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Abstract

The search for a complete quantum theory of gravitation has been pursued for years. Gravity in
two dimensions becomes simpler. This triggered a large body of work, spreading over distinct ap-
proaches from continuum to discrete frameworks. It is expected that a comprehension of the lower
dimensional formulation will inspire the attempts to formulate quantum gravity in higher dimen-
sions. In this thesis, we focus on optimizing the application of the Functional Renormalization

Group to Matrix Models of two-dimensional gravity.

We begin by briefly contextualizing the problem of quantizing the gravitational interaction. Two-
dimensional quantum gravity is reviewed from the viewpoint of Polyakov’s summation over con-
tinuum worldsheet histories - Liouville Gravity - and also from the viewpoint of the summation
over discretized random surfaces - Matrix Models - and the equivalence between both frameworks
is established. The concept of critical exponents is introduced, together with the results taken
as benchmark for the remainder of the thesis. Then, the Renormalization Group approach to
Quantum Field Theory is briefly reviewed. A detailed account of the Functional Renormaliza-
tion Group and its applicability to the study of large scale phenomena and, in particular, the
Asymptotically Safe Gravity hypothesis is given. Then, the implementation of the Functional
Renormalization Group formalism to Matrix Models is presented, focusing on Hermitian Matrix
Models. An optimization of the results of the 2013 article by Eichhorn and Koslowski is worked
out. Stability of the results with respect to three quantities, namely the size of the effective
action’s truncation, the choice of regulator and the projection scheme, is evaluated. A projection
scheme, different from the original one, is found to reproduce the original results, opening up the
possibility of developing more general schemes. We introduce a new regulator that is able to solve
a problem of the original article. The results with the new regulator are found to be stable for

increasing truncation order, allowing us to postulate its asymptotic large-truncation behaviour.

Keywords: Quantum Gravity, Two-Dimensional Quantum Gravity, Liouville Gravity, Ma-

trix Models, Renormalization Group Flow, Functional Renormalization Group, Asymptotic Safety.






Resumo

Uma teoria quantica completa da interacao gravitica tem sido objeto de investigacao ha
largos anos. A duas dimensoes, a interacao gravitica torna-se mais simples. Tal originou um
repertorio consideravel de abordagens, tanto continuas como discretas, a gravidade bidimensional.
E esperado que a compreensao destas formulacoes bidimensionais possa inspirar as tentativas
de formulacao de teorias quanticas da gravidade a maiores dimensoes. Nesta tese, focamo-nos
na optimizagao da aplicacao do Grupo de Renormalizacao Funcional a Modelos Matriciais de

gravidade bidimensional.

Comecamos por contextualizar o problema da quantizacao da interagao gravitica. A gravi-
dade bidimensional é revista do ponto de vista da soma continua de Polyakov - Gravidade de
Liouville - bem como do ponto de vista da soma sobre superficies aleatérias discretizadas - Mode-
los Matriciais - e a equivaléncia entre as duas abordagens ¢ estabelecida. E introduzido o conceito
de expoentes criticos juntamente com os resultados utilizados como ponto de referéncia para o
restante trabalho. De seguida, a interpretacao da Teoria Quantica de Campos sob o ponto de
vista do Grupo de Renormalizacao é brevemente revista. O Grupo de Renormalizacao Funcional
¢é apresentado em detalhe, bem como a sua aplicabilidade no estudo de fenémenos fisicos a largas
escalas e, em particular, no estudo da hipétese da Gravidade Assimptoticamente Segura. Posteri-
ormente, o formalismo do Grupo de Renormalizacao Funcional é aplicado aos Modelos Matriciais,
com foco particular no Modelo Matricial Hermitico. O objetivo principal prende-se com a opti-
mizagao dos resultados do artigo de 2013, de Eichhorn e Koslowski. A estabilidade dos resultados
é avaliada relativamente a trés quantidades: o tamanho da truncacao da accao efectiva, a escolha
de regularizador e o esquema de projeccao. Os resultados originais sao reproduzidos utilizando
um esquema de projeccao distinto do original, abrindo a porta a possibilidade de se consider-
arem esquemas de projeccao mais genéricos. Introduzimos, ainda, um novo regularizador que
resolve uma dificuldade do artigo original. Os resultados com o novo regularizador demonstram-
se estaveis para ordens de truncacao crescentes, permitindo-nos conjecturar o seu comportamento

assimptético para grandes truncacoes.

Palavras-Chave: Gravidade Quantica, Gravidade Quantica Bidimensional, Gravidade de
Liouwille, Modelos Matriciais, Fluzo do Grupo de Renormalizacao, Grupo de Renormalizagao

Funcional, Sequranca Assimptdtica
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1 Introduction

The twentieth century saw the rise of three remarkable theories: Quantum Mechanics!'!, Special
Relativity!”) and General Relativityl”). Quantum Mechanics made it possible to describe physics at
very small scales, beyond those accessible with Classical Mechanics. On the other hand, Special
Relativity altered the understanding of Classical Mechanics at very high velocities. General

Relativity changed the view on the gravitational interaction, upgrading its Newtonian description.

Modern particle physics is grounded on three fundamental interactions: electromagnetism,
the weak force and the strong force. The Standard Modell”!, based on quantum theoretical
methods (Quantum Field Theory) merging the principles of Quantum Mechanics and Special
Relativity, achieves a valid description of microscopic phenomena with high accuracy within
these three interactions. However, the Standard Model cannot be a complete theory as it does
not include the fourth interaction: gravitation. A major goal would be to take the next step, that
is, to merge the principles of Quantum Field Theory with those of General Relativity in order to
build a theory of Quantum Gravity. After decades of research’ll"ll'] such a theory has not yet been
found. Conceptual and technical issues arise when one attempts to apply the same procedure used
in the construction of the Standard Model. Furthermore, there is a lack of empirical evidence of
quantum gravitational effects that could guide the construction of a theory of Quantum Gravity.
Gravity is a weak interaction, making the experiments probing quantum gravitational phenomena
extremely difficult, if not impossible, to realize. For example, the transition rate of spontaneous
emission of a graviton!”! - the gravitational quantum - by a hydrogen atom is suppressed by a

factor of 10*" when compared to the same process for a photon.

Frequently, theories become simpler in lower dimensions. That is the case with General
Relativity”!l'Vl. In particular, General Relativity is topological in two dimensions!' ' - it has no
dynamical local degrees of freedom. However, being closely related to Liouville Field Theoryl ],
a possible quantum theoretical framework for two-dimensional gravity is provided!'”), serving as a
toy model of higher-dimensional gravity. Furthermore, two-dimensional quantum gravity is found
to be equivalently described by a discrete formalism - Matrix Models!' ! - in which the problem
of quantizing gravity is treated as the problem of summing over random surfaces, discretized
with appropriate polygonal structures. The equivalence between the continuum and discrete
approaches can be shown, for example, by evaluating their large scale behaviour. In particular,

a set of quantities known as the critical exponents are shown to depend on the type of matter



under consideration!'”). Therefore, they help determine which Matrix Model (which restrictions

to the matrices’ properties) describes which type of matter.

Statistical Mechanics is a suitable tool to study large scale physics. In the 1970’s, Quan-
tum Field Theory and Statistical Mechanics were merged!'"), giving rise to the Renormalization
Group!' 1 approach to Quantum Field Theory. Different frameworks exist within the Renormal-
ization Group approach. The Functional Renormalization Group!'™! is one of them. It has an
underlying exact functional differential equation, the Wetterich equation!'”), allowing for a con-
tinuous evaluation of the system’s scale evolution. Therefore, it can, in principle, be applied to

Matrix Models in order to study their large scale behaviour.

Our goal is to apply the Functional Renormalization Group to Matrix Models!”"l. In partic-
ular, we extract their critical exponents, making use of the Wetterich equation. Although it is an
exact equation, its practical implementation requires some approximations. The exact values of
the critical exponents are known from other methods to solve Matrix Models. Herein, we optimize

the procedure set in the original articlel”), aiming to reproduce those exact values.
The outline of this thesis goes as follows.

Section [2] makes a brief contextualization of the problem of building a theory of the quan-
tum gravitational field. A few approaches are mentioned, pointing out their distinct conceptual

frameworks, successes and unresolved problems.

Section [3] shifts the attention to the quantization of two-dimensional gravity, treating it
both in the continuum - Liouville Gravity - and in the discrete approach - Matrix Models. The
relationship between the two approaches is presented. Relevant quantities to the remainder of

the thesis, such as the critical exponents, are extracted.

Section [4] briefly walks through the ideas behind the Renormalization Group approach to
Quantum Field Theory. A close look is taken into the Functional Renormalization Group and its
underlying functional differential equation is derived in detail. The strict relation between the

Functional Renormalization Group and Asymptotic Safety is pointed out.

Section [5] describes the application of the Functional Renormalization Group to Matrix Mod-
els. Critical exponents are extracted in this setting and compared to known exact values. As the
Wetterich equation can only be solved approximately, several spurious quantities that the critical
exponents would not depend on (were the equation solved exactly) are introduced. Stability with

respect to these quantities is tested, working toward an optimization of the procedure.



2 The Quantization of Gravity

Merging General Relativity and Quantum Mechanics is key in unfolding a fuller comprehension
of space and time. To that end, many distinct approaches have been tried over the years. This is
partly due to a lack of empirical evidence to guide the way for a theoretical construction but also
due to conceptual difficulties in the application of formerly successful frameworks. This chapter is
devoted to a brief overview of the rationale behind some of the first attempts to solve the problem
of the quantization of gravity, pointing out their successes and unresolved problems. Namely, we
discuss: the perturbative approach to the path integral; the canonical quantization of gravity
developed in the 60’s; the asymptotic safety scenario hypothesized in the late 70’s. At the end of
this chapter, it is the hope of the writer that the motivation behind the work developed in this

thesis becomes clearer.

2.1 Perturbative Quantization of Gravity

A very successful classical theory of the gravitational field has been established and tested for

over a hundred years. Solving Einstein’s General Relativityl’l equations,

1
RNV - EgNVR + Aguy = 87TGN77M/ 9 (21)
where R, is the Ricci curvature tensor, R is the Ricci curvature scalar, g,, is the metric tensor,
7T, is the energy-momentum tensor, Gy is Newton’s constant and A is the cosmological constant,

has provided us with a good model of classical gravity.

GR predicts numerous exciting gravitational effectsl”!), from the deflection of light rays to
gravitational waves, the Big Bang and black holes. The Big Bang and black hole singularities
signal a regime where Einstein’s theory loses its validity. It is conjectured that an understanding
of quantum gravitational effects at very short length scales might help remove these singularities.
However, the scale of such effects dwells below the Planck length scale, a distance scale that is
much smaller than the scales of the other fundamental interactions’ quantum theories. At modern

times, the Planck energy scale,



5
Py = ,/hi ~ 109 GeV | (2.2)
Gy

is inaccessible (for instance, the LHC (Large Hadron Collider) runs at a maximal collision energy

of around 10? GeVI*?).

Furthermore, to start a quantization procedure, the degrees of freedom to be quantized
must be identified. In the particular case of the weak gravity limit of Einstein’s field equations,
in which g, is perturbed around a fixed background metric (usually taken to be Minkowski’s
metric, 1, = diag(—1,1,1,1)) with a (weak) fluctuation field f,,,

g,w(x) = Ny + qu(x)a |f/w| <<1 . (2-3>

the physical degrees of freedom at play in GR can be identified. Plugging this solution into
equation (2.1) in the case of a vanishing cosmological constant (A = 0), a wave equation is

obtained. Choosing the harmonic gauge condition on the fluctuation field, f,.,

1
0" fu — §8Mf5 =0, (2.4)

Einstein’s equations becomel”’!

1
Df,u,z/ = _167TGN|:7;LI/ - énuunuyﬂw + O,ul/] ) (25)

where [ is the D’Alembertian operator associated with 7,,. O, gathers “higher-than-linear-
order” terms in fu,,[ I, They can be read as the fact that not only matter, T, is a source
of gravity but gravity is a source of itself, as Einstein’s equations are non-linear in f,,. In the
linearized gravity (or weak f,, field) and matterless (vanishing 7,,) case, (2.5) turns into a wave
equation, whose solutions are plane waves. In the harmonic gauge, the solution”'! to source-
free linearized gravity reveals that the physical degrees of freedom of linearized gravity are the

polarization states of the wave,

00 O 0
00 O 0 .
fun(z) = et (2.6)
0 0 for fos
0 0 f23 _f22



If the polarization states of a plane wave transform as ¢ — e?¢ under a 6 rotation about
the axis of propagation, they have helicity £h. The polarization states of the gravitational wave
transform accordingly with A = 4+2. Although all that has been said is purely classical, in the

quantum theory this translates to the quantum of gravitation - graviton - being a spin 2 particle.

Let us now look at the Feynamn integral of the gravitational field,

2= [ Dlgerserion) . (2.7)
G(M)

The integration is taken over all distinct geometries, G, of the 4D manifold M. Due to the
freedom in the choice of coordinate system, some metrics are equivalent under the action of the
group of diffeomorphisms. Metrics equivalent to one another can be put in a set: a class of
metrics. Metrics in different classes are physically non-equivalent. Therefore, Dl[g,,] is an explicit
reference to the integration measure being taken over the physical metrics only, that is, over

classes of metrics. Sgp|g,.| is the Einstein-Hilbert action!” ],

_ 1 4./

which gives rise to Einstein’s equations (2.1). Let us consider, for simplicity, pure gravity (no
matter fields) and a vanishing cosmological constant. In particular, following the background-field
approach!”!, where we decompose the metric g, into a fixed background field - which we take to

be the Minkowski metric, 71, - plus a fluctuation field, h,,,

G (T) = Ny + Py () (2.9)

Redefining the fluctuation field, as follows,

By = /167G Ny, (2.10)

the theory’s coupling constant is ~ /G y. Quadratic terms in the fields are thus independent
of the coupling constant. To proceed with a Feynman diagrammatic expansion of the graviton
building blocks, the Einstein-Hilbert Lagrangian is expanded in powers of the fluctuation field.

It reduces to the Fierz-Pauli Lagrangian!”’],



k

M.\/\/\A/\/\/\/\/\/\ﬂuz
V. V:

1 2

Figure 1: Graviton propagator

Lop = 5(07hu) Oh™) — S(@H@H) — (OTH)Duhye) + (O @uE) . (211)

plus higher-order terms in the fluctuation field. The appearance of the Fierz-Pauli Lagrangian as
the lowest-order polynomial in the fluctuation field is natural since the field equations of linearized
gravity (when h,, — f,, << 1) can be obtained from it. Furthermore, it is the only Lagrangian

invariant under diffeomorphismsl”"’!, where &, is a small shift in the coordinate system,

5f;w = aufu + augu . (212)

By virtue of appropriate partial integrations, the Fierz-Pauli Lagrangian (2.11) can be cast

in the suitable form of a product of fields with an operator insertion, as follows:

Lpp o< hyyMP"h,, . (2.13)

Similar to QED or QCD, the M matrix is not invertible since it has zero modes. To make
it invertible, the harmonic gauge condition, (2.4), may be introduced as a gauge-fixing term!*’]
and the usual Fadeev-Popov method””! can be carried out. Having done sol*’], the first building

block of perturbation theory arises: the graviton propagator (figure (1)),

Dy (k) = 22 T el e (2.14)

Albeit technically involved, the higher-order terms in the couplings carry information about
the vertices associated with graviton self-interactions, like the three-vertex!’! (figure (2)), repre-

sented by the Feynman rule:

PSS ey k) = koo RSk 4 (L), (2.15)

6
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Figure 2: Graviton three-vertex

comprising all the six-index quantities that can be built from the momenta and the Minkowski

metric. (Naturally, if a non-flat background is chosen, the expressions are even more complex!’"].)

This vertex gives a first taste of the complexity of this type of approach. However, technical
complexity is not the only (nor the main) issue. The perturbative path integral approach is not
a complete theory of the quantum gravitational field since it is not possible to renormalize the
theory within the standard perturbative renormalization procedures of QF T, The divergences
in the theory cannot be absorbed in the parameters of the Lagrangian, requiring the addition of
counterterms to the Lagrangian at every order of the perturbative expansion. Each counterterm
carries a coefficient which is to be fixed experimentally. Hence, at arbitrarily high order, an infinite
number of counterterms ought to be fixed in order to renormalize the theory. As such, the theory
is deemed incomplete or non-predictive at high energies. (To be precise, the coefficients of the
divergent 1-loop order (pure gravity) terms coincidentally cancel out!””]. However, that is not the
case at higher loop orders!”’Il7!ll°7] ) This fact could have already been foreseen by looking at the

mass dimensions of Newton’s constant, [G x| (and consequently the theory’s coupling constant),

VO~ —— G = -2 . (2.16)
mpi

A momentum cut-off A is introduced to allow for finite integrations and then sent to infinity

to obtain a UV-complete theory. When computing the amplitude A - a dimensionless quantity
- of a physical process and reading its perturbative expansion in powers of the gravitational
coupling constant, one notices that the divergences increase with increasing order of the powers
of the coupling constant due to the negative mass dimension of /G . Schematically, A depends
on powers (v/Gx)*A® and, in order for such an object to be dimensionless, b > 0 to cancel the

negative mass dimensions introduced by G y.



The impossibility to renormalize the theory might, in fact, be rooted in a deeper conceptual
problem pertaining the split of the metric field into perturbations around the Minkowski (or any

other background) metric.

