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Energy estimation for differential drive
mobile robots on straight and rotational
trajectories
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Abstract
Energy autonomy is an important aspect that needs to be improved in order to increase efficiency in mobile robotic tasks.
Having accurate power models allows the estimation of energy consumption along different trajectories. This article
proposes a power model for two-wheel differential drive mobile robots. The proposed model takes into account the
dynamic parameters of the robot and its motors, and predicts the energy consumption for trajectories with variable
accelerations and variable payloads. The experimental validation of the proposed model was performed with a Nomad
Super Scout II mobile robot which was driven along straight and curved trajectories, with different payloads and accel-
erations. The experiments using the proposed model showed accuracies of 96.67% along straight trajectories and 81.25%
along curved trajectories in the estimation of energy consumption.

Keywords
Differential drive, mobile robot, power model, estimation

Date received: 2 October 2019; accepted: 16 January 2020

Topic Area: Field Robotics
Topic Editor: Nak-Young Chong
Associate Editor: Chang-bae Moon

Introduction

Technological advancement has promoted a continuous

increase in the use of mobile robots in a wide range of

applications. However, energy autonomy is still a major

issue that slows down the widespread utilization of mobile

robots. Sudden changes of velocity and variations in pay-

loads along trajectories, which are common in solving

robotic tasks, lead to power fluctuations and variable

energy consumptions. Some examples of such applications

are demining robots1 that may perform stop and go motion;

transporting and lifting robots2,3 that move materials on

factory floors; vacuuming robots,4,5 which accumulate dust

in a reservoir; or spraying robots,6,7 which release a liquid

content from a reservoir.

The energy autonomy problem can be mitigated, either

by increasing the robot’s energy capacity—which implies

a heavier and more expensive system—or by optimizing

the energy necessary to fulfill the mission. This optimiza-

tion can be achieved by choosing geometrical and dynami-

cal motion profiles that minimize the energy necessary to

carry out their missions. To be able to find the energy-

minimizing motion profiles, an accurate power model of

the platform is required. This leads researchers to propose
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various power consumption models as well as energy-

optimizing motion profiles for mobile robots.

Power modeling has been studied on skid-steered plat-

forms. Chuy et al.8 used an exponential function to model

the power consumption of skid-steered robots, and Morales

et al.9 used relative track speeds to estimate the power

consumption. Due to the fact that the energy consumption

of skid-steered platforms is more heavily defined by fric-

tion between the wheels and the ground or tracks and the

ground during rotations, Yu et al.10 and Dogru and Mar-

ques11 presented a friction-based power consumption

model for skid-steered platforms. Kim and Kim12,13 calcu-

lated the velocity profiles that minimize energy consump-

tion for a differential drive mobile robot along both straight

and curved paths, using the dynamic model of the motor as

the cost function. Xie et al.14 studied a dynamic window

approach for power minimization in Mecanum wheeled

robots. Tokekar et al.15 studied the influence of friction

between robot wheels and different kinds of surfaces on

the energy consumption in car-like robots, eventually pro-

posing a calibration procedure to estimate the parameters

of the dynamic model of the motor, including the internal

friction torque. Mei et al.16 estimate the power consump-

tion of a two-wheel differential drive robot using a sixth-

degree polynomial model for its direct current motors and

compare the efficiency of different motion profiles for

area coverage scenarios. Mei et al.17 analyze the power

consumed by sensing and control subsystems of the robot.

Similarly, Parasuraman et al.18 take into account the

power consumed by different subsystems of a mobile

robot and use a polynomial model to estimate the power

consumed by each. These authors find the coefficients of

the polynomial model using a calibration sequence, while

additionally taking into account the payload and accelera-

tions of the platform.

This article focuses on the power consumption of the

drive system of two-wheel differential drive robots, taking

into account both varying payload and accelerations. It

extends the state of the art by presenting a Lagrange-

based dynamic model, which explicitly includes the

dynamic parameters of both the robot and the motor. This

approach, in contrast to a polynomial fitting based

approach, analyzes the contribution of different robot and

motor parameters to the total power consumed by the robot.

