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Abstract.  In this work, we demonstrate that the interaction of electromagnetic
waves with a microstructured material formed by metallic wires connected to

a metallic surface can be described using homogenization methods provided
an additional boundary condition (ABC) is considered. The ABC is derived by
taking into account the specific microstructure of the wire medium. To illustrate
the application of the result, we characterize a substrate formed by an array of
tilted metallic wires connected to a ground plane, demonstrating that in such a
configuration the wire medium behaves essentially as a material with extreme
optical anisotropy and that in some circumstances the substrate can be seen as an
impedance surface.
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1. Introduction

In recent years, there has been great interest in the design of novel materials with unusual
properties, such as negative permittivity and permeabilifiy ¢xtreme optical anisotropy

[2, 3] or permittivity near zero4]. It has been demonstrated that novel microstructured materials
(metamaterials) may have exciting potentials in subwavelength imaging applicé]pfislfl
concentration§] and supermicroscopy/| g].

Unlike common materials, in some metamaterials the wavelength of operation is only
5-10 times larger than the characteristic size of the inclusions. Due to this reason, anomalous
phenomena may occur in such materials. In particular, recent works have underlined the
importance of spatial dispersion effects in several microstructured comp®&HELs].

The electrodynamics of spatially dispersive materials is very peculiar. The non-local
character of the material response may cause the emergence of ‘new’ waves, as compared to
the ordinary case in which only two plane waves propagate along each direction of 5fjace [
Thus, the problem of reflection and refraction at an interface becomes undetermined if one
only uses the classical boundary conditions. To overcome this difficulty it may be necessary to
introduce ‘additional boundary conditions’ (ABC)4-[17]. The nature of the ABC depends
on the specific microstructure of the material, and can be determined only on the basis of a
microscopic model that describes the dynamics of the internal variables.

In a previous work 18], we derived an ABC that characterizes the scattering of
electromagnetic waves by a wire medium. The wire medium consists of an array of long
metallic parallel wires arranged in a periodic lattice. Previous studies demonstrated that this
material is strongly spatially dispersive, even in the long wavelength 18R 11]. Several key
applications of wire media, such as the realization of materials with negative permittivit§j[
or the realization of near-field lenses with subwavelength resoluid], have been described
in the literature. In20], the ABC formulated in 18] was successfully applied to the study of the
resolution of an imaging device formed by an array of nanorods operated at infrared frequencies.
An alternative model to characterize the propagation of radiation at an interface of wire media
has been suggested 1], and is based on the introduction of a transition layer.

The ABC derived in 18] was obtained under the hypothesis that the material adjacent to
the wire medium is non-conductive. However, in several configurations of interest the metallic
wires may be connected to a ground plane. For example, textured and corrugated surfaces may
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have important applications in the design of high-impedance surfaces, suppression of guided
modes and realization of waveguides that support mode sizes below the diffractiorRinit [
When the wires are connected to a conductive material, the ABC proposé8]iddes not

apply.

The objective of this work is to generalize the results ®8[and characterize the
propagation of waves in a wire medium connected to a metallic ground plane. It is proven that
due to the specific microstructure of the composite material, the macroscopic fields are related
in such a way that an ABC is verified. To validate the result, we study the reflection of plane
waves by a substrate formed by an array of tilted metallic wires connected to a ground plane. It
is demonstrated that the results of our homogenization model compare very well with full wave
simulations. In addition, we study when the effects of spatial dispersion may be neglected. It is
proved that in such circumstances the wire medium behaves as a material with extreme optical
anisotropy, and that the microstructured substrate can be modeled as a surface impedance.

This paper is organized as follows. In sectidnthe required homogenization concepts
are introduced and the new ABC is derived. In secBpthe ABC is applied to characterize a
substrate formed by an array of tilted wires connected to a metallic ground plane. In ggction
the proposed theory is tested against full wave simulations, and the response of the structured
substrate is explained in terms of the extreme anisotropy of the wire medium. Finally, in
section5, the conclusions are drawn. It is assumed that the electromagnetic fields have a time
dependence of the form<.

2. The ABC

The wire medium considered here consists of an array of metallic wires with raglius
arranged in a square lattice with lattice const@anthe wires are directed along the direction

0, = —sin al + cosal,, where(y, 0, and 0, are the unit vectors along the coordinate
axes. It is supposed that the wires are embedded in a dielectric host medium and connected
(with a good Ohmic connection) to a perfect electric conducting (PEC) plane plazed @t
(figurel).