First, at strong gravitational limits, it might occur that the h,, field fluctuates in such
an unrestricted manner that it alters the metric signature (— + ++) of g,, (which would, for
instance, destroy the constraint of det(g,,) < 0). Some alternative decompositions of the metric
that restrict the behaviour of the fluctuation field have been studied”"!"! in an attempt to
circumvent this problem. Furthermore, the background-field method is an explicitly covariant
approach to quantum gravity in the sense that diffeomorphism invariance is preserved for the
(fixed) background field. The fluctuation field is considered to exist on the space-time defined by
the background metric. However, it is at the core of GR that space-time geometry and the full
metric field go hand in hand. Space-time is not determined by the background metric alone but by
the full metric - which is precisely the unknown variable. Quantum gravity should be defined in
a background-independent manner. The BRST symmetry!’"! realizes background-independence
in QFTs. However, the perturbative non-renormalizability of GR raises some issues!’”] regarding
the preservation of the symmetry order by order in the perturbative expansion, complicating the

use of the metric split as a tool in the quest for a quantum theory of the gravitational field.

In spite of this, perturbative quantum gravity has its use in the setting of an effective field
theoryl"l, valid up to an energy scale beneath that at which it breaks down. Within this frame-
work, some results have been obtained. Quantum corrections to the Newtonian potential have
been studied!"'] as well as corrections to the Schwarzschild and Kerr metrics!™”!, and the ampli-
tudes of processes such as the graviton-graviton scattering have been computed!’). These results

can serve as a benchmark to a complete theory of Quantum Gravity.

Some difficulties of the perturbative path integral attempt to quantize gravity have been
outlined above. The following subsection is devoted to another classic quantization procedure:

the canonical quantization of GR.

2.2 Canonical Quantization of Gravity

A possible approach in the canonical quantization of GR is the casting of the Einstein-Hilbert
action, (2.8), into Hamiltonian form. The focus here will be on ADM Gravityl*’], a Hamiltonian
formulation of GR developed in the 1960’s by Richard Arnowitt, Stanley Desner and Charles



Misner. To obtain it from the Einstein-Hilbert action, it is important to recall the definition of

the Hamiltonian density, H, as a Legendre transformation of the Lagrangian density, L,

H=nmnqg—L , (2.17)

where ¢ denotes the chosen canonical variable, m denotes its canonically conjugate momentum

and the dot over ¢ denotes the time derivative.

Hence, one must start by defining the appropriate canonical variable. Moreover, a “time”
variable must be singled out, with respect to which the evolution of the canonical variable is
evaluated. In order to do so, space-time is broken up into space plus time: the Hamiltonian

formalism explicitly breaks the space-time covariance of GR.

Let us start with a 4D topological differentiable manifold and a Lorentzian metric, (M, g,.).
If such a space-time is globally hyperbolic, M can be foliated, for each “time”, into Cauchy
hypersurfacesl””| and its topology is given by a direct product of the spatial 3D Cauchy hyper-

surfaces, ¥, and the global “time”,

M=RxY, . (2.18)

A time flow vector field, t#, can be associated to the global “time” function, ¢, where pu
refers to the 4D space-time indices. Note that this "time” is still not endowed with any physical
meaning, as the metric field is still unknown. To understand the meaning of this “time” vector,
consider two infinitesimally close hypersurfaces as in figure (3). t* is the vector that points along
the line identified with ds: it points from the point of coordinates (z%) in ¥; to the point of
coordinates (z%) in ;4 (a references spatial indices). Since the two surfaces are, in general,
geometrically different from one another, the two (z%,¢) and (2%, ¢+ dt) do not lie normally above

one another. t* can be decomposed into a normal and a tangential component, respectively,

t* = Np* + N* (2.19)

where n# denotes the unit vector normal to ¥, pointing from (z%,¢) to a point (y®, t+dt) normally
above it, N* is the shift vector, pointing from (y®,t + dt) to the point (z* ¢+ dt), and N is the
lapse function, such that ds = Ndt.



(x%t+dt)
(x®— N%(x)dt, t + dt)

Yeiae

Figure 3: Two infinitesimally close hypersurfaces

A three-dimensional metric is induced on each hypersurface, the spatial components of which,

hab = Gab + NgMp (220)

constitute the canonical variable in the ADM formalism. ¢* can be expressed""] in terms of the

geometrical quantities (h?®, N, N®) as follows:

g = h? — N72(t* — N*)(t* — N?) . (2.21)

Therefore, the 10 degrees of freedom of the Lorentzian metric, g,,, (a 4 x 4 symmetric matrix)
are now expressed as 6 degrees of freedom from the induced spatial metric, kg, (a 3 X 3 symmetric
matrix), 1 degree of freedom from the lapse function, N, and 3 degrees of freedom from the shift

vector, N®.

The goal is now to rewrite (2.8), namely the volume element and the Ricci scalar, in terms
of these new variables. To that end, it is useful to introduce the concept of extrinsic curvature,

given in terms of a Lie derivativel*],

1
K;w = éthm/ ) (222)

where n is the normal to the surface. This tensor is purely spatial and its spatial components

can be written in terms of the new variables!"”,
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1 .

Koy = = (hay — DaNy — DyN, 2.23
b 2N( b b b ) ( )

where D, is the spatial covariant derivative.

The Ricci scalar and the volume element are given, respectively, as follows (see Waldl*'l or
Kieferl”’ for details),

R=R® + K? - K4,K® - 2R,,n*n" =R® — K? + K4, K® | (2.24)

Vv=g=NVh , (2.25)

where R®) is the 3D Ricci scalar and K is the trace of the extrinsic curvature.

With (2.8), (2.24) and (2.25), one obtains the ADM form of the Einstein-Hilbert actionl"),

dtd®x 3 ) b dtd®z borod 3
Spy = NVR(R®) —2A — K? 4+ Ky K = N(Gupea KK +VH(R® —2A)),
1671'GN 167TGN
(2.26)

where the DeWitt super-metricl’! (a “metric” in the space of all metrics) has been introduced,

1
Gabed = —=
bod = 5 7

The Lagrangian density does not depend on times derivatives of either N or N®: they do not

(hachbd + hbchad - h’abh'cd) . (227)

play the role of dynamical variables. Their canonically conjugate momenta (generically given by
™= ‘g—g) vanish. On the other hand, the canonical momentum associated to the induced metric,

Tap, is non-vanishing, given as followsl""!:

1 \/E
= gabchCd -
167TGN 167TGN

Tab (Kab - Khab) : (228>

In order to apply the Legendre transformation, (2.17), ha, must be expressed in terms of the
canonical momentum. To that end, one inverts (2.28) in order to express K, in terms of 7, and

plugs it into (2.23). This leads to:
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: 327Gy N 1
- W—\/EN(W, — §wabh“bhab) + D,N, + DyN, . (2.29)

This is the first set of the Hamiltonian equations of motion, formally given by A, = %. The

(rather lengthy) expression for the second set of the Hamiltonian equations of motion, 7., = —%,
can be found, for example, in Waldl"",
The Hamiltonian density of GR can now be written,
h(R® —2A
H = 167G Ny N Gopeqm ™ — N‘/_( ) _ 2Ny D™ (2.30)
167G N
and the Einstein-Hilbert action can be rewritten as follows:
1 :
Spr = dtd*z(7%he, — NH, — NH,) . 2.31
EH 167rGN/ (T hay — NH L Ha) (2.31)

As previously pointed out, N and N* are non-dynamical variables. They are called Lagrange

multipliers. From their equations of motion, g—ﬁ = 0 and 5‘;}2 =0—H, =0and H, = 0.

H ., and H, are called constraints. Therefore, this is a constrained Hamiltonian formulation of

GR, one in which, aside from the Hamiltonian equations of motion, there are two constraints on

the Hamiltonian: the diffeomorphism (or momentum) constraint and the Hamiltonian constraint,

respectively,
H, = —2Dym2 =0 | (2.32)
VR(R®) —24)
= 167G NGupeam 7 — =0 . 2.33
Hy TGNGapea™' T 167Cin (2.33)
In the 1970’s, the formulation developed by Hojman et al.l'"), known as geometrodynamics,

shone new light on the meaning of these objects. The approach is based solely on the algebra of
surface deformations and, under some general principles, it is shown that (2.32) and (2.33) are the

generators of such surface deformations. (A review of the approach can be found in Kiefer*].)

The constraints restrict the degrees of freedom of the theory. (2.32) and (2.33) sum up to 4

(one scalar and one vectorial) constraints on each point of phase space, 4 x co® . Subtracting that

12



from the 6 x 0o degrees of freedom coming from the pair (hap, Tap) of canonical variables, one is
left with 2 x 00®) degrees of freedom, in line with the two polarization states of the gravitational
wave of (2.6). The existence of the constraints is an indication that the configuration space
is not yet narrowed down to the physical one. The diffeomorphism constraint (2.32) can be
eliminated!"") by taking as canonical variable the set of equivalence classes of hgp, - the set of
all physically non-equivalent metrics (up to diffeomorphisms of ¥;). This configuration space
is known as superspacel’’l. However, a configuration space that can eliminate the Hamiltonian

constraint (2.33) is not known.

The constraints represent an obstacle to the quantization of ADM Gravity. The problem
can be posed as follows. Should the constrained classical theory be quantized and then some
quantum mechanical reduction of the degrees of freedom be performed or should the classical
degrees of freedom be reduced and then the unconstrained classical theory be quantized? Is there

a guarantee of the equivalence of the two modi operandi?

In general, the equivalence between the two approaches cannot be guaranteed. In practice,
the quantization of the unconstrained classical theory is based on a much more complicated
configuration space and is rarely attempted. The quantization of the constrained classical theory
can be done through the quantization procedure set up by Paul Diracl"l. A comprehensive
step-by-step discussion of the procedure can be found in Kieferl””). For the current purposes the
following statement suffices: the classical constraint is promoted to an operator equation that

restricts the physical states,

Ga=0— Palt)) =0 . (2.34)

However, there is no general recipe to predict the behaviour of constraints after quantization.
Consider, for example, two classical constraints, ¢, = 0 and ¢, = 0, such that they satisfy the
usual Poisson brackets, {¢q, #p} = f5,0. = 0. The Poisson brackets should then be promoted to
[qga, ggb]w) =0. As f5 ¢, is subject to quantization, a factor-ordering problem arises: it could be
that f5 0. — f;bggc but it could also be that the order of the products turns out to be different.
Due to [¢q, 9] |t)) = 0, constraints other than the classical ones would then be imposed on (already
physical) degrees of freedom. The classical symmetry would be broken at the quantum level and
a gauge anomaly would arise. This is why one cannot guarantee the equivalence of the procedures
outlined above. Different degrees of freedom of either approach might lead to different quantum

constraints and anomalies that are present in one quantization scheme might not be present in

13



the other. Hypothetical experimental evidence of the existence/nonexistence of such anomalies

could be of use in this setting.

The simplest quantum promotion of (2.33) is given by promoting hg, — ﬁab, Tap — Tahp =

5
6ilab
momenta appear to the right of their respective term. The equation is known as the Wheeler-

DeWitt equation!”,

(a functional derivative with respect to izab) and assuming the operator ordering where all

2 VA
5hab5hcd 167TGN

Ho ) = (167G Nh* Gapea (R® — 20|y =0 . (2.35)

As it stands, there is no general solution to this equation. It has, however, been studied in
cosmological models!"I’Yl. Even before solving the equation, an interesting question is raised by
it: the question of the meaning of time. If one is to interpret it as a Schrodinger-like equation,
ih%zﬁ = A 1% = 0, then nothing is happening dynamically to the system. The question of
the nature of time in QG has been addressed many times, both from a philosophical and a

mathematical viewpoint and many great reviews on the subject can be found!” 1?17,

In the 1980’s, in an attempt to simplify the equations of motion and constraints of ADM
Gravity, Abhay Ashtekar proposed the adoption of a new set of canonical variables!”"], inspired
by the possibility of writing the metric hy, in terms of a set of orthonormal vectors known as
triads, such that hgy, = e%e?. The new index 4, referent to the internal symmetry of the vectors,
gives rise to a new gauge (SU(2)) symmetry of the metric. This prompted Lee Smolin and Carlo
Rovelli to formulate GR as a gauge theory in 1990’1, This formulation gave rise to the modern
day canonical approach to the quantization of gravity, known as Loop Quantum Gravity. Many

exciting predictions are made in this formalism[”"!’'] and research is highly active.

2.3 Asymptotically Safe Gravity

Having discussed the perturbative and canonical approaches to QG, this subsection discusses
another approach, doing so very lightly, as the ideas put forth here will be made more concrete

in sections further along the thesis.

The idea of (Gravitational) Asymptotic Safety was introduced by Steven Weinberg!”"! in
the end of the 1970’s. As we have seen in subsection [2.1], the perturbative QFT approach to
GR fails at delivering a UV-complete theory. The goal of the Asymptotic Safety scenario is a
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rather simple one: to make a perturbatively non-renormalizable QFT UV-complete by means of

non-perturbative techniques.

Scale symmetry is an important feature of classical field theories as the theory’s couplings are
constant and thus independent of the energy scale, k. This means that the theory is consistent
at all energy scales. However, scale symmetry is broken upon quantization (often due to the
measure of the path integral) and, as such, divergences in the theory’s couplings, u,, may appear
at high energy scales, where the theory is no longer consistent. The way that couplings vary
with the energy scale is portrayed by the couplings’ beta functions, B(u,). In order for scale
symmetry to be recovered at the quantum level, one should then find a set of values for the
couplings, {u,, a = 1,2,...} = u*, known as a fized point, at which 5(u,) = 0 - that is, the
couplings cease to have a scale dependence. If the fixed point has all coordinates, u,, equal to
zero, it is called a Gaussian Fixed Point, and one speaks of Asymptotic Freedom. If the fixed
point has some non-vanishing coordinate(s), it is called a Non-Gaussian Fixed Point (NGFP),
and one speaks of Asymptotic Safety. The goal of Asymptotically Safe Gravity is thus to define a
quantum gravitational theory whose UV limit (kK — o0) is a fixed point, such that at arbitrarily

high energy scales the theory is (asymptotically) safe from divergences.

Evidencel “IPIOVIOH for the existence of such a fixed point for 4D gravity is not definitive but
enough to make a good case for it and to still be pushing active research in the field. However,
lower-dimensional versions of GR are generally simpler and easier to explorel’ll'"]. Therefore, they
can be looked at as possible starting points for lower-dimensional models of a quantum theory of

the gravitational field.

In this thesis, we will focus specifically on the quantization of 2D gravity. We will show that
2D Quantum Gravity (2DQG) is equivalent to a matrix formulation - Matrix Models - to which
we will apply the necessary procedures in order to evaluate the hypothesis of Asymptotic Safety
in such models. The hope is that the results found in a 2D setting can serve as a toy model
for higher-dimensional settings to be tackled afterwards. The following chapter is thus devoted
to the quantization of 2D gravity and to presenting the results relevant for the work developed

further along the thesis.
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3 Two-Dimensional Quantum Gravity

Two-dimensional gravity - with one temporal and one spatial dimension - is a topological field
theory, as the 2D Einstein-Hilbert action leads to non-dynamical equations for the metric field.
It is thus classically trivial. However, in two dimensions, Einstein’s field equations are equivalent
to Liouville’s equation. Liouville’s equation can be generalized to be the equation of motion of a
2D Conformal Field Theory, appropriately named Liouville Field Theory, which can thus provide
a framework for a quantum theory of gravity - Liouville Gravity. The quantum theory turns out
to be non-trivial due to the presence of a conformal anomaly. Furthermore, Liouville Gravity is
shown to be equivalently described by Matrix Models: different types of matter interactions are
described by different types/restrictions to the matrices. This chapter is devoted to presenting

these two approaches: Liouville Gravity, Matrix Models and the bridge between them.

3.1 Liouville Gravity

The Einstein-Hilbert action (2.8) in two-dimensions leads to no dynamical field equations for the
metric tensor due to the fact that the corresponding Lagrangian, —4/|g|R, is a total divergence.

Another way of looking at it is that Einstein’s tensor identically vanishes in two dimensions,

1
Guw=TRu — ng,R =0, (3.1)

and, as such, any metric is a solution of the equations of motion.

To obtain the Liouville equation from the Einstein-Hilbert action!' 'I'“} additional fields must
be introduced, known as Liouville modes. Liouville Field Theory had long been (classically)

established and studied as a 2D conformal field theory but its quantization is far from trivial.

Alexander Polyakov’s seminal paperl'”! of 1981 paved the way for the path integral quanti-
zation of Liouville Gravity. In it, inspired by the fact that the amplitudes of free particles are
given by the sum of all possible paths in the particle’s history, the author outlined a model for
summing over all possible surfaces along which free strings (the model’s analogue of particles)
would move. This is ultimately the problem of QG: the summation over metrics - or surfaces -

modulo diffeomorphisms and over topologies, as stated in equation (2.7).
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Following Polyakovl'’!, one can start with the purely bosonic string action, describing the

2D worldsheet of a D-dimensional bosonic string,

1 A _

Su(X.) = o [ PeGaahs XX (32
T

where h is the metric of the D-dimensional target manifold, ¢ is the metric field of the worldsheet,

¥, a 2D Riemannian genus h surface (where the genus is, intuitively, the number of holes of the

surface), and X is the bosonic D-dimensional matter field. X (&) specifies the embedding of ¥ into

the D-dimensional space-time. Choosing to work in flat D-dimensional Euclidean space, (3.2) is

simplified,
1 , .
SulX.) = o [ PeVTaarXIX 33
T
The a, b indices refer to the 2D worldsheet and 7 refers to the D-dimensional embedding space.

