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Abstract

In this paper we study a class of coagulation equations including a source term
that injects in the system clusters of size of order one. The coagulation kernel is ho-
mogeneous, of homogeneity γ < 1, such that K (x, y) is approximately xγ+λy−λ,
when x is larger than y. We restrict the analysis to the case γ + 2λ ≥ 1. In this
range of exponents, the transport of mass toward infinity is driven by collisions
between particles of different sizes. This is in contrast with the case considered
in Ferreira et al. (Annales de l’Institut Henri Poincaré C, Analyse Non Linéaire,
2023), where γ + 2λ < 1. In that case, the transport of mass toward infinity is due
to the collision between particles of comparable sizes. In the case γ + 2λ ≥ 1,
the interaction between particles of different sizes leads to an additional transport
term in the coagulation equation that approximates the solution of the original co-
agulation equation with injection for large times. We prove the existence of a class
of self-similar solutions for suitable choices of γ and λ for this class of coagu-
lation equations with transport. We prove that for the complementary case such
self-similar solutions do not exist.
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1. Introduction

1.1. Aim of the paper

In this paper we study the long-time behavior of the coagulation equation with
injection:

∂t f (t, x) = K[ f ](t, x) + η (x) (1.1)

where

K[ f ](t, x) := 1

2

∫ x

0
K (x − y, y) f (t, x − y) f (t, y) dy

−
∫ ∞

0
K (x, y) f (t, x) f (t, y) dy, (1.2)

and where η ≥ 0. We will assume in all of what follows that η(x) �≡ 0, and that it
is either compactly supported or it decays fast enough with the cluster size.

The study of problems with this form arises naturally in problems of aerosols
and atmospheric science ( [12,18,21]). In this context, the function f (t, x) denotes
the density of clusters with size x at time t .

The collision operator K[ f ](t, x) in (1.2) was introduced by Smoluchowski
(see [19]). The kernel K (x, y) encodes information about the mechanism driving
the coagulation of clusters. In this paper we are interested in kernels arising in
atmospheric science applications. A common feature of these kernels is the homo-
geneity property. Indeed, in many cases the rate of aggregation scales like a power
law with the cluster size. This means that the coagulation kernel K (x, y) satisfies

K (ax, ay) = aγ K (x, y) for a > 0 and (x, y) ∈ (0,∞)2 (1.3)

for some γ ∈ R.
On the other hand, since the coagulation process does not depend on the order

in which the clusters of size x and y are chosen, we have the symmetry property

K (x, y) = K (y, x) for (x, y) ∈ (0,∞)2. (1.4)

We will assume that the coagulation kernel K satisfies

c2

[
xγ+λ

yλ
+ yγ+λ

xλ

]
≤ K (x, y) ≤ c1

[
xγ+λ

yλ
+ yγ+λ

xλ

]
and γ + 2λ ≥ 0,

(1.5)
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with 0 < c2 ≤ c1 < ∞, where γ is the homogeneity parameter introduced in (1.3)
and λ ∈ R. The polynomial bounds (1.5) are satisfied by many of the most relevant
collision kernels arising in aerosol and atmospheric science, such as the diffusive
coagulation kernel and the free molecular kernel (see for instance [12]).

Notice that the condition γ + 2λ ≥ 0 in (1.5) does not imply any loss of
generality. This can be seen from the fact that the function xα yβ + xβ yα can be

written as
[
xγ+λ

yλ + yγ+λ

xλ

]
with γ + λ = max{α, β} and −λ = min{α, β}.

Since we will consider solutions of (1.1), (1.2) in which f (t, ·) is a Radon
measure, it is convenient to impose the following condition on the kernel K :

K ∈ C((0,∞)2). (1.6)

It is well known that part or all the mass of the solutions of (1.1), (1.2) can
escape towards x = ∞ in finite, or even zero time. This phenomenon is known
as gelation. For a more detailed analysis on this matter, see for example [3,4]. In
order to guarantee that gelation does not take place, we will assume in all of what
follows that

γ < 1 and γ + λ < 1. (1.7)

See [5] for a more detailed discussion on the gelation regimes.
We expect that gelation does not take place under the weaker assumptions

γ ≤ 1, γ + λ ≤ 1 (see [3]). However, in the critical cases γ = 1 or γ + λ = 1, the
self-similar solutions are not defined using power laws to scale the particle sizes but
most likely using exponential functions. Given that the analysis of these solutions
would require arguments different from the ones in this paper, we will not consider
this case here.

The existence of solutions for Eq. (1.1), (1.2) has been considered in [6,7]. In
this paper we study the long time behavior of the solutions of Eq. (1.1). Due to the
presence of the source we can expect the solutions to (1.1), (1.2) to converge to a
stationary non-equilibrium solution f = f (x) as t → ∞, i.e. to a solution of

K[ f ](x) + η(x) = 0. (1.8)

However, it turns out that if η �≡ 0 and γ + 2λ ≥ 1, a solution for (1.8) does not
exist. In [13], the discrete stationary coagulation model

n−1∑
k=1

Kk,n−k fk fn−k −
∞∑
k=1

Kk,n fk fn + δk,n = 0, k ≥ 1 (1.9)

has been studied for the explicit coagulation kernel

Kk,n = kγ+λn−λ + k−λnγ+λ, k, n ∈ N, (1.10)

when |γ +λ| < 1, |λ| < 1, |γ | < 1. Formal asymptotics for the large size behavior
of the solutions fk of (1.9) has been obtained in [13]. The results in that paper
indicate that a solution of (1.9) exists if and only if γ + 2λ < 1.
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In the case of general kernels satisfying the assumptions (1.4), (1.5), (1.6), and
source terms η decreasing fast enough, it has been proved in [10] that the solutions
of (1.8) (as well as its discrete counterpart) exist, if and only if γ + 2λ < 1.

It is worth to remark that it has been proved in [10] that the solutions of (1.8) can
be estimated, up to a multiplicative constant, from above and below by the power

law x− 3+γ
2 for large values of x .

Since in the case γ + 2λ ≥ 1 a stationary solution of (1.8) does not exist,
we cannot expect the solutions to (1.1), (1.2) to behave as the stationary solution
f of (1.8) as t → ∞ for x of order one. It is then natural to ask what is the
long time asymptotics of the solutions to (1.1), (1.2) for large values of t and x .
The scaling hypothesis that has been extensively used in the study of coagulation
equations suggests that themass of the particle distributions f (t, x) is concentrated
in cluster sizes x of order t p for a suitable exponent p that would be determined
from dimensional considerations, which take into account the way in which the
mass rescales in time. In the case of kernels K (x, y) = xγ+λy−λ + y−λxγ+λ,
−1 < λ < 0 with 0 ≤ γ + λ < 1 and γ < 1, it was suggested in [5], using a
combination of matched asymptotics and numerical simulations, that the long time
behavior of the solutions of (1.1), (1.2) is given by self-similar solutions with the
form

fs (t, x) = 1

t
3+γ
1−γ

	 (ξ) , ξ = x

t
2

1−γ

. (1.11)

The approximation (1.11) can be expected to be valid for large cluster sizes, i.e.
x 	 1.Wewill use from now the notation with x 	 1 to indicate large cluster sizes
x . In the case considered in [5] we have that γ + 2λ < 1 and therefore stationary
solutions fs solving (1.8) exist. In this case, (1.8) and (1.11) suggest that 	(ξ)

behaves for small values of ξ as K ξ− 3+γ
2 , for a suitable constant K > 0. More

precisely, plugging (1.11) in (1.1), (1.2), it follows that 	 solves

− 2

1 − γ
ξ	ξ − 3 + γ

1 − γ
	 = K [	] , (1.12)

where 	 satisfies the following boundary condition at ξ → 0 which guarantees
that there is a constant flux of particles from the origin:

lim
R→0

∫ R

0
dξ

∫
R−ξ

dηK (ξ, η) ξ	 (ξ)	 (η) = J, (1.13)

with J = ∫∞
0 xη (x) dx . The existence of solutions of Eq. (1.12) satisfying the

constant flux solution condition at ξ = 0, (1.13), has been rigorously proved in [9]
for kernels K satisfying (1.4), (1.5), (1.6), (1.7) with γ + 2λ < 1.

The picture described above, which combines the stationary behavior f , (cf.
(1.8)) for cluster sizes x of order one, and the self-similar behavior (1.11) for large
cluster sizes, provides a rather complete description of the long time behavior of
the solutions to (1.1), (1.2) in the case γ + 2λ < 1. However, the same scenario
cannot yield a description of the long time asymptotics of the solutions to (1.1),
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(1.2) if γ + 2λ ≥ 1, because, as explained above, in this case a solution of (1.8)
does not exist.

Notice that the existence/non-existence of solutions to (1.8) is related to the
existence of stationary solutions of (1.8) yielding a constant flux of particles with

the form of a power law, i.e. f (x) = cx− γ+3
2 . These solutions exist for γ + 2λ < 1

and they do not exist for γ + 2λ ≥ 1. In the framework of the wave turbulence it
would be stated that the kernels K with γ + 2λ < 1 satisfy the locality property,
while the kernels K with γ + 2λ ≥ 1 do not have the locality property, see [22].

In this paper we are interested in the study of the long-time behavior of the
solutions to (1.1), (1.2) in the case γ + 2λ ≥ 1 (and the non-gelling regime γ < 1
and γ + λ < 1) that is described using formal asymptotics arguments. The kernel
we work with is homogeneous, hence it can be expressed as

K (x, y) = (x + y)γ F

(
x

x + y

)
, F (s) = F (1 − s) for s ∈ (0, 1) .

(1.14)

Notice that (1.5) implies that c1 ≤ F(s) ≤ c2 for some c1, c2 > 0. We will assume
in what follows a condition that is more restrictive than (1.5), namely

lim
s→0+

[
sλF (s)

] = 1. (1.15)

In order to prove that in the case γ + 2λ ≥ 1 there are no solutions of (1.8), the
main idea used in [10] is based on the fact that, for this range of exponents, the
transfer of clusters of size x of order one towards very large cluster sizes is so fast
that the concentration of clusters with size of order one would become zero.

In the case of time dependent solutions having initially finitemass, this increases
linearly due to the fact that

∂t

(∫ ∞

0
x f (t, x)dx

)
=
∫ ∞

0
xη(x)dx .

For large times, due to the increase of the average cluster size, we might expect
that, if γ + 2λ ≥ 1, there should be a fast transport of the newly injected clusters
of order one towards much larger cluster sizes. This almost instantaneous transport
results in small concentrations of clusters of order one for large times.

We now remark that the part of the coagulation operator which describes the
coagulation between particles of different sizes can be approximated by means of
a transport operator in the space of cluster sizes. These arguments, that will be
described in detail using formal asymptotics in Sect. 2, show that the solutions of
(1.1), (1.2) for large cluster sizes can be approximated by means of the following
equation if γ + 2λ ≥ 1:

∂t f (t, x) + ∂x
(
xγ+λ f (t, x)

)
∫∞
0 zγ+λ f (t, z) dz

= K [ f ] (t, x), for x 	 1. (1.16)

We emphasize that the non-local transport term
∂x
(
xγ+λ f (t,x)

)
∫∞
0 zγ+λ f (t,z)dz

is a consequence

of the presence of the source η (x) in (1.1). The fact that the contributions of the
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coagulation operator K [ f ] which are due to the aggregation of particles with very
different sizes can be approximated by a differential operator has been extensively
used in the literature of coagulation equations (cf. [12]). The resulting first order
terms are often referred to represent heterogeneous condensation (cf. [12]). On
the other side, the term K [ f ] in (1.16) describes the aggregation of clusters of
comparable sizes.

The solutions of (1.16) are expected to describe the asymptotic behavior of the
solution of Eq. (1.1) both when γ + 2λ > 1 and when γ + 2λ = 1, even if in these
two cases we have two slightly different scenarios. Namely, when γ + 2λ > 1,
we will have that if x is of order 1, then f (t, x) → 0 as t → ∞, while when
γ + 2λ = 1 we will have that if x is of order 1, then f (t, x) → fs(x) as t → ∞,
where fs is a solution of

K[ f ](x) + η(x) − x−λ f (x) = 0 (1.17)

(compare with (1.8)). Due to the presence of the term x−λ f (x), Eq. (1.17) might
have solutions when γ + 2λ = 1.

The scaling properties of (1.16) suggest that this equation is compatible with
the existence of self-similar solutions for Eq. (1.16) with the form

fs (t, x) = 1

t
3+γ
1−γ

	

(
x

t
2

1−γ

)
. (1.18)

Here the self-similar profile 	 satisfies the following equation, obtained by substi-
tuting equality (1.18) in Eq. (1.16) and using the self-similar change of variables
ξ = x

t
2

1−γ

,

− 3+γ
1−γ

	 (ξ) − 2
1−γ

ξ∂ξ	 (ξ) + 1∫∞
0 ηγ+λ	(η)dη

× ∂
∂ξ

(
ξγ+λ	 (ξ)

) = K [	] (ξ) , ξ > 0. (1.19)

The main result of this paper is to determine the range of exponents γ and λ

satisfying γ + 2λ ≥ 1 and the non-gelation conditions (1.7) for which self-similar
solutions of (1.16) with the form (1.18) exist (see Fig. 1 for a classification of these
exponents). Specifically, we will prove the following: suppose that γ +2λ ≥ 1 and
that (1.7) holds. Then

• If γ > −1, there exists at least one self-similar solution of (1.16) with the form
(1.18).

• If γ ≤ −1 and γ + 2λ > 1, no solutions of (1.16) with the form (1.18) exist
(See Fig. 1).

• If γ ≤ −1 and γ + 2λ = 1, we prove that there are no self-similar solutions fs
of the form (1.18) such that

∫ 1
0 x−λ	(x)dx < ∞.

Themeaning of the condition
∫ 1
0 x−λ	(x)dx < ∞ is that the number of clusters

removed by the coagulation process in any bounded time interval is finite. We
therefore do not exclude the existence of a self-similar solution of Eq. (1.16) with∫ 1
0 x−λ	(x)dx = ∞.
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A remarkable property of the self-similar solutions of (1.16), that we con-
structed in this paper, is that they vanish identically for 0 < ξ < ρ(Mγ+λ) :=(

1−γ
2Mγ+λ

) 1
1−γ−λ

, where

Mγ+λ :=
∫

(0,∞)

ξ γ+λ	(ξ)dξ.

The fact solutions 	 of (1.19) vanish in an interval (0, ρ(Mγ+λ)) means that,
for large times t, the injected particles are transferred almost instantaneously to

clusters with sizes x ≥ ρ(Mγ+λ)t
2

1−γ .Moreover, the fraction of clusters with sizes

x < ρ(Mγ+λ)t
2

1−γ becomes negligible for very long times. The existence of this
“minimal” cluster size for large times is a remarkable feature that, to our knowledge,
has not been observed in the literature on self-similar solutions for the coagulation
equation (see for instance [7,8,11,17,20]). In particular, it is worth to notice that
this behavior of the self-similar solutions is very different from the one exhibited
by the self-similar solutions obtained in the case γ + 2λ < 1 in [9].

The results that we obtain in this paper in the critical case γ + 2λ = 1 are
more fragmentary than those obtained for γ + 2λ > 1. In the case γ + 2λ = 1,
we only prove the existence of a solution 	 of (1.19) for γ > −1 with 	 = 0
on (0, ρ(Mγ+λ)), but we do not prove that any solution vanishes in the interval
(0, ρ(Mγ+λ)).

On the other hand, we will prove in this paper that the function 	 which de-
scribes the self-similar profile in (1.18) decreases exponentially as ξ → ∞ in the
same manner as the self-similar solutions constructed in [9] and as it usually hap-
pens for the self-similar solutions of coagulation equations in problems without
injection, see [7,11].

As indicated above, ifγ ≤ −1andγ+2λ > 1, there are no self-similar solutions
of (1.16) with the form (1.18) and, if γ ≤ −1 and γ + 2λ = 1, there are no self-
similar solutions of (1.16) with the form (1.18) satisfying

∫ 1
0 x−λ	(x)dx < ∞. It

is natural to ask what is the long time asymptotics of the solutions of (1.1), (1.2) in
this case. This question will be the subject of study of a future work.

In both cases, the coagulation term K [ f ] in (1.16) which describes the aggre-
gation of particles with comparable sizes is negligible for large times, and the long
time behavior of the distribution of clusters is determined by the coagulation of
particles of size x of order one with large particles. The main difference between
the cases γ + λ ≥ 0 and γ + λ < 0 arises from the fact that in the second case
the transfer of clusters (not monomers) from the region where x is of order one to
x 	 1, heterogeneous condensation, is relevant.

There are several results in the physical literature which are related, and are
consistentwith the ones in this paper; see for instance [2,14–16]. In [2] a coagulation
model with kernels satisfying (1.5) with parameters γ, λ such that γ + 2λ ≥ 1 and
including also a source term and a removal of particles term has been studied. In that
problem, the cluster concentrations as t → ∞ are determined by the coalescence of
particles of very different sizes. It is then possible to approximate the coagulation-
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Fig. 1. Coefficients for existence and non-existence of self-similar profiles in the case γ +
2λ > 1

removal model for large clusters by means of the equation

∂t f (t, x) = −∂x
(
xγ+λ f (t, x)

) +
∫ x/2

1
y1−λ f (t, y)dy

− f (t, x)
∫ K

x
yγ+λ f (t, y)dy,

where K is the maximum particle size in the system. The numerical simulations in
[2] show that the concentration of cluster sizes of order one approach to a stationary
solution that converges to zero if K is sent to infinity.

In [14] a coagulationmodel with injection andwith kernels satisfying (1.5) with
γ = 0 and λ ∈ (1/2, 1] has been considered. Numerical simulations and formal
computations in [14] suggest that the cluster concentration for clusters of order one
tends to zero as t → ∞. In addition, it is suggested that the concentration for large
clusters are described by a self-similar solution.

In [15,16] coagulation equations with injection are considered with kernels
satisfying (1.5) with −λ = γ ≤ −1. It is seen there that for γ + 2λ ≥ 1, the
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solutions of the corresponding coagulation equation behave in a non self-similar
manner and decay logarithmically. This is in agreement with the non-existence of
self-similar solutions that we obtained in this paper for γ ≤ −1.

1.2. Notation and plan of the paper

Weuse the notationR∗ := (0,∞) andR+ := [0,∞).Given an interval I ⊂ R+
we denote with Cc(I ) the Banach space of the functions on I that are continuous
and compactly supported. We endow the space Cc(R∗) with the supremum norm
denoted with ‖ · ‖∞. For a function φ, if φ(x) = 0, for all x in an interval I , we
will denote it by φ(I ) = 0. We keep the same notation to mean that the support
of a measure is outside the interval I . We denote with M+(I ) the space of the
non-negative Radon measures on I . Given a measure μ ∈ M+(I ) we denote with
‖μ‖T V the total variation norm of μ. For a compact interval I ⊆ R∗ and two
bounded measures μ, ν, we denote the Wasserstein metric by W1, namely

W1(μ, ν) = sup
||ϕ||Lip≤1

∫
I
ϕ(x)(μ − ν)(dx), (1.20)

where the supremum is taken over the Lipschitz functions and where ‖ f ‖Lip =
‖ f ‖∞ + [ f ]Lip, with [ f ]Lip = supx,y∈I

x �=y

| f (x)− f (y)|
|x−y| .