The objective is to derive an ABC for the macroscopic fields at the PEC interface. To
this end, it is necessary to introduce some homogenization conceptse, lbgtdenote the
microscopic electric and induction fields in the wire medium slab. The density of current
induced on the surface of a generic wire is given Ry=0 x b/, wheres is the unit
vector normal to the pertinent wire. It is assumed that the fields have the Floquet property
along the directions parallel to the PEC plane. More specifically, it is supposegthae/ i
is a periodic function ofx andy, wherek; = (k«, ky, 0) is the transverse wavevector and
r = (X, Y, z) is a generic point of space. This situation occurs if, for example, the material is
illuminated by a plane wave. As 28], we define the transverse averaged (TA) macroscopic
electric field as,

Eav,T(Z) =

/ e(r)e’I"dx dy, (1)

Qr(2)

ell

where Qr represents the transverse unit cell in each const plane, and\.e; = a/cosa is
the area of2r. The TA-induction fieldB,, 1 is defined similarly. It was proven ir2] that the
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Figure 1. (@) Tilted square array of wires connected to a ground plane. (b) Detail
of the intersection of the tilted wire medium with the PEC ground plane.

TA-fields verify the system,

. d, .
<_J ky+ d_zuz) X Eay1 = —]@BayT, (2a)
: d . B ,
(‘J Ky + d_UZ) x —2T — jweoenEay(2) + Jaav(), (2b)
z Mo

wheregy, is the relative permittivity of the host medium, and the average microscopic current
for PEC inclusions is:

1 , 1
— LR ——'
Jd,av(z) A ol / Jc(r)e |l> < ﬂz| d (3)

dA(2)

In the abovey A(z) is the contour defined by the intersection between the surface of the wire in
the unit cell and the pertineat= const plane, andlds the element of arc.

In order to derive an ABC, we need to identify some property of the structure under study
that can be used to obtain some nontrivial relation between the macroscopic (average) fields. For
example, the ABC proposed it was based on the fact that the microscopic current along the
metallic wires must vanish at the interface between the wire medium slab and a non-conductive
dielectric medium. However, as mentioned before, such a property is not valid here because the
metallic wires are connected to a PEC ground plane. However, let us analyze the properties of
the electric density of surface chargenear the connection (poift) between a generic wire
and the PEC plane (panel (b) of figuke
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Since the tangential electric field vanishes at a PEC surface, it is clear that at the junction
point P, we have that- 0, = 0 (since pointP belongs to the metallic wire), arel 0, = 0,

e- 0, = 0 (since point? belongs to the ground plane). Thus, the electric field must vaniBh at
i.e.e= 0. On the other hand, the density of surface charge on a point of the wire is given by
o. = goenl - €. Hence, it is evident that the density of electric charg@n a generic wire must
vanish at the connection with the PEC ground plane. This is the key property that will be used
to derive a new ABC for an interface between a wire medium and a PEC ground plane.

To this end, it is noted that, = — V- J./j w, where Vs’ represents the surface divergence
of the vector field. For thin wires, it is a good approximation to consider that the density of
current flows along the direction of the wire axis (parallelifg. Within this hypothesis, we
have that, = —(1/jw)(dJ.,/ds), whereJ;, = J. - 0, ands is the wire length measured along
0, (s = 0 at pointP). The previous results demonstrate that in orderdhat 0 at the connection
points it is necessary thatlJ; ., /ds) = 0.

To proceed, we need to relate the microscopic curdentith the macroscopic average
fields. Within the thin wire approximation, we may assume that the density of surface current
in the metallic wires is of the forml. = (I (z)/2nr,)e X170, wherel is the electric current
along the wire. Hence, simple calculations show that given by @) is equal to,

1 .
Jaa(2) = ;I (2)0,. (4)

This result implies that,
2

a ; ~
Jc,a = 27t e_JkH'rJd,av(Z) s Ugy. (5)
w

Using the fact that = s(i, along the axis of the considered wire, it is seen that in order that
(dJ.,/ds) = 0 at the connection points it is necessary that the following ABC is verified at the
PEC plane:

. Ldy oL
<_J k|| + uzd_z) - UgUgy + Jd,av: 0. (6)

It is stressed that this property is a mere consequence of the density of ehéejag zero at
the extremity of the wires connected to the ground plane, and of the thin wire approximation.
Using 2b), the ABC can be rewritten in terms of the macroscopic fields. It is readily found that:

>

d d\ Bay
(k| . 00[ + OZ . ozj d—z) (C()Soé‘hoa . Eav,T + l:la X (k| + CIZJ d—z) . ;C;T) =0 (atPEC plan)a
(7)

In the next section, it will be confirmed that this boundary condition together with the classical
boundary condition(l, x E,,t = 0, completely characterize the reflection of waves by a wire
medium slab adjacent to a conducting plane.