In the mathematical procedure, this work utilizes a state-

space realization19 to expand the state variables and sim-

plify the Lagrange multipliers.19 This transformation

enables a description of the power consumption model with

ordinary differential equations, which in turn allows power

consumption calculation. Finally, a calibration procedure is

used to account for the internal friction of the motor. The

proposed energy consumption model is experimentally

validated using a Nomad Super Scout II mobile robot, with

different accelerations and payloads. This work extends our

previous work,20 in which the mathematical model was

presented and only partially validated with straight paths,

with extensive validation along curved paths represented

using Bézier curves.

This article is organized as follows: the first section

develops a mathematical model for energy consumption

estimation. The second section presents the results of

experimental validations with the Nomad Super Scout II

mobile robot. Finally, the third section draws the final

remarks and conclusions of this work.

Development of the power model

In the first subsection, the dynamic model of a two-wheel

differential drive robot and then the dynamic model of a

DC motor are presented. Then, the two models are com-

bined by matching the load torque values. Finally, a

state-space realization is used to obtain the power model

formulation.20 All the symbols used in this work are pre-

sented in Table 1 for easy reference.

Constraint equations

In this section, the motion and constraint equations for a

differential mobile robot whose schematic is shown in Fig-

ure 1 are developed. The mobile robot is driven by two

independent wheels with the same dimensions.

The mobile robot configuration has two motion

constraints:

� The mobile robot cannot move in the lateral direc-

tion, hence

_x sin�� _y cos� ¼ 0 ð1Þ

� The wheels of the mobile robot roll but do not slip,

hence

_x cos�þ _y sin�þ l _� ¼ r _q1 ð2Þ

_x cos�þ _y sin�� l _� ¼ r _q2 ð3Þ

The holonomic constraint can be obtained by subtract-

ing equation (2) from equation (3), giving

2l _� ¼ rð _q1 � _q2Þ ð4Þ

Replacing the constant c ¼ r
2l

in equation (4) results in

_� ¼ cð _q1 � _q2Þ ð5Þ

Adding equations (2) and (3) gives

_x cos�þ _y sin� ¼ r

2
ð _q1 þ _q2Þ ð6Þ

The non-holonomic constraint equations formed by

equations (1) and (6) can be written in matrix form as

a11 a12 a13 a14

a21 a22 a23 a24

� � _x

_y
_q1

_q2

2
6664

3
7775 ¼ 0 ð7Þ
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where the elements of the constraint matrix are

a11 a12 a13 a14

a21 a22 a23 a24

� �
¼
� sin� cos� 0 0

� cos� � sin�
r

2

r

2

2
4

3
5
ð8Þ

Equation (7) can be expressed as

AðqÞ _q ¼ 0 ð9Þ

where q is the generalized coordinate given by

q ¼

q1

q2

q3

q4

2
6664

3
7775 ¼

x

y

q1

q2

2
6664

3
7775 ð10Þ

Dynamic model of the robot

The system of nonlinear differential equations that repre-

sent the dynamic model of the mobile robot can be found

by using the Lagrange formulation19,21,22

d

dt

@K

@ _qi

� �
� @K

@qi

� �
¼ ti � a1il1 � a2il2 ð11Þ

with i ¼ 1, . . . , 4.

The total kinetic energy of the mobile robot is given by

K ¼ 1

2
mð _x2 þ _y2Þ þ mccdð _q1 � _q2Þð _y cos�� _x sin�Þ

þ 1

2
Iwð _q1

2 þ _q2
2Þ þ 1

2
Ic2ð _q1 � _q2Þ2

ð12Þ

where I ¼ Ic þ 2mwl2 þ 2Im.

At this point, the derivatives of the Lagrange motion

equation (11) are calculated. Finally, the nonlinear differ-

ential system of equations representing the dynamic model

of the mobile robot is obtained as

l1 sin�þ l2 cos� ¼ m€x� mcdð€� sin�þ _�
2

cos�Þ

�l1 cos�þ l2 sin� ¼ m€yþ mcdð€� cos�� _�
2

sin�Þ

t1 � cll2 ¼ mccdð€y cos�� €x sin�Þ þ ðIc2 þ IwÞ€q1 � Ic2€q2

t2 � cll2 ¼ �mccdð€y cos�� €x sin�Þ � Ic2€q1 þ ðIc2 þ IwÞ€q2

ð13Þ

Table 1. Symbols used in this work.

