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Abstract: Computational simulation of colloidal systems make use of empirical interaction potentials
that are founded in well-established theory. In this work, we have performed parallel tempering
Monte Carlo (PTMC) simulations to calculate heat capacity and to assess structural transitions, which
may occur in charged colloidal clusters whose effective interactions are described by a sum of pair
potentials with attractive short-range and repulsive long-range components. Previous studies on
these systems have shown that the global minimum structure varies from spherical-type shapes
for small-size clusters to Bernal spiral and “beaded-necklace” shapes at intermediate and larger
sizes, respectively. In order to study both structural transitions and dissociation, we have organized
the structures appearing in the PTMC calculations by three sets according to their energy: (i) low-
energy structures, including the global minimum; (ii) intermediate-energy “beaded-necklace” motifs;
(iii) high-energy linear and branched structures that characterize the dissociative clusters. We observe
that, depending on the cluster, either peaks or shoulders on the heat–capacity curve constitute
thermodynamics signatures of dissociation and structural transitions. The dissociation occurs at
T = 0.20 for all studied clusters and it is characterized by the appearance of a significant number
of linear structures, while the structural transitions corresponding to unrolling the Bernal spiral are
quite dependent on the size of the colloidal system.

Keywords: colloids; short-range attraction; long-range repulsion; Bernal spiral; thermodynamic
properties

1. Introduction

Interactions involving both short-range attraction and long-range repulsion (SALR)
can be observed in a great diversity of systems and phenomena. Proteins in solution [1–10]
or in membranes [11], the formation of networks of endothelial cells [12–18], and colloidal
particles in solution [19–25] are just some of the most representative examples of SALR
systems. In the case of colloids, the driving force for aggregation is associated with
an effective short-range attraction, which has an entropic nature and may arise when a
depletant is added to a colloidal suspension [26–30]. In fact, such attraction is due to
the overlap of colloidal-sphere-excluded volumes, which results in the increase in space
available for the smaller-sized depletant species [31], and it may be described by the
Asakura–Oosawa theory [32,33]. As depletants, they are usually employed polymers such
as hydroxyethylcellulose, polystyrene, and poly(N-isopropylacrylamide) (PNIPAM), or the
surfactant sodium dodecyl sulfate (SDS). In turn, colloidal suspensions have been prepared,
among others, with silica particles and poly(methyl methacrylate) (PMMA) spheres [20–22].
It must be emphasized that the range of the interaction may be controlled by the size of the
depletants, i.e., the resulting depletion is shorter ranged when those species are smaller.
In addition, the stability of the colloidal suspension depends on several other variables,
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such as the ionic strength, pH and temperature, that can be experimentally tuned. In
addition, specific characteristics of the particles are also important to introduce anisotropy
in interparticle interactions, which leads to directional ordering as one observes in the
assemblies of patchy particles [34,35].

Charged colloidal particles in the presence of a depletant comprise an SALR system,
composed of the abovementioned depletion-induced attraction and a long-range screened
electrostatic repulsion. Due to the competition between the attractive and repulsive com-
ponents, on different length scales, the charged colloidal particles may self-assemble to
produce anisotropic structures [36–38], even though the interactions are described by
isotropic potentials. Indeed, under specific conditions or interaction parameters, the ap-
pearance of dense chains of particles, as well as elongated and branched structures, was
shown to be possible for SALR systems [7,37–39]. Moreover, the experimental evidence of
self-assembly of charged colloids [40] opened simple paths to synthesize new materials.
More recently, a simple SALR model, obtained by inverse design strategies [41–46], was
proposed to obtain a great variety of morphologies of clusters resulting from the assembly
of spherical colloidal particles [47].

In fact, the strong interest for the assembly of charged colloids has led to an increasing
number of studies appearing in the literature over the last decade [7,48–56]. In a recent
review, Liu and Xi [54] reviewed the parameters of the SALR potentials explored in the
literature and proposed a useful classification of the corresponding interactions in three
distinct types, according to the magnitude of the range of both the attractive and repulsive
components. Thus, the range of the attractive component of both type I and type II
potentials is less than 20% of the particle diameter. However, the range of the repulsive
part of type I is a fraction of the particle diameter, while it is similar to or even larger than
the particle diameter for potentials of type II. In contrast, type III potentials have attractive
ranges larger than 20% of the particle diameter, but these are smaller than the respective
repulsive components. As shown by Liu and Xi [54], the three types of SALR systems
present specific features in their phase diagrams and in the morphology of the clusters.
From works in the literature [25,37,38,48,57,58], it appears that interactions of both type I
and type II favor the formation of clusters displaying Bernal spirals or analogous motifs.
For type II, with a relatively weak (strong) attractive component, however, it is possible
to obtain stable (nonequilibrium) clusters, with compact microcrystalline (quasi-linear)
structures [48].

In previous works [51–53], we employed evolutionary algorithms developed by our
group [59–62] to carry out global optimization calculations on isolated SALR colloidal
clusters. The adopted energy model is based on the effective pair-wise potential composed
of the Morse function [63] for the attractive part and a Yukawa term to describe the
corresponding long-range repulsion. These model functions have parameters that were
tuned to explore different interaction ranges; then, by applying the abovementioned criteria
for SALR [54], the colloidal systems studied in our works may be classified as type II [51,52]
and type III [53]. From the global optimization studies, we have confirmed that low-energy
Bernal spirals may be formed for type II potentials, but “beaded-necklace” structures may
also arise, and they become the deepest minimum in the larger cluster sizes (i.e., typically
around N = 19) [51,52]; additionally, ramified clusters have been also discovered [52]
for type II potentials. Conversely, the effect of the repulsive term of type III potentials
on the structure of the clusters tends to be small (even for large clusters) and, hence, the
corresponding lowest-energy minima are preferentially spherical-like motifs [53].

The present work is devoted to the investigation of structural transitions that may
occur in type II SALR clusters. Specifically, we have employed our own implementa-
tion [64] of the parallel tempering Monte Carlo (PTMC) algorithm [65–68] to calculate the
heat capacity of charged colloidal clusters, which allows the identification of structural
transitions occurring at relatively low temperatures. We wonder whether Bernal spirals,
“beaded-necklace” and spherical-type structures, that have been assigned as low-energy
metastable minima at zero Kelvin [52], can survive at higher temperatures. Besides these
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structures, it would be interesting to verify whether other motifs are sampled by the present
Monte Carlo simulations. On the other hand, it is expected that the dissociation of the
cluster can be identified by a strong peak of the heat–capacity curve arising at higher tem-
peratures. The aim of this paper is the characterization of the thermodynamics signature
associated with both structural transitions and dissociation of charged colloidal clusters.