To keep the notation lighter, we denotewithC and c constants thatmight change
from line to line in the computations. In addition, we use the notation f � g, for
two functions f, g, to mean that there exists a constant C > 0 such that f ≤ Cg.

Moreover, given a measure μ, we denote with Mα(μ) the α moment of μ, i.e.

Mα(μ) :=
∫
R∗

xαμ(dx).

To simplify the notation, in some cases, we write Mα instead Mα(μ) if the choice
of the measure μ is clear in the argument.

We use the notation f ∼ g as x → x0 to indicate that limx→x0
f (x)
g(x) = 1, while

we use the notation f ≈ g to say that there exists a constant M > 0 such that

1

M
≤ f

g
≤ M.

As previously mentioned, we use the notation x 	 1 for large cluster sizes
x . Additionally, for cluster sizes x, y, we denote x 	 y or y � x to mean that
x is much larger than y. For two terms, A and B, we use the notation A � B to
mean informally that A can be approximated in terms of B in the region under
consideration in the respective formula.

The rest of this paper is organized as follows: in Sect. 2 we present a heuristic
motivation to study the existence of the self-similar solutions considered in this
paper. In Sect. 3 we present the main results of the paper regarding the existence
and non-existence of a self-similar profile and its properties. In Sect. 4 we explain
the main ideas behind the proofs of existence and non-existence, skipping the
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technical difficulties of the proofs. Section 5 deals with the proof of the existence
of a self-similar solution for Eq. (1.19) when γ > −1. We also prove in this section
that the solution decays exponentially for large values. Section 6 deals with the
non-existence of self-similar solutions for Eq. (1.19) when γ ≤ −1.

2. Asymptotic description of the long time behavior

2.1. The case γ + 2λ > 1

In this section we describe the long time asymptotics of the solutions of (1.1),
(1.2) if γ + 2λ > 1 using formal asymptotic arguments.

As indicated in the Introduction, we expect f (t, x) to converge to zero as t →
∞ for x of order one. Therefore, the contribution due to the term
1
2

∫ x
0 K (x − y, y) f (t, x − y) f (t, y) dy can be expected to be negligible in this

region since this term is quadratic in f andwecan expect the linear term
∫ ∞
0 K (x, y)

f (t, y) dy f (t, x) to give a larger contribution. We will check that these assump-
tions are self-consistent, in the sense that they will predict an asymptotic behavior
for f for which the assumptions made hold.

We examine the asymptotic behavior of the linear term
∫∞
0 K (x, y)

f (t, y) dy f (t, x) when x is of order one. Due to the effect of the coagulation,
we expect the distribution f (t, y) to be concentrated for long times in the larger
cluster sizes y as t → ∞. Using the assumptions (1.14) and (1.15), we obtain the
following asymptotic behavior of K (x, y) for x � y:

K (x, y) � yγ+λx−λ. (2.1)

We then expect to have the following asymptotics as t → ∞, due to the
concentration of f in the large cluster sizes

∫ ∞

0
K (x, y) f (t, y) dy ∼ x−λ

∫ ∞

0
yγ+λ f (t, y) dy as t → ∞

for x of order one. Then, considering the dominant terms in (1.1), (1.2) for x of
order one, we obtain the following equation:

∂t f (t, x) = −x−λ f (t, x)
∫ ∞

0
yγ+λ f (t, y) dy + η (x) . (2.2)

As explained in the introduction, ifγ +2λ > 1, since steady states describing the
cluster concentrationswith x of order one do not exist, we expect to have f (t, x) →
0 as t → ∞.This suggest that we should haveMγ+λ = ∫∞

0 yγ+λ f (t, y) dy → ∞
as t → ∞. Suppose that ∂t Mγ+λ � Mγ+λ as t → ∞ (something that would
happen if Mγ+λ behaves like a power law, as we will see to be the case). Then (2.2)
implies the following asymptotic behavior for f (t, x):

f (t, x) ∼ xλη (x)∫∞
0 yγ+λ f (t, y) dy

as t → ∞ (2.3)
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for x of order one. We notice that the higher order contributions to (2.3) due to
the contributions of the term 1

2

∫ x
0 K (x − y, y) f (t, x − y) f (t, y) dy are of order

1

(Mγ+λ)
2 or smaller. Therefore, these contributionswill be neglected inwhat follows.

Equation (2.3) yields an approximate formula for the concentration of clusters
with x of order one. We now approximate the part of the coagulation operator
which is due to the aggregation of particles with size one with very large particles.
To this end we introduce a characteristic length L = L (t) 	 1 such that we can
approximate f (t, y) by means of (2.3) for y ≤ L . We attempt to approximate the
evolution of the distribution f (t, x) for x 	 L . Then, the coagulation operator in
(1.2) can be approximated, using the symmetry properties of the first term on the
right of (1.2), as follows:

K [ f ] (t, x) = 1

2

∫ x

0
K (x − y, y) f (t, x − y) f (t, y) dy

−
∫ ∞

0
K (x, y) f (t, x) f (t, y) dy

=
[∫ L

0
K (x − y, y) f (t, x − y) f (t, y) dy

−
∫ L

0
K (x, y) f (t, x) f (t, y) dy

]

+
[
1

2

∫ x−L

L
K (x − y, y) f (t, x − y) f (t, y) dy

−
∫ ∞

L
K (x, y) f (t, x) f (t, y) dy

]
.

We can rewrite this formula as

K [ f ] (t, x) =
[∫ L

0
[K (x − y, y) f (t, x − y) − K (x, y) f (t, x)] f (t, y) dy

]

+K
[
f χ[L ,∞)

]
(t, x) , (2.4)

where χ[L ,∞) denotes the characteristic function of the interval [L ,∞) . We now
approximate K [ f ] (t, x) for large values of x and t → ∞ and more precisely
for x 	 L . To this end we use (2.3) and we assume also that K and f are suffi-
ciently regular for large values of x . Then, using the fact that y � x we obtain the
approximation

K (x − y, y) f (t, x − y) − K (x, y) f (t, x) � −y
∂

∂x
[K (x, y) f (t, x)] .

(2.5)

Moreover, (2.1) yields an approximation for K (x, y) if x � y. Exchanging
the roles of x and y we obtain K (x, y) ∼ xγ+λy−λ as x

y → ∞ and plugging this
formula into (2.5) we obtain

K (x − y, y) f (t, x − y) − K (x, y) f (t, x) � −y1−λ ∂

∂x

[
xγ+λ f (t, x)

]
.
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Using this approximation in (2.4) we then obtain

K [ f ] (t, x) =−
[∫ L

0
y1−λ f (t, y) dy

] [
∂

∂x

[
xγ+λ f (t, x)

]]+K
[
f χ[L ,∞)

]
(t, x)

for x 	 1 and t → ∞.Wecannowuse (2.3) to derive a formula for
∫ L
0 y1−λ f (t, y)

dy. We then obtain the approximation

K [ f ] (t, x) � −
∫∞
0 yη (y) dy∫∞

0 yγ+λ f (t, y) dy

∂

∂x

[
xγ+λ f (t, x)

] + K
[
f χ[L ,∞)

]
(t, x) .

(2.6)

Notice that we use that
∫ L
0 yη (y) dy � ∫∞

0 yη (y) dy since by assumption
η (y) decreases sufficiently fast for large values of y.

We will denote as fout the distribution of particles in the region where x 	 1.
More precisely we write fout = f χ[L ,∞). Combining (1.1), (1.2) with (2.6) we
obtain the following evolution equation for fout :

∂t fout (t, x) +
∫∞
0 yη (y) dy∫∞

0 yγ+λ fout (t, y) dy

∂

∂x

[
xγ+λ fout (t, x)

] = K [ fout ] (t, x) .

(2.7)

Notice that we use the approximation
∫∞
0 yγ+λ f (t, y) dy � ∫∞

0 yγ+λ fout
(t, y) dy that might be expected because f (t, y) → 0 for y ≤ L as t → ∞ (cf.
(2.3)).

In the rest of the paper we will study the properties of the self-similar solutions
associated to Eq. (2.7). It is worth to remark that the transport term on the left of
(2.7) is the way in which the injection of particles with size x of order one affects
the outer distribution of clusters fout . Indeed, multiplying (2.7) by x and integrating
we obtain

∂t

(∫ ∞

0
x fout (t, x) dx

)
+

∫∞
0 yη (y) dy∫∞

0 yγ+λ fout (t, y) dy

∫ ∞

0
x

∂

∂x

[
xγ+λ fout (t, x)

]
dx

=
∫ ∞

0
xK [ fout ] (t, x) dx . (2.8)

The mass conservation property associated to the coagulation kernel yields
∫ ∞

0
xK [ fout ] (t, x) dx = 0.

On the other hand, integrating by parts in the second term on the left of (2.8) we
obtain

∫∞
0 x ∂

∂x

[
xγ+λ fout (t, x)

]
dx = − ∫∞

0 xγ+λ fout (t, x) dx .Combining these
results we obtain

∂t

(∫ ∞

0
x fout (t, x) dx

)
=
∫ ∞

0
xη (x) dx . (2.9)
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The identity (2.9) states that the total mass of the clusters in the outer region is
equal to the injection rate. This result, that holds for long times, could be expected
because in the regime described in this section, the injected particles are transferred
instantaneously to large cluster sizes. This is also consistent with f (t, x) → 0 as
t → ∞ when x ≈ 1.

2.2. The case γ + 2λ = 1

In the case γ + 2λ = 1, the approximation of the concentrations of clus-
ters f (t, ·) in the region where x is of order one must be obtained in a different
manner. The reason is that in this case we cannot expect the moment Mγ+λ =∫∞
0 xγ+λ f (t, x)dx to converge to infinity as t → ∞. Indeed, suppose that most of
themass of themonomers is distributed in a characteristic length L(t) that increases
as t → ∞. Then, if we denote as M0 and M1 the moments of f of order zero and
one, respectively, (i.e.

∫∞
0 f (t, x) dx and

∫∞
0 x f (t, x) dx , respectively), we have

that M1 = M0L(t) and Mγ+λ = M0L(t)γ+λ.

Assuming that
∫∞
0 xη (x) dx = 1 and hence that M1 � t as t → ∞, we

deduce that M0L(t) = t . The rescaling properties of (1.1), (1.2) suggest that M0
t �

(M0)
2 L(t)γ . Therefore, plugging the identity M0 = t

L(t) in this formula we obtain

L(t) = t
2

1−γ . Hence

Mγ+λ = M0L(t)γ+λ = t L(t)γ+λ−1 = t1+
2

1−γ (γ+λ−1) = 1. (2.10)

It then follows that the self-similar rescaling ansatz implies that Mγ+λ remains
of order one for large times. A consequence of this is that we cannot approximate
(1.1), (1.2) for clusters of order one by means of Eq. (2.2). Instead of this we will
use a different approximation by splitting f in an outer part which describes the
cluster distribution for x of order L and an inner part that describes the cluster
distribution for x of order one. More precisely, we write

f (t, x) = finner (t, x) + fouter (t, x) , (2.11)

where fouter = f χ[L ,∞), while finner = f χ(0,L], for a constant L > 0.
Using (1.1), (1.2) we would then obtain the following evolution equation for

finner :

∂t finner (t, x) = K [ finner ] (t, x) − finner (t, x)
∫ ∞

0
K (x, y) fouter (t, y) dy

+η (x) . (2.12)

Here we have used the decomposition (2.11) in the loss term of the coagulation
operatorK [ f ]. We use also the fact that in order to compute the gain term for x of
order one we need to use only finner .

By assumption, the main contribution of fouter (t, y) is due to clusters with size
L 	 1. On the other hand, for x of order one, we have the approximation

K (x, y) fouter (t, y) � yγ+λx−λ fouter (t, y)
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and (2.12) becomes

∂t finner (t, x) = K [ finner ] (t, x) − finner (t, x) x−λ

∫ ∞

0
yγ+λ fouter (t, y) dy

+η (x) . (2.13)

The scaling argument above, (2.10), suggests that
∫∞
0 yγ+λ fouter (t, y) dy ap-

proaches to a positive constant as t → ∞ if fouter behaves in a self-similar manner
and γ + 2λ = 1. We will write

Mγ+λ =
∫ ∞

0
yγ+λ fouter (t, y) dy. (2.14)

On the other hand, we will assume that the function finner , which is described
by means of (2.13), approaches to a stationary solution for large times. We then
obtain the following equation which would be expected to describe the behavior of
the solutions of (2.13) for long times

K [ finner ] (x) − Mγ+λ finner (x) x−λ + η (x) = 0. (2.15)

We can now derive an equation describing the evolution of fouter . To this end
we argue as in the case of γ + 2λ > 1 in order to approximate the effect in fouter
due to the collisions of clusters with size L with clusters with size of order one.
Using approximations analogous to the ones used for the derivation of (2.7) (cf.
(2.4), (2.5)) we obtain the following approximation for K [ f ] (t, x):

K [ f ] (t, x) � −
[∫ ∞

0
y1−λ finner (t, y) dy

] [
∂

∂x

[
xγ+λ fouter (t, x)

]]

+K [ fouter ] (t, x) (2.16)

for x of order L .

On the other hand, multiplying (2.15) by x and integrating in (0,∞)we obtain,
since finner is zero for x > L , that

Mγ+λ

∫ ∞

0
y1−λ finner (y) dy =

∫ ∞

0
yη (y) dy.

Using this formula to eliminate
∫∞
0 y1−λ finner (y) dy in (2.16) we obtain

K [ f ] (t, x) � −
∫∞
0 yη (y) dy

Mγ+λ

[
∂

∂x

[
xγ+λ fouter (t, x)

]] + K [ fouter ] (t, x) .

Therefore, we obtain that fouter satisfies Eq. (2.7).
The whole asymptotic behavior derived here relies on the existence of solutions

of Eq. (2.15). In this equation, the value of Mγ+λ is chosen as one associated
to a self-similar solution of (2.7). Equation (2.15) can then be interpreted as a
stationary solution for a coagulation equation with source η and a removal term
−Mγ+λ finner (x) x−λ. The results in [10] imply that no solutions of (2.15) exist if
Mγ+λ = 0 and γ + 2λ = 1, but when Mγ+λ > 0 the existence/non-existence of
stationary solutions for Eq. (2.15) is still an open problem.
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3. Setting and main results

The main results of this paper concern the existence and the non-existence of
solutions to the following equation:

− 3+γ
1−γ

	 (ξ) − 2
1−γ

ξ	ξ (ξ) + 1∫∞
0 ηγ+λ	(η)dη

× ∂
∂ξ

(
ξγ+λ	 (ξ)

) = K [	] (ξ) , ξ > 0. (3.1)

Wenowwrite preciselywhatwemean by a solution of Eq. (3.1) and thenwe state the
main theorems on the existence of a self-similar profile under certain assumptions
on the parameters γ and λ (Theorem 5.1), on its properties (Theorem 6.1) and on
the non-existence of the self-similar solutions under different assumptions on the
parameters γ and λ (Theorem 3.5).

Definition 3.1. Let K be a homogeneous symmetric coagulation kernel satisfying
(1.5), (1.6), with homogeneity γ < 1 and with γ + λ < 1 and γ + 2λ ≥ 1. A self-
similar profile of Eq. (2.7) with respect to the kernel K , is a measure	 ∈ M+(R∗)
such that

0 <

∫
R∗

xγ+λ	(dx) < ∞ and
∫

(0,1)
x1−λ	(dx) < ∞, (3.2)

and such that it satisfies the equation

∫
R∗

ϕ′(x)
[

2

1 − γ
x − xγ+λ∫

R∗ z
γ+λ	(dz)

]
	(dx)

− 1 + γ

1 − γ

∫
R∗

ϕ(x)	(dx)

= 1

2

∫
R∗

∫
R∗

K (x, y) [ϕ(x + y) − ϕ(x) − ϕ(y)]	(dx)	(dy) (3.3)

for every test function ϕ ∈ C1
c (R∗).

Remark 3.2. For every test function ϕ ∈ C1
c (R∗) (hence such that ϕ = 0 near zero)

all the integrals in Eq. (3.3) are finite. The integrals in the left-hand side of Eq. (3.3)
are bounded due to the fact that ϕ is compactly supported and that 	 is a Radon



103 Page 16 of 61 Arch. Rational Mech. Anal. (2023) 247:103

measure. We analyse now the right hand side. Since γ + 2λ ≥ 0
∫
R∗

∫
R∗

K (x, y) |ϕ(x + y) − ϕ(x) − ϕ(y)| 	(dx)	(dy)

≤ 4c1

∫
R∗

∫
(0,y]

x−λyγ+λ |ϕ(x + y) − ϕ(x) − ϕ(y)| 	(dx)	(dy)

≤ c
∫
R∗

∫
(0,y]

x−λyγ+λ (|ϕ(x + y) − ϕ(y)| + |ϕ(x)|) 	(dx)	(dy)

≤ c||ϕ′||∞
∫
R∗

∫
(0,1)

x1−λyγ+λ	(dx)	(dy)

+ c
∫
R∗

∫
[1,y]

x−λyγ+λ |ϕ(x + y) − ϕ(y)| 	(dx)	(dy)

+ c
∫
R∗

yγ+λ	(dy)
∫
R∗

x−λ|ϕ(x)|	(dx).

Using (3.2), the fact that −λ ≤ γ + λ, as well as the fact that ϕ is compactly
supported the desired conclusion follows.

Theorem 3.3. (Existence of the self-similar profiles) Let K be a homogeneous
symmetric coagulation kernel, of homogeneity γ , satisfying (1.5), (1.6), with γ, λ

such that (1.7) holds and such that

−1 < γ, γ + 2λ ≥ 1.

Then there exists a self-similar profile 	 as in Definition 3.1. Moreover, 	 is such
that 	((0, ρ(Mγ+λ))) = 0 for

ρ(Mγ+λ) :=
(

1 − γ

2
∫
R∗ x

γ+λ	(dx)

) 1
1−γ−λ

. (3.4)

Additionally, 	 it is such that
∫
R∗

eLx	(dx) < ∞

for some L > 0 and it is absolutely continuous with respect to the Lebesgue
measure. Then 	(dx) = φ(x)dx and the density φ is such that

lim sup
x∈R∗

φ(x)eMx < ∞

for a positive constant M.

Remark 3.4. In this paperwe do not prove the uniqueness of the self-similar profiles.
Therefore, it makes sense to understand if the proven properties for the self-similar
profile constructed in Theorem 5.1 hold for each self-similar profile as in Definition
3.1.
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When γ + 2λ > 1 we prove that each self-similar profile as in Definition 3.1 is
zero in the set (0, ρ(Mγ+λ)), where ρ(Mγ+λ) is given by (3.4), see Theorem 6.1
for more details. In contrast, when γ + 2λ = 1, we only prove that the self-similar
profile constructed in the proof of Theorem 3.3 is such that 	((0, ρ(Mγ+λ))) = 0.
However, we do not know if this property holds for every self-similar profile as in
Definition 3.1.