Symbol Description

x and y Coordinates of the center of the robot (Po in Figure 1)
in a fixed reference coordinated frame X–Y

� Heading angle of the mobile robot measured from the
X-axis

w Angular velocity of the robot
v Linear velocity of the robot
q Angular position vector of the wheels
_q Angular velocity vector of the wheels
€q Angular acceleration vector of the wheels
K Total kinetic energy of the robot
qi generalized coordinate corresponding to robot pose
li Components of the vector of the Lagrange multipliers
t i Components of the vector of the load torques applied

to the wheels
aij Elements of the constraint matrix
l Displacement from each of the driving wheels to the

axis of symmetry
d Displacement from point Po to the center of mass of

the mobile robot, which is assumed to be on the axis
of symmetry

r Radius of the driving wheels
c Constant that is equal to r

2l
mc Mass of the mobile robot without the driving wheels

and the rotors of the motors
mw Mass of each driving wheel plus the rotor of its motor
mp Mass of the payload
m Total mass, mc þ 2mw þ mp

Ic Moment of inertia of the mobile robot and payload
without driving wheels and rotors of the motors
about a vertical axis passing through the
intersection of the axis of symmetry with the driving
wheel axis

Iw Moment of inertia of each driving wheel and the motor
rotor about the wheel axis

Im Moment of inertia of each driving wheel and the motor
rotor about wheel diameter

Is Equivalent motor moment of inertia
V and i Armature voltage and current of a motor
V ¼ ½V1 V2�T Armature voltages of the motors of the robot

i ¼ ½i1 i2�T Currents of the motors of the robot
P ¼ ½P1 P2�T Power consumed of the motors of the robot
P and E Power and energy consumed by the robot
R and L Armature resistance and inductance
n Viscous friction coefficient
t Load torque applied to the motor
Tm Internal friction torque in the motor
Kt Motor torque constant
Kv Motor voltage constant
n Gear ratio of the motor

1

2

r

X

Y

y

x

Po

Figure 1. Schematic of the differential drive mobile robot
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Dynamic model of the motor

The dynamic model of a DC motor can be

expressed by the following system of differential

equations23

L_iþ Riþ Kvn _q ¼ V

Ktni� I s
€q� n _q ¼ t þ Tm

ð14Þ

The first expression in (14) is the voltage equation

for a DC motor, and the second expression reflects the

torque of the DC motor. In several studies, such as the

one by Kim and Kim,13 the torque variable is

neglected, which is unrealistic for a real robot. In the

proposed model, the load torque value of a dynamic

DC motor model is calculated using a mobile robot

dynamic model. On the other hand, a calibration pro-

cedure is used to estimate the internal friction torque

value.