2. Methods
2.1. Interaction Potential

The energy of the cluster has been calculated by assuming a sum over all pair poten-
tials, i.e.,

Vcluster =
N(N−1)/2

∑
i=1

[Va(ri) + Vr(ri)] (1)

where ri is the distance between two colloidal particles and the summation runs over
all interaction pairs of the cluster. In Equation (1), each pair potential is composed of
attractive (Va) and repulsive (Vr) components. It has been shown [69,70] that short-range
Morse potentials can reproduce the colloid–colloid depletion attraction, as described by the
Asakura–Oosawa theory [32,33]. Accordingly, we have modeled the attractive component
of the pair potential by employing the following Morse function [63]:

Va(ri) = εM e ρ(1−ri/σ)
{

e ρ(1−ri/σ) − 2
}

(2)

In Equation (2), εM denotes the well depth of the Morse potential and σ is the diameter
of the colloidal particles, which are assumed to be spheres; the ρ parameter controls the
range of the interaction, i.e., higher values of ρ correspond to shorter ranges.

In turn, the repulsive component of the pair potential in Equation (1) can be described
by the long-range branch of the Yukawa function, that is,

Vr(ri) = εY
e−κσ(ri/σ−1)

ri/σ
(3)

We should note that κ is the inverse Debye length and, as in Equation (2), σ designates
the diameter of each spherical particle; in addition, εY is intimately associated with the
charge of the colloidal particles and, hence, determines the strength of the repulsion.

In order to allow a fair confrontation of the present results with those from our
previous global optimization studies on colloidal clusters [51,52], we have used here the
same values for the abovementioned potential parameters. In reduced units, the values of
the parameters are: ρ = 30, εM = 2.0, σ = 1, κσ = 0.5 and εY = 1.0. It is worth noting that
such parameters correspond to the potential model designated as M30+Y1.0 in Refs. [51,52].
The M30+Y1.0 pair potential is displayed in Figure 1. As can be observed, this is a typical
type II SALR potential, displaying a short-range well and a barrier with a maximum at
r ≈ 1.15.

2.2. Parallel Tempering Monte Carlo Method

The parallel tempering method is employed to explore the energy landscape and
dissociation thermodynamics of colloidal clusters. The present implementation follows, in
general, the previous one discussed in Ref. [64], where we studied the microsolvation of
ions by rare gas. Thus, we highlight here the small differences due to the characteristics of
the interaction potentials used to model the title systems.

Within the canonical ensemble, where the number of particles (N), the temperature (T)
and the volume (V) are constants, the heat capacity per particle, or reduced heat capacity,
is given by the following expression:

cV =
3
2

k +
〈V2

cluster〉 − 〈Vcluster〉2

N(kT)2 , (4)
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where k is the Boltzmann constant.

Figure 1. Pair potential model employed for the interaction between two charged colloidal particles.
In the insert, the vertical red line indicates the cutoff distance used to define a bound interaction.

The average terms 〈Vcluster〉 and 〈V2
cluster〉 in Equation (4), determined from the 3N-

dimensional integrals, can be numerically evaluated through a Monte Carlo simulation by
using the Metropolis algorithm:

〈Vq
cluster〉 ≈

1
Nsteps

Nsteps

∑
i

[Vcluster(Ri)]
q , q = 1, 2 , (5)

where {Ri}, i = 1, · · · , Nsteps, is a random walk generated according to the following
probability distribution:

ρ(Ri) =
e[−Vcluster(Ri)/kT]

Z
. (6)

In such a case, Z is the configurational integral and R represents a 3N-dimensional
vector with the position of the N particles of the system.

The PTMC strategy consists is the construction of an ensemble with M different
independent simulations (using the Metropolis algorithm), each of them is in thermal
contact with a reservoir at a distinct temperature, Tm. These simulations are performed in
parallel, and attempts to swap configurations at different temperatures are made after a
certain number of MC steps, according to the following acceptance probability:

A(R(m)
i → R(p)

i ) = min
{

1, e
[(

Vcluster(R
(m)
i )−Vcluster(R

(p)
i )

)
(1/kTm−1/kTp)

]}
, (7)
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where R(m)
i and R(p)

i are the i-th step of the Metropolis random walk associated with
temperatures Tm and Tp, respectively. The success of the method mainly depends on the
algorithms used to exchange the replicas.

The potential model employed in this work presents an energy barrier that favors
dissociation when the particles move away more than the cutoff distance, rc, indicated by
the red vertical line in Figure 1. Thus, some details need to be introduced in the present
implementation, which we describe next.

First, the initial configuration (R1) in the Metropolis algorithm will be always the
global minimum structure reported in Ref. [52], with a thermalization stage prior to the
production one. This avoids the appearance of fragmented subclusters at the beginning of
the simulation, which would occur with a random generation of the initial configurations.

Another problem that arises in charged colloidal systems is the fragmentation of the
system when a particle (or a sub-aggregate), during an MC step, is placed at a distance
greater than rc (i.e., beyond the red line in Figure 1). One way to avoid this phenomenon
is to introduce another criterion for the acceptance of a Monte Carlo step, so that any
proposed movement of a particle causing the cluster rupture is not allowed. That is, if in
the proposed new configuration, at least one particle is at a distance greater than the cutoff
rc from all the others, then the MC step is not accepted, and R remains unchanged.

Other crucial aspects in PTMC are the choice of the {Tm} temperature set to be used
by each independent simulation, the exchange process of structures between different
temperature simulations, and the maximum size of the MC step. For the former, we have
chosen {Tm} from constant steps in predefined intervals. This procedure was used by us
in a previous work when treating larger Li+Arn clusters [64]. To perform the exchange
of configurations between Metropolis simulations at different temperatures, we have
employed the efficient deterministic even–odd (DEO) algorithm [71,72]. Moreover, we
have used the step-sized adjustment proposed in Ref. [73] to maintain an acceptance rate of
50% for the MC moves carried out at each temperature in the parallel tempering strategy.

In order to identify the main structures arising in each simulation, we have stored
thousands of non-correlated configurations for all considered temperatures during the
PTMC calculations. Then, local optimizations of each one of these configurations were
performed, which is thus relaxed to a stable structure within the same energy landscape
basin. Relaxed structures with energies differing by less than 1 × 10−6 (in reduced units)
were considered as being equal.

3. Results and Discussion

The thermodynamics signature of structural transitions arising in charged colloidal
clusters may be apparent in the curve of the heat capacity calculated at constant volume.
Accordingly, the parallel tempering Monte Carlo calculations carried out in the present
work allowed us to display the heat–capacity curve from very low temperatures to those
slightly beyond the cluster dissociation. It is in such temperature range that structural
transitions may be observed for a given cluster. To facilitate the presentation of the results,
we have separated the analysis in two subsections: one for the smaller clusters (i.e., from
N = 9 up to N = 12), while the other covers larger sizes (i.e., from N = 17 up to N = 20).
Indeed, our previous global optimization study on the same charged colloidal clusters has
shown significant qualitative changes in the structure of the global minimum at these size
ranges [52].