The action is invariant under a conformal/Weyl transformation of the metric,

Jab = Jop = € Gab (3.4)

where o is the Liouville mode. The quantum theory, however, is not invariant under (3.4),

The partition function, where p is an explicit bare cosmological constant and the configura-

tions related by diffeomorphisms of the 2D surface X are divided out, is written as follows,

2 _ [ DgDX

= I gN  —Sm(X.g)—5L [d*¢g
vol(diff)© ’ ‘ (35)

An anomaly arises due to the integration measures, and conformal invariance is broken upon
quantization. While the integration measures are invariant under diffeomorphisms of the surface
> - hence the division by the volume of the diffeomorphism group - they depend on the metric by
their very definition!' "} in a way that makes them non-invariant under the Weyl rescaling of the
metric, (3.4). The integration measures are determined by requiring they respect the following

constraints,
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/D95Xe_||5x||§ =1 .

(3.6)
/pg(;ge—;nég@ _1
where the norms are defined as follows, dg and d X being metric/matter fluctuations on X,
16| 2 = / P JGOXISXT (3.7)
18011 = [ (0t + 299.0)675° (39

The dependence on the metric in equation (3.7) means the matter field integration measure

is not conformally invariant. The anomaly is given by

Dy X = e D, X | (3.9)

where D is the dimension of the flat space-time in which the 2D surface ¥ is embedded and Si (o)

is the Liouville action,

Sp(o) = /dzf\/ﬁ (%gabaaoaba + Ro + ,ue") : (3.10)

The metric integration measure also carries a conformal anomaly. To integrate over the metric
field, one must get rid of the degeneracies and integrate only over the non-equivalent metrics. The
space of metrics on a surface ¥ modulo diffeomorphisms and Weyl transformations (3.4) is a finite
dimensional compact space named moduli spacel' ), M, whose dimensions depend on the genus
of the surface. With a representative fiducial metric, g, for each point 7 of the moduli space,
the full space of metrics on ¥ can be recovered via the action of the diffeomorphism and Weyl
groups’ generated orbits on the fiducial metric, g. Hence, the metric can be parameterized by a

diffeomorphism f and a Weyl scaling ¢,
fxg=e9(7) . (3.11)
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The metric integration is thus split into an integration over the vector fields, v,, that generate
infinitesimal diffeomorphisms, an integration over the Liouville mode, ¢, and an integration over
moduli space. The definition of the partition function (3.5) divides out the diffeomorphisms and
one is left with the integration over the Liouville mode and over the moduli space. The Fadeev-
Popov method””! can be used to extract the Jacobian for the change of variables by taking
convenient advantage of the complex coordinate language of 2D CFT'] (see appendix [A]). The

Jacobian is given by

1(6.)= [ DIDCDIDze [ FEmITT (3.12)

where b (b) and ¢ (¢) are the ghosts (and anti-ghosts). The anomaly associated to the ghost

integration measure (from here on out abbreviated to D(bc)) is finally extracted:

Deoy(be) = e~ 5= 51)D, (be) . (3.13)

This is Polyakov’s seminal result!'”l: the origin of the critical D = 26 dimension in string
theory. At this value of D, the conformal invariance of the classical theory is preserved upon
quantization and the Weyl transformation, (3.4), is a gauge symmetry of the theory. However, at
any other value, the anomaly impedes the division of the integration measure by the volume of

Weyl transformations and one has to integrate over the Liouville mode.

The partition function can thus be rewritten,

Z = / [d7]D,¢Dy(be) Dy X e~ 54 X9 =Son(beg) =5z [ 65 (3.14)
The main problem from now on is how to deal with the Liouville mode integration measure.
As first pointed out by Distler and Kawail’”!, having constructed this measure to be explicitly

diffeomorphism invariant, the norm is dependent not only on the metric but also on the Liouville

mode itself in a non-trivial manner due to the fiducial decomposition, (3.11),

60153 = [ devatoe? = [ dev/aedisor (3.15)
If the exponential of the Liouville mode were absent from the expression above, the Liouville
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mode integration measure would reduce to that of a free field, and everything would be facilitated;

that is, if the norm took a form akin to (3.7),

66| 2 = / N (3.16)

To transform from (3.15) to (3.16), one would have to find the Jacobian of such transfor-
mation. In Distler and Kawai’s paperl’”, the form of the Jacobian was assumed to be that
of an exponential of a renormalizable local action, diffeormorphism and conformally invariant,
J(¢,§) = e 59 As pointed out in Ginsparg and Moorel' ! and in Nakayama’s review!’’ of
Liouville Field Theory, there have been attempts!” 1] to justify this assumption. Furthermore,
canonical formulations of Liouville Gravity also validate this assumption!'l. The action that
respects these requirements is a Liouville-like action, akin to (3.10), with arbitrary coefficients

attached to each term. The integration measures are now dependent only on the fiducial metric,

z - /[dT]Dgngg(bc)Dg(X)e_SAI(ng)_Sgh(bacvg)_f d26\/G(0Gab0% p0° p+QRp+11e7?) ’ (3'17)

where p is a combination of g and some term p; analog to that of the Liouville action. Hence,
it can be set to zero due to the freedom to adjust the bare cosmological constant pg. All that is
left is to determine the arbitrary coefficients. To do so, two further aspects are essential. First,
the theory ought to be dependent on the metric alone and not on the particular choice of fiducial

metric. It should thus be invariant under the following simultaneous transformations,

N R o A o
gw%%fwg\l¢%d=¢—;- (3.18)

Applying the infinitesimal version of these transformations to (3.17) and upholding the the-

ory’s invariance under them, one finds

25—-D 1

Q=—5 Il =350 . (3.19)

The Liouville field can be rescaled in order to obtain a standard kinetic term, ~ [(9¢)?. The
definition of @) is altered accordingly:
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Q= . (3.20)

Second, in order for the theory to be conformally invariant, the total central charge (see
appendix [A]) must vanish. Recalling the matter (3.9) and ghost (3.13) anomalies, one can

extract the central charge for the Liouville mode,

Crmatter T Cghosts + Cliouville = D —26 + Cliowville = 0 & Cliouvitle = 1 + 3Q2 . (321)

Due to the rescaling of the Liouville mode, the physical and fiducial metric are related via

g, (3.22)

which means the area of the surface is now given by

A= / d?\/ger? . (3.23)

Conformal invariance demands that €?® behaves as a tensor of conformal weight (see appendix
[A]) (h,h) = (1,1)[°). The last coefficient of (3.17) is thus obtained:

1
Y+ = __E

(V25— D¥V1-D) . (3.24)

As duly noted by Ginsparg and Moorel' !, before rescaling the Liouville mode, the Liouville

action’s effective coupling in (3.17) goes with ~ Therefore, the classical limit of the Liouville

1
25-D"
action is obtained with D — —oo, which will take the effective coupling to zero. The root that

carries this classical behaviour v — 0 is the + root.

Distinct regimes appear depending on the value of the matter central charge. At D < 1, both
~v and @ are real; this is the range in which the cosmological constant is real, and where Liouville
Gravity is well defined. At D = 1 a phase transition might occur; above this value of the matter
central charge, Liouville’s model of gravity is incomplete. Particularly at D = 25, () = 0 and

v is purely imaginary, which means the reality of the metric is lost. A conjecture can be made:
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to account for this, one can perform a Wick rotation on ¢ — 7¢, which reverses the sign of the
kinetic term, making it as though ¢ is a timelike dimension; in this sense, the noncritical string
propagating in a 25-dimensional Euclidean space is analog to the critical string propagating in
a 26-dimensional Minkowski space. At D > 25, both @ and ~ are purely imaginary, and the
reversal of the Liouville mode kinetic term sign still occurs. Despite being undisclosed in the

Liouville formalism of 2DQG, it is this regime that could model higher-dimensional QG[""!.

An important quantity to establish the link between Liouville Gravity, Matrix Models and
the FRG is the string susceptibility, I'y;,., an exponent that governs the behaviour of the partition
function for large areas of the surface. This quantity was first conjectured by Knizhnik, Polyakov,
Zamolodchikov!'”! for genus zero surfaces, working in the light-cone gauge, and then formally
derived by Distler and Kawail’”! and David"! for arbitrary genus, working in the conformal
gauge, (3.11) - the one that’s been followed throughout this section. Consider the partition

function for the theory for a fixed area A of the Riemannian surface,

Z(A) = / D¢Dipe™5§ (A— / d25\/§ev¢) : (3.25)

where D conveniently encompasses the matter, ghost and moduli integration measures. Follow-
ing Ginsparg and Moorel' !, we define the string susceptibility in terms of the Euler characteristic,
X=2-2h, (3.26)

where h is the genus of the surface, as follows:

Z(A) ~ A5 Tar=2=1 (3.27)

Consider a shift ¢ — ¢ + 5, where p is a constant, similar to the second transformation in
(3.18). The Liouville mode integration measure is invariant under such a transformation. The
only variation will thus come from the integrand of (3.25), particularly from the Liouville rescaled

action,

é%/cﬁwgm — é% U d2§¢§1%¢+§/d2§\/§1%] , (3.28)
and from the § term,
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b ( / d?&\/ge? — A> ) ( / d*¢\/Ger? — e”A) . (3.29)

Therefore, (3.25) is shifted to the following form:

Z(A) = / DoDipeSe 5w 5 S PEVIR —p 5 ( / d?&\/Ge? — e”A) . (3.30)

Upon identifying the Gauss-Bonnet formula,

/ng\/ER =dmyx (3.31)

and setting A = e[’ on the remaining expression,

Qpx

Z(A)=e 2 PZ(ePA) , (3.32)

the dependence of the partition function on the area of the surface is found,

Z(A) ~A (3.33)

Finally, equating (3.27) and (3.33), the expression for the string susceptibility for a genus
zero surface is retrieved. The generalization for higher genus comes from an extra dependence on

the genus in the integrand shift (3.28). The general formula is given as follows!"“Il";

D —25— /(25— D)(1 — D)

Fst'f — (]_ - h) 12

+2 . (3.34)

Due to its dependence on the dimension of the embedding space, or, equivalently, the matter
field central charge, the string susceptibility plays a crucial role in determining which Matrix
Model describes which type of conformal matter. At the time of the discovery of (3.34), the
agreement of the formula with exact results obtained from the Matrix Modell"/I'VI 2T point of

view helped strengthen the validity of both approaches.

The string susceptibility is the quantity that guides the work developed in this thesis. How-

ever, it is not the only quantity that acts as a scaling law. The conformal weight of a field
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operator is changed after coupling (dressing) to gravity. The relationship between dressed, h,
and bare, hg, conformal weights was first extracted in the light-cone gaugel'”! and later in the
conformal gauge!"”) formulation, through arguments similar to the ones employed in the previous
derivation of the string susceptibility. The dressed conformal weight is found to be dependent on

the dimension of the embedding spacel’”,

VI D42 — VI D
V25—D—+v1-D

: (3.35)

and, acting as a scaling law, it can also help determine which Matrix Model describes which type
of conformal matter. We will, however, not make use of this quantity and thus refer to the original

articles! 17l for a detailed discussion.

Due to the lack of empirical evidence to support the results of quantum gravitational models,
it is important that more than one approach achieves the same outcomes. Quantities such as the
string susceptibility are crucial in the identification of the connection between Liouville Gravity

and Matrix Models - which will be carried out in the following subsection.

3.2 Random Surfaces and Matrix Models

In the previous subsection devoted to Liouville Gravity, the computation of the integral over
metrics of two-dimensional surfaces has been studied. In higher dimensions, this integral is even
more difficult to evaluatel’’l. Therefore, the interest in an equivalence between Liouville Gravity
and Matrix Models is two-fold. First, it can ground Liouville Gravity’s results in the face of
absent empirical data. Second, if there is an equivalence in a 2D setting, there is a possibility
that such an equivalence holds at higher dimensions. If so, and if a higher-dimensional “Matrix”
Model - to be precise, Tensor Model - is easier to solve than its “Liouville counterpart”, more
results pointing toward a theory of 4DQG might be obtained. A similar situation occurs, for
example, with Yang-Mills theories: calculations in the continuum and lattice simulations are

different perspectives of the same problem.

Integrating over the metric is, geometrically, integrating over all possible configurations of a
given surface. This can be realized by considering a zero dimensional string theory, that is, the
propagation of strings in non-existent embedding space, creating a 2D pure worldsheet without

any additional matter. This random surface can then be divided into a set of polygons, glued
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together, which will transform the integral over the metric into a discrete sum of the polygonal

structures,

/ Dg= lm =5 . (3.36)

polygons

These polygons can then be related to their dual graphsl’'! and, using the equivalence of
Statistical and Quantum Mechanics, these graphs can be dealt with like Gaussian integrals.
However, in the case of QG, it is not the graphs alone that are of interest. The graphs must be
promoted to maps! /" - in simple terms, they serve as a generalization of graphs that are aware
of the topology of the surface they belong to. These maps can still be dealt with like Gaussian
integrals but the integration is now performed over matrices. This is where the idea of Matrix

Models stems from.

Consider the following partition function for such a zero dimensional string theory,

z2=Y" / Dge At (3.37)
h

where the sum is performed over topologies (represented by a summation over the genus h of the
surface), A is the area of the surface and y is the Euler characteristic previously defined in (3.26)
and (3.31). (Note: the coupling constants 3 and 7 are not related to the # and v quantities used
in the previous subsection.) This partition function is reminiscent of the classical Einstein-Hilbert
action (2.8).

Consider also a one degree of freedom system with a quartic interaction term,

7 — j;”_ﬂefii Zn'/m—z(:)n. (3.38)

From the equivalence between such quantum formulations and their statistical counterparts!’ !,
(3.38) is known to be equivalent to a partition function that counts the number of graphs of va-
lency 4 (4 lines leaving the vertex) and n vertices, divided out by I'(G), the automorphism of the

graph (the number of ways it can be invariantly symmetrized),
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Figure 4: One possible way of connecting two vertices of valency four

1
Z = > 9"Ta (3.39)

nwvertices graphs of valency 4

Such an equivalence can be made concrete upon adding a source to the problem:

dr _a? o dr _«2_;, o g
Y= v = Sy L (3.40)

The first derivative on the source pulls out a J outside the exponential, which is why only an even
number of derivatives gives terms that don’t vanish upon setting J = 0. Each pair of vertices is

thus linked through lines known as the propagator, such as those seen in figure (4).

This is simply the Feynman diagrammatic approach to QFTI'l. However, such graphs are
insufficient when dealing with graphs on a topological surface with arbitrary genus and a gener-
alization to maps must be performed. For example, when choosing a certain polygon to fill out
the surface, one readily knows the number of vertices and edges of the map by design; however,
although in a genus zero surface the number of faces might be easy to infer, it is generally not
trivial to do so in a higher genus setting. This is important in quantities such as the the Euler
characteristic, (3.26), which can be related to the vertices, V, the edges F, and the faces, F, of a

map,

x=V+F-FE . (3.41)

To deal with this problem, graphs such as the one in figure (4) are widened into ribbons by
doubling the points where the propagators link to the vertices - figure (5). With this construction,
one can calculate the number of faces of a map and, combining (3.26) and (3.41), extract the

genus of the map.
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Figure 5: From propagator to ribbon, from graph to map

\K_> /
A AN
L \

Figure 6: Face count of two different graphs built from a single valency-four vertex

To obtain the number of faces consider, for example, a single valency-four vertex, and two
different ways of connecting it, as in figure (6). Both maps are of a single vertex. Hence, on
the expansion of (3.39), both contribute with a power-one g coupling. In order to count the
number of faces, one counts the closed loops of the map. Each closed loop (identified in figure
(6) with a different colour) is equivalent to saying that one has N ways for the index of that
loop to be chosen. Thus, the left-hand map has weight g/N? and the right-hand map has weight
gN'. Counting the closed loops is essentially counting the number of boundaries of the faces:
this is why one can extract the number of faces of each map by looking at the powers of N of
each mapl’“l. To represent the ribbons and the extra index structure, the integration in (3.38) is

upgraded from an integration over a scalar to an integration over matrices as follows:
Z = / DM 2trM)+itrMY (3.42)
The propagator is upgraded to a 4-tensor,
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Figure 7: Random triangulation of a surface - figure taken from F. David, Simplicial quantum gravity and random

lattices

(MyMp) = 6ibji (3.43)

and Wick’s theorem is still valid in extracting the maps created by the interaction term - such

as, for example, the one in figure (5):

{tr(M*h)) = (MMM My;)
= (MyMji) (Mg M) + (MiMi) (M M) + (Mg M) (M M) (3.44)
= 2N3+ N

Many great and more detailed reviews on the combinatorial and graphical approach to quan-
tum field theories can be found!" "I EY - However, for the purposes of this thesis, these notions

suffice.

Having made the transition from graphs to maps, we can now establish the contact between
(3.37) and the partition function for a matrix model. To that end, the polygons with which to
discretize the surface must be chosen to make a connection with the coupling constants g and ~
in (3.37). While some polygons might be practically more suitable to implement, any polygon
(or general mixture of polygons) can, in principle, reproduce the continuum result. It is usual to
consider random triangulations of the surface, as in figure (7), taken from F. David’s review on
random surfaces!’"). The dashed lines are the dual complex of the discretized manifold: the dual
of a triangle (or another polygon) is a point, the dual of an edge is a line segment and the dual

of a vertex is a polygon.

Consider, in particular, the scenario in which all the triangles are equilateral. Then, with

six triangles joined by a common vertex, this construction is intrinsically flat, as each angle, «,
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of each triangle is measured at 7/3. To endow the surface with (Gaussian) curvature one can
remove or add a certain number of triangles to the vertex: in the first case, one gains a deficit
angle (positive curvature) and, in the second case, one gains an excess angle (negative curvature).