Theorem 3.5. (Non-existence of the self-similar profiles) Let K be a homogeneous
symmetric coagulation kernel, of homogeneity γ , satisfying (1.5), (1.6), with γ, λ

such that (1.7) holds.

1. If γ ≤ −1, γ + 2λ > 1, then a self-similar profile 	 as in Definition 3.1 does
not exist.

2. If γ ≤ −1, γ + 2λ = 1, then a self-similar profile 	 as in Definition 3.1 with
the additional property

∫
(0,1]

x−λ	(dx) < ∞ (3.5)

does not exist.

Remark 3.6. Notice that if γ + 2λ > 1 we prove that self-similar solutions as in
Definition 3.1 do not exist when γ ≤ −1. Instead, when γ + 2λ = 1 and γ ≤ −1,
we do not exclude the existence of a self-similar solution 	 as in Definition 3.1
with ∫

(0,1]
x−λ	(dx) = ∞.

4. Main ideas of the proofs

In this section we explain the main ideas for the proofs of existence/non-
existence of self-similar solutions. Both in the case γ +2λ > 1 and γ +2λ = 1, to
prove that a self-similar solution exists, we find an invariant region for the evolution
equation corresponding to (3.1), namely the following equation:

∂t	(t, ξ) − 3 + γ

1 − γ
	(t, ξ) − 2ξ

1 − γ
∂ξ	(t, ξ) + ∂ξ

(
ξγ+λ	(t, ξ)

)
∫
R∗ x

γ+λ	(t, dx)
= K[	](t, ξ).

(4.1)

By Tychonoff fixed point theorem the existence of an invariant region implies that
there exists a solution of Eq. (3.1).

We prove that the set

P =

⎧⎪⎪⎨
⎪⎪⎩
H :

∫ ∞

0
xH(x)dx = 1,

1

C2
≤
∫ ∞

0
xγ+λH(x)dx ≤ C1,

H((0, ρ(C1))) = 0,
∫ ∞

0
x2−γ−λH(x)dx ≤ C2

⎫⎪⎪⎬
⎪⎪⎭
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is invariant when γ + 2λ ≥ 1 and γ > −1 for suitable constants C1,C2 > 0 and
ρ(C1) given by

ρ(C1) :=
(
1 − γ

2C1

) 1
1−γ−λ

. (4.2)

To prove that the set P is invariant we proceed as follows:

1. We prove that
∫∞
0 x	0(x)dx = 1 implies

∫∞
0 x	(t, x)dx = 1, for every t > 0.

This is done multiplying by x Eq. (4.1), integrating from zero to infinity and
then studying the ODE for the first order moment obtained in this manner.

2. As a second step we prove that there exists an upper bound for Mγ+λ. To this
end we multiply both sides of Eq. (3.1) by xγ+λ and we integrate over x in
(0,∞) to obtain an ODE for the γ + λ moment. Using Grönwall’s lemma, the
fact that γ + 2λ ≥ 1 and that γ > −1, the desired conclusion follows.

3. As a third step we use the fact that Mγ+λ ≤ C1 to prove that	(t, (0, ρ(C1)) =
0. Indeed, the evolution described by Eq. (4.1) is driven by two mechanisms:
coagulation, which increases the average size of the particles in the system, and
the growth term,

ξγ+λ∫∞
0 xγ+λ	(t, x)dx

− 2

1 − γ
ξ,

which is positive for every ξ < ρ(C1). Hence, if we start from an initial data
	0 such that	0((0, ρ(C1))) = 0, then we will have that	(t, (0, ρ(C1))) = 0,
for every t > 0.

4. Using the fact that γ + λ < 1, γ > −1, 	(t, (0, ρ(C1))) = 0, as well as the
fact that

∫∞
0 xγ+λ	(t, dx) ≤ C1, we prove that

∫∞
0 x2−γ−λ	(t, x)dx ≤ C2.

5. Finally, from the upper bound for M2−γ−λ, we derive a lower bound for Mγ+λ.
Indeed, Cauchy-Schwarz inequality implies that

1 =
(∫

R∗
x	(t, x)dx

)2

≤
∫
R∗

xγ+λ	(t, x)dx
∫
R∗

x2−γ−λ	(t, x)dx . (4.3)

Hence 1
C2

≤ Mγ+λ.

In order to prove non-existence we proceed by contradiction. Due to the con-
tribution of the coagulation operator in Eq. (1.16), we expect the zeroth moment of
f to decay in time. However, assuming the self-similar change of variable (1.18),
we have that ∫ ∞

0
f (t, x)dx = t−

1+γ
1−γ

∫ ∞

0
	(x)dx .

If γ ≤ −1, then
∫∞
0 f (t, x)dx is constant or increasing in time and this gives

a contradiction. Hence we cannot expect self-similar solutions to exist. To make
the argument rigorous we will have to prove that 0 <

∫∞
0 	(dx) < ∞. When

γ + 2λ > 1 we do this by proving that for each self-similar profile there exists a
δ > 0 such that 	((0, δ)) = 0 and that 	 tends to zero sufficiently fast as x → ∞.
Instead, when γ + 2λ = 1, the methods used in this paper do not allow to prove
that 	 is equal to zero near the origin, hence we use (3.5) as well as (3.2) to prove
that 0 <

∫∞
0 	(dx) < ∞.
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5. Existence of a self-similar profile

We aim to prove the existence of a solution of Eq. (4.1). Namely, we will prove
the following theorem, which is just a reformulation of Theorem 3.3:

Theorem 5.1. Let K be a homogeneous symmetric coagulation kernel, of homo-
geneity γ , satisfying (1.5), (1.6), with γ, λ such that (1.7) holds and such that

−1 < γ, γ + 2λ ≥ 1.

Then there exists a self-similar profile 	 as in Definition 3.1. Moreover, 	 is such
that 	((0, ρ(Mγ+λ))) = 0 with ρ(Mγ+λ) given by (3.4).

To this end we prove the existence of a (time-dependent) solution for a suitably
truncated and regularized version of Eq. (4.1):

∂t	(t, ξ) − 3 + γ

1 − γ
	(t, ξ) − 2ξ

1 − γ
∂ξ	(t, ξ) + ∂ξ

(
ξγ+λ	(t, ξ)

)
∫
R∗ x

γ+λ	(t, dx)
(5.1)

= KR[	](t, ξ).

The operator KR is the truncated operator of parameter R > 0 defined as

KR[	](t, x) :=1

2

∫ x

0
KR (x − y, y) 	 (t, x − y) 	 (t, y) dy

−
∫ ∞

0
KR (x, y) 	 (t, x) 	 (t, y) dy, (5.2)

where the kernel KR is a truncated kernel, i.e. it is a continuously differentiable,
bounded and symmetric function KR : R2∗ → R+, such that for every (x, y) ∈ R

2∗
we have that KR(x, y) ≤ K (x, y) and

{
KR(x, y) = 0, if x > R or y > R;
|KR(x, y) − K (x, y)| ≤ e−R, if (x, y) ∈ [ 1

2R , R
4

]2
.

(5.3)

Notice that the kernel KR can be obtained starting from the kernel K by means of
standard truncations and mollifying arguments.

Using Tychonoff fixed point theorem we prove the existence of a stationary
solution 	R for Eq. (5.1) and we will prove that there exists the limit 	 of {	R}R
as R tends to infinity. To conclude we will prove that the measure 	 satisfies
Eq. (1.19).

5.1. Existence of a time dependent solution for the truncated equation

Since in this section we work only with the truncated equation, we omit the
label R in 	R . We will reintroduce the label R in Sect. 5.3. We start this section by
introducing a definition of solutions for Eq. (5.1).
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Definition 5.2. Let KR be the truncated kernel defined as in (5.3) as a function
of the homogeneous symmetric coagulation kernel K satisfying (1.5), (1.6), with
homogeneity γ < 1 and with γ + λ < 1 and γ + 2λ ≥ 1. A function 	 ∈
C1([0, T ];M+,b(R∗)) is a solution of Eq. (5.1) if

0 < inf
t∈[0,T ]

∫
R∗

xγ+λ	(t, dx) and sup
t∈[0,T ]

∫
R∗

xγ+λ	(t, dx) < ∞

and if 	 satisfies∫
R∗

ϕ(x)	̇(t, dx) − 1 + γ

1 − γ

∫
R∗

ϕ(x)	(t, dx) + 2

1 − γ

∫
R∗

ϕ′(x)x	(t, dx)

(5.4)

− 1∫
R∗ x

γ+λ	(t, dx)

∫
R∗

ϕ′(x)xγ+λ	(t, dx)

= 1

2

∫
R∗

∫
R∗

KR(x, y) [ϕ(x + y) − ϕ(x) − ϕ(y)]	(t, dx)	(t, dy),

for every test function ϕ ∈ C1
c (R∗).

Given the positive numbers k1, k2, ρ∗, we define the subset S(k1, k2, ρ∗) of
M+(R∗) as

S(k1, k2, ρ
∗) :=

⎧⎪⎪⎨
⎪⎪⎩
H ∈ M+(R∗) :

H((0, ρ∗)) = 0,
∫
R∗

xH(dx) = 1,

k1 ≤
∫
R∗

xγ+λH(dx) ≤ k2

⎫⎪⎪⎬
⎪⎪⎭

.

(5.5)

Theorem 5.3. Assume KR to be a truncated kernel defined as in (5.3) as a function
of a homogeneous symmetric kernel K satisfying (1.5), (1.6), with parameters
γ, λ ∈ R such that (1.7) holds and γ + 2λ ≥ 1 and γ > −1. Then for all

k1, k2 > 0 and sufficiently large R0 > 0 such that 	0 ∈ S
(
2k1,

k2
2 , ρ(k2)

)
∩

{H ∈ M+(R∗) : H((4R,∞)) = 0} for R > R0 and for ρ(k2) given by (4.2),
there exists a unique solution 	 ∈ C1([0, T ];M+(R∗)) of Eq. (5.1) in the sense
of Definition 5.2, for T > 0 sufficiently small. For every t ∈ [0, T ], we have that
	(t, ·) ∈ S (k1, k2, ρ(k2)) ∩ {H ∈ M+(R∗) : H((4R,∞)) = 0} .

Lemma 5.4. Let T > 0 and let R > 0. Assume γ < 1 and γ + λ < 1. Assume
α ∈ C([0, T ]) satisfying

0 < k1 ≤ α(t) ≤ k2 < ∞, for all t ∈ [0, T ], (5.6)

for some positive constants k1 and k2. Consider the ODE

dx(t)

dt
= V (x(t), α(t)), x(0) = x0 > 0, (5.7)
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with V (x, α) := xγ+λ

α
− 2

1−γ
x. If x0 ≥ ρ(k2) with ρ(k2) given by (4.2), then (5.7)

has a unique solution X (t, x0, α) ≥ ρ(k2). Let X (t, x0,1, α1) and X (t, x0,2, α2) be
the solutions of Eq. (5.7) with respect to the functions α1 and α2 satisfying (5.6)
and x0,1, x0,2 ∈ [ρ(k2), 4R]. Then

|X (t, x0,1, α1) − X (t, x0,2, α2)| ≤ L1|x0,1 − x0,2| + T L2‖α1 − α2‖[0,T ],
(5.8)

for every t ∈ [0, T ], where L1 = L1(T, γ, λ, k1, k2, R) > 0, and L2 = L2
(T, γ, λ, k1, k2, R) > 0 and where we denote by ‖ · ‖[0,T ] the norm ‖ f ‖[0,T ] :=
supt∈[0,T ] | f (t)|, for f ∈ C([0, T ]).

Proof. Since V (x, α) > 0, for every x ≤ ρ(k2), we deduce that the set {x ≥ ρ(k2)}
is an invariant region of (5.7). This also implies that a unique solution exists.

Equation (5.7) is a Bernoulli equation that can be reduced to the linear ODE

dy

dt
= 1 − (γ + λ)

α(t)
− 2(1 − (γ + λ))

1 − γ
y, y0 := x1−(γ+λ)

0

via the change of variable y = x1−(λ+γ ). We deduce that

Y (t, x1−(γ+λ)
0 , α) = x1−(γ+λ)

0 e− 2(1−(γ+λ))
1−γ

t +
∫ t

0

(1 − γ − λ)

α(s)
e− 2(1−(γ+λ))

1−γ
(t−s)ds.

Since α1, α2 satisfy (5.6) and since x0,1, x0,2 ∈ [ρ(k2), 4R], the above formula
implies that

∣∣∣Y (t, x1−(γ+λ)
0,1 , α1) − Y (t, x1−(γ+λ)

0,2 , α2)

∣∣∣ ≤
∣∣∣x1−(γ+λ)

0,1 − x1−(γ+λ)
0,2

∣∣∣
+ C(T, γ, λ, k1)‖α1 − α2‖[0,T ].

Since the set {x ≥ ρ(k2)} is invariant for (5.7), the above inequality, together
with the definition of y as a function of x , implies (5.8). ��

Wewill solve Eq. (5.1) using Lagrangian coordinates. To this end we introduce
the notation

χα
ϕ (x, y, t) := ϕ(�α(x, y, t)) − ϕ(x) − ϕ(y),

for ϕ ∈ Cc(R∗), where �α is defined for x > 0, y > 0 and t ≥ 0 as

X (t, �α(x, y, t), α) = X (t, x, α) + X (t, y, α). (5.9)

The function �α is well defined because for every fixed time t ≥ 0 the function
x �→ X (t, x, α) is increasing.
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Lemma 5.5. Let KR be a truncated kernel defined as in (5.3) as a function of a
homogeneous symmetric kernel K satisfying (1.5), (1.6), with γ, λ ∈ R satisfying
(1.7). Let k1, k2, R be three positive constants. Assume that the initial condition	0
is such that 2k1 ≤ ∫

R∗ x
γ+λ	0(dx) ≤ k2

2 and that 	0((0, ρ(k2)) ∪ (4R,∞)) = 0
for ρ(k2) given by (4.2).

For a sufficiently small time T > 0, depending on R, there exists a function
F ∈ C([0, T ],M+(R∗)), with F(0, ·) = 	0, that satisfies∫
R∗

ϕ(x)F(t, dx) =
∫
R∗

ϕ(x)	0(dx) (5.10)

+ 1

2

∫ t

0

∫
R∗

∫
R∗

KR(X (s, x, α), X (s, y, α))e
1+γ
1−γ

s
χα

ϕ (x, y, s)F(s, dx)F(s, dy)ds,

for every ϕ ∈ Cc(R∗), with

α(t) := e
1+γ
1−γ

t
∫
R∗

(X (t, x, α))γ+λ F(t, dx), ∀t ∈ [0, T ]. (5.11)

The function F is such that k1 ≤ α(t) ≤ k2 and such that

F(t, (0, ρ(k2)) ∪ (4R,∞)) = 0, ∀t ∈ [0, T ]. (5.12)

Proof. We define the set

X̃ := {H ∈ M+(R∗) : H((0, ρ(k2)) ∪ (4R,∞)) = 0}
and the set

XT :=

⎧⎪⎨
⎪⎩(F, α) ∈ C([0, T ];M+(R∗)) × C([0, T ]) :

F(t, ·) ∈ X̃ , k1 ≤ α(t) ≤ k2, ∀t ∈ [0, T ],
sup

t∈[0,T ]

∫
R∗

F(t, dx) ≤ 1 +
∫
R∗

	0(dx)

⎫⎪⎬
⎪⎭ .

We endow the setM+(R∗)with theWasserstein metricW1. The reason for this
choice will become clear in the proof of the contractivity of the evolution operator
corresponding to (5.10), (5.11). We endow the set C([0, T ],M+(R∗)) with the
metric induced by the distance

dT (μ, ν) := sup
t∈[0,T ]

W1(μ(t, ·), ν(t, ·)).

Similarly, we endow C([0, T ]) with the norm ‖ f ‖[0,T ] := supt∈[0,T ] | f (t)|.
For every (F, α) ∈ XT , we define the operator T [F, α](t) : Cc(R∗) → R+ as

T [F, α](t) := T1[F, α](t) + T2[F, α](t) with

〈T1[F, α](t), ϕ〉 =
∫
R∗

ϕ(x)e− ∫ t
0 a[F,α](s,x)ds	0(dx),

a[F, α](t, x) := e
γ+1
1−γ

t
∫ ∞

0
KR(X (t, x, α), X (t, y, α))F(t, dy),

〈T2[F, α](t), ϕ〉 = 1

2

∫ t

0

∫
R∗

∫
R∗

e− ∫ t
s a[F](v,x)dvKR(X (s, x, α), X (s, y, α))

× e
1+γ
1−γ

s
ϕ(�α(x, y, s)) · F(s, dx)F(s, dy)ds.



Arch. Rational Mech. Anal. (2023) 247:103 Page 23 of 61 103

Moreover, given (F, α) ∈ XT , we define the operator A[F, α] : [0, T ] → R∗ as

A[F, α](t) := e
1+γ
1−γ

t
∫
R∗

(X (t, x, α))γ+λ F(t, dx), ∀t ∈ [0, T ].

Wecannow rewrite (5.10), (5.11) in a fixed point form, namely as (F, α) = F[F, α]
where F[F, α] := (T [F, α],A[T [F, α], α]).

We prove now that F : XT → XT . Since for every (F, α) ∈ XT , the operator
T [F, α](t) is linear and continuous, we deduce that it can be identified with an
element of M+,b(R∗). Moreover, the operator t �→ T [F, α](t) is a continuous
map from R+ to M+,b(R∗), hence T [F, α] ∈ C([0, T ],M+,b(R∗)). Similarly,
for every (F, α) ∈ XT , we have that A[F, α] ∈ C([0, T ]).

Consider a test function ϕ such that ϕ(x) = 0 for every x ∈ [ρ(k2),∞). Then,
since 	0((0, ρ(k2))) = 0, we deduce that

〈T1[F, α](t), ϕ〉 =
∫

[ρ(k2),∞)

ϕ(x)e− ∫ t
0 a[F,α](s,x)ds	0(dx) = 0.

Similarly, since �α(s, x, y) ≥ x and since (F, α) ∈ XT , we deduce that

〈T2[F, α](t), ϕ〉 ≤ C(R)

2

∫ t

0

∫
[ρ(k2),∞)

∫
[ρ(k2),∞)

e
1+γ
1−γ

s
ϕ(�α(x, y, s))

× F(s, dx)F(s, dy)ds = 0.

Therefore, (T [F, α])(t, (0, ρ(k2))) = 0, for every t ∈ [0, T ].
Consider any test functionϕ such thatϕ(x) = 0 in [0, 4R]. Since	0((4R,∞)) =

0, we have that

〈T1[F, α](t), ϕ〉 ≤
∫

(0,4R]
ϕ(x)e− ∫ t

0 a[F,α](s,x)ds	0(dx) = 0.