As mentioned before and proven ibd, an ABC is also required at an interface between
the wire medium and a dielectric material (e.g. air). The ABC obtained. & Was derived
under the assumption that the wires are normal to the interface. In the rest of this section, we
will prove that such an ABC is also valid even when the wires are tilted with respect to the
interface. As discussed id§], at an interface with a non-conductive material and for thin wires
itis necessary thal, , = J. - 0, = 0. Thus, from ) the ABC at an interface with air is:

Jdav-0, =0 (interface with aliy. (8)
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Figure 2. Geometry of the wire medium substrate formed by a tilted square array
of wires. The metallic wires lie in planes parallel to tk@zplane. The spacing
between the wires ia.

As proved next, the above condition is equivalent to the ABC derivedigh [
€h Eav,T : Oz‘ = Eav,T : l-Ajz

wire medium side air side” (9)
To obtain this result, first we note that(f, is an arbitrary vector normal t,, i.e. 0, - Q, =
0, then from §) it is clear thatJya(2) -0, =0. It is crucial to notice that the condition
Jaav(2) -0, =0 is not an ABC. In fact, it is valid at everg= const plane inside the wire
medium, not only at the interface. It is a trivial consequence of the induced current inside the
material flowing solely along the directian,, and is automatically verified by every solution
of Maxwell’s equations. It is clear that the relatidf,(2) - G, = 0 and equationg), imply that
for o £ 90,

Jaav-0;,=0 (interface with aiy. (10)

To proceed, it is noted that the above condition is valid both at the air side and at the wire
medium side of the interface (this is obvious becallgg vanishes in the air region). Thus,
equation L0) is equivalent toJq ] - 0, = 0, where [ - -] represents the jump discontinuity of the
guantity inside brackets at the interface. But usi?ig @nd the fact that the tangential induction
field is continuous at the interfacd, it is clear that Jqa] - 0, = — jweo[en(2)Eav1(2)] -

0, where by definitionsp(z) =1 at the air side. Thus, sincdg[,] -0, =0 it follows that
equation 9) is verified by the macroscopic fields, as we wanted to prove. To conclude, we
note that formula) is not equivalent to the continuity of the electric displacement vector, since
the effective permittivity of the wire medium is nat.

3. Scattering problem

In order to illustrate the application of the new ABC here we study the properties of a
microstructured substrate formed by tilted metallic pins connected to a PEC plane. The wires
are embedded in a dielectric substrate with relative permittiyignd heightTl, as illustrated in
figure2. It is also assumed that the metallic pins lie in planes parallel tadkelane, separated

by the distanca. The angle between the wires and #direction isa. Such a configuration is

a generalization of that considered &#¥[ 25] for the case of vertical wires.
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The objective is to obtain the reflection characteristic of the structure for TM-plane wave
incidence (incident magnetic field is parallel to the PEC ground plane). For simplicity, we
restrict our study to the case in which the metallic wires are parallel to the plane of incidence
formed by the normal to the surfacg,) andk™™ (see figure2).

The wire medium is characterized by the dielectric funct@rL[],

_ ,82

= _ N PN 1 p

Eeff = €0&h (U pup + Uyuy +8aa(a)a koz)uocu(x) s gaa(wa koz) =1 8ha)2/Cz _ kg s (11)
where the unit vector8, = — sin «(lx + cosa(, andl, = — cosal + sin «l, are represented

in figure 2, cis the speed of light in vacuurk, = k - G, is thea-component of the wavevector
k = (ky, ky, k;) of a plane wave, and, is the plasma wavenumber, which only depends on the
geometrical properties of the lattice:

21

2 _
(Pp2)” = In(a/27ry) +0.5275 (12)

This homogenization model was derived #n10] for a crystal formed by infinitely long parallel
metallic wires (bulk medium). In particular, the macroscopic electromagnetic fiElgsB.,)
associated with this model are averaged over the unit cell, which is a volumetric ré@jon [
Thus, it is not obvious that the homogenization model can be used to characterize the TA
fields (1) introduced in the previous section. Notice that unlike the bulk medium fields, the TA-
fields are averaged over a cross section of the unit cell which is a suBfgicéappendixA, it

is formally demonstrated that the TA-fields can be identified with the bulk medium fields for this
particular material. Hence, in the rest of this work we will drop the subscripts ‘av’ and ‘av,T’,
and we will denote the macroscopic fields simply ByandH, whereH is the macroscopic
induction field divided byuo.

