if and only if (X, %, <) is N;.

Proof: Use the properties above and apply Theorem 4.3 to the biframe
(TVIE,T1%9). |

Theorem 3. Let f and g be real functions on an ordered topological space
(X, %, <) such that g is usc, f is lsc, g < f and g is monotone. Then there
exists a continuous monotone real function h on X satisfying g < h < f, for
every such pair f and g, if and only if (X, %, <) is Ny.

Proof: Use the properties above and apply Theorem 4.3 to the biframe
(ITVE [T |

Then, immediately, using property (x), Theorems 2 and 3 produce:

Corollary 4. Let f and g be monotone real functions on an ordered topo-
logical space (X, %, <) such that g is usc, f is lsc and g < f. If (X, %, <)
1s an N -space then there exists a continuous monotone real function h on X
satisfying g < h < f. The converse s true if < 1s closed. ]

Remark. Theorems 1 and 2 are, respectively, Theorems 1 and 2 of Priestley
[21]. Note that, as in the bitopological case (subsection 5.2 above), the former
provides as a corollary Nachbin’s extension to normal ordered topological
spaces of Urysohn’s Lemma, with g, f characteristic functions of appropriate
sets ([17], p. 30).

5.4. Urysohn-type lemma. Let (Lg, L1, Ls) be a normal biframe, a V
b=1with a € Ly and b € Ly. Then X ) is L1-usc, Xo,m) 18 Lo-lsc and
Xeo(a) < Xoo(b)- Therefore there exists an Li-usc and La-lsc function h such
that x¢ @) < h < Xopp)- By Proposition 2.1,

¢ toh: (LR),L[R), L.(R)) — (Lo, L1, Ly)

is a biframe homomorphism. Further, X ()
h(—,q) for every 0 < ¢ < 1, that is, h(—, 1) <
plies h(0, —) < ¢g(b). Hence (g toh)(—,1) <

o(a). Similarly, b < x,,p) im-

< h means that x. (— q) <
co(a
a and (¢ toh)(0,—) <b. We
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have just obtained the Urysohn’s Lemma for normal biframes of Schauerte
23, Proposition 6.2]:

Proposition. A biframe (L, L1, Ls) is normal if and only if, whenever
aVb=1forae€ Ly and b € Lo, there exists a biframe homomorphism
h: (£(R), £(R), £,(R)) — (Lo, L1, L2) such that h(—,1) < a and h(0,—) <
b. |

5.5. Tietze-type extension theorem. Given a sub-bilocale (S, S1, S2) of
(Lo, L1, Ly), we say that an Sj-usc and Sp-lsc real function f on (Sy, Si,S2)
has a continuous extension to (Lg, L1, L) if there exists an Li-usc and Lo-
Isc real function f on (Lo, L1, Lo) such that f(p,q) V Sy = f(p,q) for every
p,q € Q. This means precisely that the diagram

/
f

(with pg defined by pg(T) =T V Sp) is commutative.

Then we get what appears to be a new result for biframes (the Tietze-type
extension theorem for normal biframes) that generalizes at once the results
for frames [8], bitopological spaces [12] and ordered topological spaces [17, 21]
(the details of the proof are rather technical and will appear elsewhere):

(So(Lo), S1(L1), Sa(L2))
ps

(£(R), £(R), £.(R)) (So(S0), S1(51), S2(52))

Theorem. A biframe (Lo, L1, Ly) is normal if and only if for every closed
sub-bilocale (Sy, S1,52), each Si-usc and Ss-lsc real function on (Sy, S, S2)
has a continuous extension to (Lg, L1, Ls).

6. Stone-type insertion

We say that a biframe (Lo, L1, L2) is extremally disconnected (cf. [13]
for the corresponding bitopological notion) if whenever a A b = 0 for some
a € Ly and b € Ly there exist u € Ly and v € L1 such that v Vv =1 and
aNu=0=0>bA0v.

Remark 6.1. Note that a biframe is extremally disconnected if and only if
a**Va® =1 for every a € Ly (or, equivalently, if b*V b*® = 1 for every b € Lo).
Indeed:
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If (Lo, L1, Ly) is extremally disconnected then, since a** A a® = 0, there
exist u € Ly and v € L such that u Vv =1 and a** Au = 0 = a®* A v.
Evidently, 1 = u Vv < a® Vv a®*®. Conversely, let a Ab =0 with a € L; and
be Ly. Thenb <a®. Takeu=a®* € Ly and v =a*® € L. Clearly, uVv =1,
aANu=0and bAv=bAa*" <a®Aa* =

Given a biframe (Lg, L1, Lo) and S € Sy(Lyg), we denote by cl;(S) (i = 1,2)
the closure of S in S;(L;), that is,

S) = \/{wla) | a € L, co(a) < S}.