The deficit angle is given simply by

§=2r—>Y o , (3.45)

where the sum is labelled over the triangles i sharing a common vertex v.

With this approach of fixed edge lengths, one sums over the ways of gluing together equilateral
triangles with different deficit angles, counting all such configurations. A different approach could
be followed. In particular, one where the edge lengths are left as variables and the overall display
of the triangles with relation to one another is held fixed; one would thus set a configuration
globally and sum over all the ways of creating that particular configuration. The latter is inspired
by Regge calculus!”'. A striking difference between the two approaches is that the first one sums
over all different manifolds created with fixed triangle edge lengths - that sum is, in general,
discrete - while the second one sums over all edge lengths - naturally, a continuous sum. At the
classical level, the sum over edge lengths is more suitable. However, at the quantum level, where
one wants to sum over different geometries, the sum over configurations with fixed edge lengths

is the most sensiblel*?].

In analogy with (3.42), one can write a matrix model partition function for the specific case

of a triangulated surface.

ZZ/ﬁwwﬁ“M”ﬂ%mM% (3.46)

Recall, however, that (3.46) generates both connected and disconnected surfaces, of which
we want only the connected surfaces to make the identification with (3.37). Therefore, it is the

free energy of the matrix model that is equivalent to the 2DQG partition function,

Z=1n(2) . (3.47)

Following Di Francesco et al.l""), one can set the area of each triangle to be unitary. Hence,

the area of the surface is given by the number of triangles or, equivalently, the number of vertices
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n - the power of the coupling in the expansion of the cubic term of (3.46). Thus, one can make
the identification g = e ?. Furthermore, performing a change of variables M — M+/N, the

partition function becomes (in its diagrammatic expanded form):

-y / AMe N () (3.48)

With this change of variables, the power of N (previously identified as the number of indices,
or equivalently the matrix size) associated to any diagram can be extracted. The propagator
(edge) is given by the inverse of the quadratic term and, as such, contributes with a power N1
Due to N, each vertex contributes with a power N. And, as discussed after figure (6), each face
contributes with a power N. Hence, each diagram carries a factor NV~ = NX_ Thus, one can
make the identification N = e”. At last, the formal identification between the continuum limit of

the matrix model and the zero dimensional string partition function that governs 2DQG is made:

z /d./\/le_ 5 Ntr(M?)+gNtr(M3) Contmu“m Z/Dge BA+tyx (3'49)

lzmzt

More information can be extracted about the continuum limit of the matrix model. In the
previous paragraphs, it has been established that the coupling g counts the number of vertices,

V. and the matrix size N counts the number of faces, F. There is a behaviour of the following

type:

In(Z) oc gV N¥° . (3.50)

The relation between the number of vertices and edges can be defined for a fixed polygon. For
example, with triangles, each edge connects two vertices and the vertices are cubic. Therefore,
V = 2L and, from (3.41), F = 3V — (2h — 2). Hence, one can rewrite (3.50) as the product of a
term dependent on the vertices and a term dependent on the genus of the surface,

1

1
In(Z) o (QNQ)VW

(3.51)

The term independent of the genus is called the 't-Hooft couplingl’”!, \. The matrix model

partition function (or its associated free energy) can thus be written as a sum over topologies.
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For each genus, there is a term, 7, that gathers the contributions of all the possible maps of

vertices V' in surfaces of that genus,

= 1 — 1
h=0 h=0 \4

Higher genus maps can be read to have a smaller contribution to the partition function. In
the limit where N — oo, only the genus zero, 7, contribution survives. Zj itself can be expanded

in a perturbation series in the coupling ¢['"”!, which, for large n, is given as follows,

Zo(g) ~ > _mler? (gi> ~(ge—g)> " (3.53)

and the expectation value of the area of the surface can be extracted””! from this expansion,

(A) = (n) ~ , (3.54)

where g, is the critical value of the coupling at which (when g — g.) n — co. With an infinite
number of triangles/vertices, their individual areas must be sent to zero in order for the area of

the (continuum) 2D Riemannian surface to remain finite.

The remaining Z(g) also diverge at the same critical value of the coupling, g.. Their large

n expansion is given byl’"]

Je

Zi(g) ~ Y _nTrDat (£> ~ (g —g) T (3.55)

which, finally, makes the contact between the Matrix Models’ continuum limit and the results for
the critical exponents ((3.27), (3.34)) derived for large area partition functions in the Liouville

Gravity approach. It is relevant to single out the quantity known as the critical exponent,

2

f=—"—
2_Fstr ’

(3.56)

which appears in the exponent of 1/(g — g.) in (3.55). This will be a reoccurring quantity
throughout the remainder of this thesis. In particular, for Euclidean 2DQG, it is found that!"]
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1
Par=—5 - (3.57)

In the previous paragraphs, it has been seen how the N — oo limit suppresses higher genus
contributions to the partition function of Matrix Models. However, from the right-hand side
of (3.55) and the definition of the Euler characteristic, (3.26), one can notice that when g — g,
contributions from higher genus - and, consequently, smaller y - will give rise negative powers and,
as such, larger contributions to the partition function. Higher genus contributions are suppressed
as N — oo and, in contrast, are enhanced as ¢ — g.. This leads to the abandonment of the naive
continuum limit of N — oo in exchange for the double scaling limit, where N — oo and g — ¢,

are taken together in a correlated manner, such that

N(g — g.)~? = constant | (3.58)

in order for the effects of non-spherical topologies to be taken into account!”!"*]. This is the
limit that is of interest, in general, to the construction of Matrix Models and, in particular, to

the results obtained in the work developed in this thesis.

Several methods have been developed in order to solve the Matrix Models. It is not the
purpose of this subsection to give a detailed account of the existing approaches (Di Francesco
et al.l""l provides a good review on the subject). Naturally, the reason for the existence of an
array of methods is that there is neither an easy nor a perfect one. The sum over genus (3.52)
is problematic in most perturbative methods"”]. Non-perturbative methods exist - and can
even obtain precise differential equations!™"! - but are practically very difficult to implement. Of
course, there is an advantage to the discrete (matrix) approach: even when analytical solutions
are impossible or impractical to obtain, computational power can be utilized due to the large
body of work on computational Statistical Mechanics - for instance, Monte Carlo methods can
be applied to Matrix Models!" 1.

The work developed in this thesis employs the Functional Renormalization Group as the
tool to study Matrix Models. We will attempt to mimic results established analytically - in
particular, the critical exponents (3.56) - making use of this formalism. To do so, the Functional

Renormalization Group must be introduced. We do so in the next chapter.
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4 Functional Renormalization Group

The perturbative renormalizability of a theory is no longer seen as a guarantee of its UV-
completion. An illustrative example is that of QED, which is simultaneously a perturbatively
renormalizable theory and a UV-incomplete theory, ill-defined at arbitrarily high energies. At the
same time, the perturbative non-renormalizability of a theory does not render it useless or wrong.
In general, there are two ways of approaching such theories. First, valuable information may be
extracted within an Effective Field Theory setting, as pointed out in [2.1]. Second, a picture
larger than perturbative renormalizability may be pursued through non-perturbative approaches.
The Renormalization Group (RG) approach to QFT provides one such approach. Within it,
several frameworks exist. The Functional Renormalization Group (FRG) is one such framework,
particularly suited to the study of several concepts previously introduced, such as UV-completion
and asymptotic safety. This chapter is devoted to presenting the Functional Renormalization
Group. First, the idea and process behind the RG approach to QFT, as well as some of its core
concepts, are laid out. Second, the way the FRG (in particular) conveys those very concepts (and

how they are of use to our work) is studied in detail.

4.1 Quantum Field Theory a la Wilson

In subsection (2.1), GR was treated in the setting of perturbative QFT. In that setting, divergences
appear at every order of the perturbative expansion, making it necessary to introduce a set of
renormalized quantities to take care of them. The divergences are, in a sense, covered by the
relation between the bare and renormalized couplings. The relation is determined experimentally
by matching computations in the QFT - performed at some energy scale, A - with experimental
data. Having determined the relation, the QFT can make predictions for further experiments at
energy scales below A. The process is then repeated for higher and higher A in order to access

higher energy physics.

A different view of QFT, however, was proposed early onl"). In it, the evolution of the
renormalization of the bare coupling constant could be evaluated with respect to the energy scale,
A, as the solution of a differential equation. The idea was made possible due to the introduction
of ideas from Statistical Mechanics to QFT.

In the 1980’s, Kenneth Wilson!' " noted that the divergences were of physical nature. The
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renormalized couplings have contributions from not only a single energy scale but from a range of
momenta up to A or, conversely, a range of distances from a short distance cut-off, a(=1/A), to a
large macroscopic correlation length, €. If the short-distance cut-off is read as a lattice spacing,
the connection to Statistical Mechanics arises and taking A — oo is equivalent to taking the
continuum limit, a — 0, of a discretized theory, defining it at progressively smaller UV scales.
Wilson then realized that for the continuum limit to exist in a QFT, the field theory must be
tuned to a specific (critical) value of its couplings at which the macroscopic length, £, diverges,
such that ¢ >> a. Finding the regime in which £ is divergent is, however, precisely the problem
of finding a continuous phase transition in Statistical Mechanics. This viewpoint is the so called

Renormalization Group approach to QFT.

This is, naturally, the idea from Statistical Mechanics that long-distance physics should not
be sensitive to short-distance fluctuations. A procedure must be implemented to sum over the
short distance degrees of freedom, averaging them out into a renormalized theory for the long
distance degrees of freedom. The FRG is one such procedure. Before studying it, it is worth briefly
mentioning Kadanoff’sl®"l'! block-spin transformations as they provide an intuitive picture of

the idea of RG transformations in general.

4.1.1 Block-Spin Transformations

Consider the simple Ising model, defined on a square lattice with lattice spacing a; on each site,
an Ising spin, s, pointing up or down (41) exists. The partition function is given by the sum over

all possible configurations of the Ising spins, {s},

Z =Y e ST (4.1)
{s}

where S is the action, given by the interaction of nearest neighbour spins, and 7" is the tempera-
ture. Now, consider a new lattice in which the lattice spacing is doubled to 2a, as the following

image indicates.

The shaded area is a cell. For each cell, C, an effective degree of freedom is defined(’ ],

r_ Ziec S(Z) (4.2)
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Figure 8: Coarse-graining procedure

where the sum is performed over the lattice sites of the cell C. The number of degrees of freedom
on the new lattice is half the original one. The next step is to define a block-spin transformation,
Bls', 5], demanding that Y, B[s', s] = 11"7], such that the partition function (4.1) can be rewritten

as follows:

Z = Z e W/T — Z Z B¢, sle” /T (4.3)

{s} {s'} {s}

The procedure gives rise to a block-spin effective action,

e~ Serr () = Z Bls', sl S&/T (4.4)
{s}

The new coarse-grained system’s partition function is defined with respect to this action. The
procedure is repeated until the quantities measured by the block-spin effective action stabilize.
Then, the point is reached in which the effects of short (UV) distance fluctuations are so diluted
that they have no impact on the long distance physics. (Naturally, since B[s, s] is a technical

choice, stability with respect to the block-spin transformation must also be taken into account.)

4.1.2 Beta Functions and Fixed Points 1.0

Now consider a general theory. Assume that it can be defined in terms of a set of local operators,
O,

S(s) = uaOals) | (4.5)
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where u,, are the coupling constants. The set must be complete - that is, it is the set of all possible
local operators generated under the action of the RG transformation. If it is complete, then the

coarse-grained system is defined by the same set of operators,

Sers(s) = 1a0als) (4.6)

where 4, are the renormalized coupling constants. Having performed the coarse-graining, the
couplings acquire a non-trivial scale dependence. The beta function is defined as the measurement

of the rate of change of the bare couplings with respect to the change in scale,

Uy — Uy a
o — 4.7
In(r) o a (4.7)

B

where o’ is the lattice spacing after coarse-graining. Let the relationship between the bare and

the renormalized coupling be given by a homogeneous scale transformation, as follows!’ ],

Ug = 17Uy (4.8)

(Remember that there is freedom in the choice of block transformation, (4.3); therefore, it can be

generally chosen such that (4.8) is respected.)

The Wilsonian viewpoint on the large energy limit of QFT is the identification of the limit
in which the coarse-grained macroscopic length diverges, that is, » — oo. In that limit, operators
can be categorized in terms of their 7, exponent by reading (4.8). When r — oo, operators
with 7, < 0 have vanishing contribution to the theory - they are appropriately named irrelevant
operators. Operators with v, > 0 and v, = 0, on the other hand, contribute to the theory
and are named relevant and marginal operators, respectively. Wilsonl' I proposed the existence
of theories that are invariant under the RG transformations. Therefore, a general renormalized

theory has the form of a fized point action, S*, plus a set of relevant (and marginal) operators:

§S=5+3 ua / Pz Ou(s(z)) . (4.9)

A theory defined on a fixed point retains (quantum) scale symmetry. As such, it does not
depend on the UV cut-off a (or A) and each fixed point defines a renormalizable QFT. Before
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going deeper into how to reach a fixed point with RG transformations, let us introduce a specific

RG transformation: the Functional Renormalization Group.

4.2 Functional Renormalization Group

We have now understood the principles of the Wilsonian RG approach to QFT. The partition
function of a field theory,

Z =Tl = / Do e 59 (4.10)

(where S[¢] is the bare action and I'[¢] is the renormalized (effective) action) is evaluated at
different values of the UV cut-off, A, varying it as exemplified in the block-spin coarse-graining
procedure, [4.1.1]. When the lattice spacing is doubled, the UV cut-off is halved, and a new action
- the Wilsonian Effective Action - arises as the result of the integration over the momentum shell

[A’, A]. Performing this procedure repeatedly, the space of all possible actions - theory space - is
covered by the RG flow.

The FRG has an additional characteristic. Instead of a variable UV cut-off parameter, A, an
additional IR cut-off parameter, k, is introduced. The functional integral (4.10) is thus performed
in the range k < p < A, instead of integrating over all field modes below A. The functional
defined with this “double cut-off” is the scale-dependent Effective Average Action (EAA), T'k.
In the limit & — A, the EAA recovers the bare action, Iy, — S; in the limit, & — 0, the EAA
recovers the renormalized action, I'y, — I'. This formulation is particularly advantageous as the
EAA’s dependence on k can be cast in the form of an exact RG flow - the Wetterich equation!'.
Therefore, the functional integration over momentum shells is replaced by a functional differential

equation governing the change in the action with the variation of the cut-off.

We will now analyze the Effective Average Action and its underlying Wetterich equation in de-

tail, following closely Codellol”"!, Reuter and Saueressigl’'! and Berges, Tetradis and Wetterich!’'l.

4.2.1 Effective Average Action

Following Codellol”"!, consider the case of a single scalar field, ¢ on a manifold M with Riemannian

metric g, and a gauge connection A, - considered fixed external fields. The generating functional
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of correlation functions is defined by adding the usual auxiliary currents, J, to the partition

function (4.10) as follows:

7 = / Dy el St dlevaro) (4.11)

Z generates connected and non-connected correlation functions. It is the free energy,

W =In(2) , (4.12)

that generates only connected correlation functions. They are given by taking functional deriva-

tives of W and setting the source, J, to zero:

0 " winl (4.13)

(@(21) . d(zn))e = 0J(xy)  6J () J=0

The simplest of the correlation functions is the vacuum expectation value of the ¢ in the

presence of the source, J, ¢, given as follows:

SW(J)
dJ(x)

= (¢(x))s = ps(z) (4.14)

The effective action, I'[¢], is a functional of ¢, defined by obtaining J,(= J(¢)) from (4.14)

and taking a Legendre transformation of W as follows:

Mgl = [ i Vide o= WL - (4.15)

(It is straightforward to see that the effective action generates the current associated with the

vacuum expectation value of the field, g;—gg = J,(x).)

In order to make the generalization from the effective action to a scale-dependent effective

action, an IR regulator (or cut-off) mass-like term, AS,

ASo.Ag) = 5 [ de VGoRuo | (4.16)
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is added to the bare action, where Ry is an operator whose role is the suppression of field modes
below the cut-off scale, k. The modes above the cut-off scale are integrated without suppression.

In spite of freedom in the choice of Ry, its limiting behaviours are set["'],

lim Ry, (p®) =0
F0 (4.17)
lim Ry(p*) = k*

k—o00

Then, (4.11) is generalized to a scale-dependent generating functional,

and the scale-dependent generating functional of connected correlation functions is given - in line

with (4.12) - by the free energy of Zj,

The Effective Average Action is the scale-dependent generalization of the effective action,

obtained through the modified Legendre transform as follows,

Teli, A, g] = / e /G, - 0 — Wildos A gl — ASile, Asg) (4.20)

where J, is now obtained, in line with (4.14), from % =y.