The cV results presented in this section were obtained from 3 independent PTMC
runs with Nsteps = 15× 109 after a thermalization stage of 5× 109 steps; the temperature
exchange procedure is performed every 50 MC steps. We emphasize that such a great
number of overall steps is required to achieve a reasonable convergence of the cV values for
these colloidal clusters. Furthermore, M = 26 temperatures in the range of 0.05–0.30 (with
∆T = 0.1) were considered for all clusters, with the exception of the one with 11 particles
(i.e., N = 11). For this case, M = 33 temperatures were considered in the same range,
but we have rather employed ∆T = 0.05 in the interval between T = 0.11 and T = 0.18.
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Moreover, this has shown to be particularly relevant for improving the convergence of the
calculation around the first peak for N = 11 (see below).

Within the described conditions for PTMC calculations, the error in cV has been
estimated by computing the standard deviation from the three independent PTMC runs at
each temperature. In general, these errors are smaller than 1%, while higher values (∼6%)
are obtained in a limited number of temperatures around the predissociation peaks (see
discussion in Section 3.1). Thus, such errors are sufficiently small to extract unambiguous
information from the Monte Carlo calculations.

3.1. Clusters with N = 9–12 Particles

Charged colloidal clusters in the size range N = 9–12 show [51,52] Bernal spirals for
the global minima of N = 9 and 11, while the corresponding ones for N = 10 and 12 are
spherical-type structures. Thus, it is likely to expect a competition between Bernal spirals
and spherical-type shapes for this cluster size range. Moreover, we want to investigate
whether these two types of structures are thermodynamically stable and the transition
between them is likely to occur at a given temperature prior to dissociation.

In Figure 2, we display the reduced heat capacity at constant volume (cV) as a function
of temperature for N = 9–12. A first glance at Figure 2 shows that a single peak arises in
the cV curves of N = 9, 10 and 12. Nonetheless, the cV curves for N = 10 and N = 12
display a small shoulder that broadens the prominent peak towards temperatures around
0.20. By contrast, two peaks are shown for N = 11. As we will explain below, the peak or
shoulder arising at higher temperatures can be ascribed to the dissociation of the cluster.

Figure 2. Reduced heat capacity as a function of temperature (in reduced units) for small cluster
sizes: N = 9 (magenta); N = 10 (green); N = 11 (blue); N = 12 (orange).

Since the specific features of the cV curves may be related to structural transformations
occurring in the clusters as a function of temperature, we have been monitoring the
structures that were formed during the PTMC calculation for each cluster size. From all
the relaxed structures obtained in the local optimization stage (as described in end of
Section 2), we have considered as main structural motifs those that arise with a frequency
greater or equal than 4% for at least one temperature. In Figure 3, we represent some of
the main structural motifs that were found; for completeness, all the main structures and
corresponding energies are reported in the Supplementary Materials. Such structures are
separated in three sets (cf. Figure 3) that are characterized as follows. Set I contains low-
energy structures (including the global minima discovered in Ref. [52]), which are either
spherical-type shapes or Bernal spirals; for N = 9, 10 and 12, the left-side structure is the
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global minimum, while the ones on the right side show small deformations of such compact
shapes. In turn, “beaded-necklace” structures arise in Set II, whereas Set III contains
branched and linear motifs. We should emphasize that “beaded-necklace” and other linear
motifs are increasingly higher energy structures (as it can be seen in the Supplementary
Materials), which may result from unrolling the Bernal spiral; note especially that structures
from Set II still keep a little part of the 3D shape and, by contrast, the motifs in Set III are
essentially unrolled.

Figure 3. Main structural motifs from Set I, Set II and Set III of smaller colloidal clusters (N = 9–12);
see the main text.

As an attempt to explain the features of the cV curves described above, in Figure 4, we
show the frequency of the main structural motifs (Set I, Set II and Set III) as a function of
temperature for N = 9–12. Additionally, the blue line in Figure 4 represents the cumulative
contribution of all the structures whose individual frequency is always below 4%. These
are designated, henceforward, as “miscellaneous structures”, and they correspond to a
panoply of minima from the energy landscape that, though with small probability, may
become accessible with increasing temperature. Indeed, the number of such miscellaneous
structures can reach hundreds at high temperatures, which is an indication of the great
structural diversity associated with very narrow minima that are spread across the energy
landscape. This is also compatible with a certain fluidity of the cluster that usually occurs
slightly below the dissociation temperature [64,74]. We emphasize that, due to the number
of miscellaneous structures found, we did not classify them in terms of Sets I, II and III,
and, thus, they may have different structural characteristics.

A first glance at Figure 4 shows that, regardless the cluster size, structures from Set I
dominate at low temperatures. In turn, the “beaded-necklace” (Set II) and the branched and
linear (Set III) structures abundantly arise in the PTMC calculations at higher temperatures.
We should emphasize that the formation of separated subclusters is prevented in the present
calculations (see Section 2) and, hence, the appearance of a great number of linear structures
from Set III (green curve) for temperatures above the cV peak, is clearly an indication of the
formation of a dissociated state.

Moreover, we observe in Figure 4 that, as the temperature increases, structures from
Set I tend to decrease their frequency, while other type of structures gain relevance. For
N = 9, the frequency of structures from Set I decrease at slow rate up to T∼0.17, whereas
it decays rapidly for higher temperatures. In the same range of temperature, an increase
is shown in the collective frequency of the abovementioned miscellaneous structures
(blue curve), which is due to the appearance of a great number of clusters with different
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motifs (each one with low frequency). This competition between structures of Set I and
miscellaneous motifs characterizes a predissociative fluidity of the cluster and, hence,
explains the cV peak arising at T = 0.20, which may be ascribed to dissociation. Slightly
before this temperature, “beaded-necklace” (Set II) and linear or branched structures (Set III)
begin to appear with a reasonable frequency. The reason for the appearance of structures
from Set II only at high temperatures might be due to the energy gap between Set I and
Set II, as shown in Table S1 of Supplementary Materials. In turn, similar features are
observed for the frequency of the different sets of structures as a function of temperature
in the cases of N = 10 and N = 12. For these cluster sizes, however, the fast decay of the
frequency of structures from Set I and the appearance of motifs from Set II, slightly before
dissociation (which occurs at T∼0.20 as shown by the green curve of Set III structures in
Figure 2) leads to an overlap between two expected cV peaks. The first of these peaks
is ascribed to the structural transition between Set I and Set II and arises at T = 0.17
(T = 0.18) for N = 10 (N = 12), while the second one corresponds to the dissociation of
the cluster and is perceived by the shoulder at T∼0.20. Moreover, the first peak displayed
by the cV curves immediately before the dissociation temperature can be explained based
on the greater importance assumed by “beaded-necklace” structures (red curve, with a
maximum exceeding 30%). By contrast, the maximum of the red curve for N = 9 coincides
with the dissociation peak, which becomes the highest one when compared with the other
cluster sizes.