Moreover, using thenotation S1(s) := {(x, y) ∈ R
2∗ : X (s, x, α) ≤ R, X (s, y, α) ≤

R}, S2(s) := {(x, y) ∈ R
2∗ : X (s, x, α) > R, X (s, y, α) ≤ R} and S3(s) :=

{(x, y) ∈ R
2∗ : X (s, x, α) > R, X (s, y, α) > R}, we have

〈T2[F, α](t), ϕ〉
≤ 1

2

∫ t

0

∫∫
S1(s)

e
1+γ
1−γ

s KR(X (s, x, α), X (s, y, α))ϕ(�α(x, y, s))F(s, dx)F(s, dy)ds

+ 1

2

∫ t

0

∫∫
S2(s)

e
1+γ
1−γ

s KR(X (s, x, α), X (s, y, α))ϕ(�α(x, y, s))F(s, dx)F(s, dy)ds

+ 1

2

∫ t

0

∫∫
S3(s)

e
1+γ
1−γ

s KR(X (s, x, α), X (s, y, α))ϕ(�α(x, y, s))F(s, dx)F(s, dy)ds.

For x, y such that X (s, x, α) ≥ R or X (s, y, α) ≥ R, we have that KR(X (s, x, α),

X (s, y, α)) = 0. Thus, the second and the third terms above are equal to zero.

To see that the first term is equal to zero, notice that X (t, x, α) ≥ xe− 2
1−γ

t .
We can thus select T sufficiently small so that X (t, x, α) ≥ x

2 . This implies that
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1
2�α(x, y, s) ≤ X (s, �α(x, y, s), α) = X (s, x, α) + X (s, y, α) ≤ 2R. Hence
�α(x, y, s) ≤ 4R. Since ϕ(x) = 0 for every x ≤ 4R, the desired conclusion
follows.

We now prove that k1 ≤ A[T [F, α], α](t) ≤ k2. To this end notice that

∣∣∣∣A[T [F, α], α](t) −
∫
R∗

xγ+λ	0(dx)

∣∣∣∣
≤
∫
R∗

∣∣∣∣e
1+γ
1−γ

t
(X (t, x, α))γ+λ − xγ+λ

∣∣∣∣ T [F, α](t, dx)

+
∫
R∗

xγ+λ |T [F, α](t, dx) − 	0(dx)| .

Notice that
∣∣∣∣e

1+γ
1−γ

t
(X (t, x, α))γ+λ − xγ+λ

∣∣∣∣ ≤ e
1+γ
1−γ

t ∣∣(X (t, x, α))γ+λ − xγ+λ
∣∣

+ 1 + γ

1 − γ
T xγ+λ

≤ TC(T, R, k2).

Finally, we have that the term

∫
R∗

xγ+λ |T [F, α](t, dx) − 	0(dx)|

can be arbitrarily small by taking T small. This is due to the definition of the map
T [F, α] and the upper bound for F in the definition of the space XT .

We deduce that, for small time T , we have that
∣∣∣A[F, α](t) − ∫

R∗ x
γ+λ	0(dx)

∣∣∣
≤ C(T ), for every t ∈ [0, T ], where the constant C(T ) can be made arbitrarily
small.

We now check that the map F is a contraction. To this end, we use the fact that
|e−x1 − e−x2 | ≤ |x1 − x2|, for x1, x2 ≥ 0. Consider (F, α), (G, β) ∈ XT . Then,
for every Lipschitz function ϕ with ||ϕ||Lip ≤ 1, we have that

∣∣∣∣
∫
R∗

ϕ(x)[T1[F, α] − T1[G, β]](t, dx)
∣∣∣∣

≤
∫
R∗

∫ t

0
|ϕ(x) [a[F, α](s, x) − a[G, β](s, x)]| ds	0(dx)

≤
∫
R∗

∫ t

0

∣∣∣∣ϕ(x)

[∫
R∗

KR(X (s, x, α), X (s, y, α))F(s, dy)

−
∫
R∗

KR(X (s, x, β), X (s, y, β))G(s, dy)

]
ds	0(dx)

∣∣∣∣
≤ I1[ϕ] + I2[ϕ],
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where

I1[ϕ] :=
∫
R∗

∫ t

0

∣∣∣∣ϕ(x)
∫
R∗

[KR(X (s, x, α), X (s, y, α))

− KR(X (s, x, β), X (s, y, β))]F(s, dy)

∣∣∣∣ds	0(dx)

and

I2[ϕ] :=
∫
R∗

∫ t

0

∣∣∣∣ϕ(x)
∫
R∗

KR(X (s, x, β), X (s, y, β)) (F(s, dy) − G(s, dy)) ds	0(dx)

∣∣∣∣ .

Then, the differentiability of the kernel KR , together with inequality (5.8), implies
that

sup
||ϕ||Lip≤1

I1[ϕ] ≤ C(R)T ‖	0‖T V (1 + ‖	0‖T V )‖α − β‖[0,T ].

Similarly,

sup
||ϕ||Lip≤1

I2[ϕ] ≤ C(R)T ‖	0‖T V dT (F,G).

Using again the differentiability of the kernel KR , inequality (5.8) and the
definition of �α , we obtain that

sup
||ϕ||Lip≤1

∣∣∣∣
∫
R∗

ϕ(x)[T2[F, α](t, dx) − T2[G, β](t, dx)]
∣∣∣∣

≤ C(T, R)(1 + ||	0||T V )2dT (F,G)

+ C(T, R)(1 + ||	0||T V )2‖α − β‖[0,T ],

where T can be selected so that C(T, R)(1 + ||	0||T V )2 ≤ 1
4 .

We remark that, in order to obtain this bound, we used the properties of the
Wasserstain distance. Similar estimates cannot be obtained by endowingM+(R∗)
with the total variation norm.

To understand this better, let α, β ∈ C([0, T ]), with k1 ≤ α, β ≤ k2. Let
s ∈ [0, T ]. Using the fact that ||ϕ||Lip ≤ 1 and that we can assume we work on a
sufficiently nice compact set due to the support of the measures, we can derive the
estimate

|ϕ(�α(x, y, s)) − ϕ(�β(x, y, s))| ≤ |�α(x, y, s) − �β(x, y, s)|
� |X (s, �α(x, y, s), α) − X (s, �β(x, y, s), α)|
≤ |X (s, �α(x, y, s), α) − X (s, �β(x, y, s), β)|

+ |X (s, �β(x, y, s), β) − X (s, �β(x, y, s), α)|.
Using (5.8) and (5.9), we have

|X (s, �α(x, y, s), α) − X (s, �β(x, y, s), β)| ≤ |X (s, x, α) − X (s, x, β)|
+ |X (s, y, α) − X (s, y, β)|

≤ 2T L2||α − β||[0,T ]
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and thus

|ϕ(�α(x, y, s)) − ϕ(�β(x, y, s))| � T ||α − β||[0,T ]. (5.13)

More precisely, inequality (5.13) was needed to prove the contractivity of the map
T2.

In order to prove the upper bound for the map T [F, α], we first observe that

〈T1[F, α](t), 1〉 =
∫

[ρ(k2),∞)

e− ∫ t
0 a[F,α](s,x)ds	0(dx) ≤ ||	0||T V

and then that

〈T2[F, α](t), 1〉 ≤ C(R)

2
e
1+γ
1−γ

t
∫ t

0

∫
[ρ(k2),∞)

∫
[ρ(k2),∞)

F(s, dx)F(s, dy)ds

≤ C(R)

2
e
1+γ
1−γ

T T (1 + ||	0||T V )2 ≤ 1,

for T sufficiently small. Thus,

sup
t∈[0,T ]

〈T [F, α](t), 1〉 ≤ 1 + ||	0||T V .

Finally,

‖A[T [F, α], α] − A[T [G, β], β]‖[0,T ]
≤ C(R)dT ([T [F, α], T [G, β])

+ C1(T, R)T (1 + ||	0||T V )‖α − β‖[0,T ]
≤ C(T, R)T (1 + ||	0||T V )2[dT (F,G) + ‖α − β‖[0,T ]],

where the constant TC(T, R)(1 + ||	0||T V )2 can be made smaller than 1
4 by

selecting T small. The operator F is therefore a contraction and, by Banach fixed
point theorem, we conclude that it has a unique fixed point (F, α) ∈ XT . ��
Proof of Theorem 5.3. Assume T > 0 to be as in Lemma 5.5. Let (F, α) ∈
C([0, T ],M+(R∗)) ×C([0, T ]) be the solution of (5.10), (5.11). Let X (t, y, α)

be the solution of Eq. (5.7). Let 	 ∈ C1([0, T ],M+(R∗)) be the function defined
by duality as

∫
R∗

ϕ(x)	(t, dx) =
∫
R∗

ϕ(X (t, y, α))e
1+γ
1−γ

t F(t, dy), (5.14)

for every ϕ ∈ Cc(R∗). We prove that the function 	 is such that

	(t, (0, ρ(k2)) ∪ (4R,∞)) = 0, ∀t ∈ [0, T ], (5.15)

for ρ(k2) defined as in (4.2). To this end notice that, since F(t, (0, ρ(k2)) = 0, for
every t ∈ [0, T ], and since X (t, y, α) ≥ ρ(k2), for every y ≥ ρ(k2), we have that∫

R∗
ϕ(x)	(t, dx) =

∫
[ρ(k2),∞)

ϕ(X (t, y, α))e
1+γ
1−γ

t F(t, dy) = 0,
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for every test function ϕ such that ϕ(x) = 0 if x ≥ ρ(k2). Similarly, since t �→
X (t, x, α) is a decreasing function for large values of x , we deduce that X (t, x, α) ≤
4R, for every x ≤ 4R. Hence,∫

R∗
ϕ(x)	(t, dx) =

∫
[ρ(k2),4R]

ϕ(X (t, y, α))e
1+γ
1−γ

t F(t, dy) = 0,

for every test function ϕ such that ϕ(x) = 0 if x ≤ 4R.
We now prove that 	 satisfies (5.4). By its definition as the fixed point of the

operator F , we deduce that F ∈ C1([0, T ],M+(R∗)). Differentiating both sides
of the equality (5.14) in time, we deduce that

d

dt

∫
R∗

ϕ(x)	(t, dx) =
∫
R∗

ϕ(X (t, y, α))e
1+γ
1−γ

t
∂t F(t, dy)

+
∫
R∗

ϕ′(X (t, y, α))

[
(X (t, y, α))γ+λ

α(t)

− 2

1 − γ
X (t, y, α)

]
e
1+γ
1−γ

t F(t, dy)

+ 1 + γ

1 − γ

∫
R∗

ϕ(X (t, y, α))e
1+γ
1−γ

t F(t, dy).

Using the fact that F satisfies Eq. (5.10), we deduce that∫
R∗

ϕ(X (t, y, α))e
1+γ
1−γ

t
∂t F(t, dy)

= 1

2

∫
R∗

∫
R∗

e
2(1+γ )
1−γ

t F(t, dx)F(t, dy)KR(X (t, x, α), X (t, y, α))

×[ϕ(X (t, x, α) + X (t, y, α)) − ϕ(X (t, y, α)) − ϕ(X (t, x, α))].
Hence, using again the equality (5.14), we have that

d

dt

∫
R∗

ϕ(x)	(t, dx) =
∫
R∗

ϕ′(X (t, y, α))

[
(X (t, y, α))γ+λ

α(t)

− 2

1 − γ
X (t, y, α)

]
e
1+γ
1−γ

t
F(t, dy)

+1 + γ

1 − γ

∫
R∗

ϕ(X (t, y, α))e
1+γ
1−γ

t
F(t, dy)

+1

2

∫
R∗

∫
R∗

KR(X (t, x, α), X (t, y, α))e
2(1+γ )
1−γ

t
F(t, dx)F(t, dy)

· [ϕ(X (t, x, α) + X (t, y, α)) − ϕ(X (t, y, α)) − ϕ(X (t, x, α))]

=
∫
R∗

ϕ′(y)
[

yγ+λ

Mγ+λ(	(t))
− 2

1 − γ
y

]
	(t, dy)

+1 + γ

1 − γ

∫
R∗

ϕ(y)	(t, dy)

+1

2

∫
R∗

∫
R∗

KR(x, y) [ϕ(x + y) − ϕ(y)

−ϕ(x)]	(t, dx)	(t, dy).
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We conclude that 	 satisfies (5.4). ��

5.2. Existence of a stationary solution for the truncated equation

Theorem 5.6. Assume KR to be a truncated kernel as in (5.3) defined as a function
of the homogeneous symmetric kernel K that satisfies (1.5), (1.6), for parameters
γ, λ ∈ R such that (1.7) holds and such that γ + 2λ ≥ 1, γ > −1. There
exists R > 0 such that, for every truncation parameter R > R, there exists a
	 ∈ M+(R∗) satisfying the equation

∫
R∗

ϕ′(x)
[

2

1 − γ
x − xγ+λ∫

R∗ z
γ+λ	(dz)

]
	(dx) − 1 + γ

1 − γ

∫
R∗

ϕ(x)	(dx)

= 1

2

∫
R∗

∫
R∗

KR(x, y) [ϕ(x + y) − ϕ(x) − ϕ(y)]	(dx)	(dy), (5.16)

for every ϕ ∈ C1
c (R∗). The solution is such that∫

R∗
x	(dx) = 1,

∫
R∗

xγ+λ	(dx) ≤ C1 and
∫
R∗

x2−γ−λ	(dx) ≤ C2,

(5.17)

for some constantsC1,C2 > 0 that do not depend on the truncation R. Additionally,
	 is such that 	((0, ρ(C1))) = 0 where ρ(C1) is given by (4.2).

To prove the theoremwe introduce the semigroup {S(t)}{t≥0} defined as S(0)	0
= 	0 and S(t)	0 = 	(t, ·), where 	 is the solution of Eq. (5.4) constructed in
the previous section. We want to apply Tychonoff fixed point theorem to prove
the existence of a stationary solution for Eq. (5.1). To this end we need to find an
invariant region for S(t) (Proposition 5.7) and prove the continuity in the weak-∗
topology of the map 	 �→ S(t)	 for every time t (Proposition 5.12). In this way
we prove that for every time t there exists a fixed point 	̂t such that S(t)	̂t = 	̂t .

We will then prove that S is continuous (Proposition 5.8) in time and conclude
that the limit as t tends to zero of 	̂t is a solution of Eq. (5.16). This is a standard
method used in the study of coagulation equations to prove existence of self-similar
profiles. For more details, see [8, Theorem 1.2].

Proposition 5.7. (Invariant region) Assume KR to be a truncated kernel as in (5.3)
defined as a function of the homogeneous symmetric kernel K that satisfies (1.5),
(1.6), for parameters γ, λ ∈ R such that (1.7) holds and such that γ + 2λ ≥ 1,
γ > −1. Then there exist some positive constants C1,C2 that do not depend on the
truncation R such that the set

P :=
⎧⎨
⎩H ∈ M+(R∗) :

M1(H) = 1, H((0, ρ(C1)) ∪ (4R,∞)) = 0,

1

C2
≤ Mγ+λ(H) ≤ C1

⎫⎬
⎭
(5.18)

is invariant under the evolution operator S(t), where ρ(C1) was defined in (4.2).
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Proof. Let 	0 and KR be as in Lemma 5.5. Let T be as in Lemma 5.5. We prove
that there exist two constants C1,C2 > 0 that do not depend on the truncation
parameter R such that the solution	 obtained in Theorem 5.3 is such that for every
time t ∈ [0, T ]
(1)

∫
R∗ x	(t, dx) = 1;

(2)
∫
R∗ x

γ+λ	(t, dx) ≤ max{C1,
∫
R∗ x

γ+λ	0(dx)};
(3)

∫
R∗ x

2−γ−λ	(t, dx) ≤ max{C2,
∫
R∗ x

2−γ−λ	0(dx)}.
Additionally, we prove that we can conclude from (2) that 	(t, (0, ρ(C1)) = 0,
for every t ∈ [0, T ].

We first notice that, since 	(t, ·) has compact support, we can consider in
Eq. (5.4) test functions ϕ such that ϕ(x) = xk , for k ∈ R.

Let us prove (1). We consider in Eq. (5.4) a test function ϕ such that ϕ(x) = x .
We deduce that

d

dt

∫ ∞

0
ξ	(t, dξ) = 1 −

∫ ∞

0
ξ	(t, dξ).

Hence ∫ ∞

0
ξ	(t, ξ)dξ = 1 +

(∫
R∗

ξ	0(dξ) − 1

)
e−t

which since
∫
R∗ ξ	0(dξ) = 1 implies

∫
R∗

ξ	(t, dξ) = 1. (5.19)

We prove (2). We start by proving this for γ + 2λ > 1. Consider a test function
ϕ such that ϕ(x) = xγ+λ in Eq. (5.4). Then, we can see that the moment Mγ+λ

satisfies the following

∂t Mγ+λ ≤ −2λ + γ − 1

1 − γ
Mγ+λ + (γ + λ)

Mγ+λ

M2(γ+λ)−1

+ c3

∫
[ρ(2C1),

R
4 ]

∫
[ρ(2C1),

R
4 ]

(xγ+λy−λ + x−λyγ+λ)

× [(x + y)γ+λ − xγ+λ − yγ+λ]	(t, dx)	(t, dy)

since, due to the definition of KR in (5.3), we have that on the set [ρ(2C1),
R
4 ]2,

there exists a constant C > 0 such that KR ≥ K
C .

We denote by z := y
x . Notice that since γ + λ > 0 when y ≤ x we have that

[
xγ+λy−λ + x−λyγ+λ

] [
(x + y)γ+λ − xγ+λ − yγ+λ

]
≤ 2x2(γ+λ)y−λ[(1 + z)γ+λ − 1 − zγ+λ]
≤ 2x2(γ+λ)y−λ

(
(γ + λ) z − zγ+λ

)
≤ 2(γ + λ − 1)yγ xγ+λ.
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As a consequence, by symmetry, we deduce that

∂t Mγ+λ � − 2λ + γ − 1

1 − γ
Mγ+λ + (γ + λ)

Mγ+λ
M2(γ+λ)−1 − 2c3 (1 − γ − λ) Mγ Mγ+λ

+ 2c3(1 − γ − λ)

∫
( R4 ,∞)

xγ 	(dx)Mγ+λ + 2c3(1 − γ − λ)

∫
( R4 ,∞)

xγ+λ	(dx)Mγ

≤ − 2λ + γ − 1

1 − γ
Mγ+λ + (γ + λ)

Mγ+λ
M2(γ+λ)−1 − 2c3 (1 − γ − λ) Mγ Mγ+λ

+ 41−γ Rγ−12c3(1 − γ − λ)Mγ+λ + c4Mγ

= −
[
2λ + γ − 1

1 − γ
− ε̃

]
Mγ+λ + 1

Mγ+λ
[(γ + λ)M2(γ+λ)−1 − 2c3 (1 − γ − λ) Mγ M

2
γ+λ

+ c4Mγ+λMγ ], (5.20)

with ε̃ := 41−γ Rγ−12c3(1 − γ − λ). Notice we can take R̃ sufficiently large so
that − 2λ+γ−1

1−γ
+ ε̃ < 0, for every R ≥ R̃.