It is possible to cast the EAA in the form of an integro-differential equation, akin to (4.10).
To do so, one can invert (4.19), Z, = e+, and isolate W}, in (4.20), plugging it in (4.18), which

leads to (omission of the external fields is understood)

o Trlel — /Dg¢ o510l o~ ASK[]+ASk[e] [ Az /5T (0—¢) (4.21)

Moreover, (4.20) can be differentiated with respect to the vacuum expectation value of the

field, as follows:
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s o = [ v (e o) s 422

5“’( o = = 0y is readily identified - d,, stands for the Kronecker delta. Furthermore, expanding
5Wk = [diy gff‘]/’“ 6{;" and identifying W &k = @, the first and third terms of (4.22) are seen to

Cancel out and one finds that (4.22) reduces to

OTx , 0AS:
dp(x)  dp(z)

— [ 'y BTy = o) (4:23)

Plugging (4.23) into (4.21) and introducing the fluctuation field, y = ¢ — ¢, the integro-

differential equation for the EAA is expressed as follows:

STkle] | 6AS
Ly le] k[‘P])X

e Trle] — /'D Ye —Slp+x] o= ASk[p+x]+ASk Y] fddff( S (4.24)

The IR regulator terms can be further rewritten by taking the following functional derivative

into account,

0 d
@/d

Notice that, by definition of the fluctuation field, g—iﬁ = —1. Furthermore, in the small

dx 0ASy OAS 0x 52ASy,
— d A A
_/dx\/ﬁ(&p 5o X+ X 5o 580+X 52 x| - (4.25)

fluctuation limit, one can approximate derivatives with differences,

ASle +x] = ASkle] _ 0ASklp] _ SASk[¢] o IASk[¢]

= — = —AS ASkle] = . (4.26
" 5 5o oy DSHe X ASel =X (4.26)
With these two ingredients, the IR regulator terms in (4.24) are rewritten as follows:
6AS 1 52 AS
— ASk[SO + X] + Ask[ ] /ddx \/_ k[ ] — /ddx \/_X k[ ]X . (4.27)

By definition, (4.16) is quadratic in the field, ¢, and, as such, it is also quadratic in ¢.

Therefore, differentiating twice with respect to ¢ will eliminate the field dependence and leave
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only the Ry operator, that is, —1 [ dz ﬂx%x = —1 [d%z \/gxRix = —ASk[x]. The final

form of the integro-differential equation satisfied by the EAA is achieved,

oTulel / D,y e~ Slerd-aski d'e vaTHdx (4.28)

As previously stated, the IR regulator term suppresses modes below the cut-off scale, p? < k?,
and leaves modes above the cut-off scale, p? > k2, unaffected. Let us analyze the two limiting
cases, (4.17), k — oo (p* << k*) and k — 0 (p* >> k?). Ry — 0 when p* >> k?; therefore,
ASk[x] vanishes from (4.28) and the integro-differential equation satisfied by the EAA, (4.28),

reduces to the one satisfied by the effective action in the IR limit,

lim Iy, A, 9] =T, A, 9] - (4.29)

Low momentum modes are suppressed by the IR regulator. (Notice that, due to the negative
sign accompanying ASy in (4.28), AS;, > 0.) The simplest cut-off operator would be R, = k? for
p? << k?. In general, the IR regulator behaves asl"'! Ck? [ d?z,/gx? in the k — oo limit, where

C is a constant dependent on the cut-off operator chosen. Using a redefinition of the fluctuation
field, x — x/v/Ck, and noticing, from (4.16), that ASy[x/vCk] = ASk[x]/Ck?, (4.28) can be

rewritten as follows:

Talel _ / Dy SNV =S N/OR ¢ i | 4o VATEx (4.30)

When k — oo, the third exponential vanishes (assuming the current stays finite). Moreover,
x/VCk — 0, leading (4.30) to

e Trlel —y ¢=Sl¥] /Dgx e ASN/CR — =Sle] /Dgx e~ eV’ (4.31)

k—o0
The remaining functional integral is Gaussian and is thus equal to a constant. The integro-

differential equation satisfied by the EAA, (4.28), reduces to the bare action in the UV limit,

Jim Tilp, A, g] = S[e, A, 9] (4.32)
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We have thus demonstrated, as previously stated, that the EAA interpolates between the

effective (renormalized) action in the IR limit and the bare action in the UV limit.

4.2.2 Wetterich Equation

Following Codellol”"!, consider ¢ to be a multiplet of fields, whose components are labeled by

...). To obtain the differential equation governing the scale dependence of the EAA, consider

the differentiation of (4.24) with respect to the RG “time” parameter,
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t=Ink/ky , (4.33)
where kg is an arbitrary scale:
-T d ol —S—ASk+[ dlx gk y
e *ol'y = | Dyx |—0AS,+ [ d°z+\/g 8t5 Xi| e k 5o (4.34)
Pi
By definition, the expectation value of an operator O is given as follows:
1 _ _ LI
(o) = / Dyx Ol e I At e v (4.35)
Therefore, (4.34) can be rewritten as
or
OTule] =~ (@A) + [ s 5o, 5’;[?”] i) (4.36)
By construction, (x;) = 0, since it is a quantum fluctuation. Then,
1
aTulel = 5 [ ' Vale)aRs, | (4.37)
where the symmetry of the cut-off operator in the indices i and j was used”"). The relationship

between the non-connected and connected two-point correlation functions is given generically by
(9idj) = (Pipj)c + (di)(¢p;). Given the vanishing vacuum expectation value of the fluctuation
field, (x;) =0, (xix;) in (4.37) can be taken to be the connected one. Furthermore, from (4.13),



52Wy [ J]

xixg) = 5T ()8 (xy) "

Moreover, there is a general inverse proportionality relation between the

Hessian of the connected piece generating functional and the Hessian of the effective action:

J(QZ]) —

Therefore, from the definition of the Legendre transformation of the EAA, (4.20),

W)
(xix;) = 5J(xi)c];J($j)

g

0% (T[] + ASk[w]))l

dpidp;

Plugging (4.39) into (4.37), the Wetterich equation is obtained,

@Ik[QD] = §T1"

1

(

FCWII  dp(x)
0 (x;)
Prigl () (43%)
Sp(zi)op(z;)  dpla)
— (_‘;;’; Efj] + Rki].) (4.39)
‘52;’250] + Rk) ORi| (4.40)

where Tr is a functional trace, condensing the integration over space-time, [ dz V9, the trace

over the space-time indices and the trace over the internal symmetry indices.

4.2.3 Beta Functions and Fixed Points 2.0

As done in (4.5) and (4.6), T'x[¢] may be expanded in a basis of functionals, {O,}, as follows!"I:

Lilp] =

Z U6 Oq [‘P]

(4.41)

Inserting (4.41) into (4.40), the scale dependence of the dimensionful (renormalized) cou-
plings, Oiu,, can be extracted. From the right-hand side of (4.40), it is readily identified that

each 0,u, depends, in general, on all {@,,a =1,2,...}. As such, a system of infinitely many cou-

pled differential equation for the dimensionful couplings arises. Therefore, in practice, truncations

to (4.41) must be applied in order for results to be extracted.
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However, we are interested in finding fixed points. It is the dimensionless (bare) couplings,
Uy, that tend to a constant, u?, at a fixed pointl’’). Indeed, from the relationship between

dimensionful and dimensionless couplings,

U = k%™uqy (4.42)

where d, is the canonical mass dimension of u,, one can read that the dimensionful couplings
keep running with k, @i, = u*k, at a fixed point. We are thus interested, in particular, in the
dimensionless couplings. (In a standard QFT, couplings can be related to physically measurable
quantities, such as cross sections, and it is the dimensionless ratio of couplings that must re-
main finite in such scattering processes!”’Il’!1.) Therefore, the beta functions are defined by the

dimensionless scale derivatives (it can be read as a “continuous framework upgrade” of (4.7)):

Orttg, = Bolur, ug,...) . (4.43)

From the very definition of the beta function, a fixed point is obtained simply by finding the

values of the (dimensionless) couplings at which all beta functions vanish,

504'17:’17* = O7 \V/O{ . (444)

Let us now finish the discussion we halted in [4.1.2]. As stated in [2.3], the fixed point of
the Asymptotic Safety Scenario is a Non-Gaussian Fixed Point (NGFP), one in which there is
at least one non-vanishing coordinate, u}. Knowing the coordinates of the NGFP and the scale
evolution of the couplings, an RG flow that emanates from the (UV) fixed point towards the IR
is defined. That flow defines an asymptotically safe theory, that is, a renormalizable QFT. The
set of points in theory space that are pulled into the NGFP by the inverse RG flow is the critical
hypersurfacel’”, Syy. Around the fixed point, the beta functions can be linearized, resulting in

a linear differential equation for each coupling,

9B
Ba = Ba’ﬁ:ﬁ* + Z 850

T=10*

and the solution to (4.45) is given as follows,
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-6
ua(k) = uj + Y C'V) (kﬁo) : (4.46)
I

where kg is the scale at which the generic trajectory enters the linearized regime, C! are the
0Ba

g bR

constants of integration, V! are the eigenvectors of the stability matrix , and —0; are

the eigenvalues of the stability matrix.

In principle, infinitely many C; must be known in order for a generic trajectory to be de-
termined. However, some conditions arise from the existence of a UV fixed pointl’””). As the
RG flow is taken to the IR - k/ky — 0 - eigenvectors with 6; < 0 have vanishing contribution
to the values of the couplings. The directions defined by these eigenvectors are the irrelevant
directions we mentioned previously in [4.1.2]. As k — oo and Syy is approached, the parameters
C! corresponding to irrelevant directions - §; < 0 - are accordingly set to zero, ensuring that
u, tends to a constant. Conversely, eigenvectors with 6; > 0 lend a growing contribution to the
values of the couplings as the flow is taken to the IR. The associated C! are thus called relevant.
RG flows on Sy are determined solely by the relevant directions, reducing the number of free

parameters, C, from an infinite (non-predictive) to a finite (predictive) one.

Lastly, let us mention that the critical exponents, 6, are universal quantities, as they char-
acterize the universality class a system belongs to when certain parameters are tuned to their
critical values. This means they are independent of FRG artifacts, such as the choice of regulator.
Naturally, since truncations must be applied to theory space in order for calculations to be carried
out, the stability of the critical exponent with respect to the regulator is a good indicator of the
results’ quality. On the other hand, the coordinates of the fixed points are not universal. There-
fore, our focus is the calculation of the critical exponents when applying the procedure generically

discussed in the last few pages to Matrix Models.
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5 FRG and Matrix Models

Having introduced the FRG formalism for the evaluation of the RG flows of a QFT, this chapter
is devoted to the implementation of the FRG to Matrix Models. As discussed previously, Matrix
Models reproduce Liouville Gravity. In applying the FRG to Matrix Models, we attempt to
mimic the results for the critical exponents known from exact calculations. To do so, this chapter
begins by outlining the differences between the FRG in a standard QFT setting and the FRG in
the framework of a Matrix Model. After doing so, we proceed with the calculations. The work
developed in this thesis and, in particular, in this chapter, is directly influenced by the article by
Eichhorn and Koslowski from 2013 which, inspired by previous works!”"1? ] dedicated to the RG
analysis of Matrix Models, builds the tools necessary to an FRG analysis of Matrix Models.

5.1 The Absence of a Standard Scale

A kinetic operator is an essential part in the Lagrangian of a standard QFT. A Matrix Model,
such as (3.42) or (3.46), is substantially different from a standard QFT in that regard: it has
no kinetic operator (or it can be said to be trivial). As such, it has no fundamental notion of
momentum (or energy) scale and therefore of RG flow. Without it, there is no standard canonical
mass dimension to govern the change in the couplings under scale transformations, (4.42), and

the Wetterich equation, (4.40), cannot be evaluated as formulated in [4.2.2].

In essence, there is no fundamental identification of IR and UV. The identification can,
however, be implemented by hand, utilizing the indices of the N x N matrices as a scale. The
simplest way to do so is to define the upper-left corner of the matrices, with indices below a cut-off
scale, as IR and, conversely, the lower-right corner of the matrices as UV. Therefore, the matrix
size works as the scale, expressed in the RG “time” parameter, (4.33), now written as ¢t = In N.

The cut-off is introduced via an IR regulator identical to the one introduced in (4.16),

ASN19] = 50w R a, )b | (1)

where the latin indices refer to the matrix entries. Similarly to (4.28), matrix entries in the
“IR” block, a,b < N, are suppressed whereas entries in “UV” block, a,b > N, are integrated
out unaffectedly. The arguments follow in line with those presented in [4.2.2] and the Wetterich
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equation, (4.40), is formally the same,

1 -1

with & — N and the trace now only over the matrix entries. §°T"y/d¢? was abbreviated to Ff,).

Despite the absence of a fundamental energy scale with respect to which the scaling of
couplings can be evaluated, the couplings do have an inherent dimensionality that determines
their scaling with V. In the continuum space-time limit, N — oo, this inherent N-dimensionality
can be said to give rise to the standard canonical mass dimension. Consider an effective average

action comprised of single-trace terms,

I'y = %T’F (¢°) + Zz:giTT (¢) (5.3)

where Zy is a renormalization factor. To extract the N-dimensionality of the couplings, the
argument used in [3.2] (around (3.48)) in order to connect the matrix model, (3.46), with 2DQG,
(3.37), is utilized. The fields are rescaled, ¢ — V/N¢, and the MM = 2DQG connection is made.
Furthermore, performing a second rescaling, ¢ — ¢/v/Zy, in order to set the kinetic term to its

canonical coefficient, 1/2, (5.3) is rewritten as follows,

Iy=N (%TT (¢%) + Z GN'T Zy T (qsi)) , (5.4)

and the N-dimensionality of the couplings is expressed in the relationship between their dimen-

sionless and dimensionful counterparts:

i—2
N7

712

Accordingly, the beta functions have two terms next to the quantum fluctuations are taken
into account: the canonical term and the anomalous term (due to the running of the renormal-

ization factor),
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71— 2 7
By = Tgi + 577% + () (5.6)

where (...) refers to quantum fluctuation terms and 7 is known as the anomalous dimension,

77 = —8t ln ZN . (57>

Let us make two more comments on the N-dimensionality of the couplings. The aim is to
find NGFPs of the FRG flows with the matrix size, N, that correspond to the double scaling
limit, (3.58), where N — oo and one (and only one) coupling is tuned to its critical value, g — g..
The first condition is another way of fixing the couplings’ N-dimensionality, since it requires
that the N-dimensionality is such that all beta functions are 1/N-expandable (in order for the
limit N — oo to be taken). The second condition means that only NGFPs with one (and only
one) relevant critical exponent are of interest in this case. Quantum fluctuations work as a push
toward/away from relevance. From (5.5), one can read that the most relevant coupling for a
single-trace action, g4, is irrelevant before quantum fluctuations are taken into account, since it
has negative N-dimensionality, —1. Hence, quantum fluctuations must shift this coupling (and
only this one) into relevance. Let us now see how to obtain the quantum fluctuations by solving

the Wetterich equation, (5.2), for the case of a Euclidean (single-)matrix model.

5.2 Hermitian Matrix Model

The starting point for the work to be developed from now on is the single-trace action, (5.3),

where we additionally restrict the analysis to even powers of the matrix, ¢,

[y = %TT (%) + > gaiTr (6%) (5.8)

Therefore, aside from the U(N) symmetry of the model, there is an additional Z; symmetry, as
it is invariant under ¢ — —¢. The Wetterich flow generates infinitely many operators compatible
with the model’s symmetries. Naturally, it also generates operators beyond the original theory
space since the presence of the IR regulator breaks the U(/N) symmetry due to the introduction of
a mass-like term to the functional generator below N. We will only consider single-trace operators

allowed by the original symmetry, as indicated by the second term on the right-hand side of (5.8).
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5.2.1 Flow Setup

The setup considered here is the one put forth in Eichhorn and Koslowski’s work!”"). The matrix,
¢, is considered to be Hermitian (which corresponds to the case of orientable Feynman diagrams,
[3.2]). Therefore, one can take advantage of its decomposition into a real symmetric matrix, A -

A = Ape - and a real anti-symmetric matrix, B - By, = — Bpa:

Gab = Aap + i Bap (5.9)

Another appropriate decomposition is employed. In order to evaluate the Wetterich equation,

(5.2), the P~1F expansion is used, in which the inverse regularized propagator is split as follows,

FE\?)-FRN =Py +Fn , (5.10)

where Py is the (field-independent) inverse propagator and Fy is the fluctuation matrix, gathering
all field-dependent contributions. Plugging it into (5.2), the P~1F expansion is readily obtained

by expanding the geometric series, as follows:

o0l'y = %Tr [(F D4 Ry) 18tRN]
1
= §Tr (1= (=Px'Fn)) " (0.RN) Py'] , (5.11)
1 _1\n
= 2 r | (O:RNn) Py + ; " (O Rn) Py (FNPRY) ]

Let us take a more detailed look at the derivation of (5.11), explicitly taking into account

the Hermitian decomposition, (5.9). According to it, FE\?) takes the form of a matrix of matrices:

2
@ _ (T T (5.12)
N F(2) F(Q) : .
(BA) (BB)

Since Fa)B) and FEB) 4) contain only terms with odd powers of B, they vanish due to the
anti-symmetry of Bl (see [B] for an illustrative example). This diagonal structure facilitates

calculations.
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The components of the propagator for the matrix modes can be obtained considering the
quadratic term of (5.8), %9 = ZTNTr(QﬁQ). Upon plugging the Hermitian decomposition, (5.9),
into it, 19" = Zx (Tr(A?) — Tr(B?)). Given the derivatives,

) 1
_Acd = = (5ad5bc + 5ac(5bd) ’
0Aw 2
5 1 (5.13)
_Bc = -3 5(1 50_5(106 )
5B, d 5 (0adde bd)
it follows directly that:
TR _ 2y (addbe + Oacdba) = Zn14m
5Aab(5Acd — 9 adYbe acYbd = ZNLobeds
5204 Zy
————— = ——— (04d0pe — 04c0, = Zn1297 5.14
58105 5 (0aady bd) N1aped (5.14)
62Fquad 52Fquad
r = T =0 .
0AwOB.y  0Bup0Ac
The regulator components are chosen as follows,
RY = Zy1"Ru(a,b,c,d) |
Nabed N +abed N( ) (515>

RP = Zy1%" Ry (a,b, ¢, d) |

abed

where Ry(a, b, c,d) is the cut-off function. (The terminology of (5.12) has been (and will, from

now on, be) abbreviated from (AA) and (BB) to (A) and (B), respectively, since there is no

ambiguity with the mixed matrix modes, (AB) or (BA) - as they vanish.) Therefore, from (5.10),
§2rgeed

Py = 5t Ry, and the form of the propagators for the two matrix modes comes readily as

follows:

_— 1 ym
(A)abcd o ZN(l + RN(a7 b7 C? d)) abed
—l 1 asym (516)

73(B)a,bcd - ZN(l + RN(au b7 ¢, d)) abed

Having defined these structures, the right-hand side of (5.2) can be expanded. Firstly,
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r® 0 RW 0 P, 0 F 0
im0 0 (N )= ) (e 2) e
0 Iigp 0 Ry 0 Pw 0  Fp

and, consequently,

1 -1
14 (T (L Fa 0 . (5.18)
0 P(B) 0  Fm

@) -t ([Puw 0
(FN +RN) = << . P(B)>

Therefore,

1
8tFN == QTI'

P AFa 0
1 _ (_1) ( (A) ( ) . >

which, upon identifying the geometric series, becomes

1 APEF 0 N\ (PR 0\ (aRY 0
0tFN:§Tr{Z(_1) ( (4)7 (4) B > < (4) 1) ( ity "
n 0 P(B)‘F(B) 0 P(B) 0 Ry (5.20)

1 _ A/B) _ _ A/B)
T2 {tr (P(AI/B@REV / ) - <7D(AI/B>JT <A/B>7D(A1/B>8tR§V : > * (“‘)} ’

where (PQI/B)atRE\’;‘/ B)> abbreviates <77(j41)3tR§?)) + <77(_Bl)0tR§$)> - and equivalently for the

remaining terms of the expansion.