Figure 4. Frequency of the structural motifs as a function of temperature: (a) N = 9; (b) N = 10;
(c) N = 11; (d) N = 12. Besides low-frequency miscellaneous motifs (blue), lines corresponding to
other sets of structures, as defined in Figure 3, are also indicated: Set I (black); Set II (red); Set III
(green). At a given temperature, 100% frequency is obtained when summing up the corresponding
values for Set I, Set II, Set III and miscellaneous structures.
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Conversely, it is shown in Figure 4 that, for N = 11, there is an earlier competition
between structures from Set I and Set II. Actually, the decay of the frequency of structures
from Set I occurs at low temperatures, i.e., the corresponding curve fall off to zero at around
T = 0.15, while “beaded-necklace” motifs become preponderant by reaching a maximum
frequency of ∼75%. It is worth noting that the collective frequency of miscellaneous
structures is, now, smaller (i.e., reaching only about 25%) than the “beaded-necklace” ones
at the referred temperature range. Clearly, this constitutes a structural transition between
the Bernal spiral (Set I) and the “beaded-necklace” motifs (Set II), whose signature arise
as a low-temperature peak in the cV curve of N = 11 (cf. Figure 2). This happens well
below dissociation, which also occurs at T = 0.20 and is accompanied by the enhancement
of miscellaneous motifs (blue curve) at the expenses of those from Set II. Furthermore,
linear and branched motifs (green curve) become significant for T ≥ 0.20, which is a clear
indication of a dissociative state.

3.2. Clusters with N = 17–20 Particles

The calculated heat capacity as a function of reduced temperature is displayed in
Figure 5 for the cluster sizes N = 17, 18, 19 and 20. A first glance at this figure immediately
shows that the highest peak arises at about T = 0.20 for all clusters; similarly to the lower-
size clusters, this peak can be ascribed to dissociation (see also below). Thus, it appears that
the dissociation temperature is independent of the size of the clusters. Nonetheless, the
value of cV at the maximum tends to diminish with the increasing size of these large clusters,
which may be understood if we have in mind that SALR potentials lead to less-bounded
structures as N increases [51,52]. Note in particular that the lowest-energy structures
for these larger clusters (Set I in Figure 6) are already Bernal spirals (N = 17 and 18) or
“beaded-necklace” motifs (N = 19 and 20) and the corresponding values of energy per
particle are −1.423, −1.395, −1.376 and −1.364 (see Supplementary Materials and Table II
of Ref. [52]), i.e., the contribution of each particle to the stability of the cluster decreases as
N increases.

Figure 5. Reduced heat capacity as a function of temperature (in reduced units) for the cluster sizes
of N = 17 (magenta), N = 18 (green), N = 19 (blue), and N = 20 (orange).

As was performed for the smaller clusters, we have separated the main structural
motifs into three sets in order to understand other important features that appear in
the cV curves of Figure 5. However, Set I of N = 17 and 18 contains only the global
minimum structure (Bernal spirals), while the clusters with N = 19 and N = 20 present a
significant number of different “beaded-necklace” motifs (12 and 11 structures, respectively)
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distributed in a smaller range of energy (see Table S1). Additionally, Set II of N = 18, 19
and 20 were divided into two subsets, identified as Sets IIa and IIb, which can contribute to
understand some features of the cV curves in the predissociation region. Despite being a
somehow arbitrary separation, Set IIb contains more elongated “beaded-necklace” motifs,
with their terminations having fewer particles (in comparison with those in Set IIa), as can
be seen from the examples displayed in Figure 6. Furthermore, we note that the energy
difference between structures from Set III and Set II for N = 17–20 is much larger than that
observed for the smaller cluster sizes in Section 3.1 (see also Table S1).

Figure 6. Main structural motifs from Set I, Set II and Set III of larger colloidal clusters (N = 17–20).
For N = 18–20, structures from Set II are separated into Set IIa and Set IIb (the latter are higher energy
than the former ones). See the text for details.

We can also observe in Figure 5 that other significant feature arise in the cV curves for
temperatures below dissociation. Specifically, a small maximum is apparent at T = 0.12
for N = 17, 18 and 20, while a shoulder that extends up to T = 0.16 appears in the case of
N = 19. This predissociation feature may be rationalized by the inspection of Figure 7 that
represents the frequency of the different structural motifs shown in Figure 6 as a function of
temperature. It is apparent from Figure 7 that the frequency of structures from Set I decays
very rapidly with temperature in all cases. Indeed, structures from Set I are absent for
T > 0.15 and, by contrast, structures from Set II (red lines) and miscellaneous motifs (blue
lines) begin to appear at low temperatures (for T < 0.10). This somehow resembles the
behavior described above for N = 11 [cf. Figure 4c], which also displays a predissociation
cV peak due to a structural transition. However, such peak is stronger for N = 11 than
in the case of the larger sizes, since the frequency of structures from Set II (red curve)
becomes much higher for that smaller cluster. Actually, as pointed out in Section 3.1, the
frequency of structures from Set II for N = 11 dominates over all other types of structures
in a limited range of temperature; specifically, the red curve in Figure 4c overcomes all other
curves and, in particular, the blue one for the miscellaneous structures that are expected
to arise at the expenses of either Bernal spiral or “beaded-necklace”. Conversely, such a
dominance of structures from Set II over other type of structures is not observed, now, for
the larger clusters.

Accordingly, we may justify the appearance of the small cV peak at T = 0.12 for
N = 17 and 18 by the high frequency of structures from Set II, which is similar but,
nonetheless, does not overcome the one for miscellaneous motifs; hence, this cV peak may
be ascribed to a structural transition between the Bernal spirals and the motifs from Set II,
which appears to benefit from a certain predissociation fluidity of the cluster (shown by
the high frequency of miscellaneous structures). By contrast, we observe in Figure 7 that,
for N = 19 and N = 20, the frequency of structures from Set II is always lower than that
for the miscellaneous motifs; such difference is greater for N = 19. Thus, this explains the
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shoulder observed in the cV curve for N = 19, whereas a very small and broad maximum
arises at predissociation temperatures for N = 20 (see Figure 5). Moreover, we should also
note that the shoulder for N = 19 is slightly displaced to higher temperatures (T∼0.15)
in relation to the predissociation peak arising at T∼0.12 for N = 17, 18 and 20. By the
inspection of Figure 7, we conclude that such shoulder might be attributed to a transition
between structures from Set IIa (red dashed curve) and Set IIb (red dotted curve). Indeed,
the dotted curve is slightly higher than the dashed one for N = 19, whereas both red lines
present essentially the same height for N = 18 and N = 20.

Figure 7. Frequency of the structural motifs as a function of temperature: (a) N = 17; (b) N = 18;
(c) N = 19; (d) N = 20. Besides low-frequency miscellaneous motifs (blue), lines corresponding to
other sets of structures, as defined in Figure 6, are also indicated: Set I (black); Set II (red); Set III
(green). For N = 18− 20, red dashed and red dotted lines correspond, respectively, to structures
from Set IIa and Set IIb (see Figure 6).