Since γ < 2(γ +λ)−1 ≤ 1wededuce, by interpolation, using thatM1(	(t)) =
1, for all t ∈ [0, T ], that there exists two positive constants c5 and c6 such that

M2(γ+λ)−1 ≤ c5Mγ + c6.

Hence, since γ + λ > 0 then

∂t Mγ+λ ≤ −
[
2λ + γ − 1

1 − γ
− ε̃

]
Mγ+λ + 1

Mγ+λ

[(γ + λ)
[
c5Mγ + c6

]

− 2c3 (1 − γ − λ) Mγ M
2
γ+λ + c4Mγ+λMγ ].

Multiplying by Mγ+λ the inequality we deduce that

Mγ+λ∂t Mγ+λ ≤ −
[
2λ + γ − 1

1 − γ
− ε̃

]
M2

γ+λ + [(γ + λ)
[
c5Mγ + c6

]

− 2c3 (1 − γ − λ) Mγ M
2
γ+λ + c4Mγ+λMγ ]

which readjusting the constants implies

∂t M
2
γ+λ ≤ −c3M

2
γ+λ + Mγ

(
c4 + c5Mγ+λ − c6M

2
γ+λ

)
+ c7 (5.21)

for c3, c4, c5, c6, c7 > 0. This implies that the set{
	 ∈ M+(R∗) : Mγ+λ ≤ c5+

√
c25+4c4c6
2c6

}
is invariant when γ + 2λ > 1.

We now consider the case γ +2λ = 1. First of all, notice that, for everyM < R,
we have∫

[M,∞)

xγ+λ	(t, dx) ≤ Mγ+λ−1
∫

[M,∞)

x	(t, dx) ≤ Mγ+λ−1.

Notice that an upper bound is obvious for the points t ∈ [0, T ] for which
Mγ+λ(	(t)) ≤ 1. If there exist t1, t2 ∈ [0, T ], t1 < t2, such that Mγ+λ(	(t1)) < 1
and Mγ+λ(	(t2)) > 1, by the continuity in time of 	, we have that there exists
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t ∈ [t1, t2] such that Mγ+λ(	(t)) = 1 and ε1 ∈ (0, 1) such that Mγ+λ(	(s)) ≥ 1
on [t, t + ε1].

On the interval [t, t + ε1], we can apply the following logic.

We select R large enough so that we can selectM to be such that (1−δ)
1

1−γ−λ <

M < R, but independent on R, and we deduce that there exists a δ > 0 such that
∫

(0,M)

xγ+λ	(t, dx) =
∫
R∗

xγ+λ	(t, dx) −
∫

[M,∞)

xγ+λ	(t, dx)

≥
∫
R∗

xγ+λ	(t, dx) − Mγ+λ−1 ≥ 1 − Mγ+λ−1 ≥ δ.

As a consequence we deduce that

Mγ ≥
∫

(0,M)

xγ 	(t, dx) ≥ M−λ

∫
(0,M)

xγ+λ	(t, dx) ≥ δM−λ. (5.22)

Substituting the test function ϕ(x) = xγ+λ in Eq. (5.4), we deduce that there exists
a constant c > 0 such that

∂t Mγ+λ ≤ γ + λ

Mγ+λ

M2(γ+λ)−1 − c(1 − γ − λ)Mγ+λMγ + ε̃Mγ+λ + cMγ ,

for ε̃ ∈ (0, 1), which can be made sufficiently small as before. Hence, since for
suitable constants c3, c4 > 0 we have that M2(γ+λ)−1 ≤ c3Mγ + c4, similarly to
(5.20), we deduce that

1

2
∂t M

2
γ+λ ≤ c5Mγ (γ + λ) + (γ + λ)c6 − c7M

2
γ+λMγ + ε̃M2

γ+λ + c8Mγ Mγ+λ.

Using (5.22) we deduce that there exists a constant c9 > 0 such that

1

2
∂t M

2
γ+λ ≤ Mγ

[
c5(γ + λ) + (γ + λ)c9 + c8Mγ+λ − (c7 − ε̃δ−1Mλ)M2

γ+λ

]
.

Choosing now ε̃ sufficiently small such that −c7 + ε̃δ−1Mλ < 0, we have that
there exists a constant C1 > 0 such that

∫
R∗

xγ+λ	(t, dx) ≤ C1. (5.23)

We now prove that (S(t)	0) ((0, ρ(C1))) = 0. Notice that, by Lemma 5.5,
we know that (S(t)	0) ((0, ρ(2C1))) = 0, where we recall that ρ(2C1) ≤ ρ(C1).
Consider now a sequence of test functions {ϕn} such that, for every n ∈ N, ϕn is
decreasing and supported in (0, ρ(C1)). Since ϕn is decreasing, we deduce that the
solution F of Eq. (5.10) satisfies

∫
R∗

ϕn(x)F(t, dx) ≤
∫
R∗

ϕn(x)	0(dx) + C(R)

∫ t

0

∫
R∗

ϕn(x)F(s, dx)ds,

for every n ∈ N,
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where we used in addition that M1(F) is bounded. Using Grönwall’s inequality,
we deduce that

∫
R∗

ϕn(x)F(t, dx) = 0,

for every t ∈ [0, T ] and n ∈ N.
We then let ϕn converge pontwise to χ(0,ρ(C1)) and obtain that

F(t, (0, ρ(C1))) = 0,

for every t ∈ [0, T ].
Consider now a test function ϕ such that ϕ(x) = 0 for every x ≥ ρ(C1) in

equality (5.14). Then

∫
R∗

ϕ(x)	(t, dx) = e
1+γ
1−γ

t
∫

[ρ(C1),∞)

ϕ(X (t, y, α))F(t, dy).

Using the fact that X (t, y, α) ≥ ρ(C1) for every y ≥ ρ(C1), we deduce that
	(t, (0, ρ(C1))) = 0, for every t ∈ [0, T ].

We conclude by proving (3). We consider a test function ϕ equal to x2−γ−λ in
Eq. (5.4) and deduce that

∂t

∫
R∗

ξ2−γ−λ	(t, dξ) − 3 − 3γ − 2λ

1 − γ

∫
R∗

ξ2−γ−λ	(t, dξ) − 2 − γ − λ

Mγ+λ(	(t))
M1(	(t))

= 1

2

∫
[ρ(C1),∞)

∫
[ρ(C1),∞)

KR(ξ, z)
[
(z + ξ)2−γ−λ − ξ2−γ−λ − z2−γ−λ

]
	(t, dξ)	(t, dz).

(5.24)

By Cauchy–Schwarz inequality it follows that

1∫
[ρ(C1),∞)

ξγ+λ	(t, dξ)
≤

∫
[ρ(C1),∞)

ξ2−γ−λ	(t, dξ)(∫
[ρ(C1),∞)

ξ	(t, dξ)
)2 =

∫
[ρ(C1),∞)

ξ2−γ−λ	(t, dξ).

(5.25)

Plugging (5.25) into Eq. (5.24) and using the fact that the total mass is equal to 1
proved in (5.19), we deduce that

∂t

∫
[ρ(C1),∞)

ξ2−γ−λ	(t, dξ) ≤
(
3γ − 3 + 2λ

1 − γ
+ 2 − γ − λ

)∫
[ρ(C1),∞)

ξ2−γ−λ	(t, dξ)

+ 1

2

∫
[ρ(C1),∞)

∫
[ρ(C1),∞)

KR(ξ, z)
[
(z + ξ)2−γ−λ − ξ2−γ−λ − z2−γ−λ

]
	(t, dξ)	(t, dz).

Hence, since −1 < γ < 1 and 0 < γ + λ < 1, we have

3γ − 3 + 2λ

1 − γ
+ 2 − γ − λ = − (γ + 1)(1 − γ − λ)

1 − γ
< 0.
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By symmetry,

1

2

∫
[ρ(C1),∞)

∫
[ρ(C1),∞)

KR(ξ, z)
[
(z + ξ)2−γ−λ − ξ2−γ−λ − z2−γ−λ

]
	(t, dξ)

× 	(t, dz)

≤
∫

[ρ(C1),∞)

∫
[ρ(C1),z]

KR(ξ, z)
[
(z + ξ)2−γ−λ − ξ2−γ−λ − z2−γ−λ

]

× 	(t, dξ)	(t, dz).

Assume ξ ≤ z. Denote η := ξ
z ∈ (0, 1] and observe

KR(ξ, z)[(ξ + z)2−γ−λ − ξ2−γ−λ − z2−γ−λ]
≤ K (ξ, z)z2−γ−λ[(1 + η)2−γ−λ − 1 − η2−γ−λ]
≤ CK (ξ, z)z2−γ−λη

≤ Czγ (ηγ+λ + η−λ)z2−γ−λη ≤ 2Cz2−λη1−λ

≤ 4C(zξ1−λ + ξ z1−λ). (5.26)

Since ρ(C1) ≤ ξ and ρ(C1) ≤ z, then z1−λ ≤ ρ(C1)
−λz. Hence

d

dt

∫
R∗

ξ2−γ−λ	(t, dξ) ≤ −c3

∫
R∗

ξ2−γ−λ	(t, dξ) + c(ρ(C1)),

for suitable constants c3, c(ρ(C1)) > 0. Then, (3) follows. ��
Proposition 5.8. (Time-continuity of the semigroup) Assume KR to be a truncated
kernel as in (5.3) defined as a function of the homogeneous symmetric kernel K
that satisfies (1.5), (1.6), for parameters γ, λ ∈ R such that (1.7) holds and such
that γ > −1 and γ + 2λ ≥ 1. Let 	0 ∈ P. Let T > 0 be as in Theorem 5.3. The
map S(·)	0 : [0, T ] → P is continuous in time, for every fixed 	0, where P was
defined in (5.18).

Proof. Let T > 0. We want to estimate the value of |S(t)	0 − S(s)	0|, for
s, t ∈ [0, T ]. Assume without loss of generality that s ≤ t . By the definition of the
operator S we know that

∫
R∗

ϕ(x)[	(t, dx) − 	(s, dx)] − 1 + γ

1 − γ

∫ t

s

∫
R∗

ϕ(x)	(z, dx)dz

+ 2

1 − γ

∫ t

s

∫
R∗

ϕ′(x)x	(z, dx)dz

−
∫ t

s

1∫
R∗ x

γ+λ	(z, dx)

∫
R∗

ϕ′(x)xγ+λ	(z, dx)dz

= 1

2

∫ t

s

∫
R∗

∫
R∗

KR(x, y) [ϕ(x + y) − ϕ(x) − ϕ(y)]	(z, dx)	(z, dy)dz.
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We have that there exists a constant C2 > 0 such that Mγ+λ(	(r)) ≥ 1
C2

, for every
r ∈ [0, T ].

As 	 has compact support, we can conclude that the exists a constant C > 0,
which may depend on ρ(C1), R, T, γ, λ, but independent on s, t , such that

∣∣∣∣
∫
R∗

ϕ(x)[	(t, dx) − 	(s, dx)]
∣∣∣∣ ≤ C |t − s|,

thus giving us the desired continuity of the semigroup. ��
Lemma 5.9. (Dual equation) Assume KR to be a truncated kernel as in (5.3)
defined as a function of a homogeneous symmetric kernel K that satisfies (1.5),
(1.6), for parameters γ, λ ∈ R satisfying (1.7)0 and with γ > −1 and γ + 2λ ≥ 1.
Let 	1,	2 ∈ P be two solutions of (5.4) with initial conditions 	in,1,	in,2 ∈ P,
respectively, and T > 0 be as in Theorem 5.3. Then there exists a unique solution
ϕ ∈ C1([0, T ],C1

c([ρ(C1),∞)), with ϕ(T, ·) = ψ(·), where ψ is an arbitrary
function in C1

c([ρ(C1),∞)), which solves the following equation:

∂tϕ(t, ξ) + 1 + γ

1 − γ
ϕ(t, ξ) − 2ξ

1 − γ
∂ξϕ(t, ξ) + ξγ+λ

Mγ+λ(	1)
∂ξϕ(t, ξ)

+ L(ϕ)(t, ξ) = 0, (5.27)

where

L(ϕ)(t, ξ) := − ξγ+λ

Mγ+λ(	1)Mγ+λ(	2)

∫
R∗

∂zϕ(t, z)zγ+λ	2(t, dz)

+ 1

2

∫
R∗

KR(ξ, η)[ϕ(t, ξ + η) − ϕ(t, ξ) − ϕ(t, η)](	1(t, dη)

+ 	2(t, dη)).

Remark 5.10. We prove the statement of the lemma for a modified operator L(ϕ)

which preserves the continuity in the variable ξ , is equal to zero when ξ ≥ 8R and
L(ϕ) = L(ϕ) if ξ ∈ [ρ(C1), 4R]. Due to the support of 	1 and 	2, when proving
the continuity of themap S(t) in theweak-∗ topology, it suffices to analyse the opera-
torL(ϕ). Thus, it is enough to prove the statement of the lemmaonly for the operator
L(ϕ). Notice that, for example, the operator L(ϕ) does not preserve compactness

because of the presence of the term ξγ+λ

Mγ+λ(	1)Mγ+λ(	2)

∫
R∗ ∂zϕ(t, z)zγ+λ	2(t, dz).

We keep the notation L(ϕ) for simplicity. We omit further details as the proof
consists of standard methods used in the study of coagulation equations, see, for
example, [10].

Proof of Lemma 5.9. First, we use the method of characteristics.We define X (t, ξ)

to be the solution of the ODE

x ′(t) = − 2

1 − γ
x + 1∫

R∗ z
γ+λ	1(t, dz)

xγ+λ

with initial condition x(0) = ξ.
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In this way, Eq. (5.27) can be rewritten in the fixed point form

ϕ(t, X (t, ξ)) = L[ϕ](t, ξ), (5.28)

where

L[ϕ](t, ξ) := ϕ(T, X (T, ξ)) + 1 + γ

1 − γ

∫ T

t
ϕ(s, X (s, ξ))ds

+
∫ T

t
L(ϕ)(s, X (s, ξ))ds.

Our strategy for proving the statement of the lemma is to apply Banach fixed
point theorem. The operator L maps C1([0, T ],C1

c([ρ(C1),∞))) in itself.
We prove that the operator L is a contraction if we endow

Y := C([0, T ],C1
c ([ρ(C1),∞))with thenorm‖ϕ‖Y := supt∈[0,T ]

(
supx∈R∗ |ϕ(t, x)|

+ supx∈R∗ |∂xϕ(t, x)|).
To this end, we notice that

L[ϕ1](t, ξ) − L[ϕ2](t, ξ) = 1 + γ

1 − γ

∫ T

t
(ϕ1(s, X (s, ξ)) − ϕ2(s, X (s, ξ))) ds

+
∫ T

t
[L(ϕ1)(s, X (s, ξ)) − L(ϕ2)(s, X (s, ξ))] ds.

We notice that
∫ T

t
[L(ϕ1)(s, X (s, ξ)) − L(ϕ2)(s, X (s, ξ))] ds

= −
∫ T

t

1

Mγ+λ(	1)Mγ+λ(	2)

∫
R∗

(∂zϕ1(s, z) − ∂zϕ2(s, z)) z
γ+λ	2(s, dz)X (s, ξ)γ+λds

+ 1

2

∫ T

t

∫
R∗

KR(X (s, ξ), η)[ϕ1(s, X (s, ξ) + η) − ϕ2(s, X (s, ξ) + η) − ϕ1(s, X (s, ξ))

+ ϕ2(s, X (s, ξ)) − ϕ1(s, η) + ϕ2(s, η)](	1(s, dη) + 	2(s, dη))ds.

From this we deduce that

‖L[ϕ1] − L[ϕ2]‖Y ≤ T c(ρ(C1), R,	1,	2)‖ϕ1 − ϕ2‖Y
and hence L is a contraction for sufficiently small times T . We can extend the solu-
tion to all possible times noting that the contraction constant c(ρ(C1),	1,	2, R)

does not depend on the final conditionψ .We thus deduce that there exists a solution
ϕ of the fixed point ϕ = L[ϕ]. ��

We now prove that the found solution is Lipschitz continuous.

Proposition 5.11. Assume KR to be a truncated kernel as in (5.3) defined as a
function of a homogeneous symmetric kernel K such that it satisfies (1.5), (1.6),
for parameters γ, λ ∈ R satisfying (1.7) and such that γ > −1 and γ + 2λ ≥
1. Let T > 0 be as in Theorem 5.3. Let ϕ ∈ C1([0, T ],C1([ρ(C1), 8R])) with
initial datum ϕ(T, ·) be the function found in Lemma 5.9. Assume, in addition, that
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supξ∈[ρ(C1),8R] |ϕ(T, ξ)| ≤ 1 and that ϕ(T, ξ) is Lipschitz. Then ϕ is Lipschitz
continuous, in the sense that, for every t ∈ [0, T ], there exists C(t) > 0 such that

sup
s∈[0,t]

|ϕ(s, ξ) − ϕ(s, ξ̃ )| ≤ C(t)|ξ − ξ̃ |,

for every ξ, ξ̃ ∈ [ρ(C1), 8R]. Moreover, C(t) may depend on the norm of 	1 and
	2, but is otherwise independent of the choice of 	1 and 	2.

Proof. Notice first that, since supξ∈[ρ(C1),8R] |ϕ(T, ξ)| ≤ 1, there exists a constant
C > 0, which depends on the norm of 	1 and 	2 and the parameters ρ(C1), R
and t , such that sups∈[0,t],ξ∈[ρ(C1),8R] |ϕ(s, ξ)| ≤ C . This can be seen by looking
at (5.28). We will use Grönwall’s inequality in (5.28) in order to prove that ϕ is
Lipschitz:

|ϕ(t, X (t, ξ)) − ϕ(t, X (t, ξ̃ ))| ≤ |ϕ(T, X (T, ξ)) − ϕ(T, X (T, ξ̃ ))|

+ 1 + γ

1 − γ

∫ T

t
|ϕ(s, X (s, ξ)) − ϕ(s, X (s, ξ̃ ))|ds

+
∫ T

t
|L[ϕ](s, X (s, ξ)) − L[ϕ](s, X (s, ξ̃ ))|ds.

In order to bound the term

∫ T

t
|L[ϕ](s, X (s, ξ)) − L[ϕ](s, X (s, ξ̃ ))|ds,

we need to estimate

I1 =
∣∣∣∣12

∫
R∗

KR(X (t, ξ), η)[ϕ(t, X (t, ξ) + η)

− ϕ(t, X (t, ξ)) − ϕ(t, η)](	1(t, dη) + 	2(t, dη))

− 1

2

∫
R∗

KR(X (t, ξ̃ ), η)[ϕ(t, X (t, ξ̃ ) + η)

− ϕ(t, X (t, ξ̃ )) − ϕ(t, η)](	1(t, dη) + 	2(t, dη))

∣∣∣∣
and

I2 = |X (t, ξ)γ+λ − X (t, ξ̃ )γ+λ|
Mγ+λ(	1)Mγ+λ(	2)

∫
R∗

|∂zϕ(t, z)|zγ+λ	2(t, dz).