The incoming wave is characterized by the normalized magneticHigid= e*r0ze= Ik, ,
where k, is the component of the incident wavevector parallel to the interface,yard
VK2 — (w/c)?. For a propagating wavé, is such thak, = (w/c)sind, whered is the angle
of incidence.

It can be verified that the considered hypotheses imply that the magnetic field only has a
y-component in all spacéi = H,(,. Moreover, inside the material slab the magnetic field is
written in terms of the TM and TEM plane-wave like modes supported by the wire medium
[9, 10]. The dispersion characteristic of these modes is

%@ — +k-0, (TEM mods, (13a)
2
e (%) — p2+k2 (TM mode), (130)

wherek? =k -k, andk = (ky, ky, k,) is the wavevector. It is well known that the transverse
componentk, of the incident wavevector is preserved. Thus, the modes excited inside the
wire medium must be associated with a wavevector of the toem(k,, O, kS)), wherek, only
depends on the incident wave, akil depends on the considered mode and is obtained from
the dispersion characteristi€3). For the case of a TM wave, it is straightforward to verify

that k) = 4-jyrm, where yry = \/:35 +k2 — en(w/c)? is the attenuation constant along the
z-direction. We note thagry, is independent of the-angle that defines the orientation of the
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http://www.njp.org/

8 I0P Institute of Physics () DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

metallic wires. On the other hand, frorh3g) it is found that for a TEM wavé’ =k ;¢\, or
k) = K} 1gy, Wherek? 1 andk; g, are defined by:

+./enw/C+ Ky Sin o
cosa '

In the particular case = 0, the two propagation constants are symmetric, and the phase velocity

alongz is the same as the speed of light in the substrate material. However,afdhthe

propagation constants ¢, andk; 1y, are not symmetric, and thus the phase velocity along

the positivez-direction is different from the phase velocity along the negatid@ection. This

is a consequence of the anisotropy and orientation of the optical axes of the wire medium.
From the previous considerations, it follows that the magnetic field in all space is given by:

Hy = (6" + p e ?)e % airside:z > 0, (15a)

(14)

+ —
kZ,TEM -

+ — ik} oz — — K ez + z — AT 2y a— [ KxX
Hy = (Brgye "Tev* + Brgy e emen’ + Bry e 7™ + By 7™ 5e 1K,
(wire medium slab=T < z < 0), (150)

wherep is the reflection coefficient, anB;,, and B3, are the amplitudes of the excited
TEM and TM waves, respectively. To obtain the electric field, we note that for a TM or TEM
plane wave mode with magnetic fightlr; k) = Hyoe 1*" 0y, the corresponding electric field is
given by

1 =1
E(r;k) = J—wseﬂ -V xH

1_- , . i
= .—éeﬁl - (—jk x Gy)Hyoe ¥

1 1 .
= - Op0p + —————— 0,04 ) - (—jk x Oy)Hyoe T, 16
Jw808h< PP e (@, Ky) ) . e (16)
wheree,, (w, k) is defined as inX1). Thus, after some calculations it is found that the electric
field inside the wire medium slab is
E= ﬂ(B_FEMe_jk;.TEMZ — B_ITEMe_jkz_,TEM Z)e—jkxxﬁp
&h

NG

NoC i /32 :32 ;
+— | [ —irm+sina ) 0 — [ ke+ =2 cosa | O, | Bfy,e "™ Ze 1%
Ehw i kp kp

— 2 2
c . . N f j
2 [y + P sina Ox — [ ke + P cosa 0, | Brye”™ %, (17a)
Enw ks 03

Wherekpi =k, cosa — (] yrm) Sin @ andng = /1eo/c0 is the free-space impedance. Similarly,
it can be verified that the electric field in the air region is:

C AN P . Ao i
E=no— ((+J Yolx — kxU2)€7°% + p(— ] yolx — ky07)e VOZ) g T, (170)
w

To calculate the unknown coefficients, Bf,, and B3;,, we need to impose boundary
conditions at the interfaces= 0 andz= —T. The classic boundary conditions establish that
the tangential electric and magnetic fielts, and Hy, are continuous a = O (interface with
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air), and thatk, vanishes az = —T (interface with PEC plane). These boundary conditions
are clearly insufficient to calculate the unknown coefficients, because there are five unknowns,
(B and B3, and p), and the classical boundary conditions only yield three independent
equations. Itis thus evident the need of the ABCs derived in segtion

At the interface with air, it is thus necessary to impose the ABXC i6 addition to the
continuity of the tangential fields:

[E(=0. [H]=0, [en(E]=0, atz=D0. (18)