4. Conclusions

We have performed parallel tempering Monte Carlo calculations for charged colloidal
systems in order to study the thermodynamics of the cluster dissociation and to assess
predissociation structural transitions. The potential model is based on effective interac-
tions involving pairs of colloidal particles, which is composed of a short-range attraction
described by a Morse function and a long-range repulsion represented as an Yukawa form.
To our knowledge, this is the first Monte Carlo study involving charged colloidal clusters.
Actually, as we have confirmed in the present work, the convergence of the PTMC cal-
culations requires more than 109 thermalization steps (and even more for some specific
cluster sizes), which may be attributed to the energy landscape that is expected to show
very narrow minima connected by high barriers.
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The present Monte Carlo simulations show that the low-energy clusters may be
spherical-type (for N = 9, 10, and 12), Bernal spirals (for N = 9, 11, 17, and 18) or “beaded-
necklace” (for N = 19 and 20) structures, which is in agreement with our global optimiza-
tion study [51,52] performed on these systems. Other sets of structures having higher
energy, essentially resulting from unrolling the Bernal spiral, arise as the temperature
increases. For some sizes (N = 11, 17, and 18), such structures become significant prior to
dissociation leading to a peak of the cV curve at intermediate temperatures. In particular, a
strong peak appears at T = 0.12 for N = 11, which constitutes a clear signature of the struc-
tural transition. In turn, the dissociation occurs for all studied clusters at around T = 0.20,
while the temperature at which the structural transition between Set I and Set II motifs
arises depends on the specific cluster. In addition, the cV signature of the predissociation
structural transition may arise as a peak (for N = 10–12 and N = 17, 18 and 20) or as a
shoulder (for N = 19). In the case of N = 9, such structural transition coincides with the
dissociation and, hence, it shows only one enhanced peak at T = 0.20. Additionally, it is
important to emphasize that the clusters for N = 11, 17, 18 and 20 show a clear separation
between the structural transition and the dissociation. Conversely, there is no such clear
separation for all the other studied clusters. Specifically, the structural transition shows a
prominent cV peak for N = 10 and N = 12 that somehow obscures the dissociation of the
clusters. For N = 19, by contrast, the structural transition is less marked and, now, it is the
dissociation that presents a significant peak in the cV curve.

Finally, we should emphasize that the parameter εY of the repulsive Yukawa term
is assumed to be constant, i.e., the long-range repulsion is proportional to the charge of
the colloidal particles. Nonetheless, it has been shown [52] that the shape of the global
minimum and other minima vary for different values of εY. Thus, such assumption may
have influence on the calculated cV as a function of temperature. In a future work, we will
study the effect of εY on the features of the cV curve.

Supplementary Materials: The following supporting information can be downloaded at: https:
//www.mdpi.com/article/10.3390/molecules27082581/s1. Table S1. Energy range of the structures
from Set I, Set II, and Set III for each cluster size.

Author Contributions: Conceptualization, J.M.C.M. and F.V.P.; methodology, J.M.C.M. and F.V.P.;
software, J.M.C.M. and F.V.P.; validation, F.V.P.; formal analysis, J.M.C.M. and F.V.P.; investiga-
tion, F.V.P.; resources, J.M.C.M. and F.V.P.; data curation, F.V.P.; writing—original draft preparation,
J.M.C.M.; writing—review and editing, J.M.C.M. and F.V.P.; visualization, F.V.P. and J.M.C.M.; project
administration, J.M.C.M.; funding acquisition, J.M.C.M. and F.V.P. All authors have read and agreed
to the published version of the manuscript.

Funding: This research was funded by Fundação para a Ciência e a Tecnologia (FCT) through the
programmes UIDB/00313/2020 and COMPETE.

Data Availability Statement: Data are contained within the article or supplementary material.

Acknowledgments: We acknowledge the partial financial support provided by the Brazilian “Coor-
denação de Aperfeiçoamento de Pessoal de Nível Superior” (CAPES)—Finance Code 001. J.M.C.M.
acknowledges the support from the Coimbra Chemistry Centre (CQC–IMS), which is financed
by the Portuguese “Fundação para a Ciência e a Tecnologia” (FCT) through the programmes
UIDB/00313/2020 and COMPETE. We are also grateful for the provision of computational time in the
supercomputer resources hosted at Laboratório de Computação Avançada, Universidade de Coimbra,
Minho Advanced Computing Center (project reference: CPCA_A2_7083_2020), and Centro Nacional
de Computação (CESUP), Universidade Federal do Rio Grande do Sul.

Conflicts of Interest: The authors declare no conflict of interest. The funders had no role in the design
of the study; in the collection, analyses, or interpretation of data; in the writing of the manuscript,
or in the decision to publish the results.

https://www.mdpi.com/article/10.3390/molecules27082581/s1
https://www.mdpi.com/article/10.3390/molecules27082581/s1


Molecules 2022, 27, 2581 13 of 15

References
1. Tardieu, A.; Finet, S.; Bonneté, F. Structure of the macromolecular solutions that generate crystals. J. Cryst. Growth 2001, 232, 1–9.

[CrossRef]
2. Piazza, R. Protein interactions and association: An open challenge for colloid science. Curr. Opin. Colloid Interface Sci. 2004,

8, 515–522. [CrossRef]
3. Doye, J.; Poon, W. Protein crystallization in vivo. Curr. Opin. Colloid Interface Sci. 2006, 11, 40–46. [CrossRef]
4. Gliko, O.; Pan, W.; Katsonis, P.; Neumaier, N.; Galkin, O.; Weinkauf, S.; Vekilov, P. Metastable liquid clusters in super- and

undersaturated protein solutions. J. Phys. Chem. B 2007, 111, 3106–3114. [CrossRef]
5. Abramo, M.C.; Caccamo, C.; Costa, D.; Pellicane, G.; Ruberto, R.; Wanderlingh, U. Effective interactions in lysozyme aqueous

solutions: A small-angle neutron scattering and computer simulation study. J. Chem. Phys. 2012, 136, 035103. [CrossRef]
6. Sorauf, D.; Roose-Runge, F.; Grimaldo, M.; Zanini, F.; Schweins, R.; Seydel, T.; Zhang, F.; Roth, R.; Oettel, M.; Schreiber, F. Protein

cluster formation in aqueous solution in the presence of multivalent ions—A light scattering study. Soft Matter 2014, 10, 894–902.
[CrossRef]

7. Mani, E.; Lechner, W.; Kegel, W.K.; Bolhuis, P.G. Equilibrium and non-equilibrium cluster phases in colloids with competing
interactions. Soft Matter 2014, 10, 4479–4486. [CrossRef]

8. Fusco, D.; Charbonneau, P. Soft matter perspective on protein crystal assembly. Colloid Surf. B 2016, 137, 22–31. [CrossRef]
9. Riest, J.; Nägele, G.; Liu, Y.; Wagner, N.J.; Godfrin, P.D. Short-time dynamics of lysozyme solutions with competing short-range

attraction and long-range repulsion: Experiment and theory. J. Chem. Phys. 2018, 148, 065101. [CrossRef]
10. Beck, C.; Grimaldo, M.; Braun, M.K.; Bühl, L.; Matsarskaia, O.; Jalarvo, N.H.; Zhang, F.; Roosen-Runge, F.; Schreiber, F.; Seydel, T.