It is now clearer how to proceed with the evaluation of the flow equation. F(4) and F(py are,
schematically, of the form ), ggi]-"((ii))/( B)" For example, upon derivation, ¢* terms feedback into
the running of ¢? terms at order n = 1 - that is, the beta function of Zy depends on g4; at order
n = 2, they contribute to the running of (¢?)? = ¢* - that is, the beta function of g, depends on

g%; and so on.

Naturally, it is impossible to obtain results for the complete infinite-dimensional theory space.
In practice, the action must be truncated. Once a truncation of I'y is chosen, it is possible to

know the highest order of n of interest for the beta functions. Stability of the results with respect
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to the truncation is one of the key ingredients in evaluating the quality of the results. We call
these ingredients spurious in the sense that they are mathematical artifacts upon which the results
for the critical exponents should depend as lightly as possible. Two others of such ingredients
exist. One is the subspace on which the matrices are projected (after the derivations). In the
present thesis, we begin by employing the same projection scheme of the original articlel”"!, in

which we project onto a subspace of purely symmetric diagonal matrices,

Aab - aéab )
Bab =0 )

(5.21)

where d, is the Kronecker delta. The other is the cut-off function, Ry, introduced above, (5.15).

We choose it to be slightly different from the one used in the original articlel”",

Rv(a,b, e, d) = (ff)b _ 1) o (1 _ %) | (5.22)

where r is a real parameter and © is the Heaviside step function,

1, >0
O (x) = 0 o (5.23)
, T

The exact critical exponent for Euclidean 2DQG is known!""; from (3.56) and (3.57),

4
In the work!”"! that inspires this thesis, despite good accuracy of the critical exponent for
very simple truncations, it was reported that there existed a barrier, § = 1, below which it was
impossible to break for the chosen regulator/projection scheme, regardless of the truncation size.

We attempt to optimize this result. We do so by allowing the r parameter in the cut-off function,

(5.22), to vary as a real number, and see whether the barrier can be broken.

The procedure is, in essence, a simple one, despite possibly lengthy mathematics in performing
the flow equation derivatives. The quantum fluctuation terms are obtained and added to the
theory’s beta functions, (5.6); then, a set of fixed points, (4.44) is derived, from which the one(s)

corresponding to the double scaling limit, (3.58), are chosen; then, the linearized regime of the

52



beta functions, (4.45), around the fixed point is studied, and the stability matrix is diagonalized
in order to extract its eigenvalues, (4.46), from which the critical exponents, (3.56), are readily

obtained.

Presenting the full derivation of all the terms in all the beta functions would originate many
and long pages. We refrain from doing so and point to appendix [B] where the extraction of a
few terms is exemplified - the process is similar for all of them. All terms in the beta functions

can be generically written as follows,

0y gai (—1)7% X (2i) x ¢ x ((p,7) (92]'---921) ) (5.25)

where (—1)"3 comes from the Wetterich equation itself, (5.20), 2i comes from the left-hand side
of the Wetterich equation, d;(g;/27), ¢ is a numerical coefficient coming from the Fy derivatives

and ((r) is the contribution from the trace,

1

p—1
ZN

((p.r) =) (PR)(OiRy) (5.26)

a,b

where p = n 4+ 1. Notice that, due to the projection scheme, (5.21), Fy does not contribute to

the summation.

In practice, as in the original work!”"), we approximate the sum by an integral - which is valid
to leading order in 1/N - whose limits are set by the Heaviside function of the cut-off function.
Notice that

o ON 9 1\"' o
O =GN~ amNON (N) N (5.27)
and, consequently,
ON)" IN)"
at |:C§T —|-)ij| == ra<r +>b7, )
(5.28)

o (= )| = (- )

Therefore, one can write down the derivative,
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(2Rt bed) = 02 (5 —1) + 2wy @ (1= )

2 (0 )5 (1- ) s

and, consequently, the integral ((r) is defined (notice that the § term in (5.29) vanishes upon

integration):

1
T

1 2y ((2N)7=b") 1 2N ON
- db dad ——— 107y | = — 1) + Zy—"—
C(p7r7n> ZN/O /O a ((ZN)T>P |:8t N (a—i—b > + Na+b}

a”+b"
1 [ ((2N) =) ar + b P! a”+ o P
‘W/o d”/o da [(W] (‘"””’7{<2N>r}

The integrals can be solved numerically for each p. For all p, they return a conditional

(5.30)

expression for r > 0.

5.2.2 Flow Analysis: r-dependence

The smallest truncation,

D = 207(6?) + 276 (5.31)

is simple enough that analytical expressions for the critical exponents can be found for a generic
r, which give a good preview of their r-dependence for larger truncations. The beta functions are

given as follows:

n=2gC(2,r,n) , (5.32)

Bgs = (1+20)ga + 495¢(3,m,m) (5.33)

Aside from the trivial Gaussian fixed point (gj = 0), there are two NGFPs,
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—10u — 8v — 8ur — 12vr + \/—32uvr + (10u + 8v + Sur + 120r)?

* 5.34
9a 16uvr ’ ( )

where u and v are given by the following expressions,

"y 217 /AT
r(1+7r)Ty 3 + 1
21 /mrTf[1 4 1
(2+3r) 1+ )y +1] 7

T

Y

(5.35)

v =

where I'f[z] is the gamma function.

The critical exponents are obtained via (4.46). Their limiting behaviours are clearly distinct.
Let Ongrp1 be the critical exponent related to the -V solution of (5.34) and Oygrpe be the one
related to the +,/ solution of (5.34). Then,

lim 9NGFP1 = +00 s

roee (5.36)
lim Oygrp2 =1 ,
r—-+00
and, at r = 1,
QNGFPI(T = 1) =16.137 y (537>

9NGFP2(T = 1) =1.066 .

At r < 1, Ongrpo grows away from its value at r = 1. On the other hand, Oygrp; tends
to a smaller value than the one it holds at » = 1. However, it does not do so fast enough and
it does not get sufficiently close to (5.24) before numerical issues arise from the proximity of
r = 0. Hence, it is Oygrps that is closer to matching (5.24). Its value at r = 1 is, indeed, the
one reported in the original articlel’’!. However, the problem stands with regards to the § = 1

barrier.

We proceed by enlarging the truncation up to gis, to determine whether a combination of
high r parameter and larger truncations can break the barrier. The beta functions are given as

follows (the anomalous dimension, (5.32), stands unaltered):
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Bow = (14 20)gs + 4 (—g6¢(2,7,m) + G5¢(3,mm)) (5.38)
/896 = (2 + 377)96 +6 (_QSC(Qa T, 77) + 29496((37 T, 77) - QZ’C(4’ Ty 77)) ) (539>

ng = (3+477)+8 (_910C<2’ Ty 77) + (9625 + 29894) C<37 Ty 77) - 392966(47 Ty 77) + giC(E)? Ty 77)) ) (540)

Bgro = (44 5n) +10( — g12€(2, 7, 1) + (294910 + 2969s) ¢ (3,7, 1)
— (39798 + 39a95) C(4,m,m) + 49396 (5, 1) — g5¢(6,7,1)) , (5.41)

Bgrz = (5+ 6n) 4+ 12( (294912 + 296910 + 93) (3,7, m) — (98 + 397910 + 691969s) (4,7, 7m)
+ (69398 + 4939s)¢(5,7,n) — 59396¢ (6,7, 7) + ¢3¢ (T, r,m)) . (5.42)

In the following plots, we report the evolution of the critical exponent’s relevant direction,
6, with growing r, in the range r € [1,10] for four growing truncations: {¢? ¢* ¢°} (n = 3),
(82,04, 65, 6%} (n = 4), {02, 6%, ¢%, 6%, 610} (n = 5) and {¢2, &%, ¢, 6%, 310, 92} (n = 6), respec-
tively. In the table that follows the graphs, we report, in particular, on the value for » = 1000.

As noted in the original articlel”"), the difference in the critical exponent’s relevant direction
between subsequent truncation orders, n, becomes smaller in every step. Therefore, an extrap-
olation of n — oo yields § — 1. We observe that the same happens between subsequent values
of the r parameter - this is quite clear in figures (9), (10), (11) and (12). Combined with the
analytical functions of r obtained for the {¢?, ¢*} truncation, this constitutes evidence that an
extrapolation of r — oo also yields 8§ — 1. The # = 1 barrier cannot be resolved by the new
cut-off function, (5.22), for positive r. Despite that, the new regulator shows itself useful. Notice,
for example, that, with » = 10, the smallest truncation’s critical exponent’s relevant direction
is already closer to the exact value, (5.24), than the critical exponent reported in the original
article for the truncation up to ¢ - § = 1.022. Calculations for {¢?, ¢*} with r = 10 are much
simpler than the ones necessary for larger truncations, even at r = 1. This points to a practical

advantage of (5.22) over its “predecessor” “"],
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Figure 9: 6(r) in the n = 3 truncation Figure 10: 6(r) in the n = 4 truncation
8 ]
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Figure 11: 6(r) in the n = 5 truncation Figure 12: 0(r) in the n = 6 truncation
Truncation r=1 r=10 r=1000
{¢?, p*} 1.066 1.0131 1.00015
{¢?, ¢, 5} 1.046 1.0096 1.00011
{92, %, ¢, 4%} 1.036  1.0076 1.00009
{2, 6%, 0%, 65,610 1.029 1.0064 1.00007
{62, 0%, 5, 6%, 10, $12}  1.025 1.0060 1.00005

Table 1: Critical exponent: evolution with growing r and truncation
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5.2.3 Flow Analysis: Negative r

The integrals, (5.30), return conditional expressions for r > 0. In the previous analysis we have
restricted to this regime. However, within it, it is not possible to resolve the # = 1 barrier problem.

Therefore, we decide to perform an “analytic continuation” of the integrals to negative r values.

To do so, it is important to note that the first integral, f da, returns a conditional expression
for » > —1/p (which was irrelevant in the previous subsection since r > 0). Moreover, the
integrals up to p = 7 (equivalently, ¢'°) return an expression ~ ﬁ For p = 2, there is also an
r = 0 pole. We should thus be careful with the singularities and ill-behaved points in the range

r € [—1,0] as they can spoil the results.

We start, once again, by analyzing the smallest truncation, (5.31), with its two NGFPs, (5.34).
Because we have an analytical expression for r, we can set their respective critical exponents to

0.8 and see which value of r respects the equality. The following r values are found,

9NGFP1 =08 —>1r~ —1.063 , (543)

9NGFP2 =08 —=>r~-2133 ,

which do occur outside the [—1, 0] regime. However, it is noted that slightly below » = —1, the r-
dependence is quite unstable and the values - and even the nature - of the critical exponents change
rapidly. For instance, while at r &~ —1.063, O ygrp1 describes the double scaling limit accurately
and is equal to (5.24), at r = —1.08, Oncrp1 is not even a real quantity. The proximity to the
r = —1 singularity might still have an unwanted effect on the critical exponents, such that we

disregard this value of r.

The limiting behaviours of both critical exponents are, once again, quite distinct. At r ~
—1.7, Ongrp1 becomes real but negative. From then on, it grows in magnitude and thus never
goes back to a positive regime. 0ngrpo grows toward an asymptotic behaviour, similar to that of

its positive r evolution:

lim Oygrpr = —00 ,
r——00

(5.44)

lim Ongrp2 =1 ,
r——00

The points made in the previous paragraphs bring our focus to the r* ~ —2.133 value of
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the r parameter, in which we have successfully broken the # = 1 barrier and obtained a single
NGFP suitable for the double scaling limit that matches the exact critical exponent, (5.24), for
the simplest truncation, (5.31). We now expand the truncation order step by step in order to

evaluate the stability of the results.

For the {¢?, ¢, $°} truncation, the r € (=2, —1] range is notable for the absence of NGFPs
between r &~ —1.17 and r &~ —1.93. From r ~ —1.93 down, they do exist and their qualitative
structure is stable. Specifically, we find a set of two NGFPs, one with two relevant directions,
gNGFpl, and one with a single relevant direction, gNGFPQ. At r = —2.133, we find them to be

given as follows:

Oncrp = (1.093, 0.686) |

. (5.45)
Ongrp2 = (0.818, —0.681)

Their limiting behaviours are distinct: JNGF p1 grows up to an asymptotic value with increas-

ing r and is thus never a suitable double scaling limit candidate for negative r; gNGFPQ reaches

the # = 1 barrier from below once again for r — —o0:

lim 5NGFP1 = (2; 1) )
rT—>—00

q (5.46)
lim Oncrp: = (1, —1)

r——00
We should note that the limiting behaviours of (5.46) - and of subsequent truncation orders
- are not computed analytically but rather inferred by taking very large values of r, as large
as 10000000, perhaps one or two orders of magnitude below (depending on whether numerical

accuracy can be obtained for such a high r value).

Therefore, as for the smallest truncation, we find only one critical exponent, g NGaFP2, Suitable
to describe the double scaling limit. Moreover, remarkable numerical proximity to (5.24) is found.
Naturally, it does not precisely equal 0.8 since r ~ —2.133 was specifically fine-tuned for {¢?, ¢*}.
We can do the same fine-tuning for {¢?, ¢*, ¢°} and find that § = 0.8 at 7* ~ —2.087. The

proximity to r* &~ —2.133 inspires us to keep expanding the truncation.

For the {¢? ¢, ¢, ¢°*} truncation, NGFPs are once again absent between r ~ —1.29 and
r~ —1.82. At r = —2.133, we find the following set of fixed points,
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Oncrpr = (0.481 — 8.516i, 0.481 + 8.516i, —2.387) |
Oncrpe = (1.597, 0.764, 0.523) |
Oncrps = (1.255, 0.713, —0.437) |
Oncrps = (—1.344, 0.833, —0.770) |

(5.47)

where gNGFP4 is identified as the one and only suitable candidate for the double scaling limit.
Like in the smaller truncation orders, the qualitative behaviour of the NGFPs is stable for r < —2.
gNGFpl, in its generic form (a — bi, a+ bi, —c), stable throughout r < —2, appears to have a, b and
¢ grow unrestrictedly as r — —oo. The real critical exponents exhibit the following asymptotic

behaviours,

lim Oygrps = 3,2, 1),

——00

lim Oyeres = (2,1, —1) (5.48)
lim Oygrps = (=2, 1, -1) ,

T——00

in line with the two smaller truncation orders. The fine-tuned value of r for {¢?, ¢*, ¢%, ¢} occurs
at r* ~ —2.062.

For the {¢?, ¢*, ¢°, ¢®, #'°} truncation, NGFPs are absent between r ~ —1.39 and r ~ —1.99.
At r = 2.133, the set of fixed points is given as follows,

Oncrpr = (1.371, —0.917, 0.737, —0.579) |

. (5.49)
Oncrps = (—2.113, —1.374, —0.858, 0.845) |

where only two NGFPs appear. The number of NGFPs varies within (roughly) r ~ —2 and
r =~ —4 between two and four NGFPs. However, as r grows in magnitude, it stabilizes at four

NGFPs. Their limiting behaviours are in line with the smaller truncation orders’ results:
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lim 5NGFP1 =(4,3,2,1) ,

r——00
lim Ongrpr = (3, 2, 1, —1)
e (5.50)
lim Oygrps = (2, =2, 1, 1) ,
r——00
lim Oygpps = (=3, =2, —1, 1)
r——00

The fine-tuned value of r continues to exhibit good stability: 6 = 0.8 occurs for r* ~ —2.048.