As before, [- -] represents the jump discontinuity of the function inside rectangular brackets
at the interface, aneh(z) =1 at the air side and,(z) = ¢, at the wire medium side. On the
other hand, at the PEC interface the macroscopic fields must satisfy the new7AB%1(the
geometry under study, this ABC is equivalent to:

<. d . ) ( o . E o E,
jcosa— —kySina ) | ——enSina— + —e, COSa—
dz c no C Mo

d
+ (kx cosa + j sin ozd—Z) Hy> =0, atz=-T. (19a)

In addition, it is imposed that the tangential electric field vanishes at the ground plane:
Ex=0, z=-T. (19%)

Using the field distributions1) and (17) and the boundary conditiori8( and (19), we can
easily obtain a determined linear system for the five unknowns of the problem. This system can
be solved either numerically or analytically. These results will be described in the next section.
It is interesting to mention that when the wires are normal to the ground plane &@ the
boundary conditions (19) are equivalent to imposing that the electric fields associated with the
TM and TEM modes vanish independently at the PEC pl@&% Such a result is formally
demonstrated in appendi

4. Discussion

In order to validate the new ABC and the proposed homogenization model, we numerically
calculated the reflection coefficient as a function of frequency using the full wave
electromagnetic simulator CST Microwave StudioIn the simulations, it was assumed that
the radius of the wires is,, = 0.05a. The results of the full wave simulations for different
configurations of the structured substrate are depicted in figtigsd 4 (discrete symbols)
superimposed on the results obtained using the analytical model (solid lines) described in the
previous section. It is seen that the overall agreement is excellent, even for wide incident angles,
a relatively highey, for tilt angles as large ag = 60° (figure 4), and for both short and long
wires. The agreement deteriorates fea/c > 1.5 since the long wavelength approximation
becomes less accurate. In general, the proposed homogenization concepts yield very accurate
results whera <« A/2 andka <« 7, which correspond to the conditions implicit in the derivation
of the dielectric functionX1). Notice that the length of the metallic pins,,, is related to the
thickness of the substraf€, through the formuld.,, = T secax, where ‘sec’ is the trigonometric
secant function.

The physical response of the array of tilted wires can be better understood by noting that
the array of microstructured wires behaves approximately as a material with extreme anisotropy.
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Figure 3. Phase of the reflection coefficient as a function of the normalized
frequency. Solid lines: our analytical model. Discrete symbols: numerical results
obtained with a full wave simulator. The radius of the wires,js= 0.05a and

the tilt angle is« = 45°. The parameters of the problem ara) permittivity of

the dielectric substratej, = 1.0; thickness of the substraf€:= 0.65a; angle of
incidencep =45°; (b) e, =2.2; T =1.2a;0 =80;and €) e, = 4.0; T = 1.23a;

0 =45.

Phase of p, [deg]

N

Normalized frequency, L
¢

Figure 4. Similar to figure3, but for the parameters = 60°, 6 =45, r,, =
0.05a, ¢, = 2.2, and different values df,, = T seax.

Indeed, it is known that the TEM mode supported by the wire medium sees an effective
permittivity of the form B]

i.e. the permittivity seen by the TEM mode along the direction of the wire axes is infinite.
Materials with extreme optical anisotropy have remarkable propeiesfd in particular,
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may be operated in a canalization regime in which a given field distribution is transferred
from a source plane to an image plane with subwavelength resoldom [practice, due to
spatial dispersion effects, the permittivity mod20)is only a rough approximation of the actual
non-local dielectric functionl(l) of the material. The spatial dispersion effects can be ignored
only if the effect of the TM mode is of second order. Since the attenuation constant of the TM
modeyry is roughly proportional to Aa (a is the spacing between the wires), it is clear that
the spatial dispersion effects are negligible only in the lanit,, — 0, whereL,, is the length

of the wires. In other words, the spatial dispersion effects are negligible only if the wires are
very densely packed. In this limit, the material can be accurately described by the permittivity
model @O0). It is interesting to note that wire media can also be used to emulate media with
negative permittivity I, 9, 11, 19]. For such an application, the wires are oriented in such a way
that the TEM mode cannot be excited and operated at a frequency suey thatg,, so that

the TM wave is dominant. Nevertheless, provide® < B, and in the limita/L,, — O the wire
medium behaves effectively as a medium with extreme optical anisotropy and not as a medium
with negative permittivity.