A reduced-order model can be achieved for the dynamic

behavior of the motor. The electrical response is generally

much faster than the mechanical response, therefore the

inductance of the armature circuit can be ignored. Hence,

the first equation yields

i ¼ V � Kvn _q
R

ð15Þ

Equation (15) can be used in the second part of equation

(14) to obtain the torque t

t ¼ Ktn

R
V � I s

€q� KtKvn2

R
þ n

� �
_q� Tm ð16Þ

The combination of the dynamic models

To achieve the energy consumption model, the

dynamic models of the robot and the DC motor are

combined. The equation for the load torque of the

DC motor model, equation (16), may be used in the

system of equations for the dynamic robot model,

namely equation (13). Also, _� ¼ cð _q1 � _q2Þ, which is

calculated from the subtraction of equations (2) and

(3), may be used for reordering and writing the result-

ing combination of the dynamic models in the follow-

ing matrix equation

MðqÞ€qþ F _qþ Cðq; _qÞ ¼ TV� AðqÞl ð17Þ

where

MðqÞ ¼

m 0 �a1 a1

0 m a2 �a2

�a1 a2 Ic2 þ Iw þ I s �Ic2

a1 �a2 �Ic2 Ic2 þ Iw þ I s

2
6664

3
7775

a1 ¼ mccd sin�

a2 ¼ mccd cos�

F ¼

0 0 0 0

0 0 0 0

0 0
KtKvn2

R
þ n 0

0 0 0
KtKvn2

R
þ n

2
6666666664

3
7777777775

Cðq; _qÞ ¼

�mcd _�
2

cos�

�mcd _�
2

sin�

Tm

Tm

2
66664

3
77775 ¼

0 0

0 0
Ktn

R
0

0
Ktn

R

2
666666664

3
777777775

AðqÞ ¼
� sin� � cos� 0 0

cos� � sin� cl cl

� �
ð18Þ

Energy consumption model

In this section, a state-space realization from19 is used to

transform the nonlinear differential equation system repre-

senting the combination of the dynamic models into an

ordinary differential equation system. In the process, the

size of the state space is increased, and the Lagrange multi-

pliers are simplified, using the null space SðqÞ of the con-

straint matrix AðqÞ. Let h represent the vector of the new

variables, then AðqÞSðqÞh ¼ 0, and using equation (9), it

can also be said that _q ¼ SðqÞh.
Vector h was chosen as

h ¼ _q where; _q ¼ ½ _q1
_q2� ð19Þ

Being SðqÞ

SðqÞÞ½ � ¼ s1ðqÞ s2ðqÞ½ � ¼

cl cosð�Þ cl cosð�Þ
cl sinð�Þ cl sinð�Þ

1 0

0 1

2
6664

3
7775

Now, multiplying both sides of equation (17) by ST ðqÞ,
and using the result ST ðqÞAðqÞ ¼ 0 turns into

ST ðqÞMðqÞ€qþ ST ðqÞF _qþ ST ðqÞCðq; _qÞ ¼ ST ðqÞTVST ðqÞAðqÞl
ð20Þ

The term €q is obtained by differentiating _q ¼ SðqÞh
again, leading to

€q ¼ SðqÞ _hþ _SðqÞh ð21Þ

Replacing _q and €q

ST MðS _hþ _ShÞ þ ST FðShÞ þ ST C ¼ ST TV ð22Þ
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Isolating _h from equation (22), the following is

obtained

ST MS _h ¼ ST TV� ST C � ST FSh� ST M _Sh

_h ¼ ðST MSÞ�1ðST TV� ST C � ST FSh� ST M _ShÞ ð23Þ

Then, the dynamic model can be represented with these

new state variables.

x ¼

x

y

q1

q2

_q1

_q2

2
666666664

3
777777775
¼

q

h

� �
ð24Þ

The motion equation (23) and the equation _q ¼ SðqÞh
may be represented in the state space form as

_x ¼ f ðxÞ þ gðxÞV ð25Þ

where

f ðxÞ ¼
SðqÞh

�ðST MSÞ�1ðST C þ ST FShþ ST M _ShÞ

" #

gðxÞ ¼
0

ðST MSÞ�1
ST T

" #

ð26Þ

The voltage variable can be obtained by isolating V from

equation (22).

V ¼ ðST TÞ�1ðST MS _hþ ST M _Shþ ST FShþ ST CÞ ð27Þ

The V term in equation (15) can be replaced with equa-

tion (27) giving an updated current equation, and hence the

power estimation model can be calculated with the multi-

plication of the voltage equation (27) and the updated form

of the current equation (15).

PðtÞ ¼ VT ðtÞ iðtÞ ð28Þ

Finally, the energy consumption model can be calcu-

lated with the integral of the power estimation model

(equation (28)).

EðtÞ ¼
ðt

0

PðtÞdt ð29Þ

Experiments and discussions

Experimental setup

The energy consumption model was implemented in

MATLAB R2013a/Simulink. The dynamic parameters of

the Nomad Super Scout robot given in Table 2, as well as

the dynamic parameters of the DC motors of the robot

given in Table 3, were used in our model.

For the validation of the proposed energy model, a

Nomad Super Scout mobile robot was used (Figure 2). The

robot was controlled using the built-in Motorola 68332

embedded robot controller and an Orange Pi PC Plus

single-board computer. Robot Operating System was used

on the Orange Pi to send the desired velocities to the robot

and to receive odometry values from the encoders, as well

as the power values of the motors from a custom power

measurement circuit. Three batteries with weights of 5.7,

2.55, and 2.25 kg were used as payloads for the robot. The

batteries were fixed on top of the robot in various combina-

tions to achieve payload weights of 2.5, 5.7, 8.25, and

10.5 kg (Figure 2).

Calibration procedure

A calibration procedure was used to estimate the internal

friction torque of the motors. The internal friction torque is

related to opposing forces applied to the robot, such as the

friction of the wheels with the floor and the friction in the

gears. However, the load torque is related to the accelera-

tion, mass of the robot, and the payload, and it is calculated

Table 2. Parameters of the nomad super scout robot.