For the {¢?, ¢*, ¢°, ¢%, ¢'°, ¢'?} truncation, NGFPs are absent between r ~ —1.47 and r ~
—1.87. The number of NGFPs once again fluctuates until it stabilizes for slightly larger magni-
tudes of r - roughly between r ~ —3 and r ~ —10 - at six NGFPs. At r = —2.133,

Oncrpr = (3.460 — 11.652i, 3.459 + 11.652i, —0.634 — 7.045i, —0.634 + 7.045i, —1.967) |
Onvcrre = (2.274, 1.206, 0.648, —0.343, —0.201) |
Ovcrps = (—1.479, 1.459, —1.165, 0.727, —0.612) |

Oncrrs = (—2.912, —2.024, —1.647, 0.849, —0.818)
(5.51)

The stability of the single critical exponent suitable for the double scaling limit remains

noteworthy. The fine-tuned value of r at which # = 0.8 occurs for r* ~ —2.042.

It is difficult to infer the limiting behaviour of the critical exponents as numerical accuracy
issues arise at relatively low values of r. For example, at » = 100, the number of NGFPs drops

to three and, at » = 1000, it is already reduced to two.

The stability of the r value that leads to the exact double scaling limit with growing truncation
order is quite relevant. We can, however, identify a pattern: as the truncation order grows, the
r* value that corresponds to # = 0.8 grows (slightly) toward zero. Furthermore, the difference
between values of r* of subsequent truncation orders becomes smaller in every step, as can be

seen in (13).

This points to the existence of an asymptotic behaviour or r* at arbitrarily high truncation
order, n. We conjecture that this asymptotic behaviour occurs at a value of r* before it reaches
—2. Indeed, for all the truncation orders presented above, we have noticed that, for r = —2, there

is always a single critical exponent suitable for the double scaling limit whose relevant direction
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Figure 13: Evolution of the fine-tuned r parameter, r*, with respect to the truncation order, n

remains the same from {¢?, ¢*} to {¢?, ¢*, ¢°, 6%, ¢'°, ¢'?}: O(r = —2) = 2. There is no indication
that this behaviour should change at higher truncation orders. Therefore, we conjecture that, for
arbitrarily high truncation order, one can always find a parameter r* € (—2.133, —2) that leads to
6 = 0.8. This points to a remarkable stability of r*. Furthermore, it points to the fact that r* is

always above the undesired range of singularities and ill-behaved r points mentioned previously.

5.2.4 Flow Analysis: Multi-Trace Terms

As made explicit in appendices [B] and [C], the theory space is not just composed of single-trace
terms. For instance, (B.8) and (B.9) show that g, contributes to the running coupling associated
to Tr?(¢). Multi-trace terms of the form Tr(¢)...Tr(¢!), with i and I even powers, are allowed by
the original symmetry of the model. Therefore, they must be considered alongside single-trace

terms in the process of filling out the theory space.

Herein, we consider only double-trace terms, Tr(¢")Tr(¢’). With the addition of one trace,
the N-dependence of the beta functions is altered. In accordance, the canonical N-dimensionality,
(5.5), assigned to such terms must be altered in order to respect the 1/N-expandability of the beta

functions. A simple possibility is the assignment of an additional 1/N factor for each additional

tracel”!, immediately cancelling the N factor introduced by the additional trace,
_NF
9ij = 9ij a7 - (5.52)

altering (5.6) accordingly. As pointed out by Eichhorn and Koslowskil*'], terms with n — 1 traces
are generated from terms with n traces of the form Tr(¢?)Tr(¢?)...Tr(¢’). Therefore, Tr(¢?)Tr(¢)
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terms couple directly to f,,. We thus consider a truncation - {¢?, ¢*, ¢%, ¢?¢?, ¢?¢*} - including
the terms that couple directly up to g4: the two double-trace terms that couple directly to n and

Bgss g2,2 and go 4, respectively, and gg,

Ty = Z20T(6) + 27(6") + L7(6°) + 22T + BT (o) - (5.59)

The beta functions read

N =291+ 9g22)C(2,m,m) (5.54)

Bos = (14 20)ga — (496 + 292.4) C(2,7,m) + 4g3¢(3,7,1m) (5.55)

Bys = (24 30)g6 + 6 (29496C (3,7, 1) — giC(4,m,m)) (5.56)

Bgoa = (24 20)g22 — (8924 + 296)C(2,7,m) + (693 + 2955 + 894922)C(3,7,m) (5.57)

Bgsa = (3+30)g24 + (129496 + 492,296 + 1294924 + 292,292,4)C(3, 7, 1)
- (1292 - 69292,2)«47 T, 77)‘ (5-58)

For r = 1, three NGFPs that can describe the double scaling limit are found:

Oncrpr = (77.268, —49.896, —30.604, —2.250) |
Ovcrps = (16.983, —14.983, —9.655, —5.328) | (5.59)
Onvcrps = (1.219, —1.883, —1.008, —0.685)

gNGFP3 is the critical exponent indicated by Eichhorn and Koslowskil”l. Indeed, if we let r
vary as a positive number, the relevant directions of gngpl and gNGFPQ are found to increase.
Therefore, for all » > 0, there are three NGFPs with (only) one relevant direction but only one
of them is sufficiently close to (5.24).

This truncation behaves qualitatively similar to the single-trace truncations with respect to
the positive r evolution, as shown in figure (14). However, the value of 0 is higher, for » = 1, than

that of any one of the single-trace truncations evaluated previously. Therefore, a much larger
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Figure 14: r-dependence of 6 in the {¢?, ¢*, 5, p2¢?, p?¢*} truncation

value of r is needed for # — 1. In fact, it takes such a large value of r that numerical accuracy
issues arise before that limit can be realized. For example, at r = 20000, the critical exponent is

still relatively high, § = 1.13, when compared to the results of the single-trace truncations.

We can perform an analysis similar to that of [5.2.3]. For our reference r value, r = —2.133,

there are two NGFPs suitable to describe the double scaling limit,

OnGrp = (319.594, —269192.008, —19035.228, —10.609)

R (5.60)
Oncrrs = (0.863, —1.668, —1.002, —0.679)

Remarkably, 0, NGaFp2 Sits very close to the exact value, (5.24). At r = —2 we find the following

results,
~ 3 1
QNG’FPI = 17 5 _]-7 Y )
2 2 (5.61)
7 (3 3 ) 1 '
NGFP2 — 4 9’ ) 9 )
where we recognize 6(r = —2) = 2, the value found for all the single-trace truncations examined

in [5.2.3]. Moreover, it is found that the relevant direction of gNGFpl grows extremely fast with
growing r magnitude (notice, for example, the change from r = —2 to r = —2.133, (5.61) —
(5.60)). Therefore, it is Oygpps that is closer to (5.24) for r < —2. The fine-tuned value, 7*,
at which the relevant direction of gNGFPQ matches (5.24) is found at r* ~ —2.042, once again
pointing to a good stability of r*. If truncations with more multi-trace terms are found to have

an r* in the vicinity, r* € (—2.133, —2), and the 6(r = —2) behaviour is replicated, then it would
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be safe to say that the form of the cut-off function, (5.22), with » = r*, is not accidental.

5.2.5 Flow Analysis: Anti-Symmetric Projection

In order to evaluate the stability of the results with respect to the projection scheme, we adopt a
projection scheme opposite to (5.21) in which we project onto a subspace of purely anti-symmetric

matrices:

Aa =0 >
’ (5.62)
Bab = AEN,,

where e is a block-diagonal matrix, built from the 2D Levi-Civita symbol, €,

e 0 --- -
exn=10 ¢ |, s-( : 0) . (5.63)

The relationship between the Levi-Civita symbol and the Kronecker delta,

Ok 0;

= ik(s'l — (Llék , (564)
S O j J

€ij€kl =

is useful in the derivation of the beta functions. Notice, from the Wetterich equation, (5.20), that
the change of projection only affects the Fx functional derivatives. Therefore, it only changes
the ¢ coefficient in the generic form of the beta functions, (5.25). In appendix [C], we zoom in on
the terms derived in appendix [B] under the new projection scheme as an example of the changes

that come about in the derivation of the beta functions.

We have concluded that the beta functions remain unaltered with respect to their form,
(5.32) and (5.38)-(5.42), in the symmetric projection, (5.21). The main point is that the ¢
coefficient in (5.25) remains the same whether a symmetric, (5.21) or an anti-symmetric, (5.62),
projection is employed. While this statement was verified only up to g5 order in the single-trace
truncation, the consistent behaviour of the 1/N expansion - as exemplified in the two terms
derived in appendix [C] - serves as an indication that the equivalence between symmetric and

anti-symmetric projection should hold at higher - presumably arbitrary - order.
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6 Conclusion and Outlook

The goal of this thesis was the optimization of the procedurel””! of the application of the FRG
formalism to Matrix Models describing 2D Euclidean (pure) Gravity. In the original articlel”",
interesting numerical accuracy was found with small truncations. However, a barrier was found
for the value of the relevant critical exponent, § = 1, below which it was not possible to break,
regardless of the effective action’s truncation size. It was important to resolve this issue, since the
exact value of 0 lies below 1, specifically at 4/5. Furthermore, only one matrix projection scheme

was tested. It was also important to test the effect of a different projection scheme on the results.

We have been able to go beyond the §# = 1 barrier by introducing a new cut-off function,
inspired by the one utilized in the original article, with an additional variable r parameter. For
positive r, both the single-trace [5.2.2] and the multi-trace [5.2.4] truncations were unable to
break the § = 1 barrier. The behaviour of the critical exponents with growing r was found to be
qualitatively identical to their behaviour with growing truncation order, n. However, relatively
small values of r are able to optimize the critical exponent to a degree that relatively large
truncation orders are unable to. The computational cost of integration with variable r is much
smaller compared to the computational cost of extending the truncation, making (5.22) interesting
in a practical sense. The true virtue of the new cut-off function is, however, found after performing
an analytical continuation of r to negative values. There, the § = 1 barrier is finally crossed.
The value of r at which the critical exponent for the smallest effective average action truncation
order matched its exact value was found at r ~ —2.133, serving as a guide for the expansion
in higher truncation orders. Remarkable stability of r was found with increasing single-trace
truncation order, with r ~ —2.133 matching 6 = 4/5 for the smallest truncation order (n = 2)
and r =~ —2.042 matching 6 = 4/5 for the highest truncation order studied (n = 6). Furthermore,
we conjectured that r should, in principle, tend asymptotically to »r = —2 as n — oo. The
evaluation of the simple multi-trace truncation in [5.2.4] strengthened this conjecture, as we
found the critical exponent’s relevant direction’s behaviour with r to be similar to that of the
single-trace truncations. More multi-trace operators ought to be included in the effective average
action in order for a more definitive conclusion to be made. These results’ relevance is two-fold.
First, the fact that r — —2 (from below) as n — oo places r away from the undesired range of
r € [—1,0], where several singularities occur. Second, the § = 1 barrier was successfully crossed,
showing that the barrier was merely technical in nature, rather than rooted in some undisclosed

fundamental theorem.
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In the original article, stability of the procedure with respect to the matrix projection scheme
was not tested. In this thesis, aside from a purely symmetric projection, we have considered a
purely anti-symmetric projection. In the literature, projections are frequently purely symmetric
since they are very easily implemented in calculations. We found the beta functions to remain
unchanged with the anti-symmetric projection scheme (up to n = 6). This paves the way for
future work that can use more general projections mixing the symmetric and anti-symmetric
sides of the Hermitian matrices, rather than restricting to either one, broadening the projection

subspace.

As future work regarding the Matrix Model studied in this thesis, the inclusion of terms that
explicitly break the model’s symmetry is yet to be understood. Traces with odd powers of the
fields are generated by the flow of the couplings (for example, the flow of gs generates terms

~ Tr(¢®)Tr(4%)). It would be useful to understand how to treat these quantum fluctuation terms.

It would also be interesting to see the new cut-off function’s behaviour in other Matrix Models.
The Benedetti-Henson (BH) Matrix Model”" is a particularly simple model, which reproduces
Causal Dynamical Triangulations!””) (CDT) in 2D, thus introducing a notion of causality, neces-
sary in the transition from a Euclidean to a Lorentzian setting. In the original application of the
FRG to the (BH) Matrix Model'""]| results were rather inconclusive. An optimization procedure
similar to the one applied in this thesis can help retrieve a critical exponent closer to the exact
one known for CDT!V!
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Appendices

A Conformal Field Theory

This appendix aims to provide a brief presentation of the concepts of scale(/Weyl/trace) anoma-

lies, central charges, conformal weights and scaling dimensions, found across [3.1].

Conformal Field Theories are QFT's (as they carry the Poincaré symmetry) with an additional
ingredient: conformal symmetry. Scale symmetry is a part of conformal symmetry. A Poincaré

transformation is a symmetry of flat space-time, leaving its metric invariant,

y o 0xr 077
N drhds” = 1,,dz?dz — 1, = npgﬁ% , (A.1)
and the general linear transformation that solves it is given as follows!'"?]
' =a' + Az . (A.2)

To generalize the Poincaré to the conformal algebra, a local rescaling of the line element is
introduced, such that the Poincaré isometry equation, (A.1), is upgraded to one that leaves the

metric conserved up to a local rescaling!'?],

oxr 077
2 _ ., 90X 0T
@) = Npo g5 (A.3)
Considering infinitesimal transformations,
=t =t + ()
() (A.4)

Qa) = 1+ w(e) |

and plugging them into the conformal isometry equation, (A.3), the Killing equations for the

vector field that generates the conformal transformations are found!'"” (to first order in &),
2
augu + aufu = f(if)ﬁ,w = 5(3,;5’))77“;/ — auauaAgp =0 ) (A5)

68



whose general solution is given as follows!'":

= a" + NV + ok 4 Vo — 200 -1 (A.6)

The first two terms are identified as the Poincaré transformation (translation and rigid ro-
tation). The third term pertains to the scale transformation (dilation) and the last two terms
pertain to the special conformal transformation (SCT). The conformal generators can be extracted

from this!'"” and, by taking the commutators, the conformal algebra is generated.

In particular, the dilation generator is given as followsl' "],

D =i2"0, . (A.7)

The Noether theorem!'""] states that for every continuous symmetry there is an associated con-

served current. The dilation current, D* = T*"z,, where T, = \%62%, reveals a feature of scale
invariance: the vanishing trace of the stress-energy tensor!'""l,

0,D* =T/ =0 . (A.8)

(Note that T’ ' =0 does not imply conformal symmetry but every CFT has T} = 0.)

Quantum mechanically, however, the right-hand side of (A.8) gains a non-trivial anomalous
term. The theory’s coupling constants, u, acquire a non-trivial dependence on the energy scale,

k, and lose the invariance under a scale transformation,

du
- — A9
leading to a scale(/Weyl/trace) anomaly in the Noether conservation law!'""],
oL
(0,D") = pB(u) (A.10)

% )

where L is the Lagrangian density.
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The remaining concepts we wish to point out can be better understood in 2D. The (otherwise
finite) conformal algebra has an infinite number of generators at D=2["""l. This can be shown by

setting p = v =1 and p = v = 2 in the conformal Killing equation (A.5), where one obtains

& = & (A.11)

and, setting u = 1, = 2, where one obtains

& = =081 (A.12)

which are the so-called Cauchy-Riemann equations!'”!. In 2D, one can harness the power of

complex coordinates,

z=x1+ 1Ty ,
§=6&6+1i& (A.13)
1 )
(9Z = 5((91 — 282) s

and rewrite the Cauchy-Riemann equations as follows:

0.6(2,2) =0 . (A.14)

This equation states that a 2D conformal transformation is generated by a purely holomorphic
map, satisfying z — f(z). There is an infinite number of such mappings in 2D: ¢ is an arbitrary
holomorphic function and the number of conformal generators in 2D is infinite. The 2D conformal

algebra is the DeWitt algebral'"’!, with the following generators,

n+1
ln = ==z az )

7 =n+1
ln = ==z af ’

(A.15)

where n € (—o0, +00) and, in particular, [_q, [y and [; (and their anti-holomorphic counterparts)
generate the finite subalgebra of global conformal transformations: [_; generates translations
on the complex plane, [, generates scale transformations and rotations and [, generates special

conformal transformations!'"”. For n # —1,0, 1, one speaks of local conformal transformations.

70



In CFT, operators can be split into two types!'""): primary operators, ®, that transform as
tensors under conformal transformations, and descendants, which can be obtained from primaries
by taking derivatives of them, d,,...0,®4. The energy-momentum tensor, particularly important
in CFT, is an example of a quasi-primary operator: it transforms as a tensor but only for global
conformal transformations. Under a (D-dimensional) conformal mapping, (A.3), a quasi-primary

transforms as follows! },

d(z) = &(F) = Dd(z) , (A.16)

where J is the Jacobian of the coordinate transformation. A is known as the scaling dimension: it
governs the way an operator behaves under a scale transformation, (if & = Az, ®(Z) = A\"2d(x),
since J = AP). In 2D, with the suitable complex coordinates, z — w(z), the condition (A.16) is

generalized tol'"”]

B(2,7) — b(w, o) = (‘fl—f) - (‘fl—f) B(D(z,z) , (A.17)

where h and h are, respectively, the eigenvalues of [y and [y, the (holomorphic and anti-holomorphic)
conformal weights. Since (I + ly) generates dilations and i(ly — ly) generates rotations!'’! the

scaling dimension is given by A = h 4 h and the spin is given by s = h — h.