Temperature and salt controlled tuning of protein clusters. Soft Matter 2021, 17, 8506–8516. [CrossRef]
11. Meilhac, N.; Destainville, N. Clusters of proteins in biomembranes: Insights into the roles of interaction potential shapes and of

protein diversity. J. Phys. Chem. B 2011, 115, 7190–7199. [CrossRef] [PubMed]
12. Serini, G.; Ambrosi, D.; Girraudo, E.; Preziosi, L.; Bussolini, F. Modeling the early stages of vascular network assembly. EMBO J.

2003, 22, 1771–1779. [CrossRef] [PubMed]
13. Merks, R.; Brodsky, S.; Goligorsky, M.; Newman, S.; Glazier, J. Cell elongation is key to in silico replication of in vitro

vasculogenesis and subsequent remodeling. Dev. Biol. 2006, 289, 44–54. [CrossRef] [PubMed]
14. Gamba, A.; Ambrosini, D.; Coniglio, A.; de Candia, A.; Talia, S.; Giraudo, E.; Serini, G.; Preziosi, L.; Bussolino, F. Percolation,

morphogenesis, and burguers dynamics in blood vessels formation. Phys. Rev. Lett. 2003, 90, 118101. [CrossRef] [PubMed]
15. Szabo, A.; Perryn, E.; Czirok, A. Network formation of tissue cells via preferential attraction to elongated structures. Phys. Rev.

Lett. 2007, 98, 038102. [CrossRef] [PubMed]
16. Palm, M.; Merks, R. Vascular networks due to dynamically arrested crystaline ordering of elongated cells. Phys. Rev. E 2013,

87, 012725. [CrossRef]
17. Green, J.; Waters, S.; Whiteley, J.; Edelstein-Keshet, L.; Shakesheff, K.; Byrne, H. Non-local models for the formation of

hepatocyte-stellate cell aggregates. J. Theor. Biol. 2010, 267, 106–120. [CrossRef]
18. Phillips, C.M.; Lima, E.A.B.F.; Woodall, R.T.; Brock, A.; Yankeelov, T.E. A hybrid model of tumor growth and angiogenesis: In

silico experiments. PLoS ONE 2020, 15, e0231137. [CrossRef]
19. Sciortino, F.; Mossa, S.; Zaccarelli, E.; Tartaglia, P. Equilibrium Cluster Phases and Low-Density Arrested Disordered States: The

Role of Short-Range Attraction and Long-Range Repulsion. Phys. Rev. Lett. 2004, 93, 055701. [CrossRef]
20. Klix, C.L.; Murata, K.; Tanaka, H.; Williams, S.; Malins, A.; Royall, C.P. The role of weak charging in metstable colloidal clusters.

arXiv 2009, arXiv:0905.3393.
21. Perry, R.W.; Meng, G.; Dimiduk, T.G.; Fung, J.; Manoharan, V.N. Real-space studies of the structure and dynamics of self-

assembled colloidal clusters. Faraday Discuss. 2012, 159, 211–234. [CrossRef]
22. Zhang, I.; Royall, C.P.; Faers, M.A.; Bartlett, P. Phase separation dynamics in colloid-polymer mixtures: The effect of interaction

range. Soft Matter 2013, 9, 2076–2084. [CrossRef]
23. Santos, A.P.; Pekalski, J.; Panagiotopoulos, A.Z. Thermodynamic signatures and cluster properties of self-assembly in systems

with competing interactions. Soft Matter 2017, 13, 8055–8063. [CrossRef] [PubMed]
24. Malescio, G.; Sciortino, F. Aggregate formation in fluids with bounded repulsive core and competing interactions. J. Mol. Liq.

2020, 303, 112601. [CrossRef]
25. Valadez-Pérez, N.E.; Liu, Y.; Castañeda-Priego, R. Cluster Morphology of Colloidal Systems With Competing Interactions. Front.

Phys. 2021, 9, 88. [CrossRef]
26. de Hek, H.; Vrij, A. Preparation of sterically stabilized silica dispersions in nonaqueous media. J. Colloid Interface Sci. 1981,

79, 289–294. [CrossRef]
27. Pathmamanoharan, C.; de Hek, H.; Vrij, A. Phase separation in mixtures of organophilic spherical silica particles and polymer

molecules in good solvents. Colloid Polym. Sci. 1981, 259, 769–771. [CrossRef]
28. Sperry, P.R. Morphology and mechanism in latex flocculated by volume restriction. J. Colloid Interface Sci. 1984, 99, 97–108.

[CrossRef]
29. Gast, A.P.; Russel, W.B.; Hall, C.K. An experimental and theoretical study of phase transitions in the polystyrene latex and

hydroxyethylcellulose system. J. Colloid Interface Sci. 1986, 109, 161–171. [CrossRef]

http://doi.org/10.1016/S0022-0248(01)01053-3
http://dx.doi.org/10.1016/j.cocis.2004.01.008
http://dx.doi.org/10.1016/j.cocis.2005.10.002
http://dx.doi.org/10.1021/jp068827o
http://dx.doi.org/10.1063/1.3677186
http://dx.doi.org/10.1039/C3SM52447G
http://dx.doi.org/10.1039/C3SM53058B
http://dx.doi.org/10.1016/j.colsurfb.2015.07.023
http://dx.doi.org/10.1063/1.5016517
http://dx.doi.org/10.1039/D1SM00418B
http://dx.doi.org/10.1021/jp1099865
http://www.ncbi.nlm.nih.gov/pubmed/21528886
http://dx.doi.org/10.1093/emboj/cdg176
http://www.ncbi.nlm.nih.gov/pubmed/12682010
http://dx.doi.org/10.1016/j.ydbio.2005.10.003
http://www.ncbi.nlm.nih.gov/pubmed/16325173
http://dx.doi.org/10.1103/PhysRevLett.90.118101
http://www.ncbi.nlm.nih.gov/pubmed/12688968
http://dx.doi.org/10.1103/PhysRevLett.98.038102
http://www.ncbi.nlm.nih.gov/pubmed/17358734
http://dx.doi.org/10.1103/PhysRevE.87.012725
http://dx.doi.org/10.1016/j.jtbi.2010.08.013
http://dx.doi.org/10.1371/journal.pone.0231137
http://dx.doi.org/10.1103/PhysRevLett.93.055701
http://dx.doi.org/10.1039/c2fd20061a
http://dx.doi.org/10.1039/c2sm27119b
http://dx.doi.org/10.1039/C7SM01721A
http://www.ncbi.nlm.nih.gov/pubmed/29052681
http://dx.doi.org/10.1016/j.molliq.2020.112601
http://dx.doi.org/10.3389/fphy.2021.637138
http://dx.doi.org/10.1016/0021-9797(81)90075-8
http://dx.doi.org/10.1007/BF01419324
http://dx.doi.org/10.1016/0021-9797(84)90089-4
http://dx.doi.org/10.1016/0021-9797(86)90291-2


Molecules 2022, 27, 2581 14 of 15

30. Smits, C.; van der Most, D.; Dhont, J.K.G.; Lekkerkerker, H.N.W. Influence of non-adsorbing polymer on the formation of
colloidal crystals. Adv. Colloid Interface Sci. 1992, 42, 33–40. [CrossRef]

31. Mao, Y.; Cates, M.E.; Lekkerkerker, H.N.W. Depletion force in colloidal systems. Phys. A 1995, 222, 10–24. [CrossRef]
32. Asakura, S.; Oosawa, F. On interaction between 2 bodies immersed in a solution of macromolecules. J. Chem. Phys. 1954,

22, 1255–1256. [CrossRef]
33. Asakura, S.; Oosawa, F. Interaction between particles suspended in solutions of macromolecules. J. Polym. Sci. 1958, 33, 183–192.