Parameter (m) Value Parameter (kg) Value

r 0.1 mc 21.2
l 0.165 mw 1.39
d 0

Table 3. Parameters of the motors of the nomad super scout
robot.a

Parameter Value Parameter Value

R [O ] 2.74 Kv [(rad/s)/v] 0.069
n [Nm/(rad/s)] 0.0017 Kt [Nm/A] 0.069

aReference: PITTMAN GM14900.

Figure 2. (a) Nomad Super Scout mobile robot used in this work.
(b) Top view of the robot showing all the batteries that were used
to vary the payload.
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using the dynamic robot model. Therefore, the dynamic

motor model may be used for the calibration. The friction

torque of the motor can be found by assuming no accelera-

tion. In this case, the model can be written as

iðtÞ ¼ b1 þ b2
_q

VðtÞ ¼ c1 þ c2
_q

ð30Þ

where

b1 ¼
Tm

Ktn
; b2 ¼

n
Ktn

c1 ¼
RTm

Ktn
; c2 ¼

Rn
Ktn
þ Kvn

Then, the average value of the current and voltage was

calculated using the power values from the measurement

circuit, when the robot reaches and stays in a constant

linear velocity. In the experiment, constant velocities

between 0.1 m/s and 0.9 m/s were used. In Figure 3, current

and voltage for a constant velocity of 0.8 m/s are shown.

The shaded section representing the acceleration and decel-

eration of the robot are thus excluded from the calibration

procedure. Finally, the energy consumed by the robot was

calculated using equation (29).

The experiment for the calibration procedure was per-

formed without payload, on a marble floor, along a fixed

20 m straight path. The estimate of the friction torque is

obtained using least-squares fitting. The friction torque

values for the motors were found out to be 0.3728 and

0.346 Nm. In Figure 4, both the energy consumed by the

robot and the energy estimated by the model are shown.

Experimental validation of the proposed model

For the validation of the proposed power estimation model,

the Nomad Super Scout mobile robot was used. A set of

experiments were performed to verify the fitness of the

power model for a typical mobile robot usage scenario,

such as carrying various payloads or moving with different

accelerations along straight and curved paths.

Straight path validation. In the experiments for the straight

path validation, the mobile robot was commanded to cover

a distance of 10 m, on a straight path, on a marble floor,

with and without payload. A constant acceleration was

(a) (b)

(c)

Figure 3. Calibration procedure for a constant velocity of 0.8 m/s. The robot moves in a straight path on the marble floor without
payload. The acceleration and deceleration of the robot are not taken into account (shaded section): (a) odometry values from
encoders (maximum velocity of 0.8 m/s) and (c) the voltage of the left motor and average value.
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applied to the robot for 4 s until it reached the desired

distance, this test was repeated several times for each accel-

eration. The weights of the payloads were 2.55, 5.7, 8.25,

and 10.5 kg, and the various accelerations were 0:125,

0:15, 0:175, 0:2, 0:225, and 0.25 m/s2. During validation

along straight paths, the angular velocity and acceleration

of the wheels were the same. This behavior allows us to

simplify the mathematical model into a cost function that

can be used for the optimization procedure. The simplified

power model depends on the angular velocity and accel-

eration of the wheels, as well as the payloads. The power

model equation representing the experimental setup was

calculated using (28) and the robot and motor parameters

from Tables 2 and 3, and it is given by

P1 ¼ 0:0203€q1
2 þ 0:148€q1

_q1 þ 0:0014€q1
2mp

þ 0:102€q1 þ 0:0017 _q1
2 þ 0:005€q1

_q1mp

þ 0:373 _q1 þ 0:0034€q1mp þ 0:129

ð31Þ

P2 ¼ 0:0203€q2
2 þ 0:148€q2

_q2 þ 0:0014€q2
2mp

þ 0:0949€q2 þ 0:0017 _q2
2 þ 0:005€q2

_q2mp

þ 0:346 _q2 þ 0:0032€q2mp þ 0:111

ð32Þ

In Figure 5(a), the linear velocity profile of the mobile

robot is shown. The robot develops several accelerations of

0.2 m=s
2

with a payload of 5.7 kg.