For I1, by the definition of KR in (5.3), we have KR isC1 and we can assume it has
compact support aswe are only interested in the region [ρ(C1), 8R]2. Thus,we have
that thefirst derivative of KR is bounded fromabove.Moreover, there exist constants
L1(t), L2(t) > 0 such that L1(t)|ξ − ξ̃ | ≤ |X (t, ξ) − X (t, ξ̃ )| ≤ L2(t)|ξ − ξ̃ |.
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For I2, we use

1

Mγ+λ(	1)Mγ+λ(	2)

∫
R∗

|∂zϕ(t, z)|zγ+λ	2(t, dz)

≤ C1

(C2)2
sup

z∈[ρ(C1),8R]
|∂zϕ(t, z)|.

If we prove that there exists a constant C > 0, which can depend on ρ(C1), R, and
the norms of 	1, and 	2, but does not vary depending on the choice of 	1,	2
such that

sup
z∈[ρ(C1),8R]

|∂zϕ(t, z)| ≤ C, (5.29)

then there exists a constant C > 0, which can depend on ρ(C1), R and the norms
of 	1 and 	2 such that

|ϕ(t, X (t, ξ)) − ϕ(t, X (t, ξ̃ ))|

≤ C |X (t, ξ) − X (t, ξ̃ )| + C
∫ T

t
|ϕ(s, X (s, ξ)) − ϕ(s, X (s, ξ̃ ))|. (5.30)

Let us now prove (5.29). FromEq. (5.28) and the fact that KR is inC1 with compact
support, we obtain an upper bound for |∂2ϕ(t, X (t, ξ))|.

We then use that there exist some constants c(t), c(t) > 0 such that c(t)ξ ≤
X (t, ξ) ≤ c(t)ξ , with ξ ∈ [ρ(C1), 8R] in order to obtain the desired bound for
supz∈[ρ(C1),8R] |∂zϕ(t, z)|.

We use Grönwall’s inequality in (5.30) and obtain that |ϕ(t, X (t, ξ))

− ϕ(t, X (t, ξ̃ ))| ≤ C(t)|X (t, ξ) − X (t, ξ̃ )|. Thus, we can conclude that also
|ϕ(t, ξ) − ϕ(t, ξ̃ )| ≤ C(t)|ξ − ξ̃ | since X (t, ξ) is Lipschitz continuous in the
ξ variable. ��
Proposition 5.12. (Continuity of the semigroup in the weak topology) Assume
KR to be a truncated kernel as in (5.3) defined as a function of a homogeneous
symmetric kernel K such that it satisfies (1.5), (1.6), for parameters γ, λ ∈ R

satisfying (1.7) and such that γ > −1 and γ + 2λ ≥ 1. For every time t > 0 the
map

S(t) : P → P

is continuous in the weak-∗ topology, where P was defined in (5.18).

Proof. Let δ > 0. In order to prove continuity in the weak-∗ topology of the
semigroup and because of the support of 	1 and 	2, it is enough to prove that, if
for every ψ ∈ Cc([ρ(C1),∞)), with ||ψ ||∞ ≤ 1, we have that

∫
R∗

ψ(x)
(
	in,1(dx) − 	in,2(dx)

)
is sufficiently small, (5.31)
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then we have that for every ψ ∈ Cc([ρ(C1),∞)), with ||ψ ||∞ ≤ 1,∫
R∗

ψ(x) (	1(t, dx) − 	2(t, dx)) ≤ δ,

where 	1 and 	2 are the solutions of Eq. (5.4) with initial conditions 	in,1 and
	in,2, respectively. To this end we notice that since 	1 and 	2 satisfy Eq. (5.4)
then ∫

R∗
ϕ(t, x)[	1(t, dx) − 	2(t, dx)] −

∫
R∗

ϕ(0, x)[	in,1(dx) − 	in,2(dx)]

−
∫ t

0

∫
R∗

∂sϕ(s, x)[	1(s, dx) − 	2(s, dx)]ds

−1 + γ

1 − γ

∫ t

0

∫
R∗

ϕ(s, x)[	1(s, dx) − 	2(s, dx)]ds

+ 2

1 − γ

∫ t

0

∫
R∗

∂xϕ(s, x)x[	1(s, dx) − 	2(s, dx)]ds

−
∫ t

0

1∫
R∗ z

γ+λ	1(s, dz)

∫
R∗

∂xϕ(s, x)xγ+λ	1(s, dx)ds

+
∫ t

0

1∫
R∗ z

γ+λ	2(s, dz)

∫
R∗

∂xϕ(s, x)xγ+λ	2(s, dx)ds

= 1

2

∫ t

0

∫
R∗

∫
R∗

KR(x, y)χϕ(s, x, y)[	1(s, dy)

+	2(s, dy)][	1(s, dx) − 	2(s, dx)]ds,
whereχϕ(s, x, y) := ϕ(s, x+y)−ϕ(s, x)−ϕ(s, y), for everyϕ ∈ C([0, t],C1

c (R∗)).
To simplify the computations, we adopt the notation 	̃ := 	1 − 	2 and we notice
that 	̃ satisfies the following equation for every ϕ ∈ C1([0, t],C1

c (R∗))∫
R∗

ϕ(t, x)	̃(t, dx) −
∫
R∗

ϕ(0, x)[	in,1(dx) − 	in,2(dx)]

−
∫ t

0

∫
R∗

∂sϕ(s, x)	̃(s, dx)ds − 1 + γ

1 − γ

∫ t

0

∫
R∗

ϕ(s, x)	̃(s, dx)ds

+ 2

1 − γ

∫ t

0

∫
R∗

∂xϕ(s, x)x	̃(s, dx)ds

−
∫ t

0

1∫
R∗ z

γ+λ	1(s, dz)

∫
R∗

∂xϕ(s, x)xγ+λ	̃(s, dx)ds

+
∫ t

0

∫
R∗

L[ϕ](s, x)	̃(s, dx)ds.

First, we make the following notation:

Cnorm := sup
s∈[0,t]

∫
R∗

[	1 + 	2](s, dx) < ∞.
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Notice that Cnorm can be bounded from above by

Cnorm = sup
s∈[0,t]

∫
R∗

[	1 + 	2](s, dx) ≤ C(R, ρ(C1), t)
∫
R∗

[	in,1 + 	in,2](dx).

Let now ϕ be the solution found in Lemma 5.9 with coagulation kernel KR . By
Proposition 5.11,weknow that there exists a constantC(t, R,	1,	2), that depends
only on the norm of 	1 and 	2, but is otherwise independent of the choice of
	1 and 	2, such that |ϕ(s, ξ) − ϕ(s, ξ̃ )| ≤ C(t, R,	1,	2)|ξ − ξ̃ |, for every
ξ, ξ̃ ∈ [ρ(C1), 8R] and s ∈ [0, t]. We thus look at the set:

Kρ(C1),R :={χ ∈ C([ρ(C1), 8R])||χ(ξ) − χ(ξ̃ )| ≤ C(t, R,	1,	2)|ξ − ξ̃ |,
for all ξ, ξ̃ ∈ [ρ(C1), 8R]} ⊂ C([ρ(C1), 8R]).

The set Kρ(C1),R is totally bounded, thus there exist N ∈ N and χ1, . . . , χN ∈
Kρ(C1),R such that Kρ(C1),R ⊆ ∪N

i=1B(χi ,
δ

4NCnorm
).

Then we obtain that
∫
R∗

ϕ(t, x)	̃(t, dx) =
∫
R∗

ϕ(0, x)[	in,1(dx) − 	in,2(dx)] =: T1. (5.32)

We can bound T1 by

T1 ≤ N
min
i=1

∫
R∗

|[ϕ(0, x) − χi (x)][	in,1(dx) − 	in,2(dx)]|

+ N
max
i=1

( ∫
R∗

χi (x)[	in,1(dx) − 	in,2(dx)]
)

≤ δ

4Cnorm

∫
R∗

[	in,1(dx) + 	in,2(dx)] + N
max
i=1

∫
R∗

χi (x)[	in,1(dx)

− 	in,2(dx)] ≤ δ,

where in the last step we used (5.31). ��
Proof of Theorem 5.6. By Proposition 5.12 we know that the operator	 �→ S(t)	
is continuous in the weak-∗ topology. Additionally, thanks to Proposition 5.7, we
know that P is an invariant region for S(t). Since P is also convex and compact
and since we have proven that the map t �→ S(t) is continuous, we apply Theorem
1.2 in [8] to deduce that there exists a 	 such that S(t)	 = 	. ��

5.3. Existence of the self-similar profile

To keep the notation lighter, in the previous sections we denoted with 	 the
solution of the truncated problem. In this section, since we pass to the limit as R
tends to infinity, we add the label R to	 and we will denote with	 the self-similar
profile. For simplicity, we denote by ρ := ρ(C1), where ρ(C1) was defined in
(4.2).



103 Page 40 of 61 Arch. Rational Mech. Anal. (2023) 247:103

Proof of Theorem 5.1. For every R > 1, sufficiently large, there exist T > 0 and
	R ∈ C1([0, T ];M+(R∗)) such that

∫
R∗

ϕ(x)	̇R(t, dx) − 1 + γ

1 − γ

∫
R∗

ϕ(x)	R(t, dx) + 2

1 − γ

∫
R∗

ϕ′(x)x	R(t, dx)

− 1

Mγ+λ(	R(t))

∫
R∗

ϕ′(x)xγ+λ	R(t, dx)

= 1

2

∫
R∗

∫
R∗

KR(x, y) [ϕ(x + y) − ϕ(x) − ϕ(y)]	R(t, dx)	R(t, dy),

where KR is the coagulation kernel defined in (5.3). Notice that the bounds in
Proposition 5.7 are independent of R > 1.

Thanks to Theorem 5.6 we know that a measure 	R ∈ M+(R∗) satisfying
Eq. (5.16) and satisfying the bounds (5.17) exists.We notice also that, since γ +λ >

0,

∫
(0,∞)

	R(dx) =
∫

[ρ,∞)

	R(dx) ≤ ρ−γ−λ

∫
[ρ,∞)

xγ+λ	R(dx) ≤ ρ−γ−λC1.

(5.33)

Hence, Banach-Alaoglu Theorem implies that there exists 	 such that

	R ⇀ 	 as R → ∞ (5.34)

in the weak-∗ topology.
We now prove that the measure	 in (5.34) satisfies Eq. (3.3) by taking the limit

as R → ∞. Fix ϕ ∈ Cc(R∗). We start with passing to the limit in the coagulation
term.

Let ε ∈ (0, 1). We first show that

∣∣∣∣
∫

[ρ,∞)

∫
[ρ,∞)

(K (ξ, z) − KR(ξ, z))	R(dξ)	R(dz)[ϕ(z + ξ) − ϕ(z) − ϕ(ξ)]
∣∣∣∣

≤ ε, (5.35)

for sufficiently large R. We then prove that

∫
[ρ,∞)

∫
[ρ,∞)

K (ξ, z)	R(dξ)	R(dz)[ϕ(z + ξ) − ϕ(z) − ϕ(ξ)] (5.36)

converges to

∫
[ρ,∞)

∫
[ρ,∞)

K (ξ, z)	(dξ)	(dz)[ϕ(z + ξ) − ϕ(z) − ϕ(ξ)] (5.37)

as R → ∞.
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For (5.35), we have that:
∣∣∣∣
∫

[ρ,∞)

∫
[ρ,∞)

(K (ξ, z) − KR(ξ, z))	R(dξ)	R(dz)[ϕ(z + ξ) − ϕ(z) − ϕ(ξ)]
∣∣∣∣

≤
∫

[ρ, R
4 ]

∫
[ρ, R

4 ]

∣∣∣∣ (K (ξ, z) − KR(ξ, z))	R(dξ)	R(dz)[ϕ(z + ξ) − ϕ(z) − ϕ(ξ)]
∣∣∣∣

+ 2
∫

( R
4 ,∞)

∫
[ρ,∞)

∣∣∣∣ (K (ξ, z) − KR(ξ, z))	R(dξ)	R(dz)[ϕ(z + ξ) − ϕ(z) − ϕ(ξ)]
∣∣∣∣

= T1 + T2.

For the first term, we have

T1 ≤ e−R3||ϕ||∞ρ−2,

where we used the definition of KR in (5.3) and the fact that the total mass of the
measures is equal to 1.

For the region ( R4 ,∞) × [ρ,∞), we use KR ≤ K to prove that

T2 ≤ 12||ϕ||∞
∫

( R
4 ,∞)

∫
[ρ,∞)

K (ξ, z)	R(dz)	R(dξ)

≤ c
(
R−γ−2λM2

γ+λ(	R) + Rγ+λ−1ρ−γ−2λMγ+λ(	R)
)

,

which gives a small contribution due to the uniform estimates for 	R if we make
R sufficiently large.

We now analyse (5.36). We consider a continuous function g : R+ → [0, 1]
such that g(x) = 1, when x ≤ 1, and g(x) = 0, when x ≥ 2.We define the function
pM as

pM (x, y) = g
( x

M

)
g
( y

M

)
, (5.38)

where M is a positive constant. By the construction of pM and given the fact that
	R is supported in the region [ρ,∞), for every R > 1, we have that, given any
function ϕ ∈ Cc(R∗),
∫

[ρ,∞)

∫
[ρ,∞)

K (ξ, z)pM (ξ, z)	R(dξ)	R(dz)[ϕ(z + ξ) − ϕ(z) − ϕ(ξ)]

=
∫

[ρ,2M]

∫
[ρ,2M]

K (ξ, z)pM (ξ, z)	R(dξ)	R(dz)[ϕ(z + ξ) − ϕ(z) − ϕ(ξ)].

Therefore, since	R ⇀ 	 in the weak-∗ topology, we can conclude that	R	R ⇀

		 in the weak-∗ topology as R → ∞ if we work on the set [ρ, 2M]2 and we
deduce that

∫
[ρ,∞)

∫
[ρ,∞)

K (ξ, z)pM (ξ, z)	R(dξ)	R(dz)[ϕ(z + ξ) − ϕ(z) − ϕ(ξ)]
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converges to
∫

[ρ,∞)

∫
[ρ,∞)

K (ξ, z)pM (ξ, z)	(dξ)	(dz)[ϕ(z + ξ) − ϕ(z) − ϕ(ξ)]

as R tends to infinity.
To conclude that, for every test function ϕ ∈ Cc(R∗), we have that (5.36)

converges to (5.37) as R → ∞, we have to prove that the reminder terms, namely
∫

[ρ,∞)

∫
[M,∞)

K (ξ, z)[ϕ(z + ξ) − ϕ(z) − ϕ(ξ)]	R(dξ)	R(dz), (5.39)

∫
[M,∞)

∫
[ρ,∞)

K (ξ, z)[ϕ(z + ξ) − ϕ(z) − ϕ(ξ)]	R(dξ)	R(dz), (5.40)

∫
[ρ,∞)

∫
[M,∞)

K (ξ, z)[ϕ(z + ξ) − ϕ(z) − ϕ(ξ)]	(dξ)	(dz), (5.41)

∫
[M,∞)

∫
[ρ,∞)

K (ξ, z)[ϕ(z + ξ) − ϕ(z) − ϕ(ξ)]	(dξ)	(dz), (5.42)

tend to zero as M → ∞.
Let us look at the term (5.39). In this case we are in the region where {ξ ≥ M},

hence ξγ+λ−1 ≤ Mγ+λ−1 as γ + λ < 1. Therefore, for every ϕ ∈ Cc(R>0)

∫
[ρ,∞)

∫
[M,∞)

ξ γ+λz−λ	R(dξ)	R(dz)|ϕ(z + ξ) − ϕ(z) − ϕ(ξ)|

� Mγ+λ−1ρ−γ−2λMγ+λ(	R),

where we remind that Mγ+λ(	R) is bounded uniformly in R > 1 and that the mass
of	R is equal to one. Similarly, the fact that ξ ≥ M implies that ξ−γ−2λ ≤ M−γ−2λ

since γ + 2λ > 0. We then obtain that
∫

[ρ,∞)

∫
[M,∞)

zγ+λξ−λ	R(dξ)	R(dz)|ϕ(z + ξ) − ϕ(z) − ϕ(ξ)|

≤ CM−γ−2λM2
γ+λ(	R).

From these two inequalities and the fact that γ +λ < 1 and γ +2λ > 0 we deduce
that the term (5.39) tends to zero as M → ∞. By a symmetric argument we prove
that the term (5.40) tends to zero as M → ∞. The fact that the two terms (5.41)
and (5.42) tend to zero as M → ∞ follows similarly by the fact that the γ + λ

moment of 	 is bounded.
The linear terms for the self-similar profiles of the truncated problem will con-

verge as R → ∞ to the desired terms thanks to (5.34).
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To conclude, we need to prove the convergence of the remainder term. We thus
have to prove that

1∫
[ρ,∞)

xγ+λ	R(dx)

∫
[ρ,∞)

∂xϕ(x)xγ+λ	R(dx)

converges to

1∫
[ρ,∞)

xγ+λ	(dx)

∫
[ρ,∞)

∂xϕ(x)xγ+λ	(dx)

as R → ∞. We have that
∣∣∣∣ 1

Mγ+λ(	R)

∫
[ρ,∞)

∂xϕ(x)xγ+λ	R(dx) − 1

Mγ+λ(	)

∫
[ρ,∞)

∂xϕ(x)xγ+λ	(dx)

∣∣∣∣
≤
∣∣∣∣ 1∫

[ρ,∞)
xγ+λ	R(dx)

∣∣∣∣
∣∣∣∣
∫

[ρ,∞)

∂xϕ(x)xγ+λ	R(dx) −
∫

[ρ,∞)

∂xϕ(x)xγ+λ	(dx)

∣∣∣∣
+
∣∣∣∣ 1∫

[ρ,∞)
xγ+λ	R(dx)

− 1∫
[ρ,∞)

xγ+λ	(dx)

∣∣∣∣
∣∣∣∣
∫

[ρ,∞)

∂xϕ(x)xγ+λ	(dx)

∣∣∣∣.

We can analyse the two terms separately. For the first term, we know by (5.25) that
the Mγ+λ(	R) moment is uniformly bounded from below and thus

∣∣∣∣ 1∫
[ρ,∞)

xγ+λ	R(dx)

∣∣∣∣
∣∣∣∣
∫

[ρ,∞)

∂xϕ(x)xγ+λ	R(dx) −
∫

[ρ,∞)

∂xϕ(x)xγ+λ	(dx)

∣∣∣∣
≤ M2−γ−λ(	R)

∣∣∣∣
∫

[ρ,∞)

∂xϕ(x)xγ+λ	R(dx) −
∫

[ρ,∞)

∂xϕ(x)xγ+λ	(dx)

∣∣∣∣
≤ C2

∣∣∣∣
∫

[ρ,∞)

∂xϕ(x)xγ+λ	R(dx) −
∫

[ρ,∞)

∂xϕ(x)xγ+λ	(dx)

∣∣∣∣

and then we use that

∣∣∣∣
∫
[ρ,∞)

∂xϕ(x)xγ+λ	R(dx)− ∫
[ρ,∞)

∂xϕ(x)xγ+λ	(dx)

∣∣∣∣ →
0 by (5.34).