[CrossRef]
34. Bianchi, E.; Blaak, R.; Likos, C. Patchy colloids: State of the art and perspectives. Phys. Chem. Chem. Phys. 2011, 13, 6397–6410.

[CrossRef] [PubMed]
35. Li, W.; Palis, H.; Mérindol, R.; Majimel, J.; Ravaine, S.; Duguet, E. Colloidal molecules and patchy particles: Complementary

concepts, synthesis and self-assembly. Chem. Soc. Rev. 2020, 49, 1955–1976. [CrossRef]
36. Mossa, S.; Sciortino, F.; Tartaglia, P.; Zaccarelli, Z. Ground-State Clusters for Short-Range Attractive and Long-Range Repulsive

Potentials. Langmuir 2004, 20, 10756–10763. [CrossRef]
37. Campbell, A.I.; Anderson, V.J.; van Duijneveldt, J.S.; Bartlett, P. Dynamical Arrest in Attractive Colloids: The Effect of Long-Range

Repulsion. Phys. Rev. Lett. 2005, 94, 208301. [CrossRef]
38. Sciortino, F.; Tartaglia, P.; Zaccarelli, E. One-Dimensional Cluster Growth and Branching Gels in Colloidal Systems with

Short-Range Depletion Attraction and Screened Electrostatic Repulsion. J. Phys. Chem. B 2005, 109, 21942–21953. [CrossRef]
39. Malins, A.; Williams, S.R.; Eggers, J.; Tanaka, H.; Royall, C.P. The effect of inter-cluster interactions on the structure of colloidal

clusters. J. Non-Cryst. Solids 2011, 357, 760–766. [CrossRef]
40. Reese, C.E.; Guerrero, C.D.; Weissman, J.M.; Lee, K.; Asher, S.A. Synthesis of Highly Charged, Monodisperse Polystyrene

Colloidal Particles for the Fabrication of Photonic Crystals. J. Colloid Interface Sci. 2000, 232, 76–80. [CrossRef]
41. Shell, M.S. The relative entropy is fundamental to multiscale and inverse thermodynamic problems. J. Chem. Phys. 2008,

129, 144108. [CrossRef] [PubMed]
42. Torquato, S. Inverse optimization techniques for targeted self-assembly. Soft Matter 2009, 5, 1157–1173. [CrossRef]
43. Chaimovich, A.; Shell, M.S. Coarse-graining errors and numerical optimization using a relative entropy framework. J. Chem.

Phys. 2011, 134, 094112. [CrossRef] [PubMed]
44. Jain, A.; Bollinger, J.A.; Truskett, T.M. Inverse methods for material design. AIChE J. 2014, 60, 2732–2740. [CrossRef]
45. Jadrich, R.B.; Bollinger, J.A.; Lindquist, B.A.; Truskett, T.M. Equilibrium cluster fluids: Pair interactions via inverse design. Soft

Matter 2015, 11, 9342–9354. [CrossRef]
46. Jadrich, R.B.; Lindquist, B.A.; Truskett, T.M. Probabilistic inverse design for self-assembling materials. J. Chem. Phys. 2017,

146, 184103. [CrossRef]
47. Banerjee, D.; Lindquist, B.A.; Jadrich, R.B.; Truskett, T.M. Assembly of particle strings via isotropic potentials. J. Chem. Phys. 2019,

150, 124903. [CrossRef]
48. Zhang, T.H.; Klok, J.; Tromp, R.H.; Groenewold, J.; Kegel, W.K. Non-equilibrium cluster states in colloids with competing

interactions. Soft Matter 2012, 8, 667–672. [CrossRef]
49. Klix, C.L.; Murata, K.; Tanaka, H.; Williams, S.; Malins, A.; Royall, C.P. Novel kinetic trapping in charged colloidal clusters due to

self-induced surface charge organization. Sci. Rep. 2013, 3, 2072. [CrossRef]
50. Jadrich, R.B.; Bollinger, J.A.; Johnston, K.P.; Truskett, T.M. Origin and detection of microstructural clustering in fluids with

spatial-range competitive interactions. Phys. Rev. E 2015, 91, 042312. [CrossRef]
51. Cruz, S.M.A.; Marques, J.M.C. A Detailed Study on the Low-Energy Structures of Charged Colloidal Clusters. J. Phys. Chem. B

2016, 120, 3455–3466. [CrossRef] [PubMed]
52. Cruz, S.M.A.; Marques, J.M.C.; Pereira, F.B. Improved evolutionary algorithm for the global optimization of clusters with

competing attractive and repulsive interactions. J. Chem. Phys. 2016, 145, 154109. [CrossRef] [PubMed]
53. Cruz, S.M.A.; Marques, J.M.C. Low-energy structures of clusters modeled with competing repulsive and either long- or moderate

short-range attractive interactions. Comput. Theor. Chem. 2017, 1107, 82–93. [CrossRef]
54. Liu, Y.; Xi, Y. Colloidal systems with a short-range attraction and long-range repulsion: Phase diagrams, structures, and dynamics.

Curr. Opin. Colloid Interface Sci. 2019, 39, 123–136. [CrossRef] [PubMed]
55. Haddadi, S.; Lu, H.; Bäcklund, M.; Woodward, C.E.; Forsman, J. Polymer-Like Self-Assembled Structures from Particles with

Isotropic Interactions: Dependence upon the Range of the Attraction. Langmuir 2021, 37, 6052–6061. [CrossRef]
56. Ruiz-Franco, J.; Zaccarelli, E. On the Role of Competing Interactions in Charged Colloids with Short-Range Attraction. Annu.

Rev. Condens. Matter Phys. 2021, 12, 51–70. [CrossRef]
57. Zhang, T.H.; Groenewold, J.; Kegel, W.K. Observation of a microcrystalline gel in colloids with competing interactions. Phys.