Note that cl;(0p(a)) = ¢o(a®) for each a € L; (i = 1,2).
We need now to extend the lower and upper regularizations [6, 8] of frame
real functions to biframe real functions. Let

[+ (E(R), &(R), £.(R)) — (So(Lo), S1(L1), S2(L2))-
The lower reqularization f° of f is defined by:

fop,—) =V cb(f(r,—)) and f*(—q) =V (cl(f(s,-))"

r>p 5<q

Dually, the upper reqularization f~ of f is defined by

F (=) =V (chi(f(—7)" and [ (—q) =V ci(f(—9)).

r>p s<q
Properties 6.2. The following hold for all real functions f, g in (Lo, L1, Lo):
(1) fo<f.
f° is Lo-lsc.

(2)

(3) If g is Lo-lsc and g < f then g < f°.
4) f<f.

(5) f~ is Li-usc.

(6) If g is Li-usc and f < g then f~ < g.

Proof: (1) For each p € Q, f°(p,—) = Vo, cha(f(r,—)) < V.., [(r—) =
f(p, =)

(2) It is obvious.

(3) The fact that ¢ is Lo-lsc means that g(p, —) = co(b,) for some b, € Lo.

Then CO(bp) - g(pa _) < f(pa _)7 which 1mphes that g(pa _) < ClQ(f(p7 _))
Therefore

[, =)=V c(f(r,—=) > V g(r,—) = g(p, —).

r>p r>p
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Properties (4)-(6) can be proved similarly. u

Lemma 6.3. Let g be an Li-usc real function on (Lg, L1, Lo) and let g(—, q) =
co(ay) with ag € Ly. Then:

(1) g°(p, =) = V,=, colay).
(2) 9% (P, =) < Vynp 00(Vop ).
(3) If a3 vV a;®* =1 for every q € Q, then ¢g°~ = ¢°.

Proof: (1) We need to check that \/,_ co(ar) < V., cla(g(r,—)). For each
r > p consider t such that p < ¢t < r. Then g¢(¢t,—) V ¢y(a,) = 1, which
implies g(t, —) > og(a,) > cla(og(a,)) = ¢o(ar). Hence ¢o(a?) < g(t, —) and,
consequently, ¢g(ar) < cla(g(t, —)).

(2) Since ¢°~(p, —) = V,~,(cli(¢°(—,7)))*, we have to show that

V (ch(g°(=7)))" < V ooV af).

r>p r>p s<r

For that it suffices to check that, for any r > p, ¢o(\/,., as*) < cli(g°(—,7)).
Since g(s, —) < g(—, s)* = 0g(as), we have cly(g(s, —)) < cla(0g(as)) = co(al),
from which it follows that ¢g(a?®) = cli(0(a?)) < o(a?) < cla(g(s, —))*. Hence

oV ag") = V «(af”) <V clag(s, —))" = g°(=,7),

s<r s<r s<r

which ensures that ¢o(\/,_, a2*) < cli(¢°(—,7)).

s<r 7's
(3) By Properties 6.2 (4), it suffices to check that ¢°~ < ¢°. Using (1) and
(2), we only need to check that
Vooo(V ag®) <V colag).
r>p s<r r>p

So, let » > p and take ¢ such that p < ¢ < r. Since a;* V af = 1 we have
op(as®) < co(af). This means that oo(\/,_, as*) < o¢(af®) < co(ay) and the
required inequality follows. ]

Theorem 6.4. Let f and g be real functions on a biframe (Lo, L1, Ls) such
that g s Li-usc, f is Lo-lsc and f < g. Then there exists an Li-usc and
Lo-lsc real function h on (Lg, L1, Lo) satisfying f < h < g, for every such
pair f,q, if and only if L is extremally disconnected.

Proof: =: Let aAb =0 with a € Ly and b € La. Then x,q) 18 L1-usc, Xo, )
is Lo-1sc and Xo,(5) < Xco(a)- Thus, by hypothesis, there exists an L;-usc and
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Lo-lsc h such that x,,p) < h < Xc(a)- By Proposition 2.1,
“oh: (£(R), £(R), £,(R)) — (Lo, Ly, L2)

is a biframe homomorphism. Consider (¢y~' o h)(—,3) =v € Ly and (¢o~
h)(3,—) = u € L. Then co(u)Vey(v) = h(1) =1, co( )/\co( ) = Xeola)(—
(% —) Xeo@) (= 3) A Xeo(a)(3,—) = 0 and Co(b) A co(V) = Xoo( )(%
h(—,3) < (3, =) Ah(—,3) = 0, which means that « Vv =1 and a A u =
0= b Awv. This shows the extremal disconnectedness of (Lg, L1, L2).