For the second term, we split the integral into a region with compact support
and the remainder regions. More precisely,

∣∣∣∣
∫
[ρ,∞)

xγ+λ	(dx) − ∫
[ρ,∞)

xγ+λ	R(dx)∫
[ρ,∞)

xγ+λ	R(dx)
∫
[ρ,∞)

xγ+λ	(dx)

∣∣∣∣
∣∣∣∣
∫

[ρ,∞)

∂xϕ(x)xγ+λ	(dx)

∣∣∣∣
≤ C

∣∣∣∣
∫

[ρ,∞)

xγ+λ	(dx) −
∫

[ρ,∞)

xγ+λ	R(dx)

∣∣∣∣M2−γ−λ(	R)M2−γ−λ(	)Mγ+λ(	)

� C

∣∣∣∣
∫

[ρ,∞)

g
( x

M

) [
xγ+λ	(dx) − xγ+λ	R(dx)

] ∣∣∣∣ + 2C

∣∣∣∣
∫

[M,∞)

xγ+λ	(dx)

∣∣∣∣
+ 2C

∣∣∣∣
∫

[M,∞)

xγ+λ	R(dx)

∣∣∣∣.
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We have that

∣∣∣∣
∫
[ρ,∞)

g( x
M )[xγ+λ	(dx) − xγ+λ	R(dx)]

∣∣∣∣ → 0 as R → ∞ by

(5.34). For the regions close to infinity, we use
∣∣∣∣
∫

[M,∞)

xγ+λ	R(dx)

∣∣∣∣ ≤ Mγ+λ−1,

as the total mass is uniformly bounded. Since γ + λ < 1, the remaining term goes
to zero as M → ∞.

As a last step we prove that, if 	((0, δ)) = 0 for some δ > 0, then 	((0, ρ
(Mγ+λ))) = 0 for ρ(Mγ+λ) given by (3.4). Since the proof is standard we only
sketch it here. Consider x ∈ [ δ

2 ,
1
2ρ(Mγ+λ)), then, since 	 satisfies (3.1), we have

c	(x) ≤
(
xγ+λ

Mγ+λ

− 2

1 − γ
x

)
	(x)

≤ |1 + γ |
1 − γ

∫ x

δ

	(η)dη +
∫ x

δ

∫ y−δ

δ

K (y − η, η)	(y − η)	(η)dηdy

≤ c̃
∫ x

δ

	(η)dη,

for some positive constants c̃, c > 0. Using Grönwall’s lemma, this implies that

	(x) ≤ e
c̃
c x	(δ

2 ) = 0. Hence 	([δ, 1
2ρ(Mγ+λ))) = 0. Iterating this argument,

we deduce that 	((0, ρ(Mγ+λ))) = 0. The argument can be made rigorous by
working with the weak formulation of Eq. (3.1). ��

5.4. Properties of the constructed self-similar profile

In this section we aim at proving Theorem 3.3. In particular we prove that the
self-similar profile, whose existence has been proven in Theorem 5.1, satisfies the
properties stated in Theorem 3.3. In other words we have to prove the following
theorem.

Theorem 5.13. Assume K to be a homogeneous symmetric coagulation kernel, of
homogeneity γ , satisfying (1.5), (1.6), with γ, λ such that (1.7) holds and such that

−1 < γ, γ + 2λ ≥ 1.

Let 	 be the self-similar profile constructed in Theorem 5.1. Then
∫
R∗

eLx	(dx) < ∞

for some L > 0 and 	 is absolutely continuous with respect to the Lebesgue
measure. Then 	(dx) = φ(x)dx and φ is such that

lim sup
x→∞

eLxφ(x) < ∞

for a constant L > 0.
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To prove this theorem we start by proving that every self-similar profile 	 in the
sense of Definition 3.1 and such that 	((0, δ)) = 0, for a positive δ, is abso-
lutely continuous with respect to the Lebesgue measure and satisfies some moment
bounds.

Proposition 5.14. (Regularity) Assume K to be a homogeneous symmetric coag-
ulation kernel, of homogeneity γ , satisfying (1.5), (1.6), with γ, λ such that (1.7)
holds and such that γ + 2λ ≥ 1. Let 	 ∈ M+(R∗) be a self-similar profile as in
Definition 3.1. Assume additionally that 	((0, δ)) = 0 for δ > 0. Then 	 is abso-
lutely continuous with respect to the Lebesgue measure. Its density φ ∈ L1([δ,∞))

satisfies the following equation

∫ z

0
xφ(x)dx − 2

1 − γ
z2φ(z) + 1

Mγ+λ(φ)
zγ+λ+1φ(z)

− 1

Mγ+λ(φ)

∫ z

0
xγ+λφ(x)dx (5.43)

= −Jφ(z), a.e. z > δ

where

Jφ(z) :=
∫ z

0

∫ ∞

z−x
xK (x, y)φ(x)φ(y)dydx . (5.44)

Proof. We just sketch the proof as similar arguments have been repeatedly used in
the analysis of coagulation equations, see for instance the proof of Lemma 4.9 in
[9]. An analogous proof will be presented in the proof of Proposition 6.2. Let 	 be
a solution of (3.1), then

∂ξ

[(
ξγ+λ

Mγ+λ

− 2

1 − γ
ξ

)
	(ξ)

]
= 1 + γ

1 − γ
	(ξ) + K[	](ξ).

Using the fact that

K[	](ξ) ≤
∫ ξ−δ

δ

K (ξ − η, η)	(η)	(ξ − η)dη, ξ > δ

and that
∫ ξ−δ

δ
K (ξ −η, η)	(η)	(ξ −η)dη is a bounded measure in every compact

set, we deduce that the measure

(
ξγ+λ

Mγ+λ

− 2

1 − γ
ξ

)
	(ξ)

is absolutely continuous with respect to the Lebesgue measure on the set (δ,∞)

if δ > ρ(Mγ+λ), while it is absolutely continuous with respect to the Lebesgue
measure in the set (δ, ρ(Mγ+λ)) ∪ (ρ(Mγ+λ),∞) if δ ≤ ρ(Mγ+λ). In the latter
case, we therefore have that 	(dx) = φ(x)dx + c0δρ(Mγ+λ)(x) with density φ ∈
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L1(R∗) and with c0 ∈ R. To exclude that the self-similar solution 	 has a Dirac in
ρ(Mγ+λ), we notice that

∫ ξ−δ

δ

K (ξ − η, η)c0δρ(Mγ+λ)(η)c0δρ(Mγ+λ)(ξ − η)dη

= c20

∫ ξ−δ

δ

K (ξ − η, η)δρ(Mγ+λ)(η)δρ(Mγ+λ)(ξ − η)dη

is non-zero only if ξ = 2ρ(Mγ+λ). Hence the coagulation operator applied to
measure c0δρ(Mγ+λ) produces a Dirac in 2ρ(Mγ+λ), contradicting the fact that
	|(ρ(Mγ+λ),∞) is absolutely continuous with respect to the Lebesgue measure. As
a consequence, we deduce that c0 = 0. ��
Proposition 5.15. (Moment bounds) Assume K to be a homogeneous symmetric
coagulation kernel, of homogeneity γ , satisfying (1.5), (1.6), with γ, λ such that
(1.7) holds and such that γ +2λ ≥ 1. Let	 ∈ M+(R∗) be a self-similar profile as
in Definition 3.1 and assume additionally that 	((0, δ)) = 0, where δ > 0. Then

∫
R∗

xμ	(dx) =
∫

[δ,∞)

xμ	(dx) < ∞, ∀μ ∈ R.

Proof. For μ ≤ γ + λ the statement follows by the fact that 	((0, δ)) = 0 and
that by definition of self-similar profile we know that

∫
[δ,∞)

xγ+λ	(dx) < ∞.

We want to prove the statement for μ > γ + λ. As a first step, we prove that there
exists a δ > 0 such that ∫

R∗
xγ+λ+δφ(x)dx < ∞, (5.45)

where φ is the density of 	. As a second step we will prove that
∫
R∗

xγ+λ+nδφ(x)dx < ∞ (5.46)

for n ≥ 1 implies that
∫
R∗

xγ+λ+(n+1)δφ(x)dx < ∞. (5.47)

The desired conclusion then follows by induction.
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Step 1
Consider an integrable function ϕ and integrate both sides of Eq. (5.43) against the
function ψ(x) = ∫∞

x ϕ(y)dy to deduce that

∫ ∞

0
ψ(z)zφ(z)dz −

∫ ∞

0
φ(z)ψ ′(z)

(
zγ+λ+1

Mγ+λ

− 2

1 − γ
z2
)
dz

− 1

Mγ+λ

∫ ∞

0
ψ(z)zγ+λφ(z)dz

=
∫ ∞

0

∫ ∞

0
xK (x, y) (ψ(x + y) − ψ(x)) φ(x)φ(y)dydx . (5.48)

We remark that the above formulation requires that ψ has to decay fast enough so
that all the integrals in (5.48) are finite.

Select δ > 0 such that max{0, 1 − 2(γ + λ)} < δ < 1 − γ − λ and consider
ψR(x) = xγ+λ+δ−1 if x ≤ R while ψR(x) = Rδxγ+λ−1 if x > R. Using (5.48)
and the fact that γ + 2λ ≥ 1 and that ψR(x + y) − ψR(x) ≤ 0 we deduce that

0 <
γ + 2λ − 1 + 2δ

1 − γ

∫ R

0
zγ+λ+δφ(z)dz ≤ 1

Mγ+λ

∫ ∞

0
z2(γ+λ)+δ−1φ(z)dz < ∞,

where the moment M2(γ+λ)+δ−1 is bounded because, due to the choice of δ, we

have that 2(γ + λ) + δ − 1 < γ + λ. Passing to the limit as R tends to infinity we
deduce that (5.45) holds.

Step 2
We assume that inequality (5.46) holds and we want to prove (5.47). Taking
ψR(x) = xγ+λ+(n+1)δ−1 when x ≤ R and ψR(x) = Rδxγ+λ+nδ−1 when x > R
in (5.48) we deduce that

0 <
γ + 2λ − 1 + 2δ(n + 1)

1 − γ

∫ R

0
zγ+λ+(n+1)δφ(z)dz

≤ 1

Mγ+λ

∫ ∞

0
z2(γ+λ)+(n+1)δ−1φ(z)dz

+
∫ ∞

δ

∫ ∞

δ

xK (x, y) [ψR(x + y) − ψR(x)]φ(x)φ(y)dydx

+
∫ ∞

0
φ(z)ψ ′

R(z)zγ+λ+1φ(z)dz.

Thanks to the choice of δ, we have that 2(γ + λ)+ (n + 1)δ − 1 ≤ γ + λ+ nδ and
the desired conclusion follows for n such that γ + λ + (n + 1)δ − 1 < 1 by the
fact that in that case ψR is decreasing and hence the coagulation term is negative
as well as the term

∫∞
0 φ(z)ψ ′

R(z)zγ+λ+1φ(z). We examine now the case in which
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γ + λ + (n + 1)δ − 1 ≥ 1. In this case we have that

∫ ∞

δ

∫ ∞

δ

xK (x, y) [ψR(x + y) − ψR(x)]φ(x)φ(y)dydx

≤ c
∫ ∞

δ

∫ ∞

δ

xK (x, y)
[
(x + y)γ+λ+(n+1)δ−1

−xγ+λ+(n+1)δ−1
]
φ(x)φ(y)dydx

≤ c
∫∫

{(x,y)∈[δ,∞)2:x≤y}
x1−λyγ+λ

[
(x + y)γ+λ+(n+1)δ−1

−xγ+λ+(n+1)δ−1
]
φ(x)φ(y)dydx

+ c
∫∫

{(x,y)∈[δ,∞)2:x≥y}
x1+γ+λy−λ

[
(x + y)γ+λ+(n+1)δ−1

−xγ+λ+(n+1)δ−1
]
φ(x)φ(y)dydx

≤ c
∫ ∞

δ

x1−λφ(x)dx
∫ ∞

δ

y2(γ+λ)+(n+1)δ−1φ(y)dy < ∞.

Since we also have that

∫ ∞

0
φ(z)ψ ′

R(z)zγ+λ+1φ(z)dz ≤ c(n)

∫ ∞

0
φ(z)z2(γ+λ)+(n+1)δ−1φ(z)dz < ∞

the desired conclusion follows. ��

Lemma 5.16. (Exponential bound) Assume K to be a homogeneous symmetric
coagulation kernel, of homogeneity γ , satisfying (1.5), (1.6), with γ, λ such that
(1.7) holds and such that γ + 2λ ≥ 1. Let 	 ∈ M+(R) be as in Proposition 5.14
and let φ be its density. Then there exist two positive constants L and M such that

∫ ∞

M
φ(z)eLzdz < ∞. (5.49)

Proof. Adapting the approach used in [11] we define the function �a as

�a(L) :=
∫ ∞

M

eL min{x,a}

min{x, a} x
2φ(x)dx

where M > δ. Hence, by its definition

� ′
a(L) =

∫ ∞

M
eL min{x,a}x2φ(x)dx .
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We consider a function ψ in (5.48) with ψ ′(x) := eL min{x,a} to deduce that

2

1 − γ
� ′

a(L) ≤ Mγ+λ−1

Mγ+λ

∫ ∞

M
eL min{x,a}x2φ(x)dx

+ 1

Mγ+λ

∫ M

δ

eL min{x,a}xγ+λ+1φ(x)dx

+
∫
R∗

∫
R∗

xK (x, y)
∫ x+y

y
eL min{w,a}dwφ(x)φ(y)dxdy

+
∫ z

δ

(
1

Mγ+λ

xγ+λ − x

)
ψ(x)φ(x)dx,

for z :=
(

1
Mγ+λ

) 1
1−γ−λ

, where we are assumingwithout loss of generality that z > δ

and since for every z ≥ z we have

z − zγ+λ

Mγ+λ

> 0. (5.50)

Thus, there exists a c ≥ 0 such that

2

1 − γ
� ′

a(L) ≤ � ′
a(L)

Mγ+λ−1

Mγ+λ

+ c

+
∫
R∗

∫
R∗

xK (x, y)
∫ x+y

y
eL min{w,a}dwφ(x)φ(y)dxdy.

As in [9,11] we can deduce, using Jensen’s inequality together with the fact
that γ + λ < 1 and that −λ < 1, that

∫
R∗

∫
R∗

xK (x, y)
∫ x+y

y
eL min{w,a}dwφ(x)φ(y)dxdy ≤ �a(L)1−γ−λ� ′

a(L)γ+λ.

This, together with the fact that we can take M arbitrary large, implies that

c(γ, λ)� ′
a(L) ≤ �a(L)1−γ−λ� ′

a(L)γ+λ + c, (5.51)

for a positive constant c and for c(γ, λ) = 2
1−γ

− Mγ+λ−1

Mγ+λ
> 0.

By the definition of �a we have that

�a(0) ≤ 2

1 − γ

(
1 + c1

a

)
→ 2

1 − γ
as a → ∞.

If we prove that lim supa→∞ �a(L) < ∞ for some L , then we can conclude.
Indeed we would have

M
∫ ∞

M
eLxφ(x)dx ≤

∫ ∞

M
eLx xφ(x)dx < ∞.
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Let us prove that lim supa→∞ �a(L) < ∞ for some L . First of all notice that this
is true if � ′

a(L) ≤ 1 as in this case �a(L) ≤ L + lima→∞ �a(0) and the desired
conclusion follows. If instead � ′

a > 1, then

c(γ, λ)� ′
a(L) ≤ �a(L)1−γ−λ� ′

a(L)γ+λ + c ≤ α�a(L)1−γ−λ� ′
a(L) + c.

Without loss of generality we can assume α > 0 such that lima→∞ �a(0) �= α.
This implies that a solution of the ODE

� ′
a

(
1 − α�

1−γ−λ
a

)
= c

exists for small intervals around 0 and is such that lima→∞ �a(L) < ∞ for L in
that interval. ��

Proposition 5.17. (Exponential decay) Assume K to be a homogeneous symmetric
coagulation kernel, of homogeneity γ , satisfying (1.5), (1.6), with γ, λ such that
(1.7) holds and such that γ + 2λ ≥ 1. Let 	 ∈ M+(R) be as in Proposition 5.14
and let φ be its density. Then there exists a positive constant M̃ such that

lim sup
z→∞

φ(z)eM̃z < ∞. (5.52)

Proof. From Eq. (5.43) we deduce that

(
2

1 − γ
z2 − zγ+λ+1

Mγ+λ(φ)

)
φ(z)

≤
∫ z

0
xφ(x)dx − 1

Mγ+λ(φ)

∫ z

0
xγ+λφ(x)dx + Jφ(z).

We now show that Jφ decays exponentially and that the term

∫ z

0
xφ(x)dx − 1∫∞

0 yγ+λφ(y)dy

∫ z

0
xγ+λφ(x)dx

decays exponentially too.
First of all, we prove that there exists a constant M1 > 0 such that Jφ(z) ≤

e−M1z for large z. To this end we notice that the bound (5.49) implies that

Jφ(z) =
∫ z

0

∫ ∞

z−x
e−L(x+y)eL(x+y)xK (x, y)φ(x)φ(y)dydx

≤ e−Lz
∫ z

0

∫ ∞

z−x
eL(x+y)xK (x, y)φ(x)φ(y)dydx ≤ e−M1z .
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On the other side, for large values of z we have that
∫ z

0
xφ(x)dx − 1∫∞

0 yγ+λφ(y)dy

∫ z

0
xγ+λφ(x)dx

= 1∫∞
0 yγ+λφ(y)dy

(∫ z

0
xφ(x)dx

∫ ∞

0
yγ+λφ(y)dy −

∫ z

0
xγ+λφ(x)dx

)

≤ 1∫∞
0 yγ+λφ(y)dy

(∫ ∞

0
yγ+λφ(y)dy −

∫ z

0
xγ+λφ(x)dx

)

≤ 1∫∞
0 yγ+λφ(y)dy

∫ ∞

z
yγ+λφ(y)dy ≤ C(ρ(Mγ+λ))e

−M2z,

where M2 > 0.
We deduce that for large values of z

(
2z2

1 − γ
− zγ+λ+1∫∞

0 yγ+λφ(y)dy

)
φ(z) ≤ cmax{e−zM1 , e−zM2}.

The conclusion follows since, for every z >
(

1−γ

2
∫∞
0 xγ+λ	(dx)

) 1
1−γ−λ

, we have

2z2

1 − γ
− zγ+λ+1∫∞

0 yγ+λφ(y)dy
> 0.

��

6. Non-existence results and properties of the self-similar profiles

To study the non-existence of the self-similar solutionsweproceed by contradic-
tion and start by assuming that a self-similar solution exists. To find a contradiction
we need to analyse the properties of each self-similar profile. In the case γ +2λ > 1
the fundamental properties that we prove to be true are that	((0, δ)) = 0 for some
positive δ > 0 and that	 decays sufficiently fast for large sizes. When γ +2λ = 1,
it is possible to prove that 	 decays fast for large sizes, but we have not been able
to prove that 	((0, δ)) = 0 for some δ > 0. This is the reason why we require the
additional condition (3.5) in Theorem 3.5.