In the case in which the wires are densely packed, it is possible to obtain a simple
expression for the reflection coefficient. From the previous discussion, it is expected that in
such conditions the effect of the TM mode is negligible. Thugan be obtained by setting

£, =01in (15) and (17), and by enforcing the classical boundary conditions. In this way, it is
straightforward to verify that:
i eijTEMT — eijTEMT ® /erCOSa +¢& ejk;,TEMT + eijTEMT
pf’%—_J( — T)jﬁ ol —— T), a/Ly — 0. 1)
J(eJ zTem ! @l®zTEM )E\/S_h COS« —8h)/o(ej 2TEM ! 4 @¥zTem ')

It is stressed that the above expression fois coincident with that corresponding to a
continuous material substrate characterized by the permittivity func@@n (

To illustrate the described properties, we computed the reflection coefficient as function
of the incident angl®, for « = 45, ¢, =4.0, T \/enw/Cc = /4 and for different values of the
lattice spacinga. The ratio between the radius of the wires and the lattice constant is kept
constant,r,, = 0.05a, so that the metal volume fraction is invariant. The simulation results
are depicted in figur®, showing again an excellent agreement between our analytical model
and the results obtained with CST Microwave StdMiolt is seen that the response of the
artificial substrate depends appreciably on the spacing between the wires. Fa/lajgthe
spatial dispersion effects cannot be ignored, but when the wires are closely packed (e.g. for
a/L,, = 0.1) the response of the material mimics very closely that of an ideal substrate following
the permittivity model 20) (dashed line in figur®), consistently with the previous discussion.

It is relevant to mention that despite the structure not being invariant to a reflection relative to
a plane normal to thg-direction, the phase gf is an even function of the incidence angle

This property is valid provided losses are negligible and all the diffraction modes are evanescent
except for the fundamental spatial harmonic.

The propagation of electromagnetic waves in media with extreme optical anisotropy is very
peculiar. In these materials, also known as waveguiding mafing energy tends to flow along
the directionsX for which the dielectric function is infinitee - X = co. In the present problem,
this property can be easily understood by noting that the metallic wires can be regarded as
subwavelength waveguides that sample the electromagnetic fields at the interface with air ‘pixel
by pixel’ [5]. In particular, since the coupling between adjacent wires is small because the
wave is TEM, it is not surprising that the ratio between the electric and magnetic fields at the
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Figure 5. Phase of the reflection coefficient as a function of the incident angle
for different lattice constants. Solid lines: analytical model; Discrete symbols:
exact result obtained with a full wave simulator. The substrate has permittivity
en = 4.0 and thicknes3 such thafT ,/enw/c = /4. The radius of the wires is

ry = 0.05a and the tilt angle isx = 45°.

interfacez = 0 is independent of the angle of incidence, and only depends on the parameters
characteristic of the medium with extreme anisotropy. In fact, it can be confirmed that for a
substrate characterized by the permittivity functi@fl)( one has,

7. — Ey . Cosu j(ekarenT — gikzrenT)
) HX z=0 B ° A/ €h ejk;TEMT + eijTEMT a/l_ =0
. COS«u w w )
= JNo tan(—«/shT sem) , (22)
v/ €h c

whereZsis by definition the surface impedance. Notice that the above expression is independent
of the angle of incidence, or more generally is independent of the transverse wavéyector
Thus, when the metallic wires are densely packed, the ratio between the tangential macroscopic
electromagnetic fields at the interface with air is independent of the specific spatial variation of
the incoming wave. In these conditions, the microstructured substrate is equivalent to an ideal
surface impedance§]. Such a property is a generalization of the theory described4n2pb]
for the case of vertical wires«(= 0).

It is well known that an inductive surface impedance{#y} > 0) supports guided modes
that propagate along the surfacgg]l Equation 22) shows that for long wavelengths the
equivalent surface impedance has an inductive character. \hem, /e, T secx is slightly
larger thans/2, the impedance becomes capacitive, and propagation is not possible. This
suggests that the considered substrate supports TM-guided modes, whose stopband is defined by
the condition(w/c)/enT secx = /2, or equivalently the stopband begins when the thickness
of the substratd is as large agio/4./en) cosa (the corresponding length of the wires, is
(ro/4./en)). Slightly below the bandgap lower frequency, the guided modes are closely confined
to the surfacej6]. Thus, by tilting the metallic wires it seems possible to obtain a substrate that
supports guided modes with subwavelength sizes.
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Figure 6. Normalized propagation constakt of the TM-surface wave modes
(for propagation along the-direction) as a function of the normalized thickness
T of the substrate and for a fixed frequency. The permittivity of the substrate is
en = 2.2, the radius of the wires i5, = 0.05a, the tilt angle isx = 60°, and the
length of the wires id.,, = T secx.