In Figure 5(b), the estimated and measured power of the

robot generated by the accelerations are shown. It can be

seen that the power estimation model predicts the average

power consumed by the motor closely.

Measured and estimated energy consumptions for vari-

ous accelerations are given in Table 4. The accelerations

were applied to the robot, first without payload, and then

with a payload of 8.25 kg. The tables show a change in the

robot’s energy consumption when the accelerations of

the robot increase. Comparing the tables demonstrates the

energy consumption of the robot increase more when the

robot carries considerable weight.

In Figure 6, the experimental results for three different

accelerations and the various payloads are summarized. The

figure also shows that no matter the acceleration when the

Figure 4. Estimated and measured energy consumption values
for different velocities tested in the calibration procedure
experiments.

(a)

(b)

Figure 5. Validation experiment, applying to the robot accel-
erations of 0.2 m=s2. (a) The linear velocity of the robot (odo-
metry data) and (b) measured and estimated power values.

Table 4. Measured and estimated energy consumptions with and
without payload along straight paths.

Acceleration
(m/s2)

Measured (J) Estimated (J)

Left motor Right motor Left motor Right motor

Energy values—without payload

0.125 56.25 53.67 60.48 57.6
0.15 58.91 56.92 60.99 58.47
0.175 60.26 56.33 63.57 60.28
0.2 61.26 57.69 64.9 62.77
0.225 60.76 56.78 66.13 64.18
0.25 61.37 57.61 65.14 64.31

Energy values—payload 8.25 kg

0.125 67.56 64.81 65.11 62.2
0.15 69 67.8 67.16 64.59
0.175 70.4 66.38 70.02 67.7
0.2 74.66 70.17 72.97 70.78
0.225 70.9 66.62 74.34 72.4
0.25 74.7 70.18 78.06 76.26

Jaramillo-Morales et al. 7



payload increases, the energy consumption of the robot

increases as well. The highest energy consumption of the

robot happens at maximum acceleration with maximum pay-

load (162.7 J). Figure 6 also shows that maximum accelera-

tion with any payload can result in more energy consumption

than lower accelerations with the same payload.

Finally, to show the fitness of the power model eval-

uated along straight paths, the error percentages between

the measured and predicted energy values for different

payloads and accelerations are given in Table 5. It is

important to note that a successful result in the experi-

ment is attained when the error between the estimated

and the measured energy values is less than 10% (state-

of-the-art good performance1). The experiment with

0.225 m=s
2

of acceleration and without payload was the

only one with a percentage higher than 10%. However,

in almost all other experiments, the error is below 8%,

in most cases, it is below 5%. The table shows that the

best performance of the proposed model is in the middle

of the set of validation accelerations for medium and

high payloads.

In this scenario, 29 out of 30 total experiments were

successful. The percentage of fitness of the predictive

energy consumption compared with the robot energy con-

sumption can be calculated with the equation (33).

Fitnessð%Þ ¼ Number of successful tests

Total number of tests
� 100 ð33Þ

In that case, the percentage of fitness for the experiment

along the straight path was equal to 96.67%. Tests accu-

rately validated the model.

Curved path validation. In this experiment, the fitness of the

power estimation model along curved paths is evaluated.

For this, the mobile robot was moved along third-order Bézier

curves on a marble surface. The accelerations, payloads, and

directions of the robot were varied. The payloads used were

5.7, 8.25, and 10.5 kg. The equation of the third-order Bézier

curve that was used in this experiment is given by

BðtÞ ¼ ð1� tÞ3p0 þ 3ð1� tÞ2tp1 þ 3ð1� tÞt2p2 þ t3p3

ð34Þ

where B is the 2D Bézier curve, t is the parametric variable

(0 < t < 1), and p0; p1; p2; p3 are the curvature control

points.

The control points were chosen taking into account

the dimensions of the hall where the experiments

were conducted, leading to p0 ¼ ð0; 0Þ, p1 ¼ ð2:7; 0Þ,
p2 ¼ ð2:7; 0Þ, and p3 ¼ ð2:7; 2:7Þ. The robot was com-

manded to follow the Bézier’s curve. The linear and angu-

lar velocities of the robot were received from the encoders.

In Figure 7, the linear velocity of the robot given by the

odometry along a right bending Bézier’s curve with no

payload can be seen.