Lastly, let us show how to extract the central charge and its interpretation. To do so, let us
look at the energy-momentum tensor and its correlation function with itself. To that end, 7T},

must first be rewritten in complex coordinates, (A.13). The metric tensor is given as follows!'",

zz 2z O 2
gv = 7= T 2 . (A.18)
92z YGzz 20

The energy-momentum tensor is also a symmetric tensor. Therefore, in 2D, it has 3 indepen-
dent quantities: T,, T; and T5;. Its tracelessness, (A.8), implies[ ] Tl’j =T,9"=0—=T,:=0.
Furthermore, by its conservation law, 9, 7" = 0, one readily finds!'"! 9,T., = 0 and 9,7T%; = 0,
which implies T, is purely holomorphic, T,, = T,.(z)(= T(z)) and T5; is purely anti-holomorphic,
T.: = T:=(2)(= T(2)). One can thus look at the holomorphic part only in what follows.

Consider a coordinate transformation generated by the energy-momentum tensor. Its asso-

ciated (holomorphic) current is given by the holomorphic part of 7),, and the infinitesimal trans-
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formation parameter, j(z) = T'(2)€(z). The associated charge, Q¢ = ¢ dzT'(z)(z), generates the

symmetry transformation on an operator ® defined on a point w of the complex planel’ 7,

IeP(w) = [Qg, P(w)] = lim h{zmw deT(@)E(=)(w) - j|§z||w|—6 R (A.19)

— § axETE00w) |

w

where, in the second line, we used the idea from complex analysis that the coincident parts of
both paths cancel out and one can perform solely the contour around w, C,. Furthermore, if

®(w) is a primary, the (holomorphic) infinitesimal form of (A.17) is given as follows!’ ],

3P (w) = £(w)0P(w) + hoé(w)P(w) . (A.20)

If (A.19) is non-vanishing, w must be a pole. Recalling Cauchy’s formula for the contour integral

around a pole zy,

1

and equating (A.19) and (A.20) with (A.21) in mind, one can readily read that, due to the
derivative 0¢ on the right-hand side of (A.20), T'(z)®(w) ought to have a double pole; due to the

linear ¢ term, there ought to exist a single pole as well. Thus, it is of the following form,

T(2)®(w) = (Z_Lw)ﬂ)(w) IO

, (A.22)

plus non-singular terms. This procedure is known as the operator product expansion (OPE)
procedure. It allows for the determination of the short-distance singular behaviour of a product
of operators, turning it into a sum of local operators. If the procedure is followed similarly when

®(w) is T(w) itself, the following OPE (modulo non-singular terms) is obtainedl’ ),

(A.23)
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c is the central charge. It depends on the model under study and it is determined by the short-
distance behaviour of the model. Modulo the central charge term, (A.23) is equal to the OPE of a
primary, (A.22). The central charge functions as an anomalous term in the transformation law of
T'(z) (the holomorphic part of (A.17)), acting as a measure of the conformal symmetry breaking
introduced in an otherwise conformal theory. One very illustrative result of the nature of c¢ is
given by defining a CFT on a curved 2D manifold: scale invariance is broken by the curvature,
R, and the tracelessness (A.8) of 7, no longer holds, with the scale anomaly being written in

terms of the central chargel'"”l, (TV) = - R.

For a deeper study of CFT, we refer to Di Francesco, Mathieu and Senechall'"”!, Polchinskil'""]
and Fradkin!"".

B Derivation of Beta Functions

We explicitly derive the anomalous dimension flow equation, (5.32), and the g4 beta function,

(5.38), for the single-trace truncation, (5.8), (at least) up to g in the symmetric projection,
(5.21).

First, it is straightforward to notice that ~ g} is the only term of the Wetterich equation
expansion, (5.20), that flows into the running of Zy since, after taking the functional derivatives, it
is the only term in which a ~ ¢? term survives. The first step is thus the Hermitian decomposition,
(5.9), of LTr(¢*):

TI'((b4) = ¢am¢mn¢nl¢la = (Aam + iBam) (Amn + Zan) (Anl + ZBnl) (Ala + iBla) (B 1)
= Tr(AY) + 4iTr(A?B) — 4iTr(AB®) — 4Tr(A%B?) — 2Tr(ABAB) + Tr(B*) '

As mentioned previously, the (AB) and (BA) modes of (5.12) vanish due to the anti-symmetry
of B. Let us see that explicitly for 4iTr(AB?). Making use of the derivatives defined in (5.13),

52 52 1
————Tr(AB?) = ——————Tr(AB?) = ——{BaBiadsc — BanBnaOse — By Biadac + BanBndac
5Aab(sBcd r( ) 5Bab(5Acd r( ) 4{ 1-21d% d b bl2ld + d b

_ BblBlcéad + Bannb(Sad + BalBlcébd — Bannaabd + Bchad — BcaBbd + Bdeac _ BdaBbc},

(B.2)
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and the terms can be rearranged due to B;; = —Bj;, leading to:

(52 52 1
'T ABS — —T A33 _ —— BaB 5C_Bn Banac_B B 5(16 B’T'L Bndac
5AabéBcd r< ) 6Bab5Acd r( ) 4{ 121d% d b bl Pld + db
— By Biedag + BneBindad + BaBicOvd — BreBan0va + BeyBag — BeaBpa + ByaBea — BaaBay} = 0,

(B.3)

The remaining terms - 4iTr(A3B), 4Tr(A?B?) and Tr(ABAB) - follow similarly. Naturally,

Tr(A*) and Tr(B*) vanish instantly upon application of a mixed derivative.

For the (AA) and (BB) modes of (5.12), it is straightforward to see that, due to the choice
of a purely symmetrical projection, (5.21), terms in (B.1) with an odd number of B matrices
vanish. For the (AA) derivative, 4iTr(A?B) — ~ AB and, upon projecting B — 0, it vanishes.
The same reasoning is true for the (BB) derivative of 4iTr(AB?). Naturally, the (BB) derivative
of 4iTr(A®B) and the (AA) derivative of 4iTr(AB?) vanish. Tr(B*) also vanishes both after the
(AA) derivative - self-evidently - and after the (BB) derivative, due to the projection scheme.

Therefore, only three relevant terms remain,

%Tr(ng*) N %Tr(A‘*) — G Tr(A2B?) — %Tr(ABAB) , (B.4)
of which the first term is only non-vanishing for the (AA) mode and, due to the symmetric
projection scheme, the second and third terms are only non-vanishing for the (BB) mode. With

(5.13) in mind, it is straightforward to obtain the relevant derivatives,

&° 4 4 [
s A, (704" ) = S{Aun Aucdint + AvAncbaa + Aun Anaie + Apn Anddc

+ AbdAac + AadAbc}7 (B5)

52 g
m (—§4Tr(AQBQ)) = g2_4 {AbnAnd(Sac - AbnAnc(Sad + AanAnc(de - AanAnddbc} 5 <B6>
s (—@Tr(ABAB)> = I A A — AueAu) (B.7)
0B1,0B.q 2 2 e e ’
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which, according to (5.20) and the definition of the propagator, (5.16), are now contracted with
179" - in the case of (B.5) - and with 1,27 - in the case of (B.6) and (B.7) - leading to, respectively:

52 g q
1Z%Zim (%TY(A4)> = %{AanAna(sbb + AbnAna(Sab + AanAnbéab + AbnAnbéaa

+ AppAaa + A Ava}, (B.8)

1asym 52

abed 5B b5B 4 (_g4Tr(AZBQ)> = % {AbnAnb(Saa - AbnAna(sab + AanAnaébb - AanAnb(Sba} 5 (Bg)

62 9a 94
pasvm___ % (——T ABAB ) A A — AwaAn) B.10
abed 6Bab6Bcd 2 I'( ) 2 { b<43b bb} ( )

Notice the terms ~ A,, Ay, in (B.8) and (B.10). They exhibit that g4 also feeds back into the
running of a ~ Tr(¢)Tr(¢) term. Such a term does not exist in a single-trace truncation and we

discard those contributions. Applying the projection scheme, (5.21), we get the following:

2 —

) J g4 94 94 1
P 19"~ (Z=Tr(AY )| = o®>Z {2 =a?Z=N?{2+43— B.11
roj [ abcdaAab(SAcd ( 4 I‘( )):| a 2 { 5aa5bb + 3(5aa} a 5 + 3N ) ( )

1

2
Proj [1asym 0 (—g4Tr(AQBQ))} = %4 {0aaOpp — Oaa} = a*G4N? {1 — N} , (B.12)

abed 5 Bab 5 Bcd

Proj |1om & <—§—4Tr(ABAB)> — ¥ — 28N (B.13)

@4 §Bay0Beg \ 2 2 2
The first term from (B.11) and the first term from (B.12) contribute to leading order in 1/N.
The remaining terms are all sub-leading order when N — oo and, therefore, vanish. We have
thus found ¢ in (5.25) to be equal to (1 + 1). Ultimately, the flow equation for ZXTr(¢?) comes

as follows,
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0 N6 = (1) L+ )Y 2 o

2 ZN
ZN 2 1 2 ZJQ\/” N2
8t7Tr(A ) = —§a g4W(1 + 1>Z_NC(27T7 77) <~ (B14)

0iZna*N = —2a*g1 ZyN((2,7m,1) <
n= 2g4€<27 T, 77)

where (5.5) and (5.7) were used, as well as Tr(¢*) — Tr(A?) since Tr(¢?) = Tr(A?) — Tr(B?).

The g4 beta function is obtained in all too similar fashion. It depends on ~ gg and ~ g3. We

can build on the previous results and extract the ~ g7 portion readily:

2

AT o (136 a0+ 1) (B
N

2 2

Ja 1 72\ * N
ZTr(AY) o« =a*? [ X ) (1+1)=
AR TAY x ga'st (BF) (L 1) B s

Z2
Dhgiy @' N o da' g1 Z5((3,m,m) <

By < 493¢(3,7, 1)

To derive the ~ gg term, £Tr(¢%) is decomposed with (5.9):

Tr(¢°) = Tr(A%) + 6iTr(A°B) — 6Tr(A*B?) — 6Tr(A*BAB) — 6iTr(A*B?)
— 3Tr(A*BA®B) — 6iTr(B*A’BA) — 6iTr(A*B*AB) + 6Tr(A*B*)
— 2iTr(ABABAB) + 6Tr(ABAB?) + 3Tr(AB*AB?) + 6iTr(AB®) — Tr(B°%) (B.16)

Using the same arguments previously laid out, the relevant terms are solely the following,

%Tr(gf)G) — %Tr(AG) — g6 Tr(A*B?) — g¢Tr(A*BAB) — %Tr(A2BAQB) , (B.17)

and application of the derivatives yields
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5 g6 g6
m <ET1"(A6)) - i{AbmAmnAnpApc(sad + AamAmnAnpApc(sbd + AbmAmnAnpApd(Sac

+ AamAmnAnpApd(Sbc + AbmAmnAncAad + AamAmnAncAbd + AamAmnAndAbc
+ AbmAmnAndAac + AamAmdAbnAnc + AamAchbnAnd}7 (Blg)

52 _
0B.,0B.g (—96Te(A*B?)) = %{AbmAmnAnlAlddac — AumAmn AniAlabne
+ AamAmnAnlAlc(sbd - AbmAmnAnlAlcéad}, (B19)
0 - 3 g6
5Bab5Bcd (_QGTI'(A BAB)) - _g{AamAmnAndAcb — AbmAmnAndAca
_ AamAmnAncAdb + AbmAmnAncAda}7 (BQO)
0 21 42 g6
5Bab530d <_§T (A BA’B )> - _Z{AamAmdAcpApb - AbmAmdAcpApa

- AamAchdpApb - AbmAchdpApa}7 (B21)

after which contraction with 179" - in the case of (B.18) - or 12;%"" - in the case of (B.19), (B.20)
and (B.21) - and projection onto the symmetric subspace, (5.21), lead to the following results,

52 7 7 1
. sym 6 4 6 496 12
Proj [1“1’“1—5Aab S ( Tr(A ))} LH{200abs + 500} = a* TN {2 +5 N} (B.22)

2

. asym d — _ _ 1
PI'OJ |:1abgd m (_g6TI‘(A4BQ>):| = a496{5aa5bb — 5,1@} = a4gﬁN2 {1 — N} N (B23)

: asym 6’ — — —
PI‘OJ |:1abgd m (_gﬁTI‘<A3BAB)):| = a4965aa = a4g6N7 (B24)
Proj 1‘”3”"5—2 (——T (A’BA’B )) = a4%5aa = a4% (B.25)
©4 §BapBea \ 2 2 2

where terms that couple onto the running of Tr*(A)Tr(A) and Tr(A2)Tr(A?) were omitted from
(B.22), (B.24) and (B.25). The ~ gg term in the g4 beta function comes as follows,

7



— 1 2
ati—‘*Trw*) x <—1>1§a4g6<1 152
N
=Tr(A N1+ 1)=—¢(2

Z2
Ogaa' N oc —da'gs Z3((2,mm)

5g4 08 _496<<27r7 77) )

thus concluding the derivation of (5.38). The remaining beta functions, (5.39)-(5.42), are obtained
in the same manner. A final word on them. The multiplicative factor in each term can be
understood simply in a combinatorial way. For example, in (5.41): the ~ g49190 and ~ gggs have
a 2 factor from the fact that we can write their products in two different ways, g4g10 or gi1094 and
g6Js OT gsge; the 3 factor in ~ g2gs comes from the possibility of writing g2gs, g1gsgs or gsgs, and
the same reasoning goes for ~ g4g¢; gigs can be written as gigs, 939694, 919691, 9agegs and gegi,
hence the 5 factor; self-evidently, g;» can only be written in one way, and the same is true for g3,

meaning they simply have a 1 factor attached to them.

C Anti-Symmetric Projection

We explicitly derive the anomalous dimension flow equation and the gg contribution to the g4
beta function, as in the previous appendix, but for the anti-symmetric projection scheme, (5.62).
With regards to the fact that the (AB) and (BA) modes of (5.12) vanish, nothing changes since

that does not depend on the projection scheme.

However, the relevant terms of (B.1) do change from (B.4). Now the situation reverses: only
terms with two A matrices will survive the anti-symmetric projection after the (AA) derivative
and only terms without A matrices will survive the anti-symmetric projection after the (BB)

derivative. Therefore, the relevant terms are the following,

Tr(p") — & TTH(BY) - g4Tr(A2BQ)—%Tr(ABAB), (C.1)

and the respective contracted derivatives come as follows,
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5 94 g4
oot ——— (=T B4 ) = 2Baana - 2Baana(S Ba B a BaaB 5 C.2
abed 55 5B <4 r(B%) 5 { v + Bap By bb ) (C.2)

52

1222)/:; 6Aab6Acd (_§4Tr(AZBQ)) = _g4 {Baana + anBnb(saa} 5 (C3)
62 a g4

e (—-Z=Tr(ABAB)) = = {B,B B,.B 4

1abcd5Aab5Acd ( 92 I‘( )) 9 { abDba T Daa bb}; (C )

which, after applying the anti-symmetric projection scheme, (5.62), realizing that Tr(ek;) =

ZTr(e*) and taking (5.64) into account, becomes - omitting ~ Tr?*(B) terms:

. asym 52 g g
PrOJ |:1abgd m (%TT(B4>>:| - a’2% {2€Nan8Nna - 2€Nan€Nna5bb + 5]VabEJVba}

gs N
— aQ%E {3eijeji — 2€45€5i0m } (©5)

1
= a’g,N? {_3N + 1} ,

I R _ _
Proj 1azcdm (—g4Tr(AQBQ))} = —a" G4 {EN,ENma + ENyENyOaa}
ab cd
5. N
= —a g4§ {6@'6]'1' + 61‘]'6]‘2‘(5@@} (06)
1
= a’GuN*? {N - 1} ,

Nysgm  0° g g ga N
PI'OJ {:lecdm (—%Tr(ABAB))] = GQ%gNangba = QQ%Egijsji

2§4 2 1
=—a?Z N2 — ).
5 {x}

Maintaining the leading terms in 1/N, we obtain the anomalous dimension flow equation,

(C.7)
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A 1 N?

O —Tr(¢%) = (-1)'=a’gu(1 + 1)5—((2,7,n) &
2 2 Zn
8t—Tr(B )= 2@ g4—N (1+ 1)—ZNC(2,?", n) < (C.8)

O Zna*N = —2a2g4ZNN§(2,r, n) <
n= 294<<27 T, 77) )

where we used that —Tr(B?) — —Tr(e%) — a>N, when N — co.

The same procedure is applied to the contribution of g§ to the g4 beta function. First,
%Tr(gbG) 966Tr(136) + 9o Tr(A?B") + g Tr(ABAB’) + % P T (AB2AB?) | (C.9)

and, to abbreviate the content, (it follows just as the previous derivations) the contracted and

projected derivatives come as follows,

& g6
. asym _Jb 6 2
Proj {labcd 58105 ( 5 Tr(B ))] o LgsIN?, (C.10)
2
ol {12%5,4@514&1 (%Tr(AQBZL))} o @GN, (C.11)
Proj 18ym6—2 (geTr(ABAB®)) | —— a'geN? 1 (C.12)
abcd 5Aab5Acd 6 Neroo 6 N[’ .
52 T6 1 1
. sym _Jo 2 2 2 _
Proj |:1ab6d—5Aab5Acd < 5 Tr(AB*AB )>] = 2a gs N {N}’ (C.13)
leading to:
g 1 N?
O Tr(6") o (=1)'a'Ge(1 + 1) (2,7, m) &
2 ZN
T B —— N1+1)=—¢(2

Z2
Ohga1=a' N o« —4a'ge Z3,¢(2,r,m) &

N
5{]4 08 _496C(27 T, 77)
The remaining terms follow in similar fashion.
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