Chem. Chem. Phys. 2009, 11, 10827–10830. [CrossRef]
58. Toledano, J.C.F.; Sciortino, F.; Zaccarelli, E. Colloidal systems with competing interactions: From an arrested repulsive cluster

phase to a gel. Soft Matter 2009, 5, 2390–2398. [CrossRef]
59. Pereira, F.B.; Marques, J.M.C.; Leitão, T.; Tavares, J. Analysis of Locality in Hybrid Evolutionary Cluster Optimization. In Pro-

ceedings of the 2006 IEEE Congress on Evolutionary Computation, Vancouver, BC, Canada, 16–21 July 2006; pp. 2270–2277.

http://dx.doi.org/10.1016/0001-8686(92)80018-S
http://dx.doi.org/10.1016/0378-4371(95)00206-5
http://dx.doi.org/10.1063/1.1740347
http://dx.doi.org/10.1002/pol.1958.1203312618
http://dx.doi.org/10.1039/c0cp02296a
http://www.ncbi.nlm.nih.gov/pubmed/21331432
http://dx.doi.org/10.1039/C9CS00804G
http://dx.doi.org/10.1021/la048554t
http://dx.doi.org/10.1103/PhysRevLett.94.208301
http://dx.doi.org/10.1021/jp052683g
http://dx.doi.org/10.1016/j.jnoncrysol.2010.08.021
http://dx.doi.org/10.1006/jcis.2000.7190
http://dx.doi.org/10.1063/1.2992060
http://www.ncbi.nlm.nih.gov/pubmed/19045135
http://dx.doi.org/10.1039/b814211b
http://dx.doi.org/10.1063/1.3557038
http://www.ncbi.nlm.nih.gov/pubmed/21384955
http://dx.doi.org/10.1002/aic.14491
http://dx.doi.org/10.1039/C5SM01832C
http://dx.doi.org/10.1063/1.4981796
http://dx.doi.org/10.1063/1.5088604
http://dx.doi.org/10.1039/C1SM06570J
http://dx.doi.org/10.1038/srep02072
http://dx.doi.org/10.1103/PhysRevE.91.042312
http://dx.doi.org/10.1021/acs.jpcb.6b01233
http://www.ncbi.nlm.nih.gov/pubmed/26986933
http://dx.doi.org/10.1063/1.4964780
http://www.ncbi.nlm.nih.gov/pubmed/27782481
http://dx.doi.org/10.1016/j.comptc.2017.01.035
http://dx.doi.org/10.1016/j.cocis.2019.01.016
http://www.ncbi.nlm.nih.gov/pubmed/34140838
http://dx.doi.org/10.1021/acs.langmuir.1c00719
http://dx.doi.org/10.1146/annurev-conmatphys-061020-053046
http://dx.doi.org/10.1039/b917254h
http://dx.doi.org/10.1039/b818169a


Molecules 2022, 27, 2581 15 of 15

60. Pereira, F.B.; Marques, J.M.C.; Leitão, T.; Tavares, J. Designing Efficient Evolutionary Algorithms for Cluster Optimization:
A Study on Locality. In Advances in Metaheuristics for Hard Optimization; Springer Natural Computing Series; Siarry, P., Michalewicz,
Z., Eds.; Springer: Berlin, Germany, 2008; pp. 223–250.

61. Pereira, F.B.; Marques, J.M.C. A Study on Diversity for Cluster Geometry Optimization. Evol. Intel. 2009, 2, 121–140. [CrossRef]
62. Marques, J.M.C.; Pereira, F.B. An Evolutionary Algorithm for Global Minimum Search of Binary Atomic Clusters. Chem. Phys.

Lett. 2010, 485, 211–216. [CrossRef]
63. Morse, P.M. Diatomic molecules according to the wave mechanics. II. Vibrational levels. Phys. Rev. 1929, 34, 57–64. [CrossRef]
64. Guimarães, M.N.; de Almeida, M.; Marques, J.M.C.; Prudente, F.V. A thermodynamic view on the microsolvation of ions by rare

gas: Application to Li+ with argon. Phys. Chem. Chem. Phys. 2020, 22, 10882–10892. [CrossRef] [PubMed]
65. Marinari, E.; Parisi, G. Simulated Tempering: A New Monte Carlo Scheme. Europhys. Lett. (EPL) 1992, 19, 451–458. [CrossRef]
66. Koji, H.; Koji, N. Exchange Monte Carlo Method and Application to Spin Glass Simulations. J. Phys. Soc. Jpn. 1996, 65, 1604–1608.

[CrossRef]
67. Neirotti, J.P.; Calvo, F.; Freeman, D.L.; Doll, J.D. Phase changes in 38-atom Lennard-Jones clusters. I. A parallel tempering study

in the canonical ensemble. J. Chem. Phys. 2000, 112, 10340–10349. [CrossRef]
68. Calvo, F.; Neirotti, J.P.; Freeman, D.L.; Doll, J.D. Phase changes in 38-atom Lennard-Jones clusters. II. A parallel tempering

study of equilibrium and dynamic properties in the molecular dynamics and microcanonical ensembles. J. Chem. Phys. 2000,
112, 10350–10357. [CrossRef]

69. Royall, C.P.; Louis, A.A.; Tanaka, H. Measuring colloidal interactions with confocal microscopy. J. Chem. Phys. 2007, 127, 044507.
[CrossRef]

70. Taffs, J.; Malins, A.; Williams, S.R.; Royall, C.P. A structural comparison of models of colloid-polymer mixtures. J. Phys. Condens.
Matter 2010, 22, 104119. [CrossRef]

71. Okabe, T.; Kawata, M.; Okamoto, Y.; Mikami, M. Replica-exchange Monte Carlo method for the isobaric-isothermal ensemble.
Chem. Phys. Lett. 2001, 335, 435–439. [CrossRef]

72. Lingenheil, M.; Denschlag, R.; Mathias, G.; Tavan, P. Efficiency of exchange schemes in replica exchange. Chem. Phys. Lett. 2009,
478, 80–84. [CrossRef]

73. Swendsen, R.H. How the maximum step size in Monte Carlo simulations should be adjusted. Phys. Procedia 2011, 15, 81–86.
[CrossRef]

74. Calvo, F. Coating Polycyclic Aromatic Hydrocarbon Cations with Helium Clusters: Snowballs and Slush. J. Phys. Chem. A 2015,
119, 5959–5970. [CrossRef] [PubMed]

http://dx.doi.org/10.1007/s12065-009-0020-5
http://dx.doi.org/10.1016/j.cplett.2009.11.059
http://dx.doi.org/10.1103/PhysRev.34.57
http://dx.doi.org/10.1039/D0CP01283A
http://www.ncbi.nlm.nih.gov/pubmed/32373842
http://dx.doi.org/10.1209/0295-5075/19/6/002
http://dx.doi.org/10.1143/JPSJ.65.1604
http://dx.doi.org/10.1063/1.481671
http://dx.doi.org/10.1063/1.481672
http://dx.doi.org/10.1063/1.2755962
http://dx.doi.org/10.1088/0953-8984/22/10/104119
http://dx.doi.org/10.1016/S0009-2614(01)00055-0
http://dx.doi.org/10.1016/j.cplett.2009.07.039
http://dx.doi.org/10.1016/j.phpro.2011.06.004
http://dx.doi.org/10.1021/jp510799h
http://www.ncbi.nlm.nih.gov/pubmed/25482143

	Introduction
	Methods
	Interaction Potential
	Parallel Tempering Monte Carlo Method

	Results and Discussion
	Clusters with N = 9–12 Particles
	Clusters with N = 17–20 Particles

	Conclusions
	References