In Figure 8, the pose and linear velocities of the robot

at different accelerations are shown (second shaded sec-

tion) when the robot follows the Bézier curve path. The

accelerations are equal to 0.15, 0.18, 0.2, and 0.22 m=s
2
.

The first acceleration in the figure (first shaded section)

corresponds to the acceleration applied by the robot

controller to reach a desired maximum velocity before

taking the Bézier curve path. This acceleration is equal

to 0.5 m=s
2
.

Figure 6. Energy consumption of the robot with different
accelerations and payloads, on a straight path.

Table 5. Error between the predicted and measured energy.a

Acceleration/
payload (m/s2)

0 kg
(%)

2.5 kg
(%)

5.7 kg
(%)

8.25 kg
(%)

10.5 kg
(%)

0.125 7.42 5.29 3.82 7.89 9.25
0.15 3.13 0.13 3.69 5.11 8.46
0.175 5.99 6.7 0.69 0.53 2.85
0.2 7.33 7.2 0.75 0.2 1.92
0.225 10.86 8.1 6.7 5.33 0.17
0.25 8.8 9.85 6.52 7.94 5.04

aStraight path experiments.

Figure 7. Linear and angular velocities of the robot during a
Bézier curve path experiment, with an acceleration of 0.18 m=s2,
the right direction, and without payload.
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The odometry values given by the encoders are

the linear velocity of the robot and the quaternion

orientation values. But, the variables needed as the

input of the proposed energy estimation model are the

angular velocities of the wheels, which can be calcu-

lated with equation (35) based on the robot kinematic

equations.

_q1 ¼
2vþ lw

2r

_q2 ¼
2v� lw

2r

ð35Þ

The only variable remaining is the angular velocity of

the robot, which can be calculated using the quaternion

orientation provided for the odometry data.

A unit quaternion can be described as

Q ¼ ½qw qx qy qz� ð36Þ

The quaternion can be transformed into a roll, pitch, and

yaw representation, but in this case, only the yaw represen-

tation is needed (angular position of the robot �). The

equation that transforms the quaternion to yaw representa-

tion is shown below

� ¼ atan
2ðqwqz þ qxqyÞ

q2
w þ q2

x � q2
y � q2

z

 !
ð37Þ

Finally, the angular velocity of the robot is calculated by

applying the derivative of the angular position of the robot

(Figure 7). Figure 9 shows the orientation of the robot and

the angular velocities of the wheels calculated using the

encoder values for the experiment with an acceleration of

0.15 m=s
2
. In this case, the angular velocities of the two

wheels are different around t ¼ 4 s, which was necessary to

change the direction of the robot.

Finally, the energy consumed by the robot is estimated

with the proposed power model, using the angular veloci-

ties of the wheels and different payloads as input. These

estimated energy values were compared to the energy mea-

sured with the power measurement circuit on the robot.

In Figure 10, the measured and estimated power values

for a no-payload experiment with 0.18 m=s
2

of accelera-

tion, left direction is shown. The measured energy con-

sumption in the left motor was 24.1 J and in the right

motor 22.86 J. The estimated energy consumption in the

(a)

(b)

Figure 8. Pose and linear velocity of the robot with different
accelerations. (a) Pose of the robot and (b) Bézier curve
accelerations.

(a)

(b)

Figure 9. Angular orientation of the robot and angular velocities
of the wheels, calculated with the encoders values, for an
experiment with 0.15 m=s2 of acceleration. (a) Angular position of
the robot and (b) the angular velocities of the wheels.
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left motor was 26.56 J and in the right motor 24.42 J, giving

an error percentage of 9.26% for the left motor, 6.39% for

the right motor, and 8.56% for the total.

As evidenced by the data, the proposed power model

overestimated the average power in the initial acceleration

of the robot. This behavior emerges due to the load torque

being calculated with the dynamic robot model, and this

result may be overestimated as well. Nevertheless, this

procedure allows the prediction of energy consumption

with different accelerations and payloads.

On the other hand, the overestimation behavior of the

proposed model starts to decrease as the payload increases.