%)
=) A

«<: Let f and g be real functions on a biframe (Lg, L1, L) such that g is L1-
usc, [ is Lo-lsc and f < g. By Properties 6.2, f < ¢° < ¢. Since g is L;-usc,
we have g(—,q) = ¢y(a,) for some a, € L;. The extremal disconnectedness
of (Lo, L1, Ly) implies, by Lemma 6.3(3), that ¢° = ¢°~. We have here the
required A (since ¢° is Lo-lsc and ¢°~ is Lj-usc). _

7. Consequences

7.1. Frames. The particular case Ly = L; = Ly in Theorem 6.4 gives us
immediately the Stone-type insertion theorem for frames [14, 6].

7.2. Bitopological spaces. Applied to
(T1 VT, T, %)

for a bitopological space (X, %7, %5) one gets the following insertion theorem
for bitopological spaces that appears to be new:

Theorem. Let f and g be real functions on a bitopological space (X, %1, %)
such that g is €1-usc, f is To-lsc and f < g. Then there exists a T1-usc and
To-lsc real function h on X satisfying f < h < g, for every such pair f,g, if
and only if (X, %1, %) is extremally disconnected.

Proof: Similar to the proof of Theorem 5.2. |

This provides immediately as a corollary (with f, g characteristic functions
of appropriate sets) the Urysohn-type lemma for extremally disconnected
bitopological spaces of Sarma [22, Theorem 2.4].
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7.3. Ordered topological spaces. Given an ordered topological space
(X,%,<) and a subset E of X, let clf(F) denote the smallest closed increas-
ing subset of X containing F and let cl|(£) denote the smallest closed de-
creasing subset of X containing E. The ordered space (X, ¥, <) is extremally
disconnected (extremally order-disconnected in [3]) if for each increasing open
subset G1 of X the set clT(G1) is open and for each decreasing open subset
Go of X the set cl|(Gs) is open. After realizing that

(X, %, <) is extremally disconnected iff (X, 1%, |¥) is extremally
disconnected iff (X, %, 1%) is extremally disconnected,

one can obtain immediately the following theorem as a particular case of our
Theorem 6.4 above (cf. [3]):

Theorem. Let f and g be monotone real functions on a ordered topological
space (X, %, <) such that g is usc, f is Isc and f < g. Then there exists a
continuous monotone function h on X satisfying f < h < h, for every such
pair f, g, if and only if (X, %, <) is extremally disconnected. |

7.4. Urysohn-type lemma. Let (Lg, L1, Ls) be a normal biframe, a A
b =0 with a € Ly and b € Ly. Then X ) is L1-usc, Xo,m) 18 Le-lsc and
Xoo(h) < Xeo(a)- Lherefore there exists an Li-usc and La-lsc function h such
that xo,) < h < Xeo(a)- By Proposition 2.1,

¢ toh: (LR),&R), L.(R)) — (Lo, L1, Ly)

is a biframe homomorphism. Further, x,,; < h means that x, ;) (—,q) <
h(—,q) for every 0 < ¢ < 1, that is, 0g(b) < h(—,1). Similarly, h < Xy
implies h(0,—) < og(a). Since (¢g~! o h)(—,1) = u for some u € L; and
(o~ toh)(0,—) = v for some v € Ly, we have 0g(b) < ¢o(u) and ¢o(v) < 0g(a),
that is, bV u = 1 and a A v = 0. We have just obtained the following
separation-type lemma for extremally disconnected biframes, which appears
to be new:

Proposition. A biframe (Lg, L1, L) is extremally disconnected if and only
if whenever a ANb =0 fora € Ly and b € Lo, there exists a biframe homo-
morphism h : (£(R), £(R), £,(R)) — (Lg, L1, Ls) such that a A h(0,—) = 0
and bV h(—,1) = 1. u

7.5. Tietze-type extension theorem. Similarly to 5.5, we can also pro-
duce an extension-type result for extremally disconnected biframes:



INSERTION ON SPACES, BISPACES, ORDERED SPACES AND POINT-FREE SPACES 21

Theorem. A biframe (L, L1, L) is extremally disconnected if and only if
for every open sub-bilocale (Sy, S1,52), each Si-usc and Ss-lsc real function
on (Sp, S1,.S2) has a continuous extension to (Lg, L1, L2).

This is new for biframes and extends at once the results for frames [14, 6],
bitopological spaces [22] and ordered topological spaces.
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