6.1. Properties of the self-similar profiles

In this section we study the properties of each self-similar solution that do
not rely on the existence of the self-similar solution and hence do not rely on the
assumption γ > −1.

Theorem 6.1. (Properties of the self-similar profiles) Let K be a homogeneous
symmetric coagulation kernel, of homogeneity γ , satisfying (1.5), (1.6), with γ, λ

such that (1.7) holds.
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1. If γ + 2λ > 1, then every self-similar profile 	 as in Definition 3.1 is such
that 	((0, ρ(Mγ+λ))) = 0 where ρ(Mγ+λ) is given by (3.4). Additionally, 	
is such that ∫

R∗
eLx	(dx) < ∞ (6.1)

for L > 0 and it is absolutely continuous with respect to the Lebesgue measure.
Its density φ is such that

lim sup
x∈R∗

φ(x)eLx ≤ c (6.2)

for constants L, c > 0.
2. If γ + 2λ = 1 and if, in addition, 	((0, δ)) = 0 for some δ > 0, then

	([δ, ρ(Mγ+λ))) = 0 where ρ(Mγ+λ) is given by (3.4). In addition, (6.1)
and (6.2) hold.

First of all we prove, see Proposition 6.2, that when γ + 2λ > 1, each solution
of Eq. (1.19) in the sense of Definition 3.1 is zero near the origin. The statement
of Theorem 6.1 then follows by Proposition 5.14 and Proposition 5.17 and by the
fact that when γ + λ = 1 we are assuming that there exists a δ > 0 such that
	((0, δ)) = 0.

Proposition 6.2. (Support of the self-similar solution) Let K be a homogeneous
symmetric coagulation kernel, of homogeneity γ , satisfying (1.5), (1.6), with γ, λ

such that (1.7) holds and such that γ +2λ > 1. Let	 ∈ M+(R∗) be a self-similar
profile as in Definition 3.1. Then 	((0, ξ)) = 0 for

ξ := min

{(
1

Mγ+λ(	)

) 1
1−γ−λ

,

(
1 − γ

2Mγ+λ(	)

) 1
1−γ−λ

}
.

Proof. We start explaining the proof in a heuristic manner without entering in the
technical details that will be explained later. Equation (1.19) can be rewritten in the
following flux form

∂x

(
J	(x) +

(
xγ+λ+1

Mγ+λ

− 2x2

1 − γ

)
	(x)

)
=
(
xγ+λ

Mγ+λ

− x

)
	(x), (6.3)

where Jφ is given by (5.44). For x smaller than ξ we have that xγ+λ

Mγ+λ
− x ≥ 0 and

hence the function

x �→ J	(x) +
(
xγ+λ+1

Mγ+λ

− 2x2

1 − γ

)
	(x)

is increasing and right-continuous at x = 0. This implies that

lim
x→0+

(
J	(x) +

(
xγ+λ+1

Mγ+λ

− 2x2

1 − γ

)
	(x)

)
= L .
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Since for every x ≤ ξ we also have that xγ+λ+1

Mγ+λ
− 2x2

1−γ
≥ 0 we deduce that L ≥ 0.

We make a scaling argument to identify the value of L . To this end we notice
that the units of the flux are given by [J	(x)] = [	]2[x]3+γ , where from now on
we indicate with [·] the dimensional properties of a quantity, hence

[	] = [x]−
(3+γ )

2 .

We deduce that

[xγ+λ+1	] = [xγ+λ+1][	] = [x γ+2λ−1
2 ].

Since γ + 2λ > 1 this implies that as x → 0 the dominant term in Eq. (6.3) is
J	, hence J	(x) ∼ L as x → 0. Finally, we prove that L = 0, in agreement with
the statement proven in [10] that, when γ + 2λ ≥ 1, there are no solutions to the
constant flux equation. Integrating (6.3), we deduce that

J	(x) +
(
xγ+λ+1

Mγ+λ

− 2x2

1 − γ

)
	(x) =

∫ x

0

(
zγ+λ

Mγ+λ

− z

)
	(z)dz.

A detailed analysis of this ODE for 	 implies that 	 = 0 on the interval(
0,
(

1−γ
2Mγ+λ

) 1
1−γ−λ

)
, see Step 4.

We now explain the proof in detail. Testing (3.3) with a function of the form
ψ(ξ) = ξϕ(ξ), where ϕ ∈ C1

c(R∗), we get to the following equation:

∫
(0,∞)

(
ξ − 1

Mγ+λ

ξγ+λ

)
ϕ(ξ)	(dξ) =

∫
(0,∞)

ϕ′(ξ)W [	](dξ), (6.4)

where

W [	](dx) = J	(x)dx +
(
xγ+λ+1

Mγ+λ

− 2x2

1 − γ

)
	(dx). (6.5)

Step 1: Regularity of W [	] and an integral representation formula
First of all we prove that, for every δ > 0, the restriction of the measure W [	] on
the interval [δ, 1] is absolutely continuous with respect to the Lebesgue measure.
This follows from the fact that for every function ϕ ∈ C1

c ([δ, ξ ]) with 0 < δ < 1
we have that ∫

R∗
ϕ′(ξ)W [	](dξ) ≤ c(	, δ, γ, λ)‖ϕ‖∞;

henceW [	], on the interval [δ, ξ ], has a densityWφ ∈ BV ([δ, ξ ]), see [1]. Since δ

is arbitrary we deduce thatW [	] has a densityWφ ∈ L1
loc((0, ξ ]). This implies that

the measure 	|(0,ξ ] is absolutely continuous with respect to the Lebesgue measure,
its density is φ.

Wenowprove thatWφ is increasing on (0, ξ ]. To this endwe consider a sequence
of functions {ϕn}n ⊂ C1

c (R∗) such that ϕn → χ[ξ1,ξ2] pointwise, with 0 < ξ1, ξ2 <
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ξ , ϕ′
n(ξ) ≥ 0 for ξ ∈

(
0, ξ1+ξ2

2

)
and such that ϕ′

n(ξ) ≤ 0 for ξ ∈
(

ξ1+ξ2
2 ,∞

)
.

Substituting ϕn in (6.4) we deduce that for every n ≥ 1
∫ ∞

0
ξϕn(ξ)φ(ξ)dξ − 1

Mγ+λ

∫ ∞

0
ϕn(ξ)ξγ+λφ(ξ)dξ =

∫ ∞

0
ϕ′
n(ξ)Wφ(ξ)dξ.

Notice that ∫ ∞

0
ξϕn(ξ)φ(ξ)dξ →

∫
[ξ1,ξ2]

ξφ(ξ)dξ as n → ∞

and that ∫ ∞

0
ξγ+λϕn(ξ)φ(ξ)dξ →

∫
[ξ1,ξ2]

ξγ+λφ(ξ)dξ as n → ∞.

Additionally, since Wφ is in L1
loc((0, ξ)) and satisfies (6.4) we deduce that Wφ ∈

W 1
loc(0, ξ) and hence is continuous in (0, ξ). Hence we have that

∫
(0,∞)

ϕ′
n(ξ)Wφ(ξ)dξ → Wφ(ξ1) − Wφ(ξ2) as n → ∞.

As a consequence, we deduce that

Wφ(ξ2) − Wφ(ξ1) =
∫

[ξ1,ξ2]

(
1

Mγ+λ

ξγ+λ − ξ

)
φ(ξ)dξ. (6.6)

Since if ξ ≤ ξ , then 1
Mγ+λ

ξγ+λ − ξ ≥ 0, we deduce that there exists a ξ such that

Wφ is increasing in (0, ξ ]. Hence, sinceWφ is bounded, we have that the following
limit exists

0 ≤ L := lim
ξ→0+ Wφ(ξ) < ∞.

Due to (3.2) we can take the limit as ξ1 → 0 in (6.6) and deduce that

Wφ(ξ2) − L =
∫

(0,ξ2]

(
1

Mγ+λ

ξγ+λ − ξ

)
φ(ξ)dξ. (6.7)

Step 2: we prove that
∫
R∗ Jφ(εx)ϕ(x)dx → L

∫
R∗ ϕ(x)dx

Since Wφ is bounded in (0, ξ ] and 1
Mγ+λ

ξγ+λ − 2
1−γ

ξ ≥ 0 for every ξ ≤ ξ we

have that Jφ is also bounded in (0, ξ ]. Since

[2/3z, z] × [2/3z, z] ⊂
{
x ∈ R

2∗ : 0 < x ≤ z, z − x ≤ y < ∞
}

=: �z (6.8)

we deduce that for every z ∈ (0, ξ ] we have that

zγ+1
(∫ z

2z/3
φ(x)dx

)2

≤ Jφ(z) ≤ C,
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hence

1

z

∫ z

2z/3
φ(x)dx ≤ C

z
γ+3
2

z ∈ (0, ξ ]. (6.9)

Equation (6.7) implies that

∫
R∗

ϕ (x) Jφ(εx)dx = 1

ε

∫
R∗

ϕ
( x

ε

)
Jφ(x)dx

= −1

ε

∫
R∗

ϕ
( x

ε

) [ xγ+λ+1

Mγ+λ

− 2

1 − γ
x2
]

φ(x)dx (6.10)

+ 1

ε

∫
R∗

ϕ
( x

ε

) ∫ x

0

[
zγ+λ

Mγ+λ

− z

]
φ(z)dzdx + L

∫
R∗

ϕ(x)dx

where ϕ ∈ Cc((0, ξ)) and where ε > 0.
Thanks to the bounds (3.2) for φ and to the fact that ϕ is compactly supported

we can pass to the limit as ε → 0 in Eq. (6.10) and deduce that

lim
ε→0

∫
R∗

Jφ(εξ)ϕ(ξ)dξ = L
∫
R∗

ϕ(x)dx

for every ϕ ∈ C1
c ((0, ξ)).

Step 3: we prove that L = 0
We want to prove that for every ϕ ∈ C1

c ((0, ξ))

lim
ε→0

∫
R∗

Jφ(εξ)ϕ(ξ)dξ = 0.

Using the formula for the fluxes we obtain that

1

ε

∫
R∗

Jφ(ξ)ϕ

(
ξ

ε

)
dξ =

∫
R∗

ϕ(ξ)Jφ(εξ)dξ

=
∫
R∗

∫
R∗

xK (x, y)

(
ψ

(
x + y

ε

)
− ψ

( x
ε

))
	(dx)	(dy)

= I1 + I2

where ψ(x) = ∫ x
0 ϕ(y)dy and where

I1 =
∫
R∗

∫
(y,∞)

xK (x, y)

(
ψ

(
x + y

ε

)
− ψ

( x
ε

))
	(dx)	(dy)

and

I2 =
∫
R∗

∫
(0,y)

xK (x, y)

(
ψ

(
x + y

ε

)
− ψ

( x
ε

))
	(dx)	(dy).
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Since ϕ is compactly supported we have, by definition, that supp [ψ (x + y) −
ψ (x)] ⊂ {

(x, y) ∈ R
2∗ : x ≤ R, x + y ≥ δ > 0

}
for suitable δ > 0 and R > 0.

As a consequence, using (3.2) we deduce that

|I1| ≤ c
∫

(0,εR)

∫
(δε/2,εR)

y−λx1+γ+λ

∣∣∣∣ψ
(
x + y

ε

)
− ψ

( x
ε

)∣∣∣∣	(dx)	(dy)

≤ C(ψ)
1

ε

∫
(0,εR)

y1−λ	(dy)
∫

(δε/2,εR)

x1+γ+λ	(dx) → 0 as ε → 0.

Using again (3.2) we have

|I2| =
∫
R∗

∫
(0,y)

xK (x, y)

∣∣∣∣ψ
(
x + y

ε

)
− ψ

( x
ε

)∣∣∣∣	(dx)	(dy)

≤ C(ψ)

∫
(εδ/2,∞)

yγ+λ	(dy)
∫

(0,εR)

x1−λ	(dx) → 0 as ε → 0.

Hence limε→0
∫
R∗ Jφ(εξ)ϕ(ξ)dξ = 0 and therefore L = 0.

Step 4: 	 is zero near zero
Since L = 0 we deduce by (6.7) that

Wφ(z) =
∫ z

0

(
1

Mγ+λ

ξγ+λ − ξ

)
φ(ξ)dξ for z ∈ (0, ξ). (6.11)

Or, equivalently, since Jφ ∈ BV (R∗)

Jφ(z) +
(
zγ+λ+1

Mγ+λ

− 2z2

1 − γ

)
φ(z) =

∫ z

0

(
1

Mγ+λ

ξγ+λ − ξ

)
φ(ξ)dξ

for a.e.z ∈ (0, ξ). (6.12)

We now rewrite (6.12) in the following way
∫ z

0

∫ z

z−x
xK (x, y)	(dy)	(dx) +

∫ z

0

∫ ∞

z
xK (x, y)	(dy)	(dx)

+
(
zγ+λ+1

Mγ+λ

− 2z2

1 − γ

)
φ(z) =

∫ z

0

(
1

Mγ+λ

ξγ+λ − ξ

)
φ(ξ)dξ.

If 	 is different to zero near the origin, then
∫ z

0

∫ ∞

z
xK (x, y)	(dx)	(dy) ≥ c1

∫ z

0
x1−λ	(dx)

∫ ∞

z
yγ+λ	(dy)

+ c1

∫ z

0
x1+γ+λ	(dx)

∫ ∞

z
y−λ	(dy)

≥ C+
∫ z

0
x1−λ	(dx)

where we have used that for sufficiently small z we have that
∫ ∞

z
yγ+λ	(dy) ≥ C+
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for a strictly positive constant C+.
This implies that for z small we have that

0 = Jφ(z) +
(
zγ+λ+1

Mγ+λ

− 2z2

1 − γ

)
φ(z) −

∫ z

0

(
1

Mγ+λ

ξγ+λ − ξ

)
φ(ξ)dξ

≥ C+
∫ z

0
x1−λφ(x)dx +

(
zγ+λ+1

Mγ+λ

− 2z2

1 − γ

)
φ(z)

−
∫ z

0

(
1

Mγ+λ

ξγ+λ − ξ

)
φ(ξ)dξ

≥
(
zγ+λ+1

Mγ+λ

− 2z2

1 − γ

)
φ(z) +

∫ z

0

(
C+ξ1−λ − 1

Mγ+λ

ξγ+λ

)
φ(ξ)dξ.

Since we are assuming that 	 is different from zero near the origin and since

γ +2λ > 1,we deduce that
∫ z
0

(
C+ξ1−λ − 1

Mγ+λ
ξγ+λ

)
φ(ξ)dξ > 0. This, together

with the fact that for z ≤ ξ we have
(
zγ+λ+1

Mγ+λ
− 2z2

1−γ

)
≥ 0 leads to a contradiction.

Hence there exists a δ > 0 such that φ(x) = 0 for x ∈ (0, δ). We now prove that
φ(x) = 0 for every x < ξ . To this end we define the function H as

H(z) :=
∫ z

0

(
1

Mγ+λ

ξγ+λ − ξ

)
φ(ξ)dξ.

Due to (6.12) we have that H satisfies

d

dz
H(z) = H(z)Q(z) − Jφ(z)Q(z), H(δ) = 0 for a.e. z ∈ (δ, ξ)

(6.13)

where

Q(z) := (1 − γ )(zγ+λ − Mγ+λz)

(1 − γ )zγ+λ+1 − 2Mγ+λz2
> 0, z ∈ (δ, ξ). (6.14)

The solution of Eq. (6.13) is the function

H(z) = −
∫ z

δ

Jφ(s)

Q(s)
e
∫ z
s Q(x)dxds. (6.15)

Expression (6.15) for H implies that H is negative for z ∈ (δ, ξ). On the other hand,
if we assume that φ is different from zero in (0, ξ) we deduce that H is positive on
z ∈ (δ, ξ), by definition. This contradiction implies that H(z) = 0 for z ∈ (δ, ξ).

��
Remark 6.3. We remark that Eq. (6.11) is valid both for γ + 2λ > 1 and for
γ + 2λ = 1, but the same argument we used to prove that 	((0, δ)) = 0 does not
work in the case γ + 2λ = 1.

Proof of Theorem 6.1. As in the proof of Theorem 5.1 we prove that if	((0, δ)) =
0 for some δ > 0 then 	((0, ρ(Mγ+λ))) = 0 for ρ(Mγ+λ) given by (3.4). To
conclude the proof combine this with Proposition 5.14 and Proposition 5.17 with
Proposition 6.2. ��
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6.2. Non-existence results

Proof of Theorem 3.5. We consider now the case γ + 2λ > 1 and γ ≤ −1 in
which γ + λ could be bigger than zero or smaller than zero, see Fig. 1. We will
provide a proof that relies on the technical proof of Proposition 6.2. We proceed by
contradiction. Assume that a self-similar solution exists. Then thanks to Proposition
6.2 we know that 	((0, δ)) = 0 for some δ > 0. Additionally, from Proposition
5.17 we know that limx→∞ 	(x) = 0 exponentially.

We can therefore consider the test function ϕ ≡ 1 in Eq. (3.3). This implies

0 ≤ −1 + γ

1 − γ

∫
R∗

	(dx) = −1

2

∫
R∗

∫
R∗

K (x, y)	(dx)	(dy) < 0,

which is a contradiction.
Assume now that γ + 2λ = 1 and that γ ≤ −1. Notice that in this case we

necessarily have that γ + λ ≤ 0. Let us assume by contradiction that a self-similar
solution exists and is such that∫

(0,1]
x−λ	(dx) < ∞.

We show that ∫
R∗

	(dx) < ∞.

Notice that this is true by assumption when γ + λ = 0, therefore we restrict the
attention to the case γ + λ < 0. To this end we adapt the argument used in the
proof of Proposition 5.15, we refer there for the technical aspects, and prove that∫

R∗
xγ+λ	(dx) < ∞ implies

∫
R∗

xγ+λ+δ	(dx) < ∞

when 0 < −γ − λ < δ < 1 − γ − λ. To see this we consider ψ(x) = xγ+λ+δ−1

in Eq. (5.48) to deduce that

2δ

1 − γ
Mγ+λ+δ ≤ M2(γ+λ)+δ−1

Mγ+λ

.

Now we notice that our choice of δ implies that

−λ ≤ 2(γ + λ) + δ − 1 ≤ γ + λ.

Hence M2(γ+λ)+δ−1 < ∞ and the desired conclusion follows.
Similarly, we can prove that∫

R∗
xγ+λ+nδ	(dx) < ∞ implies

∫
R∗

xγ+λ+(n+1)δ	(dx) < ∞.

As a consequence, taking n sufficiently large, we deduce that M0(	) < ∞. We
can therefore consider the test function ϕ ≡ 1 in Eq. (3.3). This implies

0 ≤ −1 + γ

1 − γ

∫
R∗

	(dx) = −1

2

∫
R∗

∫
R∗

K (x, y)	(dx)	(dy) < 0,

which is a contradiction. ��
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