In order to confirm this hypothesis, we calculated the dispersion characteristic of the guided
modes for a substrate formed by tilted wires with= 60° and e, = 2.2, taking into account
spatial dispersion effects. The dispersion characteristic is obtained by setting the determinant
of the 5x 5 linear system associated with the reflection problem equal to zero. Solving
the corresponding equation numerically, we obtain= k, (w), wherek, is the propagation
constant of the guided mode along the interface. The computed results are depicted i@ figure
for different values of the lattice constaat It is seen that the guided modes become more
attached to the textured surface (kg(w) increases) when the lattice constaris decreased.
Consistently with the surface impedance mo@@) (it is seen that the stopband emerges when
the thickness of the substrafeis close to(io/4.,/en) cOsa, even if the wires are not closely
packed. Forr = 60, this implies that at a fixed frequency the thickness of the substrate can be
reduced by a factor of cos 6&: 0.5, as compared to the case of an unloaded substrate. Thus, by
loading a substrate with tilted metallic wires it may be possible to reduce the size of the guided
modes tail above the interface, and obtain a more compact dielectric waveguide.

5. Conclusion

In this work, we derived a new ABC to characterize the reflection of waves by an interface
between a wire medium and a PEC ground plane. The new ABC is a consequence of the density
of charge over the metallic wires being zero near the PEC interface. In addition, we generalized
the results of 18] and proved that the ABC derived ia§] for a wire medium/air interface still
applies when the wires are tilted with respect to the interface.

To illustrate the application of the new ABCs, we homogenized a substrate formed by an
array of tilted metallic wires connected to a ground plane. Full wave simulations confirm the
accuracy of our theories and demonstrate the role of the spatial dispersion effects. In particular,
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it was proven that spatial dispersion effects can be ignored only if the wires are very closely
packed so thaa/L,, =~ 0. In such circumstances, the wire medium behaves as a material with
extreme optical anisotropy, and the microstructured substrate becomes equivalent to a ‘surface
impedance’. The effect of metallic losses can be easily incorporated into the proposed model by
using the results ofl0]. The main effect of losses is to modify the properties of the bulk wire
medium [L0], while the derived ABCs are expected to remain accurate for good conducting
metals, as supported by the results2d|[ In particular, the analysis o2p] shows that Ohmic
losses may be negligible when the skin depth of the metal is much smaller than the radius
of the wires. The results reported in this work besides being of obvious theoretical interest,
enable the modeling of wire media connected to metallic surfaces. To conclude, we speculate
that the studied microstructured surface may possibly be fabricated as an array of aligned
metallic carbon nanotubes grown using the chemical vapor deposition m&ffjod |
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Appendix A

Here, we prove that for the case of a wire medium the TA fieldleén be characterized using
the bulk medium homogenization modélly. As discussed inZ3], in general such a property
is not valid. Our analysis is a generalization of the results derived in section VIZ3pfyhich
were obtained under the assumption that the wires are normal to the interface.
Consider the geometry depicted in fig@avhere the wire medium slab is illuminated by a
plane wave. The microscopic fiel@s b) have the Floquet property along the directions parallel
to the interface, i.e(e, b)e’*I" is a periodic function ok andy with k; = (k«, ky, 0). It is well
known that the inside the wire medium slab the electric field can be written as a superimposition
of electromagnetic modess (n=1, 2, ...) supported by the unbounded crystal,

) = Caen(r: Ky kzp), (A1)

wherec, are some constants that define the amplitude of the modes. The electromagnetic mode
e, is associated with the wavevector= k| + k. ,0,. Notice that the transverse componknof
the wavevector is invariant (independent of the megedue to the periodicity of the structure
along directions parallel to the interfaceq].

Equation A.1) implies that inside the wire medium the TA-electric field is given by

Eav,T(Z) = Z CnEg\]/?T(Z), (A2)
n

whereEy,+(z; k) is defined consistently with equatiob)(

a/(2cosa) a/2

COS«u ;
Eqr(2) = 2 / / en(r)el I dx dy. (A.3)

—a/(2cosw) —a/2
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To simplify the above formula, it is noted thai(r)e'*"" is independent of the specific value of
r-0, [9, 10]. This property is a consequence of the invariance of the unbounded wire medium
to arbitrary translations along the direction. Thus, we have that,

a/(2cosa) a/2
.. COS :
Efvr(@) = et / / en(nelk” dx dy
—a/(2cosa) —a/2
a/(2cosa) a/2
. ,COS« Qe
=e kaz—az / f (en(r)e*)|,_, dxdy, (A.4)
—a/(2cosa) —a/2
where the second identity is a consequence,af)e/*" being a periodic function ok and
being independent of the specific valuerofl,. Thus, the above result demonstrates that the
dependence d&g,+(z) onzis simply of the form glkzn2,