The payload experiment result presents a better estimation

in the initial acceleration of the robot, as shown in Fig-

ure 11. In the figure, the estimated power also shows an

underestimated behavior at the start of the second accelera-

tion phase. In Table 6, the measured and estimated energy

consumption values of the robot are presented. The beha-

vior of the robot along a Bézier curve is similar to its

behavior along a straight path. A small change in the accel-

eration changes the energy consumption slightly. For

example, the table shows that without payload, the differ-

ence in the energy consumed between 0.15 m=s
2

and 0.22

m=s
2

is almost 3 J for the left motor and barely change for

the right. As evidenced in Table 6, substantial changes in

payload cause significant changes in consumed energy. For

example, a 10.5 kg payload causes the robot to consume

almost 12 J more in the left motor and almost7 J more in the

right.

(a)

(b)

Figure 10. Measured and estimated power consumptions during
a Bézier curve with 0.18 m=s2 of acceleration, without any pay-
load, along a Bézier curve, left direction. (a) Power of the left
motor and (b) power of the right motor.

(a)

(b)

Figure 11. Measured and estimated power consumptions during
the Bézier curve experiment, with 0.18 m=s2 of acceleration, with
10.5 kg of payload, along a Bézier curve, left direction. (a) Power
of the left motor and (b) power of the right motor.

Table 6. Measured and estimated energy consumption, for a
Bézier’s curve experiment without and with payload, right
direction.

Acceleration
(m/s2)

Measured (J) Estimated (J)

Left motor Right motor Left motor Right motor

Energy values—without payload

0.15 21.96 22.77 22.65 22.57
0.18 22.84 22.47 23 22.69
0.2 22.02 22.02 25.6 24.72
0.22 22.53 22.53 26.19 24.86

Energy values—payload 10.5 kg

0.15 34.24 30.73 28.47 27.51
0.18 35.33 31.64 31.67 30.89
0.2 36.28 36.62 32.3 30.45
0.22 33.02 29.58 31.39 29.58

10 International Journal of Advanced Robotic Systems



In Figure 12, the behavior of the energy consumed by

the robot for three accelerations and various payloads is

shown. The figure also shows that the maximum energy

consumption of the experiment was 66.97 J, with a medium

acceleration at maximum payload. At medium payloads,

the energy consumption of the robot increases as the accel-

eration increases.

Finally, in Table 7, the fitness of the proposed power and

energy estimation model along the Bézier curve is evalu-

ated for different accelerations and payloads. The error

percentages between the measured and predicted energy

consumptions in both the right and left directions are pre-

sented. Without payload and high velocities, the error per-

centages are significant. The table shows that the best

performance of the power model is located throughout the

set of validation accelerations for medium payloads. The

error percentages between the predictive and measured val-

ues are below 5%. The results show that the fitness of the

energy estimation model compared with the measured val-

ues given by the robot is equal to 81.25% (using equation

(33)) for a Bézier curve path in both directions. The results

also present that 26 out of 32 experiments accurately esti-

mated the energy consumption of the robot.

Conclusion

In this article, a power and energy estimation model that

takes into account robot and motor dynamic parameters

was proposed. The internal friction torque of the motors

was estimated using a calibration procedure. In the

dynamic motor model, the load torque is directly propor-

tional to the mass (including the payload), and the accel-

eration. This allows the proposed power model to predict

the power and energy consumption for different payloads

and accelerations, along straight and curved paths. Thanks

to this model, the amount of energy a mobile robot must

carry to complete a predefined task can be estimated before

deployment and deviations in the predefined estimate due

to unexpected changes in the payload can be estimated in

real time. This allows charge optimization and scheduling

not only for a single load-carrying robot but also for mul-

tiple load-carrying robots operating in warehouses with a

limited number of charge stations. Future work will con-

centrate on the generation of the optimal motion trajec-

tories using the proposed model for a load-carrying

warehouse robot in typical operating scenarios.

The proposed model was experimentally validated using

a balanced two-wheel differential drive mobile robot, the

Nomad Super Scout. The results show that when the accel-

erations of the robot increase, the consumed energy

increases. Similarly, increasing the payload increases the

consumed energy as well. The fitness of the predictive

power and energy estimation model compared with the

energy consumed by the robot was equal to 81.25% for the

Bézier curve path experiments and 96.67% for the straight

path experiments. The straight path results suggest that the

simplification carried out in the model is still valid, and

the resulting expressions represent the dynamic behavior of

the actual system. For future work, it will be interesting to

evaluate the fitness of the proposed model when the center

of mass of the robot is displaced considerably.
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