As mentioned before, the objective is to prove that in the long wavelength limit the vectors
Eg\‘,?T can be characterized using the homogenization m@&j&0] of the bulk (unbounded) wire
medium. In [LQ], the macroscopibulk electric field associated with the electromagnetic mode
e, was defined by

1 .
EY =— / en(r)erd’r, (A.5)
VceII
Q
where is the unit cell of the periodic crystal angg is the corresponding volume. Since the
wire medium can be regarded as a simple cubic lattice of wires with lattice coastaathave
thatVCe” == as.
In orderto reIateE;Q?T(z) with E{, we note that the unit cell of the unbounded medium can

be taken equal t& = {(x, y, 0) +s(, : |X| <a/(2cosa), |y| <a/2, |s| <a/2}, whered, is as
in figure2. Since the element of volume idrd= cosadx dy ds, equation A.5) is equivalent to:

a/2 a/(2cosa) a/2

Cosw o
ED = ~ / / /en(r)e“‘"rdxdy ds. (A.6)

—a/2 a/(2cosa) —a/2
But from the second identity ofA(4) it follows that:
a/2 a/(2cosa) a/2

COSu ;
B = f / / (en(n)e*")| _ dxdy | ds. (A7)

—a/2 a/(2cosa) —a/2

It is simple to verify that the integrand in the above equation is independent of the variable
Hence, using again equatioA.4), we finally find that:

0 = Efjee (a3

Thus, the TA fields associated with an electromagnetic mode are completely characterized by
the corresponding bulk medium fields. In particular, froln2) the TA-electric field inside the
wire medium can be written as

Eav,T(Z) - Z CnEg\],)e_ij’nz- (A.g)
n
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This result is mathematically exact and only assumes that the wires are not parallel to the
interface. In the long wavelength limit, the above series is truncated and only the fundamental
modes that propagate at low frequencies are retained. The macroscoifielssociated with

these modes is characterized by the dielectric functidh Hence, equationy.9) demonstrates

that in the long wavelength limit the TA fields inside the wire medium slab are completely
characterized by the dielectric functiohl], as we wanted to establish.

Appendix B

Here, we analyze with more detail the boundary conditions at the PEC interface when the wires
are normal to the interface, = 0. From @), it is known that in such conditions the ABC is
equivalent tal, - (dJqa,/dz) = 0. For a scattering problem, the total macroscopic electric field
inside the wire medium can be written as a superimposition of TE, TM and TEM méles [

EM = Y CEa(r:k. k) +C En(ri Ky, —kp), =0, (B.1)
n=TM,TE, TEM
where ¢ are unknown coefficients. For simplicity, it is assumed that the PEC plane
is placed atz=0. We claim that whernx =0, the condition(, x E=0 and the ABC,
0, - (dJga/dz) =0, imply thatc, = —c’. Indeed, because of invariance of the wire medium
under the transformatiorR,: (X, Yy, z) — (X, Yy, —z) the averaged electromagnetic modes
satisfyE,(r; k;, —k;) = R;- En(R; - 1; Ky, k7). Thus, 8.1) is equivalent to:

EM =Y  CEu(rik.k)+C R -En(R 11k k), a=0. (B.2)

n=TM,TE,TEM

Hence, itis clear that if, = —c the boundary condition, x E = 0 is satisfied at = 0. On the

other hand, because of similar symmetry arguments, the averaged microscopic current (defined
as in equation3d)) associated with each mode also satisfigg n(r; K, —kz) = R; - Jg.avn(R: -

r; Kk, kz). Therefore, the total averaged microscopic current is given by:

Jd,av(r) = Z C;Jd,av,n(“ I<||, kp) + Ch R, Jd,av,n(Rz I kH, kp), a=0. (8.3)

n=TM,TE,TEM

But sincel, - Jg.avn(r; Ky, Ko) + 0, - Jgaun(R; - 15 Ky, k) is an even function of, it is clear that
whenc, = —c} the ABCU; - (dJq.a,/dz) = 0 is verified atz= 0. This demonstrates our claim.

In particular, the previous analysis shows that when the wires are normal to the ground plane
the different electromagnetic modes verifiglependentlyhe PEC boundary conditio2¥],

0,xE,=0, n=TE TM,TEM, «=0. (B.4)

Thus, whena =0 the new ABC and the classical boundary conditionx E =0, are
completely equivalent to the set of boundary conditions define®bd).(
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